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ABSTRACT

Iwasawa theory is a branch of number theory that studies the behavior of certain
objects associated to a Z,-extension. The work in this thesis will focus on the cyclo-
tomic Z,-extensions of imaginary quadratic fields for varying primes p, and will give

some conditions for when the corresponding lambda-invariants are greater than 1.
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Chapter 1

INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let p be an odd prime, and d > 0 a square-free integer. Denote K = Q(v/—d)
and let \,(K) be Iwasawa’s A-invariant for the cyclotomic Z,-extension of K. In
(10), Dummit, Ford, Kisilevsky and Sands compute A,(K) for various primes and
imaginary quadratic fields. They define the non-trivial primes of K to be those which
satisfy A\,(K) > 1 (non-trivial since A,(K) > 0 whenever p splits in K, see (19)).
For example, Table 1 gives the non-trivial primes for K = Q(v/—3) and K = Q(i)
for primes p < 107 (see Table 1 in (10) for all other imaginary quadratic fields with

discriminants up to 1,000).

Table 1.1: Non-trivial primes p < 107 of Q(v/—3) and Q(z).

K =Q(v/-3) 13 181 2521 76543 489061 6811741

K =Q(i) | 29789

Note that the values from Table 1 come from (10]), which were computed in 1989
(it would be interesting to compute these values further with modern computational
power). Authors such as Ellenberg, Jain, and Venkatesh (L)), Horie (17), Ito (1),
and Sands (33) have studied A\,(K) by fixing a prime p and varying the imaginary
quadratic field K. Dummit, Ford, Kisilevsky, and Sands (10)), and Gold (13) have
studied the case when K is fixed and p varies (which is the point of view we take in

this paper), but less seems to be known in this situation. Another point of view might



be to fix both p and K and vary the Z,-extension of K. Interestingly, Sands (32)) has
shown that if p does not divide the class number of K, and the cyclotomic M-invariant
Ap(K) < 2, then every other Z,-extension K, /K has A\, < 2 and p, = 0. Therefore,
knowing the non-trivial primes p of K is important for our overall understanding of
the other Z,-extensions of K.

On the other hand, for m € Z* we have the seemingly unrelated 1-exceptional

primes p for m studied by Cosgrave and Dilcher, that is, primes p = 1 (mod m) such

ged(a,p

that (piﬂl)pll = (HPQT;all) 1 a)pl = 1 (mod p?). Surprisingly, the primes p in
Table 1 are zxactly the 1—excéptional primes for m = 3 and m = 4 respectively, with
p < 107 (see the next section, or (7)) and (8)) to learn about l-exceptional primes).

This thesis is dedicated to finding conditions for which the cyclotomic A-invariants
of imaginary quadratic fields surpass a given value n, with a focus on n = 1 and 2.

The first main result is Theorem [3.1.1} which is a criterion in terms of Gauss
factorials that gives A\,(K) > 1 (this is a condition that works for every imaginary
quadratic field K and any prime p that splits in K and is congruent to 1 modulo the
absolute discriminant of K). This will be proven in two ways: first using the Gross-
Koblitz formula (16) and Gold’s criterion (13) (see Theorem [3.1.2)), the second using
the p-adic L-function associated to the imaginary quadratic field K. From this, we
obtain an explanation for the apparent connection between the 1-exceptional primes
for m = 3 and m = 4, and the non-trivial primes of K = Q(v/—3) and K = Q(i), as
well as some similar results for K = Q(v/—d) with d = 2,5 and 6:

Theorem 1.0.1. Let K = Q(v/—d) and D = 2d if d = 3 (mod 4) and D = 4d

otherwise. Let p be a prime such that p = 1 (mod D), and suppose that p does not



divide the class number of K. Then for d =1,2,3,5 and 6 we have
(ﬁ)“‘" .
5 ) !
~ P
D2 ),

In particular, p is 1-exceptional for m = 3 if and only if \,(Q(v/—3) > 1 and p is

1

MEK)>1 <= =1 (mod p?).

L-exceptional for m = 4 if and only if \,(Q(7)) > 1.

The proof of Theorem relies on the fact the fields K = Q(v/—d), where
d =1,2,3,5 and 6, have so called “maximal class numbers” (see Definition . We
will prove Theorem [3.1.4] which tells us that these are the only imaginary quadratic
fields with such class numbers, under the assumption that the generalized Riemann
hypothesis is true.

As a corollary of Theorem we will see that primes p of the form p? = 322 +
3z + 1 with z € Z always give \,(v/—3) > 1. However, the converse does not hold
(see Remark [2). Theorem also leads to

Corollary 1. For K = Q(v/—d) ford=1,2,3,5 and 6, we have
M(K) >1 <= B,(2/D)=2"B,(1/D) (mod p*)
where By(x) is the n-th Bernoulli polynomial.

In particular, we obtain some interesting conditions for the non-trivial primes of
K = Qi) and K = Q(+/—3) in terms of Glaisher and Euler numbers respectively.
Recall the Euler numbers {E,} and Glaisher numbers {G,,} are defined by

> n 2 > n 3/2
YES -2l Yal - 32
— n! er 4 e % —~ n! e+ e %41

We will prove:



Corollary 2. Let p =1 (mod 4) be a prime and E,, denote the n-th Euler number.
Then A\p(Q(i)) > 1 if and only if E,_1 =0 (mod p?).

Corollary 3. Let p =1 (mod 3) be a prime and G,, denote the n-th Glaisher number.
Then A\p(Q(+/—3)) > 1 if and only if G,—1 =0 (mod p?).

Remark 1. The numbers {G,} were studied by Glaisher in (14) and (15) in which

they are referred to as I-numbers.

In Section 4] we will find another unexpected relation, that is, between the lambda
invariant of an imaginary quadratic field and the number of points on a reduced elliptic

curve with complex multiplication. We state the main Theorem of that section:

Theorem. Let p > 3 be a prime and K be an imaginary quadratic field such that p
does not divide the class number of K, and pOg = pp. Let E be an elliptic curve
with complex multiplication by Ok, K the field obtained by adding certain torsion
coordinates of E to the Hilbert class field of K, and 3 a prime of K above p (see
section |4 for more details). Then \,(K) > 1 if and only if #E(F,) = 0 (mod p?),

where ¢ = pP~Y, and E is the reduction of E modulo ‘3.

As a result, we can relate certain Gauss factorials to elliptic curves with complex

multiplication, as well as the Euler and Glaisher numbers:

Theorem. Let p = 1 (mod 3), and consider E/F, : y* = 2* — 1. Then p is 1-
exceptional for m = 3 if and only if Gp—1 = 0 (mod p?) if and only if #E(Fp-1) =
0 (mod p?).
Theorem. Let p = 1 (mod 4), and consider EJF, : y* = 3+ x. Then p is 1-
exceptional for m = 4 if and only if E,—1 = 0 (mod p?) if and only if #E(Fpp-1) =
0 (mod p?).



Next, in the absence of Gold’s result for A\,(K), we will again use the p-adic L-
function associated to K to obtain a criterion for n < A\,(K) < p. In particular, we
will get a “Gold like” criterion for A\,(K) > 2. In this case we will also get a result

analogous to Theorem [3.1.1} Finally, we will obtain a partial result in the spirit of

Theorem for A\,(K) > 2.



Chapter 2

PRELIMINARIES

2.1 Brief Overview of Iwasawa Theory

Iwasawa theory can be described as the study of objects {A, },en associated to
an infinite tower of number fields K C Ky C Ky, C --- C Ko, = |J,, K, such that
the Galois group Gal(K/K) is isomorphic to the p-adic integers Z,. We will always
denote I' = Gal(K«/K), and refer to K, /K as a Z,-extension.

Here is the most basic example of such an extension: Let (,, = (,» be a primitive p"-
th root of unity and K an Abelian number field such that ¢, ¢ K. Then K((u41)/K
is a cyclic Galois extension of degree p™(p — 1), and thus contains a sub-extension
K, /K such that Gal(K,/K) = Z/p"Z. Taking K., = |J, K, we have that I' =
Gal(K/K) = @Z/p"Z = Z,. In this case Ko /K is referred to as the cyclotomic
Z,-extension of K.

Returning to the general case, let K /K be a Z,-extension and denote C(kK,,) to
be the ideal class group of K, and A, to be its Sylow p-subgroup. Let us now get
a rough idea of how a Z,-extension allows one to study {A,}. By class field theory,
there exists an unramified Abelian extension L, /K, such that Gal(L,/K,) = A,.
Then taking Lo, = J,, Ln, we have that X = Gal(Lo/K) = l'glGal(Ln/Kn), and
L../K is also Galois.
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We have that I' acts on X, and even more, X is a finitely generated A = Z,[[I]]
module. We shall refer to A as the Iwasawa algebra. One might think of X as having
encoded all the information of each A,, and viewing X as a A-module allows us to
access this information. There exists an element v € I such that v generates a dense
subgroup which gives rise to an isomorphism A = Z,[[T]], where T is identified with
v —1 (v is called a topological generator). We say that two A-modules M and N are

pseudo-isomorphic, and write M ~ N, if there exists an exact sequence of A-modules
0—-A—-M-—-N-—->B—=0

such that A and B are finite. Then with the A-module X as above, it can be shown
that )
X ~@P A" Ao @A/ fi(T)A
i=0 i=0

where f; € A are irreducible distinguished polynomials (f;(T) = ¢,T" 4+ -+ -+ 1T + ¢
is distinguished if p | ¢; for 0 < i < r—1, and p 1 ¢.), a;,b; € ZT, and A, =
Gal(L,/K,) = X/(v*" — 1)X (see Theorem 13.12 and Proposition 13.19 in Chapter
13 of (39)). We define the Iwasawa invariants p = p,(Kw/K) = p,(K) and A =
A (Koo ) = M (K) as

t

p=> a;, A=Y deg(f)b;
=0

1=0



and we call the ideal generated by f(T) = p* ]2, fi(T)" the characteristic ideal of

A.

Theorem 2.1.1 (Iwasawa’s Theorem). For n sufficiently large
Al = [X/(7" —1)X]| = g,

where u, N\ € Z+ and v € Z.

If K is Abelian and K /K is the cyclotomic Z,-extension, then p = 0 by the
Theorem of Fererro-Washington (12)). In general, if K. /K is not the cyclotomic
Zy-extension then there are known instances where p # 0 (see (22)). On the other
hand, we know many simple cases where A > 0. For example, if K = Q(v/—d) is
an imaginary quadratic field then A\,(K) > 0 if and only if p splits K, or p divides
the class number of K (more on this later). There is still much to learn about A
even under basic assumptions (see, for example, (10), (32) and, (33)). For more on

classical Iwasawa theory, see chapter 13 in Washington (39).
2.2 p-adic Measure Theory and the Iwasawa Isomorphism
Let p be a prime number.
Definition 1. Let k/Q, be a finite extension of Q,. A k-valued measure is a function
a : {compact open subsets of Z,} — k
such that
i. for ANB =0, a(AUB) = a(A) + «(B)

ii. {|a(A)|p}ta is bounded.



We define Ay, to be the set of all Op-valued measures on Z,.

Definition 2. We define the indicator function for a + p"Z, by

1 fzrea+pZ,
Gapn(T) = )
0 else

We say that f : Z, — K 1is locally constant if there exists N € N such that
V-1

f($) = Z f(CL)ga,pN(x)'
a=0
We can now start to define an integral on Z, against a measure a.

Definition 3. If a is a k-valued measure and f : Z, — k 1is locally constant, then we
define
f(z)da(z) = fla)ala +p"Z,).
ZP
Now let f : Z, — k be continuous. Then there is a sequence (f,,)nez+ such that

fn i Zy, — k is locally constant, and f,, — f uniformly.

Definition 4. If a is a k-valued measure and f : Z, — k is continuous, then we
define
f(z)do(z) = lim [ fu(z)do(z)
Zp n—oo Zp
where f, — f.

It is easy to show that this integral is independent of the choice of sequence (f;,).

Theorem 2.2.1. There is an isomorphism of rings (Ay, +,*) = (O[[T — 1]],+, )

a nf; (/Z (i) da(x)) (T — 1)

where * 1s convolution of measures.

given by

We will often view Ay as a ring of measures or power series interchangeably.

9



2.3 L-functions

Let x be a Dirichelt character with conductor f. Then the Dirichlet L-function

attached to y is defined to be

(n)

nS

big

L(s,x) =

Il
=)

which converges for all s € C with Re(s) > 1. It is well known that L(s,y) has an

Euler product

o I(3)'

p prime

which again converges for Re(s) > 1. These Dirichlet L-functions can be analytically
continued to the entire complex plane (except when x = 1, in which case there is a

simple pole at s = 1) via the functional equation

rpeos (T2 250 = T2 (31 20— )

where Y(a) = x(a), I(s) = [;° 2° e dz is the gamma function, 7(x) = 37 _; y(a)e>™/f

is the Gauss sum for y, and

1 ify(=1)=-1
§ = .

0 ifx(-1)=1
Now, consider the Bernoulli numbers B,, given by

t A
et — 1 :ZBTLE

n=0

the Bernoulli polynomials B,,(X) given by



and the generalized Bernoulli numbers B, given by

Then the Dirichlet L-functions have the generalized Bernoulli numbers as their

special values, that is, for n € Z*,

Bn?X
n

L(1—mn,x)=—
2.4 p-adic L-functions

Kubota and Leopoldt (24) found a p-adic analogue L,(s,x) of L(s, x) such that

Ly(s,x) : Zp — CJ is continuous, and

Ly(1—=n,x) = (1= x(pp" "L —n,x)

if n is divisible by p — 1, and

Ly(1—n,x) = (1= xw " (p)p" ") LA —n, xw ")

if n is not divisible by p— 1. Here w : (Z/pZ)* — C* is the Teichmiiller character. In
2.5l we will see that we can construct p-adic L-functions via p-adic measures. Other

constructions can be found in (23), (27), and (39).
2.5 Iwasawa’s Power Series and Rational Functions

We shall restrict our attention to K = Q(v/—d), where the situation is simplified
compared to the more general CM case. Denote k to be the p-adic completion of K
where p N Z = p. Denote U = 1+ pZ,, V C Z, the (p — 1)-st roots of unity, and 7

the maximal ideal in Oy. We also denote ord(-) to be the valuation of C, such that

11



ord(p) = 1. As before, we denote Ay to be the set of all O-valued measures on Z,.
We will write F,,(T) € Ok[[T — 1]] as the power series corresponding to o € A, as in

Theorem [2.2.1) Now, for Fo(T) € Ay, with F(T) =Y a,(T — 1)", we denote
w(F,) = p(a) = min{ord(a,)} and A(F,) = A a)=min{n : ord(a,) = u(«a)}.
Let ¢ be any positive integer such that ged(e, dp) = 1, and define the periodic function

x(a) if cta
x(a)(1—¢) ifcla
If f is any multiple of cdp, it can be shown that

f ela a
2ot 4T o, -1y,

We thus associate the above rational function with the power series F,(T'), where
a € Ay (see Proposition 4.1 in (37)). Given a topological generator u (that is,
u € 14 pZ, but u € 1+ p*Z,) we have an isomorphism ¢ : Z, — U given by z + u”.
For x € Z, we will also write (x) = z/w(x). The I-transform of « is the function

from Z, to C, defined by

L) = [

where 8 = 3>P~1 da(w(a)z) and § = B o . Now, consider G, (T) € Ay, given by

a=

6= [ T ad =3 ( A () dém) -1y

P n=0

(x)* da(z) = Z / (w(@)a)* dafw(a)z) = / v (r) = / i

X
P

Then G, (T') is essentially the p-adic L function, or more precisely, G, (u*) = —(1 —
x(c)e{e)®)Ly(—s, xw). We say that G, (T') is the Iwasawa series for a. Now choose

t € Z, such that ' = (¢) and set H,(T) = 1 — x(c¢)cT" from which we obtain

12



Ly(s,xw) = Gy (u™*)/Hy(u"*). We denote g, (T) = G, (T')/H,(T™'), and we shall

write

g (T) = b(T —1)". (2.1)

Then since K is an imaginary quadratic field, we have

M(K) = AMgy) and  p,(K) = p(gy)-

We also have that K is Abelian over Q, so the Ferrero-Washington Theorem (12))
says that p,(K) = 0 (see (37) for another proof using rational functions). Hence, to
calculate A\,(K'), we must find the smallest index n such that b, # 0 (mod p).

One issue with the power series g, is that the composition with ¢ makes certain
computations difficult. The next theorem due to Childress (3)), (4), and later improved

by Satoh (34]), will give us a better rational function to work with later on,

Theorem 2.5.1 (Childress (3)). Let e, V, and f be as above. Then

f
F(T) =) Ze(a)TCla/(l — T | (2.2)

cev a=¢ az;i)d p)
Then H\(T),F(T) € Ok[[T —1]], and p divides N\,(F). Also \,(gy) = %AP(F) —
)\p(HX)'
Notice that F'(T") is almost the power series obtained from the I'-transform of «

(it is missing the composition with ¢).
2.6 Some Results of Class Field Theory

Let k£ be a number field, and m an ideal of 0. We denote I, to be the set of

fractional ideals a such that m 1 a. For a € k we say that « is totally positive if

13



T(a) > 0 for every real embedding 7 of k. We denote P, to be the set of principle

ideals (a) of Oy such that a =1 (mod m) and « is totally positive.

Theorem 2.6.1. Suppose that H is such that P, < H < I,. Then there exists an
abelian extension K/k such that Gal(K/k) = In/H. Further, K/k is ramified only

at the primes dividing m.

We say that K is the ray class field of k for H. If H = P, then we say that K is
the ray class field for k£ of conductor m. The isomorphism in the theorem is induced
by the so called Artin map.

Let k be a number field and K /k a finite Galois extension. Let p be a prime of k

and B a prime of K above p. Denote

Z = Z(B/p) = {o € Gal(K/k) : o(P) =}

T=TFB/p)={0c€ Z(P/p) : o(a) = a (mod P) for all « € Ok}.

We call Z and T the decomposition and inertia groups respectively for B /p. Now, if
K is the fixed field for T', then p is unramified in K /k and pr = PN Ok, is totally
ramified in K/Kr.

Now, (Ok/B)/(Ok/p) is a finite extension of fields, with Galois group generated

by the Frobenius automorphism oy given by
ol -+ ) = ) 1 op,
We have the exact sequence

1 =T — Z — Gal((Og/PB)/(Ok/p)) — 1

14



and if p is unramified in K/k, then T =1 and Z = Gal((Ok /B)/(Ok/p)). Hence, we

may view the Frobenius og as an element of Z with the property
op(r) = 2™e® (mod 9P).

Now, if 7 € Gal(K/k), then 7B is a prime above p and unramified in K/k. It is
easy to see that o, = Top7 ! = o since Gal(K/k) is Abelian. In other words, the
Frobenius automorphism only relies upon p, and we can then write o, = og. If D is
the relative discriminant of K/k then for any prime ideal p € I5 we have that p is
unramified in K /k. Therefore, we can define the Artin map Iy — Gal(K/k) on the
prime ideals p € I as

pHOP:

which extends naturally to arbitrary m € I5. See (2)) for more on class field theory.
2.7 Elliptic Curves With Complex Multiplication

Let K be an imaginary quadratic field. Recall that an elliptic curve £ defined
over a field F with char(F) # 2 or 3, is the set of points (z,y) € F such that
y? = 23+ Ax + B, where A,B € F and A = —16(4A3 + 27B?) # 0 (the condition

A # 0 means that the curve is non-singular). For a subfield L C F, we write
E(L) = {(z,y) : v* = 2° + Ax + B such that z,y € L}.

If Ey and E, are two elliptic curves , an isogeny from (F4, O;) to (Fs, Os) is a mor-
phism ¢ : E; — E5 such that ¢(O;) = O,. We write Hom(Ej, Ey) to be the set
of isogenies from E; to Es. Then Hom(Fi, F5) is a group under addition. If E is
an elliptic curve then we denote Hom(FE, E) = End(FE), which is then a ring under

addition and composition. Hence, we call End(F) the endomorphism ring of F (see

15



Chapter III in (36)). Since an elliptic curve E has a group operation +, we have for

each m € Z" an isogeny [m] : E — E given by
m|[P=P+P+---+P ( m-times ).

The isogeny [—m] is defined in the obvious way. We see then that there is a natural

map Z — End(E). In fact,

Theorem 2.7.1 (Corollary 9.4 in (36)). The endomorphism ring End(E) of E/F is
isomorphic to either Z, an order in an imaginary quadratic field, or an order in a

quaternion algebra. If char(F') =0, then only the first two are possible.

In light of this theorem, we say that E/F has complex multiplication by O if
End(E) = Ok, and we denote the image of 7 € Ok as [y] € End(FE).
Suppose that m € Z and P € E such that [m|P = O. Then we say that P is an

m-~torsion point of F/, and we denote the group of m-torsion points of E as
E[m] = ker[m].
We know about the structure of this group:

Theorem 2.7.2 (Corollary 6.4 in (36)). Let E/F be an elliptic curve and m € 7Z

with m # 0. Then
i. If char(F) =0, or p = char(F) > 0 and gcd(p, m) = 1, then

E[m| = Z/mZ ® Z/mZ.

i. . If char(F) = p > 0, then either E[p"] = {O} for allr € Z*, or E[p"]| = Z/p"Z

for allr € Z*.

16



If E/F has complex multiplication by O, and ¢ is an integral ideal of O, then

we also have the c-torsion points of E, defined as
Elc]={P € E : [y]P =0 for all y € Og}.

For an extension L/F, and a prime P of L above p € Z, denote Ly to be the
completion of L with respect to the JP-adic absolute value. Let O, = {zr € Ly :
|zl < 1} be the ring of integers in Ly, and My the maximal ideal of Op,,. Then
OL,, /My = F,s, where f is the residue degree of L/Q. Now, if £ : y* = 2° 4+ A'z+ B’
is an elliptic curve with points in Lg, by making a variable substitution, we may
obtain a curve such that the coefficients A, B € Oy, and the JP-adic valuation of
A is minimized (we say that £ has a minimal Weierstrass equation, see Chapter
VIL1 (36)). Consider the map Op,, — O, /Mg, denoted by x — 2. We can
define E AN y? = 2% + Az + B, which may or may not be singular (E is non-
singular if and only if A =0 (mod B)). If P € E(Ly), then there are homogeneous
coordinates P = [z, y, z] with z,y,z € OL, so we have a modulo *B reduction map
E(Ly) — E(F,) given by [z,y,2] ~ [Z,7,Z]. One nice thing about this reduction

map is that torsion is mostly well behaved:

Proposition 1 (Proposition 3.1 in (36))). Keep all of the notation from above. Sup-
pose that m > 1 s relatively prime to p. Suppose E/]pr 15 non-singular. Then
the reduction map E(Lg)[m] — E(F,s) is injective, where E(Ly)[m] = {P € Ly :
[m]P = O}.

One may ask what happens to the p-power torsion in the modulo B reduction of

E. There are two possibilities:
1. E[p’] = {0} for all r € Z+

17



2. E[p"| = Z/p"Z for all r € ZF.

If the first item holds then we say that E has super-singular reduction at 3, and if the
second item holds we say that F has ordinary reduction at . If E/F has complex

multiplication, we can say more about which situation actually occurs:

Theorem 2.7.3 (Deuring’s reduction criterion (9)). Let F//Q be a finite extension,
E/F an elliptic curve with complex multiplication by Ok, and B a prime of F' above
p for which E has good reduction. Then E has ordinary reduction at B if and only if

p splits in K.
2.8 Gauss Factorials and Exceptional Primes

In this section we define Gauss factorials and exceptional primes, as well as state
some results that will be needed for the proof of Theorem [1.0.1] as well as Corollary

4l For N,n € Z* the Gauss factorial of N with respect to n is defined as

N

N,! = Hz

1=1
ged(i,n)=1

In (8)), Cosgrave and Dilcher investigate multiplicative orders modulo powers of p of

(),
m p

where m, v € Z, with m and « greater than 2, and p =1 (mod m). If 47, (p) is the

the following Gauss factorials

pa+1_1 a+1

multiplicative order of < ) ! modulo p®*™*, then Cosgrave and Dilcher define p
p

to be a-exceptional for m if 47, (p) and 77(p) are the same modulo a factor of 2+

(otherwise 77,1 (p) = py2(p) or ¥4 (p) = 25 py™(p), see Theorem 1 and Definition

1in (8))). Further, Theorem 3 in (§) shows that if p is o exceptional for m, then p is
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also (a— 1)-exceptional for m. For our purposes, we will not need this much precision

on the multiplicative orders, and we will instead use the equivalent definition:

Definition 5. For o € Z*, we say that p is a-exceptional for m if and only if
—1

<p_a1::1>p =1 (mod p>*1).
p

We contrast Definition [5] with the following definition:

Definition 6. Given an imaginary quadratic field K, we say that p is non-trivial for

K if \p(K) > 1.

Theorem [1.0.1] will show that the primes in Definitions 5] and [0 are the same when
m =3 and K = Q(v/—3), and when m = 4 and K = Q(4). For the other imaginary

quadratic fields, a more complicated condition involving Gauss factorials will hold

(see Theorem [3.1.1).

Example 1. Let p = 13 and m = 3. Then ~3(13) = 12, 73(13) = 12, 43(13) = 12-13,
Y2(13) = 12 - 13%, 43(13) = 12 - 133 and so on (“and so on” since Theorem 3 in (8)
says that p is (a + 1)-exceptional for m implies p is also a-exceptional for m). The
next few values of p such that vi(p) = v5(p) are p = 181,2521,76543 and so on. On
the other hand, if m = 4 and p = 29789, then v3(p) = %vf(p), and is the only known
such example for p < 10" (see also Table 1 in (7) for vi(p) with1 < a <5, p < 37

and p=1 (mod 4)).
The following results of Cosgrave and Dilcher will be important later on:

Theorem 2.8.1 (Cosgrave-Dilcher (8)). Let p = 1 (mod 6) be a prime. Then p is

1-exceptional for m = 3 if and only if p is 1-exceptional for m = 6.
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Theorem 2.8.2 (Cosgrave-Dilcher (8)). Let p =1 (mod 6) be a prime and n € Z*.

<(pn3_1>p!>24 ((pna_l)p!>m (mod p").

Theorem 2.8.3 (Cosgrave-Dilcher (7). Every prime p = 1 (mod 6) that satisfies

Then

p? = 322 4+ 3x + 1 for some v € Z is l-exceptional for m = 3. Equivalently, if

v =243 and q € Z*, then any prime of the form

_
P="

1s 1-exceptional for m = 3.

Definition 7. We shall refer to the primes p = 1 (mod 3) such that p* = 32*+3x+1

for some x € Z as Cosgrave-Dilcher primes.

Remark 2. In (7) and (8) Cosgrave and Dilcher rearranged the equation p* = 3%+
3z+1 into (2p)? —3(2x+1)? = 1, which can be viewed as the Pell equation X?—3Y? =
1. It is from the theory of these equations that we obtain the primes p = (y1+~79)/4.
Also, q is necessarily prime (see lemma 7 in (7)). It should be mentioned that the
converse of Theorem does not hold. For example, p = 76543 is 1-exceptional
for 3 but is not a Cosgrave-Dilcher prime (p = 76543 is the only such example for
p < 10'2). 1t is unknown whether or not there are infinitely many Cosgrave-Dilcher
primes, and the question seems to be analogous to that of the infinitude of Fibonacci

primes. In a moment we will list some new Cosgrave-Dilcher primes (see Example

[9).
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Chapter 3

CONNECTION BETWEEN GAUSS FACTORIALS AND THE CYCLOTOMIC
AINVARIANTS OF IMAGINARY QUADRATIC FIELDS

In this section we will prove Theorem from which we immediately obtain as
a Corollary:
Corollary 4. Let p =1 (mod 6) be a Cosgrave-Dilcher prime. Then \,(Q(v/—3)) >
1.

Example 2. Using Corollary |4 we may add to the non-trivial primes of Q(v/—3)
wn Table |1 by searching for Cosgrave-Dilcher primes. The following table contains

p=(1+~79/4 with ¢ < 79:

q=3 p=13

qg=5 |p=181

q=7 | p=2521

qg=11 | p =489061

q=13 | p=06811741

g =17 | p= 1321442641

g=19 | p= 18405321661

qg="79 | p=381765135195632792959100810331957408101589361

One may further verify using any standard CAS that the primes 79 < g < 10,000
giving 1-exceptional primes p = (v1+ vy~ 1) /4 for m = 3 (and therefore non-trivial
primes of Q(v/—3)) are ¢ = 151, 199, 233, 251, 317, 863, 971, and q = 3049, 7451,
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and 7487 giving probable primes p (the non-trivial probable prime corresponding to

q = 7487 is 4282 digits long).
3.1 Proof of Main Theorems

Let d be a square-free integer, K = Q(v/—d), D = 2d if d = 3 (mod 4) and
D = 4d otherwise. Let p > 2 be a prime such that p = 1 (mod D) with pOx = pp
and P be a prime in Q((p) above p, where (p is a primitive D-th root of unity. Let
P be the complex conjugate of P. Denote G = Gal(Q(¢p)/Q) and xx = x to be the

imaginary quadratic character for K. We have for z € Q((p)

Qo /K HUZ

x(l) 1
ged(i,D)=1

where 0; € G acts by 0;((p) = (5. We will also denote P; = 0;(P) so that
No(ep)/x (Pi) = p. We will now work towards proving the following result from which

Theorem [L.0.1] will follow.

Theorem 3.1.1. Let K = Q(v/—d) be any imaginary quadratic field, and D be as

above. Let p be a prime such that p = 1 (mod D), p 1 hg, and p # 3 whenever
Xk (2) = —1 and K # Q(v/—3). Then,

1 (mod p?).

i z
Il

2
) _\P _1> | ; -p2—1
i=D/2 D ? ! i |
o <( )52 p X=1 <Z D)y

ged(z,D)=1 ged(i,D)=1
The first step of the proof is to write p in terms of Jacobi sums. Consider the
multiplicative character 1 : Og(c,)/P — C* of order D modulo P. We denote

Zw (1—a)

aclFy,
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to be the Jacobi sum for 1. Denote 0 < L(j) < D to be reduction of j modulo D,

and for 1 <i < D/2 we define
Si(D)=1{j : 0< j < D; ged(j, D) = 1; L(ji) < D/2}.
Then from Theorem 2.1.14 in (1)) we have

JW"O0gey = [ P
jeSi(D)

Proposition 2. Denote hx = h to be the class number for K = Q(v/—d). With the

notation fixed above, we have

D D/2
¥ 117@) /11707 | Oac
o x(i;il
gc?i(((il,)E:))lzl ged(i,D)=1

where t = +h(2 — x(2)) if d # 1 or 3, else t = £1. The sign of t depends on the

number of quadratic residues modulo D between 1 and D /2.

Proof. Denote
a” =4{0<j < D/2 ged(j, D) =1, x(j) = 1}

a~ = #{0 < j < DJ2 ged(j, D) = 1, x(j) = ~1}.

It is well known that £h = (a* —a™)/(2 — x(2)) when d is not 1 or 3 (it is easy to
see what happens in those cases, so we will assume d > 3). If N is the norm from
Q(¢p) to K then

D/2

NI@™)00e = ]] N(Pj) =p" p*

J=1
ged(4,D)=1
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and also J(¢*)J(¢~") = p. Then the ideal

D D/2 D/2

11769 f 1767 | = [0 TT76) HJWHJ )
Sz cen )k
gc?lc(il,D_):l ng(Z D)=1 gcc>1<(2 D)=1 gcc)f(z D_) 1 ged(i,D)=1 gcd)ﬁi,bQ'r_n):l

i=D/2
x(9)=1
ged(i,D)=1

Theorem B.1.1] will now follow from Gold’s criterion:

Theorem 3.1.2 (Gold’s criterion (Theorem 4 in (13))). Let K be an imaginary
quadratic field, and p > 2 be a prime such that p does not divide the class number hy

of K.
i. If p splits in K then \,(K) > 0.

ii. Suppose pOx = pp and write p"< = (a). Then \,(K) > 1 if and only if
a?! =1 (mod p?).

Proof of Theorem[3.1.1. Suppose p = 1 (mod D). Working inside the localization

K, =2 Q,, we have J(¢™") = E :/2 )2’?' (mod p?Z,) from (9.3.6) in (I) (which is
Z D :

essentially the Gross-Koblitz formula) The result now follows from Proposition [2

\_/

and Gold’s criterion B.1.2] m

We will see that the condition in Theorem becomes more compact for a

certain family of imaginary quadratic fields.
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Definition 8. Let xx = x be the imaginary quadratic character for K and D be as
above. We say that K has mazimal class number if x k(i) = 1 for each i co-prime to

D and1<i<DJ2.

If hy is the class number for K # Q(i) or Q(v/—3), we have that (2 — x(2))hx =
’ZD/12X
hi = ¢(D)/2(2 = x(2)).

. Then x(i) = 1 for each i co-prime to D and 1 <i < D/2 if and only if

Theorem 3.1.3. Suppose that p =1 (mod D) and all other notation is as above. If

K has maximal class number, and p{ hy, then
21 2' p—
(%),
- ‘P
%),
DJ2 ),

Proof. Here we will view K C K, = Q,. If K has maximal class number, then S;(D)

1

MEK)>1 <= =1 (mod p?).

accounts for all of the quadratic residues between 1 and D /2, and so J(¢p~1) € N(P) =
p. Therefore, if " = (a) for some o € K, we have J(¢~1)"« = au (mod p?Z,)
where u € 0. Now, since p { hx we have J(1p~1)"<?~) =1 (mod p?Z,) if and only
if J(1»~1)*~Y =1 (mod p*2Z,). The result now follows from Gold’s criterion and the

fact that P~ = 1. m

Remark 3. When D = 6, the combination of Theorems |2.8.1 and |2.8.2 imply that

M (Q(v/=3)) > 1 if and only if p is 1-exceptional for m = 3. When D = 4, we have
that ( 5 1) =1 (mod p?) (a corollary of Wilson’s theorem), so \,(Q(7)) > 1 if
p

and only if p is 1-exceptional for m = 4.

Theorem [1.0.1{now follows as a special case of Theorem [3.1.3] Computations show

that K = Q(i), Q(v/-2), Q(v/-3), Q(+/=5) and Q(v/—6) are the only imaginary
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quadratic fields K = Q(v/—d) with d < 10,000 having maximal class number. In

fact,

Theorem 3.1.4. Assuming the generalized Riemann hypothesis (GRH) holds for ev-

ery non-principle primitive imaginary quadratic character, the only imaginary quadratic

fields with maximal class number are K = Q(i), Q(v/=2), Q(v/=3), Q(v/=5) and
Q(vV-6).

Proof. Let d > 0 be a square free integer and let D and yp = x be as above.
Denote K = Q(v/—d) and hk to be the class number of K, and assume that hy =

©(D)/2(2 = x(2)) (i.e. hg is maximal). From Theorem 15 in (31)), we have

D
e¥loglog(D)

¢(D) >

+ oaTog D)

where e = exp(1) and 7 = 0.577215665... is Euler’s constant. On the other hand,
under the assumption of the generalized Riemann hypothesis, Littlewood (30) gave
the inequality hx < ce”log log(D)\/ﬁ, where ¢ is an absolute constant. Recently,

this bound has been improved (see (25) and (26])) to

2e” 1 1
hiw < —+V'D | loglog(D) —log(2) + = + ——
M= <og og(D) —log(2) + 2 + log log(D))

for D > 5, and assuming GRH holds. Thus, when hg is maximal and D > 5, the two
inequalities above imply

12e7

VD < —/— (waog log(D))? + ; = +¢€ + 3) < 14(loglog(D))? + 140.
m

(loglog(D))

This inequality does not hold for long. Indeed, set f(z) = v/ — 14(loglog(x))? + 140
and notice that f'(z) = ﬁ—%ﬁ;x) > (0 precisely when x log(z) > 564/« loglog(z),
which will eventually hold for all x sufficiently large (e.g. for all z > 300). Therefore,
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we have that f(x) is strictly increasing on [300, 00). We also have that f(300) > 0,
so the inequality v/D > 14(loglog(D))? + 140 holds for all D > 300. Therefore, there
are no imaginary quadratic fields with D > 300 having maximal class number. It is
easy to check that the only imaginary quadratic fields with D < 300 and maximal

class number are the ones listed above. ]
3.2 Proof of Corollaries

We now turn to the proofs of Corollaries [T} ] and [3] for which we will need some
preliminary results. For a co-prime to p the Fermat quotient is defined as g,(a) =
(a?~' — 1)/p, which is an integer by Fermat’s little Theorem. The Fermat quotient

has logarithmic properties, that is, for a and b co-prime to p,

dp(a) + qp(b) = gp(ab) (mod p) and  gy(a) — g,(b) = gy (a/b) (mod p)

as well as
1
Gwla+p) =qpla) — - (mod p).

Denote H,, = »_"'_, 1/a to be the n-th harmonic number and w, = ((p—1)!+1)/p to

be the Wilson quotient (also an integer by Wilson’s Theorem). It is well known that

wp = Zﬁi gp(a) (mod p).

Lemma 1. Let p > 2 be a prime. For any b € (Z/p*Z)* such that b = by + byp with

1<by<p—1and0<b; <p—1, we can writeb = b} (1 + (Z—é — qp(bg)> p> (mod p?).

Proof. Let b € (Z/p*Z)* such that b = by+b;p with1 < by < p—land0<b < p-—1.
Then setting x = by /by, we see that 1+ pz = (pgy(bo) +1)(1+ px — pg,(b)) (mod p?).

Since bg_l = 1+ pgy(bo), we obtain the result by multiplying through by b. O
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Proposition 3. Suppose m € Z with m > 2 and p =1 (mod m) is a prime. Then

(p:: 1) ) =1 (mod p?) <= %(’U}p—Hp—l> _iql’(a) =0 (mod p).

Proof. Using Lemma [1], we have

p2 1\*! e p—1 221 el p—1 p—1
— = p—1 — bp)P— L p—1
( p- )p H a H H(a+ D) H<a+ — p)

p

[l
=3
Il |
= —
T =
S) |
—
VR
—_

+
/I\
|

2
=)
S~—
~_
3
~_
)
[l
VR
—_
+
VR
S
= k[
|
2
)
S~—
~_
3
~__—

p—l %7171 pml p—1
= (1+p)e @ | [ TI[C+p) ™5 %@ ] (mod p?).
a=1 b=0 a=1

Combining all the factors of (1 4 p) we get the desired sum in the exponent which

is taken modulo p (since 1 + p is a p-th root of unity modulo p?). It is known that
p=1_

H, , =0 (mod p). Hence, 3771 37,7 ' Y =0 (mod p). The result now follows. [

Recall that the Bernoulli numbers {B,} and the Bernoulli polynomials {B,(t)}
are defined by

xt

x_l and ZB 6_1

Lemma 2. Let p be a prime such that p =1 (mod 2m). Then

-1
=1} 1\ 7
m ’ B,(1 — 2B (1/2
( >122 =1 (mod p2) s p( /m) - p( /2m)
<p2—1> | p
2m p‘

Proof. For any n € Z* with p = 1 (mod n), we use the relation B,(x + 1) — B,(z) =

Mg
:|&
||

n=0

=0 (mod p).

pxp‘l along with the properties of the Fermat quotient to obtain

qu = (Z (- B =) + g0 = s (mod )
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Then for p =1 (mod 2m), a straightforward computation gives
p—1

prl +

_9 Z a(a p(l/m) — 2P B,(1/2m) ot

1 1
p? m m om 2

—1
(@) ! b
m
P
(%),
2m p

Ms

Hp-1 (mod p).

From Proposition [3| we know that (1+ p)¢ (mod p?), where

| i 1
gza(wp_Hp 1 g Qm( p_H”Q‘Wj)_;q}O(a)
1 —2°B (1/2
_ B/ 2B
p
The result now follows. O

Corollary [1] is an immediate consequence of Lemma . We also have,

Proof of Corollary[4 Let p = 1 (mod 4). We have seen from Lemma [2| that p is
l-exceptional for 4 if and only if B,(1/2) — 2PB,(1/4) = 0 (mod p?). But from (28)
we know that B,(1/2) = 0 and B,(1/4) = —pE,_;/4P. Corollary [2l now follows from
Theorem [L.0.11 O

Remark 4. The proof also shows that E,_; = 0 (mod p) when p = 1 (mod 4),

although this was already observed by Zhang in (41)).

The proof of Corollary [3] will be similar to that of Corollary [2 but will instead
involve the Glaisher numbers {G,,}. Since these numbers are less well known we will
take a moment to view some of their properties. In particular, we will see that for
oddn > 1, B,(1/3) = —(n + 1)G,_1/3""!. Recall the Glaisher numbers {G,} are
defined by



Notice that 2>  Gant1 ;:11 Yoo GrE =3, G, 52" = 0 5o that G,
whenever n is odd, and Y o7  G,%; = ano ng%. We also know from (I5)) that

(G,, can only have powers of 3 in the denominator.

Example 3. In the following table we list all primes p =1 (mod 3) and 7 < p < 193
in the first column, along with the reduced values of G,—1 (mod p) in the second

column and G,_1 (mod p?) in the third column:

7 0 42 97 0 1940
13 0 0 103 0 1133
19 0 342 109 0 7521
31 0 434 127 0 16002
37 0 1332 139 0 5282
43 0 959 151 0 15855
61 0 3660 157 0 785
67 0 3685 163 0 24939
73 0 803 181 0 0
79 0 2844 193 0 26441

Notice that 13 and 181 are the first two 1-exceptional primes for m = 3. It also

appears that Gp,_1 = 0 (mod p) for all p =1 (mod 3), which we will soon see is true.

We will now show that B, (1/3) = —(n + 1)G,_1/3"! for odd n > 1. It should

be noted that this result is already known (see page 352 in (28)), but not commonly
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stated or proven in the literature. Observe that

00 2n
—x 2 3/2 2 Ly
e 2, 3R 25, )
es® fe 3" +1 3 es? o5 41 3 3 (2n)!
_, N (2n+ 1)Gy, 2t
et 32ntl (2n+ 1)!
and at the same time
2n+1 L _ 2y Ll 1 — Ll _
2232n+1 1/3 x(e:% es ) _ : res (2 631) _ T
(2n + 1)! et — 1 (e3" —1)(e3" +e3” +1) e +e 37 +1
Therefore,
e 27’L—|— 1 G :L,2n+1 e l.2n+1
Z 2t 1 = = ZB2n+1<]—/3)—'
— 3 (2n+1)! = (2n +1)!
which implies,
B2n+1(1/3) — —W

For k,n € Z*, we also have Raabe’s multiplication formula B, (kz) = k"' 377~ " By (x4

j/k). So, with x = 1/6 and k = 2 we have

22n+1

B2n+1(1/6) 2

B2n+1 (1/3)

Proof of Corollary[3 Let p =1 (mod 3). Then from Lemma p is 1-exceptional for

m = 3 if and only if

B, (1 —2PB. (1 14+2P)B, (1 1+ 2P _
A9 = PB/0) (DB (142) G
P p? 3P p
The result now follows from Theorem [T.0.1] m

Remark 5. From the proof of Corollary @ we also have that G,_; = 0 (mod p) for

all primes p =1 (mod 3).

31



Chapter 4

CM ELLIPTIC CURVES AND THE CYCLOTOMIC A-INVARIANTS OF
IMAGINARY QUADRATIC FIELDS

Let K be an imaginary quadratic field, and fix a prime p > 3 that does not divide
the class number of K. In this section we prove that A\,(K) > 1 if and only if the
number of points on a certain reduced elliptic curve is divisible by p?.

4.1 Introduction

Let p > 3 be a prime and K be an imaginary quadratic field such that p does
not divide the class number of K, which we denote by hg, and also write CI(K) to
be the class group of K. We will always assume that pOx = pp. Denote \,(K) to
be Iwasawa’s A-invariant for the cyclotomic Z,-extension of K. It is well known that
Ap(K) > 0 when p splits in K. We will consider an elliptic curve £ that has complex
multiplication by O, i.e. End(E) = Ok. For any elliptic curve E and m € Z, we
let E[m] = {P € E(K) : [m]P = O} denote the m-torsion points of E (as usual,
K is the algebraic closure of K). From the theory of complex multiplication, we can

obtain Abelian extensions of K by essentially adjoining the torsion points of E. More

precisely, if F//K is an abelian extension, then there exists some m € Z* such that
FC K(j(E), E[m]) = K(j(E),{z,y € K : (z,y) € E[m]})

where j(E) is the j-invariant of F. Something interesting happens when we adjoin the

z-coordinates of the torsion points of E. Consider the Webber function ® : E[m] — K
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given by
2 if K =Q(i)

P(z,y) =923 if K=Q(/=3)

x else

Since E has complex multiplication by O, we may also define for a fractional ideal

¢ of K, the c-torsion points of E,

Elc]={P € E(K) : [oJP = O for all a € ¢},
and the abelian extension K (j(E), ®(E[c]))/K, where
K(j(E), ®(Ec])) = K(j(E),{®(P) : P € Elc]}).

Then we have that K (j(E), ®(E]c])) is the ray class field of K modulo c.
Let P8 be a prime of K(j(E), E[p?]) above p for which E has good reduction, and
denote E to be the reduction of £ modulo 8. Here is the main result of this section,

which we will prove in [4.4

Theorem 4.1.1. With the notation fized above, we have \,(K) > 1 if and only if
#E(F,) =0 (mod p?), where ¢ = pP~.

While #E (F,) may be difficult to compute modulo p?, there is a relatively efficient
way to check if A,(K) > 1 (see Theorem [3.1.2 and (13)). So, Theorem may be
seen as an efficient way to check the p? divisibility of the number of points of certain

elliptic curves over finite fields. That is,

Corollary 5. Let K = Q(v/—d) be an imaginary quadratic field, p > 3 such that

pOx = pp, and r € Z* such that p" is principle. Then we can write p" = a* 4 b*d for
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some a,b € Z. Let E be an elliptic curve with complex multiplication by Ok, denote
B to be a prime of K(j(E), E[p®]) above p for which E has good reduction, and E
to be the reduction of E modulo 3. Then #E(Fpp—l) = 0 (mod p?) if and only if

(2a)P~!1 =1 (mod p?).
4.2 A Few Examples

Before we get to the proof of Theorem [4.1.1] let us first check some computations.
Given a prime p > 3, we will denote ¢ = p~!. In the following example, each field K
has class number 1, so the corresponding elliptic curves with complex multiplication
by O are defined over Q. Therefore, we may reduce each curve by the rational prime

p. One should compare the data in the following tables with Table 1 in (10).

K = Q(v=3) K = Q(v~1I) K = Q(v/~19)
E:y?=a2%-1 E:y?=2%-264r—1694 E :y? = 2°—608z —5776
3<p<i0 3<p<70
; 3<p<T70 =
E(F - E(F
such that p #EE) #E(F,) such that p #EE)
(mod p2) such that P ) (mOd p2)
splits in K (mod p°) splits in K
splits in K p
7 42 5 0 ) 20
13 0 93 930 7 28
19 342 31 597 11 0
31 527 A7 1992 17 102
37 1332 53 1007 23 506
43 559 59 59 43 1806
61 3660 67 1340 47 893
67 3685 61 3355
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4.3 Some Preliminary Results

The main idea for the proof of Theorem is that A\,(K) > 1 if and only if p
splits in an extension of K obtained by adding some of the p? torsion points of E,
that is, the p-ray class field of K modulo p?. This fact was proven in (I3), which we

reformulate as,

Proposition 4 (Gold). Let H be the p-ray class field modulo p?, and o, € Gal(H/K)

the image of p under the Artin map. Then \,(K) > 1 if and only if o, = 1.

Proof. From Theorem 3, and the proof of Theorem 4 in (13)), we have that \,(K) > 1
if and only if p splits in H/K. Since [H : K] = p, the prime p splits in H/K if and

only if it splits completely in H/K. The Proposition now follows. O

For the remainder of this section we will assume that E/K(j(F)) is an elliptic
curve with complex multiplication by O, and that pOx = pp. Denote H to be the p-
ray class field of K, and K = K (j(E), E[p?]). Let gy denote the order of the class of p
in CI(K), and let B be a prime of K above p. Consider € (K), the isomorphism classes
of elliptic curves with complex multiplication by Ok. If L = K(j(E)) (which is the
Hilbert class field of K'), then there is an action of the class group CI(K) = Gal(L/K)
on E(K). Indeed, if E represents a class in £(K), with £ = C/L for some lattice in
C, then the action of CI(K) is determined by ax E = C/a~'L, which again represents
a class in £(K) (see Proposition 1.2 in Chapter II of (35)). On the other hand, if
E/L is given by the Weierstrass equation E : y? = 23+ Az + B, then 7 € Gal(K /K)
acts on £ by E7 : 4> = 2° + 7(A)x + 7(B). In fact, there is a well defined map
F:Gal(K/K) — CI(K), such that E™ = F(7) * E, which factors as

F: Gal(K/K) — Gal(L/K) — CI(K)
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where the first map is restriction to L, and the second is the inverse of the Artin map.
We now seek to understand how certain p-power torsion points of £ reduce modulo

B. To that end, we have the following:

Theorem 4.3.1 (Deuring’s reduction criterion (9)). Let F//Q be a finite extension,
E/F an elliptic curve with complex multiplication by Ok, and B a prime of F above
p for which E has good reduction. Then E has ordinary reduction at B if and only if

p splits in K.

Lemma 3. Let E/K(j(E)) be an elliptic curve with complex multiplication by Of,
and let r € Z*. If B is a prime of K above p such that E has good reduction at B3,

then,
a. Elp'] = Elp] @ Ep'].
b. The reduction modulo ¥ map E[p"] — E[p’] is an isomorphism.

Proof. Proof of (a): Let P € E[p"]. Since p" € p"p", we have p" = > «a;a;, where

a; € p"and @; € p. Then

1P = > aia| P =Y [ai(lai]P) = Y lao = 0
so that P € Elp"]. Similarly, E[p"] C E[p"]. From Proposition 1.4 in Chapter
IT of (35), we have that both E[p"] and E[p"] are free Ok /p"-modules of rank 1.
Hence E[p"| = E[p"] = Z/p"Z. Now let t be a multiple of hx. Then we have that
pt = (a + bi) and p* = (a — bi), for some a,b € Z. Suppose that there is P € E[p']
such that [a 4+ bi]P = [a — bi]P. Then [bi]P = [—bi]P, which is only possible if
[bi] P = O, which in turn is only possible if P = O, since b is co-prime to p. Hence,

E[p'] N E[p'] = {O}, and since E[p"] C E[p'], we have E[p"] N E[p"] = {O} for all
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positive integers r < t. This now holds for all » € Z* since ¢ can be made arbitrarily
large. Part (a) now follows.
Proof of (b): Before the proof, recall that if L/F is Galois with  a prime of L

above a prime q of F', then we have the decomposition subgroup with respect to /q
Z(Q/q) ={oc € Gal(L/F) : cQ=19}
and the inertia group with respect to Q/q
T(Q/q)={0c € Z(Q/q) : o(x) =z (mod Q) for all x € L}.
If G(Q/q) = Gal(Or/Q/OF/q), then we have a map Z(Q/q) — G(2Q/q), given by
oo +Q—o(z)+Q.

Now, back to the proof. Consider L = K(j(E), E[p*]), and L = K(j(E)). The field
K C L will be as it was defined above. Let P be a prime of L above p, and & be a
prime of L above P. Let 7, € Gal(L/K) be the image of p under the Artin map, and
7 € Gal(L/K) such that 7 maps to the Frobenius automorphism in G(£/p). Thus,
7|z =7, and E™" = F(7%) x E = p% x E. Then 7% induces an isogeny n: E — F

that gives rise to the commutative diagram

where E is the reduction of E (Z) modulo &, the map ¢ is the p%-th power Frobenius,
and p% = (a) (see Theorem 5.3 and Corollary 5.4 in (35])). Since E[p%] = ker|a], we
have that E[p?%] C ker ¢, so that E[p%] is trivial. But by Deuring’s reduction criterion
, we have that E[p%] = Z/p%Z. So it must be that E[p®] = E[p%]. Now, for
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a positive integer r < g,, define K, = K(j(E),E[p"]) C L, and let P, = Z N K,.
Notice we can view any P € E(K,) an element of E(L). Therefore, the reduction of
P modulo & is the same as reduction modulo ,. We now have the commutative

diagram

E(K,) ——— E(L)
(mod ‘Iir)l l (mod )
E(Og /B) — E(07/2)
where the horizontal maps are inclusion, and the vertical maps are reduction modulo
P, and & respectively. From this diagram, we see that E[p"] C E[p?] is non-trivial

modulo &, so E[p"] is non-trivial modulo B,.. O
4.4 Proof of Theorem [4.1.1]

Proof of Theorem[[.1.1. As before, let H be the p-ray class group of K modulo p?,
denote K = K (j(E), E[p?]), 2 a prime of H above p, and 9 a prime of K above 2.

We have the following commutative diagram,

L —— T(B/p) —— Z(B/p) —— G(B/p) —— 1

| | |

1 — T(P)p) — Z(LP)/p) — G(P/p) —— 1

where the vertical maps are restriction from K to H. Let 7 € Z(9/p) be a lift
of Frob(B/p) € G(B/p), and 7 € Gal(K(E[p?)/K) the restriction of 7 to H =

K(E[p?]). Then 7|y = 0p. From Lemma (3| we have another commutative diagram

Ep*] —— E[p?]
E[p*] —— Ep’]
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where ¢ is the p-power Frobenius automorphism. Let ‘i = PN Op. Then the
reduction of F[p?] modulo B is the same as reduction modulo BIff = [Oﬁ/‘:f? :
Ok /p] > 1, then for any positive integer a < f, we have that 7* will act non-trivially
on E[p?].

Assume that \,(K) > 1. Then o, € Gal(H/K) is trivial by Proposition 4} and
from the proof of Theorem 2.3 in Chapter II of (35), we have that [H : K] divides
p(p — 1). Thus, f divides p — 1 so that 7P~ acts trivially on E[p?]. From the
commutative diagram, we then have that the p?~!-power Frobenius fixes E [p?], which
gives the forward implication.

Now assume that o, is non-trivial in Gal(H/K) (i.e. A,(K) < 1). Then, p is
unramified and does not split in H/K. Hence, the residue degree of p in H/K is p,
and f > p > p—1. So, 77! does not act trivially on E[p?], hence the pP~'-power

Frobenius does not act trivially on E[p?]. This gives the reverse implication. ]
4.5 Some Special Cases

From the results in the previous section, we now have:

Theorem 4.5.1. Let p = 1 (mod 3), and consider EJF, : y*> = 2* — 1. Then p is
1-exceptional for m = 3 if and only if G,—1 = 0 (mod p?) if and only if #E(F,) =
0 (mod p?), where ¢ = p~, and {G,} are the Glaisher numbers given by
"
e —|— e et 41 go "nl
Corollary 6. Let p =1 (mod 3), and consider E/F, : y* = z3—1. If p* = 3n*+3n+1
for some n € Z, then #E(F,) =0 (mod p?).

Proof. This follows from Theorem and Corollary 6 in (7). O
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Theorem 4.5.2. Let p = 1 (mod 4), and consider E/F, : y* = 2* + x. Then p is
1-exceptional for m = 4 if and only if E,_1 = 0 (mod p?) if and only if #E(F,) =

0 (mod p?), where ¢ = pP~, and {E,} are the Euler numbers given by

o
Z :
em—l—em " nl
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Chapter 5

CONDITIONS FOR LARGE CYCLOTOMIC A-INVARIANTS

Childress (4)) was able to re-write (2.2)) as

f
F(T) =) Ze(am“la/u + 75 (5.1)

Cev a=1
a=¢ (mod p)

under the assumption that d = 3 (mod 4) and ¢ = 2 so that e(a) = x(a)(—1)*" (note
that we require ¢ to be co-prime to the discriminant of K). The upshot is that we

may now evaluate

dp d

a=1 a=1
pta

This can be seen as a rediscovery of the fact that \,(K) > 0 if and only if p splits in K
or p divides the class number of K. In general, Childress (4), (5) obtains congruences
modulo p for the coefficients of the Iwasawa series associated to a Dirichlet character
of odd conductor. This makes it possible to compute the relative cyclotomic Iwasawa
invariants of a CM field.

In this section we only focus on imaginary quadratic fields, and first extend
to the case d # 3 (mod 4). Then we will find (without restrictions on the discriminant
of K) congruences modulo p for the coefficients b,, of the Iwasawa series > b, (7T —1)"
by computing (d/dT)™ |r—1 F(T)/(np)! (mod p), but assuming that 1 < n < p. The
congruences we obtain are essentially the same as ones found in (B), however the

method used to obtain them is new. One should also compare these congruences
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to Propositions 3.1 and 3.2 in (I0). We then use the congruences to find imaginary
quadratic fields K for which \,(K) is greater than a given value (p = 5,7,11 and
13). Finally, we will use the congruences to find another proof of Theorem , then
prove an analogous condition for A\,(K) > 2 using this new technique.

5.1 Even Discriminants

Suppose d #Z 3 (mod 4), and x the primitive imaginary quadratic character be-
longing to Q(v/—d). Then x has conductor 4d. Let p be co-prime to 4d, and let
f =4dp, ¢ € Z and € be as they were defined above. Because imaginary quadratic

fields have Q as their maximal real subfield, and x is the only non-trivial element of

Gal(Q(v/—d), we have
A (9x) = A(9y) = Xp(Q(V=d)).

We may choose ¢ such that ¢ Z £1 (mod p). Hence

H(T) = (1= exte) - exte) 3 (1) - vy

implies \,(H,) = 0. Therefore, pA,(F) = A\, (Q(v/—d)). For convenience we will write

r

r
i=1

i=c
i=c (mod n)

whenever the modulus n is clear from context. Given ( € V', we write

cf )
Z e(a)TS °
~ _a=( (mod p)
FC<T) - 1 . TC_ICJC
and
cf B
> x@T
_ a=(¢ (mod p)
FC(T) - 1— Té-flcf
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Hence, F(T) =3_, Fo(T). In (@), a key step is in obtaining the expression for F(T)
in equation is to set ¢ = 2 which gives €(a) = (—1)*x(a). Part of the challenge
now is that 2 is no longer co-prime to the conductor of y. We will try to get around

this:

Proposition 5.

F(T) =Y F(T) = ex(e) ) FeolT)

cev Cev
where

FCaC(T) - 1 . T(071<) 1f
Proof. For ( € V,
il -1 il -1 ! -1
Y @7 = x(@)T T+ > x(ca)(l— )T
a=¢ a=¢ ca=¢
cta
Now,
il -1 il -1 ! -1
D X(@T =Y x(@)T =Y x(ca)T
a=¢ a=( ca=(
cta
< —1 / —1\—1
=D X(@T = x(e) Y x(a)Tt
a=(¢ a=c~1¢
and
! -1 ! —1p\—1
D o x(ea)(1 =T = (1 —c)x(e) Y x(a)T 97
ca=( achlé'
The proposition now follows. O

Lemma 4. For odd k € Z, we have x(a + 2kd) = —x(a). In other words, for any
a,n € N, with ged(a,4d) = 1,

x(a+2nd) = (—1)"x(a).
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Proof. For each a € Z co-prime to 4d, either x(a+2kd) = x(a) or x(a+2kd) = —x(a).
Now, suppose that a,b € Z with a and b co-prime to 4d. Then a and b are odd, and

a + b = 2e for some e € Z. So,
(a+2d)(b+2d) = (ab+ 2d(a+ b)) = ab (mod 4d).

Hence,

x(a +2d)x(b +2d) = x(a)x(b)-
Now, suppose that a and b are co-prime to 4d with y(a+2d) = —x(a) and x(b+2d) =
x(b). Then

x(a+2d)x(b+2d) = —x(a)x(b)
which is a contradiction. Thus, it must be that either x(a+2d) = —x(a) for all a € Z,
or x(a+2d) = x(a) for all a € Z. But the latter cannot be true, since then x would

have conductor 2d instead of 4d. Hence x(a + 2d) = —x(a) for all a. If k = 2e + 1

for some e € Z, then

x(a+ 2kd) = x(a+ (2¢ + 1)2d) = x(a + 2d) = —x(a).

Proposition 6. Let n € Z* and f = 4dp. Then

Sl x(a)T¢ e B S x(a)T¢
1—T¢ " 1T

Proof. Let X =T¢ " and 1 — X = (1 — X/)Q(X). It is easy to see that Q(X) =
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"o X* . Therefore,

Zgg x(a)X* B Z;(l) Zi;rkfz( x(a+kf) X+

- X Q(X)(1— X7)
( Z;(I)ka) (Za gX( a)X >
N Q(X)(1— X7)
Sl oda)xe
1— X/

Proposition 7.

S X ()T

F(T) = = e
and .
—lea
F (T) Z =c I¢ X( )TC
AT T T ef 2
Proof. Using Lemmas @ and @ we have
ST S @7
L—T¢ter 1 =T
Y x(@T e I (a4 2dp) T et
o 1-TeY 1-7¢
Za x(@)T< e S (a) T e )
1-7¢ 7 1— 7
_Cf/2 lal_TC—lf/Q
Z XA =
zf/ x(a)T¢
14 TS /2

The second equality follows in a similar fashion.

We now have that F¢ (1) = F¢(T°), and so we have
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Theorem 5.1.1. Let n € Z". Then

(d/dT)" lp=1 (Fe(T) = ex(@)Feo(T)) = (1= *x(e) F (1)
where F"(T) = (d/dT)" F¢(T).
Proof. Using F¢ (T') = F:(T°), and the chain rule, we have

(d/dT)"|7—1 (Fe(T) — ex(e) Feo(T)) = FM (1) = Ax(e)FM (1) = (1 — x(e) B (1),

5.2 Coefficients of the Iwasawa Series Associated to an Imaginary Quadratic Field
Let f = 2Dp, and define v by
x(a)(=1)* if d =3 (mod 4)
x(a) else

Ifm € Z* and H(T) € Ok[[T—1]], we will often write (d/dT)™|r—1 H(T) = H™ (1) =
Hm™,

For d # 3 (mod 4), and ¢ co-prime to f such that cy(c) Z 1 (mod p), we have

from Theorem [5.1.1] that (d/dT)"" |-y (Fe(T) — cx(c)Feo(T)) = (1 — 2x(c)) F™(1).

So we will carry out essentially the same computation, that is, (d/dT)P"|r—1F¢(T),
whatever the reduction of d modulo 4 happens to be. For 1 <n <pand ( € V, we

denote

f/2
S(T) =Y (@1, R(T)=1+T 12 F(T) = S(T)/Re(T)

a=¢ (mod p)

so that F(T') = > .y Fe(T).
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Now, if v,(-) is the p-adic valuation, then v,((np)!) = n. Hence, b, = 0 (mod p) if

and only if F(™)(1) = 0 (mod p"*!). We also have

(np) o =0 7
Fon gy 5 pore DR, _

Lemma 5. For 1 <n < p, we have

()] 2

0 else.

Further, for 1 <b <n, we have

(1) = () troa

Proof. For s,t € Z" we have from Lagrange’s formula

v, <(‘;>> _ 5(t) — Spjglelr 5,(5 — 1)

where s,(s) denotes the sum of the p-adic digits of s. Suppose that 1 < i < np and let

i = a+bp be the base p expansion of ¢ and notice that if @ # 0 then (n—b—1)p+(p—a)
is the base p expansion of np — i, and if @ = 0 then (n — b)p is the base p-expansion.

Then

v, ((”Zp)) _ spli) — Sp(gpzlr splnp —i) _ 1 ifa#0 |

0 ifa=0
Next, if 1 < n < p, we have

p—1n—1 p—1n—1

Z%HHHP ip—j)=n ][ [Jw—ir—7)
p Jj=01=0 j=114i=0
n—1p—1
=nl [[[](-) = n!p — D" = n!(~1)" (mod p)
=0 j=1
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(the last congruence follows from Wilson’s Theorem). Hence

np\ (np)! (—=1)"n! — (™ (o
(o) = G =7 = it a1 = () oo 2

Lemma 6. Let ( € V and suppose that 0 < b <n. Then

i Séi) =0 (mod p*tt), forbp <i < (b+1)p

. R?) =0 (mod p**Y), for bp <i < (b+1)p, and i # 0.

Proof. Suppose, bp < i < (b+ 1)p, and recall that f =0 (mod p).

Proof of (i.): Notice that

f/2 i—1
=2 vl (a5
7=0

a=¢ (mod p)

and ((7'a — j) = 0 (mod p) whenever j = 1 (mod p), and there are b + 1 such j
between 0 and ¢ — 1.

Proof of (ii.): We have Réi) = Hé;g((’_lf —j), and (C"'f — j) = 0 (mod p) if
and only if j = 0 (mod p), and there are b + 1 many j divisible by p such that

0<j<i—1. O

Lemma 7. Suppose that 1 < b < n, and bp < m < (b+ l)p. If m > 1, then

Fém) =0 (mod p?).

Proof. We will prove that for all j € {0,1,...,m — 1}, we have F )R(m D =

0 (mod p®), which will prove the lemma since

m—1
m) _ L[ o) M\ () pm—j) | _
Fy =3 (SC —Z <j)FC R, ) =0 (mod p)

J=0
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and from Lemma@ (i), Sém) =0 (mod p®). For j = 0, we have FCREm) = 0 (mod p®)
by Lemma [] (ii). Now, let j € {0,1,...,m — 1}, r < b with rp < j < (r + 1)p, and

suppose that F(i)R(m_i) = 0 (mod p*) for all i < j. Then, by this assumption, and

Lemma|§| (i), which says S(] =0 (mod p"), we have
o _ a0 = (7 g s
J) __ J ? ) — T
F =3 <5< —Z<i)F< Ry ) =0 (mod p").
=0

At the same time, Rcmfj = 0 (mod p*"), again by Lemma @ (ii). Therefore,

Fc(j)Rémfj) =0 (mod p°). O

Definition 9. For fired ( € V and i,j € Z*, we denote

f/2 1/2

zzg’jaid}(a) and  6(i, j) Zaw I(

a=(¢ aizod Pp)
Note that when j # 0, we have >y, 0c(i, j) = (i, 7). 1If j = 0, then » . 0¢(i,0) =
il alt(a)

Lemma 8. Let 0 < b <n. Then
Sébp) = (—1)bzb:i (‘7) b PP (=1)770(i,0) Zb:cl (b)0¢(i,3) (mod p*™) (5.2)
— £ j
where c;(b) = Z?:z () L] P> (=1, and
&) = bz ¢'2D)" (mod p**t) (5.3)

Where [?] are the Stirling numbers of the first kind, defined by Hﬁgl(x —i) =
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Proof. First, we have

f/2 bp—1
Zw ) [T a—1)
a=¢ (mod P) §=0
and
bp—1 p—1b-1
11 1a—J’)=HH(C ta — (i + pj))
p—1b—1 b
= HH(l—n <H<< a—(1+m))> (mod p**)
b b
=(--2)")_ | (¢"'a—1)7 (mod p*™)
i=1|J
b J . b
E(—l)bZZ(Z) . PP (=177 (¢ a)" (mod p™tt)
J=11i=0 J
Hence

oI/ | b 4 -
Str) = (-1)’)22 (3) PP (=1Y70(i,4) (mod p"*t)

J=11=0 _j_
b b . b ' o
=1y () | P o) ot ),

Rébp ) is calculated in a similar way.

Lemma 9. Let 0 < b <n, and (a;),(¢;) be sequences. Then

n—>b

b n
E aile’l+] = E thL’m
m=2

i=1 j=1

where
min{m—1,b}

tm = § A Cp—r

r=max{1l,m+b—n}
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Proof. We have that

b n—b
)9 RS S
i=1 j=1
Wheretmzzr | @rCr—y, With a, = 0 for b <r and ¢, =0 for n — b <. O

For fixed ( € V and 1 < n < p — 1, we can now show that Fénp) can be defined

recursively in terms of F ébp ) with 0 < b < n.

Proposition 8. Let 0 <n <p—1. Then

n—1
n n n b n—b n
FC( P) = <S( P) Z (b)FC( p)Ré( )p)) (mod p™*1) (5.4)
b=0

Proof. Let j € {0,1,...,np}, and 1 < b < n such that bp < 7 < (b+ 1)p. Then
by Lemma @ (ii.), we have Ré"pij) = 0 (mod p"*1), and by Lemma |7| we have
Fc(j ) = (mod p*). Hence, F éj )Ré"p =9 (mod p™*!) whenever j is not divisible by

p. Now, if j = bp, we have F\"” =0 (mod p*'), and R =0 nbt1y,

(mod p SO

(bp) p(np—bp) — n np\ —
FURE = 0 (mod p"). Further, by Lemma [5, we have ( ) = ( ) (mod p), and
-1

() po(np—3)
(") ERMT.

these do not contribute any factors of p to the bp-th term of Z ¢

Whence the stated congruence. O

Let us now use Proposition [§ to write out some congruences which will determine
if \,(K) > n, for n=0,1,2,3, and p > 5. First, we prove a lemma which will ease

some of the computations to come.
Lemma 10. For any j € Z with j # 0, we have that 6(0,7) = 0.

Proof. Notice that yw™(—a) = yw™(a). First suppose d = 3 (mod 4). Then,

dp 4 (dp—1)/2 ' (dp—1)/2 '
d xw @) (=)= Y xw @)=+ > xw(dp—a)(-1)""
a=1 a=1 a=1
(dp—1)/2 (dp—1)/2
= ) xw @)= ) xw(a)(-1)* =0
a=1 a=1



If d # 3 (mod 4), then x(a + 2di) = x(a)(—1)". Therefore,

2dp dp dp dp dp
> xw(a) = xw(a) + > xw(2dp—a) =Y xwi(a) =Y xw(a)=0.
a=1 a=1 a=1 a=1 a=1

]

From Lemma , any instances of 6:(0,7), with j # 0, appearing in the ex-
pression for Fé"p ) will vanish once we sum over ( € V. In other words, write

F = 30,660, 4) and SO = 5, e 6, ), with o), eb; € Z, (if there i

4,J 1,5 1, 1,57 71,

no confusion, we will suppress the superscripts for ¢; ; and e; ;), and define

Fébp) = Fc(bp) — ZCO’jec(O,j) and Sébp) = Sébp) — Z 60}j0<(0,j>.
J J

Then 3 . C("p) = > Fé"p) — ¢0(0,0), and as we will see, if A\,(K) > 0, then
6(0,0) = 0 (mod p). Furthermore, since (~°0.(0, j) = 6:(0, j +1), it follows from (/5.3))
that > Féj)Réi) - céjﬁd0,0)Ré” =D Féj)Réi). Thus, when \,(K) > 0, it suffices

to compute

n—1
=(n 1 a(n n\ =(b n—>b n
o = (Sé S (b)Fé 9 Rl )p>) (mod p*1) (5.5)

b=1

(note that FCRé"p) = >"71;0¢(0,7) for some r; € Z,).

Proposition 9. Suppose Fénp) = Yoy cij(n)0c(i, §), for some c¢;j(b) € Z,.
Then

i. ¢ j(n) =0, whenever i > j

i csaln) = (1/2) S50 () Bl (1
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iii. ciz(n) =S5 (3)(=p)¥t; ;(b), if i < j, where
min{j—1,b}

tij(b) = Y. [l D mem(b)

m=max{1,j+b—n}

Proof. (i) is clear and (i7) follows from Lemma [8| For (iii), denote a,p, = [ d",

Oy = (Z)(_p)ba and ti,j(b) as above. Then

:() R"VE, Z();;Cw )0 (i, 5)(— bti Ly

n—1 b b n-b
=2.2.5\2
b=1 =1 7j=1 r=1

_ZZBbZtZJ GCZJ

b=1 =1

apCi i (D)0 (1, g +r)>

n n—1

_ZZZﬁbtzj QCZ]

7=2 b=1 i=1

n n—1n—1

=D Buta(0)6c (i 4)

j=2 i=1 b=i
S D AR
7j=2 =1
where we have used Lemma [0] moving from lines two to three. O]

5.3 Conditions for A >n

Using the recursive formulas in Proposition [9) we will write down some conditions
for when A\,(K) > n for n =1,2,3,4 (the congruences become more complicated for
n > 4). These congruences were already known to Childress (see the final page of
(5)) although in a slightly different form, and only in the case when the discriminant

is odd. It should be noted that Childress’ congruences work for CM fields. Similar
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congruences can be found in Proposition 3.1 and 3.2 of (10). As always, we denote
K =Q(V—d), and D = d if d = 3 (mod 4) and D = 2d otherwise. Again, write
¥(a) = x(a)(—1)* if d = 3 (mod 4) and ¥ (a) = x(a) otherwise. Throughout we will

also assume that p does not divide the class number of K.

Proposition 10 (\,(K) > 1). Suppose that x(p) = 1. Here we have already seen
that \,(K) > 1 if and only if

Zaw(a)w’l(a) =0 (mod p?).

Proposition 11 (\,(K) > 2). If \,(K) > 1, then \,(K) > 2 if and only if

Z a*h(a)w ?(a) — 2 Z a)(a)w ™ (a) — Dpz ayp(a)w?(a) = 0 (mod p?).

Proposition 12 (\,(K) > 3). Suppose that N\,(K) > 2, and recall our notation

0(i,5) = 3PP alb(a)w™ (a). Then N\,(K) > 3 if and only if

3 J
> cii(3)0(,§) = 0 (mod p')

1 =1

J

where

c11(3) = —p* = 3p — (3/2)

c12(3) = —(3/4)D(p + 2)p — (3/4) Dp’
c22(3) = (3/2)p + (3/2)

c13(3)=0

c23(3) = (3/4)Dp

0373(3> = —]./2
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Proposition 13 (A, (K) > 4). Suppose that \,(K) > 3. Then \,(K) > 4 if and only
if

4 J

Zci7j<4)9(i,j) =0 (mod p°)

1 =1

j
where

c11(4) = =3p® — 11p* — 9p — 2

c12(4) = —(3/2)D(p + 2)p* — 2Dp® — (2p* + 6p + 3) Dp

c2(4) = (11/2)p* + 9p + 3

c13(4) = 3D%*p® — (3/2)(D(p + 2)p + Dp*) Dp + (3/2)(D*(p + 2) — D*p)p?
c2,3(4) = 3D(p + 1)p + (3/2) Dp?

c35(4) = —3p — 2

cra(4) = (1/2)D%p’

02,4(4) =0
C3,4(4) = —Dp
C474(4) = 1/2

As an application, we fix a small prime p, and use the recursive formulas to search
for imaginary quadratic fields K for which A,(K) is large. As p becomes larger,
the computations become slower, hence the range for the discriminant of K will be
smaller. In each example we are still assuming that p does not divide the class number

of K, hence these lists are not entirely complete.

Example 4 (p = 5). When p = 5 we have the imaginary quadratic fields K with
absolute value of the discriminant Dy less than 10,000, giving \s(K) = 3 are Dg =
519, 599, 664, 799, 964, 1051, 1311, 1839, 1951, 2251, 2391, 2679, 2699, 3064, 3496,

95



3704 3893, 3851, 4231, 4264, 4291, 4331, 4371, 4859, 5556, 5671, 5811, 5891, 6119,
6199, 6371 6376, 6616, 6739, 6771, 65819, 7259, 7291, 7796, 7816, 8011, 8079, 8151,
8331, 8491, 8531, 8571, 9011, 9051, 9379, 9419, 9444, 9899, and 9956.

On the other hand, the imaginary quadratic fields K with D < 10,000, giving
As(K) >4 are D = 311, 3044, 3864, 3471, 5039, and 9859.

Example 5 (p = 7). When p = 7 we have the imaginary quadratic fields K with
D < 5,000, giving M\(K) = 3 are D = 143, 580, 776, 1956, 2036, 2071, 2120,
92211, 2267, 2488, 2708, 3923, 3995, 4303, 4408, 4511, and 4679.

There are no fields K with discriminant under 5,000 having A\7(K) > 4.

Example 6 (p = 11). When p = 11 we have the imaginary quadratic fields K with
Di < 2,000, giving \1(K) =3 are Dx = 723, 1491, 1623.
There are no fields K with discriminant under 2,000 having A1 (K) > 4.

Example 7 (p = 13). When p = 13 we have the imaginary quadratic fields K with
Dk < 5,000, giving \3(K) =3 are Dx = 443, 1608

There are no fields K with discriminant under 2,000 having A3(K) > 4.

One can confirm that the examples match the table in (10), for Dy < 1000.
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Chapter 6

ANOTHER “GOLD LIKE” CRITERION (THE ¢, » PRODUCT).

Let K = Q(v/—d) and x the imaginary quadratic character for K. First assume
that d = 3 (mod 4).

Proposition 14. For k € N, we have

dp dp*
Y oaxw M a)(=1)" =Y axw (a)(~1)"

Proof. Let k € N. Then,

dpk pF1-1 dp

S axw o)1)= D D (at dpi)xe (a+ dpi)(~1)
= ) (-1) (Z axw H(a)(—1)" +dpi2xw(a)(—1)“>
= (Zaxw‘%a)(—U“) > (-1
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Now, using the fact that w(a) = w?(a) (mod p?), we see that

dp2r

pta

=S X@(-1+p Y o x(a)(~

pta pta

dp21"

=p(p—1) Z gp(a)x(a)(—

pla
dp 2r

Y axw @) (=1)" = Y " x(a)(~1)* (mod p?)

——qup —1)* (mod p°)

pm

and by the logarithmic properties of the Fermat quotient

> ap(@)x(a)(=1)" = gy(3y,p) (mod p)

pfa

where

Observe that ¢,(6) = 0 (mod p) if and only if 771 = 1

(mod p?).

d # 3 (mod 4),
de2r 2dp27‘
Zaxw_l(a)z Zap 12 ) (mod p?)
a=1
2dp2r
=—p Z q(a (mod p?)
= —pg,(6) (mod p2)
where

2dp2r

5 H aX(@)

p*a

o8

1)°

Similarly, if



Once again, ¢,(6) = 0 (mod p) if and only if #~! =1 (mod p?). We thus define

[T @D if g = 3 (mod 4)
K — pta

xX>P
2% ax@ if d # 3 (mod 4)

pta

We have thus shown the following:

Proposition 15. Denote K = Q(v/—d), and x to be the imaginary quadratic char-
acter for K. Then

M(K)>1 < &' =1 (mod p?).

Remark 6. Compare proposition to Gold’s criterion (theorem .
6.1 Expressing 6, , as Gauss Factorials (d = 3 (mod 4))

In this section we will see once again that d, , is essentially congruent to a product
of Gauss factorials modulo p?. The difference is that we have arrived at the result via
the Iwasawa series, and not using Gold’s criterion [3.1.2] Hence, this method might
be seen as an alternative proof of Theorem [3.1.2

As before, let p be a prime such that p =1 (mod d). Denote

p2r p2r
* *
+ -
o, = | | a, o, = | | a
a=1 a=1
a=k (mod d) a=k (mod d)
a is even a is odd
and
dp2'r dp27‘
* *
+ _ -
€ = | | a, €, = | | a.
a=1 a=1
a=k (mod d) a=k (mod d)
a is even a is odd

Here, we always view the subscript £ modulo d accordingly. We also define
+ if ¢ is even
+(i) = .
— if 7 is odd
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Observe that

Counsider the set

27"_1
Ap(k) = {aeN . kL <a<(k+1)2
m

m

and ged(a,p) = 1}

We know the exact size of A, ,, when p =1 (mod m). That is,

Lemma 11. Let m € Z" such that p =1 (mod m). Then

A (k) =p =L

m

Proof. We have that
2
pr—1 p—1
=p+1) —.
m

If a € Z" such that a < (p — 1)/m, then

p—1 p—1
ap < p——— < (p+ 1)7-

On the other hand, if a = (p — 1)/m + 1, then

-1 1 1 -1
= (%“)pzpp?””T*T:@“)pT-

m

Hence, the elements of {a 1 <a< 2-1 and ged(a, p) > 1} consist of ap with 1 <

a < (p—1)/m. Therefore,

1
#{a:lgagp and gcd(a,p)zl}

2_1 2 _1
_P —#{a:1<a§p andgcd(a,p)>1}
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Lemma 12. Let k,n,r € Z* such that p" =1 (mod n). Then

((k+n2) e
L=ph® T (na+ (n—k)) (mod p?)

2r _1
(),
p

Proof. Observe that

(E+n2=t) 1 w2 o
2 — —
pQT_l ‘ = H a = (CI/ + k' n )
G
p27‘_171
=04 ® T (na+ (n—k)) (mod p?).
a=0
UJ
Lemma 13. For1 <k <d
( ((kﬂ)?i;l) ! ( ((d+k+1)1’22;1> !
- if k even . iof k even
), @),
ol = e and o, = il
-k ((d+k+1)?2;1 ! - ((k’+1)"2;;1) !
C L 4f k odd C—————"r if k odd
L ((d+k)1’22;1)p! / (5 /

modulo p?, where CP~1 =1 (mod p?).

Proof. First, if k is even, then da — k is even when a is even. Hence, by Lemma

bt «k+”%;hl
of = H (2da — k) =C -
p Gk
2d
P
On the other hand, if k£ is odd da — k is even when a is odd, and
p2-1 21
2 (W+k+U%d>!
Ujfk:H(Qda—(d%—k))EC’ - L
P ((a+m)2) !
p
The congruences for o, follow in a similar way. O]
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Lemma 14. Let 1 < k < d. Then

(k:PZ;l) !
CW if k even
()
(jz;;?;Tj;? UTk odd

modulo p?, where CP~* =1 (mod p?).

and

2
21
kb5 )

P
p)
k2 *1)
a Jp
2
kpd
7
p2—1
=)

Proof. Suppose k is odd. We again have the telescopic product

The other congruences follow in a similar way. Further, (C")P~!

Lemma [Tl

k

=117

=0

C

d—k—1

H i(z+1

=1

<2d k+i+ )

+(i+1)
—(d—k+1)

)p! d—k—1 ((z +1)

11 (20— &+ )57
<(d—k:)f%)p! )

o

p

! P2l

=1

(i

((Qd— k)p2‘1> |

2d

Putting all the pieces together, we have:

Theorem 6.1.1. Suppose d = 3 (mod 4).

-1 _ 2
o, =1 (mod p°) <=

Then

) !

!
P
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Proof. Note that

d _ _
5. — H € Ca—k € Ca—k
Xop - -
k=1 6]4? 6d—k; k=1 6k 6d—k;
x(k)=1 x(k)=1
k even k odd
2

d
p2at)
=C f[ E > ﬁ % (mod p?)
K oven Foa )’
where C?~! =1 (m dp) ’ O

6.2 Expressing 6, , as Gauss Factorials (d # 3 (mod 4))

Suppose d Z 3 (mod 4), p = 1 (mod 4d) and let y be the imaginary quadratic
character for K = Q(v/—d). Denote

p2 2dp2
* *
O — H a, € — H a.
a= a=
a=k (mod 4d) a=k (mod 4d)

Lemma 15. Let 1 < k < 2d. Then

€ = C’Flp' (mod p?) and eyqpp =C
2d ),

where CP~1 = 1 (mod p?).

Proof. Notice that for 1 < j < 4d, we have the telescopic product

M
= = mod p
’ i=0 ((j—l—z)p4;1> ! (zd] )u -
’ O(4d ])p )pl if j <2d
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Putting these pieces together, we have:

Theorem 6.2.1. Suppose d # 3 (mod 4). Then

-1 _ 2
o, =1 (mod p°) <= H
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Chapter 7

A “GOLD LIKE” CRITERION FOR X > 2 (THE A, p PRODUCT).

Let p be a prime, K = Q(v/—d), x be the imaginary quadratic character for K,
D =difd =3 (mod4) and D = 2d otherwise, and ¢(a) = (—1)*x(a) if d = 3 (mod 4)

and ¥(a) = x(a) otherwise. As in the previous section, we will transform the sum

Y aP(a)w™(a) =2 ap(a)w " (a) — Dp_ a(a)w™>(a)

into a product. Recall that \,(K) > 2 if and only if this sum is divisible by p*. For
a co-prime to p, we denote gyn(a) = (a?" ®~1 —1)/p" to be the generalized Fermat
quotient, which is an integer. We will need a few preliminary results.

Lemma 16. Let a and b be co-prime to p and r € Z. Then
i qp(a) + gp(b) = gp(ab) — pgp(a)gy(b)
ti. (g(a))? + (gp(b))* = (gp(ab))* — 2p(a)q,(b) (mod p)
i1, qp2(ab) = gp2(a) + q2(b) (mod p?)

w. qpe(a”) = rgpe(a) (mod p?)

Proof. For (i)




Next, (ii) is an easy consequence of the logarithmic properties of g,. The proof for

(ili) and (iv) are similar to the arguments for the logarithmic properties of g,. O

Lemma 17. With all of the notation as above,

% a*ip(a)w™>( Z a*yp(a)w™*(a) + D(p+1)p ipj ayp(a)w™*(a)
and . 2 -
S bl 0) = 3
Proof. Suppose that k >11 First, assume :u(;) — (@)(=1)%, 5o that (a + dpi) =
X(@)(=1)2*% Then Y775 (=1) = 1, 07 (=1)"i = (p+1)/2, and 32,7, ¢ (a)w*(a) =

:i:j(f (a)w?(a) = pz_é i(a + Dpi)*¢(a + Dpi)w™>(a + dpi)
= ia%(a)w‘?(a)g( +2Dpza¢ “a)(=1)° ]: i(=1)
+ (Dp) 2222 ipjfﬂ
_Za%p —I—D(p—i—lpDZplm/J “2(a).

If 1(a) = x(a), then x(a + Dpi) = x(a)(—1)" from Lemma [ and so the same

calculation carries through. The second equality follows in a similar way. O

From the Lemma, we have

D a*P(a)w(a)-2)  at(a)w ™ (a) — Dpz arp(a)w™

Dp?
:ZaQw(a)w —QZCW — Dp(p+2) Zaw
a=1
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We now make the observation that

a7 = (P (a7?) + 1)(pgy(a) + 1) = p’ge(a™) + pgy(a) + 1 (mod p?)

and similarly

a7V = (Pge(a™!) + D(pgy(a ) +1) = Pge(a) + pap(a”) + 1 (mod p).

We have from the previous proposition that
p*(ge(a™?) — 2g¢2(a™")) = 0 (mod p?)

and

p(gp(a™®) = 2g,(a™")) = p(2g,(a™") + p(gp(a™))? = 2g,(a™")) = P*(gp(a™))>.

Therefore,

Dp Dp Dp
Y d(a)w (@) =2 av(a)w (@) =p* Y gp(a? ¥ W) = p?q,(Dy,) (mod p°)
a=1 a=1 a=1

pla

where

Dp?
Dyp = [[a* @),
a=1

pta

Next we will look at the sum ZaDji atp(a)w2(a) modulo p?.

Lemma 18. With all of the notation as above,

Dp?

Z v(a) =0 (mod p?)

a=1 a

pla
Proof. For a € Z, consider the map Z/DZ — 7./ DZ given by i — a + ip? (mod D).
Since ged(p, D) = 1, we have that a + ip? = a + jp? implies i = j (mod D). Hence
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this map is a bijection, and Z?:BI Y(a +ip?) = ZbD:_Ol 1 (b). Therefore,

Dp? D—1p%—1 . D-1 p?—1

V(a) Pla+ip?) _ 1_ 2
DT T T =2 bW Y =0 (mod p?)
Yo =0 b=0 Yo

since Z{i_ll 1 =0 (mod p?). To see this, notice

p—1 p—1
1

pi-1
1
2=

= i=0 a=1
pfa
and
(p—1)-1 .
1 . ~1)-1 1
— = (atip)P® V71 = (p(p . ) )(zp)]ap(p_l)_l_] = ——% (mod p?)
a+1p s J a
Hence,
p?—1 p—1 p—1 . p—1 p—1 p—1 p—1
1 ( 1 zp) 1 1 )
Z—E -— = - —p —22150<m0dp)
aTl a 1=0 a=1 a a =0 a=1 a a=1 a 1=0
since it is well known that >~] 1/a = 0 (mod p?). O

Now, using the Lemma and the identity a*w=2(a) = (1 4 pg,(a~?)) (mod p?), we

have
Dp? Dp? Dp?
> avfa?a) = Y01+ o) DD = 53 0,0 XY (mod p2)
a=1 a=1 a=1
pta pta
Therefore,

Dp? Dp?

Dp(p+2) Y avp(a)w () =p* Y gp(a™ P ) = pPg,(Vy,) (mod p°)
a=1 a=1
pta

where
Dp?

Wyp = H a 1PV,
a=1

pta
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So, we have that

Z a*y(a —2 Z ayp(a )—Dp(p+2) Z ayp(a)w™*(a) = p*g,(Ay,p) (mod p°)

where A, , = @, ,/W, ,. From this we have

Theorem 7.0.1. Suppose A\,(K) > 1, and p does not divide the class number of K.
Then A\,(K) > 2 if and only if

Dp?
Ag’(;l = Haz(“)(”_l) =1 (mod p?)

a=1
pta

where ¥(a) = ¢ (a)g,(a + 4Dp).

In the expression for ¥(a), we have used the congruence g,(a + bp) = g,(a) —

b/a (mod p). Again, compare this Theorem [3.1.2]
7.1 Generalized Hyper Gauss Factorials

We naturally define the hyper Gauss factorial of n with respect to p as

n
SIG
ged(a,p)=1

and if 7 : Z \ pZ — 7 is any function, then we define the generalized hyper Gauss

factorial of n with respect to 7 and p as

n)p.! = ﬁ a”®

ged(a,p)=1

Definition 10. If r € Z* such that p" = 1 (mod m), then we say that p is 1-

exceptional for m and T : Z \ pZ — 7 if

2r 1 p—1
<p > '=1 (mod p2).
m or
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The next proposition can be viewed as Wilson’s theorem for a certain generalized

hyper Gauss factorials.

Proposition 16. Suppose that, 7(a) = (p — 1)g,(a) for a co-prime to p. Then

(p™ —=1)p-! =1 (mod p™)

and

m_q
<p2 ) =<1 (mod p™)
p,T

Proof. Let g be a primitive root modulo Z/p™Z. Then

m

!(p—
(P")pr! = H 9) (mod p™)

(in the product above modulo p™, the argument of 7(-) = ¢,(-)(p — 1) can be taken

mod p™ by Euler’s Theorem). So

p Pm Lp—1) kr(g )
H =9 -

We will look at the sum in the exponent of g, but first, recall one of the properties of

m

the Fermat quotient is that for a, b co-prime to p,

gp(ab) = gy(a) + q,(b) + pgy(a)g,(b).

From this we get for £ > 1

gp(a*) = kqy(a) + pgy(a (Z gp(a ) = kgp(a) + gy(a) (Z(&“”” - 1))>

i=1
k-1

. aP~1 — k=1
= kqy(a) + %(a) (Z(al(p_l) - 1))) = kqy(a) + QP(Q) (W —k+ 1) .

=1
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Then, assuming a?~' # 1 (mod p™) (which is the case for the primitive root g)

P (p—1) P (p—1) 1 k(p—1)
aP~1 — gk o
Z kQP(ak> = qp(a) Z <1——ap1 + /{:) =0 (mod p 1)
k=1 k=1
since,
pm_l(pfl) m—1(,_
1 — P D)
k(p-1) _ ,p-1 — m
a =a =0 (mod p™)
k=1
and
pmfl(p—l)
> k=0 (mod p™ )
k=1

Therefore, (p—1) Z:l(p_l) kq,(g*) = 0 (mod (p—1)p™1), and (p™),..! = 1 (mod p™).
Notice that

P *
1= T qP Vi@
a=1
p";—l p";—l
= " P Dap(@) H*(a + pm)P=Dalae™) | (mod p™)
a=1 a=1
= (p ) I (mod p™).
2 o
which implies that (’%) = +1 (mod p?). O
p,T

Proposition 17. Let m > 1 in Z" and suppose that, for a co-prime to p, 7(a) =

(p—1)a”" for somer € Z (if r <0 thenn : Z\ pZ — Z which sends a to (p—1)b such
that 1 <b<p—1anda"b=1 (mod p)). Then

(p™ —=1)p-! =1 (mod p™)

and




Proof. The proof will be similar to that of [I6l Let g be a primitive root modulo

7

p™. Then ¢ is also a primitive root modulo p™~t. If a € Z is co-prime to p, then

a = g* (mod p™), and a = ¢g* (mod p™~!) for some k € Z. So

(0" — D)yl = g DT R (mod ),

Because ged(r,p(p — 1)) =1, go = ¢" is a primitive root modulo p™~!, and
pm_l(pfl)
kgt =0 (mod p™1).
k=1

Indeed,

and substituting = go, and n = p™~!(p — 1) gives the desired result. The second

congruence follows by the same argument in Proposition [16] O]
7.2 A, , as Generalized Hyper Gauss Factorials

In this section we prove two Theorems which are analogues of Theorems
and [6.2.1] The proofs are very similar, so we will suppress some of the details. Let
K = Q(v/—d) and let x be the corresponding imaginary quadratic character of K.
We first assume d # 3 (mod 4). Denote 7(a) = (p — 1)gy(a), and n(a) = (p — 1)/a
(again, we consider 1) : Z \ pZ — Z which sends a to (p — 1)b such that 1 <b<p—1
and ab =1 (mod p)). Let ¢ : Z\ pZ — Z with p(a) = ¢(b) (mod p(p — 1)), whenever

a = b (mod p?), and denote

2dp2 p2
" (@) *P(@
O, = H a®,  and = H a”".
a=1 a=1
a=k (mod 4d) a=k (mod 4d)
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If p(a) = p(b) for a = b (mod p?), then

2d—1

Opp = H Vk—i (mod P%).

=0

We will now prove analogues to some of the lemmas found in the previous section:

Lemma 19. Suppose that p =1 (mod 4d). Then

Qk+ni

_1> |
- !
p77-
p-1
(k - ) !
p7T

- 7k7(4d)%(4d) k(4d) (mod p2)

and
<w+1véﬂ !
- Y/ — fkn<4d)4dtk (4d) (mod p2)
(kp4d ) |
P
where
2_q 2_q
p2 kp n_ k.P n 1
o) = Ha, ug(n) = —(p—1) Zl q@p(na—k), tp(n)=—(p—1) Zl —
a=k ?t;od 4d) p)(?zgfk p)mgfk
Proof. Note that
— p27
(k+D22) v PN G
21 e <a T 4d )
<kp4d ) a=1
p,T
p2-1
4d "
= (4d)"D) H (2da — k)7(4da=k) H (4da — 9 (mod p?).

a=1 a=1
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For the congruence involving 7, we have

((k 1)

p2-1

4d

) !
p,n

I

a=1

(a+k‘

a=1

p*—1
4d

(4d)t(4) H*

21
>n(a+kp4d>

<4da . k)n(lldafk)

Lemma 20. Let p =1 (mod 4d) and k € Z*. Then

((zd + k)

and

where

and

2

1
- (kp ) | - —7(2)
p 1) | = 9ek(4d)—2(4d) :d ;7 <<k‘p - 1> |> (mod p2>
p,T (kp4;1> ' 2 V4
p,T
24 (kngl 2 |
<<2d+ kf)p 4d ) ' = :l:22yk(4d)_7)k(4d) = pn (mOd pQ)
X (k: 1 pn!
kP2*1 kP2*1
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Proof. Note,

((2d+k) 24d1> 1= (p2

k7p271 p271
1 4d*< pg_ 1)7((14- 5 )
! +

2 2

k2 kP
= 2500 TT (20— 1)V ] (2a—1)7®
a=1 a=1
RV T
_ oan(4d) -~z (4d) 2 ) pr )y

(mod p?)
2_1 21 2—1
(k) o) \ () r(met)
p,T p p
where we have again used the identity

= DU | (D)
e R e e

where ¢ is some function on Z*. Also,

21

( vl Pl kH =1\ (=)
(2d + k)2 ) | = ( ) ! (a + )
Ad 24l 2 pn o a=1 2
[t 2 1)

k !

= :|:22yk(4d) 11>’< (2(1 o 1)27](261 1) _ :|:22yk(4d) v (4d) ( jd pn
a=1 (kp4;1> '

p;n

Now, similar to the previous section (see Lemma , 0 k.= H?igl V_(k+i),r 18 &
partially telescopic product, and applying Lemmas [19] and [20| (for 1 < k < 2d),
2d—1 2d—1 <(k+i+1)%>m!
ekT—Hlj(k+z)—H ) |
= (4d)Uk€T(4d) ( 4 )

o (<k )P
" (wl) = (4d)

(4d)uk+z(4d) 7(4d)

“(hsiy (mod p %)

1P 71> 92k (4d)— 21, (4d)
Uk 4d) ( 2d p,T

(5) (ko) !
p,T P

(mod p?)

5



where U, = — ) dol u+i(4d) and € are as in Lemma u Similarly, for 1 < k < 2d,

(kp —1)2 !(k;PQ—l)T(Q)!
O aasr = () 5 Sar A
—(2d+k) (kpz;1> 19 (4d)— 2 (4d)
p’T

mod p?).

On the other hand, for 1 < k < 2d, we have modulo p?,

(k e ) : <kp271 ) 2 |
2d ’ 4d :
04 — p,n (4d)Tk 22yk(4d)—vk (4d) ; 04d pn (4d)ng+k 2’Uk (4d)—2yx (4d)

p2—1 ? ! k+2d)n£i p2—1 |
(), ).
N P

where Tj, = —4d Y27 " 13 4(4d). Now recall

2dp?
Apl—H 2(a)p-1) = 1 (mod p?)

P’fa

where ¥(a) = x(a)gy(a + 8dp) = x(a)(g,(a) — 8d/a) (mod p). Then we have

2d—1 2d—1
AV = <H (07 / Oz, <P H (Gk,n/92d+k,n)8d’<(k)> (mod p?)
k=1 k=1

and

Theorem 7.2.1. Suppose m # 3 (mod 4), 7(a) = ¢,(a)(p—1) and n(a) = (p—1)/a.

Then
AP =1 (mod p*) <= 6P ABP, /P, =1 (mod p°)

where )
" kp2_1 4 | x(k)

o - ad ),

T = 3

k=1 (kp2251> |

p,T
2 4x (k)

2d—1 </<;p4d1) I

®, = pn

k=1 </€p2;1> !

pn



2d—1 2x(k)7(2)
= IH((5))
p

B — (4d)U—T2X—V

and the error factor

where
2d—1 2d—1
U= x(k)(Usak = Usa—r), T = X(k)(Toat — Taat)
k=1 k=1
2d—1 2d—1
X = 2 Z X(k) (:L'4d_k(4d) — Z4d_k;(4d)); V 4 X 2y4d k(4d) — Vgq— k(4d))
k=1 k=1

Next, assume d = 3 (mod 4). If ¢ : Z\ pZ — 7Z such that ¢(a) = ¢(b) (mod p(p —

1)) whenever a = b (mod p?), we denote

dp>? dp?
+ H ela)  p- H ¢(a)
elw - a ’ ko — a
a=1 a=1
a=k (mod d) a=k (mod d)
a even a odd
and
L L
+ | | ¢(a) e ¢(a)
Vk‘,tp == a 5 Vk:,tp == a .
a=1 a=1
a=k (mod d) a=k (mod d)
a even a odd

Lemma 21. For1 <k <d

( 2
(ktD)Egt ) !
%w*k) G (2d)~ D if k even
2d -
Vi = . (mod p?)
((d+k+1)p2;1) !
((d+k)p271> p}T (O-i_k> (Qd) uk(2d) ka? odd
2d P,T.
and
((d+k+1)p *1) !
((+m 2550 0 (07,)7CD(2d) 7D if k even
Ve = (mod p?).

((k+1)p 71) ! (2d) (2d)
e N if k odd
\ 2d ),

7



Also,

(kz-{-l) )
W(Qd) 2dty,(2d) ka even
vt )= P mod p?
v ((d+k+l)pz;1) | 2dt,(2d) | |
j 2] —2dt ;
| e (2d) =" if k odd

and

(((d+kr1)222) 1
(( A ) 2d )p n 2d 2dty, 2d)
((d+k)p *1) ! (2d)”
_ o 2d Jpnm 2
(Vo) = (mod p?).
((k+1)922;1) !
—<kp2—1) - (2d)~2dtx(2d) if k odd
\ 2d Pa"].

Proof. 1f k is even, then da — k is even when a is even. Hence from Lemma

if k even

)2d

(0+0%)
Vi = H (2da — k)70 = P21 'pw (07,)7 (mod p?).
a=1 <k 2d )p 7"
The other congruences follow similarly. O

Similar to d,, we get a partial telescopic product 92[,7 =1 01 V., (the difference,
just like in the case for d # 3 (mod 4) is that we pick up some additional factors that
amounted to A, B and 4, , in Theorem [7.2.1). Therefore, we have

Theorem 7.2.2. Suppose d = 3 (mod 4) and 7(a) = gy(a)(p—1) andn(a) = (p—1)/a.
Then

APl =1 (mod p°) < 5;’;(2‘1)%1(1)7/(1),7 =1 (mod p?)

2 (-
kp2—1) !
< d p,T
kp27

where

d
o =]
k=1




and the error factor

where
d—1 d—1
U= X(k)Uzg—ip — Uzg—i), T = X (k) (Toa—k — Toa—r)
=1 k=1
d—1 d—1

X =2) x(k)(wa-r(4d) — za-x(4d)), V =4 ) x(k)(2y24-1(2d) — v2a-&(2d)).

=1

B
Il
—
=

7.3 Some Examples

In this section we will take a closer look at A, , for K = Q() and Q(v/—3). We
will again let 7(a) = ¢,(a)(p — 1) and n(a) = (p — 1)/a. Recall that for a and b

co-prime to p
¢p(a) —b/a = gy(a+bp) (mod p) and rgy(a) = gy(a") (mod p)
which we will use below.

Theorem 7.3.1. Suppose p is a prime such that p = 1 (mod 4), K = Q(i) with

imaginary quadratic character x, and A\,(K) > 1. Then

p2 1 4(p—1)
Ap(K)>2<:>B< 1 ) =1 (mod p?)
P2

where X(a) = q,(a +p).
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2

4
Proof. We have A =1, ¢, = <p 4_1) !, and ®, = (p 4_1) I. Now use Theorem
p,T
2.1 O

Theorem 7.3.2. Suppose p is a prime such that p =1 (mod 6), K = Q(v/—3) with
imaginary quadratic character x, and A\,(K) > 1. Then

<1%> | 2(p—1)
M(K)>2 = B| —2= =1 (mod p?)

G
3 P22

where 31 (a) = gy(a* + p) and Sa(a) = q,(a* + 3p).

(%), (%) .

6 : 6 )

_—T - =~ Zpn

<p271)8 | 3 and @77 |
3 p,T 3

2.1l O

Proof. We have A =1, &, = . Again, use Theorem
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Chapter 8

ANOTHER (PARTIAL) CRITERION FOR Ap(K) > 2

In this section, we attempt to get a criterion for A\,(K) > 2 similar to that of
Theorem by extending the methods of Gold (13)). While we have already given
a criterion for A\,(K) > 2, it would be useful for computational as well as theoret-
ical reasons to have a criterion resembling Theorem [3.1.2] (see (10) and (33) for a
computational and theoretical application of (I3])). However, this is only a partial
result, and the author hopes to revisit this topic in future research. We also note that
the proof of Gold’s criterion relies on relative genus theory (see (6))), and class field
theory, (see Section [2.6] and (2))).

8.1 Preliminary Results

The next Theorem is due to Iwasawa (L19)), (but also see Theorem 4 in (40)),

Theorem 8.1.1 (Iwasawa). Let k C L be number fields, such that L an unramified
Abelian p-extension of k and denote H to be the p-Hilbert class field for k. Then

|Ar| = 1 implies that L = H.

Proof. Suppose that L # H. Then |Gal(H/L)| > 1, and if H' is the p-Hilbert class
field for L, then L C H C H’', and so |A.| = |Gal(H'/L)| > |Gal(H/L)| > 1. O

Let k be an imaginary quadratic field in which p = pp, and let ks = |J,, k» be the
cyclotomic Z, extension of k with Gal(k,/k) = Z/p"Z. Denote A(k,) to be the class

group of k,. We will need the following result from Sands (32),
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Theorem 8.1.2 (Sands). Suppose k is an imaginary quadratic field. Let | < p — 1.

Then the following are equivalent:
(a) [A(k:)| = [A(k) '
(b) Ap(k) =1
(¢) |A(kn)| = |A(K)|p™ for each n > 0.

Let Hy, the p-Hilbert class field for k;. Let L be any Abelian unramified extension
of ki so that ky C L C Hy,. If Hy, is the p-Hilbert class field of L, then we have that
Gal(Hy, /L) = Gal(HL/L)/Gal(H/Hy,) = Ap/M where M = Gal(Hp/Hy,). We
denote Ap/M = By. Now, if a € Ay and o € G, the Artin map A; — Gal(H/L)

satisfies

where & is any extension of o € Gal(L/E) to Gal(H/FE). Therefore, if [a] = aM, we
have the induced Artin map on By, — Gal(Hy, /L) denoted by oy = [aa\ Hkl}’ and
satisfies

Olaa] = QO[q] at

where @ is any extension of « to Gal(Hy, /L). For a € Ay, and a € G, we may also
write 0 = ac,a” ! (or lofy] = aogo ! for [a] € Br). We have the commutative

diagram
BL _— Akl

«| l%

Gal(Hp /L) .
Gal(HLI;HkI) » Gal(Hy, /1)

with horizontal maps being injections. Suppose that 3, and @ are primes above p in

L, and Hy, respectively. Then o) = oplp, (mod Gal(Hy/Hy,)) and if x € Hy,, we
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have
op(x) = 2P (mod g).

On the other hand, if p; is a prime above p in k;, then for x € Hy,
op, () = 2” (mod p)

and therefore oy — 0,,. Hence, if p; is non-trivial in Ay, , then [JB] is also non-trivial
in By, and they also have the same order.

Let k, p = pp, ky be as above L the relative fixed field of the commutator subgroup
of Gal(Hy, /k) (the p-genus field for k;/k, see (6)). Suppose that E is the inertia
subfield for p in L/k and suppose that p splits in £. We have that [E : k] = [L : E] =
p. Denote L' to be the fixed field of the commutator subgroup of Gal(Hy, /E), where
Hy, is the p-Hilbert class field of ki, and G = Gal(L/E) = (7). If Hy, is the p-Hilbert
class field of L, then we have that Gal(Hy, /L) = Gal(Hy/L)/Gal(H/Hy,) = Ar/M
where M = Gal(H/Hy,).

Proposition 18. Let L, L', G = (1), and By be as above. Then Gal(L'/L) =
B/B'-T.

Proof. Recall that Gal(L’/L) is the commutator subgroup of Gal(Hy, /E). Let a,b €

By, and write a = za, b = yf for o, f € G. Then a well known computation reveals
aba™'b = axfyataty B = 2% (ya ) () y
= a”(ya ™)y = (@) Py
On the other hand, if 3 =1 and a = 7, we have that y"~! € Gal(L'/L). O

If Ais a G-module, denote A% to be the elements of A fixed by G. Then we have
the exact sequence

0— BY — B, ~% B, — B, /B} .

83



But then |B.|/|BY| = |B; 7|, which implies |BY| = |B./B; 7|
Proposition 19. [L': L] = |B¢|

Now, if (y) = Gal(L/ky), let 4 be any extension of v to Gal(Hy, /k;). Then the
image of o,y in Gal(Hy, /k1) is 70, 7~! = 0p,. Therefore, o = op,qy. Now, suppose
that 3 is a prime in L above & in E. Then since & is totally ramified in L/FE, we

have that G only fixes B, and hence, B¢ is of order p generated by B. Therefore, we

have
Proposition 20. Suppose that p splits in E. Then [L' : L] = p.

Now, assume p splits in F/k asp =y ----- &, and fix one of these primes &
in £ which lies above p. Denote E’ to be the inertia sub-field of L'/E for &?. Notice
that £’/ E is Galois since Gal(L'/E’) has index p in Gal(L'/E). Since |Ag| = 1 there
must be at least one prime above p that ramifies in E'/F, since if not E'/E is an

unramified Abelian extension of E of degree p, so we denote
X ={i : P; ranifies in E'/E}

It follows that E’ is the p-ray class field of conductor

m:H@fi

1€EX

for some t; € Z*. Now, if Ug are the units of E, Cg the class group of E, and C,

the ray class group of £ modulo m, we have the exact sequence

where (Op/m)* — Cy, is defined by z + m — [zOg]. Denoting A, = (Cn),, and

taking p-parts of the exact sequence gives us
1= (Op/m); = Ay — 1
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since Ui does not contain any primitive p-th roots of unity, and |Ag| = 1. Therefore,
(Op /m); = An. If A, is the ray class group corresponding to E'/FE, then we have
|Aw| = p, and hence (Op/m)X = [[,.,(Op/ P} = Z/pZ, which implies that there

exists r € # such that t, = 2, and t; = 1 for all other i € #. Hence,

Proposition 21. If m is the conductor for the p-ray class field extension E'/E, then
m = P? Hli@ P;, for somer € A.

T

Lemma 22. Suppose that p splits in E/k. Fix a prime & of E which lies above p,
and denote hg to be the class number for E such that 2" = (). Let E' and m be

as above, and let ' | m be such that vg (m) = 2. Then the following are equivalent:

(i.) & splits in E'/E

(ii.) & is trivial in An
(111.) a?~' =1 (mod (£')?)
Proof. (i.) <= (ii.): Notice that [E' : E] = p, so if & splits in E'/FE, then it splits
completely. Therefore, the Frobenius automorphism o4 is trivial, and hence & is
trivial in Ap. On the other hand, if 0 is trivial then the residue degree for E'/E is
1. Since & is unramified in E'/FE it must be that & splits.

(17.) <= (dii.): Since Ap = 1, we have that & is trivial in A, if and only if

P'e = () is also trivial. But then « is trivial in (Og/m)X = A, if and only if

a’~! =1 (mod (£)?). O
8.2 Proof of the Partial Result

Theorem 8.2.1. Let k, E.p and &2 be as above. Suppose hg is the class number

for E and 2"t = (a). Then there exists a prime &' of E above p such that, if
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aP~! =1 (mod (£2')?), then \,(K) > 2.

Proof. Let & be as in Lemma 22} Suppose that L’ is the p-Hilbert class field for k;
or equivalently, \,(K) = 2. If p splits in E/k, then it must be that the prime p; in k;
above p also splits in L'/k. We also have that p; has order p in Ay, , so p; has residue
degree p in L'/k;. Therefore, & has residue degree p in the degree p extension E'/E,

since p splits in E/k. O
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Chapter 9

SOME FURTHER QUESTIONS

Dummit, Ford, Kisilevsky and Sands conjecture in (10) that given a fixed imag-
inary quadratic field K, there are infinitely many primes such that A\,(K) > 1. We
can now restate this conjecture in the case of K = Q(i) and K = Q(v/—3) in a way
that may be of interest to those who study Euler and Glaisher numbers, as well as
Gauss factorials:

Conjecture 1. There are infinitely many primes p = 1 (mod 3) such that G,—1 =
0 (mod p?). Equivalently, there are infinitely many primes p = 1 (mod 3) such that

p is I-exceptional for m = 3.

Conjecture 2. There are infinitely many primes p = 1 (mod 4) such that E,_1 =
0 (mod p?). Equivalently, there are infinitely many primes p = 1 (mod 4) such that

p s 1-exceptional for m = 4.
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