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ABSTRACT

The human immunodeficiency virus (HIV) pandemic, which causes the syndrome of

opportunistic infections that characterize the late stage HIV disease, known as the

acquired immunodeficiency syndrome (AIDS), remains a major public health chal-

lenge to many parts of the world. This dissertation contributes in providing deeper

qualitative insights into the transmission dynamics and control of the HIV/AIDS dis-

ease in Men who have Sex with Men (MSM) community. A new mathematical model

(which is relatively basic), which incorporates some of the pertinent aspects of HIV

epidemiology and immunology and fitted using the yearly new case data of the MSM

population from the State of Arizona, was designed and used to assess the population-

level impact of awareness of HIV infection status and condom-based intervention, on

the transmission dynamics and control of HIV/AIDS in an MSM community. Condi-

tions for the existence and asymptotic stability of the various equilibria of the model

were derived. The numerical simulations showed that the prospects for the effective

control and/or elimination of HIV/AIDS in the MSM community in the United States

are very promising using a condom-based intervention, provided the condom efficacy

is high and the compliance is moderate enough. The model was extended in Chapter

3 to account for the effect of risk-structure, staged-progression property of HIV dis-

ease, and the use of pre-exposure prophylaxis (PrEP) on the spread and control of the

disease. The model was shown to undergo a PrEP-induced backward bifurcation when

the associated control reproduction number is less than one. It was shown that when

the compliance in PrEP usage is 50%(80%) then about 19.1%(34.2%) of the yearly

new HIV/AIDS cases recorded at the peak will have been prevented, in comparison

to the worst-case scenario where PrEP-based intervention is not implemented in the

MSM community. It was also shown that the HIV pandemic elimination is possible

from the MSM community even for the scenario when the effective contact rate is
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increased by 5-fold from its baseline value, if low-risk individuals take at least 15

years before they change their risky behavior and transition to the high-risk group

(regardless of the value of the transition rate from high-risk to low-risk susceptible

population).
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Chapter 1

INTRODUCTION

1.1 General Overview

Since its emergence early in the 1980s, the human immunodeficiency virus (HIV) pan-

demic, which causes the syndrome of opportunistic infections that characterize the

late stage HIV disease, known as the acquired immunodeficiency syndrome (AIDS), re-

mains a major public health challenge to many parts of the world [66, 58, 72, 107, 32].

It has, as of July 2022, caused over 84.2 million cases and 40.1 million deaths globally

[135, 113]. Recent data from the Joint United Nations Program on HIV/AIDS (UN-

AIDS) shows that 38.4 million people currently live with HIV/AIDS (in the year 2021

alone, HIV caused 1.5 million new infections and 650,000 deaths globally [113, 133]).

Of the 38.4 million people who are currently living with HIV/AIDS, 36.7 million are

adults (15 years and older), 1.7 million are children (ages 0− 14 years) and 54% are

women and girls [133]. Figure 1.1 depicts the global map of HIV/AIDS for the year

2020. The first cases of HIV/AIDS were reported in the United States on June 5, 1981

(among five homosexual men in Los Angeles) [56]. The Centers for Disease Control

and Prevention (CDC) estimates that 1.2 million Americans are currently living with

the virus, and 15,820 Americans have succumbed to the deadly virus [27]. At least

three people are infected with HIV every hour in the United States [43]. UNAIDS

estimate that $29 billion will be required globally to get on track to end AIDS as

a global public health threat in 2025 [113] (similarly, more than $28 billion is spent

per year in the United States to curtail the spread of HIV/AIDS in the U.S. [118]).

The map for the prevalence of HIV/AIDS in the United States for the year 2022, is

1



Figure 1.1: Global Map of HIV/AIDS for the Year 2020 [98].

depicted in Figure 1.2.

1.1.1 HIV in the MSM Population

Globally, the risk of acquiring an HIV infection is 26 times higher among men

who have sex with men (MSM), compared to the general HIV-infected population

[134]. The majority of people in the United States who are infected and living with

HIV/AIDS are members of the MSM community [17, 119]. For instance, data from the

CDC showed that the MSM population accounted for 68% of all new HIV diagnoses

in the United States and dependent areas, whereas heterosexuals accounted for 22%,

and intravenous drug users (IDUs), MSM-IDUs, and others account for the remaining

10% [17, 39, 123, 113]. The global data for HIV/AIDS cases by age and gender (as of

July 2022) is summarized in Figure 1.3. The percentages of new HIV cases by mode

of transmission for the United States (and dependent areas) are summarized in Figure

1.4. Although the African American population represents about 13.4% of the total

population of the United States [127], they disproportionately account for more cases

of the HIV/AIDS pandemic. For example, data from the CDC for HIV infections

during 2019, depicted in Figure 1.5, showed that this population accounted for about

2



Figure 1.2: Prevalence of HIV/AIDS in the United States for the Year 2022 [3].

Figure 1.3: Summary of the Global HIV Epidemic by Age and Gender, as of July,
2022 [135].
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Figure 1.4: Proportion (Number) of New HIV Cases in the United States and Depen-
dent Areas by Transmission Mode for the Year 2020 [17].

40.3% of all new HIV cases in the United States during that year [57, 41]. Figure 1.5

Figure 1.5: Proportion of People with HIV by Race/Ethnicity Compared to the
Pro- portion of U.S. Population in 2019 [127].

further shows that the White American population (which represents about 60% of

the United States population) accounted for only about 29% of the new HIV cases

that year. However, the Hispanic American population (which represents about 19%

of the United States population) accounted for about 25% of new HIV cases during

2019. Figure 1.6 depicts the distribution of new HIV cases in the United States by

race, gender and mode of HIV transmission during 2019 [127].
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Figure 1.6: The Number of New HIV Cases by Race/Ethnicity, Gender and Trans-
mission Category (I.E., Homosexual Vs. Heterosexual) in the United States in 2019
[42].

1.1.2 HIV in the State of Arizona

Data from the Arizona Department of Health Services (AZDHS) [8] showed that,

in the year 2021, MSM accounted for the overwhelming percentage (61.7%) of the

prevalence of new cases in the state. Figure 1.7 depicts the annual HIV incidence

for the state of Arizona for the period 1982-2020. This figure shows the other risk

groups that contributed to the prevalence in the state during the period from 1982

to 2020, namely IDUs (8.2%), MSM-IDU (7.7%), high-risk heterosexuals (10.9%),

no-risk-reported (10.2%) and perinatal/blood/other population (1.3%) [8]. During

the year 2020, the state of Arizona recorded 662 new HIV cases (of those, 85.6% were

male and 14.4% were female) and 280 HIV-infected individuals died of the disease

(of which 86.8% were male and 13.2% were female) [5]. Furthermore, in the year

2021, about 6,530 Arizonians (with 94.4% males and 5.4% females) used pre-exposure

prophylaxis (PrEP) [5]. Figure 1.8 depicts the number of PrEP users in Arizona from
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Figure 1.7: Number of New HIV Cases in Arizona among the Persons Aged 13 Years
and above, by Risk, from 1982 to 2020 [8]. HRH Represents High-risk Heterosexual
And NIR/NRR Represents No Indicated Risk/No Risk Reported.

2012 till 2021.

1.2 Modes of HIV Transmission

The primary mode of HIV transmission in humans is sexual (particularly via contact

with infected bodily fluids, such as blood, semen, pre-seminal fluid, rectal fluids, and

vaginal fluids) [19, 107]. Other modes of transmission (which are now less common)

include mother to-child vertical transmission (during pregnancy or child birth or
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Figure 1.8: Number of PrEP Users in Arizona, 2012-2021 [5].

through breast feeding), sharing contaminated needles and organ transplantation or

blood transfusion [22, 107]. For the disease transmission to occur, the infected bodily

fluids must come in contact with mucous membranes or damaged tissue or be directly

injected into the bloodstream of the susceptible person [107, 116, 22]. HIV infection

transmission in the United States is primarily through; men who have sex with men

(MSM), intravenous drug users (IDUs), heterosexual individuals, and men who have

sex with men that are also intravenous drug users (MSM-IDUs) [18, 107]. In fact,

current data shows that MSM, of all races and ethnicities, account for the highest

percentage of new HIV infections in the United States (in addition to being the risk

group that is most severely affected by the burden of the disease) [40]. Of the 30,635

new HIV infections in the year 2020, 90% were acquired sexually (and 24.44% of these

were heterosexual) [40]. A well-known feature of HIV disease is the staged-progression

property of the transmission process, where a typical HIV-infected individual passes

through the three sequential infection stages, namely the primary, the secondary

and the AIDS stages. During the primary stage, which typically lasts 2 to 4 weeks,
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Figure 1.9: Progression of HIV Infection [89].

the virus is rapidly replicating in the body of the infected individual. The affected

individual may experience flu-like symptoms (sero-conversion illness) and, owing to

his/her high viral load (viremia), is highly infectious [69, 2]. The secondary stage

(also known as asymptomatic or chronic, or clinically-latent) stage may last 8 to 10

years [69, 2]. During this stage, the immune system is vigorously working to suppress

the virus, and the affected individual is less infectious (because their viral load had

been greatly suppressed to, in some cases, non-detectable levels). At the end of

this stage, (particularly in untreated HIV-infected individuals) the immune system

weakens, and the viral load begins to rise (while the target CD4+ T cell count begins

to drastically decrease). This leads to the AIDS stage of infection. In this stage, the

immune system is essentially defected by the virus (i.e., it is unable to suppress viral

replication). The infected individual is highly infectious during this stage, and fatally

succumbs to opportunistic infections [2, 114] (Figure 1.9 depicts a typical course of

HIV infection in an infected individual). This feature is crucial to be included in

models for HIV transmission dynamics [107, 74, 67].
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1.3 Public Health Interventions Against HIV/AIDS

Numerous preventive and therapeutic measures have been, and are currently, used

in an effort to control and mitigate the burden of the HIV/AIDS pandemic in the

affected areas. The preventive measures notably include pre-exposure prophylaxis

(PrEP), condom use, voluntary HIV testing, public health education and counseling

against risky behavior, and providing access to sterile needles to injection drug users

(IDUs) [115, 46, 85]. The therapeutic measures adopted are based on using drugs

(notably highly-active antiretroviral therapy [51]) to treat HIV infected individuals.

PrEP was first approved by the FDA in 2012 [28, 37, 75]. It is given daily to high-

risk individuals who are currently HIV-negative, aimed at minimizing their chance

of acquiring an HIV infection (individuals on PrEP are also required to follow-up

with their healthcare provider and get tested for HIV regularly, typically every three

months). PrEP is generally administered to people who are: (i) in an ongoing sex-

ual relationship with an HIV-positive person; (ii) in a non-mutually monogamous

sexual relationship and is a gay or bisexual man that has had unprotected anal sex

or have been diagnosed with a sexually transmitted disease (STD) in the last six

months; (iii) in a non-mutually monogamous sexual relationship and is a heterosex-

ual man or woman who does not regularly use condoms during sex with a partner of

unknown HIV status; or (iv) have injected illicit drugs in the past six months using

shared equipment or who have been in a treatment program for intravenous drug

users [107, 94, 64, 128, 28]. Some of the drugs approved by the Food and Drug Ad-

ministration (FDA) for use in PrEP are Truvada® , and Descovy ® [30]. The drugs

in PrEP are designed to block the transmission pathways of the virus in the human

body [124]. Truvada was designed for people at risk through sex or intravenous drug

use. Descovy was designed for people at risk through sex. Recent data shows that
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PrEP is 99% effective in blocking HIV transmission [36, 44]. It should, however, be

stressed that the effectiveness of PrEP depends on compliance in its usage. Since

PrEP is not 100% effective in blocking HIV infection, PrEP users should also com-

bine their PrEP usage with other preventive measures (such as the use of condoms,

avoiding or reducing risky sexual practices, using sterile needles and getting tested for

HIV regularly) [34, 44]. In December of 2021, the FDA approved an injection drug,

Apretude ®, for use in at-risk adults and adolescents weighing at least 77 pounds

for PrEP [1]. This new drug is injected every two months. The Food and Drug Ad-

ministration reported that two clinical trials were conducted. The fist clinical trial

consisted for 4,566 cisgender men and transgender women who have sex with men

received either Apretude or Truvada [129]. The trial measured the rate of HIV in-

fections among the participants. The participants who took Apretude had 69% less

risk of getting infected with HIV than those who took Truvada. The second clinical

trial consisted of 3,224 cisgender women [129]. The trial measured the rate of HIV

infections in participants who took cabotegravir in addition to Apretude or Truvada.

The participants who took cabotegravir in addition to Apretude had 90% less risk of

getting infected with HIV than those who took Truvada [129].

The National Institute of Allergy and Infectious Diseases(NIAID) announced a new

initiative for combating the HIV/AIDS pandemic in the United States in 2019 [90,

117]. The initiative is based on four main control pillars, namely testing (data shows

that 15% of people living with HIV in the United States are unaware of their in-

fection status [122]), the use of drug treatment (using antiretroviral therapy), PrEP

and respond quickly to potential HIV outbreaks [117]. Lack of compliance has been

identified as a major stumbling block for the successful implementation of this ini-

tiative. For instance, it is known that 50% of people taking antiretroviral treatment

in the United States have interruptions during a one-year period (i.e., they do not
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strictly adhere to the specified treatment regimen during the one-year duration) [120].

Furthermore, although the majority of high–risk individuals who should be on PrEP

are actually not on PrEP, the lack of compliance among those who are on PrEP is

common in the U.S. (this is largely due to the high cost of PrEP) [126].

1.4 Outline of the Dissertation

This Dissertation contains two main chapters. Below is a brief description of the

content of the two main chapters. In Chapter 2 of the dissertation, a mathemati-

cal model was developed and used to assess the population-level impact of a public

health education campaign (or awareness of HIV infection status), as a sole interven-

tion and mitigation strategy, on the transmission dynamics and control of HIV/AIDS

in an MSM community. The model was rigorously analysed to gain insight into its

dynamical features. The rigorous analyses of the model revealed that its disease-free

equilibrium is locally- and globally-asymptotically stable whenever a certain epidemi-

ological threshold, known as the reproduction number of the model, is less than one.

It was also shown that the model has a unique endemic equilibrium, for a special case,

whenever the associated reproduction number exceeds one. This equilibrium (when

it exists) was also shown to be locally-asymptotically stable by using a Krasnoselskii

sub-linearity approach [71, 53, 105, 82]. Furthermore, the unique endemic equilibrium

was shown to be globally-asymptotically stable for a special case of the model, using

the non-linear Lyapunov function of the Goh-Volterra type. The model was fitted

with the cumulative yearly new HIV case data for the MSM population in the State of

Arizona for the period from 1990 to 2019. The fitted model was used to estimate the

unknown parameters of the model. Detailed global sensitivity analyses were carried

out to determine the parameters of the model that have the highest impact in driving

the disease dynamics. Finally, numerical simulations were carried out, using the fixed
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and fitted parameter values, to assess the population-level impact of a condom use

strategy for curtailing the spread of the disease in the MSM population.

Chapter 3 of the dissertation is based on extending the model in Chapter 2 to account

for the effect of risk-structure, the staged-progression property of HIV disease, and

the use of pre-exposure prophylaxis (PrEP) on the spread and control of HIV/AIDS

in an MSM population. The resulting risk-structured model, which takes the form of

a 9-dimensional, two-group (low-risk and high-risk), deterministic system of nonlin-

ear differential equations, was also rigorously analysed, with respect to the existence

and asymptotic stability properties of its equilibria. The disease-free equilibrium of

the model is shown to be locally-asymptotically stable whenever its associated re-

production number is less than one. Using center manifold theorem, it was shown

that the model undergoes a PrEP-induced backward bifurcation (when the reproduc-

tion number is less than one) if the PrEP efficacy and compliance are not perfect.

For the special case of the model where the backward bifurcation does not occur, the

disease-free equilibrium of the model was shown to be globally-asymptotically stable

when the associated reproduction number is less than one. Detailed global sensi-

tivity and uncertainty analyses were carried out to determine the parameters of the

model that have the highest impact on the control reproduction number of the model,

(hence, disease burden in the MSM community). Some numerical simulation results

are reported.
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Chapter 2

SINGLE GROUP MODEL FOR HIV DYNAMICS IN AN MSM POPULATION

2.1 Introduction

The human immunodeficiency virus (HIV), the causative agent of acquired immun-

odeficiency syndrome (AIDS), remains a significant global public health and socio-

economic concern since its emergence in June, 1981 [56]. AIDS results in a gradual

decline and failure of the immune system of the infected individual, resulting in

significant weight loss, often accompanied by diarrhea, chronic weakness, fever and

eventually increases the risk of life-threatening infections (such as Tuberculosis (TB),

Pneumocystis pneumonia (PCP) and Cryptococcal meningitis) and cancers (such as

Lymphoma, Kaposi’s sarcoma and Human Papillomavirus (HPV)-related cancers)

[48]. HIV/AIDS is one of the world’s most fatal infectious diseases. Each year almost

1 million people die from HIV/AIDS and in some countries it’s the leading cause of

death (particularly across Sub-Saharan Africa) [96]. In addition to accounting for

nearly 38.4 million people currently living with HIV/AIDS, over 650,000 people have

died of the disease and 1.5 million people were newly infected with HIV globally. Ap-

proximately 40% of new HIV infections are transmitted by people who are unaware

that they have HIV [21].

HIV is a sexually-transmitted infection (via contact with infected bodily fluids such

as blood, semen, pre-seminal fluid, rectal fluids, and vaginal fluids) [23]. However,

HIV can also be transmitted vertically (from a mother to her child, during pregnancy

or childbirth, or through breastfeeding). Non-sexual transmission can also occur

through the sharing of injection equipment such as needles (among intravenous drug
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users (IDUs) or within healthcare settings) and through blood transfusions [23]. For

transmission to occur, the infected bodily fluids must come in contact with mucous

membranes or damaged tissue or be directly injected into the bloodstream of the

susceptible person [107]. HIV infection transmission in the U.S. is primarily through;

men who have sex with men (MSM), intravenous drug users (IDUs), heterosexual

individuals, and men who have sex with men that are also intravenous drug users

(MSM-IDUs) [18, 107]. According to the Sexually Transmitted Infections Treatment

Guidelines provided by the Center for Disease Control and Prevention (CDC), MSM

of all races and ethnicities currently have the largest number of new HIV infections

and remain the group most severely affected by HIV/AIDS [25]. Furthermore, in the

U.S., the estimated lifetime risk for HIV/AIDS infection among the MSM population

is one in six, compared with heterosexual men at one in 524 and heterosexual women

at one in 253 [25, 86].

Numerous preventive and therapeutic strategies appear promising, and are imple-

mented for retarding the progression and control the spread of HIV/AIDS epidemic

in the United States [23]. The most effective preventive strategies include; the usage

of condoms, mass testing to detect HIV-infected individuals (including those who

remain asymptomatic), HIV screening for pregnant women as part of a routine ante-

natal screening to avoid the chances of passing HIV to their baby during pregnancy,

birth or breastfeeding, public health education and counseling related to protection

against HIV and other sexually transmitted infections (STIs), access to sterile nee-

dles and injecting equipment (such as spoons or swabs) [92, 23]. However, the most

promising therapeutic treatment strategies include; the usage of antiretroviral treat-

ment (ART), taking pre-exposure prophylaxis (PrEP) medicine (even if an individual

is tested negative for HIV/AIDS, to reduce the risks of getting the virus) and taking

post-exposure prophylaxis (PEP) medicine within 72 hours after a recent possible ex-
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posure to HIV [92, 23]. Although these control strategies have helped in curbing the

spread of the disease but still HIV/AIDS remains a major socio-economic challenge

in the United States [107] (the CDC estimates that the lifetime treatment cost for an

individual infected with HIV in the United States is $379, 668 (in 2010) [33, 11]).

Several mathematical models (mostly of the form of deterministic systems of non-

linear differential equations) have been used to provide insight and understanding

on the impacts of various preventive and therapeutic strategies against HIV/AIDS

[84, 136, 111, 100, 59, 14, 61]. For instance, a deterministic model was used to study

the effect of condom use as a singular intervention for HIV/AIDS prevention in the

absence of any other treatment [84]. This study showed that for populations with

reasonable average numbers of HIV-infected partners, HIV/AIDS epidemic could be

stopped by using condoms only. Yusuf et al. [136] presented a model for controlling

the spread of the disease using change in sexual habits and antiretroviral therapy

(ART), as control measures, in South Africa. The results of this study predicted

that the implementation of the proposed strategy (based on aforementioned two con-

trol measures) would drive new cases of the disease towards eradication in 10 years.

Tripathi et al. [111] found how the screening of infectives and resulting preventive

measures could reduce the spread of HIV/AIDS. Podder et al. [100] showed that the

use of combined testing and treatment strategy is more effective than the use of the

standard antibody test (such as the Enzyme Linked Immunosorbent Assay (ELISA))

with ARV (antiretroviral) treatment, even for the use of condoms as a singular strat-

egy. Granich et al. [59] reported that implementing universal voluntary HIV testing

with immediate antiretroviral therapy (if diagnosed HIV positive) as a strategy, could

lead to the elimination of HIV transmission. Similarly, Broder [14] and Lundgren et

al. [61] respectively highlighted the significance of antiretroviral therapy (ART) and

its impact on the HIV/AIDS pandemic.
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This chapter introduces a basic model (also of the form of deterministic system of

nonlinear differential equations) to provide an insight into the transmission dynamics

of the disease in an MSM population and to assess the population-level impact of

awareness of HIV/AIDS infection amongst the populace on the dynamics and con-

trol of the disease in an MSM community in the United States. The focus of this

chapter is on using mathematical modeling approaches together with data on new

yearly confirmed and cumulative HIV/AIDS cases for the State of Arizona to assess

the population-level impacts of the treatment of symptomatic and asymptomatic in-

dividuals (i.e., those individuals who are detected, via random testing) on curtailing

and mitigating the burden of the HIV/AIDS pandemic in the United States. Fur-

ther, the population-level impact of the use of condom-based intervention will also be

assessed for the effective control and/or elimination of HIV in the MSM community.

This chapter is organized as follows. The basic model for HIV/AIDS transmission

in the MSM population is formulated in Section 2.2. Basic qualitative analysis of

the model and the parameters of the model are also estimated, based on fitting the

model with yearly new case data (i.e., for the State of Arizona), are also presented

in this section. The model is rigorously analyzed, with respect to the asymptotic

stability properties of its equilibria (disease-free and endemic), in Section 2.3. Global

parameter sensitivity analysis is carried out in Section 2.4. Numerical simulations are

reported in Section 2.5. The theoretical and numerical simulations results generated

in this chapter are discussed in Section 2.6.

2.2 Model Formulation

To construct a basic mathematical model for assessing the impact of HIV testing on

the transmission dynamics of HIV/AIDS in an MSM (men-who-have-sex-with-men)

population, we stratify the total MSM population at time t, denoted by N(t), into the
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mutually-exclusive compartments of susceptible (S(t)), infected individuals with no

clinical symptoms of AIDS who are unaware of their infection status (Iu(t)), infected

individuals with no clinical symptoms of AIDS who are aware of their infection status

(Id(t)), individuals at AIDS stage of infection who are unaware of their infection status

(Au(t)), individuals at AIDS stage of infection who are aware of their infection status

(Ad(t)) and effectively-treated individuals (T (t)), so that:

N(t) = S(t) + Iu(t) + Id(t) + Au(t) + Ad(t) + T (t) (2.1)

and the force of infection is given by

λ = (β)

[
Iu + ηdId + ηA (Au + ηdAd)

N

]
. (2.2)

The equations for the basic model are given by the following deterministic system of

nonlinear differential equations (a flow diagram of the model is depicted in Figure

2.1; the state variables and parameters of the model are tabulated in Table 2.1):

dS

dt
= Π− (λ+ µ)S,

dIu
dt

= fλS − (ψu + σu + µ+ δI)Iu,

dId
dt

= (1− f)λS + ψuIu − (σd + τd + µ+ δI)Id,

dAu

dt
= σuIu − (ψu + µ+ δA)Au,

dAd

dt
= σdId + ψuAu − (τd + µ+ δA)Ad,

dT

dt
= τd(Id + Ad)− µT,

(2.3)

where Π is the recruitment rate into the MSM population, β is the effective contact

rate, ηd < 1 is the modification parameter accounting for the assumption that HIV-

infected individuals who are aware of their infection status are less likely to transmit
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infection than infected individuals who are unaware of their infection status, ηA > 1 is

a modification parameter accounting for the assumption that individuals with clinical

symptoms of AIDS are more infectious than HIV-infected individuals who do not

display clinical symptoms of AIDS (this is to account for the fact that, in HIV biology,

infectiousness is correlated with viral load, and individuals in the AIDS stage of HIV

infection have much higher viral load than those in the asymptomatic stage of HIV

infection [97]), µ is the natural death rate and 0 < f < 1 is the proportion of new

HIV-infected individuals who are unaware of their HIV infection status. Furthermore,

σu(σd) is the rate at which asymptomatic individuals who are unaware (aware) of their

HIV infection progress to the AIDS stage of HIV infection, τd is the treatment rate

of individuals who are aware of their infection status, ψu is the rate at which infected

individuals who are unaware of their infection status become aware of their infection

(by detection, via random testing) and δI(δA) is the disease-induced mortality for

individuals in the asymptomatic (AIDS) stage of HIV infection.

Figure 2.1: Flow Diagram of the Model (2.3).
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Parameter Description

S Population of susceptible individuals

Iu Population of infected individuals with no clinical symp-

toms of AIDS who are unaware of their infection status

Id Population of infected individuals with no clinical symp-

toms of AIDS who are aware of their infection status

Au Population of individuals at AIDS stage of infection who

are unaware of their infection status

Ad Population of individuals at AIDS stage of infection who

are aware of their infection status

T Population of effectively-treated individuals

Parameter Description

Π Recruitment rate into the MSM population

β Effective contact rate

ηd < 1 Modification parameter accounting for the assumption

that HIV-infected individuals who are aware of their in-

fection status are less likely to transmit infection than

infected individuals who are unaware of their infection

status

ηA > 1 Modification parameter accounting for the assumption

that individuals with clinical symptoms of AIDS are more

infectious than HIV-infected individuals who do not dis-

play clinical symptoms of AIDS

µ Natural death rate
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0 < f < 1 Proportion of new HIV-infected individuals who are un-

aware of their HIV infection status

σu (σd) Rate at which asymptomatic individuals who are unaware

(aware) of their HIV infection progress to the AIDS state

of HIV infection

τd Treatment rate of individuals who are aware of their in-

fection status

ψu Rate at which infected individuals who are unaware of

their infection status become aware of their infection (by

detection, via random testing)

δI (δA) Disease-induced mortality for individuals in the asymp-

tomatic (AIDS) stage of HIV infection

Table 2.1: Description of the State Variables and Parameters of the Model (2.3).

The main assumptions made in the formulation of the model (2.3) are:

1. Homogeneous mixing (i.e., a well-mixed MSM population, where every member

of the population has equal likelihood of mixing with every other member; and

that individuals are indistinguishable).

2. Exponentially-distributed waiting time in each epidemiological compartment.

3. Individuals in the primary and asymptomatic stage of HIV infection are lumped

into one compartment (Iu or Id), based on whether they are aware of their

infection status, for mathematical tractability.

4. Effectively-treated infected individuals do not transmit infection or die of the

disease.
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Parameter Baseline Values Source

Π 1,379 year−1 [6], [60]

β 0.105124 year−1 Obtained from the data fitting

ηd 0.43 (dimensionless) [100]

ηA 1.5 (dimensionless) [107]

µ 0.0125 year−1 [31]

f 0.9 (dimensionless) [24]

σu 0.5 year−1 [101]

σd 0.2223 year−1 [47]

τd 26 year−1 [119]

ψu 0.0150808 year−1 Obtained from the data fitting

δI 0.0047 year−1 [20]

δA 0.09 year−1 [101]

Table 2.2: Baseline Values of the Parameters of the Model (2.3).

The basic qualitative features of the model (2.3) will now be explored.

2.2.1 Basic Qualitative Properties

Before carrying out asymptotic analysis of the basic model (2.3), it is instructive that

we explore the basic qualitative properties of the model (2.3). It is convenient to

define the following biologically- feasible region for the basic model (2.3):

Ω =
{
(S, Iu, Id, Au, Ad, T ) ∈ R6

+ : 0 ≤ N ≤ Π

µ

}
,

where N(t) is the total population. For the model (2.3) to be mathematically- and

biologically-meaningful, it is necessary that the solutions of the basic model (2.3)

remain non-negative for all non- negative initial conditions (i.e., solutions that start
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in Ω remain in Ω for all time t > 0). We claim the following result:

Theorem 2.2.1. All solutions of the model (2.3) with non-negative initial data re-

main non-negative for all time t > 0.

Proof. It follows from the first equation of the model (2.3) that

dS

dt
= Π− (λ+ µ)S ≥ −(λ+ µ)S, (2.4)

so that,

dS

dt
+ (λ+ µ)S ≥ 0. (2.5)

Multiplying the inequality (2.5) by the integrating factor,

ρ(t) = exp
[∫ t

0
(λ(u) + µ)du

]
gives

ρ(t)

[
dS

dt
+ (λ+ µ)S

]
=
d(Sρ)

dt
≥ 0, (2.6)

from which it follows that S(t) ≥ 0 for all t ≥ 0. Using the positivity of S(t), it

can, similarly, be shown that the remaining state variables of the model (2.3) are

non-negative (for all non-negative initial conditions) for t ≥ 0. Consequently, all the

solutions of the model (2.3), with non-negative initial conditions, remain non-negative

for all time t ≥ 0 (see also [108]).

Theorem 2.2.2. The region Ω is positively-invariant and attracts all solutions of the

model (2.3).

Proof. Adding all the equations of the model (2.3) gives:

dN

dt
= Π− µN − δI(Iu + Id)− δA(Au + Ad), (2.7)

from which it follows that (since all state variables and parameters of the model are

non-negative)

dN

dt
≤ Π− µN. (2.8)
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It follows from (2.7) that if N(t) >
Π

µ
, then

dN

dt
< 0. Furthermore, it follows from

(2.8), by applying a standard comparison theorem [65, 104, 91], on (2.7), we get the

following inequality:

N(t) ≤ Π

µ
+

(
N0 −

Π

µ

)
e−µt. (2.9)

Therefore, if N0 ≤
Π

µ
, then N(t) ≤ Π

µ
. Thus, Ω is positively-invariant. Furthermore,

if N(0) ≥ Π

µ
, then either the solution enters Ω in finite time or N(t) approaches

Π

µ

asymptotically. Therefore, every solution of the model (2.3) with initial conditions in

Ω remains in Ω for all time t > 0.

Since the basic model (2.3) is well-posed in Ω, it is therefore sufficient to study the

dynamics of the model (2.3) in Ω [70].

2.2.2 Data Fitting and Parameter Estimation

The model (2.3) was fitted using the yearly new case data of the MSM population

from the State of Arizona (Arizona Department of Health Services) for the period

1990 − 2019 [113]. The results obtained are depicted in Figure 2.2, showing a very

good fit. Furthermore, cumulative yearly new cases were plotted confirming a good

fit of the model to the yearly data.

2.3 Existence and Asymptotic Stability of Equilibria

In this section, the basic model (2.3) will be rigorously analyzed to explore the con-

ditions for the existence and asymptotic stability of its equilibria.
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Figure 2.2: Time Series Illustration of the Least Squares Fit of the Model (2.3),
Showing the Model’s Output (Blue Curve) for the Yearly New Cases for the Msm
Population Compared To The Observed Confirmed New Cases (Brown Curve) for
the State of Arizona for the Period from 1990 to 2019 (B) Simulation Result of the
Model (2.3), Showing Cumulative Yearly New Cases (Blue Curve) Compared to the
Observed Yearly Confirmed Cases for the MSM Population in the State of Arizona
(Brown Curve) Using the Baseline and the Estimated Parameter Values Given In
Table 2.2.

2.3.1 Disease-Free Equilibrium

The model (2.3) has a disease-free equilibrium (DFE), given by:

E0 = (S∗, I∗u, I
∗
d , A

∗
u, A

∗
d, T

∗) =

(
Π

µ
, 0, 0, 0, 0, 0

)
.

The local asymptotic stability of the DFE will be explored using the next generation

operator method [50, 131]. Specifically, it follows, using the notation in [131], that

the non-negative matrix, F , of new infection terms, and the M-matrix, V , of linear

transition terms, associated with the model (2.3), are given, respectively, by:
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F =



fβ fβηd fβηA fβηAηd

(1− f)β (1− f)βηd (1− f)βηA (1− f)βηAηd

0 0 0 0

0 0 0 0


, (2.10)

and,

V =



K1 0 0 0

−ψu K2 0 0

−σu 0 K3 0

0 −σd −ψu K4


, (2.11)

where,

K1 = ψu+σu+µ+ δI , K2 = σd+ τd+µ+ δI , K3 = ψu+µ+ δA and K4 = τd+µ+ δA.

It is convenient to define (where ρ is the spectral radius):

RT = ρ(FV −1) = (fβ)RT1 + βηd(1− f)RT2 ,

where,

RT1 =
1

K1

+
ηdψu

K1K2

+
ηAσu
K1K3

+ (ηdηAψu)

(
σu

K1K3K4

+
σd

K1K2K4

)
and

RT2 =

(
1

K2

+
ηAσd
K2K4

)
.

The result below follows from Theorem 2 of [131].

Theorem 2.3.1. The disease-free equilibrium (E0) of the model (2.3) is locally-

asymptotically stable whenever RT < 1, and is unstable if RT > 1.

The epidemiological implication of Theorem 2.3.1 is that a small influx of HIV-infected

individuals will not generate a large outbreak in the MSM population if the quantity

RT can be brought to (and maintained at) a value less than one. The quantity

RT is the control reproduction number of the model (2.3). It measures the average
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number of new HIV cases generated by a typical infected individual introduced into

the MSM population where a certain proportion of infected individuals receive anti-

HIV treatment.

The threshold quantity RT can be re-written the following alternative form (in terms

of constituent reproduction numbers):

RT = RIu + RId + RAu + RAd
, (2.12)

where,

RIu =
fβ

K1

RId =
fβψuηd
K1K2

+
(1− f)βηd

K2

RAu =
fβσuηA
K1K3

RAd
=

fβψuσdηAηd
K1K2K4

+
fβψuσuηAηd
K1K3K4

+
(1− f)βσdηAηd

K2K4

.

(2.13)

In (2.13), the quantities RIu , RId , RAu and RAd
represent, respectively, the constituent

reproduction numbers for individuals in the Iu, Id, Au and Ad classes. They measure

the average number of new HIV cases generated by individuals in these respective

classes.

Interpretation of Control Reproduction Number

The control reproduction number, RT , of the model (2.3), can be epidemiologically

interpreted as follows. It can be seen from (2.12) that RT is the sum of the four

constituent reproduction numbers RIu , RId , RAu and RAd
, which are interpreted as

follows.
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Interpretation of RIu

The constituent reproduction number RIu is the product of the infection rate of

individuals in the Iu class near the disease-free equilibrium (fβ) and the average

duration in the Iu class

(
1

K1

)
.

Interpretation of RId

There are two routes to get to Id from S, namely the (i) direct S → Id route and

the (ii) indirect S → Iu → Id route. Let R01d and R02d represent the reproduction

number for the first and second route, respectively. It follows that R01d is the product

of the infection rate of Id near the DFE, for the S → Id transition (βηd(1− f)) and

the average duration in the Id class

(
1

K2

)
. Thus,

R01d = βηd (1− f)

(
1

K2

)
.

Similarly, R02d is the product of the rate (near the DFE) at which an Id individual

transmits the disease to a susceptible individual who is unaware of their infection

status (βfηd), the proportion that survived the Iu class and moved to the Id class(
ψu

K1

)
and the average duration in the Id class

(
1

K2

)
. Hence,

R02d = βfηd

(
ψu

K1

)(
1

K2

)
.

The sum of R01d and R02d gives RId .

Interpretation of RAu

The constituent reproduction number RAu is the product of the infection rate of

individuals in the Au class near the DFE (fβηA), the proportion that survived the Iu
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compartment and moved to the Au class

(
σu
K1

)
and the average duration in the Au

class

(
1

K3

)
.

Interpretation of RAd

There are three routes to get to Ad from S, namely (i) S → Id → Ad, (ii) S →

Iu → Id → Ad, and (iii) S → Iu → Au → Ad. Let RAd1,RAd2 and RAd3 represent the

reproduction numbers for the first, second and third routes, respectively. It follows

that RAd1 is the product of the rate at which an infected individual in the Id class

transmits the disease to a susceptible individual who is aware of their infection status

(β(1− f)ηAηd), the proportion that survived the Id class and moved to the Ad class(
σd
K2

)
and the average duration in the Ad class

(
1

K4

)
. Hence,

RAd1 = β(1− f)ηAηd

(
σd
K2

)(
1

K4

)
.

Similarly, RAd2 is the product of the rate at which an infected individual in the Iu

class transmits the disease to a susceptible individual who is unaware of their infection

status (βfηAηd), the proportion that survived the Iu class and moved to the Id class(
ψu

K1

)
and the portion that survived the Id class and moved to the Ad class

(
σd
K2

)
and the average duration in the Ad class

(
1

K4

)
. Hence,

RAd2 = βfηAηd

(
ψu

K1

)(
σd
K2

)(
1

K4

)
.

Finally, RAd3 is the product of (βfηAηd), the proportion that survived the Iu class and

moved to the Au class

(
σu
K1

)
and the proportion that survived the Au class

(
ψu

K3

)
and moved to the Ad class and the average duration in the Ad class

(
1

K4

)
. Hence,

RAd3 = βfηAηd

(
ψu

K3

)(
σu
K1

)(
1

K4

)
.
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The sum of RAd1, RAd, and RAd3 gives RAd. Finally, the sum of RIu , RId , RAu and RAd

gives RT . Theorem 2.3.1 shows that HIV can be effectively controlled in the MSM

population, for the case when RT < 1, if the initial sub-populations of the model

lie within the basin of attraction of the disease-free equilibrium. For such effective

control to be independent of the initial conditions, it is necessary to show that the

disease-free equilibrium is globally-asymptotically stable. This is done below. We

claim the following result.

Theorem 2.3.2. The disease-free equilibrium, E0, of model (2.3) is globally- asymp-

totically stable in Ω whenever RT < 1.

The proof of Theorem 2.3.2, based on using a comparison theorem argument [80,

105, 159], is given in Appendix A. The epidemiological implication of Theorem 2.3.2

is that, the HIV-disease in MSM population can be eliminated from the community

if the threshold quantity, RT can be brought to (and maintained at) a value less than

unity. In other words, having RT < 1 is necessary and sufficient for the effective

control (or elimination) of the disease. Hence, implementing an intervention and

awareness program that can bring (and maintain) RT to a value less than one will

result in the elimination of the HIV-disease in the United States.

The result in Theorem 2.3.2 is numerically illustrated in Figure 2.3, showing the

convergence of multiple initial conditions to the disease-free equilibrium (E0) when

RT < 1.

2.3.2 Endemic Equilibria

In this section, we explore conditions for the existence and asymptotic stability of

endemic equilibria (i.e., equilibria where the infected components of the model are

nonzero).
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Figure 2.3: Simulations of the Model (2.3), for the Number of New Cases of MSM
Population as a Function of Time (in Years), Showing Convergence of Initial Con-
ditions to the Disease-free Equilibrium When RT < 1. Parameter Values Used Are
as given in Table 2.2 with β = 0.01051 Year−1. With This Set of Parameter Values,
RT = 0.1312 < 1.

Existence:

Let

E∗∗ = (S∗∗, I∗u, I
∗∗
d , A

∗∗
u , A

∗∗
d , T

∗∗)

represents an arbitrary endemic equilibrium of the model (2.3). It follows then that,

at this equilibrium, the force of infection (2.2) becomes

λ∗∗ = (β)

[
I∗∗u + ηdI

∗∗
d + ηA(A

∗∗
u + ηdA

∗∗
d )

N∗∗

]
, (2.14)

with,

N∗∗ = S∗∗ + I∗∗u + I∗∗d + A∗∗
u + A∗∗

d + T ∗∗. (2.15)
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The components of the arbitrary equilibrium (obtained by solving for each of the

state variables of the model (2.3) at the arbitrary endemic equilibrium) are:

S∗∗ =
Π

λ∗∗ + µ
, I∗∗u =

r1λ
∗∗

λ∗∗ + µ
, I∗∗d =

r2λ
∗∗

λ∗∗ + µ
, A∗∗

u =
r3λ

∗∗

λ∗∗ + µ
,

A∗∗
d =

r4λ
∗∗

λ∗∗ + µ
and T ∗∗ =

r5λ
∗∗

λ∗∗ + µ
,

(2.16)

where, r1 =
fΠ

K1

, r2 =
Π

K2

(
(1− f) +

fψu

K1

)
, r3 =

fσuΠ

K1K3

, r4 =
r2σd + r3ψu

K4

and r5 =
τd(r2 + r4)

µ
. It follows, by substituting the expressions in (2.16) into (2.14)

(and simplifying), that the solutions of the model (2.3) satisfy the following polyno-

mial:

λ∗∗ (a1λ
∗∗ + a0) = 0, (2.17)

where, a1 = r1+r2+r3+r4+r5 and a0 = Π−β(r1+ηdr2+ηAr3+ηAηdr4) = Π(1−RT ).

The solutions of (2.17) are λ∗∗ = 0 (which corresponds to the disease-free equilibrium,

E0) and

λ∗∗ =
−a0
a1

=
β(RT − 1)

r1 + r2 + r3 + r4 + r5
> 0, whenever RT > 1. (2.18)

Hence, the model (2.3) has a unique positive endemic equilibrium whenever RT > 1,

and no positive endemic equilibrium when RT ≤ 1 (the components of the unique

endemic equilibrium can be obtained explicitly by substituting the unique solution

of λ∗∗, given in (2.18), into the expressions in (2.14)). Thus, we have established the

following result.

Theorem 2.3.3. The model (2.3) has a unique endemic equilibrium whenever RT >

1, and no endemic equilibrium otherwise.
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Local Asymptotic Stability of Unique Endemic Equilibrium: Special Case

The local asymptotic stability of the model (2.3) will be explored for the special case

with no disease-induced mortality (i.e., we consider the model (2.3) with δI = δA = 0).

It is convenient to define the following threshold quantity:

R̃T = RT |δI=δA=0. (2.19)

We claim the following:

Theorem 2.3.4. The unique endemic equilibrium of the special case of the model

(2.3) with δI = δA = 0 is locally-asymptotically stable whenever R̃T > 1.

The proof of Theorem 2.3.4 is based on using a Krasnoselskii sub-linearity trick [71,

110, 54, 53, 105, 82], and is given in Appendix B. The epidemiological implication

of Theorem 2.3.4, for the special case of the model (2.3) with δI = δA = 0, is that

the disease will persist in the population (when the threshold quantity, R̃T exceeds

one) if the initial sizes of the sub-populations of the model (2.3) are in the basin of

attraction of the unique endemic equilibrium.

Global Asymptotic Stability of the Unique Endemic Equilibrium: Special

Case

The global asymptotic property of the endemic equilibrium of the model (2.3) is

given for the special case when all newly-infected individuals are unaware of their

infection status (i.e., f = 1) and no disease-induced mortality (i.e., δI = δA = 0)

and when the modification parameter accounting for the assumption that individuals

with symptoms of AIDS are more infectious than those who do not display symptoms

of AIDS, is set to zero (i.e., ηA = 0). Thus, the model (2.3), with f = 1 and
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ηA = δI = δA = 0 is reduced to the following system:

dS

dt
= Π− (λ+ µ)S,

dIu
dt

= fλS − (ψu + σu + µ)Iu,

dId
dt

= ψuIu − (σd + τd + µ)Id,

dAu

dt
= σuIu − (ψu + µ)Au,

dAd

dt
= σdId + ψuAu − (τd + µ)Ad,

dT

dt
= τd(Id + Ad)− µT,

(2.20)

with λ, now defined as:

λ = (β)
(Iu + ηdId)

N∗∗

Adding all the equations of the reduced model (2.20) gives

dN

dt
= Π− µN, (2.21)

from which it follows that N(t) → Π

µ
as t → ∞. Using N∗∗ =

Π

µ
in (2.21) gives

a limiting (mass action) system instead of the the standard incidence formulation.

Furthermore, the associated reproduction number of the reduced model (2.20) is

given as:

R̂T = RT |f=1,ηA=δI=δA=0. (2.22)

It can be easily shown that the reduced model (2.20), has a unique positive EE (as

shown in Section 2.3.2) whenever R̂T > 1. This result is summarized below.

Theorem 2.3.5. The reduced model (2.20), has a unique (positive) endemic equilib-

rium whenever R̂T > 1.

It is convenient to define the following biologically-feasible region, Ω0 as:

Ω0 = {(S, Iu, Id, Au, Ad, T ) ∈ Ω : Iu = Id = Au = Ad = T = 0}.
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Hence, we claim the following:

Theorem 2.3.6. The unique endemic equilibrium of the special case of the model

(2.3) (i.e. the reduced model (2.20)) with f = 1 and ηA = δI = δA = 0 is globally-

asymptotically stable in Ω \ Ω0 whenever R̂T > 1.

Figure 2.4: Simulations of the Reduced Model (2.20), for the Number of New HIV
Cases in MSM Population as a Function of Time, Showing Convergence of Initial
Conditions to the Unique Endemic Equilibrium When R̂T > 1. Parameter Values
Used Are as given in Table 2.2 with β = 0.1551 Year−1. With This Set of Parameter
Values, R̂T = 7.4615 > 1.

The proof of Theorem 2.3.6, is based on using the non-linear Lyapunov function of the

Goh-Volterra type, is given in Appendix C. The result of Theorem 2.3.6 is numerically

illustrated in Figure 2.4, where multiple initial conditions converged to the unique

endemic equilibrium when R̂T > 1.

2.4 Global Sensitivity Analysis

In this section, the global sensitivity analysis and uncertainty analysis of the model

(2.3) will be explored. The model (2.3) contains 12 parameters, and although some of
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the parameters were estimated using the MSM data [113], uncertainties are expected

to arise in the estimates of some of the other parameters of the model. Hence, it is

crucial to assess the impact of the uncertainties of the estimates of the values of the

parameters on the outcome of the numerical simulations generated from the model

(with respect to a particular response function). In this section, we apply standard

uncertainty and sensitivity analysis, using Latin Hypercube Sampling (LHS) tech-

nique and partial rank correlation coefficients (PRCCs), to determine the parameters

of the model that have the most effect on the chosen response function [79, 13, 81].

The partial rank correlation coefficients (PRCC) approach is a robust sensitivity mea-

sure for nonlinear but monotonic relationships between input and output, as long as

little to no correlation exists between the inputs [79]. PRCC is considered to be more

powerful at determining the sensitivity of a parameter that is strongly monotonic yet

highly nonlinear [49]. The magnitude, as well as the statistical significance of the

PRCC value of a parameter, indicates that parameter’s contribution to the impreci-

sion of the model’s prediction of the chosen response function. The parameters with

large PRCC values (greater or equal to 0.5 in magnitude) are considered to be the

most influential to the response function [102]. Thus, a PRCC approaching −1 or

+1 indicates a strong effect of the corresponding parameter to the chosen response

function. The sign indicates the qualitative relationship between the parameter of the

model and the chosen response function. Those with negative (positive) PRCC values

are said to be negatively (positively) correlated with the chosen response function.

In this chapter, we choose the control reproduction number (RT ) of the model (2.3)

as the response function. We have chosen all of the 12 parameters for the sensitivity

analysis. The process of carrying out the sensitivity analysis entails defining a range

(lower and upper bound) and distribution for each parameter of the model, and then
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splitting each parameter range into 10,000 equal sub-intervals. Parameter sets are

drawn from this space without replacement and used to form a 10, 000 × 12 matrix

(hypercube). Each row of this matrix is used to compute the response function (i.e.,

RT in this case) and PRCCs are then computed to assess the contributions of un-

certainty and variability in individual parameters to uncertainty and variability in

the reproduction number. Parameters with high PRCC values close to −1 or +1 are

said to be highly correlated with the response function (those with negative(positive)

PRCC values are said to be negatively (positively) correlated with the response func-

tion). We assume, for simplicity, that each of the 12 parameters of the model (2.3)

obeys a uniform distribution, and the range for each parameter is obtained by taking

20% to the left, and then 20% to the right, of its baseline value (given in Table 2.3)

The results of the global sensitivity analysis, depicted in Figure 2.5, show the top four

parameters of the basic model (2.3) that have the most effect on the response function

(RT ) are the effective contact rate (β), the disease-induced mortality for individuals

in the AIDS stage of infection (δA), the modification parameter for the infectiousness

of individuals in the AIDS stage of infection, in relation to those in the asymptomatic

stage (ηA) and the proportion of newly-infected individuals who are unaware of their

HIV infection status (f). Hence, it follows from the parameter sensitivity analysis

that implementing control interventions and mitigation strategies that:

1. Reduce β (by minimizing number of sexual partners, using condoms during

sexual intercourse, minimizing needle-sharing etc.).

2. Reduce f (by implementing effective public health education campaigns and

counselling, encouraging minimizing risks, random and frequent HIV testing

etc.).

3. Reduce ηA (e.g., via effective treatment and/or discouraging individuals in the
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Parameter Baseline Values Range PRCC: RT

Π 1,379 [1,103, 1,655] 0.020

β 0.105124 [0.0841, 0.1261] 0.97∗

ηd 0.43 [0.23, 0.63] -0.010

ηA 1.5 [1.35, 1.65] 0.86∗

µ 0.0125 [0.01, 0.015] -0.410

f 0.9 [0.8, 1] 0.91∗

σu 0.5 [0.4, 0.6] -0.290

σd 0.2223 [0.17784, 0.26676] -0.010

τd 26 [20.8, 31.2] -0.010

ψu 0.0150808 [0.0121, 0.0181] -0.480

δI 0.0047 [0.00376, 0.00564] -0.040

δA 0.09 [0.072, 0.108] -0.94∗

Table 2.3: Table of PRCC Values of the Parameters in the Expression for the Control
Reproduction Number, RT , of the Model (2.3). PRCC Values above 0.5 in Magnitude
Are Highlighted with a ∗, Implying That These Parameters Are Highly-correlated
(i.e., Either Positively Correlated or Negatively Correlated with the Response Func-
tion). Apart from The Modification Parameters (i.e., ηd and ηa) and the Proportion
“f”, Which Are Dimensionless, All the Other Parameters and Their Ranges Have
Unit of per Year.

AIDS stage from partaking in risky practices that could lead to disease trans-

mission to their susceptible partners)

will be most effective in reducing the control reproduction number (hence, reducing

the disease burden, as measured in terms of HIV-related mortality and morbidity). It

is noteworthy that the parameter δA (for the disease-induced rate for individuals at

the AIDS stage of infection) is highly (but negatively) correlated with the response

function (RT ). Nonetheless, suggesting a strategy to increase the value of this pa-
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rameter (which will, in theory, reduce RT ) is unrealistic epidemiologically.

Figure 2.5: Partial Rank Correlation Coefficients (PRCCs) Depicting the Impact
of the Parameters of the Model (2.3) with Respect to the Response Function (RT ).
The Parameters Used in These Simulations Are as given by the Baseline Values, and
Their Corresponding Ranges Are as given in Table 2.2.

In summary, we identify, in this chapter, four parameters (i.e., β, ηA, f, δA) that have

the greatest influence on the value of the control reproduction number (RT ), which

governs the effective control of the HIV pandemic for the MSM population in the

United States. Hence, to effectively control the pandemic, the control interventions

and mitigation strategies should be focused on effectively targeting the aforemen-

tioned four identified parameters. Figure 2.6 depicts the distributions of each of the

parameters of the model (2.3), generated from the uncertainty analysis. This figure

shows that, for the parameter values and ranges used in the uncertainty analysis

(given in Table 2.3), the value of the reproduction number (RT ) of the model, for the

MSM community in the State of Arizona, range from (0.9563, 1.7818) with a mean

value of 1.3211 at the 95% confidence interval. The probability that RT > 1 for the

HIV dynamics in this MSM community is given to be 95.1% (hence, under the current
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conditions and parameterization, HIV will remain endemic in this population).

Figure 2.6: Distribution of Parameters of the Model (2.3) and the Response Function
(RT ) Generated from the Uncertainty Analysis. Parameter Values Used Are as given
by the Baseline Values and Ranges in Table 2.2.

.

2.5 Numerical Simulations

The model (2.3) is now simulated, using the baseline parameter values in Table 2.2

(unless otherwise stated), to assess the impact of control interventions. To assess the

impact of condom use (to prevent the transmission or acquisition of HIV infection in

the MSM population), the model (2.3) is slightly modified to include the implemen-
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tation of condom use strategy. Specifically, the transmission rate β is re-scaled to

β(1 − εccm), where 0 < εc ≤ 1 is condom efficacy and 0 ≤ cm ≤ 1 is the compliance

in its usage within the MSM community). Figure 2.7 depicts a contour plot of the

control reproduction number, RT , as a function of the condom efficacy (εc) and com-

pliance (cm). The contours show that, for the MSM community considered, RT ranges

from 0.2 to 1.2. Furthermore, this figure shows that the control reproduction number

decreases with increasing condom efficacy and compliance. For instance, the contour

plot shows that, for the case where condoms of 80% efficacy (i.e., εc = 0.8) are exclu-

sively used in the population, HIV can be eliminated from the MSM community if at

least 29.7% of the population consistently use condoms during sexual contacts. The

results in Figure 2.7 clearly show that the prospects of the effective control and/or

elimination of HIV in the MSM community, using a condom-based intervention, are

very promising provided the condom efficacy and compliance are high enough.

Figure 2.7: Contour Plot of the Reproduction Number (RT ) of the Model (2.3), with
β Replaced by β(1− εcCm), as a Function of Condom Efficacy (εc) and Compliance
(cm). Parameter Values Are as given by Their Baseline Values in Table 2.2.
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2.6 Concluding Remarks for Chapter 2

The aim of this chapter is to assess the population- level impact of public health

education campaign (or awareness of HIV infection status), as a sole intervention and

mitigation strategy, on the transmission dynamics and control of HIV/AIDS in an

MSM community in the United States. Specifically, a basic model (i.e., a determin-

istic system of nonlinear differential equations), is developed, coupled with rigorous

analysis and computation, to address the challenge of the spread and control of the

disease. The impact of interventions based on condom use strategy for the effective

control and/or elimination of HIV, is also assessed.

The model was parameterized by fitting it to the observed new yearly data (for the

MSM community) for the State of Arizona for the period from 1990 to 2019. Fur-

thermore, the model was rigorously analysed to gain insight into the main qualitative

features of the model. The rigorous asymptotic stability analysis of the basic model

revealed that its unique disease-free equilibrium is locally-asymptotically stable when-

ever the control reproduction number of the model is less than one (i.e., RT ). It was

shown that the disease-free equilibrium of the model is globally-asymptotic stable

when the associated control reproduction number is less than one. The epidemiologi-

cal implication of the global asymptotic stability result for the disease-free equilibrium

of the model is that the HIV/AIDS pandemic can be eliminated in the United States

if the associated control reproduction number can be brought to (and maintained

at) a value below one (in other words, maintaining the value of RT less than one is

necessary and sufficient for the elimination of the HIV/AIDS pandemic in the United

States).

It was also shown that the model has a unique and locally-asymptotically stable en-

demic equilibrium for the special case (where disease-induced mortality is negligible)
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whenever the associated control reproduction number exceeds one. The epidemio-

logical implication of this result is that, for the special case of the basic model (i.e.,

in the absence of the disease induced mortality), the HIV/AIDS disease will persist

in the population whenever the associated reproduction number is greater than one.

Furthermore, it was also shown that the unique endemic equilibrium for the special

case of the model (i.e., when f = 1 and ηA = δI = δA = 0) is globally-asymptotic

stable when the associated control reproduction number is greater than one.

Furthermore, using the global sensitivity analysis of the parameters of the model, we

identified the parameters of the model that have the most influence on the chosen

response function (hence, the burden of the HIV/AIDS in the MSM community).

Specifically, we identified the most influential four PRCC-ranked parameters to be

the effective contact rate (β), the modification parameter accounting for the assump-

tion that individuals with clinical symptoms of AIDS are more infectious than HIV-

infected individuals who do not display clinical symptoms of AIDS (ηA), the propor-

tion of new HIV-infected individuals who are unaware of their HIV infection status

(f) and the disease-induced mortality for individuals in the asymptomatic (AIDS)

stage of HIV infection (δA). The numerical PRCC values indicate that reduction of

the contact rate of the individuals results in the reduction of the associated reproduc-

tion number. Decrease f by implementing effective public health education campaign

and counselling and encouraging minimizing risks, random and frequent HIV testing

etc. ηA can be reduced by effective treatment and/or discouraging individuals in the

AIDS stage from partaking in risky practices that could lead to disease transmission

to their susceptible partners.

The model was re-scaled and used to assess the population-level impact of using the

condoms in the MSM community as an intervention strategy. Our simulations showed

that HIV/AIDS can be eliminated from the MSM community in the United States if
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at least 29.7% of the population consistently use condoms (with 80% efficacy) dur-

ing sexual contacts. In summary, the numerical simulation results generated from

this chapter showed that the prospects for the effective control and/or elimination of

HIV/AIDS in the MSM community in the United States are very promising using a

condom-based intervention, provided the condom efficacy is high and the compliance

is moderate enough.

Some of the limitations of the basic model developed in this chapter include: (a)

not stratifying the total MSM population according to the risk of acquisition of HIV

infection (i.e., splitting the MSM population into low or high risk groups, based on

how much risk they take in their sexual practices), (b) the model does not incorporate

the three stage-progression property (i.e., (i) acute HIV infection, (ii) chronic HIV

infection, and (iii) AIDS) of transmission processes which is a well-known feature

of HIV disease and (c) not explicitly incorporating PrEP (a fairly recent preventive

measure against acquisition of HIV/AIDS) as a potent preventive intervention in a

HIV risk-structured and staged-structured MSM population.
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Chapter 3

TWO-GROUP MODEL FOR HIV DYNAMICS IN AN MSM POPULATION

3.1 Introduction

The human immunodeficiency virus (HIV), the causative agent of the acquired im-

munodeficiency syndrome (AIDS), typically leads to death within three years if un-

treated [88]. Over 40.1 million people have died of HIV/AIDS, as of July 2022,

and 38.4 million people currently live with the disease (globally). The HIV/AIDS

pandemic continues to inflict a major socio-economic burden in many parts of the

world [23, 96]. Although there is currently no safe and effective vaccine against HIV

[23], significant progress has been made, over the last three decades, in the design of

effective preventive and therapeutic therapies for the battle against the HIV/AIDS

pandemic. These therapies have essentially transformed this once highly fatal disease

into a treatable chronic condition [23]. Specifially, there have been more than 25 drugs

developed for the treatment of HIV/AIDS [112] over the last three decades. The first

antiretroviral drug (i.e., zidovudine (AZT)) for the treatment of AIDS was approved

in March of 1987 by the U.S. Food and Drug Administration (FDA) [130]. The most

recent drug against HIV/AIDS, Lenacapavir(Sunlenca)®, approved by the FDA in

December, 2022, is the second injectable anti-HIV drug, and is only approved for

individuals who are resistant to the other drugs [132]. Pre-Exposure Prophylaxis (or

PrEP, for short), a fairly recent preventive measure against acquisition of HIV/AIDS

(approved by FDA on July 16, 2012), entails taking daily medication (or a monthly

injection) to high-risk individuals who are currently HIV-negative, aimed at mini-

mizing their chance of acquiring an HIV infection,typically from their HIV-positive
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partners (individuals on PrEP are also required to follow up with their healthcare

provider and get tested for HIV regularly, typically every three months) [45, 23].

The FDA approved two drugs, namely Truvada and Descovy, for PrEP (Truvada in

2012 and Descovy in 2016 [125, 55]. Each of these drugs (taken by individuals who

test negative for HIV) are in pill form, and must be taken once a day in conjunction

with the use of condoms during sexual contact to be more effective [125]. Individuals

on these drugs are regularly tested for HIV (every three months). Furthermore, both

drugs have emtricitabine, but Truvada combines it with tenefovir disoproxifumarate

while Descovy combines it with tenofovir alafenamide [10]. While Truvada is gen-

erally recommended for individuals who are at risk for HIV through sex and IDU,

Descovy is only recommended for individuals who are at risk of HIV infection through

sex [125, 121]. Data shows that it takes PrEP pills approximately 7 days of daily use

to reach maximum protection for receptive anal sex and 21 days of daily use to reach

maximum protection for receptive vaginal sex and IDU [38, 109]. There is currently

no data on insertive sex [38].

Data from the CDC shows that consistent usage of PrEP medication could lead up

to a 99% reduction in the risk of acquisition of HIV infection from sex and reduce

the risk of getting HIV from intravenous drug use by at least 74%, compared to those

who did not take them consistently [44]. Unfortunately, despite the overall progress

in curbing the HIV/AIDS pandemic through the use of pharmaceutical interventions,

the disease continues to affect some groups severely and disproportionately. This is

largely due to alarming persistent inequity in PrEP usage. For instance, in the year

2021 alone, only 9% (42,372) of the nearly 469,000 Black people who could bene-

fit from PrEP received a prescription, and only 16% (48,838) of the nearly 313,000

Hispanic/Latino people (who could benefit from PrEP) received a prescription [29].

These inequities in PrEP prescription and usage translates into increased HIV in-
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cidence in the affected populations. For instance, the HIV incidence among Black

individuals in the United States is over eight times than in the White population

(HIV incidence in the Hispanic population is about four times higher than the aver-

age in the White population) [29]. Black people represented 14% of PrEP users in

2021, despite accounting for 42% of new HIV diagnoses in 2020. Similarly, Hispanic

people represented 17% of PrEP users in 2021 and 27% of new HIV diagnoses in 2020,

whereas White people represented 65% of PrEP users and 26% of new HIV diagnoses

[4]. Finally, inequity also exists in PrEP prescription and usage by gender. In the

year 2020, for example, PrEP coverage was about three times as high among males

(28%), compared to among females (10%) [29]. All these inequities (by race and gen-

der) further exacerbates and fuels the HIV/AIDS pandemic in the ethnic minority

and female populations.

Several mathematical models have been developed and used to assess the impact of

PrEP on HIV transmission dynamics and control of HIV/AIDS in the United States

[76, 107, 93, 95, 83]. For instance, Simpson et al. [107] presented a novel stage-

progression model for HIV/AIDS, to assess the population-level impact of the use of

PrEP on the transmission dynamics of the disease within an MSM population. This

study reported that the effective disease control can be achieved in the MSM com-

munity of Minnesota if [61 − 77%] of susceptible members of the MSM community

are on PrEP [107]. Mitchell et al. [83] presented a deterministic model to assess the

population level impact of PrEP for female sex workers (FSW) and men who have

sex with men (MSM) upon HIV incidence and survival in Southern India. The results

found in this study predicted that PrEP intervention with 40% coverage of the target

population and 60% efficacy could avert over a fifth of new infections amongst the

targeted population (FSW or MSM), and [2 − 3%] of new infections in the whole

population. Kim et al. [76] presented a mathematical model of HIV prevention mea-
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sures including PrEP on HIV incidence in South Korea. The results of this study

predicted that PrEP reduced the HIV incidence by 74% comparing with the use of

antiretroviral therapy (ART) within one year of diagnosis just in 10 years. Moreover,

PrEP reduced the HIV incidence by 23% comparing with diagnosis within one year of

infection [76]. Nsuami et al. [93] reported that managing HIV with early treatment

can decrease transmission and possibly decrease the number of AIDS-related deaths

and increase in the uptake of PrEP could significantly reduce the number of overall

HIV/AIDs infections in South Africa. Omondi et al. [95] found that an increase

in the PrEP uptake leads to a decline in the number of HIV/AIDS patients under

antiretroviral therapy. Furthermore, a combination of PrEP uptake and ART would

reduce the spread of the disease appreciably [95].

This chapter introduces a two-group model for the transmission dynamics of HIV/AIDS

in an MSM community in the United States. The model to be developed, which in-

corporates the main epidemiological and biological features of the HIV disease (such

as the staged-progression property of the transmission process), will be used to as-

sess the population-level impact of the three pillars of the United States Anti-HIV

Initiative to reduce HIV infections in the country by 90% by 2030 [26, 117] (namely

testing, drug treatment and PrEP) in combating and mitigating the spread of the

disease in an MSM population in the United States. Another novel feature of the

model to be designed is that it stratifies the total MSM population according to risk

of acquisition of HIV infection. That is, we split the total MSM population into those

who are low- or high-risk of acquiring an HIV infection (based on how much risk they

take in their sexual practices). The chapter is organized as follows. The two-group,

risk-structured model is formulated in Section 3.2. Its basic qualitative properties are

also presented in this section. Rigorous analysis of the model, with respect to the ex-

istence and asymptotic stability properties of its disease-free and endemic equilibria,
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is explored in Section 3.3. The feasibility of the dynamic phenomenon of backward

bifurcation is also rigorously explored in this section. Numerical simulations, as well

as global parameter sensitivity analyses, are reported in Section 3.5. The results of

this chapter are summarized in Section 3.6.

3.2 Model Formulation

The model to be developed in this chapter is that of the transmission dynamics and

control of HIV/AIDS in an MSM community in the United States. In the formula-

tion of the model, the main mode of transmission to be considered is sexual (albeit

intravenous drug use is also an important mode of transmission in this group). Fur-

thermore, the total susceptible MSM population will be stratified according to the

risk of acquisition of HIV infection. Specifically, the susceptible population will be

divided into two risk groups, low and high. The susceptible high-risk population con-

sists of HIV negative MSM individuals who, in addition to having sexual contacts

with HIV-positive individuals, are intravenous drug users. The low-risk, susceptible

group consists of HIV-negative MSM who do not engage in risky sexual (or IDU)

behavior. In addition to risk structure, another notable feature of HIV disease to

be incorporated into the model is stage structure (namely the primary stage, the

secondary stage and the AIDS stage). Furthermore, in addition to PrEP and treat-

ment (given to the sexually active susceptible MSM individuals), another important

feature to be included into the model is voluntary testing. The motivation for this is

that a sizable percentage of HIV-infected individuals in the U.S. are unaware of their

infection status. To account for this, (i.e., testing and detection), the infected MSM

population will be stratified based on whether they know their infection status. In

other words, we will classify the MSM infected individuals in terms of whether they

are detected (via testing) or not. In this study, three main preventive and therapeutic
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strategies against HIV/AIDS are considered, namely the use of PrEP to prevent sus-

ceptible MSM individuals from acquiring an HIV infection, voluntary testing aimed

at detecting infected individuals who are unaware of their infection status and the

treatment (using antiretroviral therapy) for those who have been detected (i.e., those

who are aware of their infection status). In the model to be developed, PrEP is only

administered to susceptible individuals in the high-risk category. Based on the above

descriptions, the total MSM population at time t, denoted by N(t), is sub-divided

into the mutually-exclusive compartments of low-risk susceptible (SL(t)), and high-

risk susceptible (SH(t)), individuals in the primary stage of infection who are unaware

(I1u(t)) or aware (I1d(t)) of their infection status, individuals in the secondary stage

who are unaware (I2u(t)) or aware (I2d(t)) of their infection status, individuals in the

AIDS stage of infection who are unaware (Au(t)) or aware (Ad(t)) of their infection

status and effectively-treated infected individuals (T (t)). Thus,

N(t) = SL(t) + SH(t) + I1u(t) + I1d(t) + I2u(t) + I2d(t) + Au(t) + Ad(t) + T (t).

The risk-structured and staged-structured model for HIV transmission in an MSM

population (where PrEP, antiretroviral drugs and testing are administered and im-

plemented as preventive and/or therapeutic interventions) is given by the following

deterministic system of nonlinear differential equations. The flow diagram of the

model (3.1) is depicted in Figure 3.1, and the description of the state variables and
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parameters of the model are tabulated in Tables 3.1 and 3.2, respectively:

dSL

dt
= Π(1−p)+ψHSH−λSL−ψLSL−µSL,

dSH

dt
= Πp+ψLSL−ηH(1−εpcp)λSH−ψHSH−µSH ,

dI1u
dt

= λSL+ηH(1−εpcp)λSH−εdξdI1u−σ1uI1u−µI1u,

dI1d
dt

= εdξdI1u−τ1I1d−σ1dI1d−µI1d,

dI2u
dt

= σ1uI1u−εdξdI2u−σ2uI2u−µI2u,

dI2d
dt

= εdξdI2u+σ1dI1d−τ2I2d−σ2dI2d−µI2d,

dAu

dt
= σ2uI2u−εdξdAu−µAu−δuAu,

dAd

dt
= σ2dI2d+εdξdAu−τAAd−µAd−δdAd,

dT

dt
= τII1d+τ2I2d+τAAd−µT,

(3.1)

where the force of infection, λ(t), is given by

λ(t) = β
[I1u(t) + ηdI1d(t) + η2{I2u(t) + ηdI2d(t)}+ ηA{Au(t) + ηdAd(t)}]

N(t)
. (3.2)

In the model (3.1), Π is the rate at which new sexually-active MSM individuals

are recruited into the population (assumed to be susceptible), and a proportion,

0 ≤ p < 1, of these are assumed to be high-risk susceptible individuals. Low (high)-

risk susceptible individuals change their risk behavior and become high (low)-risk

at a rate of ψH(ψL). Susceptible individuals acquire HIV infection at the rate λ(t),

given by model (3.1). In Equation (3.2), β is the effective contact rate, 0 < ηd < 1

is the modification parameter for the assumed reduced infectiousness of detected

individuals, in relation to undetected individuals (since they are on treatment, hence

they have reduced viral load), 0 < η2 < 1 is the modification parameter for the

reduced infectiousness of individuals in the secondary stage of infection, in relation to

those in the primary stage of infection (owing to their reduced viral load), and ηA > 0
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is the modification parameter accounting for the variability of the infectiousness of

individuals in the AIDS stage of infection, in relation to those in the primary stage

of infection (ηA could be less than, or greater than, unity). Natural mortality occurs

in each epidemiological compartment at a rate µ. High-risk susceptible individuals

acquire HIV infection at a rate ηH(1 − εpcp)λ, where ηH > 1 is the modification

parameter for the assumed increase in the likelihood of acquiring an HIV infection by

high-risk susceptible individuals, in relation to low-risk susceptible individuals (due

to their high-risk sexual practices), 0 < εp < 1 is the efficacy of PrEP in preventing

infection and 0 < cp ≤ 1 is compliance in PrEP usage. Infected individuals who

are unaware of their infection status (i.e., those in I1u(t), I2u(t) and Au(t) classes) are

detected, after voluntary testing, at a rate εd ξd, where ξd is the testing/detection rate

and 1 < εd ≤ 2 is the efficacy of the diagnostic test (PCR) administered. Individuals

in the primary stage progress to the corresponding secondary stage (I2u(t)) at a rate

σ1u. Detected individuals in the primary infection stage (i.e., those in the I1d(t) class)

are treated at a rate τ1 and progress to the corresponding secondary stage (I2d(t)) at

a rate σ1d. Undetected infected individuals in the secondary stage of infection (I2u(t))

progress to the corresponding AIDS stage of infection (Au(t)) at a rate σ2u. Similarly,

those in the (I2d(t)) class progress to the (Ad(t)) class at a rate σ2d. Individuals in

this (I2d(t)) class are treated at a rate τ2. The treatment rate of detected individuals

in the AIDS stage of infection is denoted by τA. Individuals in the (Au(Ad)) stage

of HIV infection die, due to the opportunistic infections associated with AIDS, at a

rate δu(δd).
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Figure 3.1: Flow Diagram of the Two-Group Model (3.1).

Parameter Description

Π Recruitment rate into the sexually-active MSM population

0 ≤ p < 1 Proportion of newly sexually-active susceptible individuals

that are high-risk

β Effective contact rate

ψL(ψH) Transition rate from low(high)-risk to high(low)-risk suscep-

tible population

µ Natural death rate

0 < ηd < 1 Modification parameter for reduced infectiousness of de-

tected individuals, in relation to undetected individuals

0 < η2 < 1 Modification parameter for the reduced infectiousness of in-

dividuals in secondary stage of infection, in relation to those

in primary stage
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ηA > 0 Modification parameter for the variables of infectiousness of

individuals in the AIDS stage of infection, in relation to those

in primary stage

ηH > 1 Modification parameter for the assumed increase in the like-

lihood of acquiring an HIV infection by high-risk susceptible

individuals

0 < εp < 1 Efficacy of PrEP to prevent acquisition of HIV infection

0 < cp ≤ 1 Compliance in PrEP usage

σ1u(σ1d) Progression rate of undetected (detected) individuals in pri-

mary stage to the corresponding secondary stage

σ2u(σ2d) Progression rate of undetected (detected) individuals in sec-

ondary stage to the corresponding AIDS stage

ξd Detection rate of diagnostic test administered

1 < εd ≤ 2 Efficacy of diagnostic test to detect undetected individuals

τ1(τ2) Treatment rate of detected individuals in I1d(I2d) class

τA Treatment rate of detected individuals in AIDS stage of in-

fection

δu(δd) Disease-induced mortality rate of undetected (detected) in-

dividuals in the AIDS stage

Table 3.2: Description of Parameters of the Model (3.1).

The main assumptions made in the formulation of the model (3.1) are same as dis-

cussed in the Section 2.2. Furthermore, we have relaxed the assumption that indi-

viduals in the primary and asymptomatic stage of HIV infection are lumped into one

compartment (Iu or Id), based on whether they are aware of their infection status.
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State Variable Description

SL Population of low-risk susceptible individuals

SH Population of high-risk susceptible individuals

I1u Population of undetected HIV-infected individuals in

primary stage of infection

I1d Population of detected HIV-infected individuals in pri-

mary stage of infection

I2u Population of undetected HIV-infected individuals in

secondary stage of infection

I2d Population of detected HIV-infected individuals in sec-

ondary stage of infection

Au Population of undetected HIV-infected individuals in

AIDS stage of infection

Ad Population of detected HIV-infected individuals in AIDS

stage of infection

T Population of successfully-treated individuals

Table 3.1: Description of State Variables of the Two-Group Model (3.1).

3.2.1 Basic Qualitative Properties

In this section we assess the well-posedness of the model (3.1). We define the following

biologically- feasible region for the model (3.1):

Γ =
{
(SL, SH , I1u, I1d, I2u, I2d, Au, Ad, T ) ∈ R9

+ : 0 ≤ N ≤ Π

µ

}
.

We claim the following result:
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Theorem 3.2.1. All solutions of the two-group model (3.2.1) with non-negative initial

data remain non-negative for all time t > 0.

Proof. Let t1 = sup{t > 0 : SL > 0, SH > 0, I1u > 0, I1d > 0, I2u > 0, I2d > 0, Au >

0, Ad > 0, T > 0 ∈ [0, t]}. Thus, t1 > 0. It follows from the first equation of the model

(3.1) that

dSL

dt
= Π(1− p) + ψHSH − λSL − ψLSL − µSL ≥ Π(1− p)− (λ+ ψL + µ)SL,

which can be re-written as:

d

dt

[
SL(t)exp

{∫ t

0

λ(u)du+ (ψL + µ)t
}]

≥ Π(1− p)exp
{∫ t

0

λ(u)du+ (ψL + µ)t
}
.

Hence,

SL(t1)exp
{∫ t1

0

λ(u)du+ (ψL + µ)t1

}
− SL(0)

≥
∫ t1

0

Π(1− p)exp
{∫ x

0

λ(ν)dν + (ψL + µ)x
}
dx,

SL(t1) ≥ exp
{
−
∫ t1

0

λ(u)du− (ψL + µ)t1

}
[
SL(0) + I

∫ t1

0

Π(1− p)exp
{∫ x

0

λ(ν)dν + (ψL + µ)x
}
dx

]
> 0.

Similarly, it can be shown that all the remaining state variables of the model (3.1) are

non-negative (for all non-negative initial conditions) for t ≥ 0. Consequently, all the

solutions of the model (3.1), with non-negative initial conditions, remain non-negative

for all time t ≥ 0.

Theorem 3.2.2. The region Γ is positively-invariant and attracts all solutions of the

model (3.1).
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Proof. Adding all the equations of the model (3.1) gives:

dN

dt
= Π− µN − δuAu − δdAd, (3.3)

thereby (since all state variables and parameters of the model are non-negative)

dN

dt
≤ Π− µN. (3.4)

Hence if N ≤ Π

µ
, then

dN

dt
≤ 0. Thus, it follows, by applying a standard comparison

theorem [78], that:

N(t) ≤ Π

µ
+

(
N(0)− Π

µ

)
e−µt. (3.5)

In particular, N(t) ≤ Π

µ
if N(0) ≤ Π

µ
. Further, if N(t) >

Π

µ
, then dN(t)/dt < 0.

Therefore, every solution of the model (3.1) with initial conditions in Γ remains in Γ

for all time. Thus, the region Γ is positively-invariant and attracting.

Since the region Γ is positively-invariant, attracting and bounded, it is therefore

sufficient to study the dynamics of the model (3.1) in the feasible region, Γ [70]. The

existence and asymptotic stability properties of the equilibria of the model (3.1) will

now be explored.

3.3 Existence and Asymptotic Stability of Equilibria

In this section, the two group HIV/AIDS model (3.1) will be rigorously analyzed

to explore the conditions for the existence and asymptotic stability of disease-free

equilibrium and endemic equilibrium.

3.3.1 Disease-Free Equilibrium

The model (3.1) has a disease-free equilibrium (DFE), given by:

EDF = (S∗
L, S

∗
H , 0, 0, 0, 0, 0, 0, 0)

=

(
Π(ψH + (1− p)µ

µK
,
Π(pµ+ ψL)

µK
, 0, 0, 0, 0, 0, 0, 0

)
.

(3.6)
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where, K = µ+ψH +ψL. The local asymptotic stability of the DFE will be explored

using the next generation operator method [50, 131]. Specifically, it follows, using

the notation in [131], that the non-negative matrix, F , of new infection terms, and

the M-matrix, V , of linear transformation terms, associated with the model (3.1), are

given, respectively, by:

F =



βB∗

N∗ ηd
βB∗

N∗ η2
βB∗

N∗ η2ηd
βB∗

N∗ ηA
βB∗

N∗ ηAηd
βB∗

N∗

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


and,

V =



C1 0 0 0 0 0

−εd ξd C2 0 0 0 0

−σ1u 0 C3 0 0 0

0 −σ1d −εd ξd C4 0 0

0 0 −σ2u 0 C5 0

0 0 0 −σ2d −εd ξd C6


,

where,

B∗ = S∗
L + ηH(1− εpcp)S

∗
H , N

∗ =
Π

µ
,C1 = εd ξd + σ1u + µ,C2 = τ1 + σ1d + µ,

C3 = εd ξd + σ2u + µ,C4 = τ2 + σ2d + µ,C5 = εd ξd + δu + µ

and C6 = τA + δd + µ.

(3.7)
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It is convenient to define (where ρ is the spectral radius):

RTc = ρ(FV −1)

= RI1u + RI1d + RI2u + RI2d + RAu + RAd
,

(3.8)

where,

RI1u =

(
βB∗

N∗

)(
1

C1

)
,

RI1d = ηd

(
βB∗

N∗

)(
εdξd
C1C2

)
,

RI2u = η2

(
βB∗

N∗

)(
σ1u
C1C3

)
,

RI2d = η2ηd

(
βB∗

N∗

)(
εdξdσ1d
C1C2C4

+
σ1uεdξd
C1C3C4

)
,

RAu = ηA

(
βB∗

N∗

)(
σ1uσ2u
C1C3C5

)
,

RAd
= ηAηd

(
βB∗

N∗

)(
σ1uσ2uεdξd
C1C3C5C6

+
εdξdσ1dσ2d
C1C2C4C6

+
σ1uεdξdσ2d
C1C3C4C6

)
.

(3.9)

In (3.9), the quantities RI1u ,RI1d ,RI2u ,RI2d ,RAu ,RAd
, represent, respectively, the con-

stituent reproduction numbers for individuals in the I1u, I1d, I2u, I2d, Au, Ad classes.

The result below follows from Theorem 2 of [131].

Theorem 3.3.1. The disease-free equilibrium (EDF ) of the model (3.1) is locally-

asymptotically stable whenever RTc < 1, and is unstable if RTc > 1.

The epidemiological implication of Theorem 3.3.1 is that a small influx of HIV-infected

individuals will not generate a large outbreak in the MSM population if the quantity

RTc can be brought to (and maintained at) a value less than one. The quantity

RTc is the control reproduction number of the model (3.1). It measures the average

number of new HIV cases generated by a typical infected individual introduced into

the MSM population where a certain proportion of infected individuals receive anti-

HIV treatment.
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3.3.2 Existence and Asymptotic Stability of Endemic Equilibria

In this section, we explore conditions for the existence and asymptotic stability of

endemic equilibria (i.e., equilibria where the infected components of the model are

nonzero) of the model (3.1).

EEE = (S∗∗
L , S

∗∗
H , I

∗∗
1u, I

∗∗
1d , I

∗∗
2u, I

∗∗
2d , A

∗∗
u , A

∗∗
d , T

∗∗) (3.10)

represents any arbitrary (positive) endemic equilibrium point of the model (3.1) with

N∗∗ = S∗∗
L + S∗∗

H + I∗∗1u + I∗∗1d + I∗∗2u + I∗∗2d + A∗∗
u + A∗∗

d + T ∗∗ (3.11)

and the force of infection now defined as:

λ∗∗ =
β

N∗∗ {I
∗∗
1u + ηdI

∗∗
1d + η2 (I

∗∗
2u + ηdI

∗∗
2d) + ηA (A∗∗

u + ηdA
∗∗
d )} (3.12)

The components of the arbitrary equilibrium (obtained by solving for each of the

state variables of the model (3.1) at steady-state) are given as:

S∗∗
L =

Π(1− p) + ψHS
∗∗
H

λ∗∗ + ψL + µ
, S∗∗

H =
Πp+ ψLS

∗∗
L

ηH (1− εpcp)λ∗∗ + ψH + µ
,

I∗∗1u =
λ∗∗ {S∗∗

L + ηH (1− εpcp)S
∗∗
H }

C1

, I∗∗1d =
εd ξd λ

∗∗ {S∗∗
L + ηH (1− εpcp)S

∗∗
H }

C1C2

,

I∗∗2u =
σ1uI

∗∗
1u

C3

, I∗∗2d =
εd ξd I

∗∗
2u + σ1d I

∗∗
1d

C4

,

A∗∗
u =

σ2uI
∗∗
2u

C5

, A∗∗
d =

σ2d I
∗∗
2d + εd ξdA

∗∗
u

C6

, T ∗∗ =
τ1I

∗∗
1d + τ2I

∗∗
2d + τAA

∗∗
d

µ
.

(3.13)

Substituting the equations in (3.13) into (3.12) yields

λ∗∗ =
λ∗∗ΠµK( β N1Q1λ

∗∗ + RTc)

[ΠB1D1(λ∗∗)2 + {ΠµB2D2 +ΠB3D1}λ∗∗ +ΠµK D2]
(3.14)
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where,

N1 = C2C3C4C5C6 + C3C4C5C6 ηd εd ξd + C2C4C5C6 η2 σ1u

+ C2C4C6 ηA σ1u σ2u + C5C6 η2 ηd εd ξd σ1u (C2 + C3) + ηA ηd εd ξd (C2C5 σ1uσ2d

+ C3C5 σ1dσ2d + C2C4 σ1uσ2u),

D1 = µC2C3C4C5C6 + µC3C4C5C6 εd ξd + µC2C4C5C6 σ1u + µC2C4C6 σ1u σ2u

+ µC5C6 εd ξd (C2 σ1u + C3 σ1d) + µ εd ξd (C2C5 σ1uσ2d + C3C5 σ1dσ2d

+ C2C4 σ1uσ2u) + C5C6 εd ξd (C3C4 τ1 + C2 τ2 + C3 σ1u τ2) (3.15)

+ εd ξd τA (C2C5 σ1u σ2d + C2C4 σ1u σ2u + C3C5 σ1d σ2d),

D2 = C1C2C3C4C5C6, B1 = ηH(1− εp cp), B2 = {(1− p)ηH(1− εp cp) + p},

B3 = ψh + µ(1− p) + {ηh (1− εp cp)} (ψl + µ p),

Q1 =
ηH (1− εp cp)

K
, and K = µ+ ψH + ψL.

It follows that the non-zero (endemic) equilibria of the model (3.1), satisfy the fol-

lowing polynomial (in terms of λ∗∗),

a2(λ
∗∗)2 + a1λ

∗∗ + a0 = 0, (3.16)

where,

a2 = ΠB1D1, a1 = ΠµB2D2 +ΠB3D1 − Π β K µN1Q1, a0 = ΠµK D2 (1− RTc),

(3.17)

with,

B1, D1, B2, D2, B3, K, N1 as defined in (3.15). The quadratic equation (3.16) can

be analyzed for the possibility of multiple endemic equilibria when RTc < 1. It should

be noted that the coefficient a2 is always positive (since εpcp < 1 thus (1− εpcp) > 0

and all the state variables are also positive) and a0 is negative if RTc > 1. Hence, the

following result follows from the quadratic equation (3.16).
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Theorem 3.3.2. The two-group model (3.1) has:

(i) a unique endemic equilibrium if a0 < 0 ↔ RTc > 1;

(ii) a unique endemic equilibrium if a1 < 0, and a0 = 0 or a21 − 4a0a2 = 0;

(iii) two endemic equilibria if a0 > 0, a1 < 0, and a21 − 4a0a2 > 0;

(iv) no endemic equilibrium otherwise.

Case (i) of Theorem 3.3.2 shows that the model (3.1) has a unique endemic equilibrium

whenever RTc > 1. Furthermore, Case (iii) of Theorem 3.3.2 suggests the possibility

of backward bifurcation, a dynamic phenomenon characterized by the co-existence of

multiple stable equilibria (a disease-free equilibrium and a stable endemic equilibrium)

when the associated reproduction number of the model (RTc) is less than unity [63].

The epidemiological implication of the phenomenon of backward bifurcation is that

the requirement, while necessary, is not sufficient for disease elimination. In this case,

disease elimination will depend upon the initial sizes of the sub-populations of the

model [63]. Accordingly, the existence of backward bifurcation in the transmission

dynamics of a disease makes it difficult to achieve effective control (or elimination) of

that disease in the community. The existence of such phenomenon in the model (3.1)

will be explored now.

Theorem 3.3.3. The model (3.1) undergoes backward bifurcation at RTc = 1 when-

ever the inequality (D.11), given in Appendix D, holds.

The proof of Theorem 3.3.3, based on using center manifold theory, is given in Ap-

pendix D. Figure 3.2 depicts the backward bifurcation plots associated with the model

(3.1). However, the arbitrary set of parameter values chosen to generate the backward

bifurcation diagram (i.e., Figure 3.2) may not be biologically meaningful but these

arbitrary set of parameter values are chosen to show the phenomenon of backward
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Figure 3.2: Backward Bifurcation Diagram for the Model (3.1), Showing the Pro-
files of the Population of (a) Undetected HIV-infected Individuals in the Primary
Infection Stage of Infection (I1u), (B) Detected Hiv-infected Individuals in the Pri-
mary Infection Stage of Infection (I1d), (C) Undetected Hiv-infected Individuals in
the Secondary Infection Stage of Infection (I2u) and (D) Detected Hiv-infected In-
dividuals in the Secondary Infection Stage of Infection (I2d), as a Function of the
Control Reproduction Number RTc . Parameter Values Used Are: Π = 100000, p =
0.81, ψl = 0.99, ψh = 0.0001, σ1u = 5.1, σ1d = 0.1, σ2u = 0.1, σ2d = 0.1, ξD = 0.01, εd =
0.01, εp = 0.01, Cp = 1, ηd = 0.1, η2 = 0.1, ηa = 0.1, ηh = 0.009, δu = 10.1, δd =
0.1, τ1 = 0.0001, τ2 = 0.1, τa = 0.1, µ = 0.009, β = 50. With This Arbitrary Set of
Parameter Values, the Values of the Associated Backward Bifurcation Coefficients
(Denoted by a and b, and given in (D.7) and (D.8)) Are a = 9.925338500×10−5 > 0
and b = 0.04638601600 > 0, Respectively. Apart from the Efficacies (i.e., εd and
εp), Modification Parameters (i.e., ηd, η2, ηa and ηh) and the Compliance Parameter
“cp”, Which Are Dimensionless, All the Other Parameters Have a Unit of per Year.

bifurcation associated with the model (3.1). It should be mentioned that, for compu-

tational convenience (in generating Figure 3.2), we set, the eigenvectors v1 and v3 in
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(D.3) (given in Appendix D) to one. Similarly, we set the eigenvectors w2 and w3 in

(D.4) to one.

To make sure that the effective control of the HIV/AIDS in a MSM population (or

the elimination of the disease) is independent of the initial sizes of the subpopulations

of the model (3.1), it is necessary that the disease-free equilibrium is proved to be

globally-asymptotically stable when the associated control reproduction number of

the model is less than unity. This will be explored below in Section 3.3.3, for the

special case of the model (3.1).

3.3.3 Global Asymptotic Stability of DFE: Special Case

In this section, we explore extending the result in Theorem 3.3.1 to prove the global

asymptotic stability of the DFE for the special case of the model (3.1). Consider the

model (3.1) with εp cp = 1 and δu = δd = 0. Setting δu = δd = 0 into the model

(3.1), and adding all the equations, shows that
dN

dt
= Π− µN , from which it follows

that N(t) → Π

µ
as t → ∞. From now on, the total population at time t, N(t), will

be replaced by its limiting value, N∗ = Π/µ. In other words, the standard incidence

formulation for the infection rate is now replaced by a mass action incidence. Consider

the following feasible region for the special case of the two-group model (3.1):

Γ∗ = {(SL, SH , I1u , I1d , I2u , I2d , Au, Ad, T ) ∈ Γ : SL ≤ S∗
L, SH ≤ S∗

H} .

It can be shown that the region Γ∗ is positively-invariant and attracting with respect

to this special case of the model (see Appendix E). The control reproduction number

of this special case of the two group model, denoted by R̂Tc , is given by:

R̂Tc = ρ(F̂ V −1) = RTc |εp cp=1,δu=δd=0. (3.18)

We claim the following result:
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Theorem 3.3.4. Consider the special case of the model (3.1) with εp cp = 1 and

δu = δd = 0. The disease-free equilibrium of the special case of the model (3.1), EDF

is globally-asymptotically stable in Γ∗ whenever R̂Tc < 1.

The proof of Theorem 3.3.4, based on using a comparison theorem argument [78, 65,

104], is given in Appendix E. The result of Theorem 3.3.4 is numerically illustrated in

Figure 3.3, where all initial conditions of the special case of the model converged to

the disease-free equilibrium when the associated control reproduction number, R̂Tc ,

is less than one. The epidemiological implication of Theorem 3.3.4 is that, for the

special case of the model (3.1) with εp cp = 1 and δu = δd = 0, the HIV-disease can be

eliminated in the United States if the threshold quantity, R̂Tc , can be brought to (and

maintained at) a value less than one. In other words, for the aforementioned special

case of the model (3.1), having R̂Tc < 1 is necessary and sufficient for the effective

control (or elimination) of HIV in the United States.

Figure 3.3: Simulations of the Model (3.1), for the Number of New Cases as a
Function of Time, Showing Convergence of Initial Conditions to the Disease-free
Equilibrium When R̂Tc < 1. Parameter Values Used Are as given in Table 3.3 with

β = 0.25 (so That, R̂Tc = 0.4649 < 1). For These Simulations, the Associated
Backward Bifurcation Coefficient, a, Takes the Value a = −5.41730928 × 10−5 <
0, and the Associated Backward Bifurcation Coefficient, b, Takes the Value b =
0.181937418 > 0.
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It is worth mentioning that substituting εp cp = 1 and δu = δd = 0 into the expressions

for the backward bifurcation coefficients (a and b) in (D.7) and (D.8), and simplifying,

shows that a = −5.41730928 × 10−5 < 0 and b = 0.181937418 > 0. Thus, it follows

from Item (i) of Theorem 4.1 in [16] that the special case of the model (3.1) with

εp cp = 1 and δu = δd = 0 will not undergo backward bifurcation at R̂Tc = 1 (this is in

line with the global asymptotic stability result proved for the disease-free equilibrium

of the special case of the model in Theorem 3.3.4; as illustrated in Figure 3.3, where

all initial conditions of the model converged to the DFE when the conditions for the

absence of backward bifurcation are achieved.

3.4 Global Uncertainty and Sensitivity Analysis

The model (3.1) contains 23 parameters. Although the baseline values of these pa-

rameters are available from the literature (as tabulated in Table 3.3), uncertainties

are expected to arise in the estimate of these parameter values [103]. It is, therefore,

crucial to assess the impact of these uncertainties on the outcome of the model sim-

ulations [103, 13, 81, 79, 107]. Furthermore, it is also important to identify the key

parameters of the model that have the most influence on the dynamics of the model

with respect to a chosen response function. In this section, global uncertainty and

sensitivity analyses will be carried out to determine the parameters that have the

most influence on the chosen response function for the model (3.1). Since the values

of two of the parameters of the model (3.1), namely the demographic parameters Π

and µ, are reliably known for the target (available from the population health and

vital statistics data obtained from the Arizona Department of Health Services [9]),

they are excluded from the global uncertainty and sensitivity analyses to be carried

out in this section. That is, these analyses will be based on the remaining 21 param-

eters of the model (3.1)).
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Parameter Baseline Value Reference

Π 1,379 [7, 60]

β 0.62 [62]

p 0.15 [99]

ψL 0.3 assumed

ψH 0.3 assumed

σ1u 0.5 [101]

σ1d 0.5 [101]

σ2u 0.2223 [47]

σ2d 0.2223 [47]

ξd 0.8 assumed

εd 1.5 assumed

ηd 0.43 [100]

η2 0.5 assumed

ηA 1.5 [107]

δu 0.0047 [101]

δd 0.09 [101]

τ1 0.54 [80]

τ2 0.54 [80]

τA 0.54 [80]

ηH 1.5 assumed

εp 0.964 [52]

cp 0.31 [73]

µ 0.0125 [31]

Table 3.3: Baseline Values of the Parameters of the Model (3.1). Apart from The
Modification Parameters (i.e., ηd, η2, ηa and ηh), Efficacies (i.e., εp and εd) and the
Proportion “p”, Which Are Dimensionless, All Other Parameters of the Model Model
(3.1), Together with Their Ranges, Have Unit of per Year.
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Parameter Baseline Value Range PRCC: RTc

β 0.62 [0.496, 0.744] 0.933*

p 0.15 [0.120, 0.180] 0.2433

ψL 0.3 [0.235, 0.375] 0.707*

ψH 0.3 [0.235, 0.375] -0.696*

σ1u 0.5 [0.400, 0.600] -0.2072

σ1d 0.5 [0.400, 0.600] 0.1618

σ2u 0.222 [0.178, 0.267] -0.1469

σ2d 0.222 [0.178, 0.267] 0.0539

ξd 0.8 [0.640, 0.960] -0.696*

εd 1.5 [1.200, 1.800] -0.716*

ηd 0.43 [0.344, 0.516] 0.787*

η2 0.5 [0.400, 0.600] 0.4365

ηA 1.5 [1.200, 1.800] 0.3330

δu 0.005 [0.004, 0.006] -0.0359

δd 0.09 [0.072, 0.108] -0.0239

τ1 0.54 [0.440, 0.640] -0.523*

τ2 0.54 [0.440, 0.640] -0.1577

τA 0.54 [0.440, 0.640] -0.2104

ηH 1.5 [1.200, 1.800] 0.907*

εp 0.964 [0.771, 1.157] -0.667*

cp 0.31 [0.248, 0.372] -0.665*

Table 3.4: Table of PRCC Values of the Parameters in the Expression for the Control
Reproduction Number, RTc , of the Model (3.1). PRCC Values above 0.5 in Magnitude
Are Highlighted with a (∗), Implying That These Parameters Are Highly-correlated
(i.e., Either Positively-correlated or Negatively-correlated with the Response Func-
tion). Apart from the Modification Parameters, (i.e., ηd, η2, ηa and ηh), Efficacies
(i.e., εp and εd) and the Proportion “p” Which Are Dimensionless, All the Other
Parameters and Their Ranges Have Unit of per Year.

67



Global uncertainty analysis is conducted for the model (3.1) to assess the variability

in the outcome variable (i.e., a response function) arising due to the uncertainty in

estimating the input values (i.e., due to uncertainty in estimating the values of the

21 parameters of the model, in this case). The Latin Hypercube Sampling (LHS)

technique is used to explore the effect of the uncertainty in estimating the values of

the 21 parameters [81, 13]. The practical implementation of this stratified Monte

Carlo sampling method (an extension of Latin Square sampling [13]), in the context

of the model (3.1), involves defining a baseline value and range for each of the 21

parameters, and generating multiple runs for a chosen response function (we choose

the control reproduction number, RTc , as the response function [107]) and generating

a random sample of size 10, 000 (using the LHS approach) for each of the parame-

ters using a uniform distribution. The results of the uncertainty analysis, depicted

by histograms for the 21 parameters in Figures 3.4 (a) and (b)[107, 13], show that,

for the parameter values and ranges used in the uncertainty analysis (see Table 3.4),

the value of the response function (i.e., the control reproduction number, RTc , of the

model (3.1) for HIV dynamics in the MSM community in the State of Arizona) lie

in the range RTc ∈ (0.5845, 1.3377), with a mean value of RTc = 0.8919 at the 95%

confidence interval. Hence, since the mean value of the control reproduction number,

RTc , is less than one, it follows from Theorem 3.3.4 that the disease can be elimi-

nated from the MSM population. Furthermore, it follows from this figure that the

probability that the control reproduction number (RTc) will exceed one (so that the

disease will persist in the MSM population) is 27% (this probability is calculated by

using the 10,000 random samples generated to calculate RTc ; the probability is then

obtained by dividing the total number of times RTc exceeds one by the sample size,

10,000).

Global parameter sensitivity analysis is now carried out to determine the key param-
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Figure 3.4: (a) Distribution of Parameters of the Model (3.1) and the Response
Function (RTc) Generated from the Uncertainty Analysis. Parameter Values Used
Are given by the Baseline Values and Ranges in Table 3.4.
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Figure 3.4: (b) Distribution of Parameters of the Model (3.1) and the Response
Function (RTc) Generated from the Uncertainty Analysis. Parameter Values Used
Are given by the Baseline Values and Ranges in Table 3.4.

eters of the model (3.1) that have the most influence on the aforementioned response

function (RTc). The overall methodology and process of carrying out the global pa-

rameter sensitivity analysis is the same as discussed in the Section 2.4, and is not

repeated here (except that the sensitivity analysis here uses the baseline values and

ranges of the parameters of the model (3.1) given in Table 3.4, and 1, 000 random

samples are generated from the range of each parameter using the LHS approach).

The results of the sensitivity analysis conducted on the model (3.1), with respect to

the response function RTc , are depicted in Figure 3.5 (see also Table 3.4). It fol-

lows from this figure that the top five PRCC-ranked parameters that have the most

influence on the response function (RTc) are:

1. The effective contact rate (β).

2. The modification parameter for the assumed increase in the likelihood of ac-

quiring an HIV infection by high-risk susceptible individuals (ηH).

3. The modification parameter for reduced infectiousness of detected individuals,

in relation to undetected individuals (ηd).
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4. The efficacy of diagnostic test to detect undetected infectious individuals (εd).

5. Transition rate of susceptible individuals from the low-risk to the high-risk sus-

ceptible compartment (ψL).

Therefore, it follows from the global parameter sensitivity analysis that HIV can

be effectively controlled in the MSM population by implementing intervention and

mitigation measures that focus on the following strategies:

(i) Reducing the effective contact rate (i.e., reduce β). This can be achieved by

minimizing the number of sexual partners, consistently using condoms during

sexual intercourse and avoiding needle-sharing by injection-drug MSM users.

(ii) Reducing the increased likelihood of high-risk susceptible individuals from ac-

quiring an HIV infection, in comparison to low-risk susceptible individuals (i.e.,

reduce ηH). This can be achieved by encouraging high-risk individuals to get

tested frequently to keep them aware of their HIV infection status (and risk),

reducing their number of sexual partners, using sterilized needles (by high-risk

susceptible injection-drug MSM users), and using condoms consistently during

sexual intercourse.

(iii) Reducing the value of the modification parameter for the assumed reduction

of infectiousness of detected individuals, in comparison to undetected infectious

individuals (i.e., reduce ηd). This can be achieved by encouraging individuals to

get tested frequently and to immediately treat the detected infected individuals

(in addition to counselling them to desist from risky practices that could lead

them to infect their susceptible partners).

(iv) Increasing the efficacy of diagnostic tests (i.e., increase εd). This can be achieved

by using high-quality HIV diagnostic tests (with high specificity and sensitivity,
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including DNA-based HIV tests, such as NAT [87, 35]).

(v) Reducing the increase in risky behavior (i.e., reduce ψL). This can be achieved

by implementing effective public health education and counselling campaigns

that discourage low-risk individuals from engaging in risky behavior that in-

creases their likelihood of acquiring an HIV infection. In other words, effective

strategies that encourages positive change of behavior (so that low-risk individu-

als do not change their behavior and transition to the high-risk HIV-susceptible

class) should be implemented.

Figure 3.5: Partial Rank Correlation Coefficients (PRCCs) Depicting the Impact of
the Parameters of the Model (3.1) with Respect to the Response Function (or Burden
of the HIV/AIDS in the MSM Community) (RTc). The Parameters Used in These
Simulations Are as given by the Baseline Values, and Their Corresponding Ranges
Are as given in Table 3.4.

It should be mentioned that other notable influential parameters (with respect to the

response function, but not as influential as the aforementioned top-five) of the model

are the transition rate of susceptible individuals from high-risk to low-risk class (ψH),
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the detection rate of diagnostic test administered the compliance in PrEP usage (ξd),

the efficacy of PrEP to prevent high-risk susceptible individuals from acquiring an

HIV infection (εp), the compliance in PrEP usage (cp) and the treatment rate of de-

tected individuals in I1d class (τ1).

In summary, based on the sensitivity analysis conducted in this section, this study

identifies five parameters of the model (3.1), namely, β, ηH , ηd, εd and ψL, that have

the greatest influence on the value of the chosen response function of the model (i.e.,

the control reproduction number, (RTc), which governs the persistence or effective

control of the HIV/AIDS pandemic for the MSM population in the State of Arizona).

Hence, in order to effectively curtail the HIV/AIDS epidemic in the MSM popula-

tion, the control and mitigation interventions implemented in the MSM community

should focus on effectively targeting the aforementioned top-five PRCC-ranked pa-

rameters. Furthermore, based on the results of the uncertainty analysis depicted in

Figures 3.4(a) and (b), this study suggests that, under the current conditions and

parameterizations, the HIV epidemic has a relatively small probability of remaining

endemic in this MSM population, and that the disease can be eliminated from the

MSM population (since the mean reproduction number is less than one).

3.5 Numerical Simulations

The model (3.1) will now be simulated to assess the population-level impact of the

effective contact rate, the compliance of PrEP coverage, the duration before detec-

tion of undetected individuals, treatment, modification parameters (ηd and ηH) and

behaviour change on the dynamics of HIV/AIDS in an MSM community in the State

of Arizona. Unless otherwise stated, the simulations will be carried out using the

baseline values of the parameters tabulated in Table 3.3.
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3.5.1 Assessing the Impact of Heterogeneity in Effective Contact Rate

The model (3.1) will now be simulated to assess the community-wide impact of hetero-

geneity in the effective contact rate on the efficacy of PrEP and compliance of PrEP

coverage. Figure 3.6 depicts the contour plots of the control reproduction number

(RTc) of the model (3.1), as a function of the efficacy of PrEP (εp) and compliance

in PrEP usage (cp). For all the simulations depicted in Figures 3.6(a) − (c), all the

parameters are maintained at their baseline values, as tabulated in Table 3.3. It fol-

lows from the contour plot depicted in Figure 3.6(a) that the value of RTc decreases

with the increasing efficacy of PrEP and compliance in PrEP usage. Figure 3.6(b)

further shows that if β is increased by 2-fold from its baseline value (while PrEP

efficacy is maintained at its baseline value of 96%, as given in Table 3.3), at least

40% of the high-risk susceptible MSM population needs to be on PrEP to bring (and

maintain) the control reproduction number (RTc) to a value below one. However, if β

is increased by 5-fold from its baseline value (with PrEP efficacy maintained at 96%),

then the PrEP compliance needed to bring (and maintain) the control reproduction

number to a value below one dramatically increases to 86% (Figure 3.6(c)).

In summary, the contour plots depicted in Figure 3.6 show that, for baseline PrEP

efficacy, the level of PrEP compliance needed to bring (and maintain) the control

reproduction number to a value less than one increases significantly with increasing

the value of the effective contact rate (β) in the MSM community.

3.5.2 Assessing the Effect of Compliance of PrEP Coverage

The model (3.1) is further simulated to assess the population-level impact of PrEP

compliance on the dynamics of HIV in the MSM population. Specifically, simula-

tions are carried out for the yearly and cumulative yearly cases of HIV in the MSM
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Figure 3.6: Contour Plots of the Control Reproduction Number (RTc) of the Model
(3.1), as a Function of the Efficacy of Prep (εp) and Compliance in Prep Usage (cp).
(a) the Effective Contact Rate (β) Kept at Its Baseline. (b) the Effective Contact
Rate (β) Increased by 2-fold from Its Baseline Value. (c) the Effective Contact Rate
(β) Increased by 5-fold from Its Baseline Value. Other Parameter Values Used in the
Simulations Are as given by Their Baseline Values in Table 3.3.

population, as a function of PrEP compliance coverage (cp), while keeping all the

other parameters of the model at their baseline values (tabulated in Table 3.3). The

results obtained are depicted in Figure 3.7. In particular, Figure 3.7(a) show a signif-

icant decrease in the average yearly new cases at the peak recorded with increasing

coverage in PrEP compliance (i.e., compare the peaks for the magenta, yellow and

green curves in Figure 3.7(a), with the peaks of the blue curve, which represents the

worst-case scenario where PrEP-based intervention is not implemented in the MSM

community). For instance, this figure shows that if the compliance in PrEP usage

is 30%, then about 10.8% of the yearly new HIV/AIDS cases recorded at the peak

could have been prevented, in comparison to the worst-case scenario (i.e., compare the

peaks of the blue and magenta curves in Figure 3.7(a)). If compliance in PrEP usage

is increased to 50%, then about 19.1% of the yearly new HIV/AIDS cases recorded

at the peak could have been averted, in comparison to the worst-case scenario (i.e.,

compare the peaks of the blue and gold curves in Figure 3.7(a)). Finally, if the com-
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pliance in PrEP usage is further increased to 80%, about 34.2% of the new yearly

HIV/AIDS cases recorded at the peak could have been averted, in comparison to the

worst-case scenario (i.e., compare peaks of blue and green curves in Figure 3.7(a)).

Similar reductions are observed with respect to the cumulative number of yearly new

cases, for the aforementioned levels of compliance of PrEP coverage considered in

these simulations, in comparison to the worst-case scenario (as illustrated in Figure

3.7(b)).

Figure 3.7: Simulations of the Model (3.1), Showing (a) New Cases of HIV/AIDS
and (b) Cumulative New Cases of HIV/AIDS in the MSM Population in the State of
Arizona, as a Function of Time, for Various Values of the Compliance in Prep Usage
(cp). Values of the Other Parameters of the Model (3.1) Used in These Simulations
Are as given by Their Respective Baseline Values Tabulated in Table 3.3.

In summary, the simulations in this section show that increasing PrEP coverage in the

high-risk susceptible MSM population resulted in a marked reduction in the average

number of new yearly (and cumulative yearly) cases recorded at the peak, in com-

parison to the worst-case scenario when no PrEP-based intervention is implemented

in the MSM community.
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3.5.3 Assessing the Effect of Duration Before Detection of Undetected Individuals

The model (3.1) is now simulated to assess the effect of the average duration before

the detection of undetected infectious individuals (1/ξd) and the efficacy of the diag-

nostic test (εd) on the dynamics of HIV/AIDS in the MSM community in the State

of Arizona. The simulations are carried out using the baseline values of the other

parameters of the model, tabulated in Table 3.3. The results obtained, depicted by

the contour plot of the control reproduction number of the model, as a function of

1/ξd and εd (in Figure 3.8), show that regardless of the values of the efficacy of the di-

agnostic test, early detection of undetected infectious individuals significantly reduces

the control reproduction number (hence, reduce the disease burden). Thus, it can

be concluded from Figure 3.8 that, for the baseline value of the efficacy of diagnostic

test to detect undetected individuals (i.e., εd = 1.5), the control reproduction number

can be brought to a value below one if (on average) undetected infected individuals

can be detected and treated within about 4 years, and the corresponding value of the

detection rate of diagnostic test administered is 0.281 (i.e., ξd = 0.281).

3.5.4 Assessing the Effect of Treatment

The model (3.1) is simulated, using the baseline parameter values in Table 3.3, to

assess the effect of treatment of detected individuals in the population of HIV-infected

individuals in the MSM community during primary and secondary infection stages

of infection (i.e., we are assessing the impact of treating detected individuals in the

I1d and I2d classes), on the dynamics of HIV/AIDS in the MSM community. Figure

3.9 depicts a contour plot of the control reproduction number of the model (3.1), as

a function of the duration before treatment of detected HIV-infected individuals in

the primary infection stage of the infection (1/τ1) and the duration before treatment
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Figure 3.8: Contour Plot of the Control Reproduction Number (RTc) of the Model
(3.1), as A Function of Efficacy of Diagnostic Test to Detect Undetected Individuals
(εd) and the Duration Before Detection (1/ξd). Parameter Values Used Are as given
by Their Baseline Values in Table 3.3.

of detected HIV-infected individuals in the secondary infection stage of the infection

(1/τ2). The parameter values used in the simulations to generate the contour plots in

Figure 3.9 are as given by their baseline values as tabulated in Table 3.3. This figure

3.9 shows that the value of the control reproduction number (RTc) decreases as the the

duration before treatment of detected individuals in the I1d and I2d classes decreases.

Hence, it can be concluded that, for the range of the duration before the treatment

of detected individuals in I2d class is between 1 year to 12 years (i.e., 1 < 1/τ2 < 12),

if the average duration before treatment of detected individuals in the population of

detected HIV-infected individuals in the primary infection stage of infection is about

9 years or less, then HIV can be effectively controlled in the MSM community (since

the control reproduction number, RTc , of the model takes a value below one).

In summary, even for the scenario when the duration before treatment of HIV-infected
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individuals in I2d class is between 1 to 12 years, the prospects for the effective control

and elimination of HIV/AIDS in the MSM community is promising if the average

duration before the treatment of detected individuals in the primary stage of the

HIV-infection is about 9 years or less.

Figure 3.9: Contour Plot of the Control Reproduction Number (RTc) of the Model
(3.1), as A Function of the Duration Before Treatment of Detected Individuals in
Primary Stage of Infection (1/τ1) and the Duration Before Treatment of Detected
Individuals in Secondary Stage of Infection (1/τ2). Parameter Values Used Are as
given by Their Baseline Values in Table 3.3.

3.5.5 Assessing the Effect of Modification Parameters (ηd and ηH)

The combined population-level impact of the modification parameters for reduced

infectiousness of detected individuals, in relation to undetected individuals (ηd) and

the modification parameter for the assumed increase in the likelihood of acquiring an

HIV infection by high-risk susceptible individuals (ηH) is monitored by simulating the

model (3.1) using the baseline parameters in Table 3.3. The results obtained, depicted
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by the contour plots in Figure 3.10, show a significant decrease in the value of the

control reproduction number (RTc) with decreasing values of the modification param-

eter ηH (where the reproduction number decreases from 1.6 to 0.45, as ηH decreases

from 3 to 2.5), regardless of the values of the modification parameter for reduced in-

fectiousness of detected individuals, in relation to undetected individuals (ηd). Thus,

it can be concluded that, for the baseline value of the modification parameter for the

reduced infectiousness of detected individuals, in relation to undetected individuals

(i.e., ηd = 0.43), the value of the modification parameter for the assumed increase in

the likelihood of acquiring an HIV infection by high-risk susceptible individuals need

to be 2.9 or less in order to reduce the control reproduction number (RTc) below one

(i.e., for this setting, high-risk susceptible individuals should not be more than 10%

more likely to acquire HIV infection, in comparison to their low-risk counterparts).

3.5.6 Assessing the Effect of Behaviour Change

The model (3.1) is further simulated to assess the effect of negative behavior change

(from low-risk to high-risk susceptible population) and positive behavior change (from

high-risk to low-risk susceptible population) on the dynamics of HIV/AIDS in the

MSM community. The simulations are carried out using the baseline values of the

parameters of the model (tabulated in Table 3.3). Figure 3.11 depicts the contour plot

of the control reproduction number of the model (3.1), as a function of the transition

rate from low-risk to high-risk susceptible population (ψL) and the transition rate

from high-risk to low-risk susceptible population (ψH). It follows from the contour

plots depicted in Figure 3.11(a) that the value of the control reproduction number

(RTc) decreases with the decreasing values of the transition rate from low-risk to

high-risk susceptible population and with the increasing values of the transition rate

from high-risk to low-risk susceptible population. Furthermore, our simulations show
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Figure 3.10: Contour Plot of the Control Reproduction Number (RTc) of the Model
(3.1), as a Function of the Modification Parameter for the Assumed Reduction in the
Infectiousness of Detected Individuals, in Relation to Undetected Individuals (ηd) and
the Modification Parameter for the Assumed Increase in the Likelihood of Acquiring
an HIV Infection by High-risk Susceptible Individuals (ηh). Parameter Values Used
Are as given by Their Baseline Values in Table 3.3.

that if the transmission rate β is increased by 2-fold from its baseline value, and the

value of ψL is kept at baseline, then the value of ψH needs to be at least 0.40 per year

(i.e., if the duration before the transition of susceptible individuals from high-risk to

low-risk susceptible population is at most 2.5 years), to bring the control reproduction

number (RTc) below one (Figure 3.11(b)). However, if β is increased by 5-fold from

its baseline value then the transition rate of susceptible individuals from low-risk to

high-risk susceptible population (ψL) needs to be below 0.07 per year (regardless of

the value of the transition rate from high-risk to low-risk susceptible population) to

bring the control reproduction number below unity (Figure 3.11(c)). In other words,

the prospects of eliminating HIV/AIDS in the MSM population is promising if the

duration before the transition of susceptible individuals from low-risk to high-risk
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susceptible population is at least 15 years (i.e., if low-risk individuals take at least 15

years before they change their risky behavior and transition to the high-risk group).

In summary, it follows from the results depicted in Figure 3.11 that the value of the

control reproduction number (RTc) decreases significantly with increasing values of

the transition rate from high-risk to low-risk susceptible population (ψH) even if the

effective contact rate (β) is increasing. Furthermore, if the effective contact rate (β)

is increased by 5-fold from its baseline value, then the value of the transition rate

from low-risk to high-risk susceptible population (ψL) must be reduced significantly

to have any realistic chance for the effective control or elimination of the disease in

the MSM community.

Figure 3.11: Contour Plot of the Control Reproduction Number (RTc) of the Model
(3.1), as A Function of the Transition Rate from Low-risk to High-risk Susceptible
Population (ψl) and the Transition Rate from High-risk to Low-risk Susceptible Pop-
ulation (ψh) When (a) the Effective Contact Rate (β) Is at the Baseline, (b) the
Effective Contact Rate (β) Is Increased by 2-fold from the Baseline Value, (c) the
Effective Contact Rate (β) Is Increased by 5-fold from the Baseline Value. The Units
of ψl and ψh Are per Year. The Other Parameter Values Used Are as given by Their
Baseline Values in Table 3.3.

3.6 Concluding Remarks for Chapter 3

This chapter is based on the use of mathematical modeling approaches to assess the

combined impacts of risk-structure and the use of pre-exposure prophylaxis (PrEP)
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on the spread and control of HIV/AIDS in a sexually-active MSM population in the

United States. Specifically, a novel two-group model (low-risk and high-risk), which

takes the form of a 9-dimensional deterministic system of nonlinear differential equa-

tions is developed. This model, which extends numerous other HIV transmission

models in the literature, was rigorously analysed to gain insight into its qualitative

features. The analyses revealed that the disease-free equilibrium of the model is

locally-asymptotically stable whenever the associated control reproduction number

of the model (denoted by RTc) is less than one. Using the theory of center mani-

fold, it was shown that the model undergoes the dynamic phenomenon of backward

bifurcation when the associated reproduction number (RTc) is less than unity un-

der certain conditions. The epidemiological implication of the backward bifurcation

phenomenon is that the usual epidemiological requirement of having the control re-

production number of the model being less than unity, while necessary, is no longer

sufficient for the elimination of the disease in the community. Furthermore, when

the phenomenon of backward bifurcation occurs, more control measures need to be

implemented to further reduce the control reproduction number. A sufficient con-

dition for the presence of backward bifurcation in the model was identified, namely

the imperfect nature of the efficacy and compliance of PrEP in the MSM community.

The disease-free equilibrium for the special case of the model with perfect PrEP ef-

ficacy and compliance and no disease-induced mortality (i.e., the special case of the

two-group model with εpcp = 1 and δu = δd = 0), where backward bifurcation does

not occur, is shown to be globally-asymptotically stable when the associated control

reproduction number of the model is less than one. The epidemiological implication

of this global asymptotic stability result for the special case of the model is that the

HIV/AIDS pandemic can be eliminated from the MSM community in the State of

Arizona if the control measures implemented can bring (and maintain) the associated
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reproduction number to a value less than one. The HIV/AIDS pandemic will persist

in the MSM community if the control measures are unable to bring (and maintain)

the control reproduction number to a value less than one.

Global uncertainty analysis was also conducted to assess the impact of the uncer-

tainties in the estimates of the parameters of the two group model [13, 81]. Our

simulations for parameter uncertainty show that the reproduction number (RTc) lie

between (0.6354, 1.2502) with a mean value of 0.8923 (i.e., RTc = 0.8923). Thus, un-

der the current conditions and parameterizations, the HIV epidemic can be eliminated

from the MSM community (since elimination of the disease requires the reproduction

number to be less than unity). In other words, it is less likely for the disease to persist

in the MSM community since the probability that the control reproduction number

will exceed one is about 27%.

Furthermore, using the global sensitivity analysis of the model, we identified the

parameters of the model that have the most influence on the control reproduction

number of the model, RTc . Specifically, the top-five PRCC ranked parameters that

had the most impact on the control reproduction number are; the effective contact

rate (β), the modification parameter for the assumed increase in the likelihood of

acquiring an HIV infection by high-risk susceptible individuals (ηH), the modification

parameter for reduced infectiousness of detected individuals, in relation to undetected

individuals (ηd), the efficacy of diagnostic test to detect undetected individuals (εd)

and the transition rate from low-risk to high-risk susceptible population (ψL). The

numerical PRCC values indicate that reduction of β, ηH , ηd and ψL, and increasing

εd, results in the reduction of RTc . The parameter β can be reduced by minimizing

the number of sexual partners, consistently using condoms during sexual intercourse

and avoiding injection-drug by MSM users. The parameter ηH can be reduced by
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encouraging high-risk susceptible individuals to get tested frequently to keep them

aware about their HIV-infection status (and risk), using sterilized needles (by high-

risk susceptible injection-drug MSM users), using condoms consistently during sexual

intercourse and reducing the number of sexual partners. ψL can be reduced by a

change of behaviour via public health education campaigns to give awareness about

the consequences of unsafe sexual intercourse and the effects of sharing needles (in

other word, by promoting counselling campaigns that discourage low-risk individu-

als from engaging in risky behavior). Furthermore, by decreasing the value of the

modification parameter for reduced infectiousness of detected individuals (i.e., by en-

couraging individuals to get tested frequently and to immediately treat the detected

infected individuals) and by increasing the efficacy of diagnostic test to detect un-

detected individuals (i.e., by using high-quality HIV diagnostic tests, such as NAT

[87, 35]), will ultimately reduce RTc .

We carried out extensive numerical simulations to assess the impact of heterogeneity

in effective contact rate and the efficacy of PrEP and compliance in PrEP usage on the

dynamics of HIV/AIDS disease in the MSM community. These simulations showed,

as expected, that the control reproduction number (RTc) decreases significantly with

the increasing efficacy of PrEP and compliance in PrEP usage, even if the effective

contact rate is increasing. For instance, if the effective contact rate (β) is increased by

2-fold from its baseline value for the efficacy of PrEP set at about 96%, at least 40%

of the compliance in PrEP usage is needed to bring the control reproduction number

(RTc) below one. However, if β is increased by 5-fold from its baseline value for the

efficacy of PrEP set at about 96% then the compliance in PrEP usage drastically in-

creases to 86% to bring the control reproduction number below unity. Furthermore,

we also simulated the model to assess the effect of compliance of PrEP coverage on the

peak yearly new cases. The numerical simulations showed a marked decrease in the
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average yearly new cases at the peak recorded when the compliance in PrEP coverage

is increased in comparison to the corresponding scenario when no PrEP compliance

is implemented. Specifically, for the scenario when the compliance in PrEP usage

is 50%(80%) then about 19.1%(34.2%) of the yearly new HIV/AIDS cases recorded

at the peak will have been prevented, in comparison to the the worst-case scenario

where PrEP-based intervention is not implemented in the MSM community. This

study also showed that, for the baseline value of the modification parameter for the

reduced infectiousness of detected individuals, in relation to undetected individuals,

the prospects of HIV/AIDS pandemic elimination in the MSM community is possi-

ble if high-risk susceptible individuals should not be more than 10% more likely to

acquire HIV infection, in comparison to their low-risk counterparts.

This study also addressed an important question related to the community-wide im-

pact of behaviour change (i.e., negative or positive behaviour change) in the MSM

population on the dynamics of HIV/AIDS pandemic in the State of Arizona (specif-

ically, the duration before the transition of the susceptible individuals from high-risk

to low-risk susceptible population or vice versa). The numerical simulations showed

that the value of the control reproduction number (RTc) decreases significantly with

the decreasing values of transition rate from low-risk to high-risk susceptible popu-

lation (ψL) even if the effective contact rate (β) has increased up to 5-fold from its

baseline value. It was also shown that for the scenario when the effective contact

rate is increased by 2-fold from its baseline value and the value of the transition rate

from low-risk to high-risk susceptible population is kept at the baseline value then for

the HIV pandemic elimination, the duration before the transition of susceptible indi-

viduals from high-risk to low-risk susceptible population needs be at most 2.5 years.

Furthermore, if the effective contact rate (β) is increased by 5-fold from its baseline

value then low-risk individuals take at least 15 years before they change their risky
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behavior and transition to the high-risk group (regardless of the value of the transi-

tion rate from high-risk to low-risk susceptible population), in order to eliminate the

HIV/AIDS disease from the MSM community.

Some of the limitations of the two group model presented in this study include not

incorporating different detection rates of diagnostic test administered for the HIV-

infected individuals in the primary, secondary and AIDS stage of infection. Further-

more, the model does not incorporate the condom use strategy (which remains the

most effective HIV prevention strategy) along with the use of pre-exposure prophy-

laxis (PrEP) on the spread and control of HIV/AIDS in an MSM population.
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Proof. Consider the model (2.3) and let RT < 1. The proof is based on using a

comparison theorem [78]. The equations for the infected compartments of the model

(2.3) can be re-written in terms of the next generation matrices (F and V as defined

in Equations (2.10) and (2.11), respectively) as below:

d

dt



Iu(t)

Id(t)

Au(t)

Ad(t)


= (F − V )



Iu(t)

Id(t)

Au(t)

Ad(t)


−M



Iu(t)

Id(t)

Au(t)

Ad(t)


, (A.1)

where,

M =

(
1− S

N

)


fβ fβηd fβηA fβηAηd

(1− f)β (1− f)βηd (1− f)βηA (1− f)βηAηd

0 0 0 0

0 0 0 0


. (A.2)

Since S(t) ≤ N(t) for all t > 0 in Ω, it follows that the matrixM , defined in Equation

(A.2), is non-negative. Hence, the Equation (A.1) can be re-written in terms of the

following inequality:

d

dt



Iu(t)

Id(t)

Au(t)

Ad(t)


≤ (F − V )



Iu(t)

Id(t)

Au(t)

Ad(t)


. (A.3)

It should be recalled from the local asymptotic stable result for the disease-free equi-

librium (given in Theorem 2.3.1) that all eigenvalues of the next generation matrix

FV −1 are negative if RT < 1, which implies that F − V is a stable matrix. Thus,

it can be concluded that the linearized differential inequality system (A.3) is stable

whenever the spectral radius of FV −1 is less than unity (i.e., ρ(FV −1) < 1). Hence,

it follows that (for the linear system of ordinary differential equations (A.3)):
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(Iu(t), Id(t), Au(t), Ad(t)) → (0, 0, 0, 0), as t→ ∞.

Substituting Iu(t) = Id(t) = Au(t) = Ad(t) = 0 into the differential equations for the

rate of change of the S(t) and T (t) compartments of the model (2.3) shows that:

T (t) → 0 and S(t) → S∗ as t→ ∞.

Thus, the DFE (E0) of the model (2.3), is globally-asymptotically stable in Ω whenever

RT < 1.
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Proof. Consider the special case of the model (2.3) with δI = δA = 0. As in Section

2.3.2, setting δI = δA = 0 in the model (2.3) shows that N(t) → N∗∗ = Π/µ, as

t → ∞. As shown in Theorem 2.3.3, this special case of the model has a unique

endemic equilibrium whenever R̃T > 1. The Krasnoselskii sub-linearity trick [71] (see

also [110, 54, 53, 105, 82]) will be used to prove Theorem 2.3.4. To implement this

method, it is convenient to first replace S(t) in the model by the following relation:

S(t) = N∗∗ − [Iu(t) + Id(t) + Au(t) + Ad(t) + T (t)] . (B.1)

Using the relation (B.1) in the model (2.3) gives the following equivalent model (for

the special case with δI = δA = 0):

dIu
dt

= fλ∗∗(N∗∗ − Iu − Id − Au − Ad − T )− (ψu + σu + µ)Iu,

dId
dt

= (1− f)λ∗∗S + ψuIu − (σd + τd + µ)Id,

dAu

dt
= σuIu − (ψu + µ)Au,

dAd

dt
= σdId + ψuAu − (τd + µ)Ad,

dT

dt
= τd(Id + Ad)− µT,

(B.2)

where λ∗∗ (the force of infection of the unique endemic equilibrium for this special

case of the model) is given by:

λ∗∗ =
β [Iu + ηdId + ηA(Au + ηdAd)]

N∗∗ . (B.3)

The unique endemic equilibrium associated with the reduced system (B.2) now has

the form:

Ẽ = (I∗∗u , I
∗∗
d , A

∗∗
u , A

∗∗
d , T

∗∗)

Linearizing the system (B.2) around the unique endemic equilibrium, gives [71, 110,
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54, 53, 105, 82]:

dIu
dt

= (fα− K̂1)Iu + fβId + fγAu + fθAd − fa1T,

dId
dt

= [(1− f)α + ψu] Iu +
[
(1− f)β − K̂2

]
Id + [(1− f)γ]Au

+ [(1− f)θ]Ad − fa1T,

dAu

dt
= σuIu − K̂3Au,

dAd

dt
= σdId + ψuAu − K̂4Ad,

dT

dt
= τd(Id + Ad)− µT,

(B.4)

where, α = a2 − a1, β = ηda2 − a1, γ = ηAa2 − a1, θ = ηAηda2 − a1,

a1 =
β [Iu + ηdId + ηA(Au + ηdAd)]

N∗∗ , a2 =
βS∗∗

N∗∗ ,

with, K̂1 = ψu + σu + µ, K̂2 = σd + τd + µ, K̂3 = ψu + µ, and K̂4 = τd + µ.

Furthermore, the Jacobian of the linearized system (B.4), evaluated at Ẽ, is given by:

J(Ẽ) =



fα− K̂1 fβ fγ fθ −fa1

(1− f)α + ψu (1− f)β − K̂2 (1− f)γ (1− f)θ −fa1

σu 0 −K̂3 0 0

0 σd ψu −K̂4 0

0 τd 0 τd −µ


Suppose the system (B.4) has a solution of the form [71, 110, 54, 53, 105, 82]:

Z(t) = Z0e
ωt, (B.5)

with Z0 ∈ C − {0}, where Z0 = (Z1, Z2, Z3, Z4, Z5), ω, Zi ∈ C (for i = 1, 2, ..., 5) and

C denotes the complex numbers. Substituting the solution of the form (B.5) into the
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linearized system (B.4) gives [71, 110, 54, 53, 105, 82]:

ωZ1 = (fα− K̂1)Z1 + fβZ2 + fγZ3 + fθZ4 − fa1Z5,

ωZ2 = [(1− f)α + ψu]Z1 +
[
(1− f)β − K̂2

]
Z2 + [(1− f)γ]Z3 + [(1− f)θ]Z4

− fa1Z5,

ωZ3 = σuZ1 − K̂3Z3,

ωZ4 = σdZ2 − K̂4Z4 + ψuZ3,

ωZ5 = τdZ2 + τdZ4 − µZ5.

(B.6)

The system (B.6) can be simplified by moving all the negative terms in the last five

equations of (B.6) to the respective left-hand sides [71, 110, 54, 53, 105, 82]. Addi-

tionally, the last three equations are then re-written in terms of Z1 and substituted

into the first two equations of (B.6), and all its negative terms are moved to the

left-hand side as well. Finally, adding the first and second equations of (B.6), and

moving all the negative terms to the left-hand side, leads to the following system

[71, 110, 54, 53, 105, 82]:

[1 + F3(ω)]Z3 = (MZ)3,

[1 + F4(ω)]Z4 = (MZ)4,

[1 + F5(ω)]Z5 = (MZ)5.

[1 + F1(ω)]Z1 + [1 + F2(ω)]Z2 = (MZ)1 + (MZ)2,

(B.7)
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where,

F1(ω) =
ω

K̂1

+
fa1

K̂1

+
fa1σu

K̂1(ω + K̂3)
+

fa1ψuσu

K̂1(ω + K̂3)(ω + K̂4)

+
fa1ψuσuτd

K̂1(ω + µ)(ω + K̂3)(ω + K̂4)
+
fa2

K̂1

+
a1

K̂1

+
(fηAa2 + a1)σu

K̂1(ω + K̂3)

+
(fηAηda2 + a1)σuψu

K̂1(ω + K̂3)(ω + K̂4)
+

fa1τdψuσu

K̂1(ω + µ)(ω + K̂3)(ω + K̂4)
,

F2(ω) =
ω

K̂2

+
fa1

K̂2

+
fa1σd

K̂2(ω + K̂4)
+

fa1τd

K̂2(ω + µ)
+

fa1τdσd

K̂2(ω + µ)(ω + K̂4)

+
fηda2

K̂2

+
a1

K̂2

+
(a1 + fηAηda2)σd

K̂2(ω + K̂4)
+

fa1τd

K̂2(ω + µ)
+

fa1τdσd

K̂2(ω + µ)(ω + K̂4)
,

F3(ω) =
ω

K̂3

, F4(ω) =
ω

K̂4

, F5(ω) =
ω

µ
.

with,

M =



fa2

K̂1

fηda2

K̂1

fηAa2

K̂1

fηAηda2

K̂1

0

(1− f)a2 + ψu

K̂2

(1− f)ηda2

K̂2

(1− f)ηAa2

K̂2

(1− f)ηAηda2

K̂2

0

σu

K̂3

0 0 0 0

0
σd

K̂4

ψu

K̂4

0 0

0
τd
µ

0
τd
µ

0



.

It can be verified that the associated endemic equilibrium point represented as, Ẽ =

(I∗∗u , I
∗∗
d , A

∗∗
u , A

∗∗
d , T

∗∗), satisfies Ẽ = MẼ [71, 110, 54, 53, 105, 82]. The notation

(MZ)i, (i = 1, 2, ..., 5) denotes the ith coordinate of the vector MZ, and the matrix

M has non-negative entries [71, 110, 105]. If Z is a solution of (B.7), then it is possible

to find a minimal positive real number r such that [71, 110, 54, 53, 105, 82]

∥Z∥ = rẼ (B.8)
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where, ∥Z∥ = (∥Z1∥, ∥Z2∥, ∥Z3∥, ∥Z4∥, ∥Z5∥) with lexicographic order, and ∥.∥ is a

norm in C. The main goal is to show that Re(ω) < 0. This will be proved by

contradiction [71, 110, 54, 53, 105, 82]. Suppose, now, that Re(ω) ≥ 0 and consider

the following cases.

Case 1: ω = 0.

For this case, (B.6) is a homogeneous linear system in the variables Zi with (i =

1, ..., 5), and the determinant of this homogeneous linear system is given by:

∆ =

[
(µc1c2c3c4)

(
S∗∗(R̃T )

N∗∗ − 1

)]
− A2 (B.9)

where,

A2 = f(1− 2f){a21(K̂4 + σd)(K̂3 + σu)τd}+ a1[K̂1K̂3(K̂4 + σd){(1− f)µ+ fτd}

+ f{K̂3(K̂4 + σd)(µ+ τd)ψu}+ (2f − 1)a2τd{(K̂4 + σd)(K̂3 + ηaσu)

+ (ηA − 1)ηdσuψu}{K̂2(µK̂4(K̂3 + σu) + σu(µ+ τd)ψu}].

To finally determine the sign of ∆, the sign of

(
S∗∗(R̃T )

N∗∗ − 1

)
must be obtained. This

is done below. Solving the expressions for
N∗∗

S∗∗ at the unique endemic steady-state

Ẽ1 gives:

N∗∗

S∗∗ =
S∗∗ + I∗∗u + I∗∗d + A∗∗

u + A∗∗
d + T ∗∗

S∗∗ . (B.10)

Substituting the expressions for S∗∗, I∗∗u , I
∗∗
d , A

∗∗
u , A

∗∗
d and T ∗∗ from (2.16), and after

some algebraic manipulations, gives:

S∗∗

N∗∗ =
1

R̃T

, (B.11)

so that
S∗∗

N∗∗ − 1

R̃T

= 0. Thus, equation (B.9) becomes

∆ = −A2 < 0.
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Since the determinant (∆) is negative, it follows that the system (B.6) has a unique

solution, given by Z = 0 (which corresponds to the DFE (E0)).

Case 2: ω ̸= 0.

By assumption, we have that Re(ω) > 0. Then, the remaining task is to show

that the system has no non-trivial solution when Re(ω) > 0. Clearly, we have that

Fi(ω) > 0 ∀i = 1, 2, ..., 5, which implies that |Fi(ω) + 1|> 1. We then define F (ω) =

min(|Fi(ω) + 1|) ∀i = 1, 2, ..., 5. Then, 1 < F (ω) and hence
r

F (ω)
< r. Since r is

a minimal positive real number such that ∥Z∥ ≤ rẼ [71, 110, 54, 53, 105, 82]. This

implies that:

∥Z∥ > r

F (ω)
Ẽ. (B.12)

On the other hand, by taking the norm of both sides of the third equation in (B.6),

and noting that M is a non-negative matrix [71, 110, 54, 53, 105, 82], we have:

F (ω)∥Z1∥ ≤ |1 + F1(ω)|∥Z1∥ = ∥(MZ)1∥ ≤M∥Z1∥ ≤ rM(Ẽ)1 = r(Ẽ)1 = rI∗∗u

(B.13)

It follows from (B.13) that ∥Z1∥ ≤ r

F (ω)
I∗∗u , which contradicts (B.12). Hence,

Re(ω) < 0. Thus, all eigenvalues of the characteristic equation associated with the

linearized system (B.4) will have negative real part, so that the unique endemic

equilibrium, Ẽ, is LAS whenever R̃T > 1. This completes the proof.
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APPENDIX C

PROOF OF THEOREM 2.3.6
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Proof. Let E1r = (S∗∗∗, I∗∗∗u , I∗∗∗d , A∗∗∗
u , A∗∗∗

d , T ∗∗∗) represents the unique endemic equi-

librium of the reduced model (2.20). Let R̂T > 1, so that the associated unique (posi-

tive) endemic equilibrium exists. Further, consider the following candidate non-linear

Lyapunov function of the Goh-Volterra type:

L = L(S, Iu, Id, Au, Ad, T )

= a1 (S − S∗∗∗ lnS) + a2 (Iu − I∗∗∗u ln Iu) + a3 (Id − I∗∗∗d ln Id)

+ a4 (Au − A∗∗∗
u lnAd) + a5 (Ad − A∗∗∗

d lnAd) + a6 (T − T ∗∗∗ lnT ) ,

where the coefficients ai (with i = 1, · · · , 6) are non-negative real numbers to be

determined. The derivative of the candidate Lyapunov function, is given by:

dL
dt

= a1
dS

dt

(
1− S∗∗∗

S

)
+ a2

dIu
dt

(
1− I∗∗∗u

Iu

)
+ a3

dId
dt

(
1− I∗∗∗d

Id

)
+ a4

dAu

dt

(
1− A∗∗∗

u

Au

)
+ a5

dAd

dt

(
1− A∗∗∗

d

Ad

)
+ a6

dT

dt

(
1− T ∗∗∗

T

)
,

which becomes

dL
dt

= a1

(
1− S∗∗∗

S

)
[Π− (λ+ µ)S] + a2

(
1− I∗∗∗u

Iu

)
(λS −K5Iu)

+ a3

(
1− I∗∗∗d

Id

)
[ψuIu −K6Id]

+ a4

(
1− A∗∗∗

u

Au

)
(σuIu −K7Au) + a5

(
1− A∗∗∗

d

Ad

)
(σdId + ψuAu −K8Ad)

+ a6

(
1− T ∗∗∗

T

)
[τd(Id + Ad)− µT ] ,

(C.1)

The following relations hold for the limiting model (2.20) at the unique endemic
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equilibrium (E1r):

Π = (λ∗∗∗ + µ)S∗∗∗, λ∗∗∗S∗∗∗ = k5I
∗∗∗
u , ψuI

∗∗∗
u = K6I

∗∗∗
d

σuI
∗∗∗
u = K7A

∗∗∗
u , σdI

∗∗∗
d + ψuA

∗∗∗
u = K8A

∗∗∗
d , and τd (I

∗∗∗
d + A∗∗∗

d ) = µT ∗∗∗,

(C.2)

where,

λ∗∗∗ = (µβ)

[
I∗∗∗u + ηdI

∗∗∗
d

Π

]
. (C.3)

Substituting the expressions in Eq (C.2), with Eq (C.3), into Eq (C.1), and simplify-

ing, gives:

dL
dt

= a1

(
1− S∗∗∗

S

)
[(λ∗∗∗ + µ)S∗∗∗ − (λ+ µ)S]

+ a2

(
1− I∗∗∗u

Iu

)[
λS − λ∗∗∗S∗∗∗

I∗∗∗u

Iu

]
+ a3

(
1− I∗∗∗d

Id

)[
ψuIu −

(
ψuI

∗∗∗

I∗∗∗d

)
Id

]

+ a4

(
1− A∗∗∗

u

Au

)[
σuIu −

σuI
∗∗∗
u

A∗∗∗
u

Au

]

+ a5

(
1− A∗∗∗

d

Ad

)[
σdId + ψuAu −

(
σdI

∗∗∗
d + ψuA

∗∗∗
u

A∗∗∗
d

)
Ad

]

+ a6

(
1− T ∗∗∗

T

)[
τd(Id + Ad)−

τd(I
∗∗∗
d + A∗∗∗

d )

T ∗∗∗ T

]
,
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which simplifies to

dL
dt

= a1

(
1− S∗∗∗

S

)
[(λ∗∗∗S∗∗∗ − λS)− µ(S − S∗∗∗)]

+ a2

(
1− I∗∗∗u

Iu

)[
λS − λ∗∗∗S∗∗∗

I∗∗∗u

Iu

]
+ a3

(
1− I∗∗∗d

Id

)[
ψu

(
Iu −

I∗∗∗u Id
I∗∗∗d

Id

)]

+ a4

(
1− A∗∗∗

u

Au

)
σu

[
Iu −

I∗∗∗u

A∗∗∗
u

Au

]

+ a5

(
1− A∗∗∗

d

Ad

)[
σd

(
Id −

I∗∗∗d Ad

A∗∗∗
d

)
+ ψu

(
Au −

A∗∗∗
u Ad

A∗∗∗
d

)]

+ a6

(
1− T ∗∗∗

T

)
τd

[
Id + Ad −

(I∗∗∗d + A∗∗∗
d )

T ∗∗∗ T

]
,

which upon further simplifications and re-grouping gives:

dL
dt

= −µa1
(S − S∗∗∗)2

S
+
µβ

Π
I∗∗∗u S∗∗∗(a1 + a2) +

µβηd
Π

S∗∗∗I∗∗∗d (a1 + a2) (C.4)

+
µβ

Π
SIu(−a1 + a2) +

µβηd
Π

SId(−a1 + a2)

+

[
a1
µβ

Π
S∗∗∗ − a2

µβ

Π
S∗∗∗

(
I∗∗∗d

I∗∗∗u

+ 1

)
+ a3ψu + a4σu

]
Iu

+

[
a1
µβηd
Π

S∗∗∗ − a3ψu
I∗∗∗u

I∗∗∗d

+ a5σd + a6τd

]
Id +

[
]− a4σu

I∗∗∗u

A∗∗∗
u

+ a5ψu

]
Au

+

[
]− a5σd

I∗∗∗d

A∗∗∗
d

− a5ψu
A∗∗∗

u

A∗∗∗
d

+ a6τd

]
Ad − a6τd

[
I∗∗∗d

T ∗∗∗ +
A∗∗∗

d

T ∗∗∗

]
T (C.5)

− a1
µβ

Π

(S∗∗∗)2

S
I∗∗∗u

− a1
µβηd
Π

(S∗∗∗)2

S
I∗∗∗d − a2

µβ

Π
SI∗∗∗u − a2

µβηd
Π

I∗∗∗u

Iu
SId (C.6)

− a3ψ
I∗∗∗d

Id
Iu + a3ψuI

∗∗∗
u − a4σu

A∗∗∗
u

Au

Iu + a4σuI
∗∗∗
u − a5σd

A∗∗∗
d

Ad

Id + a5σdI
∗∗∗
d

− a5ψu
A∗∗∗

d

Ad

Au + a5ψuA
∗∗∗
u a6τd

T ∗∗∗

T
Id + a6τdI

∗∗∗
d − a6τd

T ∗∗∗

T
Ad + a6τdA

∗∗∗
d .
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We can choose ai for i = 1, · · · 6 so that

a1
µβ

Π
S∗∗∗ − a2

µβ

Π
S∗∗∗

(
I∗∗∗d

I∗∗∗u

+ 1

)
+ a3ψu + a4σu = 0,

a1
µβηd
Π

S∗∗∗ − a3ψu
I∗∗∗u

I∗∗∗d

+ a5σd + a6τd = 0,

−a4σu
I∗∗∗u

A∗∗∗
u

+ a5ψu = 0, (C.7)

−a5σd
I∗∗∗d

A∗∗∗
d

− a5ψu
A∗∗∗

u

A∗∗∗
d

+ a6τd = 0,

a6τd

[
I∗∗∗d

T ∗∗∗ +
A∗∗∗

d

T ∗∗∗

]
= 0.

From Eq. (C.7), we can clearly see that a4 = a5 = a6 = 0. Moreover,

a1
µβηd
Π

S∗∗∗ = a3ψu
I∗∗∗u

I∗∗∗d

or a3 = a1
µβηd
ψuΠ

S∗∗∗ I
∗∗∗
d

I∗∗∗u

and a2 = a1
I∗∗∗ + ηdI

∗∗∗
d

I∗∗∗ + I∗∗∗
.

(C.8)

Thus, Eq. (C.7) reduces to:

dL
dt

= −µa1
(S − S∗∗∗)2

S
+
µβ

Π
I∗∗∗u S∗∗∗(a1 + a2) +

µβηd
Π

S∗∗∗I∗∗∗d (a1 + a2)

+
µβηd
Π

SIu(−a1 + a2) +
µβηd
Π

SId(−a1 + a2)− a1
µβ

Π

(S∗∗∗)2

S
I∗∗∗u (C.9)

− a1
µβηd
Π

(S∗∗∗)2

S
I∗∗∗d − a2

µβ

Π
SI∗∗∗u − a2

µβηd
Π

I∗∗∗u

Iu
SId − a3ψ

I∗∗∗d

Id
Iu + a3ψuI

∗∗∗
u .

By using Eq. (C.8) in Eq. (C.10), and after further computation, we obtain.

dL
dt

= a1
µβ

Π
S∗∗∗I∗∗∗

(
2− S∗∗∗

S
− S

S∗∗∗

)
+ a1

µβηd
Π

S∗∗∗I∗∗∗d

(
3− S∗∗∗

S
− IuI

∗∗∗
d

I∗∗∗u Id
− SIdI

∗∗∗
u

S∗∗∗I∗∗∗d Iu

)
(C.10)

− µa1
(S − S∗∗∗)2

S
.

Since the arithmetic mean exceeds the geometric mean, the following inequalities

hold:

2− S∗∗∗

S
− S

S∗∗∗ ≤ 0 and 3− S∗∗∗

S
− IuI

∗∗∗
d

I∗∗∗u Id
− SIdI

∗∗∗
u

S∗∗∗I∗∗∗d Iu
≤ 0.
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Furthermore, µa1
(S − S∗∗∗)2

S
> 0 for any arbitrary a1 > 0. Hence, it follows from

Eq. (C.10) that
dL
dt

≤ 0.

Therefore, by the Lyapunov function and the LaSalle’s principle [68, 77] every solution

to the equation in the reduced model (2.20), with Eq. (C.3), approaches the unique

endemic equilibrium, E1r, as t→ ∞ for R̂T > 1.
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APPENDIX D

PROOF OF THEOREM 3.3.3
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Proof. The proof is based on the center manifold theory [15, 131]. To apply this

theory, it is convenient, first of all, to let SL = x1, SH = x2, I1u = x3, I1d = x4,

I2u = x5, I2d = x6, Au = x7, Ad = x8 and T = x9. The model 3.1 can be re-written

in the general form (by using the aforementioned transformation of variables); dX
dt

=

(f1, f2, f3, f4, f5, f6, f7, f8, f9)
T , withX = (x1, x2, x3, x4, x5, x6, x7, x8, x9)

T . Specif-

ically, the model (3.1) can be written in terms of the transformed variables as:

d x1
d t

= f1 = Π(1− p) + ψHx2 − λx1 − k1x1,

d x2
d t

= f2 = Πp+ ψLx1 − ηH(1− εpcp)λx2 − k2x2,

d x3
d t

= f3 = λx1 + ηH(1− εpcp)λx2 − k3x3,

d x4
d t

= f4 = εdξdx3 − k4x4,

d x5
d t

= f5 = σ1ux3 − k5x5,

d x6
d t

= f6 = εdξdx5 + σ1dx4 − k6x6,

d x7
d t

= f7 = σ2ux5 − k7x7,

d x8
d t

= f8 = σ2dx6 + εdξdx7 − k8x8,

d x9
d t

= f9 = τIx4 + τ2x6 + τAx8 − k9x9,

(D.1)

where,

λ = β

[
x3 + ηdx4 + η2(x5 + ηdx6) + ηA(x7 + ηdx8)

N

]
, k1 = ψL + µ, k2 = ψH + µ,

k3 = εd ξd + σ1u + µ, k4 = τ1 + σ1d + µ, k5 = εd ξd + σ2u + µ, k6 = τ2 + σ2d + µ,

k7 = εd ξd + µ+ δu, k8 = τA + µ+ δd, k9 = µ.

(D.2)

Evaluating the Jacobian of the transformed system (D.1) at the DFE (EDF ), is given

by:
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J(EDF ) =



−k1 ψH −J1 −ηd J1 −η2 J1 −η2 ηd J1 −ηA J1 −ηA ηd J1 0

ψL −k2 J2 −ηd J2 −η2 J2 −η2 ηd J2 −ηA J2 −ηA ηd J2 0

0 0 J3 − k3 ηd J3 η2 J3 η2 ηd J3 ηA J3 ηA ηd J3 0

0 0 ξd εd −k4 0 0 0 0 0

0 0 σ1u 0 −k5 0 0 0 0

0 0 0 σ1d ξd εd −k6 0 0 0

0 0 0 0 σ2u 0 −k7 0 0

0 0 0 0 0 σ2d ξd εd −k8 0

0 0 0 τ1 0 τ2 0 τA −k9



,

where,

J1 =
β{(1− p)µ+ ψH}
µ+ ψH + ψL

, J2 =
β ηH(1− εpcp)(µp+ ψL)

µ+ ψH + ψL

and J3 = J1 + J2.

Consider the case when RTc = 1 and choosing β as the bifurcation parameter, and

solving for β when RTc = 1 (i.e., at the bifurcation point) gives:

β =
C1C2C3C4C5C6N

∗

B∗{T1 + T2 + T3 + T4 + T5 + T6}
= β∗,

where,

B∗ = S∗
L + ηH(1− εpcp)S

∗
H , N

∗ =
Π

µ
, T1 = C2C3C4C5C6, T2 = C3C4C5C6 ηd εd ξd,

T3 = C2C4C5C6 η2 σ1u , T4 = C5C6 η2 ηd εd ξd (C3 σ1d+C2 σ1u), T5 = C2C4C6 ηA σ1u σ2u ,

T6 = ηA ηd εd ξd (C2C4 σ1u σ1d+C3C5 σ1d σ2d+C2C5 σ1u σ2d) and C1, C2, C3, C4, C5, C6

are as defined in (3.7).

Let Jβ∗ denotes the Jacobian of the system (D.1) evaluated at the DFE (EDF ). It can

be seen that the system (D.1), with β = β∗, has a simple eigenvalue with zero real

part and all other eigenvalues having negative real part [12]. Hence, the center mani-

fold theory [15, 16] can be applied to analyze the dynamics of the model (3.1) near the

bifurcation point (where β = β∗). To apply the theory (in particular, the approach

in [16]), the following computations (associated with the left and right eigenvectors
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of Jβ∗ , corresponding to the zero eigenvalue) are necessary.

Computation of left and right eigenvectors of Jβ∗

It can be seen that the left eigenvector of Jβ∗ , corresponding to the zero eigenvalue,

is given by:

v = [v1, v2, v3, v4, v5, v6, v7, v8, v9], where (noting that J1, J2 and J3 are defined

above),

v1 > 0 (free), v2 =
ψH v1
k2

, v3 > 0 (free), v9 = 0,

v8 =
β ηa ηd(−J1 v1 − J2 v2 + J3 v3)

k8
,

v6 =
β ηa ηd(−J1 v1 − J2 v2 + J3 v3) + σ2d v8

k6
,

v7 =
β ηa (−J1 v1 − J2 v2 + J3 v3) + εd ξd v8

k7
,

v4 =
β ηd(−J1 v1 − J2 v2 + J3 v3) + σ1d v6

k4
,

v5 =
β ηd(−J1 v1 − J2 v2 + J3 v3) + σ1d v6 + σ2u v7

k5
.

(D.3)

Furthermore, the right eigenvector of Jβ∗ , corresponding to the zero eigenvalue, is

given by:

w = [w1, w2, w3, w4, w5, w6, w7, w8, w9]
T , where,

w1 =
−β J1 (w3 + ηdw4 + η2w5 + η2 ηdw6 + ηAw7 + ηA ηdw8) + ψHw2

k1
,

w2 > 0, (free), w3 > 0 (free), w4 =
εd ξdw3

k4
,

w5 =
σ1u w3

k5
, w7 =

σ2u w5

k7
, w6 =

σ1d w4 + εd ξdw5

k6
,

w8 =
σ2d w6 + εd ξdw7

k8
, w9 =

τ1w4 + τ2w6 + τAw8

k9
,

w9 =
τ1w4 + τ2w6 + τAw8

k9
.

(D.4)

118



For computational convenience, we set, without loss of generality, the components of

the left eigenvectors v1 and v3 in (D.3) to one. Similarly, we set the components w2

and w3, of the right eigenvector, given in (D.4) to unity.

Computation of backward bifurcation coefficients, a and b

The local bifurcation analysis near the bifurcation point (β = β∗) is determined by

the signs of two bifurcation coefficients, denoted by a and b [15, 16]. Following [16],

the expressions for these bifurcation coefficients are, respectively, given by:

a =
n∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(EDF , β
∗), (D.5)

and,

b =
n∑

k,i=1

vkwi
∂2fk
∂xi∂β

(EDF , β
∗). (D.6)

It can be shown, by substituting the expressions for the eigenvectors (wk and vk;

k = 1, · · · , 9) given in (D.3) and (D.4) and the partial derivatives of the functions

fk (k = 1, · · · , 9) defined in (D.1) into the expressions (D.5) and (D.6), that the

bifurcation coefficients now become:

a =
1

Π (µ+ ψH + ψL)

[
2µβ (C)

{
(P +Q+R)− (S + T + U)

}]
(D.7)

and,

b =
C (X − Y )

µ+ ψH + ψL

, (D.8)
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where,

C = w3 + ηdw4 + η2w5 + η2 ηdw6 + ηAw7 + ηA ηdw8,

P = v1(w2 µ+ w3 µ+ w4 µ+ w5 µ+ w6 µ+ w7 µ+ w8 µ+ w9 µ+ w2 ψH + w3 ψH

+ w4 ψH + w5 ψH + w6 ψH + w7 ψH + w8 ψH + w9 ψH + w9 ψH

+ w2 ψH + w7 µ+ w9 µ),

Q = v2 ηH (1− εp cp)(w1 µ p+ w2 µ p+ w3 µ p+ w4 µ p+ w5 µ p+ w6 µ p

+ w7 µ p+ w8 µ p+ w9 µ p+ w1 ψL + w3 ψL + w4 ψL + w5 ψL + w6 ψL

+ w7 ψL + w8 ψL + w9 ψL),

R = v3{ ηH (1− εp cp)(w2 ψH + w2 µ) + w1 µ p+ w2 µ p+ w3 µ p+ w4 µ p (D.9)

+ w5 µ p+ w6 µ p+ w7 µ p+ w8 µ p+ w9 µ p},

S = v1 µ p (w1 + w2 + w3 + w4 + w5 + w6 + w7 + w8 + w9) + v1w1 ψL,

T = v2w2 ηH (1− εp cp)(ψH + µ),

U = v3 [{ηH (1− εp cp) (w1 + w2 + w3 + w4 + w5 + w6 + w7 + w8 + w9) (µ p+ ψL)}

+ {(w2 + w3 + w4 + w5 + w6 + w7 + w8 + w9)(µ+ ψH)}],

X = [{ηH (1− εp cp) v3(µ p+ ψL)}+ v1 µ p+ v3 (ψH + µ)],

Y = [{ηH (1− εp cp) v2(µ p+ ψL)}+ v3 µ p+ v1 (ψH + µ)].

It follows from Item (i) of Theorem 4.1 of [16] that the model (3.1) will undergo a

backward bifurcation at RTc = 1 whenever the bifurcation coefficients, a and b (given

by (D.7) and (D.8), respectively), are positive. It can be shown that the bifurcation

coefficient b is automatically positive as follows. First of all, using the definitions for

X and Y in (D.9), the quantity X − Y can be simplified to:

X − Y = ηH (1− εp cp) (µ p+ ψL)(1− v2), (D.10)
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which is positive since ηH > 0, 0 < εp cp < 1, µ > 0, p > 0, ψL > 0 and the eigenvector

0 < v2 < 1 (from (D.3)). Since X − Y > 0, µ > 0, ψH > 0, ψL > 0 and C > 0, it

follows from (D.8) that the bifurcation coefficient b is automatically positive. Hence,

since the bifurcation coefficient b is always positive, we only need to show that the

coefficient a is positive for backward bifurcation to occur. In particular, it can be

shown from Equation (D.7), and noting the definitions in (D.9) and the expressions

for the eigenvectors in (D.3) and (D.4), that the backward bifurcation coefficient a is

positive provided the following inequality holds:

P +Q+R > S + T + U. (D.11)

Thus, it follows from Item (i) of Theorem 4.1 of [16]), that the model (3.1) will

undergo a backward bifurcation at RTc = 1 whenever inequality (D.11) holds.
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APPENDIX E

PROOF OF THEOREM 3.3.4
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Proof. Before proving the result of Theorem 3.3.4, it is necessary to establish the

following intermediate results.

Proof of positive invariance and attractivity of Γ∗

Since N(t) ≤ Π/µ for all t in Γ∗, it follows from the first equation of the two-group

HIV model (3.1) that:

dSL

dt
≤ Π(1− p) +

(
Π

µ
− SL

)
ψH − (ψL + µ)SL,

≤ Π(1− p) +

(
Π

µ

)
ψH − (ψH + ψL + µ)SL,

≤ Π

µ
{µ(1− p) + ψH} − (ψH + ψL + µ)SL,

≤ (ψH + ψL + µ) (S∗
L − SL).

Hence, if SL(t) > S∗
L, then

dSL

dt
is negative. Thus, SL(t) ≤ S∗

L for all t, provided that

SL(0) ≤ S∗
L. Using similar approach for the second equation of the model (3.1), and

using the above bound, we get the following bound:

dSH

dt
≤ Π p+

(
Π

µ

)
ψL − (ψH + µ)V,

≤ Π p+

(
Π

µ

)
ψL − (ψH + ψL + µ)SL,

≤ (ψH + ψL + µ) (S∗
H − SH).

Similarly, we have SH(t) ≤ S∗
H for all t, provided that SH(0) ≤ S∗

H . It follows from

these bounds that:

Γ∗ = {(SL(t), SH(t), I1u(t), I1d(t), I2u(t), I2d(t), Au(t), Ad(t), T (t)) ∈ Γ : SL ≤ S∗
L, SH ≤ S∗

H}

(E.1)

is positively-invariant and attracts all initial solutions in Γ∗.
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Next generation matrices for the special case of the model (3.1)

For the special case of the model (3.1), the associated next generation matrix of new

infection terms, denoted by F̂ , and the associated next generation matrix of linear

transition terms, denoted by V̂ , are given as:

F̂ =



βS∗
L

N∗ ηd
βS∗

L

N∗ η2
βS∗

L

N∗ η2ηd
βS∗

L

N∗ ηA
βS∗

L

N∗ ηAηd
βS∗

L

N∗

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


and,

V̂ =



Ĉ1 0 0 0 0 0

−εd ξd Ĉ2 0 0 0 0

−σ1u 0 Ĉ3 0 0 0

0 −σ1d −εd ξd Ĉ4 0 0

0 0 −σ2u 0 Ĉ5 0

0 0 0 −σ2d −εd ξd Ĉ6


,

where

Ĉ1 = εd ξd + σ1u + µ, Ĉ2 = τ1 + σ1d + µ, Ĉ3 = εd ξd + σ2u + µ, Ĉ4 = τ2 + σ2d + µ,

Ĉ5 = εd ξd + µ and Ĉ6 = τA + µ.

Proof of Theorem 3.3.4

Consider the model (3.1) with εm cm = 1 and δu = δd = 0. We further assume that

R̂Tc < 1. The proof is also based on using a comparison theorem [78, 65, 104]. The
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equations for the infected compartments of the special case of the model (3.1) can be

re-written as:

d

dt



I1u(t)

I1d(t)

I2u(t)

I2d(t)

Au(t)

Ad(t)


= (F̂ − V̂ )



I1u(t)

I1d(t)

I2u(t)

I2d(t)

Au(t)

Ad(t)


−M



I1u(t)

I1d(t)

I2u(t)

I2d(t)

Au(t)

Ad(t)


, (E.2)

where the next generation matrices F̂ and V̂ are as defined in Equation (E) and the

matrix M is defined as:

M = β (S∗
L − SL)



1 ηd η2 η2ηd ηA ηAηd

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


. (E.3)

Since SL ≤ S∗
L for all t > 0 in Γ∗, it follows that the matrixM is non-negative. Hence,

Equation (E.2) can be re-written in terms of the following inequality:

d

dt



I1u(t)

I1d(t)

I2u(t)

I2d(t)

Au(t)

Ad(t)


≤ (F̂ − V̂ )



I1u(t)

I1d(t)

I2u(t)

I2d(t)

Au(t)

Ad(t)


. (E.4)

It should be recalled from the local asymptotic stable result for the disease-free equilib-

rium of the model (3.1) (given in Theorem 3.3.1) that all eigenvalues of the associated
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next generation matrix FV −1 are negative if RTc < 1 (i.e., F − V is a stable matrix).

It follows that the eigenvalues of the next generation matrix F̂ V̂ −1, associated with

this special case of the model (3.1), are also negative if R̂Tc < 1 (i.e., F̂ − V̂ is also

a stable matrix). Thus, the linearized differential inequality system (E.4) is stable

whenever ρ(F̂ V̂ −1) < 1. Consequently [106, 66, 104, 91],

(I1u(t), I1d(t), I2u(t), I2d(t), Au(t), Ad(t)) → (0, 0, 0, 0, 0, 0), as t→ ∞.

Substituting I1u(t) = I1d(t) = I2u(t) = I2d(t) = Au(t) = Ad(t) = 0 into the differential

equations for the rate of change of the SL(t), SH(t) and T (t) compartments of the

model (3.1) shows that:

SL(t) → S∗
L, SH(t) → S∗

H and T → 0 as t→ ∞.

Thus, the disease-free equilibrium (EDF ) of the special case of the model (3.1), with

εp cp = 1 and δu = δd = 0 is globally-asymptotically stable in Γ∗ whenever R̂Tc <

1.
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