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ABSTRACT  

   

Granular materials demonstrate complexity in many physical attributes with 

various shapes and sizes, varying from several centimeters down to less than a few 

microns. Some materials are highly cohesive, while others are free-flowing. Despite such 

complexity in their physical properties, they are extremely important in industries dealing 

with bulk materials. Through this research, the factors affecting flowability of particulate 

solids and their interaction with projectiles were explored.  

In Part I, a novel set of characterization tools to relate various granular material 

properties to their flow behavior in confined and unconfined environments was 

investigated. Through this work, a thorough characterization study to examine the effects 

of particle size, particle size distribution, and moisture on bulk powder flowability were 

proposed. Additionally, a mathematical model to predict the flow function coefficient 

(FFC) was developed, based on the surface mean diameter and moisture level, which can 

serve as a flowability descriptor.  

Part II of this research focuses on the impact dynamics of low velocity projectiles 

on granular media. Interaction of granular media with external foreign bodies occurs in 

everyday events like a human footprint on the beach. Several studies involving numerical 

and experimental methods have focused on the study of impact dynamics in both dry and 

wet granular media. However, most of the studies involving impact dynamics considered 

spherical projectiles under different conditions, while practical models should involve 

more complex, realistic shapes. Different impacting geometries with conserved density, 

volume, and velocity on a granular bed may experience contrasting drag forces upon 

penetration. This is due to the difference in the surface areas coming into contact with the 
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granular media. In this study, a set of non-spherical geometries comprising cuboids, 

cylinders, hexagonal prisms and triangular prisms with constant density, volume, and 

impact velocities, were released onto a loosely packed, non-cohesive, dry granular bed. 

From these experimental results, a model to determine the penetration depth of projectiles 

upon impact was developed and how it is influenced by the release height and surface 

area of the projectiles in contact with the granular media was studied. 
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CHAPTER 1 INTRODUCTION 

 

Granular materials are defined as a conglomeration of solid, macroscopic, and discrete 

particles with sizes above 1 micron (Duran & Behringer, 2001). These materials are so 

ubiquitous in our daily lives that sometimes we can take them for granted. However, these 

materials are extremely important in the commercial world, as they are profusely used in 

industries like pharmaceutical, agricultural, mining, food, and cosmetics. Granular 

materials have complexity in many physical attributes. For example, in an hourglass filled 

with sand, we can observe how the granular material stays at rest like a solid, flows like a 

liquid, with particles hitting the base that scatter like gas molecules. Because they behave 

differently than any standard physical form, they can be considered as an additional state 

of matter. It is necessary to study these particles’ properties, to better understand their 

diverse behavior and assess their industrial applicability, processing and design. 

Particles appear in several shapes, such as spheres, fibers, chips, and elongated 

cylinders. Particle sizes can vary widely from several centimeters down to less than a few 

microns. Some materials are highly cohesive, while others are free-flowing. Because of 

such complexity in their physical properties, there is a lack of correlation of these properties 

to performance metrics and efficiency of pre-processing operations in industries dealing 

with various granular materials. During pre-processing operations, feedstock material and 

environmental parameters like density, particle size distribution, and moisture content can 

affect the material flowability and consequent material handling, transportation, and 

storage. This research will focus on studying the effects of such parameters on powder flow 
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properties alongside developing a model to predict the flow using  dynamic flow 

characterization with a rheometer.   

1.1. Flowability 

In simple terms, flowability is the ability of a material to flow. However, it is not an 

internal property of a material, nor can it be interpreted as a single value (Prescott & 

Barnum, 2001). It is a consequence of several other parameters, like the environment, 

physical properties of the material, and the handling equipment. Therefore, a fitting 

definition for flowability would be the capability of a material to flow in a desired manner 

in a specific piece of equipment (Prescott & Barnum, 2001). Flow patterns affect the way 

a material flows, and can be categorized as funnel flow or mass flow, as described in 

Table.1.  

Table 1 

Types of flow patterns in silos and hoppers (Mass Flow and Funnel Flow Hoppers, n.d.; 

Mehos et al., 2018) 

 
Type 

of 

flow 

pattern 

Definition Representation Advantages Disadvantages 

Funnel 

Flow 

Material at 

the center 

discharges 

faster than the 

material near 

the sidewalls 

 

• Reduced 

abrasion of 

side walls, 

due to 

limited 

movement of 

material 

• Offers larger 

capacity to 

hold the 

material with 

reduced 

vertical 

height 

• Unpredictable 

discharge of 

material 

• Risk of 

causing 

arching, 

ratholing and 

flooding 
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Mass 

Flow 

First-in, first-

out 

movement of 

materials 

 

• Uniform 

discharge of 

material 

• No arching 

or flooding 

• May require 

tall 

geometries, 

which can 

hinder 

optimization 

of equipment 

design 

• Not suitable 

for all 

materials 

 

1.2. Common flow issues 

Though the mass flow pattern is preferred in most scenarios, it is not always achievable. 

Design constraints and physical properties of the material can prompt funnel flow and the 

disadvantages that coincide. Almost every factory that deals with hoppers and silos comes 

across a downstream issue, where the material refuses to flow. In some cases, this is seen 

in the form of arching where the powder is blocked at the outlet. In other cases, there is an 

empty funnel going from the top to the bottom of the silo, with the material stuck to the 

walls. This is called ratholing. Arching happens when cohesive powders are stored in a 

hopper that does not have a large enough outlet or steep enough walls. Ratholes usually 

happen in hoppers that are not designed to be mass flow silos and have too small of outlets.  

Both ratholing and arching are related to flowability properties of the bulk material. 

Determining a critical outlet diameter and a suitable hopper wall angle ensure a good flow 

without arching or ratholing. These parameters can be determined using shear cell testing 

and a rheometer. It is therefore crucial to understand different types of flow issues and their 

root causes to conduct suitable flowability characterization and optimize the design 
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parameters of hoppers and silos. In Fig. 1, a schematic of these issues is summarized.

 

Figure 1. Classification of flow issues. (Baxter & Prescott, 2017) 

 

1.3. Thesis Objectives 

According to the National Fire Protection Association, particles of <420 microns of 

mean diameter and <25% moisture level are categorized under dust. Fines include a slightly 

wider range, peaking up to 1 mm mean diameter. These size ranges are generally involved 

No Flow

Arching

Caused due to 
obstruction in the 
shape of an arch above 
the discharge outlet

Two types: 
interlocking arch and 
cohesive arch

Ratholing

Caused because of 
central flow. Material 
near bin walls remains 
stagnant. 

Material stops flowing 
once the flow channel 
empties.

Erratic Flow

It is a consequence 
of interference 
between arching 
and ratholing 
during flow

This causes non-
uniform feed 
density

Fine-powder flow concerns

(<100 microns)

Steady Flow

Occurs when the target 
flow rate is below the 
critical flow rate.

Target flow rate is 
controlled by the type 
of feeder

Flooding/Flushing

A result of unsteady 
two-phase flow, causing 
uncontrollable flow 
through the equipment

Happens during high 
fill and discharge rates 
of very fine particles

Flow rate limitation

Develops due to 
interstitial air between 
particles

Hinders discharge due 
to the pressure gradients 
caused by the interstitial 
air movement
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in processes like pelletization and pneumatic conveying in biorefineries and power plants. 

Pelletization involves compaction of particles not higher than 3 mm in narrow die channels. 

They are expected to have high durability of >98% in order to avoid dust explosions and 

self-ignition. To acquire this standard, it is important to find an optimal particle size range 

that delivers the right amount of cohesion and stability. On the other hand, refineries and 

powerplants that carry out operations like pneumatic conveying need an effective method 

to keep the flow of these particles uniform by using optimal particle sizes. This ensures 

efficient conveying and safe handling.  

In the particle field, there is a lack of substantial knowledge on flowability, interparticle 

cohesion and their correlation with physical parameters in the finer spectrum of size ranges. 

Through this work, we aim to study the relation between particle size, moisture and density 

on flowability of bulk solids that fall under the fines category. To address them, the 

following objectives are covered in this work: 

1. Study the effects of particle size distribution on confined and unconfined flow 

energy of granular materials. 

2. Compare the conventional flowability descriptors of angle of repose, Carr’s index 

and Hausner ratio to flow properties obtained from the FT4 rheometer, and conduct 

a statistical analysis. 

3. Study the shear properties of particles with various particle sizes and moisture 

levels using a shear cell tester and derive flow function coefficients (FFCs). 

4. Develop a model to predict the FFC for a bulk solid with a particular particle size 

and moisture content. 
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5. Study the impact of solid projectiles of various geometries on a granular target and 

derive an empirical relation that can predict the penetration depth of such objects, 

given the base surface area and release height of the projectiles.  
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CHAPTER 2 LITERATURE REVIEW 

 

Recently, several works have focused on studying parameters affecting the flowability 

of various granular materials and ways to improve the flow, some being experimental 

(Anderson & Mitchell, 2016; Coombes & Yan, 2015; Crawford et al., 2016; Cui & Grace, 

2007; R. E. Freeman et al., 2009; Fu et al., 2012; Hilbert & Solt, 2008; Roberts & Scott, 

1992; Saw et al., 2015; Shi et al., 2018; Tannous et al., 2013; Trubetskaya et al., 2017; 

Viana et al., 2018; Xu et al., 2019), and a few numerical (Chum, 2015; A. Grima et al., 

2011; A. P. Grima et al., 2011). A majority of these works relied on conventional methods 

and parameters such as the angle of repose, Hausner ratio, and shear testers like the Schulze 

ring shear tester. Presently, the majority of the testing to characterize flow in both industry 

and academia has been shear testing due to its quality and reproducibility (Shi et al., 2018). 

A summary of some of the widely used conventional methods to characterize flowability 

is provided in Table 2, based on the studies carried out in Abdullah & Geldart, 1999; 

Amidon et al., 2017; Thalberg et al., 2004; and Uniaxial Powder Tester – Micromeritics, 

n.d . 

Table 2 

A summary of conventional flowability descriptors for granular materials 

Test method Technique Application Limitations 

Bulk density 

A sample of 

known volume is 

collected in a 

graduated cylinder and 

the weight is 

measured. The ratio of 

• Can provide 

information on 

packing of bulk 

materials.  

 

• It is highly 

dependent on 

the packing, 

compaction 

and 
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mass per volume 

occupied gives bulk 

density values.  

It is important to 

make sure that the 

sample is not 

subjected to any 

vibrations or tapping 

while doing this 

measurement. 

• It can be used to 

calculate the 

Hausner Ratio 

(HR).  

consolidation 

of particles.  

Tap density 

Tap density can be 

measured similar to 

bulk density, but in 

this case the sample is 

subjected to 

continuous tapping, 

until it reaches a 

maximum packing 

fraction.  

The measurement can 

be performed 

manually or using a 

tap density machine.  

• It acts as an 

indirect way of 

indicating changes 

in structural 

strength of loosely 

packed powders 

and therefore 

indicate cohesivity 

and flow 

characteristics. 

• It is also one of the 

parameters in 

calculating HR.  

• The value 

obtained is 

dependent on 

applied 

compression.  

Angle of 

repose (AOR) 

Obtained by 

depositing the 

granular material on a 

flat surface in the form 

of a heap through an 

orifice (cylinders, 

funnels, hoppers etc.) 

• It is a 

straightforward and 

well-established 

method that 

correlates well with 

the HR.  

• This method is well 

suited for materials 

with low to 

intermediate 

cohesion. 

• Powders with 

higher 

cohesivity do 

not have a 

defined AOR.  

• Results are 

highly 

dependent on 

the measuring 

technique and 

are difficult to 

reproduce. 

Hausner ratio 

(HR) 

𝐻𝑅 =  
𝜌𝑏𝑢𝑙𝑘

𝜌𝑡𝑎𝑝
 

 

 

• It is a useful 

parameter 

reflecting particle-

particle friction.  

• A measure of 

cohesion. 

• The main 

drawback 

comes from its 

empiricism. 

• It is a single 

index that 

provides 

limited 

information on 

flowability. 
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Although the conventional methods mentioned in Table 2 indicate powder flowability 

and are relatively cheap and easy to operate, their main limitations arise when dealing 

with cohesive and complex-shaped materials. For instance, due to the low bulk density, 

high compressibility and severe entanglement of biomass particles, it is challenging to 

create a well-defined shear zone and steady-state flow (Xu et al., 2019). Standardizing the 

correlations between physical attributes and flow properties of granular materials steers 

efficient handling, storing and processing operations. In addition, when dealing with bulk 

materials with small particle sizes, fines building up and adhering to the conveying 

system’s inner walls or chute walls is a major issue (Hilbert & Solt, 2008). These are 

granular materials with very fine particle size that tend to clump together due to their 

increased surface area and cohesiveness. Both ratholing and arching can be caused due to 

particle interlocking and increased cohesive strength of the bulk material.  

Several methods have been implemented to avoid fines buildup via air cannons 

(Martin Engineering, n.d.), liners (Mitsubishi Chemical Advanced Materials, n.d.), and 

equipment design (Cleveland Vibrator Company, 2016; A. P. Grima et al., 2011; Roberts 

& Scott, 1992). But maximum improvement in flow of such materials is only possible 

when there is optimization in equipment as well as particle properties.  

Carr’s Index 

𝐶𝑎𝑟𝑟′𝑠 𝐼𝑛𝑑𝑒𝑥 

=  
𝜌𝑡𝑎𝑝 − 𝜌𝑏𝑢𝑙𝑘

𝜌𝑡𝑎𝑝
 

× 100 

• An estimation of 

how material flows 

based on the 

assumption that the 

compressibility is 

related to 

flowability 

• Similar to HR, 

this is also an 

empirical 

relation and 

provides 

limited 

information on 

powder flow 
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The literature is lacking a general model relating the basic properties of bulk 

particulate materials like particle size, particle shape, moisture content, and surface 

roughness with the bulk powder flowability metrics like the flow function factor, shear 

strength, and the Hausner ratio. Developing a better understanding of the relationship 

between these particle parameters and bulk powder flowability can improve our 

knowledge in designing better bulk material handling equipment, choose better powders 

for manufacturing, and potentially avoid flowability problems. 

2.1. A summary of conventional flowability descriptors 

In the following portion of this section, the studies based on conventional flowability 

descriptors listed in Table 2 will be summarized, followed by highlighting more reliable 

and newer methods.  

Angle of Repose (AoR) is one of the most common methods that is currently used to 

understand the flowability of the materials. It is a very versatile process because there are 

different instruments and methods used to characterize AoR. The general equation used 

to measure the angle of repose is given by Eq. (1), where h represents the vertical height 

of the cone and r represents the base radius: 

𝐴𝑂𝑅 = [tan−1 ℎ

𝑟
]                                                      (1) 

Wouters & Geldart (1996) developed their own AoR measuring system which can be 

used for both cohesive and free-flowing particles. The method involved sodium 

bicarbonate (31-113 μm) or sodium carbonate (20-50 μm) flowing through a conical flask 

at a 45 degree angle and deposited as a cone on the board placed below the setup. The 

height (h) of the cone and the base radius (r) were measured. AoR was calculated using 

Eq. (1).  
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Another method that is standard in industry practice and in research is to measure the 

angle of repose using the arctangent method (Beakawi Al-Hashemi & Baghabra Al-

Amoudi, 2018). The procedure followed is similar to the right and left base method, 

where a line is drawn perpendicular to the horizontal base line up to the highest part of 

the cone. The vertical line does not need to intersect the middle of the horizontal line. 

Instead, it should intersect the horizontal line directly below the peak. Using Eqn. (2), the 

arctangent angle of repose is calculated in degrees: 

 
angle(degrees) = arctangent (

height

0.5 ∗ length
) ∗

180

π
 

(2) 

 

Wang et al. (2010) carried out AoR measurements using pulverized coal (0-150 μm) 

with different moisture contents similar to Wouters & Geldart (1996), but with two 

variations, i.e., the base had either a variable or a fixed length. The sliding method used a 

rectangular box which was filled with the particles. The box was tilted until the particles 

began to slide. The AoR in this case was the angle between the upper end of the box and 

the horizontal. It was also important to note that the angle measured using the sliding 

method was the greatest when compared to the variable or fixed base length method.  

Descriptors based on the compressibility of the bulk solid are also popularly used to 

quantify flowability. The Hausner ratio is the ratio between the tapped density of a material      

and its bulk density, while the Carr Index is the ratio of the difference between the bulk 

and tapped density to the tapped density, times 100. The Carr Index assigns a score to the 

bulk solid between 0 and 100, with 0 being the worst possible flowability and 100 being 

the best. The parameter that was chosen for this investigation is called the Flow Function 
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Coefficient, or FFC. It is a parameter that can be used to characterize flowability of tested 

granular materials by using both the unconfined yield strength and the major consolidated 

stress of a given material. It is the ratio of the consolidation stress to the unconfined yield 

strength, or cohesive strength, of a bulk solid. It is a dimensionless number that is used to 

describe the nature of flow of the bulk solid numerically. FFC has positive non-zero values, 

with increasing FFC values indicating increasing flowability in bulk solids. Table 3 shows 

the different classifications of the Carr Index, the Hausner Ratio, and the FFC with their 

flowability descriptions alongside them.  

Table 3 

 

Carr Index, Hausner Ratio, and FFC values to quantitatively describe the nature of bulk 

materials. 

 

Carr’s 

Index 
Hausner Ratio 

Flow Function 

Coefficient (FFC) 
Flowability Description 

<10 1.00 – 1.11 10<FFC Excellent 

11-15 1.12 – 1.18 4<FFC<10 Good 

16-20 1.19 – 1.25 
2<FFC<4 

Fair 

21-25 1.26 – 1.34 Passable 

26-31 1.35 – 1.45 1<FFC<2 Poor 

32-37 1.46 – 1.59 
FFC<1 

Very Poor 

>38 >1.60 Very, Very Poor 

 

Majid & Nanda (2017) used a Powder Flow Speed Dependence (PFSD) test to 

characterize flowability by measuring the speed flow properties of the materials, which is 

considered important in a production environment. The test is done to measure the 

resistance of the materials with a controlled flow using different blade speeds that operate 

into the sample. Three main parameters that can be determined using this study are 

compaction coefficient, flow stability and cohesion coefficient. As the test speed increases, 
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the compaction coefficient can increase or decrease, which will determine the flowability 

of the material. Usually, a flow stability index indicates the type of compaction. When the 

flow stability index is greater than 1, it indicates a higher compaction coefficient, and less 

than 1 indicates a lower compaction coefficient. 

Jenike’s shear cell test is another common type of instrument used for flowability 

studies. It studies the correlation between shear and normal stresses and yields an important 

value called the yield locus, which is the maximum shear stress of the powdered material 

under the given normal stress. Opaliński et al. (2012) investigated the effect of moisture on 

food samples and found that the moisture content had an increasing effect on the shear 

stress up to 10% moisture levels and an opposite decreasing effect after 10% moisture. It 

was also concluded that Jenike’s shear cell tester was unsuitable for easily deformable 

particles at higher moisture content due to its long horizontal shear measurements and the 

difficulty to measure under steady-state conditions. 

An FT4 Rheometer is used to measure powder properties in both static and dynamic 

conditions. Nan et al. (2017b) used spherical and glass beads and polyethylene to study its 

flow energy functions. The first step of the procedure is the conditioning step, where the 

blade rotates clockwise and moves up and down. During this motion, a homogeneous 

distribution of particles is created. Secondly, the blade moves into the particle bed by 

slicing through it. The shearing motion of the blade in contact with the powder can be 

measured as torque and force. Søgaard et al. (2019) used 4 different methodologies, namely 

shear cell, wall friction test, compression and permeability on pharmaceutical excipients.  

Zegzulka et al. (2020) studied the flowability of 10 different metal powders across three 

commonly used shear cell instruments: the Ring Shear Tester RST-01.pc (RST), 
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Brookfield Powder Flow Tester (PFT) and the FT4 Powder rheometer (FT4). The flow 

index value was the smallest when measured using the FT4, whereas the RST had the 

highest value. All of the metal powders were classified as free-flowing according to the 

RST, and the other two classified almost all of the samples as free-flowing, except for 

copper and titanium.  

As discussed above, there are several ways to measure the flowability of the granular 

materials, but an effective relationship between each of them is not yet concretely 

described. Many researchers have used the FT4 to characterize bulk and dynamic 

properties of various granular materials (Bruni et al., 2007; R. Freeman, 2007; Fu et al., 

2012; Gnagne et al., 2017; Hare et al., 2015; Jan et al., 2018; Jin et al., 2018; Koynov et 

al., 2016; Leturia et al., 2014; Lu et al., 2012, 2018; Mitra et al., 2017; Nan et al., 2017a, 

2017b; Rohilla et al., 2018; Saw et al., 2015; Shi et al., 2018; Søgaard et al., 2019; 

Wilkinson et al., 2017). This setup allows for the characterization of consolidated, 

conditioned, aerated, and even fluidized powder. Other testers do not have all these 

capabilities, including bulk characterization, and the consideration of external variables 

like moisture, aeration and consolidation. Additionally, the automatic conditioning of 

material before every test in the FT4 provides excellent repeatability. 

FFC is a relatively easily available quantifier using the FT4, that is widely used in the 

industry to describe or rank the flowability of bulk solids. This was also one of the reasons 

it was chosen as the subject of this investigation. The goal was to develop a model that 

would be able reliably predict the FFC for a bulk solid with a particular particle size and 

moisture content, without having to perform experiments every time, resulting in savings 

in resources and energy. 
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2.2. Literature review on impact of projectiles on granular media 

Many studies on projectile penetration in granular targets have been published in the 

last 50 years, examining a variety of process parameters such as target material, geometry 

and velocity of impacting object, and crater formation. A brief literature survey for the 

response of granular media to penetration, categorizing the applied methodologies into 

analytical, computational, and experimental methods, are presented in this section. 

The impact mechanism is dependent on parameters like particle size of the target 

material (Feng et al., 2019), packing fraction (Tapia et al., 2013), penetration depth (Peng 

et al., 2019), projectile shape (Lobo-Guerrero & Vallejo, 2007) and impact velocity 

(Nazhat & Airey, 2015). To predict the effect of asteroids striking Earth, the impact 

dynamics of high-velocity intruders on dry granular beds were examined (Reimold, 1996). 

By studying low-velocity impacts, the formation mechanisms of craters were estimated 

(Ambroso et al., 2005; Katsuragi & Durian, 2007; Takita & Sumita, 2013; Uehara et al., 

2003). The movement of different terrestrial creatures on granular terrains such as sand, 

ice and leaf debris were investigated, such that robots can replicate their locomotion on 

diversified terrains (Li et al., 2013; Marvi et al., 2014; Sharpe et al., 2015; Zhang & 

Goldman, 2014).  

Several studies (Ambroso et al., 2005; Clark et al., 2015; de Bruyn & Walsh, 2004; 

Goldman & Umbanhowar, 2008; Katsuragi & Durian, 2007; Khan, 2015; Li et al., 2013; 

Marston et al., 2012; Newhall & Durian, 2003; Nordstrom et al., 2014; Reimold, 1996; 

Sharpe et al., 2015; Takita & Sumita, 2013; Uehara et al., 2003; Wada et al., 2006; Yan et 

al., 2013; Zhang & Goldman, 2014) reported experimental and numerical results on the 

impact of spherical projectiles on both dry and wet granular media. However, very few 
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researchers (Ambroso et al., 2005; Goldman & Umbanhowar, 2008; Khan, 2015; Newhall 

& Durian, 2003) focused on the impact of aspherical projectiles on granular media. 

Different shaped geometries may experience contrasting drag forces upon penetration, 

resulting in different penetration depths. In almost all impact studies, penetration depth is 

considered one of the most important quantities of interest, which can be used to determine 

the drag force experienced by the projectile (Katsuragi & Durian, 2007). Penetration depth 

is defined as the distance between the original surface and the bottom end of the penetrated 

impactor (Takita & Sumita, 2013).   

For spherical projectiles, Uehara et al. developed a relationship for penetration depth, 

d, in dry (non-cohesive) granular targets (Ambroso et al., 2005; Brzinski et al., 2015; 

Uehara et al., 2003):  

                                                    

1 2 1

2 3 3
0.14

       nd D H


 
 
 

 
=  

                                              (3) 

where  

            µ = tanɵR                                                                    (3a) 

ρn = ρs/ρt                                                                    (3b) 

ρt = φρg                                                                     (3c) 

Here, µ is the internal coefficient of friction for the dry granular material, ɵR is the angle 

of repose, ρs is the density of the spherical projectile, ρt is the mass density of the granular 

target, φ is the volume fraction of the granular target, ρg is the mass density of the granular 

material, D is the diameter of the sphere, and H is the total release height (i.e., the total 

distance travelled by an intruder, from the point of free fall until it comes to rest after 

impact) (Brzinski et al., 2015). According to Eq. (3), the penetration depth follows a power 
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law as a function of total release height, where d ~ H1/3. For spherical projectiles, the power 

law is consistent for both shallow and deep penetrations (Newhall & Durian, 2003). 

However, this equation cannot be used to predict the penetration depth based on a known 

release height, since H cannot be determined without prior knowledge of the penetration 

depth. Another limitation in Eq. (3) is that it is not applicable to non-spherical projectiles. 

For non-spherical projectiles, Newhall & Durian (2003) studied the impact of 

cylindroconical shapes on dry (non-cohesive) loosely-packed granular beds to see how 

penetration depth scaled with shape parameters. They tested the impact of cylindroconical 

projectiles of different materials in a vertical orientation with different cone angles and 

proposed a new equation for the penetration depth that includes the length of the cylindrical 

projectile, given by (Newhall & Durian, 2003): 

                                             

1
3 3

12
2

2
0.14 s

p

t

L
d D H



 

 
  

=   
  
                                            (4) 

where L is the length of the cylindroconical projectile and Dp is its diameter. Interestingly, 

they concluded that the power law developed for spheres (d ~ H1/3) also holds true for 

cylindroconical shapes (Newhall & Durian, 2003). Eq. (4) was shown to be consistent for 

deep penetrations, where the penetration depth is greater than the diameter of the projectile, 

but it deviates from the power law for shallower penetrations. For the cylindroconical 

shapes, the deeper penetrations are approximately 13 mm or greater. Further work is 

needed for shallow impacts of non-spherical projectiles, to quantify the penetration depth 

deviation from the power law.  
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In addition to Eq. (4), Newhall & Durian (2003) proposed a new equation for the 

penetration depth of non-spherical projectiles that replaces the term for the projectile 

diameter with the mass per cross-sectional area and the release height with the velocity: 
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   
                                                     (5) 

where M is the mass of the projectile, A is the cross-sectional area in contact with the 

granular media, and v is the impact velocity. Eq. (5) was tested with a real human foot 

stepped from a release height of 5 cm with a velocity of 100 cm/s, resulting in a penetration 

depth of 6.7 cm. The results showed to be close to previous experimental observation 

(Newhall & Durian, 2003). However, there is no further proof or experimental evidence to 

show whether this equation holds true for a range of projectile shapes and release heights.  

With complex shapes, Eq. (3) cannot be used to evaluate the penetration depth, as the 

only geometrical parameter considered is the sphere’s diameter, while other shapes consist 

of multiple dimensions. Even though Eq. (4) considers the vertical length of the projectile, 

it still has the diameter of the cylinder as one of the parameters, which restricts the 

equation’s scope to cylinders. Alternatively, while Eq. (5) appears to consider realistic 

shapes, it is based on a human foot manually stepping on a beach, which can be difficult to 

reproduce and can have a non-uniform force distribution upon impact.  

To address the limitations discussed, in this work, we studied non-spherical geometries 

with constant density and volume. The effects of base surface area, vertical length and 

release height were analyzed upon impact and penetration. 
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CHAPTER 3 MATERIALS AND METHODOLOGY 

3.1. Materials 

 Glass beads were selected as the main material of interest in this study. Their 

uniformity in shape, smooth surface, and availability in several particle size distributions 

to cover a wide spectrum of cohesive to non-cohesive nature makes them ideal to carry out 

flowability studies. Particles of varying sizes were obtained from Potters Industries®. 

These were rated by the manufacturer in the size ranges of 5-11, 25-50, 70-100, 120-180, 

and 250-350 microns.  

3.2. Material preparation 

Antistatic Treatment: 

The first step to preparing the glass beads of a desired size range for both the angle of 

repose and flowability testing is to prepare the glass beads with an antistatic solution. Even 

though the dry glass beads are non-cohesive, during transport and storage, they tend to 

generate static forces, which can make them stick to the walls of test vessels. To eliminate 

these static bonds, it is necessary to treat them with an antistatic solution. First, the antistatic 

solution is prepared by mixing 1mL of ASA antistatic spray with 100mL of ethanol in a 

beaker (Chen et al., 2017). Glass beads are measured out to the necessary volume and 

placed in a baking pan. The solution is added a few milliliters at a time and then stirred 

with a spatula until all conglomerates of glass beads are broken up and there is no more 

antistatic solution to wet the beads. This process is repeated until all of the beads are a 

consistent darker color from the antistatic solution and appear wet. The beads are allowed 

to sit overnight and are then used the following day for experiments. Any excess antistatic 
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solution is stored in sealed containers and labeled. Fig. 2 shows the steps involved in 

treating the glass beads with antistatic solution. 

 

Figure 2. Steps involving antistatic solution treatment 

 

Adding moisture: 

Wet samples were prepared by mixing the different powders with distilled water to 

make up moisture levels of 0.5%, 1%, 5%, 10%, and 15% by weight. The granular material 

and water were collected in a Ziplock bag and kneaded together by hand for about 10 

minutes, until homogenized before using for the shear-cell testing. It was ensured that the 

wet specimens were prepared just before the test so that consolidation over time and 

evaporation were not factors before the start of the test. 

3.3. Characterization methods 

Angle of Repose (AoR): 

Angle of repose experiments were performed using a funnel and glass beads with 

antistatic solution prepared as above. The setup can be seen in Fig. 3. 
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Figure 3 (a) Angle of repose apparatus; (b) Sample image of the heap formed using 

the AoR apparatus 

 

 A funnel was placed on the stand along with an upside-down crystallizing dish with 

an inverted petri dish of known diameter (8 cm) on top. The petri dish was held against the 

base of the funnel to stop particles from descending prematurely. Then the funnel was filled 

with glass beads. The funnel was gradually lifted so that the particles could flow onto the 

petri dish until a heap was formed. Additional particles were allowed to overflow on top 

of the container to measure the maximum angle possible.  

A camera was then used to take pictures like that shown in Figure 33b, at three 

different sides. After all trials were completed, the photographs were analyzed using Image 

J software. In Fig 4., the step by step approach to using an angle tool in Image J is shown.   

The angle tool was used to find the angle at the base of the cone or through the arctangent 

method. 

(a) (b) 



  22 

    

Figure 4(a). Sample angle of repose picture; (b) & (c) Images depicting how the 

angle tool is used to draw lines in ImageJ 

 

Fig. 4(b) shows a horizontal line drawn from left to right using the angle tool, as shown 

in Figure 5. The line was always drawn from the notch on one end of the petri dish to the 

notch on the other side. Typically, the line was drawn past the end of the petri dish on the 

side where the angle was being measured. This was so that the angle of the base of the cone 

could be properly aligned. The line was as straight as possible for the angle of the photo. 

Next, the other line to create an angle was drawn. It should be drawn to be tangent to the 

base of the cone. It may take a few adjustments to properly set the line tangent to the base 

of the cone. When satisfied with the lines drawn, the angle could be read from the menu 

bar in the ImageJ software (see Fig. 5). The angle tool was selected, and the output was the 

number of pixels in the x and y direction of the drawn angle along with the actual angle. 
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Figure 5. ImageJ menu bar with angle tool selected 

 

3.4. Particle Characterization 

Particle Size Distribution: 

The size distribution of the particles was measured using the Morphologi G3 (Malvern 

Instruments Ltd., Malvern, UK). This instrument measures the size, shape, and quantity of 

particles. The powder sample is loaded into the dispersion unit and is then dispersed onto 

the observation plate of the instrument. The instrument then proceeds to capture multiple 

images of the dispersed powder sample. The on-board software then processes these 

images to calculate particle mean sizes, particle size distributions and various shape factors. 

The final reported data includes the following size metrics: 10th percentile mean diameter, 

50th percentile mean diameter, 90th percentile mean diameter, surface mean diameter – 

D[3,2], and volume mean diameter – D[4,3]. For the present study, the surface mean 

diameter - D[3,2] was taken as the principal size parameter for all calculations. It is the 

surface area mean size of the particle populations, and for the study of flowability effects 

(that are governed by surface phenomena like surface roughness, adhesion, and cohesion), 

this parameter was deemed the most appropriate for this application.  

Bulk and Tap Density measurements: 

Bulk and tapped density measurement experiments were performed on the dry bulk 

solid specimens adhering to US Pharmacopeia standard: <616> Bulk Density and Tapped 
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Density of Powders (USPC, 2014). The dry sample was gently poured into a 250 ml 

graduated cylinder and was carefully levelled, avoiding compacting the powder. The 

uncompacted powder level was then recorded (V0) to the nearest graduated unit. The mass 

(m) of the sample was recorded and the bulk density was calculated by taking the ratio of 

the mass to the uncompacted powder volume (Vo),  
𝑚

𝑉0
. Then, the cylinder was secured onto 

the Sotax TD1 and 10, 500, 1250 taps were performed on the sample and the corresponding 

volumes V10, V50, and V1250 were recorded. The difference between V50 and V1250 was 

evaluated. If found to be less than or equal to 2%, then V1250 was taken as the tapped 

volume, VF. If not, the sample was tapped further in increments of 1250 taps until a 

difference in volume of 2% was observed. The tapped density was then calculated as  
𝑚

𝑉𝐹
. 

The tapped density was measured thrice, and the average of the values was used for the 

calculation of the Carr Index and the Hausner Ratio. 

3.5. Flowability experiments 

After the glass beads were put through initial characterization and preparation, all the 

chosen particle size distributions were collected into a suitable test vessel, depending on 

the type of flowability test. Following the test procedures of the rheometer, the experiments 

were performed. Each range was tested 3 times and each trial had separate containers to 

maintain the mixing proportions as much as possible. Glass beads were never reused for 

subsequent rheometer measurements due to a potential change in surface roughness from 

the blade. A list of quantities evaluated from the flowability experiments are briefly 

discussed.  

Conditioned bulk density 
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 In simple terms, density defines the relationship between mass and volume of the target 

material. However, it can vary with slight changes in experimental conditions. Therefore, 

it must be ensured that the packing of the powder is reproducible. The FT4 has the 

capability of measuring this value through a conditioning cycle. The consequent value 

achieved is call conditioned bulk density (BD):  

BD =  
Split mass after conditioning

Sample volume
         (6) 

Compressibility  

This quantity is expressed as percentage change in the volume of a given sample for a 

given applied normal stress. Particle size distribution, cohesivity, particle shape and 

stiffness, and particle surface roughness are some of the factors that influence this property. 

It is also expressed as compressibility index, as a function of applied normal stress.  

Compressed Bulk Denisty (CBD)  =  
Split mass

Volume after compression
                         (7) 

 

Compressibility Index (CI)  =  
Compressed Bulk Density

CBD
                          (8) 

Total Flow Energy (TE)  

Fig. 6 outlines the principle behind measuring the Total flow Energy (TE) using an 

impeller that rotates and translates upward and downward to create a flow pattern in the 

particle bed. As the blade is rotating and translating, the FT4 records the corresponding 

torque and force, respectively, on the blade due to the resistance of the powder to flow.  
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Figure 6. A schematic of impeller inside the powder column in the FT4 rheometer. 

Work done by the blade for each millimeter travelled in the entire column is 

calculated by the instrument using force and torque values, and an energy 

gradient is determined. Consequently, the TE is represented by the area under 

the energy gradient curve (right). The image on the left shows the total distance 

travelled by the impeller through the powder column from H1 to H2. (FT4 

Powder Rheometer - Dynamic Methodology, n.d.) 

 

While the TE measurement allows us to interpret the amount of energy required to get 

the material to flow, it also provides information about the flowability of the material in 

confined and unconfined situations.  

Basic Flowability Energy (BFE) 

The confined flow is measured in terms of the Basic Flowability Energy (BFE) when 

the impeller is travelling in the downward direction through the powder column. In this 

case, the powder flow is restrained by the closed bottom end of the test vessel. Confined 

flow is often found in molding operations and during pelletization (R. Freeman, 2008). 

Specific Energy (SE)  

Unconfined flow is measured in terms of the Specific Energy (SE), during the upward 

movement of the blade. Here, the powder is free to move and is not restricted by a closed 

top, and flow is induced only through gravitational forces. Unconfined flow often occurs 
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in industrial processes such as pneumatic conveying and hopper discharge (R. Freeman, 

2008). 

Shear cell testing 

Test specimens for the shear cell testing were prepared by mixing the different 

powders with distilled water to create moisture levels of 0.5%, 1%, 5%, 10%, and 15% by 

weight. An upper limit of 15% moisture content was chosen because it was observed from 

previous studies that above this threshold, the bulk solid transforms into a different flow 

regime altogether, and it was not deemed practical to try to describe that regime with the 

same empirical model. Similarly, dry powders were also excluded from the study, as it was 

observed that they displayed behavior akin to a different flow regime.  

The specimen was then poured into the vessel of the rheometer. The FT4 utilizes ‘Test 

Programs’ to perform each experiment which run independently of the operator, other than 

the change of the various attachments for different parts of the test. It is a sequence of steps 

that the instrument takes during a test, which can also be altered to suit a particular use 

case. A custom test program was run for the wet test specimens adhering to ASTM D7891-

15 standards, except that the initial conditioning sequence was omitted as it would trigger 

a ‘blade height’ error as the cohesive material would stick to the outer edges of the vessel 

and lead the system to believe that the blade was still immersed in the bulk material. 

The sequence of steps that were performed during a test are as follows:  

1. The piston was used to compress the test material to a consolidating stress of 9 kPa, 

following which the vessel was split to remove excess powder by means of a 

levelling mechanism where the upper half of the vessel splits to expose a flat cross-



  28 

section of the consolidated material. The shear cell test was performed on this cross 

section in the steps that followed (See Fig. 7).  

2. The vented piston was then swapped with the shear cell. Before the actual shear 

stress testing began, a series of pre-shear sequences were performed. The 

consolidating stress was re-established with the shear cell and the material was pre-

sheared until a steady state was reached. This process was repeated until two 

consecutive pre-shears were found to be within 97% of each other in value.  

3. The shear stress testing then began with an initial normal stress of 9 kPa. Shear 

stress was applied to the test specimen until the point of incipient flow (shear test 

point) was reached.  

4. This cycle of shearing until incipient flow was repeated for normal stresses of 7 

kPa, 6 kPa, 5 kPa, 4 kPa, and 3 kPa as shown in Fig 8. 

 

Figure 7. The vessel used for the shear cell test on the FT4. The splitting 

mechanism is used to get rid of the excess material, resulting in and we are left 

with a flat surface for the experiment. 
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Figure 8. Successive shearing operations done in a single shear cell test 

experiment. The bottom curves are the shear stress plots, with peaks 

representing the point of incipient flow (shear test points) corresponding to each 

normal stress value plotted on top. 

 

The shear test points were plotted against their respective applied normal stress. A 

linear regression line was drawn through these data points to meet the y-axis. This line is 

known as the yield locus. A Mohr’s stress circle was drawn with its center on the x- axis, 

and tangential to the yield locus (see Fig 9.). The non-zero intercept of this circle gives the 

unconfined yield strength, σc, of the sample under consideration. A second Mohr’s circle 

is drawn passing through the pre-shear point and tangential to the yield locus. This gives 

two intercepts, the larger of which gives the major principal stress, σ1. The ratio of the 

major principal stress to the unconfined yield strength gives the flow function coefficient 

(FFC) for each test specimen. 

𝐹𝐹𝐶 =
1

𝐶
                                                                   (9) 

A flow function value below 4 denotes poor (cohesive) flow, a value between 4 and 10 

indicates easy flow, and a value greater than 10 indicates a free-flowing material. 
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Figure 9. The construction of yield locus and the Mohr’s circles. The values 

obtained from the intercepts of the circles are used to calculate the flow function 

coefficient 

      

     Figs. 10 (a) – (e) are images of glass beads of D [3,2] = 309.9 µm at different moisture 

percentages obtained from the Malvern Morphologi G3. The glass beads can be described 

to be existing in three distinct states, depending on their intensity of liquid saturation. The 

glass beads at 0.5%, 1%, and 5% moisture content, Fig. 10 (a) – (c), displayed short and 

narrow bridges forming between the beads. This state is called the pendular state. The 

beads in these cases are held together by the bonding forces developed due to the liquid 

bridges. As the liquid content increases, the mixture changes to a funicular state, as can be 

seen in Fig. 10 (d), which shows the glass beads at 10% moisture content. Along with the 

liquid bridges increasing in volume considerably, the voids in between the beads also start 

filling up. The beads are acted upon by the bonding force of the liquid bridges along with 
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the pressure deficiencies introduced due to the surface tension of the water. On further 

increasing the moisture percentage to 15% (Fig. 10 (e)), the mixture transitioned into the 

capillary state, where the capillary forces come into full effect and hold the bulk solid 

together. 

 

 

Figure 10. (a) 309.90 µm particle size, 0.5% moisture content. Displaying the 

pendular state. Liquid bridges can be seen forming between the glass beads. The 

bonding energy from the liquid bridges keeps the beads together. (b) 309.90 µm 

particle size, 1% moisture content. Displaying the pendular state. (c) 309.9 µm 

particle size, 5% moisture content. Displaying the pendular state. Volume of 

liquid bridges increasing further. As the volume increases, the bonding strength 
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increases, and the beads are packed closer. (d) 309.9 µm particle size, 10% 

moisture content. Displaying the funicular state. Due to the increasing volume 

content, the liquid bridges start filling up the void in between the glass beads. 

The surface tension starts playing a part in keeping the beads together. (e) 309.9 

µm particle size, 15% moisture content. Mixture transitioned into capillary 

state. The bonding strength between the glass beads is now affected by the 

capillary pressure of the liquid content of the bulk solid. 

 

3.6. Impact experiments - Methodology: 

Five different projectile geometries were designed: triangular prism, hexagonal prism, 

cylinder, cuboid, and sphere (see Fig. 11a). The geometries were printed with a thickness 

accuracy of 0.099 mm through a laser sintering technique (EOS Forminga P110 printer) 

with Nylon 12 as the base material. All projectile shapes had equal base surface areas, 

while the total volume of each projectile was kept constant (see Table 4). Therefore, 

theoretically, the masses and densities of all fabricated geometries should also be equal; 

this was confirmed by weighing each projectile geometry. With the 3D-printed material 

being non-magnetic, a metal washer was adhered to the base area of the projectiles using 

an adhesive pad. A mounted suspended electromagnet jack system was used to drop the 

projectile (see Fig. 11b). In the presence of a supplied electric current, an electromagnetic 

field is produced; in its absence, the projectile falls. By adjusting the lab jack, the projectiles 

could be dropped from release heights, h, of 40, 55, 70, 85 and 100 mm into a dry non-

cohesive granular media bed.  

Silicone glass spheres, supplied by Potters Industries, LLC, with a particle size range 

of 0.8 - 1.0 mm, were used as the target bed material. The impact experiments were 

conducted at each desired release height for all projectiles (three replicates of each) prior 

to adjusting the jack to another desired height. Prior to each trial, the beads were treated 
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with an anti-static solution to eliminate any charge accumulated on the particles. To avoid 

the wall effects during impact (Seguin et al., 2008), the container with target material was 

chosen to be at least eight times the diameter of largest projectile. Furthermore, per each 

trial, the granular target bed was weighed and the granular media height was measured to 

ensure a constant packing fraction of 0.602. The impacts were captured using a high-speed 

camera (FastCam Mini UX100) at 250 fps. The camera’s height was fixed at eye level with 

respect to the granular surface, to avoid parallax error. Once the projectile came to rest 

after impact, three images were captured in three different viewing angles. The length of 

the projectile remaining above the granular surface was measured using ImageJ at three 

different spots on each image, and the penetration depth was calculated using the vertical 

length values. Only trials in which projectiles remained vertical after impact were analyzed, 

taking the average of three replicates. 

 

Figure 11(a) 3D-printed Nylon projectile geometries with thickness accuracy of 0.099 

mm. (b) The front view of the experimental setup consists of a movable lab jack attached 

to an aluminum frame at the top and electromagnet at the bottom. A crystallizing dish filled 

with the granular target is placed right below the lab jack. 

 

a 

b 

0

0 
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Table 4 

Experimental parameters, including geometrical and physical properties of the 

projectiles and the granular target. l and A represent vertical height and cross-

sectional area of the shapes, respectively.  

 

 

Experimental Parameters 

Granular target Projectile 

Material Glass beads Set l(cm) A (cm2) 

Particle size 
0.8 – 1.0 

mm 
A 5.09 4.91 

Mass 1330 g 
B 3.53 7.07 

C 2.60 9.62 

Bed diameter 320 mm D 1.99 12.57 

Packing fraction 0.602 Volume = 25 cm3 

Mass = 27.2 g 

Material = Nylon 12 

Density = 0.93 g/ cm3 

 

Bulk density 1.50 g/ cm3 

Particle density 2.5 g/ cm3 
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CHAPTER 4 EFFECT OF PARTICLE AND ENVIRONMENTAL VARIABLES ON 

RHEOLOGY OF GRANULAR MATERIALS 

      This chapter covers the outcomes of flowability studies carried out on dry and wet glass 

beads. The conventional flow descriptors are compared with each other and with the 

confined and unconfined flow energies of glass beads. The effect of particle size 

distribution and moisture on flowability and shear properties of glass beads are discussed.  

4.1. Angle of Repose 

The angle of repose values in Fig. 12 show a trend where initially there is a decrease 

followed by an increasing trend as a function of particle size distribution. A lower angle of 

repose indicates better flow compared to the ones demonstrating higher AoR values. 

According to the observed values, finer particles had higher AoR, indicating their cohesive 

nature. With an increase in particle size, the AoR again increased. This could be due to an 

increase in surface roughness, resulting in higher particle-particle friction, which does not 

allow glass beads to slide easily. But overall, all of the angles reported were under 30 

degrees, which indicate excellent flowability. Therefore, of all the conventional flow 

descriptors observed, AoR was the most arbitrary. 
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Figure 12. Comparing angle of repose for the base method and the arc tangent 

method for various particle size distributions. 

 

Another important observation while studying the average left and average right 

values of AoR of the base cone method, and the average of the arc tan method is that 

their means are equal. This is proved using the One-Way ANOVA, where the P value 

(0.219) is greater than the significant level (0.05). See Fig. A.8 for raw statistics. 

 4.2. Conditioned Bulk Density (BD):   

         The conditioned bulk density values for each particle size distribution are plotted in 

Fig. 13. Except for the size 5-11 microns, all other sizes demonstrated consistent BD values 

of around 1.5 g/cc with little to no variation, irrespective of their PSD. The standard 

deviation is indicated in the error bars.  
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Figure 13. Conditioned bulk density of glass beads, obtained from FT4 

experiments 

 

4.3. Compressibility measurements 

The results from the tapped density measurements, averaged over 3 experimental 

runs, done on dry silica beads, are shown in Table 5. Calculated values of Carr’s Index 

and Hausner Ratio are also presented. This provides an idea of the compressibility of the 

initial material used for the study. 

Table 5 

Density-based flowability descriptors of the materials used in the study 

Size 

range 

(µm) 

Tapped 

Density 

(g/ml) 

Initial 

Density 

(g/ml) 

Carr’s 

Index 

Hausner 

Ratio 

Flowability 

Description 

5-11 1.44 ± 0.05 0.87 ± 0.04 40 1.67 No Flow 

25-50 1.53 ± 0.06 1.31 ± 0.06 14.3 1.17 Good 

70-100 1.57 ± 0.07 1.42 ± 0.07 9.5 1.11 Excellent 

120-180 1.57 ± 0.05 1.47 ± 0.05 6.4 1.07 Excellent 

180-250 1.56 ± 0.07 1.48 ± 0.06 5 1.05 Excellent 

250-355 1.57 ± 0.07 1.49 ± 0.07 5 1.05 Excellent 
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As can be seen from Table 5, the glass beads with particles in the size range of 5-11 

µm show the highest values of Carr’s Index and Hausner Ratio, indicating very high 

compressibility. For 25- 50 um, both bulk density and tap density increased slightly, 

suggesting a relatively lower compressibility and cohesivity. For sizes starting from 70 – 

100 microns the tap density did not vary a lot. This indicated a reduction in 

compressibility of the material and implied that the cohesivity reduced. But there is still a 

small hike in bulk density values. On the other end of the spectrum, the materials in the 

250-355 µm size range have the lowest value of Carr’s Index and Hausner Ratio, 

indicating the lowest compressibility. These particles are also the most free-flowing, as 

low values of Carr’s Index and Hausner Ratio correspond to better flowability. Though 

from the values in Table 5, it can be said that all bulk materials in the study with particle 

size greater than 70 microns have excellent flowability, the materials can be listed as: 

250-355 µm > 180-250 µm > 120-180 µm > 70-100 µm > 25-50 µm > 5-11 µm in 

decreasing order of their ease of flow. Both CI and HR did a good job in differentiating 

the flowability of these size ranges by highlighting the regime in which these materials 

come under. However, neither of them provided information about whether these flow 

regimes were applicable in both confined and unconfined environments. 

4.4. Basic Flowability Energy (BFE) 

Fig. 14 demonstrates the BFE values, which correspond to the confined flow of 

material.  Although the 5-11micron beads were highly cohesive, the low BFE value 

implies good flow, which is not true. This suggests that the low BFE does not necessarily 

indicate the free-flow regime for every scenario. In this particular case, the impeller 

rotating through the sample made a hollow column in the center. This is caused by 
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cohesive particles which refuse to come back to their original position after the impeller 

pushes them away. Contrary to this, with an increase in particle size, initially the BFE has 

decreased. This signified that in confined conditions, cohesivity played a key role in 

controlling the flowability of materials. For finer sizes, due to higher cohesivity, the 

energy required to initiate flow was higher. However, it was also observed that the BFE 

values again gradually increased with an increase in particle size, though they are non-

cohesive. This indicated that the particles with larger sizes may not flow well in confined 

situations. This could be due to a higher number of inter-particle collisions and lesser 

scope for the particles to rearrange themselves due to limited mobility.  

 

 

Figure 14. Basic flowability energy of glass beads against their particle size 

distribution 
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Specific energy represents the unconfined flow conditions. SE of various glass beads 

was plotted against their particle size distribution in Fig. 15. This followed a similar trend 

to BFE, except for the finest particles in the sample set which is 5-11 micron size range. 

This size range exhibited a high specific energy value indicating a poor flow regime in 

unconfined flow environments. As particle size increased, there was a drop in SE until 

125-180 microns, and it increased again for the 180 – 350 microns size range. After 180-

250 microns, the unconfined flow energy did not vary a lot.   

 

Figure 15. Specific energy of glass beads with respect to their particle size 

distribution 

 

A linear regression analysis was carried out on individual parameters to examine how 

well the AoR, CI and HR indicate flow properties by comparing them to the BFE and SE 

values. The following observations were made.  
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The bulk density of the material remained constant, irrespective of its particle size 

range, CI, HR, BFE and SE. As the cohesivity increased, the angle of repose became 

highly unpredictable with no definite trend. Fig. 16 presents the regression plots for angle 

of repose vs BFE, SE and cohesivity, to show that the fit was arbitrary. The R2 values 

were 31.8, 23.1 and 12.7% respectively. The P-values were calculated to confirm the 

statistical significance for a significance level of α = 0.05. For AoR vs BFE, the P-value 

was 0.19 and for AoR vs SE, it was 0.27, while the P-value for AoR vs cohesivity was 

0.35. Since all of the P-values were greater than α, there was no significant association 

between these quantities. From this, we concluded that AoR cannot indicate accurate 

flow conditions in both confined and unconfined environments, as well as for cohesive 

materials.  
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Figure 16. a) Linear fit plot for AoR vs BFE b) Linear fit plot for AoR vs SE c) 

Linear fit plot for AoR vs cohesion 

 

Next, we plotted the Carr’s Index and Hausner ratio against BFE and SE (see Fig. 17 

(a)-(d)). It was interesting to note that both the Carr’s Index and Hausner ratio showed a 

good fit with SE (R2=92.1% for CI and 91.6% for HR), but not the BFE (R2=45.4% for 

CI and 51.5% for HR). With an increase in CI or HR, SE increased, which means that as 

the flowability of a material decreases, the energy required to initiate flow in unconfined 

environments also increased. However, for confined flow, neither CI nor HR could 

predict a definite pattern.  
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Figure 17. a) Linear fit plot for CI vs BFE b) Linear fit plot for CI vs SE c) Linear 

fit plot for HR vs BFE d) Linear fit plot for HR vs SE 

 

4.6.Shear cell measurements 

The average of the FFC values for each combination of particle size and moisture 

content combinations from 3 runs were obtained. These FFC values were then plotted 

against the respective moisture percentages and the curve was fitted through these data 

points. The FFC values for each particle size range and the respective equation of the 

fitted curve are presented in Table 6 (a) & (b). Tables (a) and (b) represented the particle 

size ranges that were used in the study and the ones that were excluded, respectively. 

The fitted curves thus obtained were of the following form: 
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     FFC = (Coefficient of Particle Size)(Constant)
1

(Moisture Percentage)          (10) 

 

The ‘constant’ term in the set of equations in Table 6 was observed to lie between 0.96 

and 1.25. Values between these two limits were iteratively examined for best fit, and it was 

found that a value of 1.15 gave the most accurate values of FFC for the different 

combinations of particle size and moisture percentages used in the study. 

In Eq. 10, it was found that the first term varied significantly as the particle size was 

changed from test specimen to test specimen. This term was decided to be called the 

‘coefficient of particle size’. To obtain its relationship with the particle size, this coefficient 

from each equation was plotted against the surface area mean diameters, respectively. A 

linear regression line was developed to fit the data, as shown in Fig. 18. The fit obtained 

displayed a correlation coefficient value of 0.94, showing very good agreement with the 

data. The equation of the linear regression obtained from the plot in Fig. 18. is given as: 

              Coefficient of particle size =  1.28 + 0.1 ∗ D[3,2]              (11) 

Here, D[3,2] is the surface area mean diameter of the particles. This equation was then used 

to incorporate the effect of varying surface area mean diameters of the particles into the 

equation being developed. 
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Figure 18. Coefficient of particle size plotted against the surface area mean diameters. A 

linear regression line is used to fit the data to develop a relationship between the two 

factors. The goodness of fit was evaluated by 𝑅2 value that was found to be 0.94. 

 

Table 6 

a) Results from the shear cell tests of the bulk solids that were used in the study, 

averaged over 3 runs for each particle size range and moisture content 

combination. The standard deviation of the average values of FFC is also shown. 

b) Results from the shear cell test of bulk solids that were excluded from the study 

after initial testing, averaged over 3 runs for each particle size range and moisture 

content combination. The standard deviation of the average values of FFC is also 

shown. 

 

Particle Size 
Moisture 

% 

Avg. FFC value + 

Std. Dev 
Equation of Fitted Curve 

5-11 µm 0.5 1.25 ± 0.01 

FFC1= 1.35* (0.96^(1/x)) 

D [3,2] = 11.4 µm 1 1.30 ± 0.03  

  5 1.32 ± 0.05 

  10 1.33 ± 0.08 

  15 1.37 ± 0.10 

25-50 µm 0.5 1.48 ± 0.06 FFC2 = 1.28*(1.08^(1/x)) 
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D [3,2] = 29.7 µm 1 1.46 ± 0.01 

  5 1.33 ± 0.00 

  10 1.25 ± 0.00 

  15 1.27 ± 0.01 

70-100 µm 0.5 2.67 ± 0.03 

FFC3 = 1.97*(1.18^(1/x)) 

D [3,2] = 81.5 µm 1 2.49 ± 0.03 

  5 2.12 ± 0.08 

  10 1.97 ± 0.03 

  15 1.85 ± 0.02 

120-180 µm 0.5 3.84 ± 0.18 

FFC4 = 2.83*(1.17^(1/x)) 

D [3,2] = 110.0 µm 1 3.43 ± 0.09 

  5 3.16 ± 0.03 

  10 2.80 ± 0.05 

  15 2.65 ± 0.08 

180-250 µm 0.5 5.09 ± 0.42 

FFC5 = 3.43*(1.23^(1/x)) 

D [3,2] = 215.0 µm 1 4.36 ± 0.20 

  5 3.59 ± 0.04 

  10 3.31 ± 0.05 

  15 3.55 ± 0.14 

250-355 µm 0.5 5.19 ± 0.28 

FFC6 = 4.04*(1.25^(1/x)) 

D [3,2] = 310.0 µm 1 5.02 ± 0.94 

  5 4.58 ± 0.19 

  10 3.71 ± 0.08 

  15 3.83 ± 0.52 

 

 

Particle Size Moisture % 
Avg. FFC value + 

Std. Dev 
Equation of Fitted Curve 

430-600 µm 

0.5 8.68 ± 2.06 

FFC7 = (5.3)*(1.32)^(1/x) 

1 8.74 ± 4.90 

5 5.98 ± 1.78 

10 4.12 ± 0.70 

15 5.28 ± 3.89 

600-850 µm 

0.5 7.45 ± 2.26 

FFC8 = (15.4)*(1.12)^(1/x) 

1 9.67 ± 8.95 

5 8.40 ± 8.09 

10 1.00 ± 1.53 

15 7.55 ± 7.59 
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The particles in the size range of 430-600 microns and 600-850 microns were excluded 

from the study after initial testing, as the standard deviation of the average values of FFC 

obtained from these size ranges were too high across all moisture percentages (see Table 

6b). Further proof for unreliability was decided by comparing the torque values for 250 – 

355 micron and 430 – 600 microns at 0.5% moisture level. When the particles are too large 

or have agglomerates, there is a possibility of a sharp instantaneous drop in torque value, 

caused by slippage of the material. In this scenario, instead of creating a shear zone, the 

entire powder column rotates, producing unreliable data. This could be attributed to the 

physical constraints of the size of the shear cell, because of which the particle size of about 

355 microns was decided to be the upper limit for the FT4 Powder Rheometer in this work. 

An instance where the torque values dropped for particles with 430-600 microns is shown 

in Fig. 19. 

 

Figure 19. Torque values for 250-355 (green) and 430-600 (blue) micron glass 

beads with 0.5% moisture. The 430 – 600 micron particles with peaks 

demonstrate slippage in material. 

 

Considering the remaining particle size ranges, the average FFC values obtained were 

plotted against the moisture percentages for each size range. A data analysis and 
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visualization software, CurveExpert Pro, was then used to find a curve that best fit these. 

The goodness of fit was evaluated by taking the R2-value as the metric (see Figs. 20 (a) – 

(f)). It was observed that the data points were most accurately represented by equations of 

the power-root type. 

 

 

(a) 
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(b) 

(c)
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(d) 

(e) 
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Figure 20. Fitted curves for shear cell data of glass beads for various moisture 

percentages. The corresponding PSDs are a) 5-11 µm b) 25-50 µm c) 70-100 

µm d) 120-180 µm e) 180-250 µm f) 250-355 µm 

 

We can see that the FFC value consistently decreases in all cases as the moisture 

percentage increases, except in the case of the 5-11 microns size range. This can be 

explained by the fact that in the case of very fine particles, the interparticle interaction is 

dominated by Van der Waals forces, and thus the corresponding curve (Fig. 20 (a)) for the 

fine powder starts with very low values of FFC of 1.25 and 1.3, which indicate a very 

cohesive flow of the material. Gradually, as the moisture percentage increases, the 

formation of tiny liquid bridges dissipates this effect, and the moisture starts acting as a 

lubricant, thus improving the flowability relative to the initial conditions.  

For the larger size ranges, the Van der Waals forces are not as strong, and the particles 

are relatively free-flowing. The addition of liquid to these particles led to the formation of 

(f) 
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liquid bridges between the glass beads, and this introduced bonding forces between the 

particles. As the liquid percentage increased and the interparticle voids started being 

occupied by the liquid, surface tension forces and capillary pressure could have come into 

play and made the bulk solid much more cohesive, thus negatively impacting the 

flowability. This was indicated by FFC values dropping in Table 6a. 

The main goal of this study was to develop a model that could take into account the 

varying particle sizes and the moisture percentage in a bulk solid and then predict the flow 

function coefficient for the same. The effect of the varying particle size was incorporated 

in the final model by substituting the function acquired in Eq. 10 into Eq. 11. The final 

equation obtained is as follows:  

FFC = (1.28 + 0.1D3,2)(1.15
1

moisture percentage)                              (12) 

where FFC is the flow function coefficient and 𝐷3,2 is the surface area mean diameter in 

microns. 

Eq. 12 was then used to make predictions for the FFC of different particle size-moisture 

content combinations. These predictions were then compared to experimentally obtained 

FFC values from shear cell tests performed on the FT4 Rheometer. The values predicted 

by the model were plotted against the values experimentally obtained from the shear cell 

tests, as shown in Fig. 21.  
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Figure 21. Correlation between the experimentally obtained values of the FFC and 

those predicted by the empirically developed model 

 

As can be seen from Fig. 21, the predicted and the experimental values are very closely 

bunched together along the y=x line, showing very good agreement, with a correlation 

coefficient of 0.91.  
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CHAPTER 5 IMPACT OF NON-SPHERICAL PROJECTILES  

ON DRY GRANULAR MEDIA 

In this chapter, the findings for impact of non-spherical geometries on dry granular 

media are discussed. The effects of varying release heights, base surface area and the 

vertical length of projectiles are investigated using a power law approach. A comparative 

analysis for spherical projectiles and the non-spherical projectiles are discussed. The 

proposed equation is compared to the existing equations in the literature, and the 

improvements are showcased. 

5.1. Results and Discussion 

First, we conducted the impact experiments with the spherical projectile using the setup 

shown in Fig. 11(b) to validate the experimental procedure. Fig. 22 shows the experimental 

penetration depth, dexp, of a sphere compared with the theoretical penetration depth, dEq.2, 

obtained from Eq. (3). Both follow a similar trend, where the d value increases with an 

increase in release height. According to the results, there is only a 5.7% deviation, on 

average, between the theoretical and experimental penetration depths. Thus, the same 

methodology was applied for all experiments.  
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Figure 22. Experimental and theoretical penetration depths of spherical projectiles. 

(Inset) Tabulated values. H represents the total release height, which is the sum 

of the release height, h, and the experimental penetration depth, dexp. 

 

A power law relation between penetration depth, d, and each considered projectile 

parameter (e.g., vertical length, l, release height, h, and cross-sectional area of the base, A) 

was investigated using the experimental findings of non-spherical impacts. In all of the 

experimental setups, including the previous works discussed with Eq. (3) - Eq. (5) and the 

current work, the granular target is non-cohesive and dry. Hence, similar to the formerly 

established models, it was assumed that the scaling between the density of the target bed 

and the penetration depth remains the same, irrespective of projectile shape. According to 

this assumption, it is the projectile properties that primarily affect the penetration depth, 

not the target material, as long as the particles are homogenous, spherical, and non-

cohesive. Eq. (5) is the only relation among previous work that is applicable to complex 

shapes, which considers the surface area, A, in contact with the granular medium. However, 
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it does not consider the vertical length of the projectile, l. Eq. (5) is formulated assuming 

that the power law for spherical projectiles (d ~ H1/3) holds true for non-spherical 

geometries. However, for our experiments, there is a deviation in the analysis for both 

surface area and release height. Thus, we propose the following empirical relation:  

    𝑑 =
0.14

𝜇
[𝜌𝑛

(
1

2
)𝑙

3

4ℎ
4

5𝐴
−3

4 ]                                                                  (13) 

where μ is the internal coefficient of friction of dry granular material, l is the vertical length 

of the projectile, h is the release height, and A is the surface area of the projectile base 

hitting the target. Eq. (13) considers the distance traveled by the projectile right before 

hitting the target, allowing the direct calculation of penetration depth. To derive Eq. (13), 

we used experimental data to calculate the power law between the penetration depth, d, 

and each variable considered (l, h, A). We adjusted the powers to the closest fractional 

representation to obtain a dimensionally valid equation. For granular target properties, 

𝜇 and 𝜌𝑛, the scaling was assumed to be the same as for previous equations.



 

   

5
7
 

The penetration depths obtained for differently shaped geometries for sets A, B, C and D are shown in Fig. 23. The 

penetration depths (d) of these geometrics were taken with respect to their release heights. 

 

Figure 23. Penetration depths of various projectile geometries as a function of release height. 
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Analysis of Variance (ANOVA) is used here to study and compare the means of the 

population. In our study, four different shapes are used to study their effects with respect 

to d. Hence, d is the response variable, with four different factor levels. Since there is only 

one factor under study, one-way ANOVA was used in Minitab 18 to statistically analyze 

the data.  The depth of each projectile shape (3 observations each) dropped from five 

different heights were considered as one set. Across each set, the surface area was the 

variable parameter. A significance level of 95% is used, which means that the 

corresponding inference about the data is true 95% of the time. The P-value in all of the 

cases is greater than the significance level (0.05). Hence, we conclude that the projectiles 

within the same set (with the same value of base surface area) penetrate equal distances 

when released from the same height, irrespective of shape. Raw data for the statistical 

analysis can be found in APPENDIX B.  

As the release height of these projectiles is increased, the penetration depth also 

generally increases, due to the increased impact velocity. Thus, we conclude that the 

penetration depths of various geometries are independent of their shapes, as long as the 

base surface area, mass and density are held constant.  

However, with a spherical projectile of equal mass and density, the base surface area 

encountering the granular target upon impact is not equal to that of relatively flat-surfaced 

geometries. For the same impact velocity, the spherical projectiles traveled deeper when 

compared to projectiles having a flat surface as an area of contact. With spherical 

projectiles, the contact surface upon initial impact is a single point, resulting in a higher 

impact force at a single spot on the target bed.  However, for the other projectiles used in 
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this work, the base area that collides with the target is flat, and hence the force is distributed 

over an area rather than a single point. We expect these flat surfaces to result in a higher 

amount of drag force due to more material contact and consequently a shallower 

penetration.  

Fig. 24 shows a comparison between experimental penetration depth values of different 

projectiles used in this work for each release height and the penetration depth calculated 

using Eq. (4), Eq. (5) and Eq. (13).  Like Eq. (3) and Eq. (4), Eq. (5) also considers the total 

release height, H, as one of the parameters, which requires prior knowledge of the 

penetration depth value in order to evaluate the equation. This prevents these equations 

from predicting the penetration depth. Eq. (13) predicted the d values close to rthe 

experimental data, while Eq. (4) and Eq. (5) slightly overestimated them. For Eq. (4), the 

range of penetration depths that agrees with the power law (d ~ H1/3) is greater than 0.5 

inch, which is around 13 mm, while the highest tested d value is about 10 mm. Newhall & 

Durian (2003) proposed Eq. (5), which has limited experimental evidence with a predicted 

value of 67 mm for a deep footprint. Thus, Eq. (4) and Eq. (5) likely overestimate the data 

due to the relatively shallow penetration depths.  However, irrespective of overestimation, 

all experimental and theoretical values follow a similar trend, where the depth of 

penetration increases with an increase in release height. Eq. (3), Eq. (4) and Eq. (5) 

concluded that the total release height, H, and penetration depth, d, follow a power law 

where d ~ H1/3. In terms of total release height, H, which has been the traditional way of 

quantifying penetration depth, we observed the power law for non-spherical shallow 

impacts to be d ~ H3/4. However, using H rather than h does not provide a dimensionally 
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valid relation for Eq. (13). Therefore, we derived the power law relation for release height, 

h, and penetration depth, d, as d ~ h4/5.  Additionally, the motivation behind Eq. (13) to 

predict penetration depth has been achieved by considering h. 

 

Figure 24. Comparison of theoretical penetration depth values calculated from Eq. 

(4) (dEq.4_cylinder), Eq. (5) (dEq.5_multi-shaped), and Eq. (13) (dEq.13_proposed) with the respective 

experimental values (dexp), and error bars indicating the standard deviation. In the data 

interpreted for dEq.13_proposed, the average values of d for all three shapes (cylinder, cuboid 

and triangular prism) from each set was chosen for each release height.  

 

Since the penetration depths for each set of projectiles with equal base surface areas 

were found to be equal in the experiments, the average penetration depth value of all shapes 

in each set for all release heights was plotted against theoretical values obtained from Eq. 

(13) (see Fig 24). The closeness of the data points to the equity line (y = x) shows that the 

experimental values are very close to the theoretical ones. 
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The presented work eliminates the constraints of the existing literature equations 

(shape-specific dimensions like diameter, and using the total release height, H, which does 

not allow the prediction of penetration depth) by considering two important factors (see 

Eq. (13)), which include the surface area, A, encountering the target material upon impact 

and the vertical length of the projectile, l. Thus, the penetration depth for complex shapes 

can be evaluated when the contact area and vertical length are known. This equation can 

be applied to any type of geometry, irrespective of base shape and length, if the area of 

contact upon collision is not a single point. It was also assumed that the target material was 

dry and non-cohesive, and the penetration depths were shallow, where the d values were 

less than the radius of the projectiles. The established relation can serve as a preliminary 

tool to predict the penetration depths of projectiles with non-spherical geometries. Such 

data can be utilized to understand drag force experienced (Takita & Sumita, 2013) and 

depth of penetration traveled by objects interacting with granular media. 
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CHAPTER 6 CONCLUSIONS AND FUTURE WORK 

6.1. Flowability Quantification of Glass Beads  

The particle and bulk properties of silica beads of various sizes were characterized. The 

following conclusions were drawn from the flowability experiments. 

 Conventional flow descriptors of angle of repose, Carr’s index and Hausner ratio 

were examined for glass beads of varying particle size. They could explain the flow 

regime of materials vaguely but could not differentiate the flow in confined and 

unconfined environments.  

 Basic flowability energy and specific energy were studied, and the effect of varying 

particle size was investigated. There was an optimal size range of 125-180 microns 

that had a combination of desirable flow energy.  

 Linear regression and statistical significance between conventional flow descriptors 

and basic flowability energy and specific energy indicated that confined flow was 

difficult to describe using angle of repose, Hausner ratio, and Carr’s index. 

 Effect of varying particle size (5 – 350 microns) and moisture percentages (0.5 – 

15%) on the flow function coefficient (FFC) was studied, and an empirical relation 

was developed to predict FFC values in the pendular – capillary regime. 

 

In the future, by including the following parameters, a stronger understanding on the 

flow regimes of various granular materials is possible.  
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 Study flow properties of non-ideal particles, such as biomass. Preliminary work on 

flowability experiments on two types of biomass samples can be found in 

APPENDIX A.  

 More particle sizes and shapes should be investigated. 

 Study the effects of aeration and consolidation on flow behavior of the materials. 

 Improve the FFC model by studying more moisture levels. 

 Incorporate a shape factor in FFC model. 

6.2. Projectile Impacts on Granular Media  

In the second part of this work, we tested the impact of non-spherical projectiles for 

various release heights and contact base areas and concluded the following. 

 For the non-spherical impacts, there is a deviation from the power law established 

for spherical intruders.  

 The penetration depth of projectiles having equal base surface areas is equal, 

irrespective of shape. This shows that the geometries of equal volume and density 

having an equal area of contact with the granular target experience a similar 

resistance and hence travel an equal depth, irrespective of shape.  

 By investigating the power laws for factors such as base surface area, vertical length 

and release height, which affect the penetration depth of non-spherical projectiles, 

we proposed an empirical model that well represented experimental values, where 

the penetration depth scales with release height as d ~ h4/5. This equation can be 

used to predict the penetration depth when the density, mass, and base surface area 
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of the projectile, and the density and volume fraction of the granular target are 

known. 

For future work, it is important to validate the proposed model by testing out more 

complex geometries and incorporating different types of target materials. 
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APPENDIX A 

FLOWABILITY DATA COLLECTED FOR BIOMASS SAMPLES 
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Biomass samples used: 

 

Figure A. 1. Corn stover and pine forest residue fines produced from hammer 

milling 

Flow energy calculations for biomass: 

 

Figure A. 2. Effect of varying particle size distribution on Basic Flowability Energy 

(BFE) of pine forest residue 
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Figure A. 3. Effect of varying particle size distribution on Basic Flowability 

Energy (BFE) of pine forest residue 

 

 

Figure A. 4. Comparison among BFE values of biomass samples and glass beads 
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Figure A. 5. Particle size distribution analysis of corn stover and pine forest residue fines 

acquired from hammer milling (as-is) 

 

Total Flow Energy tested for the following samples: 

i) sieved as-is samples of 250-355 μm size range  

ii) as-is samples of unsorted size 

iii) oven-dried samples of unsorted dry corn stover and pine forest residue  
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Figure A. 6. Total Energy (TE) of unsorted as-is, oven-dry, and sieved biomass 

samples. The test number on the x-axis indicates the number of times TE is measured 

per experiment. Before each test, the sample is conditioned to maintain a homogenous 

distribution of the material. 

 

Pine forest residue as-is demonstrated the highest total energy, indicating that the 

material is the most poorly flowing compared to the others. However, after oven-

drying, the flow energy of the pine forest residue drastically reduced. This trend is 

also observed in the corn stover samples, though the difference is not as dramatic. 

The sieved samples have also exhibited a considerable drop in total energy values, 

indicating that the particle size distribution (PSD) plays a significant role in flow 

behavior. More ranges of PSDs must be tested for different milling operations to 

determine a trend. 



 

   

7
8
 

 

Figure A. 7. (a) Basic Flowability Energy (BFE), (b) Specific Energy (SE), and (c) Aerated Energy (AE), for as-is, oven-dried, 

and sieved biomass samples 
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Figure A. 8. Analysis of Variance for angle of repose values obtained from the 

base method and the arc tangent method. 
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APPENDIX B 

 

RAW DATA AND STATISTICAL ANALYSIS FOR IMPACT EXPERIMENTS 
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Raw data on the penetration depths of various projectile geometries: 

 

Table B.4. Raw data for penetration depth of non-spherical geometries used in the 

study 

 

Set (A) 

h (mm) 

Cylinder Cuboid Triangular Prism 
Hexagonal 

Prism 

d (mm) 
Std. 
Dev 

d (mm) 
Std. 
Dev 

d (mm) 
Std. 
Dev 

d 
(mm) 

Std. 
Dev 

40 7.9 1.6 7.1 0.2 7.5 0.3 7.0 0.4 

55 8.0 0.5 8.8 0.5 8.7 0.4 9.2 0.1 

70 12.8 0.4 8.9 0.3 10.0 0.1 9.2 0.5 

85 11.3 0.7 11.4 0.2 11.6 0.2 10.8 0.6 

100 13.6 0.3 12.3 0.9 12.9 0.8 14.0 0.8 

Set (B) 

h (mm) 
Cylinder Cuboid Triangular Prism 

Hexagonal 
Prism 

d (mm) 
Std. 
Dev 

d (mm) 
Std. 
Dev 

d (mm) 
Std. 
Dev 

d 
(mm) 

Std. 
Dev 

40 5.4 0.2 5.0 0.2 5.3 0.3 5.4 0.5 

55 5.8 0.7 6.2 0.6 6.3 0.3 6.4 0.3 

70 7.1 0.6 7.4 0.5 7.5 0.3 7.2 0.3 

85 8.2 0.6 8.2 0.3 8.9 0.5 7.8 0.4 

100 9.8 1.0 9.9 0.5 9.3 0.3 9.5 0.2 

Set (C) 

h (mm) 
Cylinder Cuboid Triangular Prism 

Hexagonal 
Prism 

d (mm) 
Std. 
Dev 

d (mm) 
Std. 
Dev 

d (mm) 
Std. 
Dev 

d 
(mm) 

Std. 
Dev 

40 4.3 0.5 4.7 0.2 5.2 0.3 4.8 0.2 

55 4.6 0.3 4.9 0.4 5.2 0.3 4.9 0.2 

70 5.8 0.2 5.7 0.3 6.6 0.1 5.5 0.4 

85 5.7 1.0 6.5 0.1 6.4 1.0 5.7 0.6 

100 7.5 0.9 7.6 0.6 7.3 0.3 7.5 1.2 

Set (D) 

h (mm) Cylinder Cuboid Triangular Prism 
Hexagonal 

Prism 
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d (mm) 
Std. 
Dev 

d (mm) 
Std. 
Dev 

d (mm) 
Std. 
Dev 

d 
(mm) 

Std. 
Dev 

40 3.8 0.6 3.7 0.4 3.8 0.2 3.5 0.1 

55 4.1 0.4 4.4 0.6 3.7 0.5 3.7 0.4 

70 4.5 0.1 3.7 0.5 3.8 0.6 3.8 0.3 

85 5.1 0.7 5.6 0.2 4.6 0.7 4.9 0.5 

100 4.9 0.2 5.9 0.6 5.6 0.8 6.1 1.5 
 

 

Statistical study on penetration depth data for various geometries 

 

The penetration depths of the various projectile geometrics were taken with respect to 

their release heights. Analysis of Variance (ANOVA) is a method to study and compare 

the means of the population. In our study, four different projectile shapes are used to study 

their effects with respect to the penetration depths. Hence, the penetration depth is the 

response variable with four different factor levels. Since there is only one factor under 

study, One-Way ANOVA can be used. A few important considerations for performing 

One-Way ANOVA are:  

i) The categorical variable has to be a fixed factor  

ii) The response variable should be continuous 

iii) Sample size has to be greater than or equal to 15  

Minitab 18 was used to statistically analyze the data.  

The P value is an important consideration to understand whether there is a difference 

between the means across each of the sets. Fig B.1 shows the null and alternative 

hypothesis used for the study. A significance level of 95% was used, which means that 

the corresponding inference about the data was true 95% of the time.  
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Figure B. 1. Analysis of variance for penetration depths of various projectiles in 

each set used 

 

The P value in all of the cases is greater than the significance level (0.05) and hence 

the null hypothesis cannot be rejected and all means are equal. Hence, the penetration 

depth remains the same irrespective of the shape of the projectile.  
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Non- Linear Regression analysis: 

The power-law relationship was further evaluated using the non-linear regression to 

understand its fit and investigate any outliers in the data. Non-linear regression is used 

when a data cannot be adequately modeled using any linear relationships, i.e., linear, 

cubic or quadratic. The reason for using this type of regression here is to check the 

efficiency of the various terms of Equation 13.  The projectile length (l), release height 

(h) and base surface area of the projectile (A) were all studied against the penetration 

depth (d) (Fig B.2 to B.4). Each set of figures consists of the fit line plot equation, which 

related the two terms in the x and y axes, respectively.  In most of cases, the power-law 

relationship was valid as the fitted plot agreed with the data.  One of the limitations arose 

because the data points were limited and therefore, even one outlier might have a 

significant effect on the model.  
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Figure B. 2. Fitted line plots of penetration depth as a function of length of the projectile 

for all release heights used. 
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Figure B. 3. Fitted line plots of penetration depth as a function of release height of the 

projectile for each set. 
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Figure B. 4. Fitted line plots of penetration depth as a function of surface area of the 

projectile for all the release heights used 

 

 

 

 


