Multiple Testing of Local Maxima for Detection of Peaks
and Change Points with Non-stationary Noise
by

Shuang Gu

A Dissertation Presented in Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy

Approved July 2023 by the
Graduate Supervisory Committee:

Dan Cheng, Chair
Hedibert Lopes
John Fricks
Shiwei Lan
Yi Zheng

ARIZONA STATE UNIVERSITY
August 2023



ABSTRACT

This dissertation comprises two projects: (1) Multiple testing of local maxima for detection
of peaks and change points with non-stationary noise, and (ii) Height distributions of criti-
cal points of smooth isotropic Gaussian fields: computations, simulations and asymptotics.

The first project introduces a topological multiple testing method for one-dimensional
domains to detect signals in the presence of non-stationary Gaussian noise. The approach
involves conducting tests at local maxima based on two observation conditions: (i) the
noise is smooth with unit variance and (ii) the noise is not smooth where kernel smoothing
is applied to increase the signal-to-noise ratio (SNR). The smoothed signals are then stan-
dardized, which ensures that the variance of the new sequence’s noise becomes one, making
it possible to calculate p-values for all local maxima using random field theory. Assum-
ing unimodal true signals with finite support and non-stationary Gaussian noise that can
be repeatedly observed. The algorithm introduced in this work, demonstrates asymptotic
strong control of the False Discovery Rate (FDR) and power consistency as the number
of sequence repetitions and signal strength increase. Simulations indicate that FDR levels
can also be controlled under non-asymptotic conditions with finite repetitions. The appli-
cation of this algorithm to change point detection also guarantees FDR control and power
consistency.

The second project focuses on investigating the explicit and asymptotic height densities
of critical points of smooth isotropic Gaussian random fields on both Euclidean space and
spheres. The formulae are based on characterizing the distribution of the Hessian of the
Gaussian field using the Gaussian orthogonally invariant (GOI) matrices and the Gaussian
orthogonal ensemble (GOE) matrices, which are special cases of GOI matrices. How-
ever, as the dimension increases, calculating explicit formulae becomes computationally
challenging.The project includes two simulation methods for these distributions. Addi-

tionally, asymptotic distributions are obtained by utilizing the asymptotic distribution of



the eigenvalues (excluding the maximum eigenvalues) of the GOE matrix for large dimen-
sions. However, when it comes to the maximum eigenvalue, the Tracy-Widom distribution
is utilized. Simulation results demonstrate the close approximation between the asymptotic

distribution and the real distribution when N is sufficiently large.
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Chapter 1

INTRODUCTION

This dissertation contains two different research projects: Multiple Testing of Local Max-
ima for Detection of Peaks and Change Points with Non-stationary Noise and Height Distri-
butions of Critical Points of Smooth Isotropic Gaussian Fields: Computations, Simulations

and Asymptotics.

1.1 Multiple Testing of Local Maxima for Detection of Peaks and Change Points with

Non-stationary Noise

Peak detection is a crucial task in various fields, including medical condition monitoring
[20, 21, 7], image analysis [22, 24], and statistics. Accurate and efficient peak detection
provides valuable information for decision-making, such as identifying the presence or
absence of specific components in a chemical mixture or detecting abnormal changes in
physiological signals.

Different methods for peak detection have been developed, including threshold-based
methods, template-based methods, and wavelet-based methods. However, peak detection
can be challenging due to factors such as noise, baseline variation, and artifacts.

Threshold-based methods involve setting a threshold level to identify peaks in a signal.
The method defines a threshold, above which the signal is considered a peak. Peaks are
identified as points in the signal where the value exceeds the threshold. Threshold-based
methods are simple and computationally efficient, making them popular in many appli-
cations. However, they can be sensitive to noise and baseline variations, leading to false
positives or false negatives. Various modifications, such as adaptive or multiscale thresh-

olds, have been developed to enhance the performance of threshold-based methods.
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Template-based methods utilize a pre-defined waveform or template to detect peaks in
a signal. The template is derived from a representative waveform of the signal of interest.
The method aligns the template with the signal at different positions and scales, measuring
similarity using metrics such as cross-correlation or Euclidean distance. Positions where
the similarity exceeds a threshold are identified as peaks. Template-based methods are
effective when peaks have similar shapes to the template but may struggle with different
peak shapes or situations requiring template updates.

Wavelet-based methods use wavelet transforms to analyze and detect peaks in a signal.
Wavelet transforms decompose a signal into frequency components, enabling the identi-
fication of peaks at different scales. Wavelet-based methods apply wavelet transforms to
the signal and detect peaks in the resulting coefficients or subbands. These methods are
suitable for noisy or non-stationary signals but require more computational resources and
depend on the choice of wavelet function and decomposition level. Enhancements, such as
multiscale or adaptive thresholding, have been developed to improve wavelet-based meth-
ods.

In this dissertation, a threshold-based method is applied, where the core idea is finding
an appropriate threshold to determine the significance of observations. Previous papers
assume stationary and ergodic Gaussian noise. However, in this project, the noise is non-
stationary. And the thresholding problem can be treated as a multiple testing problem,
that is, tests at local maxima of the observed signals will be performed. This approach
allows error rates (FDR) and peak detection power to be defined topologically based on the
detected peaks, offering computational efficiency compared to pointwise testing.

Keith Worsley [33, 36, 37] is a pioneer in the use of random field theory, and his work,
particularly the Euler characteristic heuristic, has proven to be a valuable approach for
approximating the null distribution of the global maximum of observed signals. In this

paper, we apply BH procedure for controlling the false discovery rate (FDR) to obtain less



conservative results.

Schwartzman, Gavrilov, and Adler [31] structured peak detection by introducing a mul-
tiple testing paradigm that involves testing the significance of local maxima in smoothed
data. However, their work was limited to stationary noise, because closed-form expres-
sions for the distribution and properties of the height of local maxima, which are essential
for calculating the p-values and controlling the FDR, are only known for stationary Gaus-
sian processes.

Recently, Cheng, D. and A. Schwartzman [12, 14] made significant progress by ob-
taining implicit expressions for the height distribution of local maxima of one-dimensional
Gaussian fields with constant variance. And Cheng [9] obtained the explicit expression for
1D. He achieved this by using random matrix theory and the property of Gaussian process.
These developments are so important because they allow us to extend the multiple testing
method proposed in [13, 31] to handle non-stationary noise.

Our algorithm comprises the following steps:
1.Kernel smoothing: If the noise is smooth, go to step 3. If the noise is not smooth, do the
kernel smoothing to increase the signal-to-noise ratio (SNR) [32].
2.Standardizing: Transfer the variance of noise to one.
3.Candidate peaks: Find local maxima of the smoothed and standardized sequence.
4.P-values: Compute the p-values at each local maximum under the null hypothesis of no
signal on the local maximum.
5.Multiple testing: Apply a multiple testing procedure to get a threshold. Then mark the
detected local maxima as signals if their p-values are below the threshold.

In this paper, the p-values in step 4 can be computed by using the Gaussian processes
theory of Cheng [9]. For step 5, we use the Benjamini-Hochberg (BH) procedure to control

the FDR. The algorithm is illustrated by a simulated example in Figure 1.1.
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Figure 1.1: The green line is observed sequence y(t), the red line is the original signal
(), the blue line is smoothed sequence v, (t), the black line is smoothed and standardized
sequence X, (t). Out of 38 local maxima of X, (¢)(red cross), 6 of them are marked as
significant(yellow triangle), where 5 of 5 peaks are detected.

1.2 Height Distributions of Critical Points of Smooth Isotropic Gaussian Fields:

Computations, Simulations and Asymptotics
1.2.1 Motivations

Computing the expected number of critical points of smooth Gaussian random fields
is a significant problem in probability theory because of its broad applications in various
fields, such as physics [3, 8, 17, 19], statistics [1, 10, 6, 16, 25], neuroimaging [28, 33, 34,
35], oceanography [26, 27], astronomy [5, 23], engineering, environmental science, and
geophysics. Numerous researchers from diverse disciplines have dedicated their efforts
to this problem and have developed many powerful tools, notably the renowned Kac-Rice
formula. While the Kac-Rice formula [2, 30] allows us to derive an implicit formula for the
expected number of critical points, evaluating the explicit formula proves challenging for

most smooth Gaussian random fields defined on Euclidean space R or the N-dimensional



unit sphere SN when N > 1. However, Fyodorov [18] made a breakthrough which enables
the explicit evaluation available for a large class of isotropic Gaussian random fields. The
main novel idea is writing the Hessian of the Gaussian field as a Gaussian random matrix
involving the Gaussian Orthogonal Ensemble (GOE).

The project is divided into three main components: computations, simulations, and
asymptotics.

In the computations part, building upon the work of Cheng [12, 14], the explicit form
of the peak height density of critical points in smooth isotropic Gaussian random fields can
be calculated when the dimension NV is small (3 and 4).

However, as the dimension /V increases, obtaining the explicit form of the peak height
density becomes increasingly challenging. In such cases, simulation approaches for both
the GOE and the GOI matrices are provided, based on the implicit form of the height
density.

When the dimension N becomes sufficiently large, the asymptotic distributions of the
height density can be determined. By the work of O’Rourke, S.[29] and the Tracy-Widom
distribution. The algorithms for simulating the height density can be provided.

Overall, this project combines computations, simulations, and asymptotic analysis to

explore the height distributions of critical points in smooth isotropic Gaussian fields.
1.2.2  Definitions and Notations

For simplicity, the notations are all from the work of Cheng and Schwartzman [14].
GOE matrix: An N x N random matrix H = (H;;)1<; j<n is said to have the Gaussian
Orthogonal Ensemble (GOE) distribution if it is symmetric and all entries are centered

Gaussian variables Critical points of isotropic Gaussian fields such that:

1
E[H;;Hy) = 5(5%5]‘1 + 03101,



where 9;; is the Kronecker delta function.
GOI matrix: An N x N random matrix M = (M,;)1< j<n 18 said to have the Gaussian
Orthogonal Invariant (GOI) distribution with covariance parameter c, denoted by GOI ) if

it is symmetric and all entries are centered Gaussian variables such that:
1
E[Mz]Mkl] = 5(5119(5][ + 5i15jk) + C5ij6kl

where ¢;; is the Kronecker delta function. Let X = {X(¢),t € T'} be a smooth isotropic

Gaussian random field whose mean is 0 and variance is 1, where 7" is RY or S¥. For

1=0,...,N,let:
pi(X,u)=#{te D: X(t) <u, VX (t) = 0,index(V2X (t)) =i}, (1.1)

where D is an N-dimensional unit-area disc on 7', VX (¢) and V2X (¢) are respectively
the gradient and Hessian matrix of X, and index(V?X (¢)) denotes the number of negative
eigenvalues of V2X (¢). Then, u;(X,u) is the number of critical points of index i of X
exceeding u over D.

We Define the height density of a critical value of index 7 of X at some point %, as:
Fi(u) = lir% P{X (to) > u|3 a critical point of index i of X (¢) in B(to,€))} (1.2)

For non-boundary case: 0 < k? < (N +2)/N

00 N
L. ¢(x)Eg01((1—52)/2)[Hj=1 A - ’m/\/imwmz/\/i@\“l}dx

Fi(u) =
Egom/z) [HJN:1 AT <0<} ]

For boundary case: k% = (N +2)/N

N
]EgOI(l/z) [szl |)‘j|l{>\¢<0<)\¢+1}1{2§\i1 Aj/N<- (N+2)/(2N)u}]

N
E&or1/2) [TTi=1 1L ixicooniy]

Fi(u) =

From the definition givn before, when 0 < k2 < (N + 2)/N, the height density of critical

points can be written as:



N
() E o112y T2 g = 52/ V2L ciapvmon)
N
E& o112y [TTi=1 Pl L paicoeniy]

Where f;(x) represents the density of critical points of index 7, the two implicit forms of

fi(z) =

(1.3)

height density are lemmas from Cheng[14, 12]



Chapter 2

MULTIPLE TESTING OF LOCAL MAXIMA FOR DETECTION OF PEAKS AND
CHANGE POINTS WITH NON-STATIONARY NOISE

2.1 The Model

Consider the signal-plus-noise model:
y(t) = u(t) + 2(t), te[0,L]cR (2.1)

Where the signal y(t) is a train of unimodal positive peaks of the form:

[ee)

p(t) = > ajh;(t), a; >0, (2.2)

j=—o00

And the peak shape, denoted by () < 0, has a compact connected support

S; = {t: hj(t) >0} and unit action fsj h;(t)dt = 1 for each j. The noise z(¢) is a non-
stationary Gaussian process. In this paper, we discuss two conditions for the noise. The first
condition assumes smooth noise, where z(¢) has unit variance and is smooth. Under this
condition, Gaussian process theory from Cheng [9] can be directly applied, eliminating
the need for kernel smoothing or other transformations. p-values can be calculated, and
multiple testing can be conducted directly.

The second condition considers unsmooth noise, which is the main focus of this disser-
tation. We assume z(¢) is not smooth, and to increase the signal-to-noise ratio (SNR) [31],
kernel smoothing is essential. Gaussian process theory can still be applied in this case, but
standardization is necessary. Further details will be provided in the following algorithm
section.

Let w,(t) > 0 be a unimodal kernel with a compact connected support and unit area,

where v > 0 is the bandwidth. Convolving the process 2.1 with the kernel w. (¢) can

8



generate the smoothed process.

(1) =10, (0) 5 y(t) = [ (= $)y(s)ds = s (1) + 24 (D), (2.3)

where the smoothed signal and smoothed noise are defined as
fy (8) = wyy () * pu(t) = j_Zoo a;hin (1),  2y(t) = w,(t) * 2(1) (2.4)

For each peak j, the smoothed peak shape function is defined as h;.(t) = w,(t) *
h;(t) > 0. It is unimodal and possesses a compact connected support, denoted as S; .. The
smoothed peak shape h; - () is required to be twice differentiable in the S; ., and has only
one critical point in its support. For simplicity, this work assumes that the supports .S; , do
not overlap each other.

The smoothed noise is defined as z,(t), which is obtained through convolution as de-
scribed in equations 2.3 and 2.4. We assume that z.(¢)’s mean is zero and is a thrice differ-
entiable non-stationary Gaussian process. However, after the convolution, the variance of
the noise cannot be guaranteed to be 1. To apply the theory of random fields, an additional
step of standardization is performed. This involves dividing the entire observation y. (¢) by
the standard deviation of z. (). By doing this, the new model has a noise component with
unit variance, allowing us to apply the theory described subsequently.

Let X be a standard Gaussian process, X’ be its first derivative, and X" be its second

derivative.
2.2 Difference Between Stationary Process and Non-stationary Process

The previous research of Schwartzman, Gavrilov and Adler[31] primarily focused on
the scenario where the noise z(t) is a stationary ergodic Gaussian process. However, in
this project, we will address the condition when z(t) is non-stationary. The key distinction

between these two conditions is that in the case of stationary noise, the parameter p remains
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Figure 2.1: The green line is observed sequence y(t), the red line is the original signal
p(t)
constant across the entire support [0, L]. This allows us to establish a global threshold for
observations to determine the significance of each local maximum.

On the other hand, when z(t¢) is non-stationary, the parameter p varies for different
values of . In other words, p(t) differs for each point ¢, indicating that we cannot obtain
a global threshold for the observations. Consequently, proving results under this condition

becomes challenging, necessitating the introduction of new theories and approaches.
2.3 Unsmooth Noise

We will first discuss the condition where the observed noise is not smooth. Smooth
noise can be considered a special case within the broader category of unsmooth noise. As
we will perform kernel smoothing in the initial step, certain transformations need to be
applied to make our theory applicable. Subsequently, the following sections will outline

the steps of our algorithms.
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Figure 2.2: The green line is observed sequence y(t), the red line is the original signal
(), the blue line is smoothed sequence y.,(t).

2.3.1 Kernel Smoothing

This part is described in the section 2.1, we can construct the smoothed process . (t)

by (2.3) and (2.4). And the figure 2.2 displays the process of kernel smoothing.
2.3.2 Standardization

This step constitutes the core idea of the project. Its objective is to transform the vari-
ance of the smoothed noise to one, thereby facilitating the application of Gaussian process
theory for calculating p-values. This is accomplished by standardizing the sequence, which
involves dividing the entire smoothed sequence by the estimated standard deviation of the
smoothed noise. As a result of this process, the variance of the new noise becomes one.
Standardizing the process 2.3 yields the smoothed and standardized process.

) 5
Vvar(z,(t))  Jvar(z,(t))

For this sequence, we define X, (t) = % as the smoothed and standardized noise.
var(zy

() = (2.5)

11
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Figure 2.3: The green line is observed sequence y(t), the red line is the original signal
(), the blue line is smoothed sequence y.,(¢), the black line is smoothed and standardized
sequence X, ().

2.3.3 Candidate Peaks

The objective of this step is to identify the peaks for the subsequent calculation of p-
values in the context of multiple testing. While many studies focus on pointwise testing,
which involves calculating p-values for individual points in a sequence, Schwartzman, A.
and Y. Gavrilov and R. J. Adler [31] proposes an alternative approach. In their research,
local maxima are considered representative of underlying signal peak regions. By calcu-
lating p-values and conducting multiple testing on the local maxima, the efficiency can be
significantly improved.

In the process described by equation 2.5, with the sequence f, (¢), we define the set of

local maxima of f. (¢) within the interval [0, L] as

T:{te[o,L]:f;(t) dfv(t) =0, f/(t) = d2£’;2(t) 0} (2.6)

12
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Figure 2.4: The green line is observed sequence y(t), the red line is the original signal
(), the blue line is smoothed sequence v, (¢), the black line is smoothed and standardized
sequence f(t), the red crosses are the detected local maxima

2.3.4 P-values

This part focuses on calculating the p-values which will be used to do multiple testing
in next step.
Calculation of P-values

For each ¢ € T, compute the p-values p., () for testing the hypothesis
Ho(t): pu(t) =0 ws Hu(t):pu(t)>0, teT (2.7)

Given the observation heights f. (¢) at the local maxima ¢ € T, the p-values are computed

as

P,(t)=F,[f,(t)], teT (2.8)

where

FEy(u) = P[f,(t) > ult € T (2.9)

13



represents the right cumulative distribution function (cdf) of X, (t) at the local maxima
t € T, which can be calculated under the null hypothesis x(t) = 0, Vt. From the work of

Cheng, D. and A. Schwartzman[12], the formula to calculate the F, (u) is:

Lemma 2.3.1. Let X(t) : t € T be a Gaussian random field with dimension one, then for

eacht €T and u € R.

£ (u) = X O o Lpewop X' = 0)
7 E{|X”(t)|:ﬂ_{X//(t)<0)}|X’(t) = 0}

(2.10)

From the lemma above, we can see that it is an implicit form of distribution, to calculate
the explicit form of F,(u), we need the joint distribution of (X (¢), X'(¢), X"(¢)). And
from the pre-print work of Cheng, suppose X is a standard Gaussian. The joint distribution
of (X(t), X'(t), X"(t)) is:

(X (1), X"(t), X" (1)) ~ N(0,%)
where:
var(X (1)) E(X($)X'(1))  E(X(6)X"(1))
L= E(X()X(®)  wvar(X'(1)  E(X'(6)X"(t))
EX")X () EX"(H)X'(1)  var(X"(t))
With the covariance matrix, we assume that X (¢) has unit variance, and with the following

definitions:
var(X(t)) =1, var(X'(t)) = A (t), var(X"(t)) = Xa(t)
After some calculation, we can get the following elements:
E(X(H)X'(1)) =0,

EXH)X"(t)) = =M (0),

E(X'()X"(1)) = Ag(t).

14



With all the elements, we can get the covariance matrix:

1 0 —\()
=l 0 oa@ A8 @.11)

2

M) A0 ()

With the joint distribution, we can calculate the explicit form of £, (u) in lemma 2.3.1

Theorem 2.3.2. Suppose X is a standard Gaussian process with unit variance, the nota-

tions are defined in 2.11, the explicit form of F.,(v) in lemma 2.3.1 is:

s " p(t)u
Fy(u)=1- <I>(m) p(t)V2me( )<I>(\/T(t)) (2.12)

ALV (t)

where p(t) = \/,\1(75)’\2(75)—)\'12(75)/4.

Proof. Assume )\, \, are defined before, from the property of normal distribution, we can

get the following conditional covariance:

iy o LEXOX @)
var(X(t)|X'(t)=0)=1- ar (X)) 1

AT () (1) = " [E(X"(O)X )] _
var(X"(t)|X'(t) =0) =var(X"(t)) - o (X'0) Ao (t) -

AL(2)?
(1)

cou(X (1), X" (1) X' (t) = 0)

E(X@)X'()EX"()X"(t))
var(X'(t))

= E(X(H)X"(1)) - == (1)

Then, from the implicit form of lemma 2.3.1, we can calculate the distribution of the height

of the local maxima. The denominator is:

E[X" ()L ixnt)<op| X' (t) = 0]

where:
X (1)?
(1)

X"(t)'X,(t) =0~ N(O, >\2(t) - )
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Let z = (X”(¢)|X'(t) =0) and § = m

E{|X"(t)|]l{X"(t)<0} | X'(t) = 0}

2

R
= - e 202dx
—o0 270

Pt La
_—/:Oo \/ﬂe 2 odt
= —0[-0(1)]|%

)

V27

Then, let ¢ = £:

From lemma 2.3.1, the numerator is:

E{IX" (DL (x(ty>uy Lixmy<on | X (1) = 0}

== B{X" (1)L ixty>u Lixmwy<op| X' () = 0}

where:
1 -Ai(2)

X(8), X" ()X (8) =0~ N (0, o

() X)) - oom

That is, let x = X (¢), y = X" (t) and z = X'(¢t):

= E{X" () Lixy>uy Lixmny<op | X' (t) = 0}
) 0
= [ [ vt = 0)dyda

where:
: Py

flzylz=0)~N(,| )

00y 55

where:
0y =1 ’

0y = \l Ao () = éf\il((tt))’
AL(t)v/Ad(t)
AR()

. _\/Al(t))\g(t) _ A
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Then, plug in, we can get:

— E{X" () Lixsuy Lixry<op | X' (£) = 0

[22 2pxi+ ]}dyda:

4 y

oo 0 1 1
= - y expi—
fu Lo 2m8,\/1— p? ¢ 2(1-p?)

= \/ﬁ and k = \/—_p then, we have:
) o0 k2 0 ¢ k 2
(-3, [ e [ et S dak
u —oo0 4T

=10, [, = T o(-pk) + pk(-ph))ak
(-pk

=(1—p2)5y[oz (b\/%)e_g == dk - (1- p)5/ \/p_e 2e2<I>( pk)dk
~(1-p%)9, p ) ,0 5
5
=Y 11-9 ¢_ uw)P (-
\/—{ (*)p d(u)d( *p)}
so, the cdf is:
Fy(u) = 1~ d(——" )~ p(t)Emo () (~— LD
\/1 p*(1) V1-p%(1)
If we take p(t) = \/Ak(lt()tiﬁ"’w the cdf is:
Fy (1) = 1 - &(——) + p(t)V () (— 2

NG —p2< ) VI-7 ()
[
One thing to notice is that because p(t) is a function of ¢ which takes different val-

ues for different ¢. F.(u) may also be different for different ¢, which means there is no

global threshold for the next step multiple testing. As a result, the FDR control and power

consistency are so hard to prove.
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Regional Peak Height Density

We introduce regional peak height density from the preprint work of Cheng, Schwartzman
and Zhao[15].This density function allows us to determine the height distribution of peaks
of X (t) over the entire domain D = [0, L], enabling us to establish the proof.

Let {X(¢),t € D} be a smooth random field. We are interested in finding the height
distribution of X over the entire domain D.

We define M (D) and M (u, D) as the number of local maxima and the number of local
maxima above u of the random field X over D. Define the regional peak height distribution

of X over D as:
E[M(u,D)]

Eo(w) = (o))

(2.14)

Plug in the explicit formula of F,(u) and use the Kac-Rice formula, the explicit form of

regional peak height density can be calculated as:

oo L 1= (i) + p()V2m () (A Yt
p(u) = f Ol "
D p(t)

(2.15)

We can see the whole support of the process as a region, that is D = [0, L], by calculation:

SEARO 1 () 1 (1) /2T () B(—AL ) st

_ V1-p%(t) V1-p2(t)
F,(u) = P, w0 (2.16)
Jo S dt

From 2.16, a global threshold can be calculated for peak detection.

Example

One example is provided to show the calculation of density.

Example 2.3.1. Consider the following non-stationary Gaussian process as our noise z(t):

2(t) = cos(t) - € + sin(t) - dB(t) (2.17)
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where ¢ is a standard Gaussian random variable, dB(t) is white noise which is independent
of £. Do the convolution with a Gaussian kernel w.,(t) = (1/7)¢(t/y) with v > 0 as in (2.4)
produces a non-stationary Gaussian process that has a zero mean and can be infinitely

differentiated:

=N [T [T hape) e

From some basic calculation, we can get:

var(z,(t)) = (/ COS(S) > )ds) [: sz(s)gzﬁz(s_t)ds (2.19)

7 g
Then do more calculation to get )\1(25), Ao(t).

(1) = N (0, 1)[ cos(s)(s t) ( )d +[°° Sm(s)(s_t)gb(t;s)dB(s)

oo ’}/3

(2.20)

var (2 (t)) = (f COS(S)(S t) ( )d )2+ foo sin?(s)(s 1) e (S_t)ds

o v
(2.21)
2(t) = N(0,1) f‘” 008(8)[(87; t)? ‘72]¢(t;5)d3
© gsin(s)|(s 2_ (2.22)
o TS s
U&T(Zg(t)) = ([: COS(S)[(‘;; t)2 -7 ]¢(t; )d8)2
< sin2(s)[(s-t)2-12]2 , st (2.23)
+/ 10 ¢ ( )ds
oo N 5
2(t) =N (0,1) [: cos(s)(s - t)g(f )2~ 372]¢(t;s)d8
‘ (2.24)
, [osin(s)(s-D(s-1)°=392]  t-sy o
[oo 4 o 5 )dB(s)
var () =( [ COS(SXS-OH;—H - 3] ¢(t; 51 ds)?
' (2.25)
= sin?(s)(s = t)*[(s = 1)* =372 o t-s,
+/:oo 14 o*( 5 )d
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[var(z(6))] 2[ cos(s) )d [: COS(S,)Y;(),S_t)Cﬁ(t;S)dS
oo 282712(5)(5 t) , =8 (2.26)
+/:oo 4 o ( )ds

foare, )" =2~ (= ap

= Lo COSW(S) T S[oo COS(S)[(:;QQ_72]¢(t;s)ds (2.27)

+f°° 25@#(5)[2};—02 _72]¢2(t;8)ds

— 00

[var(z,(t))]" _4f cos( (S t) ( )d [: COS(S)[(SP}; t)Q_ny]gb(t;S)ds

“cos(s)(s t) © cos(s)[(s—t)2-~%] ,t-s
+2[°o " ( > )ds[oo

5 ¢( )dS
v g
* cos(s)  ,t—s
w2 [ ()

y f°° cos(s)(s - t)[(73 —1)2 - 3+2] ¢(t 3 S)ds
oo ~ 5

©4sin®(s)(s-t)[2(s-)* = 31*] , t-s s
+.[oo 3 o ( 5 )d

(2.28)
Let:

zv(t)
X Rt S
O G

) N(O 1)/‘00 cos(S)(b(tfs)dS_l_foo sz’n(s)(b(s,t)dB(S) (2.29)
\/(/DO COS(S)(b t— s)dS +f°o sz(s)qﬁz(s t)ds

Then:

. OV D=0
var(z(t))
A1)z ®)[var(z )]
var(z,(t)) 2[11@7“(27(75))]%

(2.30)

And:
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2 AOvar(z 1))

O e 2o 0)
A OO + 5 Olar(s O ar( O 51
1Toar(s (D)
35 (Ovar( () Hlvar (-, ()Y
ATvar (o (D)

Then calculate the A\ (%), A2(t), let:
X! (t) = a(t)z,(t) +b(t)2(t) (2.32)

Where a(t) = —2&OI ang b(+) = ——L—, which are constants when ¢ is fixed,
2[var(zy(t))]12 ”“T( + (1)’

then var(X/(t)) can be calculated as:

var(X3(1)) = E[(a(t)z,(t) + b(t) 25, (1)) (a(t) /(1) + b(1) (1)) ]

(2.33)
= a*(t)var(z,(t)) + b*(t)var(2,(t)) + 2a(t)b(t) E(z,(t) 2 (1))
where we can calculate:
~ cos(s) 2, ® sin?(s) o, 5—t .
var(s, (1) =(f 5o as e [ 7D
, [ cos(s)(s - t) 24 = sin?(s)(s—t)? ,,5-t .
var(z4(0) =( | TR s+ f " ()
B (0:40) ([ oS han Ty
o sinQ(s)(s —t) 5,5t
+[oo > o (2 s
(2.34)

They are all constants when ¢ is fixed. So we can calculate var(X/(t)) when t is fixed.

Let

X”(t) = c(t)zy (1) + d(t)z’ (t) + g(t)z;’(t) (2.35)
where ¢(t) = vm"(zw(t))”][var(%[(vtiz](:(?g;t{(%(t))2 [var(zy (t))]" ’
d(t) = - Loar(z, (@) _ [mr(%(t))]s and g(t) = ——L___ which are constants when ¢ is

[var(zy(t))]% 2[var(zy(t))] var(zy(t))
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fixed, then var(X(t)) can be calculated as:

var(X3 (1)) = E[(c(t) 2, (1) + d(t)2,(t) + g(1)2())
x (e(t)z (1) +d(t)23,(1) + (1) (1))]
= A(tyvar(z,(t)) + d*(t)var (2, () + g*(t)var (2! (t)) (2.36)
+2e(t)d(t) E (2 (1) 2,(1)) +2¢(t)g (1) E (2, (1)2](2))
+2d(t)g(1) E(=(1)=/(1))

where we can calculate:
var () =( [ COS(S)[(? 2P —)ds)’
N [: SWQ(S)[(;—Ot)Q _72]2¢2(8;t)d5
B (0310 = (f T o2y f TS o )

,}/5

+/ sin (s)[(s6 t) y]gb (s t

- Y Y

B 0):1(0) = (f T (g f TS o )
L[ (s Dl 7] o

78

)ds

)ds

t
f}/
They are all constants when ¢ is fixed. So we can calculate var(X/(t)) when ¢ is fixed.

Now we calculate F(X/(t)X(t)), from the definitions given before, we can get:

E(XZ(0)XT (1)) = E[(a(t)z(t) + b(t) 22, (1)) (c(t) 2, (1) + d(1) 2 () + g (1) 2] (1))]
= a(t)c(t)var(z,(t)) +b(t)d(t)var(2(t))
+[a(®)d(t) + b(t)e(t) | E (2 (1) 2 (1)) + alt)g(t) E(z, (1) 2(1))
+0(t)g(t) E(= ()2 (1))
(2.37)
All the terms mentioned in this context are expressions that are related to the variable ¢.

Therefore, A1 (%), \2(t), and A[(t) can be expressed as functions of ¢. With the regional
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Figure 2.5: The green line is observed sequence y(t), the red line is the original signal
p(t), the blue line is smoothed sequence y.,(¢), the black line is smoothed and standardized
sequence f,(t). The red crosses are candidate peaks. The yellow triangles are detected
signals, the magenta dotted line is the global threshold for multiple testing

peak height density described by equation 2.16, the p-values can be calculated using the

observations .
2.3.5 Multiple Testing

In this step, we define /7 which denotes the number of local maxima in 7. Employing a
multiple testing procedure, we evaluate the m p-values and identify the peaks as significant
if their p-values are below the threshold we calculated in this step.

In this project, we utilize the Benjamini-Hochberg (BH) procedure. For a fixed sig-
nificance level a € (0, 1), given the m p-values (p1,p2, -, s ) calculated previously, we
determine the largest index & for which the ith smallest p-value is less than i« /m. Thus,

the null hypothesis Hy(t) at ¢ € T is rejected if:

k ) k
() < EO‘ = f,(t) > iipy = F;l(%) (2.38)
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2.3.6 Error Definitions

Due to the influence of noise, detected peaks may be shifted out of the true signal
region. In order to evaluate the accuracy of peak detection, we categorize a significant
local maximum as true positive if it is in the signal region. If the detected peak is outside
the signal region, it is considered as false positive. The definition of signal region will be
given in the next part.

With the model described in section 2.1, we define the signal region S; and the null

region Sy as follows:

Sl = OS] and So = [O,L]\(O Sj) (239)
j=1 j=1

For a given threshold u, the number of all detected peaks and the number of all falsely

detected peaks are:

Ru)=#{teT:f,(t)>u} and V(u)=#{teTnSy: f,(t)>u} (2.40)

Both of R(u) and V (u) are defined as 0 if 7" has no elements. The FDR is defined as the

expected proportion of falsely detected peaks

_ V(u)
FDR (u) = E{W} (2.41)

If R(u) =0, FDR is defined as 0.
2.3.7 Control of FDR

In this step, we use the BH procedure to perform the multiple testing: for a fixed
a € (0,1), with the m p-values (p1,p2,---, pm) calculated before, let k be the largest in-
dex for which the ith smallest p-values is less than ia/m. Then the null hypothesis Hy(t)

att € T is rejected if:
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Pyt < 22 s () > i = (B2 (2.42)
m m
We get the threshold ugy.
Define the following conditions:
(C1) The assumptions of Section 2.1 hold.

(C2) The number of trials N - oo and a = inf; a; - oo.

Theorem 2.3.3. Suppose that the algorithm of this work is applied with the BH threshold

Upn. Then under conditions (C1) and (C2).
lim supFDR(@py) < « (2.43)
The proof of theorem 2.3.3 is given in chapter 4.

2.3.8 Power Consistency

A significant local maximum is defined as true positive if it is in the signal region S;.

The power of this algorithm is defined as the expected fraction of true discovered peaks:

teT nS;

J
Power(ugy) = E |:j Z (TnS;#2 and max f,(t) > uBH]

o (2.44)
j Z WeI'j uBH
where Power; (ugy) is the probability of detecting peak j
Power;(ipy) = P {T nS;#@ and max f,(t) > ﬂBH} (2.45)
tel'ns;

The inclusion of the maximum operator ensures that if multiple significant local maxima
fall within the same peak support, only one of them is considered, thereby preventing an
inflation of power.

When only kernel smoothing is applied, the local maxima are not expected to shift

outside the signal region. However, in this project, standardization is also applied to the

25



kernel-smoothed sequence. Therefore, it is important to ensure that the local maximum of
f+(t) asymptotically falls within the support of the signal with probability 1. This is crucial
to maintain the accuracy and reliability of the peak detection method.

By (1)

W] , the local max-

< sup[ p (1)

Lemma 2.3.4. If the noise satisfies sup [ — ]
e, - V/var(e (0)

tES()ﬂSL-Y
ima of f.(t) will asymptotically locates in the support of signal with probability 1.

If the noise satisfies lemma 2.3.4, then we have the following theorem:

Theorem 2.3.5. Suppose that noise satisfies theorem 2.3.4 Then, under conditions (C1)
and (C2),

Power(ugy) - 1

The proof of this theorem is provided in the chapter 4.
2.3.9 SNR

If the smoothed and standardized process is smooth enough and conditions (C1) and
(C2) are met. By the FDR control discussed before. To choose the best smoothing kernel
w-(t). We can try to maximize the power under the model. This maximization is very
difficult to analyze, we can relax some requirement to a less formal argument here. The
original true signal S; can be detected within a small interval which contains the peak mode

7; with probability tending to 1. Then the power for peak j may be approximated as:

a;h. ;(7;)

Voar(s(1;))

Power; (u(7;)) » P{f,(7;) >u(r;)} =P u(T;) (2.46)

because f,(7;) ~ N(\/%,l)

The power can be approximated maximized by maximizing the SNR,.
ashyj(15) a5 wy(s)hy(s)ds

SNR, =
var(z,(7;)) var(z,(7;))

Where \/var(z,(7;)) is the standard deviation of the kernel smoothed process z,(¢) when

tZTj.
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2.4 Smooth Noise
2.4.1 The Algorithm

When the noise is smooth with unit variance and non-stationary, algorithm is as fol-
lows:

1.Candidate peaks: Find the set of local maxima of the observed sequence y(¢) in [0, L].

7 - {t [0, 1] y/(1) - dz—i’f) Z0,4(t) - di?tgt) < o} 2.47)

2.P-values: For each t € T compute the p-value for the test:
Ho(t) - pu(t) =0 wvs Ha(t):pu(t)>0, teT (2.48)

The distribution of the noise is the same as the formula 2.16.

3.Multiple testing: Let m represents the number of tested hypotheses, which is equal
to the number of local maxima in 7. Then apply the BH procedure to the m p-values
(p1, -+, pim ) associated with the local maxima at ¢ € T. We declare a peak as significant if
its corresponding p-value is smaller than the chosen significance threshold.

The error definition, FDR, and power consistency aspects remain the same as in the case
of unsmooth noise. The key differences between smooth noise and unsmooth noise lie in
the first two steps of the procedure: kernel smoothing and standardization. These steps are
specific to handling unsmooth noise, allowing for accurate peak detection and subsequent

analysis.
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Chapter 3

NUMERICAL STUDIES

3.1 Simulation Studies
3.1.1 Simulation Settings

Simulations were performed to assess the performance of the algorithm under moderate
signal strength a and finite repetitions. In the simulation, the range of support L = 600,
the simulations involved J = 5 truncated Gaussian peaks with equal heights, denoted as
ajh;(t), where ajh;(t) = a/b[(t—7;)/b]1[-cb,cb]and j =1,...,J. Here, b= 3 and ¢ = 3,
and a varied to represent different signal strengths.

The noise component was constructed as follows:
z(t) = cos(t) - & +sin(t) - dB(t) (3.1)

where ¢ is a standard Gaussian random variable, dB(t) is a sequence of white noise which
is independent of £. The simulation process is repeated N = 1000 times to obtain estimates
of the FDR and the corresponding power. It is important to note that the FDR is calculated
by summing the number of falsely detected signals across all N = 1000 trials as the numer-
ator, and summing all the detected signals as the denominator. This approach allows for
obtaining the expectation of the FDR through the law of large numbers.

By conducting a large number of simulations, the estimated FDR and power provide
valuable insights into the performance and characteristics of the algorithm under different
scenarios, including various signal strengths and finite range conditions.

The algorithm was executed using a truncated Gaussian density as the smoothing ker-
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nel.:
wy(t) = (1/7)p(t/v)A[-c, ev]

Which has the same definition as 2.17. With ¢ = 3 and varying . We can estimate the
noise parameter of z(¢) by calculating its first and second-order differences to approximate
the corresponding first and second derivatives. With the same smoothing kernel, the level

a of BH procedures is 0.05 in this simulation.
3.1.2 Nonasymptotic Performance

Figure 3.1 presents the observed levels of the false discovery rate (FDR) for the BH
procedure. The FDR is evaluated using equation (2.41), with the expectation replaced by
the ensemble average over 1000 replications. It is worth noting that I calculated the FDR
by summing the denominator and numerator separately and then dividing them. By the
law of large numbers, this calculation guarantees an asymptotic estimate of the FDR. The
error rates are controlled under the level o = 0.05 for bandwidths larger than 2 and for
sufficiently large signal strengths a. When ~ is small, i.e., v < 2, the FDR exceeds the
nominal level. This is because a small «y leads to a process which is not smooth enough to
apply our algorithm.

When the bandwidth + is larger than the bandwidth of signal peak b = 3, the error rates
also do not exceed the nominal level. As + increases, the value of /var(z,(t)) decreases,
amplifying the difference between the noise and peak heights.

Figure 3.2 illustrates the observed power of the BH procedure, evaluated using the
definition in equation 2.3.5, with the expectations replaced by the ensemble average over
the 1000 replications. When the kernel bandwidth is small, increasing the bandwidth leads
to an increase in power. This is also because a small bandwidth results in unsmooth process,
leading to low power. As the bandwidth increases, the plot becomes smoother, resulting in

a decrease in candidate peaks and, consequently, a decrease in power.
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Figure 3.2: Power of the BH procedure fora =9,a =12 and a = 15
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3.2 Discussion of Non-stationary Noise’s Variance

The simulations assume that the variance of the non-stationary noise is one. However,
even if the variance of the noise is not one, the standardization step in the algorithm guar-
antees that the standardized and smoothed noise will have unit variance. As a result, the
formula to calculate the p-values can still be applied under this condition.

It is important to note that when the variance of the noise increases, it can have a
substantial impact on the signal, especially if the signal strength is not sufficiently strong.
This means that the noise can overshadow or obscure the signal, making it more challenging
to detect peaks accurately. The influence of the noise variance on peak detection is an
essential consideration in understanding the limitations and performance of the algorithm.

Further analysis and investigations can explore the specific effects of varying noise vari-
ances on peak detection performance, allowing for a better understanding of the algorithm’s
behavior under different noise conditions.

Consider the following non-stationary Gaussian process as our noise z(t):
z(t) =2-sin(t)dB(t) (3.2)

The variance of the noise, z(t), does not remain constant across the entire support.

From the two plots, figure 3.3 shows the FDR of the BH procedure for a = 9, a = 12,
a =15 and a = 21, which shows little difference from the first FDR plot, however, figure 3.4
shows the power, one thing to notice is that, when the signal strength is small, the power
is low, which may caused by the bigger variance of the noise. When the variance of the
noise is big, the signal will be absolutely effected, signals may be buried within noise that
exhibits higher variance. However, when the signal strength increases, the problem will be

solved.
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3.3 Data Example

In this section, we aim to apply our method to real-world applications. Finding re-
peatable processes with non-stationary noise can be challenging in everyday life due to the
fast-changing nature of the world. Even if observations of a certain process are obtained
multiple times, it is likely to undergo significant changes, and the assumption that y(¢) does
not change substantially may not hold. Sunspot data from the World Data Center SILSO,
Royal Observatory of Belgium, Brussels.

However, when it comes to the Sun, observing it over a ten-year period does not result
in substantial alterations. In this project, we will utilize the number of sunspots from 1749
to 2013 as our data set. This data set comprises nearly 3400 data points, representing
the average number of sunspots observed each month. Based on the work of Balogh, A.,
Hudson, H., Petrovay, K. and von Steiger, R. [4], the first solar cycle begins in 1755, and
the duration of a solar cycle is approximately 11 years. Therefore, we have 24 independent
solar cycles since 1755. In our models, we set L = 132 and N = 24.

To begin, let’s plot all the data starting from 1755. Figure 3.5 displays the entire process
of the average number of sunspots for each month from 1755 to 2018.

There are 24 solar cycles included, from the plot, it is easy to find that in some solar
cycles, the number is small, in other cycles, the number is medium and the other cycles, the
number is large. Then I divide the 24 cycles into three groups: inactive, normal and active
solar cycle. I decided to use the method to detect the peaks of active solar cycles.

Figure 3.6 presents the combination of 11 active solar cycles. From the plot, it is evident
that these 11 solar cycles exhibit a similar signal pattern. To further analyze these cycles, I
will calculate the mean of these 11 solar cycles. By calculating the mean, we can obtain an
estimate of the underlying signal, while the variability across the cycles contributes to the

estimation of the noise component. With these parameters determined, we can proceed to
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Figure 3.5: The average number of sun spots from 1755 to 2018

400

Figure 3.6: The left plot is a combination of 11 active solar cycles, the green line in the
right plot is the mean of the 11 solar cycles, which can be seen as p(t)
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Figure 3.7: The top left plot shows the first process of 11 active solar cycles y(¢). The
red line in the top right plot is the smoothed process y.(t). The bottom left plot is the
standardized and smoothed process f, (), the red triangles are candidate peaks and the
yellow triangles in the bottom right plot are detected signals, the pink dotted line is the
threshold.

apply the algorithm and detect the signal for each individual solar cycle.

By applying the algorithm to the data, we can detect the signal within each process and
analyze the characteristics and patterns of the solar cycles.

The figure 3.7 shows the result of our algorithm on one process. After applying the
11 processes, I can achieve 11 different data sets. The following table shows the results.
From the table 3.1, the sun spots activity can be detected as the same location for the 11

processes, for example, location 61, 81 and so on.
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9 56 55 11 70 8 61 52 49 34 14
52 61 61 52 77 53 69 61 54 40 21
61 69 68 62 80 68 73 69 61 43 28
65 8 73 69 88 75 81 73 69 48 39
69 9% 76 73 94 82 101 81 73 53 54

73 106 81 81 102 94 101 81 61 ol
82 117 95 &7 110 106 94 69 68
91 122 101 95 114 111 100 81 77
95 128 106 102 126 109 80
104 122 106
111 128 113

Table 3.1: Each column represents the number of process, the data indicates the location
of the detected signals
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Chapter 4

TECHNICAL DETAILS FOR MULTIPLE TESTING

4.1 Unsmooth Noise

This part is the proof for the unsmooth noise, the smooth part is the same as the un-

smooth part.
4.1.1 FDR Control and Power Consistency

Lemma 4.1.1. Let L, = L(k—l), LYY be a partition of support L, where k = 1,2,... K,
K K

Mon~k = F{L € T, N So,4 N Ly} be the number of t which is the local maxima of f.(t)[or
X, (t)] in the intersection of Sy, and Ly, on trial n, where S , is the transition region of
the process. Let Vi 1 (u) = #{t € T, 0 So, 0 Ly : f,(t) > u} be the number of t which is
the local maxima of f.(t)[or X, (t)] in the intersection of Sy . and Ly, whose heights are

above the level u on trial n. Then
Zg:l Vnmk(u) N E[ank(u)]
21]1\,[:1 mO,n,'y,k E[m07n»’%k]

in probability as N — oo, where F.,(t) = P[ X, (t) > ult € T Sy~ N Ly] is the conditional

= F%k,(u) “4.1)

distribution and N is the number of trials.

Proof. :Notice that f,(t) = X, (t) for all ¢ € Sy 5, so the process f,(¢) has the same prop-
erties as the process X, () on the set Sy ,. And notice that for each n = 1,2,..., N, X,(¢)

has the same distribution. Applying the weak law of large number can give that:
S Vi) SN Vo (@)/N B[V ()]
Snot Mok oot Monak/ N Elftonq]

By the definition of F, ;(¢), the right hand of ratio (4.2) equals the conditional probability.

4.2)

O
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From the definition of regional peak height density, let K = 1, that is, we see the whole
support L as the region. Then we have that:

Zgzl Vn,'y(u) N E[Viz,v(u)]

anzl m(),n,7 E[mO,”ﬁ]

= F,(u) 4.3)

Where my ,, = #{t € Tn N So .~} be the number of ¢ which is the local maxima of f.,(¢)[or
X, (t)] in the Sy ,on trial n, where Sy ., is the transition region of the process. V,, ,(u) =
#{t € T, NSy : f(t) > u} be the number of ¢ which is the local maxima of f,()[or

X, (t)]in the Sy ,, whose heights are above the level v on trial n.

hj~ ®)
var(z, (1))

of the whole process is divided into two parts S; and Sy. After the step of kernel smooth-

For simplicity, we introduce a new notation: 7; ., (t) = . The original support
ing, the signal region is enlarged [32] to S; , and the null region is transferred into Sy .

However, after the step of standardization, the two regions S, , and S  remain the same.

Lemma 4.1.2. Assume the model of section 2.1 hold and there exist a universal 6 > 0 such
de ._ . ide _ d _ 7sid d

that 1504 := {t € L : [t —7;,| < 0} and [55¢ = S; \I720%°. Let Sj, = I59° U0 be

a partition, where T; ., € S;., be the mode where peak shape n;.(t) reaches its maximum
side _ Tleft right left ; side right .

value. Then we define I7°° = I U 1, =, where I, is the left part of I7¢ and I, 7 is the

right part of I;’f,cyle. Let:

M; be the largest value of |n;,(t)| in S;;

side _ ;
ngy - lnf |773’,7(t)|

e [side
t IJ"‘/

mode _ ;
Cpode = inf | (1)

temode
1Y

left _
it = inf ni (1)

seplett 19
v

o Dmode = inf (¢
37T e pmode 07 (1)
Y

® 01 left = SUP (Sd(Xf/(t)))

teqleft
3
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® O1side = SUP (Sd(X',y(t)))

i
® O1mode = SUP (Sd(X’;(t)))
temode
3y
® 02mode = SUP (Sd(X’;,(t)))
temode

For T and any threshold u,

P(#{teT n I} = 0)

2 vyside,2

>1-exp(-——
2U1,side

P(#{teT nIred}=1)
(4.4)

a r 2 rpode,2
> 20 (-2 —i) -~ - ep(— )
2,mode

(Ymode

P#{teTnIr%: £ (1) >u} =1)
aszode,Q
>1-®(u-a;M;)- exp(—§+)
o

2,mode

Proof. (1) For the side region of 5%, we consider I)°" first. The probability that there are

no local maxima of f,(t) in [} is greater than the probability that f(t) > 0 for all ¢ in the

interval. This probability is:

P#{teT I} =0)> P(}Bg £1(t)>0)

Iy

left left
ij ]j,w Val"(ny (t

> P(inf X! (t) > — inf [“V—(t)] )
) (4.5)
=1~ P(sup[-X!(1)] > Sup a;n;,(1))

left
Ij,'v 3y

azcl'eft,Q
>1-exp(-—==")

1,left
Which can be achieved by applying Borell-TIS Inequality because the process — X! (%) is

icht .. .
zero-mean for every t. For I;‘f , we can get similar result, combine them all. We can get

the result.

39



(2) The probability that f,(¢) has no local maxima in I%’de is less than the probability
that f/(7; - &) <0 or f/(7; + ) > 0, then the probability is bounded above by:
P(#{teT nIre%}=0)

S P(f(m;-0)<0)+ P(f(1;+6)20)

fi(7; - 0) fi(75 +0)
) G ) (4.6)
fi(75 - 0) fi(75 +0)
:1—®(M)+1—®(—m)
Q. mode
< 2—2@(%)
1,mode

The inequality holds because f1(t) ~ N(a;n;_ (t),01(t)) for all .
On the other hand, the probability that f!(t) has at least two local maxima in Iﬁlfde is

less than the probability that f2'(¢) > 0 for some ¢ € I;2°%. That is:

P(#{teT nIred} > 2)

< P(sup f7(t) >0)
I;_n’;)de
| 4.7)
< P(sup X7(t) > 1n£ —a;n; (1))
[mode Ly™
2 rymode,2
a; D, )

2
202,m0de

<exp(-

The probability that f. () has exact one local maxima in Iﬁ;de can be calculated from the

above two inequalities:

P(#{teT nimed}=1)

=1-P(#{teTnImd} >2) - P(#{te T n "%} =0) 4.8)
ol agDmode,Q

> 2@(M) e e e
01 2UQ,mode

(3) The probability that no local maxima of f. () in ]ﬁfde exceed the threshold u is less

than the probability that f.(¢) is below « anywhere in Iﬁfde, so it is bounded above by
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®(u—a;M;) . On the other hand, the probability that more than one local maxima of y(t)
in I]m"de exceed u is less than the probability that there exist more than one local maximum,

which is bounded by 4.8. Combine them all, we can get the result. O]

Lemma 4.1.3. Assume the model of section 2.1, For T is the set of candidate peaks, let
M1, = #{T NSy, } be the number of local maxima in the set S, , and W.(u) = #{t €
TSy ¢ f,(t) > u} be the number of local maxima in S, -, above threshold u. Under
conditions (C1) and (C2):

(1) The probability that f.,(t) has any local maxima in the transition region T, tends to

0.
P(#{teTnT,}>1) 0. (4.9)
(2) The probability to get exact J local maxima in the set S, ,
P(in~,=J)=P(#{teTnS 4} =J) > 1. (4.10)
(3) The probability to get exact J local maxima in the set S , that exceed any fixed
threshold u,

P[W,(u)=J] = P[#{teTnSy,: f,(t)>u} =J] - 1. (4.11)
(4) W.(w)/m1  — 1 in probability.

Proof. (1) First, we can get T, = U7, T}, where T;,=5;,\S; is a subset of 5. So we

have T, is a subset of U}-]=1 Ijs.i;ie. Then we have:

P(#{teTnT,}>1)< P(#{teTn LJJ [} > 1)
j=1

J ~ .
=P(U#{teT L} >1) (4.12)

< i[l ~ P(#{t e Tn 1%} =0)]

J=1
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Under condition (C2), a; — oo, plug in the first result of lemma 4.1.2, the result can be
obtained directly.
(2) The probability is larger than get one local maximum in Iﬁlfde and 0 in I]S.f,cyle for all

7. That is:

P#{teTnSi,}=J) > P(n_ #{te TnIre%} = 1N #{t e T n 59} =0)

J ~ ~ .
>1-Y[1-P(#{teT n 1%} =1(N#{t e T n [59} = 0)] 4.13)
j=1
>1- ZJj[z — P(#{t e Tn It} = 1) - P(#{t e T 0I5} = 0)]

Il
—_

J

Plug in the results in lemma 4.1.2, under condition (C2), we can get the result.
(3) The proof is very similar to the second part.

(4) With the proof of (2) and (3), the result can be obtained directly. [

Theorem 4.1.4. Suppose that Algorithm is applied with the BH threshold upy. Then,
under conditions(C'1) and (C2),

lim sup FDR(upy) < « (4.14)

Proof. : Let Gy(u) = (S #{te T Lyt fon(t) > up) [ (Th #{te T, N Ly}) be the
empirical marginal right cdf of f. () given ¢ € T,, and ¢ is located in Lj, of trial n , where
fn~(t) is the standardized process for trial n and T, is the candidate peaks for trial n. Now
we assume K = 1, which means the whole support are seen as one region. Then we have
G(u) = (S #{te Tt fur(t) > ut)/(Zhi #{te Tn}) be the empirical marginal right
cdf of f.,(t) given t € T. Then the BH threshold for trial n, Uy, satisfies aé’(ﬂBH’n) =
pa/iy, = F,(Upw,,), where p is the largest index for which ith smallest p-value is less than
%—i, where m,, is the number of p-values for trial n. Therefore, upp , is the largest u that
solves the equation:

aG(u) = F,(u) (4.15)
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The strategy is to solve equation (4.15) in the limit when a, N — oo, where a = inf a;. We

first find the limit of G(u). Define:
Voo (u) =#{t e T, N So ¢ frq(t) >u}
Won(u) = #{t €T, nS1 ¢ fuq(t) >u} (4.16)
Ry (1) = Vi () + W5 (w)

25:1 Rnﬁ(u) _ 27]2[:1 Vn,'y(u) + Zg:l an(u)

G(u) =
N -~ N -~ N =~
anl My, anl My anl My
N N ~
— z:n=1 Vnﬁ(u) anl Mo,ny (4 17)
- N ~ N -~ N ~ :
anl mO,n,W anl mO,nﬁ + Zn:1 ml,n,7
N N -~
+ Zn:l an'y(u) Zn:l mlznv’y

N ~ N -~ N ~
anl ml,n,v anl mO,n,y + Zn:1 ml,n,’y

where 7, = #{t € T},}, the total number of local maxima of smoothed and standardized
trial n, Mg, = #{t € T, N So} and My, = #{t € T, N S14}-

By the weak law of large numbers:

ijyzl mO,n,'y _ Zfz\[:l mﬂ,n,v/N N E[momﬁ]
eryzl mO,n;y + eryzl ml,n,’y Zivzl mO,n,’y/N + ZT]LV=1 7/hl,n;y/]\[ E[mO,n,’Y] + E[mlynﬁ]
(4.18)
As N — oco. Replacing the limits in 4.17, we obtain:
~ E[mon~] E[m1 -]
G(u) > F,(u)—— SEXEN + = AL (4.19)
= B BT+ Bl ] Bl ] = Bl r]
By 4.15, we can get the deterministic solution:
O{E[ml n ’Y]
F.(usg.,) = =—= . (4.20)
() E[Minq]+ E[Monq,](1-a)
The FDR at the threshold uj; ,, is bounded by:
E[Va(upp,)]
FDR(u} < P(Wh(uy <(J-1))+ ’
(uBH,n) ( (uBH,k) ( )) E[Vn(u}}Hm)] +.J

N E[Vi,(upy )] +E[#{t € T, N T i Yy () > upp, }]
E[Vn,v(uz;H,n)] +E[#{t e T, n T, :y,(1) > U*BH,n}] +J
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Where we have split V,,(u}, ,,) into the reduced null region S -, and the transition region

T, = So\So,, From the lemma and outcomes before:
0<E[#{teT,n Ty, :y,(t) > upy, ] <E[#{teT,n T}~ 0 (4.22)

The remaining term can be written as:

E[Vr (Usg,,)]
E[Voy(upg )]+
Py Elion)
) FV(U*BH7n)E[m07nW] +J
E[mO,nﬂ}E[anﬁ]
aE[mMonq E[M1,04] + J(E[101,0,5] + E[1h0,0,4]) — @ JE[170,0,4]

(4.23)

=

From the lemma before, we know that P(77,,, = J) — 1, and because L is limited, so

M1 n~ < 00, then we can get E[/,, ,] = J. Plug in, we can get:

B[V (i)
BV i, )T+

(4.24)

Combine all, we can get FDR(u%,,,) < o for all n. Because F,(u) is continuous, we can

say lim sup FDR(upy) < a. O
4.1.2 Power Consistency

First, explain the lemma 2.3.4. If the standardized and smoothed process f. (t) satis-

fies sup [%] < sup[%], then the maximum value of standardized and

teSonS1,~ teS1
smoothed signal in the support of signal is larger than the maximum value of standardized
and smoothed signal in the transition region. From the proof before, the local maxima of

f+(t) will asymptotically locates in the support of signal with probability 1.

Now the proof of theorem 2.44:
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Proof. For the random threshold ugy and arbitrary ¢ > 0, we have
P(# {t € T(ﬁ'BH) n S]} 2 1)
=P(# {t e T(tipn) 0 S;} 2 1, |ign — ugy| < 6)
+P(# {t € T(QBH) N S]} > ]., |1ZBH — UEH| > 5)

From the proof of FDR, we have:
P(#{t e T(ign) N S;} > 1, |tpn — ufy| > 6) < P(|iipu — ugy| > 6) =0

Then:
P(# {t e T(iign) n S;} 2 1)
=P(# {t € T(tigu) n S;} > 1, |t — ugy| < 6)
>P(#{t € T(upyy +0) N S;} > 1, |itpn — ugy| < 0)
=P(#{t e T(upy +6)nS;}>1)
Similarly, we can also get:
P(#{teT(ipu) N S;}>1)
<P(#{t e T(upy —0)nS;} > 1, |ipu — ugy| < 0)
=P(# {t e T(ufy —0) N Sj} >1)
Because 0 is arbitrary, we let 6 — 0. Then by the lemma before:
PE#{teT(upy+0)nS;p>1) 1
P(#{teT(upy-0)nS;}>1) > 1

So Power;(tgy) — 1. So that Power(ugy) — 1
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Chapter 5

APPLICATION OF THE ALGORITHM CHANGE POINTS

5.1 Introduction

This part is an application of the theory discussed before. A new algorithm named
“differential Smoothing and TEsting of Maxima/Minima’(dSTEM) in previous work to de-
tect the change points is introduced in the work of Cheng, He and Schwartzman [11]. In
that work, the noise is assumed to be stationary, in this project. We assume the noise is

non-stationary and try to detect the change points using the non-stationary theory.
5.2 The Model

We also use the signal-plus-noise model in this section:
y(t) = pu(t) + z(t), teR, (5.1)
where the signal (t) is a step function can be written as:
u(0 = Zan ), aye RO},
where h; = 1(t > v;) for v; € R. Finding the change points v, is our target. We assume
a=i1j1f|aj| >0 and d=irj;f|vj—vj_1|>0 (5.2)

With the assumptions, the jump of change points is large enough to be detected in and they
will not be close to each other.

Convolving the process 5.1 with the kernel w.,(¢) can generate the smoothed process:

1o (0) = 0n (1) 2 y(0) = [ ot $)y(s)ds = i (1) + 2,0, 53)
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the smoothed signal and smoothed noise are defined as

() = wo () * p(t) = iajhm(t), 2, (1) = wy () * 2(t) (5.4)

and the smoothed indicator function can be written as:
hjn(t) = wa (t) * hy(t) (5.5)

The smoothed noise z., () by 5.4 is a non-stationary Gaussian process whose mean is 0 and
can be differentiated four times.
Consider the derivative of the smoothed observed process, the work of Cheng, He and

Schwartzman[11]:
V(1) = (1) y(0) = [ W (t=s)y(s)ds = (1) + (1) (5.6)
the derivatives of the smoothed signal and smoothed noise can be written as:
pl () =Wl (t) * pu(t) zgajh;ﬁ(t) and 27 (1) = w! (1) * 2(t) (5.7)
The core idea for the algorithm is the finding:

h;ﬂ(t):/};w;(t—s)hj(s)ds:/Rw;(s)hj(t—s)ds

g (5.8)
- wa;(s)ﬂ(t s ;)ds = Lo W (s)ds = w, (1 - v;)
The derivative of smoothed process:
() = D0 aghl () = D ajw, (t - v)) (5.9)
=0 =0

is a sequence of unimodal peaks. Then we can transform the problem of detecting change
points in y,(¢) to finding the local extrema in y/ (t). The figure 5.2 displays the main idea
of this method, that is, transform the problem of detecting the change points to the problem
of detecting the local extrema in the first derivatives. However, a local extrema can also be
generated from the noise. Then, multiple testing is needed based on the peak height density

of 2! (t) to detect the true change points.
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Figure 5.1: For the left plot, the green line is observed sequence y(t), the red line is the
original signal p(t), the blue line is smoothed sequence y,(¢). For the right plot, the red
crosses are local maxima detected, which are the candidate peaks. The yellow triangles are
the detected change points after multiple testing
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Figure 5.2: Following the notation, the left plot is the step function /;(¢). The middle plot
is w/ (s). The right plotis /(). By doing this transformation, the change point detection
problems is transformed to the peak detection problems.
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Figure 5.3: This black line is the differential kernel smoothed process. We can see there
are many local extrema in this line, which is caused by both change points or noise. We
will do the standardization in the next step

5.2.1 Algorithm

To detect the change points of step function, we can transform the problem to finding
the peaks of a process. The algorithm has following steps:
1.Differential kernel smoothing: In this step, we achieve the process ¢/ (¢). The main
idea of this step is illustrated in figure 5.2.
2.Standardization: Divide the kernel smoothed process y/ () with the standard deviation
of the differential kernel smoothed noise 2! () and get the new process f,(t).
A0

\/Var(z;(t)) \/Var(z;(t))

[ () (5.10)

2L (1) . .
And we define X, (t) = ———== as the smoothed and standardized noise.
\/var(24 (1))

3.Candidate peaks: Find the set of local extrema of y/(t) in [0, L], denoted by T, =
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Figure 5.4: This green line is the standardized process. We will calculate the p-values for
the local extrema in this process

S
T7 U T7 , where

df, (1)

T = { e[0.L): (1) = 2 <0, (1) = dzgzy) < o}
T; = {t e[0,L]: f(t) = dleit) =0, f/(t) = dQZZ(t) > o}

4.P-values: For each ? € T; compute the p-values p. () for testing the (conditional) hy-

pothesis:
Ho(t):{u/(s)=0forall se(t—b,t+b)}vs

Hu(t) : {pu(s+) > u(s—) for some s € (t - b, t +b)}

where p(s+) = lim, s, u(z) and p(s-) = lim,_ s p(x) are the right and left limit of u at

s and for each t € TNV‘, compute the p-values p, (t) for testing the (conditional) hypothesis:

Ho(t):{u/(s)=0forall se(t-b,t+b)}vs

Hu(t) : {u(s+) < u(s—) for some s € (t - b, t+b)}
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where b > 0 is a tolerance parameter because detecting the exact position of v; is hard after
two steps of transformations.

5.Multiple testing: Let 1 be the number of local extrema in Ty. Apply BH procedure on
m p-values and define the local extrema as significant if their p-values are smaller than the

threshold. The figure 5.1 shows the output of example.
5.2.2 P-values

Suppose that we observed the heights f.(¢) at the local extrema, the p-values can be

computed as:

pw(t)={ BUAE), tely (5.11)

F(-fi(t). teT;
Where F,(u) is the right cdf of X, (). As X, (¢) is a Gaussian process, the calculation of

the distribution of X, (¢) is provided in chapter 2. One thing to notice is that, the change
point problem uses the first derivative of z.(t) instead of z.,(¢) itself, one example is pro-

vided in the following section.
5.2.3  Error Definitions

Assuming the model is defined as 5.1, then the signal region is defined as S% = U}]:1 (v;-

b,v;+b) and the null region is defined as S} = [0, L]\S%. For u > 0, let T, = Tt UT’;, where

= 1000310050 - L0 0. - LHO <o)
f{(u) = {t € [0,L]: f1(t) < —u, f1(t) = dle_it) ~0, f1(t) = d2§ZZ(t) N 0}

T;(u) is the set of local maxima of f, (t) above v and T;(u) is the set of local minima of

f+(t) below —u. Then we can define the following notations:

R,(u) = #{t € T;(u)} +# {t € T;(u)}

Vo (u;b) = #{t e T (u) nSY} + 4 {t € T (u) nSE}

(5.12)
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as the number of all detected and falsely detected change points with the threshold u. The
two are defined as zero if T,y(u) contains no elements. We can also define the FDR as the
expected proportion of falsely detected change points as follows:

Vv(“? b) }

FDR, (u;b) = E{
at threshold v and tolerance parameter b.

5.2.4 Control of FDR

BH procedure is applied in the algorithm. For a fixed a € (0, 1), let k be the largest
index for which the ith smallest p-value is less than icv/m.,. Then the null hypothesis (1)

atte ’_ZNQ is rejected if

Pv(t) < kj_Oé
m

~

{ fo(t) > g = FyL(Ex) te Ty (5.14)

f4(t) < —tgn = —Fil(%) e Tv_
where ka/m., is defined as 1 if m., = 0. Gpy is random, we define FDR in the BH procedure
as

(5.15)

FDRgy (b) = E {M}

RW(lNLBH) v
Define the following conditions:
(C1) The assumptions of the 5.1 hold.

(C3) The number of trials N — oo and a — oo.

Theorem 5.2.1. Suppose that algorithm is applied with the random threshold tugy. Then

under conditions (C1) and (C2).
limsup FDRpy () < (5.16)

The proof of theorem is similar to the proof in chapter 4.
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5.2.5 Power Consistency

The power of Algorithm is defined as the expected fraction of truly detected change

points

1 J
Power, (u;b) = 5 > Power;, (u;b)
P

=E[%(Z LT n (v -buj+b) 2 2) + 3 ﬂ(T;m(vj—b,vﬁb)m))]

jeI+ jeI-

(5.17)

Power; ,(u;b) is the probability of detecting peak j within a tolerance distance b.

Power, (1) = { P(]?+ Nn(v;-bvj+b)*@), jel* 519)
P(T;n(vj—b,v;+b) #@), jel”

where /" is the set of increasing change points and /- is the set of decreasing change

points. The indicator function guarantees there will only be one significant local extrema

is counted in a change points support, which is (v; — b, v; + b), so the power will not be

inflated. If we fix the v and u, the power will increase by b because the support will be

larger. The definition of Powergy () is defined:

Powergy ~ (b)

EH(Z L(T () 0 (v = b,vy +0) # @) + 3 LTy (@) 0 (v = by +0) m))]

jeI+ jeI-
(5.19)
Theorem 5.2.2. Let conditions (C1) and (C1) hold, suppose Algorithm is applied with the

random threshold tgy, then

Powergp ,(b) - 1 (5.20)

The proof of this theorem is similar to that of chapter 4.
5.3 Example

We also use the noise function created before and the different thing is that we need to

use the derivative of z(¢) to construct our new process instead of z(t) itself:
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Example 5.3.1. Consider the following non-stationary Gaussian process as our noise z(t):
2(t) = cos(t) - € + sin(t) - dB(t) (5.21)

where ¢ is a standard Gaussian random variable, d B(t) is white noise which is independent

of &. From the assumption and transformation of the algorithm, we can get:

() = ) (5.22)
var(2(t))

Then we can calculate the parameters needed to calculate the height density:

2(t)yfvar (2 (t)) - (Vvar(2(t))) 2 (t)

X3(t) =
v var(2(t))
2(t) R L) [var (2 ()] o
var(2,(t))  2[var(z, )]z
And:
xo(py - —AO___ AOar O]
v @) 2var(4(0)}
10 N CA0)) A O L E10)) ] LR CION LA

Alvar(2(t))]?
, 35 (tvar(z; ()2 {[var(2,(1))]'}?
Avar (2 (t))]?

var(z.(t)) = ([: COS(Sigs_t)M )d )2 + / sm2(sigs t)ng ( )ds (5.25)

lvar(2 (1)) 2[ cos(s) 5 — t)qb(t;s)d,s[m COS(S)[(S_t)2_'72]¢(t;8)ds

) ’}/5
o0 25’2712(5)(3—t)[(s—t)2 -72] 5, t-s .
. [ i P ()

(5.26)
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[oar( ()] =2( [ cos(s)] <875t> -] o=

cos(s)(s—t) ,t—s
+2[(>o " o( > )ds
x[: cos(s)(s—t)[(s—t)? -3y ]gb(t;s)ds (5.27)

)ds)”

T
+/°° 23@712(3)[728— 3(s—t)2]¢2(t—s)d8

o g ! 2 2 27
+[OO 4sin (s)(s—z;)lo[(s—t) - ]ng(t;S)dS

Then calculate the A;, A\; and \7:

Z() A ®)[var(2@)]

X)(t) = )
var(z(t))  2[var(2(t))]> (5.28)
= a(t)2(t) +b(t) 2 (1)
Where a(t) = —M nd b(t) = ————, which are constants when ¢ is fixed,
2[var (2, (t))]2 var(zv(t))

then var(X/(t)) can be calculated as:

var(XZ (1)) = E[(a(t)2(t) + b()2] (1)) (a(t) 2, (1) + b(t)2(t))]
= a*(t)var (2, (t)) + b*(t)var(2(t)) + 2a(t)b(t) E(2, (1) (L))

(5.29)

where we can calculate:

var( (o) = (7D Ly [T ol
var(2(t)) = (/ COS(S)(S t)( )d )2 f sin?(s)(s - t)2¢ (S;t)ds
B0 = Cos(s)(s Do =2y f 7 MEZDZT 520

~6
5
+[m sin (5)(8 tﬁ)yg(g t) - ]¢ (3 s

t
f‘)/
They are all constants when ¢ is fixed. So we can calculate var(X/(t)) when  is fixed.
Now we calculate var(X”/(t)):

XI(t) = e(t) 2 (£) + d(£) 2/ () + g(£) 2" (¢) (5.30)
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3 1
—2[var(z. ()" var(z. (t))]2 +3var(z. (t)) 2 [var(z’. (t))]"2
where ¢(t) = 2SI O P n Ol (RO

_ _ [var @) [war(Z ()] d o(t) = 1 hich tants when £ i
d(t) SvarGe (o]~ TG aNT and g(t) NZTETO0 which are constants when ¢ is

fixed, then var(X'(t)) can be calculated as:

var(XJ(t)) = E[(c(t)2(t) + d(t)27(t) + g(¢) 2] (1)) (c(t) 2 (1)
+d(t)z)(t) + ()=} (t))]
= A(tyvar (2 (1)) + d2(tyvar (2 (1)) + ¢ ()var (2 (1)) (5.31)
+2e(8)d(t) B2 (1) 2 (1)) + 2¢(t) g (1) E(, (£) 2" (1))
+2d(t)g(t)E(= (1)) (t))

where we can calculate:

var(2'(t)) Z([: cos{s)e - t),[y(f — - 87 Cb(t;s)ds)2
s /:: sin?(s)(s - t)i[lis -t)? - 372]2¢2(t;8)d5
B 0:20) = (f 7oy
y ([: cos(s)(s —t)g(;s —-t)? _372]¢(t;5)d5)
s /°° sin?(s)(s - t)21[0(s —1)? - 3+?] ¢2(s - t)ds
oo 2 2
B0 = ([ M g 2y

X([“ cos(s)(s—t)[(j—t)Q—372]¢(t;3)d8)

o0 v
. f°° sin?(s)(s = t)[(s - t);— V(s = )% = 397 25ty as

They are all constants when ¢ is fixed. So we can calculate var(X/(t)) when ¢ is fixed.
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Now we calculate E(X/(t)X'(t)), from the definitions given before, we can get:

E(XL ()XY () = E[(a(t)z(t) +b(8) 25 (t)) (c(t)2(¢) + d(t) 27 (t) + g(t) 25" (1))]
= a(t)c(t)var(z (t)) +b(t)d(t)var((t))
+ [a(t)d(t) + b(t)e(t)|E(2(1) 2 (2)) + a(t)g(t) E (2 (¢)2)' (1))

+b(t)g () E(1)2](t))

(5.32)

With all the parameters calculated, the density can be calculated with the formula 2.16.
5.4 Simulation Studies

Simulations were performed to assess the performance of the algorithm with moderate
signal strength @ and finite repetitions N, where L = 3000, J = 30, the signal pu(t) is
constructed as the model 5.1, where the signal strength a = 1.5, and the locations of change
points were given as 7; = (j - 1/2)L/J, j = 1,..., J, and sampled at integer values of ¢, the
noise z(t) was constructed as equation 5.21. The process repeats N = 1000 times to get the
average FDR and corresponding power.

The smoothing kernel in the simulation is a truncated Gaussian density with ¢ = 3:

wy(t) = (1/7)p(t/v)1[~cy, cv]

We can estimate the noise parameter of z(¢) by calculating its first, second and third-order
differences to approximate the corresponding first second and third derivatives. With the
same smoothing kernel, the level o of BH procedures is 0.05 in this simulation.

Figure 5.5 displays the FDR levels. Error rates are kept below the nominal level of
a = 0.05 for bandwidths larger than 2 and large enough signal strength a = 1.5. The points
above the nominal level occur because when the bandwidth is small, the smoothed process

is not smooth enough to apply the algorithm effectively, similar to the simulation conducted
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Figure 5.5: FDR of the BH procedure for different bandwidth

previously. When + is large, that is, when v > 7, the FDR is beyond the nominal level, that is
because when 7 is too large, the p(t) used for calculating the p-values varies significantly.
In certain regions, the p(¢) can be extremely small, approaching 0. As a result, when
calculating the regional peak height density, the threshold for observation becomes too
small, leading to an excessive number of falsely detected change points. Additionally, when
the bandwidth is large, neighboring change points may interact with each other, leading to
an increase in the FDR.

Figure 5.6 shows the realized power of BH procedures, we can see as the bandwidth
increase, the power is approaching 1. When the bandwidth increases, just as described in
FDR part, the threshold decreases because the region in which p(t) approaches 0 becomes

large. Consequently, the power of the algorithm increases correspondingly.
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Chapter 6

HEIGHT DISTRIBUTIONS OF CRITICAL POINTS OF SMOOTH ISOTROPIC
GAUSSIAN FIELDS: COMPUTATIONS, SIMULATIONS AND ASYMPTOTICS

This chapter is another project that focuses on the height distributions of critical points
in smooth isotropic Gaussian fields. The project is divided into three main components:
computations, simulations, and asymptotics.

In the computations part, building upon the work of Cheng and Schwartzman [14], the
explicit form of the peak height density of critical points in smooth isotropic Gaussian
random fields can be calculated when the dimension /N is small (3 and 4).

However, as the dimension N increases, obtaining the explicit form of the peak height
density becomes increasingly challenging. In such cases, it becomes necessary to explore
simulation methods to research the height distribution. Simulation approaches for both
the Gaussian Orthogonal Ensemble (GOE) and the Gaussian Isotropic Ensemble (GOI)
matrices are provided, based on the implicit form of the height density.

When the dimension N becomes sufficiently large (specifically, N > 50), the asymp-
totic distributions of the height density can be determined. As N — oo, k2 = (N+2)/N — 1,
implying that nearly all x2 values are less than 1. In this scenario, the implicit form of the
height density with respect to the GOE matrix can be utilized. Drawing from the work
of O’Rourke, S.[29], the distribution of all eigenvalues of the GOE matrix, except for the
largest one, can be explicitly calculated, enabling the derivation of the explicit form of
the asymptotic distribution of the height density. The Tracy-Widom distribution can be
employed for the distribution of the largest eigenvalue, allowing for the simulation of the
largest eigenvalue of the GOE matrix. Consequently, an algorithm for simulating the height

density can be provided.
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Overall, this project combines computations, simulations, and asymptotic analysis to

explore the height distributions of critical points in smooth isotropic Gaussian fields.
6.1 Height Distributions of Critical Points of Gaussian Fields with x <1

When x < 1, or equivalently, xk? < 1, the height density of critical points given by

formula 1.3 can also be expressed in the following form with respect to the GOE matrix.
Theorem 6.1.1. We have that, for k < 1

M1 Qg —se/VD)?
as(x)Ega}a[e R ]

hi(x) = . ©6.1)
VI-RZENSL [e]
Fork =1, ,
() = < i @lV2) (62)

VRS ]
Where f;.1 is the density of \;;1 of GOE matrix with dimension N + 1.

Theorem 6.1.1 introduces two special cases of the height distribution of the critical
points of a Gaussian field with Kk < 1 and x = 1. In comparison to the density 1.3, the
new densities have a more concise form, which facilitates the calculation of the explicit

expression and simplifies the application of the simulation algorithm.
6.2 Evaluating Peak Height Distributions by Gaussian Densities

The following result is Lemma 2.2 in the Cheng and Schwartzman[14].

Lemma 6.2.1. Let M be an N x N non-degenerate GOI(c) random matrix (¢ > —1/N).

Then the density of the ordered eigenvalues \y < ... < Ay of M is given by

1 ) ?
T ) e { PN 2<1+NC>(ZA)}

X H |)\i—)\j‘]1{>\1s...s>\1v}a

1<i<j<N

(6.3)
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where

Ky =2N? ﬁ r (%) . (6.4)

i=1

Use the notation EY

Go(e) tO represent the expectation under the GOI density (6.3), i.e.,

for a measurable function g,

ENoio[gOhs - An)] :fRN IO AL AN -dAN. (6.5)

We are interested in computing the following height density of local maxima of Gaus-
sian random fields [See Corollary 3.6 in the [14] with ¢ = N, implying Ay.1 = co. The

density below is the derivative —F}(x).]

Lemma 6.2.2. The peak height density of local max of Gaussian random fields can be

written as:

N
O Eor 1y (Tt [N = 52/ V21 5y
N
E&or1/2) [T ML <o ]

where 0 < k? < (N + 2)/N and ¢(x) = \/LQ_We“fQ/2 is the density of standard Normal

h(x) =

: (6.6)

distribution.

The computation of the GOI expectation (6.5) remains difficult because the exponential
term of the GOI density in (6.3) has the form of a multivariate Gaussian density with
correlation. Our next result shows that the expectation (6.5) can be expressed in terms of
an expectation with respect to a GOE instead, where the correlation in the exponential term

is no longer present.

Corollary 6.2.2.1. From lemma 6.2.2, when 2 = 1, the peak height density of local max
of Gaussian random field is:
T fu/vD)

Where f is the density of the largest eigenvalue of GOE matrix with dimension N + 1.

h(u) = (6.7)
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Proof. From the equations before, we know that when x? = 1, the numerator of the CDF

of local max of Gaussian random fields can be written as:

f P(2)Edop| H Aj - x/\/ipl{)\]\;qc/\/ﬁ}dm

u ]_ _ﬁ N N
=[Oo \/—6 > Egor H 37/\/_|1{AN<m/f}dx
N

z zlA?
mf Jon© VR

1<i<j<N

x 1‘[ I\ — x/\/§|ﬂ{>\lgm9\N§x/\/§}d)\1 ...d\ydz
k=1

Then we take Ay, = x/\/i that is, z = v/2\y.1, then we can get:

u/V2 Zﬁﬁ‘?
f f [ e T T e Ay awawa A dAvdiv

1<i<j<N+1

u/vV2 )‘N+1 \/_F( NH) by AZ
\/_ / f]RN KN+1

H ’)\ )\ ‘]‘{A1< <>‘N<>\N+1}d)\1 d)\Nd)\NJrl

1<z<]<N+1

N
\/_F( +1)EN+1 67%1
ﬁ GOE {Ans1<u/V2}

\/_F(NH)/ N+1 FOWa) Ao

Where f is the density of the largest eigenvalue of GOE matrix with dimension N + 1.

The denominator can be written as:

Ecory2) H|)\j|]1{kwso} :—E e 2

1 2 GOE

Then the CDF can be written as:

()\N+1)d)\N+1

P(Y < U) B >\?V+1
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Then the PDF is:

e f(ulV3)

Where f is the density of the largest eigenvalue of GOE matrix with dimension N +1. [

h(u) =

Recall that the density of the ordered eigenvalues A\; < ... < Ay of a GOE matrix H is

given by

1
fO()\h - )\N) = —exp{—— Z)\Q} H |>\i - >\j|l{)\1§...§/\N}7 (6.8)

i=1 1<i<j<N

which is of the special case of GOI densities f.(A1,...,Ay) when ¢ = 0. A nice property
is that the exponential function is the kernel of multiple independent Gaussian densities,
which can simplify the calculations a lot.

To achieve this, we rewrite the GOI density as follows. For o > 0, let

=
e 202,

1
= o
For simplicity, denote ¢(x) = ¢1(x) and let &(x) = [*_¢(y)dy. Let A = ¥, \;/N. By

careful calculations, we may check that (6.3) can be written as the following decomposition
fc(Ah ceey AN)

pu
- f¢gc<A>exp{—— S (=) }mg{ﬂw—Aj|ﬂ{h<...<AN},

where 0. = \/(1+ Nc)/N. Notice that the form of (6.9) is similar to the product of a

(6.9)

Gaussian density and a GOE density. In particular, the covariance parameter c is only

included in the Gaussian density ¢, .

Lemma 6.2.3. Let ¢ > —1/N. Then for a measurable function g and a constant b,

E&oielg(A =b,.., An = b)]

:\/2—7T/qz5 (z+0)Edop|g(ri+2,...,ry +2)0 JZV:T:O) dz o
N Jr oc GOE ) ) < ) )
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where 0. = \/(1+ Nc)/N, 6(-) is the Dirac delta function and the expectation By is

taken with respect to r1,--, 7.

Proof. Plugging (6.9) into (6.5) and making change of variables §; = \; - b, 1 <1 < N, we

have that

EgOI(c)[g()\l —b )\N—b)]

:Kf;”_ RNcbac(A)exp{——Z(A A)} [1 =Xl

1<i<j<N

X g(/\1 - b, .. -7/\N - b)d)\ld/\N

VI i 1,
:KN\;TN RN¢UC(£+b)eXp{_§Z;(§i_5)2} H |§i—fj|]l{§1s...g&v}

1<i<j<N

x g(&, ... En)dEr-dén,

where ¢ = Zﬁl &/N. Adding an additional integral variable ¢ and introducing the Dirac

delta function, and making again change of variables

z=¢ and r=&-& i=1,...,N

Y

we obtain

Edoro[9(A = b,..., Ay = b)]

K\]C;— 6 / ¢Uc(€ + b) exXp {__ Z(& } H |€z - £j|]l{§lﬁ-..£§N}

1<i<j<N

Xé(Zfz Ng)g(é-h "7£N)d£1 déN

KN\/_/ f bo, z+b)exp{——2r} [T Iri—rillpe.an

1<z<j<N

xé(Zm = O)g(r1 + 2,1+ 2)drdry
i

- N
:\/QN‘/1;{¢Uc(z+b)Eg0Elg(r1+z,...,7’N+z)5(Zri:O)]dz.

i=1
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A nice feature of expression (6.10) is that the inner GOE integral does not depend on the
GOI parameter c. The effect of the GOI parameter c is only in the univariate outer integral.

Expression (6.10) will be used to simplify the computation of the expected number of

critical points of isotropic Gaussian fields.
Lemma 6.2.4. Let c>-1/N and 0. =+/(1+ Nc)/N. Then for b e R,

N
EgOI(c) [H Aj - b|]1{AN<b}]

Nz %S]\pl 359
o (2 +0b dz/ dsn- / ds ,f ds
KfoW az [ dsy [ v [ ds:
xexp{——ZS} [ ( ]jlsj_1+isl+ —)s@)

2<j<N

Sj-1— —S;-1 t+

< T j-1 i—1 -t 1 )
2<i<j<N J i =i \U(l+1) ‘
1 N-1 N j—l N-1
- + +
77 Z \/£(£+1 Jin ]Il o Z \/e(e+1

Proof. Applying Lemma 6.2.3 with

N
g =b,.. A =b) = [TIN = b1 e-b<oy
j=1

or equivalently

N
g(xb cee >$N) = H |37j|]1{33N<0}7

j=1
we have

N
EgOI(c) lH A - b|1{AN<b}] = EgOI(c) [9(A1=0,....Ax = D)]

\/2ﬂf¢gc(z+b)EGOE[ 7‘1+Z,--~,TN+Z)5(]ZV:Ti=0)]dz (6.11)
i=1
[2m
= NA¢UC(Z+5)E |:

N N
H |Tj + z|]l{7‘N+Z<0}5 (Z r;= O)] dz.
=1

Jj=1
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Let

j=1...,N-1,

Vj= :
! \/ j+1 \/](j+1 Zee

VN _1N7

VN

where {e; : 1 < j < N} is the standard basis in R and 1y is the NV x 1 column vector of

ones. Then

VN:(‘/la"'va—bVN)

1 1 1 1
V2 Ve T JWN-DN VN
I _ 1 1L
V2 NG V(N-DN VN (6.12)
= 2 _ 1 1
0 NG V(N-DN VN
0 0 - N-1 L
k V(N-1)N VN /
is an orthonormal basis in RY such that 1%, V; =0 forevery j=1,...,N - 1.
Now, we make the following change of variables,
(riy...,ra)t =Vn(sy,...,s8)7T,
which gives
1 Nl 1
T1 SN,
R \/e(m D TUN
J- szl 1 1
r-:—s-_l— S+ N Jj<N.
TG0 G Jiesy VN
Notice that
N
Yri=0esy=0. (6.13)
j=1

Since J;, ; and hence r; are already ordered from low to high, we have

T2—T1=\/§Sl>o,

— — (6.14)
ri1 = j—lsj_l_ ]_ij_2>07 SSJSN,




implying that

Si+1, 1 <j <N -2 (615)

For b € R, under s =0,

AN<beoéy<0eory+2<0

N_ls <-z 6.16
N ON-1 (6.16)

N
< Sny-1 < — mz

Plugging (6.13), (6.14), (6.15) and (6.16) into (6.11) yields the desired results.

TN =

Lemma 6.2.5. Let c>-1/N and o, =+/(1+ Nc)/N. Then forb € R,

N
N
EGOI(C) [1—{ |)\j|ﬂ{AN<0}1{z§V:1 Aj/Ns—\/(N+2)/(2N)u}]
j=

V2r -V (N+2)/(2N)u -\ 25z \/%&Vq e
= % \/N Qbo—c(z)dZ/ dSN_1 f dSN—Q"'/ d81
N 0 0

—lN_ls2 j_ls +— 3 L
eXp{ 2 Z }QIJ_IN( s f Z/ Tl )
2<z<g<N(V S V \/£(€+1 )

N- -1 N-1 1
X( \/_ Z: \/£(€+1)S )jl:[2(_z_ TSj_1+ Z]: \/€(£+1)86)

Proof. :'The proof is similar as the proof of lemma 6.2.4, the difference is the range of z,
which represents Zj]\il Ai/N is (oo, —\/(N +2)(2N)u) O

Example 6.2.1. When N = 2, by the lemma 6.2.5, we can calculate the height density by

corollary 3.14 of the paper []:

N IR
EGOI( )[ J’=1|/\9|1{AN<0}1{2§V_1M/N<—\/gffu}]
e
By [T L o

Fi(u) =
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where wu 1S a constant.

Applying lemma 3.1, we can let:

N
g()\la SRR )\N) = g |>\j|]]‘{)‘N<0}]]'{):ig—, /¥2NU}

Then:

GOI( )|:H|/\ |1{>\N<0}1{>\< /N+2 }]

C KnVN
- -1 1 i1 1
X exp{—— Z S; } H ( J ; Sj-1+—=81+ —Sg)

\/ \/N+2 —\/le \/L_Qs 1 REDS
o ¢0’c() f v dSN—lfO v dSN—2"'[O ds;

i=1 2<j<N

-1 —1 -1 1
X H J —Sj-17~ Z_.Sifl + e
2<i<j<N J v =i \I(L+1)

X Nz: ﬁ -z - us- +N_1;S
;) \/€(€+1) =2 V J a =) \/€(€+1)£

The output is 1 - CDF, if we plug in NV = 2, we can get the numerator:

2
2
EGOI( 5) [11 |)\j|]l{)\2<0}ﬂ{):¢§—u}‘|

- V2 2
Ié?_ qb(z)dz[ i e %1\ 281 (—2 - %31)(—z+ %sl)dsl
V2r

- K2\/§{,[oo zzqﬁ(z)dzfo‘ﬂz ﬂsle—%s%dsl_[;“¢(z)dz isz{»e—gsldsl}

The denominator is:

2
EéOI( 1) [Ul |>\j|]1{A2<0}]

-V2z 1.2
L [t [T B e e
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Combine them all, we can get the result:

23
“=[(@? - 1) v e

Nt

Lemma 6.2.6. Let N =2. Letc > -1/N and . =\/(1+ Nc)/N = /(1 +2c)/2. Then for

ha(z) = L1220y (6.17)

beR,
0 V2 1 1
o (2 +0b dz/ e TV2s(—2 + —=5) (-2 — —=s)ds
[ bnzebyiz [ (-2 + —=8)(-2 = 59)
b 20.b -2% N2 b
=22 o2 +b* -1 <I>(—)+—ce 202 p X% o2l ——— |,
[ ] Oc VT 1+ 202 o/ 1+ 202
Proof.
-2z 2 1 1
e~ TV25(—2+ —=5)(-z — —=5)ds
fo V2 V2
- . \/_z Sz
=\/§,22[ se” 2d3——f 7
0
=¢522(1—e—z2)— — (=222 = 2¢% +2)
V2
=V2(e® +22-1)
On the other hand,

0 b b .
[ boteenetis [ o eeritay= L [0 A0y,
- e V2o, J-

2

2
2boy

(1+2o’2)|:y7 e ]

1+20§

[ R NS
= e 1+202 [ e 20(23 dy
V2ro, —o0

1 - b g, /b 2 2?2
— e 1+2a'g C f oc\/1+20¢ 6—7 da,:
V27ao, 1+ 202

1 v b
— —6 1+20(. @ - ’
1+ 202 oe\/1+ 202

and

/ D e )R- — L [ g
o (z+b)2%dz = e 202 22dz
—o0© V2mo, /:oo

bo. -2 b
=——¢ 22 + (b + 0?2 (I)(—);
o ( )2
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and

[i o (2 +b)dz = cb(%).

Combining all the results above, we obtain

0 V2 2 1 1
e (z+Db dz/ e TV2s(~2 + —5) (-2 — —5)ds
[ bnzevyaz [ (-2 + =)= =)
b bo, -2 V2 v b
V20201 @(—)+ = S S ve=-F. { IR
[ ] o.) T 1+ 202 o/ 1+ 202

]

Now, applying Lemma 6.2.4 with N = 2, b = m:/\/i ¢ = (1-k?%)/2 and hence o, =

2’2”2, together with Lemma 6.2.6, we obtain

N
Egouu K2)/2) [H ‘)‘ ’m/\/ﬂﬂ{xmm/ﬁ}] = EgOI(c) ln Aj - b|1{AN<b}]
j:

f qbac(erb)dzf Ze‘£x/§s(—z+ Ls)(—z— is)ds

KN\/_ V2 V2
_ V2r | K2(a? - 1)(1)( KT ) . V2 — K2 xe_2<22-222>
KnVN V2 V2 - k? 2/

\/§ 2 2

e 20 n2)®

32 (¢(2-m2)(3-m2))}

On the other hand, applying Lemma 6.2.4 with N = 2, b = 0, ¢ = 1/2 and hence o, = 1,

together with Lemma 6.2.6, we obtain

BN [ A1 ] var_ 1
GOI(1/2) {An<0} =
KnVN V6
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Therefore, the height density of local maxima for NV = 2 is given by
N
¢($)Eg01((1-n2)/2) [TT%0 [ - ’“/\/ﬂﬂ{mmx/\/ﬁ}]
N
Egom/z) [Hj=1 |>\j|1]'{)\N<O}]

2( 72 _ Vo 2 222

~ Voo(a)] 1)@( - ) S IVER s
V2 V2 - K? 2\/m

V2 g i (6.18)
3- 2 NS
KT ) . k/3(2 - /‘;2)376_21522

2

VB - o) (S
V6 6_2(?’32)@( e )

NS V2-2)(3-r2)

6.3 Explicit Distribution on Euclidean Space

This section will display some explicit height densities of local maxima and some

index=zy of Gaussian random fields when N = 3, 4.

6.3.1 Non Degenerate

When 2 < N]\Jf, the height density is non-degenerate, we have the following results:

72



N:3,i0:1

72¢ () \/_KJZL‘
hz) = ——A2 {0 23 + Co 1Dy, e
(1) =~ oy (et ¥ ) + Caci 0 )
2 2 KZIQ
b Cp a2 Bt ) 4 O 0T
V(3 -k2)(5 - 3K2)
n212 2 2 m212
+ 05,93:6262('12*2)(1)( \/iﬁx ) C6 xez(rﬁ e m
V(4 -262)(5 - 3k2)
k222 2,2 3202 KT
+Cy, mxemz 2 e el mnZia0 + Cs.z rea 4 Cy xP( 2)
-K
2 w222 2
+ OlO,qu)Zl (@a IiZL‘) + 01173562(&2_3) q)( = )

V- #2)(5-3k2)

n2z2 [{,2;52 2
+ C(12,162(%273) + CVli"),x62(ﬁ272) q)( \/_K;x
V(4 -262)(5 - 3K2)

)}
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where:

/K3

Ol,x = 9

02,90 = _ﬂ-\/jI{:g

On - 2/ 2mK2 (KOS — 9k* + 27K2 — 43)
> 8(3-k2)F

O < _2\/5#/12(%;6 -9kt + 27K% - 43)
e 8(3 - 2)%

_2mR2(K% - 2)3

T (a-2m)i

o 2/mk(3KS — 25k% + 101K2 - 127)
6,z =

4(k2 = 3)2(5 - 3r2)15
o - 2/mr(3k% - T)(1 - K?)

e 8(5 - 3r2)3
3/mrp(1 - 2K2)

C8,:t = 3
(k2 -1)(5-3K?)>2
Cg,x = _371-\?%3
3m\/Tk3
ClO,m = \é_
oo _\/5%(2/18 — 15K5 + 51k* - 101K2 + 87)
e 4(3 - 52)%
V21 (2K8 = 15K5 + 51k — 10152 + 87)
012,1‘ = 5
4(3 - K?):2
o V27 (268 = 15k5 + 51k% — 1012 + 87)
e 4(3-k2)3
32 V22D
2, = 2 2
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N=3,1=3

12\/_¢(x) 3k3x — K33 V3K
\/_/1:1: V3kx  \/3kx
- &y, (V3K _5_31%2) Oy, ( RN 2)]
_\/5(2—/42)5( m2x2+2/§2+2)\/6_7r( KT ) ( KT )
12 V2-r2" T \/(2-K2)(5 - 3K2)
) %(—gn%z + 18k + 81k622 — 135K6 — 243422 + 459k + 387K222 — 909k2 + T83)
54(3 - k)2
< KX 2Kx )
V3 - ,# \/(3 k2)(5 - 3k2)
27(5 - 3k?)kx KT KT
e )
+2m7\/27r(5 3/@2)(9" 27” %)gb( KT 2Kx )
27(k? - 3)? V3- li2 \/(3 k2)(5 - 3K?)
5 . 6-3k2 VbH-3k?
L V5 - 3Kk? 1
9-3k m)
5, = 7} 2
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N:4 i0:4

V2 - ﬁ2)¢(\/2/i4 7/@2+6) 2:EQZS(\/Q— )(\/2114—7/<02+6)
vr KT KT V3KT KT

\/5 3/{2)¢(¢654—19/@2+15) Gl = ooty

V3K

)Q(vﬁm4 9n2+9)

) ( 2\/_nx \/gnw )
P k23 2t - On2 1

V3kx V3K )}

k2 =3 \/2rT —9K2 +

\/_ﬁx
)+ Cs. . ®x, (V252 m)

2KT KT

V3KkA — 14K2 + 15) (\/6/14 —19x2 + 15)
2KT KT

)
V3KkA - 14K2 + 15) (\/6/-@4 —19x2 + 15

RT RI

*/3—f¥)¢(Vk4—5m2+6)¢(v?m4—7ﬁ2+6)
KX KX KX )

V?—ﬁ#)¢(v%4—5ﬂ2+6)@( 2k* -T2+ 6

W) - ¢(x>{olx¢<

+ C13 x¢(

+ CV5 xd)(

\/3 K2
+ C16 x{¢(

\/—

\/——/£2) 23(
V2K
Nepore

+ng¢(\/3 /12) (

+ CIO r¢(

+ ¢(

+ C7 xq)(

)o( )

v% K2

+Chlz¢(
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where:

__19v3  Vor o 25 25 N
Q=- on f( 151 224(0,0) + P5,(0,0)])

/27 (3 - 22
\o = _M(—m&e%? +1944k% + 3888K°%2% — 84245° — 776K 2 + 2648k*

+5312k%2% + 285442 - 31392)

V2
Oy = —— (16261022 + 810k + 1296K522 — 6156k° — 3888522 + 16848K°

324(3 - K2)z
+5184k*2% — 18021k - 2608222 + 20522 + 5772)

Cu = V2m(3 - 2k2) (183k* + 4Kk22? — 602K2 + 495)
e 162(3k2 - 5)3

V271kx (207K + 4222 — 678K% + 555)

Che ™ 162(5 - 3x2)3
Cs =  2m(108K® + 2881522 — 10086 + G4rta? - 91344n4x2 + 343264 + 1440k222)
| 16(3 - 12)3
27 (~5040k2 + 2700)
163 k2)3
Cow = 2—”(972/1 +2592k%2% - 9072K° + 576Kz - 12096k 2% + 30888K*
144(3 - k2)3

+12960k%2* - 45360%2 + 24300)

2kt (4at — 2422 + 12)
e == 16

V2mrA (4ot — 2422 + 12)
8

= ({51221 {{(2x? - 3)?

3vV2(174kK8 + 217K522 — 1379K5 — 690k422 + 3975k + 549k222 — 4977k2 + 2295)
4N/3(K2 - 3)3V/3 - 2k2(3K2 - 5)3

18K222(3 - 22)2 N T2V/3r202 (172 - 27) (ga=ss )2 (& - 2)

08,55 =

<[

+¢5(1<2—3)3(6m2—10) V6(3 - k2)2\/(5 - 3r2) (3 - 2K2) J3/16
242 36k (% -3 9VBra(ga=s) (1762 - 27)
— kz(3 - 2K2) (\f( 3y (6n? ~10) NN )/2V/2

9k222(3 - 2k2)2

" 40/6(3K4 — 14K2 + 15) DHEV3)
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Chox = {{512V2r{{(2K* - 3)?

9/@93\/@( = 2v/3( 922:;”5)%\/m(—snﬁ—32;4902+23n4+4852x2—57,-;2+45)
y { V/3(5-3k2) V3(3-k2)2 (3k2-5)
V2(k? - 3)3
3V2r323(262 - 3)2  18V2k323(2k2 - 3)2
VB2 -3)W5 3r2 V3(K2 - 3)4(5 - 3k2)}
. V2kx(2K2 = 3)(~1620K° — 576K422 + 10476k + 864k222 — 21708k2 + 14580) 1"
6v/3(k2 - 3)4(5 - 3x2)2
9V/2K222(3 - 2K2)2
2[(/@2 3)3V/5 - 3k3
36/3-902 18\/_(9 3 15)?@( 3k0-32k4 22 +23k4 +48K2 22 ~5Tk2 +45)
_ V3(5-37) V3(3-r2) 3 (3r2-5)
4(Kr? - 3)?
3
L G ) LI 6v2r3a3 (% - &
V2(K2 - 3)3(5 - 3K2)2 \/3(5—3m2)(n2— 3)
3\/_/13:103(2/@'2 3)(“ 3)(9/<;2 -21) 1/(8v3) + 16mkx(2k2 - 3)(5K2% - 9)}
V3(K2 - 3)2(5 3k2)2 9(k2 - 3)2(5 - 3K2)2

o 4Am(3- 2/{) 9
011@_{9 e + {5122 {{(2k% - 3)

{3\/5(22/48 +19k%22 - 191/@6 - 69k%2? + 609k + 63r222 — 846K2 + 432) .
3v/3(3 -2kr2) (K% -2)3(k%-3)3
0k222(3-2k2)3  12622%(522)3 (% - 3)(5k2 - 9)
+
2V6(r* - 2)(*=3)*  [(2 - (3= 26)(3 - K2)3
9,2 % th(%—% B 3k ( 3)2(5;@ 9)

(3= 26%) (\/5(,@2—2)(,{2—3)2 44/3(2-r2)(3-K2) % 9k222(3 - 2K2)2 /3
- e
2v/2 8v/6(k* - 5K2 + 6)

— {kz(3-2K2)3(

11/16
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Cha = {{512V271{{(2K* - 3)?
253
9/%@( \Q/@ ~ 2(222)2\/ﬁ;iiz‘;g::ij::;@ﬁ—21n2+18))
V2(k? - 3)3
3v2r323(2K2 - 3)2 9v/2k323(2K2 - 3)2
2 /B2 rD)(k2-3)t AVE(2-Kk2)3 (k2 - 3)!
.\ 3V2kx(2k2 = 3)(~24kK6 — 4kA2? + 174K* + 6K222 — 414K2
16v/3(2 - k2)2 (k2 — 3)*
9V/2k222(3 - 2x2)2
4,/6(2 - k%) (K2 -3)3
18V3°252 6(55=2) 3 /3 0r2 (~k0-2k"22 +8K4 43222 21 k2 +18)

K2-2

V3R 2/3(k2-2)(3-r2)3

4(Kr? - 3)?
L 18k2%(3 - 22)% .
8V3(2 - Ii2)% (k2-3)3 JH (V)
N 9V2k323(2k2 - 3)2(2k2 - 5)
16v/3(2 - k2)2 (k2 - 3)?

A

+324) 11/16

— {kz(3-2x2)3(

3v2r323 (% - 3)
32 m2) (k2 - 3)

81V/3) + Ak (8k4 —33052 +27)
Hit ) 9(2 - K2)z (K% -3)?
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. 4-2Kk%2 /3 -2K2
1=
V3 - 2K2 1
9k2-15  2V3=2k2
22 _. K2-3 32
2v3-2k2 1
V3-k2
3k2-6 V3-2k2
Yy = K2-3 342
—2K2
%3f12 1
5 2
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2 1
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6.3.2 Degenerate

When x? = N 2 the height density is degenerate, we have the following results:

N=3,iy=1
72¢(x) 57151 4 /B St/ 157 3 \/_ \/_
h(z) = { z°®(52) - Dy (——
m(36+29v6) 18 18
155\/_7r2 5,2 155\/‘7r2
= o(x) +
—5\?{5%2@-3 o )_5m/157r q)(ix)
5mV/ 157 \/_ \/_ 4\/_7r 5 2
# Ty, (Y, ) + e o (o)
4\/67T _5,2 4\/67? 5 22
- e st - o(z)}
9 9
where:
2 _2V2
21— 3 6
_2v2 1
6 3
0 <0
o(z) = 3 x=0
1 z>0
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N=3,1=3

W) = fﬂ@f){ff -2V ) R - 0(VEr) - 0]

5\/§w2—4\/@)¢(¢5) 3v/3m(248022 + 512) /5

+ (5 9 T 1728v/2 ¢(_$)}1{$>0}
N=d,ig=4
W) - ¢g) {1a6(V/3T) + b (32) + s 6(x)

+ 2 (D(2)P(2V22) + p(2)D(V22)) + G50 + 6P (V32) {0y

where:

193 J_ 25

- _ 5[25,(0,0) + x,(0.0
oo N 2rx (2415_6273:2)
LT 9187 N 16 16
4N/6
Oy = ”(6 2 )
9
Cyo = - 2f7r(144 1 108x2+—7)
813
24
Ol = 2v/2m (12962* + 97222 +—3)
729v/3
V27 (924 - bda? + 27)
CBx = -
’ 16
V2m (924 - 5422 + 27)
Cﬁx =
: 8
5 o)
El =
2 1
2 1)
22 =
11
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6.3.3 Simulation

From the explicit formulae the last two sections given, there are only a small part of
height distribution can be calculated directly without too much calculation when NV is not
large. This section will give the algorithm to simulate the height distribution when it can

not be calculated easily.

Non Degenerate

For Non-Degenerate condition, we can simulate the height density for index=: by the fol-

lowing steps:

1. Simulate n GOI matrices with given N and x for both denominator and numerator.

2. Calculate the eigenvalues of each GOI matrix and order them from small to large,

store the reordered eigenvalues.

3. For a series of x, which represents the range of height density. Plug the n stored
eigenvalues into the formula 6.6 one by one to get the expectation of both denomina-

tor and numerator.

When «? < 1, the simulation approach for the GOI matrix can still be employed. How-
ever, utilizing the GOE matrix simplifies the calculation of both the denominator and nu-
merator. The process of simulating the height density is similar to the GOI method, with the
difference being the substitution of the eigenvalues of the GOE matrix into Theorem 6.1.1.

The figure 6.1 shows the exact height densities of critical points of isotropic Gaussian fields
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N =4 N=5 N=6

Figure 6.1: Exact height densities of critical points of isotropic Gaussian fields on RV. For
each figure, the solid, dashed and dotted curves are densities with x = 0.6, x = 1 and the

boundary case k = /(N +2)/N, respectively; and for a fixed , the densities from left to
right, indicated by different colors, are ho(x), h1(x), ..., hy(x), respectively.

on RYV,

Degenerate

The steps to simulate the Degenerate height density is similar to the Non-Degenerate one,

just change the plugged in expectations for denominator and numerator.
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6.4 Asymptotic Distribution on Euclidean Space

When N — oo, (N +2)/N — 1, which means nearly all x? < 1. When 2 < 1, By

Lemma A.1 in the work of Cheng[14], the density (6.6) can be written as

Mo Ouer-ne/vD?
(b(m)EgB}E[@ v ]

, (6.19)
V1-r2ENSL [e‘ 5 ]

fi(z) =

So if we know the asymptotic distribution of each eigenvalue of GOE matrix, the corre-

sponding asymptotic distribution of equation 6.19 can also be achieved.
6.4.1 The Distribution of the Eigenvalues Which are Not the Maximum

From the paper of O’Rourke, S.[29], we can get the following results with the defini-

tion:

¢
G(t)zzf V1-22dx -1<t<1. (6.20)
mJa

Theorem 6.4.1. Let x| < x5 < --- < x,, be the ordered eigenvalues from matrix drawn from
the GOE, GUE, GSE. Consider {xy, }, such that 0 < k; — k;,1 ~n%, 0<0; <1,and % N

a; € (0,1) as n — oo. Define s; = s;(k;,n) = G1(k;/n) and set

Tk, — SiV2n

= g L’ 1=1,...,m
(25(1—3?)11)2

Where 3 = 1,2, 4 corresponds to the GOE, GUE, GSE. Then as n — oo,

%

P[Xlgfla"'aXmS£m]_)CI)A(fla---agm)

Where ®, is the cdf for the m-dimensional normal distribution with covariance matrix
Nij=1-max{Op:i<k<j<m}ifi<jandA;;=1
In this project, we only take one eigenvalue, so we can take m = 1, then Theorem 6.4.1

can be stated as follow.
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Corollary 6.4.1.1. Sett = t(k,n) = G-'(k/n) where k = k(n) is such that k/n - a € (0,1)
as n — oo. If z; denotes eigenvalue number k in the GOE, GUE, or GSE, it holds that, as

n — oo,

L v2nl — N(0,1)

logn
(g50-)2
in distribution where 3 = 1, 2, 4 corresponds to the GOE, GUE, or GSE.

By the corollary 6.4.1.1, we can calculate the asymptotic height density by (1.5).

Theorem 6.4.2. When N — oo and k? < 1, let p = t\/2n and o = 2(110_%)”, where t is

defined before, the asymptotic height density for index(V?X (t)) = io can be written as a

form of normal distribution:

fﬁu 2
1 (z— 5.1 )
h(gj) = e~ 2(;1
V2To
2 2
Where o = %ﬁf” which is constant.

Proof.  From (1.5) and corollary 6.4.1.1, we can write the height density as follow:

7.0+1 ()‘10"‘1 f)

2

Nig+1
V1-r2EN L (e 7))

The denominator is:

g+ Aig+ 1 (Nig+ _“)2
VIZREGH ) V[T
o
6.22
1-k2 __ w2 (622)
= e 2(02+1)

V1+ 02

where ;1 =t\/2n and o = (2(11°gt§) )2, and ¢ is the solution of G-1(k/n) = a;
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Then the numerator is:

(Aigy1-12)2
S(a)ENeh (3

2
10+1 Qig+1-75) 1 _()\¢0+1*#)2
_¢(gj) 1-x2 (& 202 d)\i0+1

6.23
10+1 10+1 + f’“*zm—l w222 1 B *120+1—2HM'0+1+H2 ( )
~6(x) f T AT
f KX
=(x) 21 L R E =P W
- o
2 .
Leta=—(3- 12— 552), b= f L and ¢ = (2(12 :2) 475), then the integral can be
written as:
- <Ai0+1—7>2
¢<x>EgalE<e S
;_#_ VEkw  wyy, | _(_k22® | u?
_¢($)/ 2 (-1 202) igr1 (32 N2+f2))‘20+1 (2(1—m2)+202)d)\i0+1
7?0
a,\2 +bXip1+C
— ig+1 0t d)\
=¢(z) f 5 ¢ io+1 (6.24)
Cig+1-2%)
oo 1 1 ey 2
=¢(z) e VR e iadN
-0 \/2%% 2a0 0
o) et
V2ao
Then we can get the height distribution:
g g
1 e+l
P(r) et
h(x) = 2
V1K o752
V1402
Voo (6.25)
1 _(z o2 +1)
= —-=~ 2(v/ 204)2 ,

_ o2+1 : : : _ (K20%2-K2+02+1) .
where o = o2 1o TT) which is constant, if we let o = T , the results in the
theorem can be obtained. O
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6.4.2 The Distribution of the Largest Eigenvalue of GOE Matrix

From the previously mentioned theorem, we have obtained the distribution of any eigen-
value of the GOE matrix when a; € (0, 1). Now, we will focus on describing the distribution
of the largest eigenvalue of the GOE matrix.

Tracy-Widom Distribution
For GOE matrix, the Tracy-Widom distribution can be defined as:
F(z) = lim Prob (()\mm —V2n)(V2)n'/8 < x)

Where F'(x) is the CDF of .

Simulation of Tracy-Widom Distribution

With the Tracy-Widom distribution, we can obtain the height density through simulation.
Since the Tracy-Widom distribution does not have an explicit form, we need to simulate it

using numerical methods. The distribution can be simulated using the following steps:

1. For a given N, we can get the numerical CDF(F'(z)) of Tracy-Widom distribution.
2. Calculate the numerical PDF(fx (x)) with small enough step size.

3. Calculate the expectation of both denominator and numerator of the GOE formula in

theorem 6.1.1 by calculating the Riemann Integral.
6.4.3 Simulation

This section will show the asymptotic distribution when NV is growing large.
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a; =0.5 a; =0.75 Maximum
Figure 6.2: The comparison between asymptotic distributions and simulations.

6.5 Explicit Distribution on Sphere

The previous section was based on R”Y, whereas this section demonstrates the analo-

gous output of the height density on sphere.
6.5.1 Non Degenerate

When 0 < k2 —n? < (N + 2)/N, the height density is non-degenerate, we have the

following implicit results:

[ () Egor((ranz-n2y2y [T N = K2/V20 Ly nmeniny 14

Fi(u) = (6.26)
EGOI((Hﬂz)/Q)[Hinl |>\j|:ﬂ‘{>\i<0<>\i+1}]
Then, we can get the height distribution:
u)E 02—k NN - ru/V2I1,, '
hz(u) _ ¢( ) GOI((1+n2 2)/2)[HJ_1| J / | {>\1<m/\/§<,\z+1}] (6.27)

EGOI((1+772)/2) [H]]\il |)\j ‘ ]1{)\i<0<)\i+1}]
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N=3,1=0

4(3 +n?)

4/2(2+n?)
{[“2[(1+772_f<;2)3+6(1+772—/-12)2+12(1+772‘“2)+24] 2
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2 2 _ .2 2 kg2 P - K7
+[K(2+Z w) 2, (0 ﬁ)(;“? “)_1] 1

V22 P — k2)
(\/(2+n2—ﬁ2)(5+3n2—3"02))

+ 7+772_,<;2+3(1+772—/<02)3+12(1+"’72_’€2)2+28(1+n2_52)
2(3+ 12— K2)

[t [ aemertemeem)] @oneen)|
h(x)—{2 G+ n) lg ] } ¢(x)

X

o r%a?
x e 22n2-x2) O

2.2

3w

) K re 26+3n2-3r2)
4/m(3+n? = K2)\/5 + 3n? - 32

2,2 2 2\ VTR = =
+[K222 + 3(n% - k)] 1 x[@zl (O,ﬁ)+¢)z2 (O,—)]}
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(6.28)
Where:

3 2 2
2 ? ’
= ’ 2 =
I L2
> 2
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Simulation

6.5.2 Degenerate

When k2 —n? = N]\? , it represents a degenerate condition, and we can derive the follow-

ing implicit formula:

N
Ecormy [ITj=1 ’)‘j‘]l{ki<0<>\i+1}]l{z§\’:l )\j/Ng—\/(N+2+N772)/(2N)u}] (6.29)

Fy(u) = :
EGOI((1+n2)/2)[Hj:1 |>\j|]1{/\,-<0<,\,-+1}]

With the implicit form of CDF of the height distribution, we can get the corresponding

PDF.

N:4 N=5 N:6

Figure 6.3: Exact height densities of critical points of isotropic Gaussian fields on SV. In
each figure, the solid, dashed and dotted curves are densities with (x2,7?) = (0.64,0.16),
(k2,m?) = (1.5,0.5) and the boundary case (x2,7?) = (2,1 -2/N), respectively; and for a
fixed pair (x2,7n?), the densities from left to right, indicated by different colors, are hq(x),
hi(x), ..., hy(x), respectively.
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6.6 Asymptotic Distribution on Sphere

From the work of Cheng and Schwartzman [14], we know the implicit height distribu-

tion can be written as:

_ E[Ml(Xa u)]
) = 5,00

VI [T 0B e[ - Copl e (630
Ve (e [ ])

Then the density can be expressed as:

hi(z) = (6.31)
(2 )\2
V1+n? - rZENE, {exp[ Ll ﬁ]}
Theorem 6.6.1. The asymptotic peak height distribution on sphere is:
(z 24“}‘;)
h(z) = e (6.32)
V2m 3 '
02— k2 4?4 k202—n2a2
Where 3 = - TR e
Proof.  From (6.2) and corollary 6.4.1.1 The denominator is:
Aay
V1+n? - k2ENE (e En Len?)
z+1 >‘7,+1 1 (>\7;+1_M)2
=\/1+n?-kK? f Ln? e 202 d)\;
77 ,—271_0_ +1
(0'2+7]20'2—20'2 1-n ))\Z+l+(2u+2u7] MNir1— (u +M n ) (6'33)
=/1+ 77 — K2 / 5 2(1+n?) 02 d)\i+1
7m
— (772"'1)(1_'_772_’{2)6%
o?+n?-o2n?+1
Then the numerator is:
/\2+ (O mx/\f)
O(a)EH(e T )
/°° 1 2 @,7%41*;1/@2 1 <Az+1 u) D\ (6.34)
= e z2e Len?-r? ———e" i
—oo /2T V2o i



Do some calculation, we can get:

_ Qg —re/v2)?

Az+1 —r@
V1+n?o(x)EgSp (e vt )
2,2 2,22, .22 2.2, 2

(1 + 77 (77 —_ /q/z + 1) —77 u +rTp g +r —2\/§muw+u2+a z+x
— 2 2 252_9,2 2
27T\/ e 2n Te+2Ne+2K4 04 -2K“+204 42 (635)

o2+ —kr2-0’n?+0%k?+1

1 \/(1 + n2)(n2 - /f2 + ]_) _777202+7]2+o'2+1x2+\/§;$;4 *U2M2+N2[J2+M2
= (& 2 [eY 2
V2T o

Where o = —n?0? + n? + k202 — k2 + 02 + 1, then we can get the height distribution as the

form:
1 (6.36)
h(z) = e E :
V273
Where 5 — 1+02 -2+’ +k202-n?0? n

1+n2+02-n202

6.6.1 Simulation

This section demonstrates the performance of the asymptotic distribution in terms of its

similarity to the simulated height density.
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a; =0.5

a; =0.75

Figure 6.4: The comparison between asymptotic distributions and simulations when N =
20, 60,200, a; = 0.5,0.75 and maximum eigenvalue with x2 = 0.64, n?> = 0.16
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