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ABSTRACT

When solving analysis, estimation, and control problems for Partial Differential
Equations (PDEs) via computational methods, one must resolve three main chal-
lenges: (a) the lack of a universal parametric representation of PDEs; (b) handling
unbounded differential operators that appear as parameters; and (c), enforcing aux-
iliary constraints such as Boundary conditions and continuity conditions.

To address these challenges, an alternative representation of PDEs called the ‘Par-
tial Integral Equation” (PIE) representation is proposed in this work. Primarily, the
PIE representation alleviates the problem of the lack of a universal parametrization
of PDEs since PIEs have, at most, 12 Partial Integral (PI) operators as parameters.
Naturally, this also resolves the challenges in handling unbounded operators because
PI operators are bounded linear operators. Furthermore, for admissible PDEs, the
PIE representation is unique and has no auxiliary constraints — resolving the last of
the 3 main challenges.

The PIE representation for a PDE is obtained by finding a unique unitary map
from the states of the PIE to the states of the PDE. This map shows a PDE and its
associated PIE have equivalent system properties, including well-posedness, internal
stability, and I/O behavior. Furthermore, this unique map also allows us to construct
a well-defined dual representation that can be used to solve optimal control problems
for a PDE.

Using the equivalent PIE representation of a PDE, mathematical and computa-
tional tools are developed to solve standard problems in Control theory for PDEs.
In particular, problems such as a test for internal stability, Input-to-Output (I/0O)
Lo-gain, H,-optimal state observer design, and H..-optimal full state-feedback con-
troller design are solved using convex-optimization and Lyapunov methods for linear

PDEs in one spatial dimension. Once the PIE associated with a PDE is obtained,



Lyapunov functions (or storage functions) are parametrized by positive PI operators
to obtain a solvable convex formulation of the above-stated control problems. Lastly,
the methods proposed here are applied to various PDE systems to demonstrate the

application.
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Chapter 1

INTRODUCTION

US Energy Information Agency forecasts indicate that the global electricity en-
ergy demand will likely reach 45 trillion kilowatt hours (kWh) as reported by U.S.
EIA (2023)- a 45% increase from current electricity demands. With new policies
being proposed to reduce carbon emissions and a projected growth of 1.8% per year
in electricity generation across all sectors, we will likely not meet future electricity
demands unless there is a rapid increase in energy production from clean sources.
Hence, many efforts have been directed toward finding new means of energy produc-
tion, the most notable of which is nuclear fusion. Nuclear fusion is a highly tempting
alternative to current methods of energy production because it has no carbon or ra-
dioactive byproducts, and the fuel required for the fusion is abundant. Hence, efforts
have been directed toward harnessing the energy released during fusion reactions to
generate electricity; however, to date, there has been no success.

While the research into controlled fusion in fusion reactors has been ongoing since
the early 1930s, we have yet to see a large-scale reactor that can produce a break-
even fusion reaction. The most recent development was the break-even fusion reaction
conducted by Lawrence Livermore National Laboratory (LLNL) in December 2022,
documented by Bishop (2022), that produced an excess of 1 megajoule of energy —
a 1.5% gain over the energy put into the lasers that help sustain the nuclear fusion
reaction. Needless to say, a fusion reactor built on this principle is not commercially
viable since the projected gain in energy has to be over 2000% for the entire system
to be self-sufficient and produce excess energy that can be supplied to the grid. More

importantly, however, the biggest challenge in building a fusion reactor is confining



the plasma in a small space so that a critical temperature is reached and a self-
sustained thermonuclear fusion reaction occurs. Confining a plasma at very high
temperatures requires the plasma to be suspended in a vacuum to avoid damage to
the reactor. Consequently, the pressure required to confine this plasma has to be
generated through indirect contact, e.g., using magnetic fields. An example of such
a reactor is the Tokamak that was first conceived by Dolgov-Saveliev et al. (1958).
However, due to the inefficiencies in the reactor’s operation, the energy required
to confine the plasma through magnetic force is higher than the energy produced
through the fusion reaction. Consequently, there is no net energy gain. While the
source of the inefficiency can be attributed to many different factors, including model
inaccuracies, hardware limitations, inefficient placement of the magnetic coils, etc.,
there is one particular aspect of the fusion reactor system that is often ignored —
the control laws used to do stabilize and control the magnetic fields. However,
controlling the magnetic field in a Tokamak requires controlling nonlinear vector-
valued Partial Differential Equations (PDEs) in 2D or 3D space (depending on the
geometry considered and the model approximations).

Consequently, various efforts have been made in recent times to address the control
aspect of the fusion problem — See the thesis by Witrant (2015) and the paper by
Mechhoud et al. (2014), for example. Unfortunately, treating the control design issue
of fusion reactors as a challenge specific to an application masks the more fundamental
problem in the control of PDE systems. The lack of reliable methods for control of
PDEs is also seen in other applications such as vibration control of beam models
from Timoshenko (1921), turbulent fluid flow control methods by Alfonsi (2009), and
reaction kinetics control by Chakraborty and Balakotaiah (2005) and Christofides and
Chow (2002). In all such applications, efficient control techniques for a general PDE

model can improve safety and operational costs. For instance: controllers designed



using Euler or Timoshenko beam models can suppress seismic and wind disturbances
in buildings and bridges (e.g., see designs introduced by Kannan et al. (1995), Tkeda
(2004), and Fisco and Adeli (2011)) thereby reducing structural damage; controllers
for fluid-flow models can reduce drag on aircraft wings (e.g., see the work by Quadrio
(2011)) thereby reducing fuel costs; and controllers for reaction-diffusion equations
can improve homogeneity (or desired stratification) of concentration and temperature
in chemical reactors (e.g., see papers by Mao and Yang (2017) and Chakraborty and
Balakotaiah (2005)) thereby optimizing reaction rates. One can refer to the paper by
Pesch (2012) for a survey on PDE models in other applications.

Despite the significance of PDEs in the modeling and control of physical systems,
the progress in the control of a general PDE model has been lacking compared to
the progress in the simulation and analysis of PDEs because only a small portion
of research exposition on PDEs focuses on controlling PDEs. Even when an expo-
sition focuses on the control aspect of PDEs, it is tailored to a specific application.
For instance, the Backstepping and infinite-dimensional Algebraic Riccati Equation
(ARE) approaches for parabolic PDEs were presented by Deutscher (2015) and Ha-
gen (2006), whereas the methods for hyperbolic PDEs were proposed by Krstic and
Smyshlyaev (2008) and Moghadam et al. (2010). Furthermore, there are even more
variations in control approaches when just the boundary conditions are changed while
keeping the PDE dynamics the same. Despite these works on the control of PDEs, the
methods presented therein are hard to extend or generalize to other systems governed
by PDEs.

This does not mean that there do not exist methods that can be applied to a gen-
eral PDE. Indeed, there exist control approaches that are not tailored for a specific
application, e.g., early-lumping methods. However, all such methods approximate

the PDE by an Ordinary Differential Equation (ODE) at some stage of the control



design process — making it difficult to control the higher-frequency modes of the PDE
solution, which is critical in systems sensitive to high-frequency perturbations. Fur-
thermore, since early-lumping methods design the control for an ODE approximation
of the PDE do not generally have any accuracy bounds on the solution of the ODE;,
there may be little or no relation between the solution of the ODE approximation
and the solution of the original PDE. Thus, such methods, although generalizable,
do not provide any stability guarantee or performance metrics. Clearly, despite the
significance of the PDE control problem and decades of efforts spent to resolve this
problem, there is still a lack of good methods that can resolve it, and this scarcity can
be attributed to, as will be shown in this thesis, the lack of understanding of the PDE
models as a whole.

The primary motivation behind this dissertation and its results is to revive the
inquiries into the fundamental approach taken in the analysis, estimation, and con-
trol of PDEs and to propose a new approach that provides a different perspec-
tive/understanding of the challenges therein. While the results of this work do not
cover the control of nonlinear PDEs and, consequently, control of magnetic fields in
a Tokamak, they are intended to be a foundation that advances the state-of-the-art
approaches in control of PDEs without restricting to a specific application or a specific
PDE model.

To find a fresh perspective on the analysis and control problems for PDE systems,
we first need to identify the characteristics of a PDE that complicate the solution
methods of such problems. More specifically, we must identify the characteristics
that make general control methods, such as Linear Matrix Inequalities (LMIs) for
linear state-space ODEs, difficult/inapplicable for PDEs. Therefore, let us look at
the minimal set of characteristics seen in a PDE model.

A brief history of PDEs First introduced during the 17th century in the ground-



breaking works by, namely, Newton (1999) and Leibniz and Leibniz (1989), a PDE
was typically characterized by a spatially-distributed differential equation used to
model various physical phenomena such as heat and mass transfer. However, the
central importance of Boundary Conditions (BCs) when defining a PDE model was
not formally recognized until the time of Dirichlet whose work has been summarized
by Fischer (1994); Also see works by Cajori (1928) and Cheng and Cheng (2005)
for an overview of the history of PDEs and BCs. However, even with the inclusion
of BCs, a PDE model is not complete without a restriction on the ‘continuity’ of
the solution — spatial derivatives and boundary values must be suitably well-defined.
The mathematical formalism for a continuity restriction was only established in the
middle of the 20th century by Sergei Sobolev, defining what is now termed a Sobolev
space and allowing for generalized functions or distributions to define weak solutions.

When the PDE, BCs, and continuity constraints are combined, we obtain what
can be called a PDE model — a system defined by three types of constraints, none
of which is individually sufficient but which, when combined, yield a well-posed map
from an initial state to a unique solution. In the latter half of the 20th century, this
map and its continuity properties were formalized and generalized by the notion of
a Co-semigroup, with the BCs and continuity constraints of the PDE system (now
including delay systems and PDEs coupled with ODEs) being defined as the ‘domain
of the infinitesimal generator’; Works by Engel and Nagel (2000) and Curtain and
Zwart (1995) provide a thorough introduction to the semigroup theory and its ap-
plication in control theory. Today, as a consequence of almost 300 years of careful
study and mathematical progress, we may conclude that a well-posed PDE model
is necessarily defined by three constraints: a) the differential equation, or ‘PDE’,
which constrains the spatio-temporal evolution of the solutions inside the domain, c)

the continuity condition, which ensures that the solutions have sufficient regularity



for the BCs to be well-defined; and c) the BCs, which may constrain the limit values
or other properties of the solutions as permitted by the regularity guaranteed by the
continuity constraints.

While the representation of spatially distributed systems using the three-constraint

PDE model has a significant history and is the natural modeling framework, the
presence of unbounded operators, continuity constraints, and BCs poses significant
challenges to the development of a universal computational framework for analysis,
control, and simulation. The recent development of efficient algorithms for opti-
mization on the cone of positive semidefinite matrices has led to the use of Linear
Matrix Inequalities (LMI) and Semi-Definite Programming (SDP) in control theory,
especially for Linear state-space ODE systems. This has simplified, in terms of math-
ematical representation and high-level programming, the development of tools for the
analysis and control of state-space linear ODEs. Unfortunately, this same simplicity
has not yet been extended to PDE systems because the 3-constraint model of a PDE
has certain ‘undesirable’ traits that are not present in state-space linear ODEs, which
will be described below using a simple PDE model for demonstration.
A simple PDE model Linear state-space ODE systems have two crucial charac-
teristics that allow the use of LMI-based methods in analysis and control: a) they
are parameterized by bounded and algebraic operators, and b) they have no auxil-
iary constraints. In contrast, PDEs have unbounded operators, differential operators,
point values in the form of BCs, and auxiliary continuity constraints — making the
analysis and control via LMI-based methods quite tricky and ad hoc. We will discuss
below, in detail, how these characteristics of PDEs lead to various challenges and how
they are typically addressed by existing methods.

Challenges in Numerical simulation: To illustrate, consider the problem of com-

puting the evolution of a PDE model from a given initial condition. Specifically,



consider a simple transport equation u; = u, and construct a finite-difference approx-

u(si+1)—u(s:)

X — yielding an finite-dimensional representation & (t) =

imation of u, =

1
As

Ax(t), where z; = u(s;), Ay = 8;31 — 8; is uniform, and A is a bi-diagonal matrix
of +1 entries. In an ideal simulation, we would desire Ay, — 0 — which implies that
an ideal ODE representation of the transport equation would have all infinitely large
coefficients.

Of course, we can avoid many problems associated with discretization by con-
structing an explicit basis for the domain of the infinitesimal generator (bases that
satisfy the continuity constraints and BCs) and projecting our solution onto this ba-
sis — an approach used in Galerkin projection. The problem, however, is that every
change in the set of BCs and continuity constraints necessitates a change in the basis
functions. Such changes require significant ad hoc analysis — an obstacle to the design
of general /universal simulation tools.

Even if we manage to design a tool that includes a large number of variations of
the 3-constraint PDE model to minimize the ad hoc steps, many problems involving
PDESs remain inaccessible from a numerical perspective. To elaborate further, con-
sider the linear transport equation used to model gas transport through a network of

pipelines Baker et al. (2021)
Oipr + Ouipr = 0, 601px + 020upr = apy, + By,

where py stands for the density of the gas and ¢, the flow-rate in a pipe k. If we
represent the pipeline network structure using an adjacency matrix £ = {e;;} on a
set of nodes N’ = {0, -+ ,n}, where ¢;; is zero if node 7 and j are not connected, 1 is
gas flows from 7 to 7 and —1 otherwise, we can specify the boundary conditions as

Z €ij ki)t 1) = 0, polt,lo) = pin(t), @it ;) = wi(t),
JjEN



where w; is the withdrawal of gas at node 4, [; the location of node 7, and k(i,j)
the index of the pipe connecting nodes ¢ and j. One of the important problems
in the gas pipeline infrastructure is the operational cost, which is directly tied to
regulating the compressors that control the gas pressure by changing p;,. Although
many algorithms exist that discretize a transport equation to obtain an ODE and
simulate given some initial and boundary conditions, they are not scalable because
such gas networks typically have a large number of nodes and pipes. Therefore, one
cannot use numerical or convex optimization-based methods to solve this PDE and
devise a feedback control that can regulate the inlet density, p;,, under fluctuating
withdrawal rates w;.

Challenges in Computational analysis: Next, consider the problem of computa-
tional analysis and control of a PDE model. For simplicity, consider the very stable
heat equation u; = wuss with zero BCs, e.g. wu(t,0) = us(¢t,1) = 0, and propose
an energy metric (Lyapunov function) of the form V(u) = fol u(s)?ds. This en-
ergy metric is uniformly decreasing with time — thus proving the stability of the
PDE model. The challenge, however, is to use computation to prove this fact. By
parametrizing positive operators using positive matrices, optimization-based meth-
ods for stability analysis can easily recognize that V(u) = (u,u),, and hence V is
a positive form (i.e., a valid candidate Lyapunov function) —Peet et al. (2009) pro-
vided a parametrization of such positive forms on L,. However, the algorithm must
also verify that V' (u(t)) < 0 for all solutions u(t) € W, satisfying the PDE model.
Unfortunately, if we differentiate V(u(t)) in time along solutions of the PDE model
we obtain V(u(t)) = 2 (u(t),d = 2f0 (t, s)uss(t, s)ds. Because differentiation

is not embedded in a *

-algebra, we cannot simply parameterize a cone of positive
quadratic forms involving differential operators, e.g., (Jsu, dsu). Moreover, since the

derivative operator is unbounded, the functions u and u,, are independent until the



continuity constraints and BCs are enforced. However, accounting for the continu-
ity and BCs is an ad hoc process, using integration-by-parts or inequalities such as
Wirtinger or Poincare.

Such ad hoc methods have been used to generate computational stability tests
and input-output analysis for specific classes of PDE models (See works by Pa-
pachristodoulou and Peet (2006), Datko (1970), Fridman and Orlov (2009a), Val-
morbida et al. (2016), Ahmadi et al. (2016a), and Gahlawat and Peet (2016a) for
LMI-based methods, Meurer (2012) for early-lumping methods, Lasiecka and Trig-
giani (2000a) for late-lumping methods, and Villegas (2007) for Port-Hamiltonian
methods), however, there exists no universal approach to computational analysis of
PDE models.

The primary challenge in using such model-specific methods is that they become
inapplicable just by introducing a simple variation to the model. For instance, if we
consider heat conduction through a fin used in cooling systems with forced convection
(e.g., heat-sink mounted on CPUs), we can model this phenomenon using the heat
equation PDE with a minor modification. Assuming the fin to be a 1D rod, we
can model the heat transfer process, as shown by Kraus et al. (2001), by using the
PDE 4(t,s) = c(s)uss(t, s) + d(s)w(t) with boundary conditions u(¢,0) = 0 and
us(t, 1) = g(t) where ¢, d are coefficients dependent on the cross-section of the fin, w
is the forced convection heat loss and ¢ heat flux at the tip. In such systems, where
the parameters vary with space, simple Lyapunov functions of the form V(u) = (u, u)
do not help prove stability or analyze input-output properties. Thus, one would need
to consider parameterized quadratic Lyapunov functions, such as V(u) = (u, Pu)
for some operator P. However, we must take special care to ensure P satisfies the
BCs and thus vanishes at the boundary. However, depending on the BCs, finding an

appropriate parametric form for P may not be trivial. Thus, such a step cannot be



automated in a computational framework.

Challenges in control: The scalability issues and non-universality problems also
appear when one considers the control problem of PDE systems. In this context,
let us discuss the lumping-based methods for control of PDEs. Unlike PDEs, many
efficient algorithms exist for optimal control of state-space ODEs, with such con-
trollers typically obtained by solving either Riccati Equations, e.g., as proposed by
Locatelli and Sieniutycz (2002) and Gerdts (2011) or LMIs, e.g., proposed by Boyd
et al. (1994), the controller design for linear state-space systems is well-developed
and considered a solved problem. Thus, the most common approach to the control of
PDEs is to approximate the PDE model using a lumped state-space ODE model us-
ing methods such as projection employed in works by Bamieh et al. (2002), Apkarian
and Noll (2020), and Collis and Heinkenschloss (2002) or finite-difference approxima-
tion methods used by Christofides and Daoutidis (1996), Ito and Ravindran (1998a),
and Tto and Ravindran (1998b). Even ignoring the question of integration of lumped
controllers with a PDE with distributed state, Kotsiantis and Kanellopoulos (2006)
and Morris and Levine (2010) have proved that that stability and performance gains
of the closed-loop state-space ODE do not necessarily translate to stability or perfor-
mance of the optimal closed-loop PDE. While for specific systems for which we have
an eigendecomposition and a finite number of unstable modes as shown by Prieur and
Trélat (2018), projection onto these eigenfunctions can sometimes be used to obtain
a stable closed-loop controller, such exceptions are rare.

If one wants to avoid reducing the PDE model to a linear state-space ODE,
then there exist methods for formulating the optimal control problem in an abstract
operator-theoretic state-space framework where the system solution is defined by a
strongly continuous semigroup. In this context, one may formulate an operator equiv-

alent of the Riccati Equations for controller synthesis, e.g., see the book by Lasiecka
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and Triggiani (2000b), and papers by Hulsing (1999) and Morris (2001). Unfortu-
nately, however, the operators in these Riccati equations are typically unbounded.
They cannot be easily parameterized so that instead of solving the equations directly,
projection is gain used so that the numerical solution obtained defines the operator
only when restricted to the projected subspace. This approach is often referred to
as late-lumping, and applications can be found in, e.g., the paper by Moghadam
et al. (2013). The downsides of late-lumping are: the projection requires extensive ad
hoc analysis for any given PDE; the operator solutions are never obtained explicitly,
only their projection onto a finite-dimensional subspace; and the closed-loop is not
guaranteed to be stable for any given order of projection.

Closely related to the so-called ”late-lumping” approach is backstepping, an ap-
proach thoroughly described in works by Karafyllis and Krstic (2019) and Meurer
(2012), which uses the input to provide an algebraic mapping of the state to that
of a nominal stable system. The advantage of backstepping is that the mapping is
parameterized explicitly using integral operators and the algebraic conditions then
translate to a set of PDEs on the kernels which define these integral operators. The
disadvantages of backstepping are: the kernel map must be re-derived for every PDE;
a parametrization of the kernels is required in order to solve the resulting PDEs
numerically; and the controllers obtained are not optimal, only stabilizing.

To create more explicit parametrizations of the Lyapunov operators used in late-
lumping, recently, many Control Theorists have focused on the construction of posi-
tive Lyapunov functions for use in the control of PDEs, often using positive matrices
and semidefinite programming to enforce the positivity of these Lyapunov functions,
e.g., Fridman and Orlov (2009b), Peet and Papachristodoulou (2010), and Gahlawat
and Peet (2016b). The advantage of the approach presented by these theorists is that

the resulting closed-loop controllers almost always have provable closed-loop proper-
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ties. The downsides of this approach are: the assumption of specific structure on the
Lyapunov function and controller adds conservatism to the problem; the use of ad
hoc steps such as Poincare and Wirtinger inequalities to upper bound the derivative
of the Lyapunov function by exploiting boundary conditions and continuity of the
solution; and failure to resolve the bilinearity between the Lyapunov operator and
the controller often renders the problem non-convex or severely limits the structure
of the Lyapunov function and/or controller.

Clearly, when considering computational methods for the analysis, control, and
simulation of spatially distributed phenomena, the use of a 3-constraint PDE model
is inconvenient. Unfortunately, there is no direct way to eliminate these inconve-
niences because the well-posedness of a PDE requires these auxiliary constraints.
Furthermore, one cannot avoid using such 3-constraint PDE models since the natural
representation of physical phenomena such as diffusion is necessarily a 3-constraint
PDE model — given the historical context and the clear physical interpretation of
spatial derivatives and BCs. To summarize, the 3-constraint PDE model poses sig-
nificant challenges to the development of a universal computational framework for
analysis, control, and simulation. The most significant inconveniences are as follows:

1. Non-Algebraic Structure All computation is fundamentally algebraic — con-

sisting primarily of a sequence of addition and multiplication operations. The
PDE model formulation, however, is defined by spatial differentiation and eval-
uation of limit points (Dirac operations). Neither differentiation nor Dirac op-
erators can be embedded in a *-algebra of bounded linear operators on a Hilbert
space, a result proved by Segal (1947). The unbounded nature of the differen-
tial and Dirac operators complicates both simulation and analysis — resulting
either in ill-conditioned ODE representations or a lack of the algebraic structure

needed for parametrization and optimization.
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2. No Universality Computational methods are traditionally centered on the
‘PDE’ part of the ‘PDE model’ and are designed for a fixed set of BCs and
continuity constraints. This means every change in boundary condition or con-
tinuity constraint requires a change in the algorithm, with such changes being
ad hoc and requiring significant mathematical analysis. As a result, there are no

generic/universal algorithms for the analysis, control, and simulation of PDEs.

However, these limitations are primarily an artifact of the PDE modeling approach,
are not inherent to spatially distributed systems, and can be remedied by using an
alternative modeling framework defined by Partial Integral Equations (PIEs).
Partial Integral Equation (PIE) models describe system behaviors encountered in
elasticity, mechanical fracture, etc., and were recently revived and studied by Appell
et al. (2000) and Gil (2015). The simplest form of PIE, in which we ignore ODEs,
inputs, and outputs, is defined by two Partial Integral (PI) operators, 7, A : Ly — Lo
as 0y(Tv)(t) = Av(t), where the state, v(t) € Ly admits no continuity constraints
or BCs. An operator P is said to be a 3-PI operator if there exist Ry € L., and

separable functions R;, Ro such that

s b

(Pu) (s) = Ro(s)u(s) +/R1(s, O)u(0) do +/R2<S, O u(0) de.

a S

To illustrate a simple PIE, let us revisit the heat equation PDE model, u; = u,
with BCs u(t,0) = u4(t,1) = 0, continuity constraint u € W5 and initial condition

u(0, ) = up € Wa. A PIE representation of this PDE model is given by

O, (/Osev(t,ﬁ) d@—i—/slsv(t,@) d@) — ot s) (1.1)

with initial condition v(0,) = d?ug € L. In this case, T is parameterized by
Ry(s,0) = —0, Ry(s,0) = —s with Ry = 0, while A is parameterized by Ry(s) = I

with Ry = Ry = 0. The solution to the PIE yields a solution to the PDE model
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as u(t,s) = Tu(t,s), so that u(t,s) = — [ 0v(t,0)d0 — fslsv(t,Q)dQ. Note that
since the solution of the PIE v is in Lo, we do not need any additional boundary
conditions or differentiability constraints to find a unique solution. Thus, if one con-
siders the Lyapunov function V(u) = (u,Pu), = (Tv,PTv), parametrized by a
PI operator P, then the time derivative along the solutions of the PIE (1.1) is given
by V(v(t)) = (v(t), (A*PT + T*PA)v(t)),, — ie., the proof of stability requires
showing that there exists a P = 0 such that A*PT + T*PA < 0. Since all the PI
operators that define this PIE system are bounded, linear, integral operators on Lo
Hilbert space, and more significantly, since these PI operators form a *-algebra, one
can find V without any ad-hoc manipulation such as integration-by-parts. Instead,
algebraic operations on PI operators, such as addition, composition, transpose, and
concatenation operations, can be performed by operating on their parameters. Fur-
thermore, we can parameterize positive operators of this class using a basis and a
positive matrix. Thus, one can solve operator-valued optimization problems involv-
ing PI operator decision variables and constraints — i.e., we can solve the proof of
stability test given by the constraints P > 0 A*PT + T*P.A < 0. This allows us to
overcome the earlier problems in computational analysis, estimation, and control.

In short, PIE models can be considered a generalization of the integro-differential
systems. A PIE model, unlike a PDE, is defined by a single integro-differential equa-
tion, is parameterized by the *-algebra of Partial Integral (PI) operators, and can be
used to represent almost any well-posed PDE model. Furthermore, computational
analysis of PIE systems can be performed algorithmically and without ad hoc manip-
ulations involving boundary conditions or continuity constraints. Therefore, if we can
use the properties of a PIE model of a PDE to infer the properties of the PDE, then we
can resolve the challenges faced in the computational analysis of PDEs. The remain-

der of this thesis will focus on using the PIE representation to develop computational
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tools that prove the properties of a PDE.
The main contributions of this work are: a) developing an alternative repre-
sentation of Linear PDE systems that is universal, defined by algebraic, bounded
linear operators, called the Partial Integral Equation; b) proving the equivalence in
the two representations of an infinite-dimensional system; and ¢) building computa-
tional /numerical tools for the analysis, estimation, and control of these PIEs inspired
by the LMI-based methods called PIETOOLS. An alternative to PIETOOLS does not
exist currently because, as elaborated above, a PDE model is ill-suited for developing
such tools.

The proposed methodology to achieve the research goals can be divided into the

following steps:

1. Express a given 3-constraint PDE model as an equivalent PIE model.
2. Develop computational tools for analysis and control of a PIE model.

3. Use these computational tools on the PIE obtained from a PDE to solve analysis

and control problems for the PDE.
1.1  Overview

The content of this thesis can largely be divided into two parts: one covering the
particulars of linear PDE models that admit an equivalent PIE representation, and
the second leveraging the benefits of the PIE representation to formulate analysis,

estimation, and control problems as solvable convex-optimization problems.

Part I: Representation and Parametrization of Linear

Infinite-dimensional Systems

Here, we outline the class of PDEs for which the analysis, estimation, and control

problems are addressed in this work. Specifically, in Chapter 3, We will introduce
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a standard parametric representation (although non-universal and not exhaustive)
covering a large class of linear PDEs on one spatial dimension to aid in develop-
ing a standard computational framework. While such a parametric representation
is not necessary to find an equivalent PIE representation, it is required to build a
computational framework that can convert a PDE representation input to its corre-
sponding PIE representation— i.e., a representation that is consistent, unambiguous,
and standard is needed.

Chapter 4 follows the theme of Chapter 3 in specifying a standard parametric
representation of a PIE system that will provide an unambiguous interpretation in
a computational framework. These standard representations will allow one to build
a computational tool that can solve standard problems in analysis, estimation, and
control, as will be seen later in Part II.

Lastly, to wrap up Part I, in Chapter 5, we will show that under certain admis-
sibility conditions, the standard parametric representation of a GPDE introduced in
Chapter 3 has an equivalent PIE representation of the standard parametric form in-
troduced in Chapter 4. We will show that the notions of equivalence come from the
solutions for the two representations, where the solution to one representation can be
used to determine the solution to the other. We will see that this equivalence of solu-
tions automatically leads to identical properties of the systems in terms of stability,

stabilizability, controllability, etc.

Part II: Analysis, Estimation, and Control of GPDEs

Here, we will focus on utilizing the new PIE representation to formulate and solve
problems in the analysis, estimation, and control of PDEs as solvable LMI problems.
Specifically, in Chapter 6, we will discuss the concepts of stability and dual stability,

which are then used to develop optimization-based certificates for exponential stabil-
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ity, stabilizability, and controllability of a GPDE model. To establish dual stability,
we will propose a PIE system of a specific form to be the dual of a given PIE system
where the dual has the same stability properties as the given PIE. Furthermore, the
proposed dual is chosen to have the same standard parametric representation intro-
duced in Chapter 4. By virtue of this parametric representation, the conditions to test
stability for a PIE can be extended to its dual to formulate dual stability conditions,
which naturally extends to convex formulations for stabilizability criterion.

Having established internal stability properties, we include the inputs and outputs
of the GPDE model in Chapter 7 to find provable input-output properties of the
system, namely, H,,-norm and passivity.

In Chapter 8, combining the duality results and input-output properties, we will
formulate the H..-optimal observer and controller design problems to finally resolve

the two important unresolved problems in the control theory of linear PDEs.
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Chapter 2

BACKGROUND MATERIAL

2.1 Introduction

In this chapter, we briefly introduce the concepts of convex optimization and
LMIs and then show how these techniques are used to solve convex optimization
problems such as Sum-of-Squares (SOS) problems and Linear Partial Integral In-
equalities (LPIs) — problems that commonly arise in control theory. Specifically in
Section 2.3, we will use Lyapunov methods and show how the analysis, estimation,
and control problems of Linear dynamical systems can be posed as an LMI, SOS, or
LPI problem. In addition, we also discuss LPI problems in detail by formally defining
the parametric form of Partial Integral (PI) Operators, proving some of their useful
algebraic properties, and proposing a method for solving LPI optimization problems

using LMIs.
2.1.1 Notation

Before starting, let us look at some commonly used notation and principles in
naming variables. In addition to denoting the empty set, () is occasionally used
to denote a matrix or matrix-valued function with either zero row or column di-
mension and whose non-zero dimension can be inferred from context. We denote
by 0, € R™" the matrix of all zeros, 0, = 0,,,, and I, € R™™" the identity
matrix. We use 0 and [ for these matrices when dimensions are clear from con-
text. Ry is the set of non-negative real numbers. The set of k-times continuously

differentiable n-dimensional vector-valued functions on the interval [a,b] is denoted
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by Cila,b]. Lyla,b] is the Hilbert space of n-dimensional vector-valued Lebesgue
square-integrable functions on the interval [a,b] equipped with the standard inner
product. L™"[a,b] is the Banach space of m x n-dimensional essentially bounded
measurable matrix-valued functions on [a, b] equipped with the essential supremum
singular value norm. Normal font u or w(t) typically implies that u or w(t) is
a scalar or finite-dimensional vector (e.g. wu(t) € R"), whereas the bold font, x
or x(t), typically implies that x or x(t) is a scalar or vector-valued function (e.g.
u(t) € L%[a,b]). For a suitably differentiable function, x, of spatial variable s, we

use #’x to denote the j-th order partial derivative gj—;. For a suitably differentiable

function of time and possibly space, we denote x(t) = 2x(t). We use W} to de-

note the Sobolev spaces W'[a,b] = {u € L%[a,b] | Olu € L3a,b] V I < k} with
inner product (u,V)W]? =3, (8§u,8§V>L3. Clearly, W'[a,b] = L%a,b]. For given
n = {ng, - ,ny} € NV we define the Cartesian product space W" = Hij\io W

and for u = {ug, -+ ,ux} € W" and v = {vq,--- , vy} € W™ we define the associ-

ated inner product as (u, V). = S (W, vi)ymi. We use RLY"[a, b] to denote the

Z Y
space R™ x L¥a,b] and for x = e RLy"™ and y = e RL5"", we define

X2 Yo

the associated inner product as

T hn
< s > = x{yl + <X27y2>L5 :

17 rpn

Frequently, we omit the domain [a,b] and simply write Ly, W;*, W™ or RLy"". For

functions of time only (Ls[R,] and Wi[R,]), we use the truncation operator

x(t), ift<T
(Pra)(t) =

0, otherwise,
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to denote the extended subspaces of such functions by Ls.[R, ] and Wi [R,] respec-
tively as

Ly [Ry] ={x | Prx € Ly]Ry VT > 0},

Wie|Ry] ={x | Pra e Wi[Ry ]V T > 0}.
Finally, for normed spaces A, B, L(A, B) denotes the space of bounded linear op-
erators from A to B equipped with the induced operator norm. L(A) = L(A, A).
Specifically in Chapter 8, the symbol £ may appear without an argument, which is

assumed to be an operator representing the observer gains.
2.2 Convex Optimization

A convex optimization problem involves minimizing a convex function over convex

sets. In general, any convex optimization problems can be written in the form of

min c(x), st., (2.1)

filz) <0, gj(x)=0 ie{0,---,m},j€{0,--- n}

where f;,g; + X — Y (X and Y can be the set of reals, real-valued vectors, real-
valued matrices, etc.) are convex functions, ¢ : X — R is an objective function to be
minimized, and x are decision variables. An x € X is said to be a feasible solution
if = satisfies the equality and inequality constraints — f;(z) <0, and g;(z) = 0. An
r, € X is said to be an optimal solution to the above problem if z, is a feasible
solution and ¢(z,) < ¢(z) for any x € X.

Various problems in Control theory for dynamical systems can be formulated in
this form for an appropriate choice of the convex functions ¢, f;, and g;. For example,
given a linear ODE system in state-space representation #(t) = Az(t), one can prove

stability by proving that a feasible solution exists for the optimization problem
IP>0, st, ATP+PA<O.
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In this case, P is a matrix decision variable, ¢(P) = 0, fo(P) = —P, and fi(P) =
ATP + PA.

While optimization problems, in general, need not be defined only by convex
functions, in this dissertation, we will restrict to the class of problems that are convex
optimization problems because, in the case of convex optimization problems, any local
minima is also the global minimum — i.e., if x, and y, are two optimal solutions to the
above optimization problem in Equation (2.1) then z, = y,. This property is desirable
since any method used to solve convex optimization problems, such as gradient descent
and interior-point methods Boyd and Vandenberghe (2004), converges to the best
possible solution in polynomial time.

Every optimization problem in which ¢, f;, and g; are linear functions is a con-
vex optimization problem because linear functions are convex, and linear constraints
(equality or inequality) define a convex region of feasible solutions. However, we are
particularly interested in optimization problems where decision variables are matri-
ces, and functions are on matrix variables — a specific class of convex optimization
problems called Semi-Definite Programming (SDP), commonly encountered in Con-
trol Theory. Note that the linear ODE stability test presented above is an SDP
problem. In the remaining subsections, we will focus on SDPs and their application

in Control Theory.
2.2.1 Semi-definite Programming

Semi-definite Programming is a subclass of convex optimization problems that
involve matrix-valued decision variables and linear sign-definite constraints on matrix-
valued variables — i.e., the set of feasible solutions is described by the cone of positive
semi-definite matrices. A matrix, P € R™", is said to be positive semi-definite if for

any x € R™, 2T Px > 0 (or, positive definite if the inequality is strict for all x # 0).
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SDP problems typically take the form

min  trace(CTP), s.t.,
PeRnxn

P >0, trace(AI'P)<b;, ic{0,---,m},

for some known reals b;, and matrices C' and A;. Such optimization problems are
solved using Interior-point methods first introduced by Adler et al. (1989) and shown
to be solvable in polynomial time by Alizadeh (1995). More significantly, as previously
demonstrated in this section using the stability test for linear state-space ODEs,
many problems in the control of linear state-space ODE systems lead to a class of
SDP problems referred to as ‘Linear Matrix Inequalities’ (LMIs), a thorough study

of which can be found in the book by Boyd et al. (1994), that take the form

min  trace(CTP), s.t.
PeRan

P>0, F'PG,+GI'PF; <0, i€{0,---,m}.

While it is possible (and required) to reformulate the LMIs in the standard SDP
format to use SDP solvers, many parsers, such as Yalmip by Lofberg (2004), can
directly parse LMIs and convert them into the standard SDP format before linking
with solvers, such as SeDuMi by Sturm (1999), Mosek by Andersen and Andersen

(2000); ApS (2019), etc., to apply interior-point methods.
2.2.2 Positive Polynomials and Sum-of-Squares Polynomials

Before moving on to the particulars of formulating control problems as LMIs, we
will briefly introduce optimization problems involving positive polynomials and the
Sum-of-Squares approach here — a class of optimization problems that commonly
appear in problems involving non-linear ODE systems.

We say, a polynomial p(zq,--- ,x,) is positive if for all z € R™, we have p(x) > 0.
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Such polynomials are useful to parametrize Lyapunov functions that will be intro-
duced in the next section. However, for a simple demonstration, consider a dynamical
system model given by a nonlinear ODE @(t) = f(x(t)). We can prove the stability
of this system by finding a Lyapunov function V' that satisfies V' (z) > 0 for all x # 0
and V (z(t)) < 0 along the solutions of the dynamical system. Clearly, if we choose
V(z) to be a polynomial, we can parameterize the coefficients of this polynomial
and search for coefficients such that V satisfies the above-stated constraints — i.e.,
V(x) >0 and VV(z)T f(x) <0 for all z € R. Thus, we can pose the question of the
existence of a Lyapunov function as an optimization problem involving polynomials
with positivity constraints. However, for multivariate polynomials V(x), there is no
practical way to verify the positivity since the problem is NP-hard.

To overcome the computational demands, we can tighten the constraints — i.e.,
instead of searching for a positive V' (z), we can search for a polynomial V(x) that
is a sum of squares of other polynomials. In other words, we will look for a V(z)
such that we can write V(z) = Y7 a,fn(2)? for some polynomials f,,(z) and coef-
ficients a,, > 0. If such a decomposition exists, then clearly, V' (z) is non-negative for
all z. We refer to such polynomials as Sum-of-Squares (SOS) polynomials. While
this parametrization of Lyapunov functions is more conservative, by replacing the
constraint V(x) > 0 with ‘V is an SOS polynomial’, the optimization problem be-
comes computationally tractable as shown by Parrilo (2000). This is because an SOS

polynomial V' can be written in the quadratic form
V(z) = Z(x)"PZ(z),

for some positive semidefinite matrix P and an appropriate monomial basis vector,

Z(x), in independent variables x. Thus, one can replace the positivity constraints
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(consequently, the test for stability) on the Lyapunov function V', given by
V(z) >0 V(z)=(VV(@) f(z) <0
with the constraints
P>0, Q>0 V(z)=Zx)"PZ(x), (VV(@)'f(z)+ Z(x)"QZ(x)=0.

This problem is, in fact, an LMI optimization problem with some additional linear
equality constraints — a convex optimization problem. Thus, it can be solved using
standard interior-point methods in polynomial time. We should note at this point
that one need not set up or extract the decision variables from the above formulation
to solve the underlying SDP problem because there are many parses/libraries that
aid in this process, such as SOSTOOLS by Prajna et al. (2005), SOSOPT by Seiler
(2013), Yalmip by Lofberg (2004), etc.

While optimization problems involving SOS polynomials are not directly used in
this work, as will be seen in Section 2.4, we will use this idea of sum-of-squares to
parametrize positive, infinite-dimensional operators that appear in the convex formu-

lations of the analysis, estimation, and control problems for PDEs.
2.3 Lyapunov Theory

Lyapunov Theory refers to the mathematical tools derived from the work of Lya-
punov (1992) on the stability of dynamical systems where standardized concepts of
stability and methods to determine stability were proposed. Using Lyapunov’s first
and second methods, the stability of various dynamical systems can be proved. Ar-
guably, the more impactful result, Lyapunov’s second method (or, popularly called,
the Direct method), can be used to prove stability without constructing or finding

a solution for the dynamical system. Instead, the direct method relies on proving
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stability properties by proving the existence of a proxy energy functional V(x) > 0
defined on state z of the dynamical system that decreases with time (i.e., V (z(t)) < 0
along the solution of the dynamical system).

Since then various converse Lyapunov theorems have been proposed to show the
necessity of the existence of such energy functionals of a particular form, e.g., La Salle
and Lefschetz (2012) proved that for asymptotically stable linear state-space ODE
systems of the form #(t) = Az(t) there must be a quadratic Lyapunov function of
the form V() = 7 Pz such that V(z) > 0 and V (z(t)) < 0.

Thus, using Lyapunov’s direct method and various converse Lyapunov theorems,
many analysis and control problems for linear ODE systems have been formulated as
optimization problems. In this work, we will particularly look at the use of Lyapunov’s
direct method in solving problems such as proving stability and passivity, estimating

H.-norm, or designing H..-optimal observers and controllers for the system.
2.3.1 Lyapunov Methods for Analysis, Estimation, and Control

In this subsection, we will discuss two approaches to employing Lyapunov’s di-
rect method to solve different analysis, estimation, and control problems. The first
approach is finding Lyapunov functions, which can then be used to verify internal
stability or prove the stabilizability and detectability of a dynamical system. The
second approach involves finding a storage function, which acts as an energy met-
ric, to prove input-output properties such as input-to-output Ls-gain and passivity
of a system. Applying these approaches together, one can solve problems such as
H.-optimal estimator and controller design for dynamical systems.

To describe the first approach involving Lyapunov functions, we must first define
Lyapunov functions and stability. Standard definitions for these terms are given

below, first, starting with a definition for Lyapunov functions.
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Definition 2.1. Giwen an autonomous dynamical system
i(t) = f(z(t), f: X=X, 2(0)=ua€X,

with an equilibrium point x = 0, a Lyapunov function is a scalar function V : X — R,
that is continuous and differentiable up to order 1, such that V(0) =0, V(x) > 0 for
all x # 0, and V(z(t)) = (VV(z())T f(x(t)) < 0 in an open-neighborhood around
xz=0.

Next, in regards to stability, there is more than one definition of stability; however,

in this work, we will consider the three commonly used notions, namely, Lyapunov,

Asymptotic and Exponential stability.
Definition 2.2. Consider an autonomous dynamical system
x(t) = f(z(t), f:X—=>X, x0)=x€X,
with an equilibrium point x = 0.
1. This equilibrium is said to be Lyapunov stable, if, for every e > 0, there exists

d > 0 such that ||x(0)|| < 0 implies ||x(t)|| < € for all t > 0.

2. This equilibrium is said to be Asymptotically stable, if it is Lyapunov stable

and there exists 0 > 0 such that ||z (0)|| < ¢ implies lim;_, [|z(t)]| = 0.

3. This equilibrium is said to be Exponentially stable with decay rate o > 0, if
there exist M and 6 > 0 such that ||x(0)]] < & implies ||z(t)|| < M ||z (0)] e~

for allt > 0.

If there is only one equilibrium point, then the stability of the equilibrium point
also alludes to the system’s stability. The real benefit of these definitions, however, lies
in Lyapunov’s ‘Direct’” method, wherein an equilibrium point of a dynamical system
is:

26



1. Lyapunov stable, if there exists a Lyapunov function V' such that V(x) <0

for any solution = of the system.

2. Asymptotically stable, if there exists a Lyapunov function V' such that

V(z) < 0 for any solution z of the system.

3. Exponentially stable with decay rate «, if there exists a coercive Lyapunov

function V' such that V(z) < —2aV (z) for any solution z of the system.

Therefore, one can prove stability by finding an appropriate Lyapunov
function. This will be the primary approach taken in this work to prove stability,
stabilizability, and detectability. Given an autonomous system, we parameterize Lya-
punov function candidates V' (z) using quadratic forms V(z) = (z, Pz) and search
for a P > 0 while restricting V(z) = (2Pz)T f(z) < 0 (< 0 if proving asymptotic
stability, < —2a'V (z) if exponential). Thus, the task of proving stability can be posed
as an optimization problem with P as a decision variable. Likewise, as will be shown
later in Chapter 6, tests for stabilizability and detectability can also be formulated
as optimization problems.

The second approach requires storage functionals to prove the input-output prop-
erties of a system. We will only discuss the problems of finding the H,-norm and
proving the passivity of a system, however, the second approach can be used for other

problems, such as finding the Hy-norm. As before, we must first define the terms.

Definition 2.3. Given an autonomous system

we say

1. the system is passive if, for any Ls-bounded input u, any solution {x,z} that

satisfies the system also satisfies (z(t),u(t)) > 0 for all t > 0.
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2. v > 01is the Hy-norm of the system if, for any Lo-bounded input u, any solution

{, 2} that satisfies the system also satisfies ||z||,, < v ||ullL,-

Using a positive storage function, one can alternatively formulate the constraints

in the above definitions as

1. the system is passive if there exists a storage function V' (0) = 0, V(z) > 0 for
all x # 0, such that V(z) — 2 (z,w) < 0 for all {z, z} that satisfies the system

for any input w.

2. v > 0is an upper bound on the H,-norm of the system if there exists a storage
function V' (0) = 0, V(z) > 0 for all z # 0, such that V(z) +|z[|> —~2 |Ju||* < 0

for all {z, z} that satisfies the system for any input w.

Thus, one can, again, parameterize storage functionals V' (quadratic form intro-
duced earlier being a popular choice) and add appropriate constraints to formulate
the above problems as an optimization problem. In the above case of finding H..-
norm of a system, ~ is merely an upper bound and not the exact H,,-norm. However,
one can use vy as an objective function and solve the constraints of the optimization
problem while minimizing this objective to find a better estimate of the H,,-norm of
the system. In addition, one can also parameterize a feedback input u(t) = h(x(t))
and solve for h along with the parameters of V' while minimizing v to design H.-
optimal observers and controllers — an approach discussed in detail in Chapter 8. In
the following sections, we will divert our attention to the class of Partial Integral op-
erators and their properties, which will prove useful later in parametrizing Lyapunov
functions (or storage functions) and feedback inputs for infinite-dimensional systems

such as PDEs.
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2.4 Partial Integral Operators

In this section, we discuss the class of Partial Integral (PI) operators in one-
spatial dimension and their properties. As noted here, and later in Chapter 4, this
class of operators is a natural extension of matrices — matrices are operators on
finite-dimensional vector spaces, whereas PI operators are a generalization of matrix
operators on infinite-dimensional Hilbert spaces. This class of operators will be use-
ful in parametrizing the class of Partial Integral Equations (PIEs), which is being
proposed as an alternative representation of PDE models. We will also introduce the
class of optimization problems with PI operator decision variables and constraints
called Linear Partial-integral Inequalities (LPIs), which are a natural extension of
LMI optimization problems to operator-valued optimization problems. Lastly, we
will present a method to solve these LPIs using LMIs — a crucial result that will later
allow us to solve analysis, estimation, and control problems for PDE systems using
convex-optimization methods.

First, we start with a formal definition of PI operators and the set of PI operators,
also called ‘Pl-algebras’. The Pl-algebras are parameterized classes of bounded linear
operators on RL;"" (the product space of R™ and L%). Here, we specifically denote
two sub-algebras of these operators and associate a notation to them because they
will be extensively used in the dissertation. The first is the algebra of 3-PI operators,
which map L7 — L%, that is exclusively defined by parameters that are separable

functions, which are defined below.

Definition 2.4 (Separable Function). We say R : [a, b]> — RP*4 is separable if there

existr € N, F € L'*?[a,b] and G € L"*a,b] such that R(s,0) = F(s)TG(0).

Using separable functions as the parameters that define a 3-PI operator, we next

define a standard notation for this subclass of PI operators as follows.
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Definition 2.5 (3-PI operators, II3). Given Ry € LPX]a,b] and separable functions

Ri, Ry : [a,b)* — RP*9, we define the operator Il g,y for v € Ly[a,b] as

(II{r;yv) (s) = Ro(s)v(s) + /S Ry (s,0)v(0)do +/ Ry(s,0)v(0)db. (2.2)

Furthermore, we say an operator, P, is 3-PI of dimension pxq, denoted P € [Il5],, C

L(L1, LY), if there exist functions Ry and separable functions Ry, Re such that P =

Oy

For any p € N, [II;],, is a *-algebra, being closed under addition, composition,
scalar multiplication, and adjoint. Closed-form expressions for these algebraic oper-
ations on 3-PI operators are included in the following subsections.

The algebra of 3-PI operators can be extended to L(RLy"", RLy?) as follows.

Definition 2.6 (4-PI operators, II;). Given P € R™*" (Q, € L%, Q5 € LPX™, and

P
Ry, Ry, Ry with Pig,y € 3], 4, we say P = I —‘& € LIRLy?, RLy") if
Q2 | {R:}

oo = | ot v | .

v QQ(S)U + (H{Ri}v) (S)

Furthermore, we say P, is 4-PI, denoted P € [I14]7", if there exist P, Q1, Q1, Ro, Ry, Ry

Pq
P
such that P = Il ik )
Q2 | {1}

Similar to [II3],,, for any p,q¢ € N, [II4]2% is a *-algebra, being closed under
addition, composition, scalar multiplication, and adjoint. Closed-form expressions
for these algebraic operations are included in the following subsections.

Note, from here onward, we will omit the subscripts/superscripts for II3 and II,

when the dimensions are either evident from the context or are irrelevant.
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2.4.1 Algebra of PI Operators

This subsection primarily deals with formally defining *-algebras and proving that
the set of PI operators with polynomial parameters (denoted by [II}] and [II}]) form

a *-subalgebra.

Definition 2.7 (Algebra). A wvector space, A, equipped with a multiplication opera-

tion, is said to be an algebra if, for every X, Y € A, we have XY € A.

Definition 2.8 (Associative Algebra). An algebra, A, is said to be associative if for
every X,Y,Z € A

X(YZ)=(XY)Z
where XY denotes a multiplication operation between X and 'Y .

Definition 2.9 (*-algebra). An algebra, A, over the R with an involution operation

* s called a *-algebra if

1L (X*)" =X, VYXeA

2. (X+Y) =X"4+Y*, VX, YeA
3. (XY) =Y*X*, VX,YeA

4. (AX)* = AX*, VAER XeA

For the set of PI operators, II;, we choose the addition of operators and compo-
sition of operators as the binary operations addition and multiplication, respectively.
The involution is chosen to be the adjoint operation with respect to the RLs-inner
product. Then, we can represent these algebraic operations on PI operators as a

linear map of the parameters of the PI operators. Note that the scalar multiplication
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requirement, point (4) in the above definition, is automatically satisfied because PI
operators are linear operators and hence, the proof is omitted here.

Parametric Representation of Operations on II;: Algebraic operations on II;
are defined by algebraic operations on the parameters that represent these operators.

Specifically, corresponding to II3 and Il let us associate the corresponding parameter

spaces
Cslpq = {{Ro, R1, R2} : R; € LPX9 Ry, Ry are separable},
P
[F4]Zf;1p = . P € Rmxn’ Ql € LZZDXq, QQ < ng;n’ {Rz} < [Fg]p’q
Q2 | {R:}

Then if the parametric maps P, P’ : [[}] x [I] — [[}], PL : [[;] — [[}] are as

defined in Lemmas 2.1 to 2.3, for any S,T" € [I';], we have

I[P (s, 1)) = H[S|I[T),  H[P(S))=1[s]", I[P (S,T)] =1I[S] + [T].

Lemma 2.1 (Addition). For any matrices A, L € R™? and Lo.-bounded functions
By, M : [a,b] — R™ 49 By M, : [a,b] — R™P, Cy, Ny : [a,b] — R"* and separable
functions Cy,Cy, N1, Ny : [a,b]> — R™, define a linear map P4 : [T4]2 x [Ty4]7P —

[C4]™P such that

n,q

where

P=A+1L, Q=B+ M; R =C;+ N,
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If P,Q;, R; are as defined above, then, for any © € RP and z € Li([a,b])
I Pi A ‘ By , L ‘ M, x
By | {Ci} M | {Ni} z
_|r A B, L M, x
By | {Ci} My | {Ni} z

Proof. The proof is in the Appendix B.1. O]

+ 11

Lemma 2.2 (Composition). For any matrices A € R™* P € R*? and Ly, -bounded
functions By : [a,b] — R™ Qy : [a,b] — R4, By : [a,b] — R™¥ Q, : [a,b] — R>P,
Co : [a,b] — R™ Ry @ [a,b] — R™4 and separable functions Cy,Cy : [a,b> —

R™! Ry, Ry : [a,b]> — R, define a linear map P% : [Fd?f X [Fdfj — [TuliP such

Pl O _pi A ‘ By P ‘ @1
Qs | {3} “\| B | (i} Q| {Ri}

A~ b >
p:APﬁ/&@WMMaJM$=%@Ww%

that

where

QK$ZAQN$+BKQ%®%+LZiWﬂﬁWJWH+Aﬁ&Wﬂ%@£Mm
@@:BwW+%@@@+[a@m@wm+[@@m@mm
Ruls,m) = Ba(s)Qu(n) + Co(s) Ra(s,m) + Ci(s, m) Roln)
+ [ s omonss [ orenns [ csor s
Ry(s,m) = Ba(5)Q1(n) + Co(s)Ra(s, ) + Ca(s, 1) Ro(n)

s n b
+/wam@mwﬁ/@@m&@mwﬁ/@mwm@mw
a S n
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If P,Q;, R; are as defined above, then, for any x € R™ and z € L3 ([a, b)),

e A‘ By | P‘ O1 T
By | {Ci} Q2 | {Ri} z
A| B P T
I 1 1T @1
By | {Ci} Q2 | {Ri} Z
Proof. The proof is in the Appendix B.1. ]

Lemma 2.3 (Adjoint). For any matrices P € R™*? and Ls,-bounded functions Q1 :
la,b] — R™ 9 Qo : [a,b] — R™P, Ry : [a,b] — R" 4, and separable functions

Ry, Ry : [a,b]* — R™™, define a linear map P} : [Ly]7"P — [yl such that
P Ql _ P4 Vi Ql
Q2 | {Ri) Q2 | {Ri}

p=pT Q1(s) = Q3 (s), Q2(s) = Q7 (s),

~

RO(S> = Rg(s)v ﬁil(Sﬂ’/) - Rg<n7 S)? R2<S77]> - R1T(77: S)' (24)

where

Then, for any x € RLy"™,y € RLYY then we have

<X,U Pl o y> =<U P} Plo X,y> , (2.5)
Qs | {R:} I Q2 | {R:} —_—

Proof. The proof is in the Appendix B.1. O

Note that the above Lemmas lead to obvious definitions for Pi, P3, and P3
involving only the 3-PI parameters. Thus, we will omit explicit definitions here.

Now that we have formally defined the binary and involution operations on the set
of PI operators, the following two results are fairly straightforward and require simple

algebraic manipulations, such as changing the variable or the order of integration.
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Lemma 2.4. The set [II;] equipped with composition operation forms an associative

algebra.

Proof. The proof is in the Appendix B.1. O]

Lemma 2.5. The set [I1;] equipped with the binary operations of addition and com-
position and the involution operation given by the adjoint w.r.t. RLy inner product is

a *-algebra.
Proof. The proof is in the Appendix B.1. O]

Lastly, a trivial extension of the above result is that the set of PI operators with
polynomial parameters, IIY, also forms a *-subalgebra. This is because algebraic
operations on the parameters of a PI operator involve addition, multiplication, inte-
gration, and transpose, all of which preserve the polynomial form of the parameters.
Therefore, all algebraic operations, namely addition, composition, and adjoint, on PI
operators with polynomial parameters will give another PI operator with polynomial

parameters — i.e., the set II} is a closed subalgebra of a *-algebra.
2.4.2 Positive PI Operators and Linear PI Inequalities

A convex optimization problem with PI operator decision variables and sign-
definite constraints on self-adjoint PI operators is called a ‘Linear PI Inequality’
(LPI) optimization problem. Such optimization problems arise in various PIE sys-
tems analysis, estimation, and control problems as demonstrated in Chapter 1 with

a stability test example and later in Part II.

Definition 2.10 (LPI). A Linear PI Inequality optimization problem is a convex
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optimization of the form
m

min Z ci(P;) s.t.,

P, ell .
=0

P, =0, APA +Q; X0,

where A;, Q; are known PI operators with Q; self-adjoint, and ¢; : Il — R are linear

functionals on PI operators for alli € {0,--- ,m}.

To solve optimization problems involving PI operators, e.g., P; € Ily, we need
the ability to enforce/test positivity constraints P; »= 0. For this, we will use an
idea identical to the SOS parametrization of positive polynomials introduced earlier
in Section 2.2.2. In the case of positive PI operators, we will use a parametrization
that is a linear combination of the sum-of-squares of the PI operator basis instead
of the polynomial basis. Such a parametrization of PI operators can be written
in a quadratic form using positive matrices as P = Z*PZ for a fixed operator Z
and positive semidefinite matrix P > 0. The following theorem provides a sufficient
condition for the positivity of a 4-PI operator. This result allows us to parameterize a
cone of positive PI operators as positive matrices, implement LPI constraints as LMI
constraints, and solve LPI optimization problems using semi-definite programming
solvers such as SeDuMi by Sturm (1999), Mosek by Andersen and Andersen (2000),

etc.

Theorem 2.6 (Positive PI). For any functions Z, : [a,b] — R®*" 7, : [a,b] x
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[a,b] — R®*" if g(s) > 0 for all s € [a,b] and

b
P=Tis [ gls)ds, Ro(s) = 9(5)21(5) T2 (o)

a , ;
Q) = 9 TZi(o) + | o(s)TuZa(s,mds+ [ g(s)Tuuza(s s,

n a
b
Ri(s,m) = g(s)Z1(s)" Tas Za(s,m) + g(n) Z2(n, S)TT4221(77)+/ 9(0)Z2(0, 5)" Ts322(6,7m)d6
+/ g ZQ 0, S T43Z2(9,17)d9+/ng<9)22((9,S)TT44ZQ(9,’I7)d(9,
n

a

b
R2<37 77) = g<3>Z1(S)TT32Z2(87 77) + 9(”)Z2(777 S)TT24ZI (77) + / g(e)Z2(07 S)TT33Z2(97 77)d9
n

n s
+ / 9(0)Z5(0, ) Tou Zo (0, n)d0 + / 9(0) (6, 5) s Zo(0, 1) 0. (2.6)
where
Ty Ty Tz T
Ty Toy Toz Ty
T = =0,
Ty T390 T3 T4
_T41 Tyo Tiys T44_
P . . . . : :
then the operator I[ as defined in Equation (2.3) is positive semidefinite,
{R:i}

P

i.e. <x, 11 o x> >0 for all x € R™ x Ly[a,b].
{R:}

Proof. The proof is in the Appendix B.2. n

Then, any LPI optimization problem of the form

i (P 1. - DA <
71313%1'1_1[ Z:CZ<P1> s.t s 7)@ - 0, A/L,P’LAZ + QZ - 07
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can be converted to an LMI optimization problem of the form

i tr(CT A, 1.,
Pz 0, P’+Qi=0,
P =Z2iPZ;, APA=2ZPZ, Q,=2ZQZ2,

where Z; are chosen basis PI operators, C; are known matrices, A;, O, are given
PI operators with Q; self-adjoint. Later in Part II of this dissertation, we will show
that the problems in the analysis and control of PIEs, e.g., H.-optimal observer and
controller design problems, can be formulated as LPI optimization problems.

Since all the conditions presented in this thesis are in the form of LPIs, we de-
veloped computational methods for solving LPIs (See the paper by Shivakumar and
Peet (2019)). In brief, the bases used in PIETOOLS for a positive PI operator
are n'"-order basis of PI operators, Z,, whose parameters are monomial vectors
up to order n. For example, P > 0 if there exists some matrix () > 0 such that
P=2ZQZ, = Z;Q%Q%Zn >~ 0, where the basis Z, is constructed using a vector of

monomials in s up to order n, Z,, as

v Zn(s)x(s)
Zol W= ) (2.7)
X [2(Zu(s) ® Z,(0))x(0)do
2 (Za(s) © Z,(0)x(0)d0 |

where ® denotes the tensor product. The highest order of these monomials, n, can
be used as a measure for the order of complexity of the LPIs, which will later be used
to ascertain the accuracy and convergence of the solution to an LPI optimization
problem.

Lastly, we will use the MATLAB toolbox that was developed to solve LPI op-

timization problems, PIETOOLS, because the toolbox offers convenient MATLAB
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functions to convert PDEs to PIE, declare PI decision variables, add LPI constraints,
and solve the resulting optimization problem. We refer to the PIETOOLS User Man-

ual by Shivakumar et al. (2021) for details.
2.4.3 Inverse of PI Operators

In this subsection, we address the problem of inverting PI operators of the form

P Q
I —T‘i € I1,. Such an inverse is needed in order to reconstruct the controller
Q" | {1}

gains K = ZP~! or observer gains £ = P~ Z where P, Z are solutions obtained from
an LPI optimization problem. In the special case where P = P* = 0 and Ry = Ra,
an analytic expression for this inverse was given by Peet (2020a). However, the
restriction Ry = Ry to integral operators with separable kernels introduces significant
conservatism and reduces the accuracy of LPI tests for H,-norm bounds and H.-
optimal control. Therefore, we need an analytical expression to construct the inverse
without constraining the parameters of the PI operator. For this purpose, we use
an iterative algorithm for constructing the inverse based on the generalization of a
method proposed by (Gohberg et al., 2013, Chapter IX.2), which is restated below in

a concise form without proof.

Lemma 2.7. Define P = Il{; y, u,y where Hy(s,t) = —F;(s)G;(t) for some F;, G; €

Lyla,b]. Let U and V' be the unique solutions to

U(s) =1+ /8 Bt)Ct)U(t)dt and V(t)=1-— /tV(s)B(s)C(s)ds

Gy (s
where C(s) = [Fl(s) Fg(s)} , B(s) = 1(s) . Then V(s)U(s) =U(s)V(s) = 1.
—GQ(S)
Furthermore, if we partition
Uy U
Ub)=| " 7|, UpeR™
Uy U



where q is the number of columns in Fy, then P is wnvertible if and only if Usy is

invertible and P~! = H{17L17L2} where

S| 0 0] L =ceue - VB,
UpUn I,|  La(s,t) = —C(s)U(s) PV(£) B(D).

Note that, by construction, Ly and Ly are separable — i.e., there exist H;, J; such
that Ly(s,0) = Hi(s)J1(0) and Lo(s,0) = Hy(s)J2(0). This implies that P~ is
a PI operator, albeit not necessarily with polynomial parameters. We can extend
this result to a more general class of integral operators (PI operators of the form

Ry k1 Ryy) as follows.

Corollary 2.8. Given Hy(s), Hi(s,0) = Hi.(s)H1,(0), and Ha(s,0) = Hau(s)Ha(0),
with Hy invertible, define F; = —Hy ' Hy, and G; = Hy,. Then, if P = H{LHO—IHI’HO—IH2}
is invertible and P~ is as defined in Lemma 2.7, we have H&lﬁ} = I, where

RO = Hal, Rl(s,ﬁ) = LQ(S,@)R()(e), and RQ(S,G) = LI(S,G)RO(G)

Proof. 1f H;, Ri, L; are as defined, from the rules for composition given in Lemma 2.2,

we have

—1
{Ho,H1,H2}

- . . -1 -1 . R —1
- (H{Ho,070}H{I,Ro(s)H1 (s,@),Ro(s)Hg(sﬂ)}) - H{I,Ro(s)Hl(g,é)),Ro(s)Hg(s,e)}H{HO,O,O}

1
= (T -ruo6i0)-m003) iz ooy = Hipay Dz 00y = i i iy
0

The inverse P~! in Lemma 2.7 (and Corollary 2.8) is defined in terms of some
matrix-valued functions U, V which satisfy a set of Volterra-type integral equations
of the 2" kind. However, Lemma 2.7 does not provide a method for solving these

equations to find U and V. Fortunately, however, this class of integral equations
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has been well-studied, and iterative algorithms have been proposed for solving this
class of equations. Our approach to constructing the inverse is based on the method
of successive approximation class of algorithms, the convergence of which has been
established in the following Lemma that’s proved in (Gohberg et al., 2013, Chapter

IX.2). Also, see approaches presented by Brunner (2017) and Rahman (2007).

Lemma 2.9. Let A : [a,b] — R™™ be Lebesque integrable on |a,b]. Then, the series
L + 32, Uil(s), where Uy = [ A(0)Ur—1(0)d0 and Uy(s) = [* A(0)df, converges
uniformly on s € |a,b] to a unique function, U : [a,b] — R™ ™, that solves U(s) =

L+ [T A0)U(0)d6. Furthermore, for any k € N,

o < ([ ||A<s>|rds)k7 s€ fa.b).

Lemma 2.9 can be used to formulate an algorithm for computing the U(s) and
V (t) matrix function needed to define P~! in Lemma 2.7 (V is found by solving for

its transpose) as follows.

Algorithm 1 Approximating the inverse of
b

1: Given: n, e, [a, b, F;, G;. Set: Uo Vo=1I,N=0.

2: forie {0,---,n} dos;=a+ (b a)

G1(s;
3 COfsi) = [Fl(si) Fg(si)},B(si)z 1(ss) . A(si) = B(s;)C(s)
—Ga(s))

4: end for

o

. k
while (zgj ||A(si)||) >e-kldoN=N+1
6: forie {1,---,n} do

j=i U (s
7 Urra(s:) = 452 [A<sj> A<3J~-1>] )
=1 Uk(sj-1)
J=t A S5
8: Vieya(si) = %52 [Vk(Sj) Vk(Sj—l)] =
7=l A(sj-1)



9: end for

10: end while

11: for i € {0,--- ,n} do

120 Ulsi) = Sitg Ul(si) - Visi) = ity Valsi)
13 Uls;) =C(s))U(si)  V(si) = V(si)B(si)-

14: end for

U, U 0 0
5 | P = (b) P=

Ui Uy U2_21U21 1

16: Solve the problem

a,fERIT]

min Y [[Up(s:) = Ulsi)l5 + 1Vo(ss) = V(si)ll;
=0
s.it. Up(s) = acol(l,s,---,s%), Vy(s) = Beol(l,s, - ,s%).

170 Li(s,t) = Up(s)(I — P)V,(t) La(s,t) = =U,(s)PV,(t) return Ly, Ly

The algorithm presented above finds an approximation of the inverse of R at
various locations s; € [a,b] and a polynomial is fit, using least-squares regression, at
the end to express R~! as a PI operator of the form H{17L17L2}’

Corollary 2.8, unfortunately, only works for P € II3. However, one can extend
this result, with some additional assumptions, to any P € Il using a generalization

of a standard formula for block matrix inversion.

P P
Lemma 2.10. Suppose [] A € I, with P invertible, then II A
Q2 | {R:} Q2 | {1}

01 0
is invertible if and only if I[ is invertible where Hy = Ry and H;(s,0) =

0| {H:}
Ri(5,0) — Qa2(s)P71Q1(0). Furthermore, if H; satisfy the conditions of Corollary 2.8

and R; are as defined therein, we have that
-1

MEAR _ 7 I‘—P‘lQl HP‘1 ? 1 ‘ 0
QQ {RZ} 0‘ {I,0,0} 0 ‘{Rl} —QQP_l {I,0,0}
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Proof. Suppose P is invertible. Then

M= N Nz
I P | Q 7 I ‘ 0 1 P‘ 0 I I‘P*Ql
Q| 17} QP o0y || o] 0| 11,00}

Clearly, M, N are invertible with

I ‘ 0
M=
—Qo P71 | {1,0,0}
. oo Q1 | . . . . 0 0
Hence invertibility of I] is now equivalent to invertibility of II
Q2 | {Ri} 0| {R:}

Now if R; are as defined in Corollary 2.8, we have

-1

which completes the proof. O

The inversion formula for PI operators in Lemma 2.10 is expressed in terms of the
composition of PI operators. This implies the inverse is a PI operator, and using the
composition rules for PI operators listed above, we may obtain a precise expression

for the parameters in this inverse.

-1

For convenience, these are listed in Appendix B.3.

Note that while Lemma 2.10 requires invertibility of the matrix P, such invertibil-

@

ity is not necessary for invertibility of the operator P = I . However,
Q2 | {Ri}

for controller reconstruction, we often require strict positivity of P to establish sta-
bility of the real part of the state — such as in the case of time-delay systems. In this

case, Lemma 2.10 is necessary and sufficient. However, the invertibility of P may be
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0| 0
avoided if, instead, II is invertible. Such invertibility is ensured in the
0| {R:i}

case of strict positivity of these operators —i.e., Ry(s) > el. In this case, we consider
generalizing the second formula for block matrix inversion.

@1
Q2 | {1}

invertible if and only if the matriz

Pop_1 0 Qs H{};}H 0|0
0| {0} Q2 | {0}

1s tnwvertible. Furthermore, if H; = R; satisfy the conditions of Corollary 2.8 and R

Lemma 2.11. Suppose P = 1] e Il with H{R,;} invertible. Then P is

are as defined therein, we have that

P _ul % s
0 | {Ri}

where
0 I 0 I| - 1 0
U=1 ‘ - I ‘ V=1 @ I -
of thy | | @] tra of try || o] aa
Proof. Suppose II (r;} is invertible. Then, by defining
1 0
R = 1|
0| {Rr:}
we have
M= o= N=

A A A

I P Q1 _q I| @ RH P 0 RH I 0
Q2 | {Ri} 0| {R:} 0| {Ri} Q2 | {Ri}

Clearly, M, N are invertible with A’~! = I/ and M~ = V. Hence, the invertibility of

P is now equivalent to the invertibility of P. Now if R; are as defined in Corollary 2.8,

we have .

which completes the proof. m
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Given a PI operator invertible, we may now reconstruct the inverse by using
Lemma 2.11 in combination with Algorithm 1 to find the solution of the Volterra
integral equations in Lemma 2.7. This will prove useful in Chapter 8 to reconstruct

observer and controller gains to be implemented on the original PDE system.
2.5 PIETOOLS

Lastly, we will briefly introduce PIETOOLS, a toolbox developed to perform the
operations introduced in the previous section using simple high-level programming
syntax. Specifically, this toolbox allows one to define and manipulate PI operators in

Matlab in a manner similar to the matrix variables. For example, one can declare a

PI operator P : RL>'(0,1] — RLy?[0,1] given by

] e

LR

and assign parameters using the code

>> pvar s theta; opvar P;
>> P.P = [-1,2]; P.Q1l = (3-8"2); P.Q2 = [0,-s; s,0];

>> P.R.RO = [1; s73]; P.R.R1 = [s-theta; thetal; P.R.R2 = [s; theta-s];

Once defined, one can manipulate such PI operator variables, similar to matrices,

such as

1. For addition of two PI operators: A+B

2. For composition of two PI operators: A*B

3. For adjoint of a PI operator: A’

4. For concatenation: [A; B] or [A, B]
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5. For inversion: inv(A)

While the above operations simplify the process of setting up/parsing an LPI op-
timization problem in Matlab, most of the LPIs presented in this work have been
implemented as standard functions in PIETOOLS for convenience. Thus, provided
appropriate supporting libraries, such as SOSTOOLS, Multipoly toolbox by Seiler
(2013), and a supported SDP solver, are installed, one can solve such LPIs just using
simple function calls. While a detailed discussion about all the features offered by
PIETOOLS can be found in the user manual by Shivakumar et al. (2021), we will
mention a few key steps that will allow one to solve the numerical examples presented
in this work.

A standard PIETOOLS program /script will require the following steps to be per-

formed in proper order:

1. Define independent variables

>> pvar s t theta;

2. Define a PDE (either using the symbolic parser or the GUI). Here, we will
demonstrate define a reaction-diffusion PDE using the symbolic parser. Given

a PDE

x(t,s) = bx(t, s) + 92x(t, 5) + w(t),
2(t) = /1 x(t,s)ds, x(t,0) = 0s(t,1) =0,

we can define the PDE in PIETOOLS as

46



>> x=state(’pde’); z = state(’out’); w = state(’in’); pde = sysQ;
>> eqns = [diff(x,t)==b*x+diff(x,s,2)+w; z==int(x,s,[0,1];
subs(x,s,0)==0; subs(diff(x,s),s,1)==0];

>> pde = addequation(pde,eqns);

3. Convert PDE to its PIE form

>> pie = convert(pde,’pie’);

4. Set up an LPI optimization problem. For instance, to test stability, one can use
the code
>> opts = lpisettings(’heavy’);

>> [sol,P]= lpisolve(pie,opts,’stability’);

where sol is a structure that stores the optimization problem solution status,
P = P is the PI operator in the Lyapunov function V(x) = (x, Px) that proves
the stability of the PIE, and hence the PDE. Details on the proof behind these

conclusions will be presented in Chapters 5 and 6.

5. Simulate the PDE for some initial conditions and input using piesim as

>> opts.pde.ic = s*(s-1); % initial condition for x
>> opts.tf = 5; J simulation time in seconds

>> opts.N = 8; 7% number of Chebyshev bases

>> inp.w = sin(b*t); % input disturbance w(t)

>> [solution] = piesim(pde,opts,inp);
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where solution is a structure that stores the time-dependent solution xy (¢, s)
that is an Nth-order Chebyshev approximation of the solution of the PDE,

x(t, s).

Likewise, one can solve various analysis, estimation, and control problems by
changing the third argument of the function 1pisolve(), e.g., ’12gain’ for H,,-norm
bound, *hinf-estimator’ for H.-optimal state observer design, >hinf-control’
for H..-optimal state-feedback controller synthesis. If solving an observer design
or controller synthesis problem, one can construct the closed-loop system using the
function call pie_cl= closedLoopPIE(pie,K,’control’); and then simulate using
piesim() function. The code required to run the numerical examples will not be
presented in the document; however, it can be found online in GitHub repository of
Shivakumar et al. (2020b).

The remainder of the thesis will utilize the concepts introduced in this chapter
to formulate the analysis, estimation, and control problems of linear PDEs in one
spatial dimension as convex LPI optimization problems that can be solved using
LMIs. However, we must first express PDEs that have 3 constraints and unbounded
and non-algebraic operators using PI operators that are algebraic. Furthermore, we
must show that such a transformation does not affect any of the system properties
that are being investigated. Therefore, Part I will focus on formally introducing the
class of PDEs that admit such representations and prove the properties of the new

representation.
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Part 1

REPRESENTATION AND
PARAMETRIZATION OF
LINEAR
INFINITE-DIMENSIONAL
SYSTEMS
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Chapter 3

GENERALIZED PARTIAL DIFFERENTIAL EQUATIONS

3.1 Introduction

As briefly mentioned in Chapter 1, a universal parametric representation of linear
PDEs in one spatial dimension does not exist. However, to develop a computational
framework for the analysis, estimation, and control of PDEs, we need to establish
some standard representation for the PDEs so that a PDE can be defined unam-
biguously and passed as an input to this framework. Therefore, in this chapter, we
will introduce a parametric representation for linear PDE systems to encompass a
large class of PDESs, such as linear parabolic PDEs with nth-order spatial derivatives,
ODE coupling, integral terms, boundary values terms, and inputs all of which can be
present either in the dynamics of the PDE, the outputs, or the boundary conditions.
We will later derive a PIE representation before the analysis and design step for the
PDESs that can be represented in the parametric form proposed here.

Before presenting the complete parametric form of a general linear PDE model
considered in this work, let us illustrate a typical PDE model using a diffusion equa-

tion example to identify the various parameters needed to fully define a PDE:

x(t,s) = cO?x(t, s), s€(0,1), t>0
x(t,0) =0  x(t,1) =0,

x(t,") € X = {x € Ly[0,1] : O,z,0%x € L,[0,1]}.

The first constraint, referred to as the ‘PDE dynamics’, dictates the change of state x

within the interior of the domain, s € (0,1). The two algebraic conditions, x(¢,0) = 0
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and x(¢,1) = 0, are referred to as ‘boundary conditions’ since these dictate the
value of the state x at the boundary. Lastly, the continuity constraints on the PDE
state x are specified by x(t,-) € X. In general, a PDE model is of interest only
if it is well-posed. While an exhaustive set of conditions for well-posedness may be
difficult to formulate, one can specify certain baseline conditions that are sensible
mathematically and useful in modeling a physical phenomenon. An example of such
baseline conditions is Hadamard’s criteria, proposed by Hadamard (1902), for well-

posedness, which are listed below:
e The problem has a solution.
e The solution is unique.
e The solution’s behavior changes continuously with the initial conditions.

The first criterion, although it is the most fundamental requirement, is also the most
vague requirement because the criterion itself does not specify what a solution is or
what properties a solution must have. Typically, in the case of PDEs, the notion of a
solution is obtained from the physics that is being modeled. In the heat equation PDE
modeling the temperature distribution in a 1D rod, for instance, this criterion would
imply that the solution must be sufficiently continuous for the spatial derivatives and
boundary values to be well-defined. However, many PDEs used to model various
phenomenon, if not most, do not have a solution that is differentiable in the classical
sense but such PDEs have important applications and must not be excluded — e.g.,
transport equation used to model traffic flow. Hence, to satisfy the first criterion of
Hadamard, we require the x to be only weakly differentiable and allow PDEs to have
weakly differentiable solutions to expand the class of PDEs that can be considered

well-posed.
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The latter two of Hadamard’s criteria are more direct in the sense they can be
stated mathematically as: if x and y are solutions of the PDE then x = y, and if
x(0, s) is perturbed by d > 0 then x(t, s) is perturbed by some € > 0. These two crite-
ria are motivated from the perspective of application. Uniqueness is required because
if a model of the system has multiple solutions, then one cannot possibly anticipate
the solution trajectory that will be taken by the system — undermining the primary
purpose (of analysis/control) of modeling the system. The last criterion ensures that
minor errors in initial conditions, which are inevitable due to limited precision and
numerical errors, do not lead to large errors later on. To summarize, any well-posed
solution to the above heat equation PDE must: a) satisfy all 3 constraints, strongly
or weakly; b) must be unique; and ¢) depend continuously on initial conditions.

Since the first criterion is the most ambiguous of the three, we will look into it
more thoroughly in this chapter. Particularly, since the criterion is determined by the
dynamics, BCs, and continuity constraints, we will focus on these 3 constraints. The
3 constraints are independent to some extent and can, in fact, be parameterized sepa-
rately, as will be shown later. The constraints in other PDEs, with more complicated
terms such as ODE coupling, integral terms, etc., also conform to this categorization.
Therefore, instead of providing more illustrations of such PDEs, we will skip a beat
and directly consider the exhaustive class of PDEs (with ODEs, inputs, and outputs)
that will be handled in the dissertation while defining the standard parametrization.

In the following sections, we first parameterize the class of ODE-PDE models for
which we may solve the analysis, estimation, and control problems. To account for
the generality of the class of PDEs being considered, we will see that a large number
of constraints and parameters are required in the standard representation. Further-
more, the number of these constraints and parameters will depend on the type of PDE

and thus is not a fixed quantity. Therefore, to simplify the notation and analysis, we
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will compartmentalize the constraints of these models into two subsystems — ODE
and PDE subsystems — that are interconnected; See Figure 3.3. This class of inter-
connected ODE-PDE models will be referred to as ‘Generalized Partial Differential
Equations’ (GPDEs). Having separated the constraints into subsystems, we then fur-
ther categorize the parameters associated with these constraints based on the type of
constraint, namely, dynamics, boundary conditions, and continuity constraints. The
constraints and parametrization of the ODE subsystem are defined in Section 3.2.1,
whereas the constraints and the parametrization of the PDE subsystem are defined
in Section 3.2.2. Finally, the subsystems are combined in Section 3.2.3 to obtain the

full standard representation of a GPDE system.
3.2 Parametrization of GPDEs

In this section, we will introduce the parameters of the ODE and PDE subsystems
separately. While the parameters of an ODE subsystem can be represented by a
single set containing 12 matrices, the parameters of a PDE subsystem would require
3 different sets since a PDE is defined by 3 different types of constraints, namely, the
dynamics, the boundary conditions, and the continuity constraints. Thus, we will
need a total of 4 sets of parameters to fully define a GPDE as will be shown in the

following subsections.
3.2.1 ODE Subsystem

The ODE subsystem of the GPDE model, illustrated in Figure 3.1, is a typical
state-space representation with real-valued inputs and outputs. These inputs and
outputs are finite-dimensional and include both the interconnection with the PDE
subsystem and the inputs and outputs of the GPDE model as a whole. Specifically,

we partition both the input and output signals into 3 components, differentiating
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these channels by function. The input channels are: the control input to the GPDE
(u(t) € R™), the exogenous disturbance/source driving the GPDE (w(t) € R™) and
the internal feedback input (r(¢) € R™) which is the output of the PDE subsystem.
The output channels of the ODE subsystem are: the regulated output of the GPDE
(z(t) € R™); the sensed outputs of the GPDE (y(t) € R™); and the output from the

ODE subsystem which becomes the input to the PDE subsystem (v(t) € R™).

Definition 3.1 (Solution of an ODE Subsystem). Given matrices A, By, Bew, Bar,
C., D.w, D.y, Dy, Cy, Dy, Dyy, Dyr, Cy, Dy, Dy of appropriate dimension, we
say {x,z,y,v} with {x(t), z(t),y(t),v(t)} € R™ x R" x R™ x R™ satisfies the ODE

with initial condition ° € R™ and input {w,u,r} if x is differentiable, x(0) = z°

and fort >0
x(t) A | Byw Baiuw Bar x(t)
zZ t OZ Dzw DZ’U, DZT w t
o] _ 0 o)
?J(t) Cy Dy Dy Dy, U(t)
u(t) Cy| Dyw Dyu O r(t)

Notation: For brevity, we collect all matrix parameters from the ODE subsystem in
Equation (3.1) and introduce the shorthand notation G, which represents the labeled

tuple of such parameters as
Go = {A, waa Bwua Bzra Cz; Dzun Dzm Dzra Cyv Dyw; Dyu; Dym Cw Dvun Dvu} . (32)

When this shorthand notation is used, it is presumed that all parameters have ap-
propriate dimensions. Further note that, while the size of the matrices may vary, the

number of parameters in this set, G,, remain fixed.
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W, U —— — &Y

ODE subsystem

r — — U

Figure 3.1: Depiction of the ODE subsystem for use in defining a GPDE. All external
input signals in the GPDE model pass through the ODE subsystem and are labeled as
u(t) € R™ and w(t) € R™ corresponding to control input and disturbance/forcing
input. Likewise, all external outputs pass through the ODE subsystem and are labeled
y(t) € R™ and z(t) € R, corresponding to measured output and regulated output.
All interaction with the PDE subsystem is routed through two vector-valued signals,
where r(t) € R™ is the sole output of the PDE subsystem and v(t) € R™ is the sole

input to the PDE subsystem.

3.2.2 PDE Subsystem

Our parametrization of the PDE subsystem is divided into three parts: the conti-
nuity constraints, the in-domain dynamics, and the BCs. The continuity constraints
specify the existence of partial derivatives and boundary values for each state as re-
quired by the in-domain dynamics and BCs. The BCs are represented as a real-valued
algebraic constraint subsystem that maps the distributed state and inputs to a vector
of boundary values. The in-domain dynamics (or generating equation) specify the
time derivative of the state, x(¢, s), at every point in the interior of the domain, and
are expressed using integral, Dirac, and N'-order spatial derivative operators. The
PDE subsystem is illustrated in Figure 3.2. For simplicity, no external inputs or out-
puts are defined for the PDE subsystem since these external signals may be included
by routing the desired signal through the ODE subsystem using the internal signals,
v(t) and r(t).
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— PDE+BC e
+continuity constraints

Fx, Bx X
Differential operator
Dirac operator

Figure 3.2: Depiction of the PDE subsystem for defining a GPDE. All interaction of
the PDE subsystem with the ODE subsystem is routed through the two vector-valued
signals, r and v, where 7(t) € R™ is an output of the PDE subsystem (and input to
the ODE subsystem) and v(t) € R™ is an input to the PDE subsystem (and output
from the ODE subsystem). Although there are no external inputs and outputs of the
GPDE, such signals can be routed to and from the PDE subsystem through the ODE

subsystem using r and v.

The Continuity Constraint

The ‘continuity constraint’ partitions the state vector of the PDE subsystem, x(t, -),
and specifies the differentiability properties of each partition as required for existence
of the partial derivatives in the generator and limit values in the boundary condition.
This partition is defined by the parameter n € NV = {ng, ---ny}, wherein n;
specifies the dimension of the ith partition vector so that x;(¢, s) € R™. The partitions
are ordered by increasing differentiability so that

Xo(t, ") Wy

X(t,)=|  |eW"=

xn(t,-) W

Given the partition defined by n € N¥*!1 and given x € W", we would like to list all

well-defined partial derivatives of x. To do this, we first define ny = |n|; = Zf\io n;
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to be the number of states in x, ng, = ZN

=i j < Nk to be the total number of i-times

differentiable states, and ng = ZZ]\LI ng, to be the total number of possible partial
derivatives of X as permitted by the continuity constraint.
Notation: For indexed vectors (such as n or X) we occasionally use the notation

X;;; to denote the components i to j. Specifically, X;; = col(x;, -+ ,X;), nij =
i::i ny, and ns,, = Z?c:z nsy,-
Next, we define the selection operator S° : R™ — R"™si which is used to select

only those states in x which are at least i-times differentiable. Specifically, for x €
X;i(s)

Wn, we have S* = [0 , so that (S'x)(s) = © | . We may now

ng; Xng—ns; InsZ:|

)A(N(S)

conveniently represent all well-defined ith-order partial derivatives of x as 95" so

that ) )
| X(s)
9xi(s)
- (0:5%)(s)
(0L9'%)(s) = : and (Fx)(s) = where F concatenates all
OXn(s)
LCARRENIE)

the 9!S'%x for i = 0,--- , N — creating an ordered list inzzluding both the PDE state,
X, as well as all ng possible partial derivatives of X as permitted by the continuity
constraint and the vector (Fx)(s) € R™s+"x,

This notation also allows us to specify all well-defined boundary values of x € W™
and of its partial derivatives. Specifically, we may construct (Cx)(s) € R"S, the vector
of all absolutely continuous functions generated by x and its partial derivatives. Using

Cx, we may then construct Bx € R?"s the list all possible boundary values of X € W™.
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Specifically, Cx and Bx are defined as

(5%)(s)
(0:57%)(s) (€x)(a)

(019N %) ()

Combining Fx and BxX, we obtain a complete list of all well-defined terms which may

appear in either the in-domain dynamics or BCs.

Boundary Conditions (BCs)

Given the notational framework afforded by the continuity condition, and equipped
with our list of well-defined terms (Fx and Bx), we may now parameterize a general-
ized class of BCs consisting of a combination of boundary values, integrals of the PDE
state, and the effect of the input signal, v. Specifically, the BCs are parameterized by
the square integrable function By : [a, b] — R"8¢*("s72) and matrices B, € R"Bc*™
and B € R"BC*21s g

v(t)

Bx(t)

I
o

/a " By(s) (1)) (s)ds + {Bv _ B] (3.4)

where npe is the number of user-specified BCs. For reasons of well-posedness, we
typically require ngc = ng. If fewer BCs are available, the continuity constraint is
likely too strong — the user is advised to consider whether all the partial derivatives
and boundary values are actually used in defining the PDE subsystem.

Now that we have parameterized a general set of BCs, we embed these BCs in
what is typically referred to as the domain of the infinitesimal generator — which

combines the BCs and continuity constraints into a set of acceptable states.

X, =% eWna,b]: ijI<s)<f>z)(s)ds+{Bv _B] ; —0 (3.5)
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The set X, is used to restrict the state and initial conditions as x(t) € X, and
)A((O) =x'c Xv(g).
Notation: For convenience, we collect all the parameters which define the constraint

in Equation (3.4) and use Gy, to represent the labeled tuple of such parameters as
Gy, ={B, By, B,}. (3.6)

When this shorthand notation is used, it is presumed that all parameters have ap-

propriate dimensions.

In-Domain Dynamics of the PDE Subsystem

Having specified the continuity constraint and BCs using {n, Gy}, we once again
use our list of well-defined terms (Fx and Bx) to define the in-domain dynamics
of the PDE subsystem and the output to the ODE subsystem. These dynamics
are parameterized by the functions Ag(s), Ai(s,0), As(s,0) € R=xMstn) O ()
€ Rx(stng) B (5) € R™*™ B(s) € R™%*?"s and matrices D,, € R™*™ and

D,p(s) € R™*2ns ag follows.

X(t, ) Ao(8)(FX(t))(s) Biu(s) Bu(s)| | v(t)
r(t) 0 0  Dn | |Bx(t)

F AL (s, 0)(F(0))(0)d0 + | As(s, 6) (Fx(1))(6)d6

+ (3.7)

J; Co(8) (FX(1))(6)de
Note: Many commonly used PDE models are defined solely by Ay. For example,
if we consider u; = A+ ug,, then Ay = [ A0 1] and all other parameters are zero.
The motivation for the parameters in this representation (other than Ay) can be
summarized as follows: The kernels A;, A, model non-local effects of the distributed

state; the function B,, represents the distributed effect of the disturbance/forcing
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function v on the generating equation; and B,, represents the distributed effect of
the boundary values on the generating equation. In addition: C) is used to model
the influence of the PDE subsystem state on the dynamics and outputs of the ODE
subsystem; D, is used to model the effect of boundary values of the PDE subsystem
on the dynamics and outputs of the ODE subsystem.

Notation: For convenience, we collect all parameters from the in-domain dynamics
of the PDE subsystem (Equation (3.7)) and use G, to represent the labelled tuple of

such parameters as
Gp = {on Ala A27 Ba:va BI()? Cr7 Drb}- (38)

When this shorthand notation is used, it is presumed that all parameters have ap-

propriate dimensions. We may now define a notion of solution for a PDE subsystem.
3.2.3 GPDE: Interconnection of ODE and PDE Subsystems

Given the definition of ODE and PDE subsystems, a GPDE model is the mutual
interconnection of these subsystems through the interconnection signals (r,v) and is
collectively defined by Equations (3.1) and (3.7). This interconnection is illustrated
in Figure 3.3.

Given suitable inputs w,u, for a GPDE model, parameterized by {n, G,, Gy, G,},
we define the continuity constraint and time-varying BCs by {z(t),%x(t)} € Xuw)uw)

where

X
Xw,u = S R"= x Xv ‘ vV = Cvx + D@ww —+ Dvuu . (39)

X

Illustrative Example of the GPDE Representation

In this subsection, we illustrate the process of identifying the GPDE parameters of

a given system. We begin this process by introducing a conventional PDE repre-
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Figure 3.3: A GPDE is the interconnection of an ODE subsystem (an ODE with
finite-dimensional inputs w,u,v and outputs z,y,r) with a PDE subsystem (N-
order PDEs and BCs with finite-dimensional input r and output v). The BCs and
internal dynamics of the PDE subsystem are specified in terms of all well-defined

spatially distributed terms as encoded in Fx(t) and all well-defined limit values as

encoded in Bx(t).

sentation. We then divide the system into ODE and PDE subsystems and focus on
identifying the continuity constraint for the PDE subsystem — always the least re-
strictive constraint necessary for existence of the partial derivatives and boundary

values. We then proceed to identify the remaining parameters.

Example 3.1. (Damped Wave equation with delay and motor dynamics) Let us con-

sider a wave equation
ii(t, s) = 0n(t,s), defined on the interval s € [0,1], (3.10)

to which we apply the typical boundary feedback law ns(t,1) = —n(t, 1), but where

there is an actuator disturbance and where the control is implemented using a DC
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motor and where the output from the DC motor experiences a distributed delay, so
that ns(t,1) = w(t) + fBT w(s/T)T(t + s) where T(t) is the output of the DC motor
and ((s) is a given multiplier. The delay is represented using a transport equation

with distributed state p(t,s) on the interval [—1,0] so that

0,5) = pu(6,9).0(.0) = T(0)0(t. 1) = [ u(s)plt, s

The DC motor dynamics relate the voltage input, u(t) to the torque T(t) through the
current, i(t) as

i(t) = Tz'(t) +u(t)  T(t) = Ki(t).

Finally, the sensed output is the typical feedback signal n,(1,t) and the requlated output

15 a combination of the integral of the displacement and controller effort so that

! ,S)ds
2(t) = Jornte-) ;o y(t) = n(1,0).
u(t)

Since we require all states to have first order derivatives in time and be defined on
same spatial interval, we introduce the change of variables (; = n, G =7, (3(t,s) =

p(t,s —1). A complete list of equations is now i(t) = =2i(t) + u(t) and
Gt s) = Glt,9), Colt.s) = B2Gi(1 ),
Glt:5) = ~0.G(1,9), Gl6,0) = 0, Go(1,1) = Kal0)
6. 1) = wlt) + [ (s~ DGalt )t
_ [ Gty s)ds
u(t)

ODE Subsystem: We start by identifying the parameters of the ODE subsystem.

2(t) ,y(t) = G(t 1), se[0,1], t>0.

Since i(t) is the only finite dimensional state we set z(t) = i(t) to get i(t) = =Ea(t)+

u(t). The ODE subsystem influences the PDE subsystem via signals w(t) and T'(t).
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The effect of the PDE subsystem on the regulated and observed outputs (z and vy,
respectively) is routed through r(t). The outputs, z,y and internal signals, v,r, are

now defined as

T(t) K, 0
v(t) = = i(t) + w(t),
w(t) 0 1
[, ; 0 10
1(t, s)ds z(t
r(t) = Jo (i) ) ) = lu(t)| + [0 0] r(?).
- 0 01

Ezpressing these equations in the form of Equation (3.1), we obtain

_R/L| 0 1 0 |
[3(1)] 0 ol [o] |1 of| [2]
2(t) 0 _0_ _1_ _0 0_ w(t)
| | o o o ol u
| v(t) K, _o_ _0_ _ 0 _ | r(t) ]
|0 1l o [0 |

Extracting the submatrices of this ODE subsystem, we obtain an expression for G,

which has the following nonzero parameters: A = _TR, By =1, Dy, = [0 1} ,

0 K, 0 10

1 0 - 1 - 00
PDE subsystem: Next, we need to define n, Gy, and Gy,.
Continuity Constraint: To identify the continuity constraint, n, we consider the re-
quired partial derivatives and limit values for the three distributed states: (1, (o and
(3. For ¢y, 02¢y appears in the in-domain dynamics and the BCs involve (;(t,0) and

0sC1(t,1). The least restrictive continuity constraint that gquarantees the existence of
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all three terms is (1 € Xo. Next, no partial derivatives of (o are needed, but the limit
value ((t, 1) appears in the BCs — so we restrict (3 € X1. Finally, 0s(3 appears in the
in-domain dynamics and (3(t,1) appears in the BCs — implying (3 € x;. We conclude

that n = {ng,n1,na} = {0,2,1} and the GPDE state is

A~ - @ -
Xp
~ . <2(t7 5)
X = Xi| =
R <—3(t7 S)
X9
L gl(tv 3) i

Boundary Conditions: For this definition of the continuity constraint, n, we have
ng = 3,ns, = 3,5, = 3,ng, = 1 and ng = 4 — i.e., there are three 0"-order,
three 1%'-order and one 2"-order differentiable states. In addition, ng + ng = 7
indicates there are 7 possible distributed terms in FX and 2ng = 8 indicates there are
8 possible limit values in BX. Specifically, recalling that S'X is the vector of all i*"

order differentiable states, we have

%| |G R
SOA_ ~ _ SlA_ X1 _ SQA_A _
X=|x1| = |G| o X= =G| X=X = (1,
Xy
X2 G Gt

Cx = col(C2,C3,C1,05C1) Bx =

Checking our BCs, we note that (1(t,0) = 0 can be differentiated in time to obtain
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(2(t,0) = 0. Collecting all the BCs, and placing these in the required form, we have

0| oo | [ o]

/1 0 s — (2(0) N 0
0 O Cg(l) —U1
s -G [aam] |

Recalling the expansions of FX and BX, we may identify the parameters in Gy, as

001 012 000

100 012 000 0 0 0 0
B 1,2 B, = 2 By(s) = 3,1 3,1 5| (3.11)

000 0,5 100 I 0 p(s—1)0u5

000 O 001

In-Domain Dynamics: To find the parameters Gy, first recall that PDE dynamics

have the form

L [ A, 0)Fx@) @) + I As(s, 0)(FX(t))(6)d6
P C(0)(Fx(t))(0)do

Recalling the expansion of FX, we represent the dynamics as

02, (¢, ) 0 013 0 0 1

X(t,s)= [1/79,G3(t,s) | = [0 015 L 0 0] (FX()(s)
Golt, 5) 1 O3 0 0 0
. )
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Likewise, from the definition of r(t), we have

C/':
1 1
t.s)ds O 1 0 Opa 0 0
ity = | OGN [ M Esaea s | Bk
CZ(tvl) 0 01,2 0 01,4 01,4 1 01,3

Thus we have Ag, Cy, Dy, — the only nonzero terms in Gy.
3.3 Definition of Solutions

Although Hadamard’s criteria for well-posedness specify the nature of a solution,
they do not define the solution itself. In the case of GPDEs, one must specify con-
straints on the continuity and differentiability properties for the solution of a GPDE
model while ensuring that the solution is unique. These definitions depend on the
specific GPDE under consideration and cannot be standardized. However, to build a
computational framework, one needs to have a general definition regardless. There-
fore, in this work, we will assume the existence of a well-posed weak solution for
the GPDEs and only consider the systems that satisfy this criterion. The motive
behind using a weak solution lies in the fact that many PDEs do not have classical
solutions or strong solutions — i.e., the solution may not be differentiable everywhere
in space or time. For instance, if we consider a transport PDE, x(t,s) = —0sx(t, s),
with boundary conditions x(¢,0) = 0 and initial condition x(0,s) = f(s). Then,
there exists a solution that transports the initial condition to the right as per the rule
x(t,s) = f(s —t) when s >t and x(t,s) = 0 when s < ¢t. While the solution can be
differentiable if f is sufficiently smooth, there may exist a solution to the transport
PDE that is not differentiable. Likewise, other PDEs can have solutions that may
not be differentiable at all points — an outcome contingent on the input, boundary

conditions, and initial conditions. Thus, to accommodate such solutions, one must
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relax the differentiability criteria, which leads to the definition of a generalized or
weak solution.

Having specified this assumption about the solution of a GPDE, we can now
formally define a solution for such a system. For convenience, we define the solutions

for the subsystem separately and then the full GPDE model.

Definition 3.2 (Solution of a PDE Subsystem). For gien x° € X,q) and v €

L3 [Ry] with Byv € WirS[R.], we say that {X,r} satisfies the PDE subsystem de-

fined by n € NN and {Gy,, G} (defined in Equations (3.6) and (3.8)) with initial

condition X° and input v if r € Ly [Ry], x(t) € Xy for all t > 0, X is Frechét
0

differentiable with respect to the Lo-norm almost everywhere on Ry, %x(0) = X, and

Equation (3.7) is satisfied for almost all t > 0.

The above definition is analogous to a weak solution of a PDE; See Evans (2022) for
standard definitions of solutions. Next, we can extend this concept of weak solutions
to a GPDE model by augmenting the conditions satisfied by the ODE solution and

the interconnection signals.

Definition 3.3 (Solution of a GPDE model). For given {2°, X°} € X,0)u0) and
w € L3[Ry, u € L3*[Ry] with ByDy,w € Wi$[Ry] and ByDy,u € WE'S[R,], we
say that {z, X, z, y, v, r} satisfies the GPDE defined by {n, G,, Gy, G, } (See Equa-
tions (3.2), (3.6) and (3.8)) with initial condition {x°, x°} and input {w, u} if
e LERy), y € LYR,, v € LR, r € LR, {a(t), (1)} € Xugugy for
all t > 0, x s differentiable almost everywhere on R, X is Frechét differentiable
with respect to the La-norm almost everywhere on R, z(0) = 2°, x(0) = XY, and

Equations (3.1) and (3.7) are satisfied for almost all t > 0.

Note there are many GPDEs that may not even have weak solutions.

One would need to relax the differentiability requirement further to ensure the PDE
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is well-posed. However, such GPDEs are outside the scope of this work and typically,

do not have a PIE representation.
3.4 Conclusion

In this chapter, we briefly introduced the concept of a generalized PDE (GPDE)
parametric representation and defined a notion of weak solutions for systems in this
parametric form. Specifically, we introduced a parametric representation of the PDE
model class — encompassing ODEs coupled with PDEs, mixed-order spatial deriva-
tives, integrals of the state, control inputs and disturbances, and sensed and regulated
outputs. Although the set of parameters is inconsistent and highly dependent on the
PDE, the type of BCs, and the continuity constraint, we managed to cover a large
class of GPDEs using this parametric representation. This parametric representation
was mainly achieved by utilizing a systematic approach: a) separating finite and in-
finite dimensional signals; b) identifying the continuity constraint parameter, n; and
c) initializing all possible parameters that can appear in PDEs with such an n and
assigning the non-zero parameters of a PDE in non-standard form to the appropriate
initialized parameters in the standard form.

Using this systematic approach, we have ensured that any mixed-order GPDE
can be represented in this form by a fixed set of parameters — a necessity when
building a computational framework that takes GPDEs as input. As will be shown in
Chapter 5, this standard representation also helps in identifying GPDEs that admit a
PIE representation as well as obtain analytic formulae to find the PIE representation

directly from the parameters of the GPDE.
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Chapter 4

PARTIAL INTEGRAL EQUATIONS

4.1 Introduction

As briefly mentioned in the previous chapter Chapter 3, we will now formally
introduce the class of Partial Integral Equations (PIE) and a universal parametric
representation of systems governed by PIE models. While the benefits of a PIE
model were discussed earlier in Chapters 1 and 2, we will briefly reiterate some of the
key features of a PIE model here to summarize the motivation behind such models.
The distinguishing feature of the class of PIE models is its parametrization using the
*-algebras of PI operators (II; and IT?). In contrast to differential and Dirac operators
that constitute a majority of the parameters defining a GPDE, all the parameters of

PIE —i.e., PI operators — have the following properties:

1. Algebraic Structure The set of PI operators is a subspace of L£(Ly) — the
space of bounded linear operators on the Hilbert space Ly. PI operators form
*_algebras, denoted II;, being closed under addition, composition, and transpo-
sition (See the Lemmas presented in Appendix H of the paper by Shivakumar
et al. (2022)). In addition, I3 and II, are unital algebras — implying that these
operators inherit most of the properties of matrices, including operations that

preserve positivity.

2. Parametrization by Polynomials The subspaces of II; with polynomial pa-
rameters, denoted by IT¥| also form a *-subalgebra. PIEs that represent PDE

models are typically parameterized by operators in IIY. Because polynomials
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admit a linear parametrization using coefficient vectors, and because multiplica-
tion, addition, and integration reduce to algebraic operations on these coefficient
vectors, the operations involving operators in IIY can typically be performed in

polynomial time.

3. Computation via PIETOOLS Most matrix operations defined in Matlab
have a II? equivalent, which is easy to compute. These operations have been
embedded into an opvar class in the MATLAB toolbox PIETOOLS developed
by Shivakumar et al. (2020b). This toolbox also allows one to solve Linear PI
Inequality Optimization (LPIs) problems, which is a natural extension of the

class of Linear Matrix Inequality (LMI) optimization problems.

In addition to the simplicity of computationally handling PI operators of a PIE
model in comparison to handling unbounded differential operators of a GPDE model,
the PIE models themselves offer certain benefits. The primary benefit is the absence
of auxiliary constraints like BCs or continuity requirements. However, there are
some secondary benefits that are stated below and must be noted, because they
have significance in the context of computational analysis/control. These secondary

benefits can be summarized as:

1. Known map from GPDE model to PIE model For the large class of
well-posed linear GPDE models defined in this paper, we have explicit formulae
for the construction of an associated PIE model, including the map from PIE
solution to GPDE solution. In addition, most GPDE models map to PIE models

parameterized by PI operators with polynomial parameters.

2. State-Space Structure Because PIE models are parameterized by the PI
*_algebra of bounded linear operators on Ly, PIEs inherit many of the bene-

fits of the state-space representation of linear ODEs. This implies that many
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numerical methods designed for analysis, control, and simulation of ODEs in
state-space form may be extended to PIEs. Specifically, many LMIs for analysis
and control of ODEs have been extended to PIEs, including, stability analysis
as shown by Peet (2021), Lo-gain analysis as shown by Shivakumar et al. (2019),
H..-optimal estimation as shown by Das et al. (2019), H-optimal control as
shown by Shivakumar et al. (2020a), and robust stability /performance as shown

by Das et al. (2020) and Wu et al. (2021).

3. Universal Methods A direct consequence of the PIE models being defined
by a single differential equation with no further constraints on the state, such
as BCs or continuity constraints, is that it allows us to develop universal algo-
rithms for analysis, control, and simulation, which apply to any well-posed PIE

model. Examples of such algorithms can be found in the toolbox developed by

Shivakumar et al. (2020b).
4.2 Parametrization of PIEs

A Partial Integral Equation (PIE) is an extension of the state-space represen-
tation of ODEs (vector-valued first-order differential equations on R™) to spatially
distributed states on the product space RLs. Analogous to the 9-matrix optimal con-
trol framework developed for state-space systems, a PIE system is parameterized by

twelve 4-PI operators as

Tx(t) A B Ba| [x(t) Toto(t) + Tua(t)
2t) | = |C Di Diy| |w(t)| — 0 :
y(t) Cy Doi Dol |ult) 0

x(0) = x° € RLY""[a, b], (4.1)
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where z(t) € R is the regulated output, y(t) € R™ is the sensed output, w(t) € R™
is the disturbance, u(t) € R™ is the control input, and x(¢) € RLy*"* is the internal
state. Note that, unlike the 9-matrix representation of linear state-space ODEs, a
PIE system has 3 additional parameters: T that appears on the left hand side of the
equation and two parameters, 7, and 7,, that appear on the right hand side. The
parameters T, and 7, are associated with the time derivative of the disturbance input
w and control input u, respectively. Such terms corresponding to the time derivative
of the inputs typically do not appear in the case of ODEs. However, they are quite
common in the case of PIEs because inputs acting at the boundary of a GPDE model
take the form of time derivatives when converted to a PIE form.

No Spatial Derivatives or Boundary Conditions: Another feature to note
is that a PIE system does not permit spatial derivatives — only a first-order derivative
with respect to time. Since state of the PIE system, x € RLs[a, b], is an equivalence
class of functions, it is not necessarily well-defined at any given spatial point. Thus,
one cannot specify BCs in the PIE framework.

Before formalizing the definition of solution for a PIE system, let us note two sig-
nificant features of this definition. First, we observe that PIEs allow for the dynamics
to depend on the time-derivative of the input signals: 0;(7T,w) and 0;(T,u). Through
some slight abuse of notation, in this paper we will use expressions such
as Tx to represent 0,(7x), T,w to represent 0,(7,w), and 7,% to represent
O (Touw).

Second, the internal state of the solution of a PIE system, x, is required to be
Frechét differentiable. Recall that, from the definition of the Frechét derivative, a
function x : U — X is Frechét differentiable if there exists a linear operator D : X —

Y C X such that
i B+ 2) = x(8) — Dx(1)]

h—0 h =0
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Here, D is called the derivative operator. In the case of PIEs, we will require 7x to be
Frechét differentiable (instead of just x) since this corresponds to the differentiability
of the GPDE state x = Tx.

Notation: For brevity, we collect the 12 PI parameters that define a PIE system
in Equation (4.1) and introduce the shorthand notation Gprg which represents the

labeled tuple of such system parameters as

GPIE = {Ta 7:1)7 7:17 A7 Bla BQa Clv C2> Dll7 Dl?a D217 D22} .

When this shorthand notation is used, it is presumed that all parameters have ap-

propriate dimensions.
4.3 Definition of Solutions

Just like in the case of GPDEs, we use weak solutions of PIE systems for analysis
and control in the future chapters. Therefore, we first need to define a notion of
weak solutions. Unlike the case of GPDEs, the solution of a PIE does not satisfy
any boundary conditions and hence is not necessarily continuous in space. However,
it does satisfy an initial condition and has a time derivative almost everywhere and
hence must be differentiable in time. These requirements, in fact, arise due to the
invertible mapping between a GPDE solution and its associated PIE solution. To be
precise, all the PIEs considered in this work are associated with a GPDE, in which

case, the solution of a GPDE x and a PIE x are related via a unitary map 7T as

x = Tx.

Thus, if x is a weakly differentiable solution, 7x has to be weakly differentiable since
unitary maps are isomorphic. Therefore, to have a PIE equivalent to a GPDE with

weak solutions, the solution of the PIE must also be defined in a generalized or weak
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sense. The below definition formalizes the requirements stated above to define a weak

solution for a PIE.

Definition 4.1 (Solution of a PIE system). For given inputs u € Ly*[R.], w €
Ly [Ry] with (Tyu) (-, s) € W=T%[R,] and (Tyw)(-, ) € Wi=T"*[R,] for all s € [a, b]
and x°(t) € RLy™"™, we say that {x,z,y} satisfies the PIE defined by Gpr = {T,
Tws Tuy A, Biy Ciy Dij} with initial condition x° and input {w,u} if z € LY [R],
y € LyY[Ry], x(t) € RLy""[a,b] for all t > 0, Tx is Frechét differentiable with
respect to the Lo-norm almost everywhere on R, Tx(0) = Tx", and Equation (4.1)

1s satisfied for almost allt € R, .

Now that we have established standard parametric representations for both GPDEs
and PIEs, we next proceed with establishing the conditions under which these para-
metric representations are equivalent — i.e., the conditions under which the solution
of a GPDE and a PIE are related by an invertible linear mapping. Furthermore,
we will also find analytical expressions to obtain the parameters of a PIE from the

parameters of its equivalent GPDE.
4.4 Conclusion

To summarize, in this chapter, we briefly discussed the motive behind the use of a
PIE model and defined a general parametric representation of a PIE model. We also
noted that, the set of parameters for a PIE is universal, and the parametric repre-
sentation itself is analogous to the 9-matrix representation of linear state-space ODE
systems. Furthermore, we noted that, unlike a GPDE, a PIE is exclusively described
by these dynamics and has no auxiliary constraints such as boundary conditions. As
will be seen later in Part II, the parametric representation proposed for a PIE, along

with the algebraic properties of the PI operators, allows an almost direct extension
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of various LMI results used in the analysis, estimation, and control of ODEs to PIE
systems. Lastly, following the idea of a weak solution for a GPDE, we defined the

notion of weak solutions for a PIE.
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Chapter 5

PIE REPRESENTATION OF A GPDE

In Chapter 3 and Chapter 4, we proposed parametric representations for a broad class
of coupled ODE-PDESs Systems (GPDEs) and PIE Systems. Furthermore, we looked
at the motivation behind the use of PI algebra and the benefits of PIE representation
as an alternative modeling approach. Now, we focus on finding this ‘PIE representa-
tion’ for a given GPDE model. We begin this process by focusing on the conversion

of the PDE subsystem to a restricted class of PIE subsystem of the form

Tx(t) A x(t) B T,0(t) | (5.1
Cr

B,
Dol |v(t) 0

r(t)

with initial condition x° € L5*. Such PIE subsystems are a special case of Defini-

tion 4.1 with parameter set given by
GPIES = {72, 7:)7 ®7 Aa Bva ®7 CTva ®7 DMM 07 ®’ @} .

In this section, we will show that for any admissible PDE subsystem defined by
{n, Gy, G}, there exists a corresponding PIE subsystem defined by {7A’, To, A, By,
Crv, Dy} such that for any suitable signal v, {x,r,0} is a solution of the PTE sub-
system with initial condition x° and input v if and only if {T%(t) + Tov(t),r} is a

solution of the PDE subsystem with initial condition (7%" 4+ 7,v(0)) and input .
5.1 Admissiblity: Well-posedness of the Auxiliary Constraints

Before we proceed to prove the claim ‘any admissible GPDE has a PIE form’, we

must define admissibility. The admissibility criterion, in a sense, imposes a notion of
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well-posedness on X, the domain of the PDE subsystem defined by the continuity
constraints and the BCs. This condition ensures, e.g., that there are a correct number
of independent BCs to establish a mapping between the distributed state and its
partial derivatives. Without such a mapping, the solution to the PDE may not
exist (too many BCs) or may not be unique (too few BCs). However, this does not
explicitly guarantee a well-posed solution since a GPDE may be admissible and not
have a solution in the sense defined in Definition 3.3.
N

First, let us recall that we first define ny = |n|; = > ;" n; to be the number

o N
of states in X, ng, = Y

n; < ng to be the total number of i-times differentiable
states, and ng = Zf\il ng, to be the total number of possible partial derivatives of
x as permitted by the continuity constraint. For indexed vectors (such as n or x)

we occasionally use the notation X;.; to denote the components 7 to j. Specifically,

X;; = col(X;, -+, X;), Nypj 1= ZZ;:Z ny and ng,, = Zi:z ns,-

Definition 5.1 (Admissibility). Given an n € NV (with corresponding continuity
constraint) and a parameter set, Gy, = {B, B, By}, we say the pair {n,Gyp} (or
alternatively, the PDE subsystem defined by Gppgp, or GPDE defined by Gppg) is

admassible if Br is invertible where

b
Br=B _ / Bi(s)UsT(s — a)ds € R™cxns,
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and where T and Uy are defined (See also Block 5.1) as

S(j_i) O(nSi—nsj)anj

ﬂ i\S) = —/—— S RnSianja 52
a(®) (j —a)! I o
ng;
Tl,l(s) T1,2<S) tee Tl,N(S)
O T S e T S
T(S) _ 2,2( ) 2,N< ) c Rﬂs><”57 (5.3)
O 0 e TN,N(‘S)
On- Nit1:
UQZ _ i XTi4+1: N E Rnsixnsi-‘—l’ (54)
[ni+1:N
Uy — | 0900 O] | pinsyons, (55)

OnNXnS

Since B must be square to be invertible, admissibility requires ngc = ng. One
way to interpret this condition is to note that whenever we differentiate a PDE state,
we lose some of the information required to reconstruct that state. As a result, if
we have ng possible partial derivatives, we need ng BCs to relate all the partial
derivatives to the original state vector. However, while the constraint ngc = ng is
necessary for admissibility, it is not sufficient — the BCs must be both independent and
provide enough information to allow us to reconstruct the PDE state. See Subsection
3.2.2 in the paper by Peet (2021) for an enumeration of pathological cases, including
periodic BCs.

Finally, note that the test for admissibility depends only on the continuity condi-
tion, n € N¥*! and the parameters which define the boundary condition — admissi-

bility does not depend on the dynamics.
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Illustration of the Admissibility Condition

Example 5.1 (Damped wave equation with motor dynamics and delay). Let us revisit
the coupled ODE-PDE from Ezxample 3.1. Recall that for this example, n = {0,2,1},
sons, =3, ng, =3, ns, =1, ng =4, and ngy = 3. In addition, Gy, has parameters

as shown in Equation (3.11). Then, using Equations (5.3) and (5.5), we compute T,

Us, and Bt as
03-3,3 O3-1,1 O1-11 0o,3 Og,1
T1,1 = ) T1,2 =S , 12,2 = , Uy = , Uy = )
13 Il 11 IS Il
1 Is 03, 0 0 1 0
1 023 021 1 0 0 0
T(s) = , Uy = , Br =
1 s 0173 1 0 1 0 0
1 0172 0172 0 — ffu(s - 1)d8 0 1

Br is invertible for any u, which implies the pair {n, Gy} is admissible.

Since analytical expressions are known to find the admissibility matrix By for

arbitrary GPDEs defined by Gppg, we can test for admissibility using computation.
5.2 A Map from GPDE Parameters to PIE Parameters

In the following subsections, we will develop maps between the parameters of
a GPDE model Gppg and the parameters of a PIE model Gpg assuming that the
GPDE is admissible. However, the primary difficulty in finding Gprg from the param-
eters of the GPDE lies in the ‘PDE’ part of the GPDE. Thus, we will first handle the
‘PDE’ subsystem and find an equivalent PIE representation with parameters Gpyg,
for the ‘PDE’ subsystem. Then, finding Gpg for the full GPDE becomes a matter

of augmenting states and algebraic manipulations.
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5.2.1 A PDE and its Associated PIE

Given an admissible pair {n, Gy}, we may construct a PIE subsystem which we
will associate with the PDE subsystem defined by those parameters. The first step
is to map x(t) € X,, the state of the PDE subsystem, to x(t) € Lo, the state of the

PIE subsystem using

Xo
X X 0sX1 )
x=Dx = € Ly*.
OV ky
where D = diag(8°1,,, - -+, ON1I,,). The following theorem shows that this mapping

is invertible, and the inverse is defined by PI operators.

Theorem 5.1. Given an n € NV*1 and Gy, with {n, Gy} admissible, let {T, T,}
be as defined in Block 5.1, X, as defined in Equation (3.5) and D =diag(0°I,,, - -,
ONI..). Then we have the following: (a) For anyv € R™, if x € X,,, then DX € Ly*
and X = TDx + Tyv; and (b) For any v € R™ and x € L}, Tx+ Tov € X, and
x = D(T%+ Tov).

Proof. First, we generalize the Fundamental Theorem of Calculus by using Cauchy’s

formula for repeated integration as

Lemma 5.2. Suppose x € Wi[a,b] for any N € N. Then

qg:m@+gg@;W@M@+/%§@ﬁgfgmw

where 9'x is the ith classical-derivative of x when i < N and weak-derivative for

1=N.
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This gives a map from 3/%x(a) and X to X. Next we express all possible well-defined
boundary values in terms of the #x(a) and x. Applying the boundary conditions in
X,, we may now invert this map (using B;') to obtain an expression for the §7%(a)
in terms of X and v. Substituting this expression into Lemma 5.2, we obtain the

theorem statement. For details, see Appendix A.1. n

For any given v € R™, Theorem 5.1 provides an invertible map between the state
of the PIE subsystem, x(¢) € Ly* and the state of the PDE subsystem, x(t) € X,.
Furthermore, this transformation is unitary, which will be proved later in this chapter.
In the following subsection, we apply this mapping to the internal dynamics of the

PDE subsystem in order to obtain an equivalent PIE representation of this subsystem.
5.2.2 A GPDE and its Associated PIE

Having converted the PDE subsystem to a PIE, integration of the ODE dynamics
is a simple matter of augmenting the PIE subsystem (Equation (5.1)) with the dif-
ferential equations which define the ODE (Equation (3.1)), followed by elimination
of the interconnection signals v and r. The result is an augmented PIE system, as
defined in Equation (4.1) whose parameters are 4-PI operators defined in Blocks 5.1
and 5.2.

Our first step in constructing the augmented PIE system, which will be associated
with a given GPDE model, is to construct the augmented map from the GPDE state

(defined on X, ) to the associated PIE state (defined on RLy>"*). Specifically, given

T
a GPDE model {n, Gy, G,, G,} with {n, Gy} admissible and state x = € Xy u,
X
x -
the associated PIE system state is x = € RLy""™ where D = diag(d%I,,,
Dx

o+, ONI,.). Using this definition, one can prove Corollary 5.3 that shows that if
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{T, Tw, Tu} are as defined in Block 5.2, then the map x — x can be inverted as

X =Tx+ Tow+ T,u.

Corollary 5.3. Given an n € NV and Gy, with {n, Gy} admissible, let {T, T,
T.} be as defined in Block 5.2, X, as defined in Equation (3.9) and D =diag(°1,,,

<o ONLL). Then for any w € R™ and u € R™ we have:
(a) If x = {x,X} € Xy, then x = {x, Dx} € RLy*"™ and x = Tx + Tpw + Tyu.

I,, O

X

(b) If x € RLy™"™, then x = Tx + Tyw + Tyu € Xy, and x = X.
0 D

Proof. The proof simply applies the definitions of x, x, and v — See Appendix A.3 for
details. O

Thus, for any given w,u, we have an invertible transformation from RLy*"* to

X u-

Illustration of the Construction of the PIE Subsystem

In this subsection, we detail the application of the formulae in Blocks 5.1 and 5.2 to

a given GPDE model. Additional, less detailed examples are given in later chapters.

Example 5.2. (The Entropy PDE) A PDE model for entropy change in a 1D linear

thermoelastic rod clamped at both ends is given by Day (2013)

n(t,s) = 02n(t, s),

subject to the BCs

n(t,0) + /0 n(t,s)ds =0, n(t1)+ /0 n(t,s)ds = 0.
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The GPDE representation of this model is defined by n = {0,0,2}, G, = {4y =
lo 0 1}}, and

jan
s}

1 0 00 1
Gb: B: ,B]:—
0010 1

e
jan)

Using the formulae in Blocks 5.1 and 5.2, we find the PIE subsystem as follows

(we neglect interconnection to the ODE subsystem as there are no ODEs, inputs, or

outputs).
10 0
1 s s
U= 10 1|,Ui=|0]|,T(s)= , Q(s) = :
0 1 1
0 1
2 1/2 s
Bo(s)=(1—s)| " |, Gols)=0,
2 3/2| ~1
Gi(s,0) = Ga(s,0) + (s — 0), GQ(S,Q):?)S(S;U.

The PIE form (n= 03n) of the entropy PDE is then given by

s 1

/(s £ 0)at, 9)d0+/i(s — $)it, 0)d8 = (. s).

0 s
In the context of optimal control framework, one would expect inputs and outputs

to appear. Furthermore, such inputs and outputs maybe further classified as distur-
bance inputs, control inputs, regulated outputs, and observed outputs. The following
example demonstrates how one can construct a PIE representation for GPDE systems

while preserving this categorization of different input and output signals.

Example 5.3. Consider the vibration suppression problem for a cantilevered Fuler-
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Bernoulli beam

. 0 —01| 1 1
x(t,s) = ox(t,s) + w(t) + u(t),
1 0 0 0

[1 01 x(t,0) = [1 01 9sx(t,0) =0,
{0 1} 92x(t,1) = [0 1} 9:x(t,1) = 0,

where we define the state as x = col(dym, 8°n) where 1 is displacement, w is external
disturbance and u is control input. To regulaﬁe a combination of vibrations and control
effort we defined z(t) = [fol n(t,s)ds u(t)] . The goal is to find the controller gains
K : x(t) = u(t) that minimizes sup 1 |z, To define the values of T, A, B;,C, D;
we may apply the formulae in Sj}zili;k;mar et al. (2022). However, for illustration,

we derive this representation directly. Specifically, from Cauchy’s rule for repeated

integration, we have
x(t,s) = x(¢,0) + s0sx(t,0) + / (s — 0)92x(t,0)db.
0

Substituting the boundary conditions, we obtain the direct relationship

s1(s—46) 0 110 0
x(t,s) = / 0*x(t,0)dd + / O*x(t,0)do.
0 0 0 s |0 (0—s)

Substituting this expression into the dynamics, we obtain the PIE representation

Jl(s=0) 0
I 02x(t, 0)df
0 0
O
+ [ 0%x(t,0)do
0 (0—-s)
0 —0.1 1 1
= 02x(t, s) + w(t) + u(t)
1 0 0 0
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Finally, by inspection, we identify the non-zero parameters in the Partial Integral

operators T, A, B;,C, D; as

ron | |0l
@‘{07R1,R2} 0 | {Ro,0,0}

0| 0 0 0
Bi — H 7C — H Ql 7D2 — 5
Q2 | {0} 0| {0} 1
where
s—0 0 0 0 1
R1<S> )Z ’ RQ(Sae): 5 QQ_ >
0 0 0 8—s 0
0 —0.1 0 -5 -2+
Ro(s)= , Qi(s)= v
1 0 0 0

5.3 Equivalence of Representations

For finite-dimensional state-space systems, similarity transforms are used to con-
struct equivalent representations of the input-output map. Specifically, for any in-
vertible T', the system G = {A, B,C, D} with internal state x may be equivalently
represented as G = {T'AT,T-'B,CT, D} with internal state £ = T 'z. In the
following subsections, we will apply this approach to show equivalence between a
GPDE and its PIE representation. As before, the primary difficulty in showing such
an equivalence stems from the ‘PDE’ part of a GPDE and thus, we will first show
the equivalence between a PDE subsystem and the PIE subsystem, then augment the

ODE subsystem to obtain the full GPDE.
5.3.1 A PDE and its Associated PIE

Now that we have obtained an invertible transformation from Ly* to X,,, we apply

the logic of the similarity transform to the internal dynamics of the PDE subsystem

85



in order to obtain an equivalent PIE subsystem representation. Specifically, in Theo-
rem 5.4, we substitute X = 7%+ 7,v in the internal dynamics of the PDE subsystem.
The result is a set of equations parameterized entirely using PI operators. These
PI operators, as defined in Block 5.2, specify a PIE subsystem whose input-output
behavior mirrors that of the PDE subsystem and whose solution can be constructed
using the solution of the PDE subsystem. Conversely, any solution of the associated

PIE subsystem can be used to construct a solution for the PDE subsystem.

Theorem 5.4. Given an n € NV and a set of PDE parameters {Gy,, G} as
defined in Equations (3.6) and (3.8) with {n, Gy} admissible, suppose v € Ly’ [R,]
with Byv € W2'S[R,], {T, T.} are as defined in Block 5.1 and {A, By, C., D,,} are
as defined in Block 5.2. Define

Gr = {7.7..0,4,8,,0,C,,0,D,,.,0,0,0}

Then we have the following.

1. For any X° € X,0) (X, is as defined in Equation (3.5)), if {X,r} satisfies
the PDE defined by {n, Gy, G,} with initial condition X° and input v, then
{Dx,r,0} satisfies the PIE defined by Gpig with initial condition DX° € Ly*

and input {v,0} where Dx = col(0%%p, -+ ,ONxy).

2. For any X° € L3, if {x,r,0} satisfies the PIE defined by Gpig for initial
condition X° and input {v, 0}, then {T%+ Tyv, r} satisfies the PDE defined by

n, Gy, Gy} with initial condition X° = Tx° + T,v(0) and input v.
p

Proof. The proof is based on a partial similarity transform induced by x = Tx+ T

and details may be found in Appendix A.2. m

The first part of Theorem 5.4 shows that the well-posedness of the PDE subsystem

guarantees the well-posedness of the associated PIE subsystem and shows that the
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input-output behavior of the PIE subsystem mirrors that of the PDE subsystem.
The second, converse, result shows that the well-posedness of the PIE subsystem
guarantees the well-posedness of the PDE subsystem and shows that the input-output
behavior of the PDE subsystem mirrors that of the PIE subsystem. Because PIEs are
potentially easier to numerically analyze, control, and simulate, this converse result
suggests that the tasks of analysis, control, and simulation of a PDE subsystem may
be more readily accomplished by performing the desired task on the PIE subsystem

and then applying the result to the original PDE subsystem.
5.3.2 A GPDE and its Associated PIE

Having handled the harder task, i.e., showing the equivalence of a PDE subsys-
tem and its associated PIE, we now define the PIE system associated with a given
admissible GPDE model and prove the equivalence of their solutions. This associ-
ated PIE system is defined by 4-PI parameters as defined in Blocks 5.1 and 5.2. For

convenience, we use

M : {n, Gy, G, Gp} = AT, Tw, Tu, A, B1,B2,C1,Co, D11, D12, Doy, Do }
to represent the several formulae used to map GPDE parameters to PIE parameters.
Definition 5.2. Given {n, Gy, G, G,} where

Gb = {Ba Bla Bv}a Gp = {Ao,Al,AQ, meB:v(nCra Drb}

Go = {Aa waa Bxua era Cza Dzun Dzua Dzra Cy7 Dywa DyU7 DyW Cva Dvwa Dvu}

we say that GPIE - M({na Gb7G07Gp}) Zf GPIE = {T7 7:Ua 7:17 Aa Bla 827 Cla (”27
D1, D12, Doy, DQQ} where {T, 7207 7;7 A7 Bi, Ba, Ci, Co, D11, D12, Doy, DQQ} are as
defined in Blocks 5.1 and 5.2.
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Having specified the PIE system associated with a given GPDE model, we now

I 0
extend the results of Theorem 5.4 to show that the map x — X proposed

0 D

in Corollary 5.3 maps a solution of a given GPDE model to a solution of the associated
PIE system and that the inverse map x — 7x + T,w + 7T,u maps a solution of the

associated PIE to a solution of the given GPDE model.

Corollary 5.5 (Corollary of Theorem 5.4). Given ann € NV and parameters {G,,
Gy, G} as defined in Equations (3.2), (3.6) and (3.8) with {n, Gy} admissible, let
w € L [Ry] with ByDyyw € WES[R,], u € Li[Ry] with ByDy,u € WZS[R,].
Define

GPIE = {7-77:1)77;7"47 Bl;827017627D117D127D217D22} = M({n7 Gb; GO7 Gp}

Then we have the following:

1. For any {2°,%"} € Xyoyuo) (where Xy, is as defined in Equation (3.9)), if
{z, X, z, y, v, r} satisfies the GPDE defined by {n, Go, Gn, Gp} with ini-

x
tial condition {z°,X°} and input {w,u}, then , 2,y p satisfies the PIE
Dx

x
defined by Gpg with initial condition and input {w,u} where Dx =
DxO

col(0%%q, - ,ONXy).

2. For any x° € RLy™"™, if {x, z, y} satisfies the PIE defined by Gp with

initial condition x° and input {w,u}, then {x, X, z, y, v, r} satisfies the GPDE

0
x
defined by {n, G,, Gy, G} with initial condition = Tx°+Tow(0)+T,u(0)

}A{O
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and input {w,u} where

v(t) = Cyx(t) + Dyww(t) + Dyyul(t),
r(t) = |:On5(><nz CT] x(t) + D,pv(t),
and where C. and D,, are as defined in Block 5.2.

Proof. The proof is simply a matter of applying Theorem 5.4 to the augmented states
and verifying that the definition of solution is satisfied for both the GPDE and PIE.

A detailed proof can be found in Appendix A.4. n
5.4 Equivalence of System Properties

We have motivated the construction of PIE representations of GPDE models by
stating that many analysis, control, and simulation tasks may be more readily ac-
complished in the PIE framework. However, this motivation is predicated on the
assumption that the results of analysis, control, and simulation of a PIE system
somehow translate to analysis, control, and simulation of the original GPDE model.
For simulation, the conversion of a numerical solution of a PIE system to the nu-
merical solution of the GPDE is trivial, as per Corollary 5.5 through the mapping
x(t) — Tx(t) + Tpw(t) + Tyu(t). In this section, we show that analysis and control
of the PIE system may also be translated to the GPDE model. For input-output
properties, this translation is trivial. For internal stability and control, an additional

mathematical structure is required.
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5.4.1 Stability

Unlike I/O properties, the question of the internal stability of a GPDE model is
complicated because there is no universally accepted definition of stability for such
models. Specifically, suppose the state-space of a GPDE model is defined to be X, ,,
(a subspace of the Sobolev space W™). In that case, the obvious norm is the Sobolev
norm — implying that exponential stability requires exponential decay with respect
to the Sobolev norm. However, many results on stability of PDE models use the Lo
norm as a simpler notion of size of the state.

We will see that while both notions of stability are reasonable, the use of the
Sobolev norm and associated inner product confers significant advantages in terms of
mathematical structure on the GPDE model and offers a clear equivalence between
internal stability of the GPDE model and associated PIE system. In particular, we
first show that X is a Hilbert space when equipped with the Sobolev inner product.
Furthermore, the exponential stability of the GPDE model with respect to the Sobolev
norm is equivalent to the exponential stability of the PIE system with respect to the

Lo norm.

Topology of X, (state space of a GPDE with no inputs)

Before we begin, for n € NV, let us recall the standard inner product on R x W"

U v T N
’ =u v+ E i—0 <uiavi>Wini )

R7z x W

<ui7 Vl)WZnZ = Zj:ﬂ <agula agui>L2
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with associated norms ||u ||y = Z;:o 09| pr and
3

N
= fulle + 3" il

Rnra x Wn

u

As we will see, however, the standard inner product R™ x W™ is not quite the right
inner product for Xj. For this reason, we propose a slightly modified inner product
which we will denote (-, ) v, and show that this new inner product is equivalent to

the standard inner product on W". Specifically, we have

N o, ,
(U, V) yn = Zz’:o <8§ui,8;vi>L;i = (Du,Dv) (5.6)

and define the obvious extension

U v .
7 =u v+ (u,v)yn
u \%

Rna x X7
We now show that the norms ||-||gn,yyyn and ||-||gne « x» are equivalent on the

subspace Xj .

Lemma 5.6. Suppose pair {n, Gy} is admissible. Then ||| gu, o xn < [|0lgne e and

there exists co > 0 such that for any u € Xy, we have ||| gn, iy < Co || 0]l gre « xn-

Proof. Because the map x — x is a PI operator, it is bounded, which allows a bound

on all terms in the Sobolev norm. See Appendix A.5.2 for a complete proof. O]

Trivially, using n, = 0, this result also extends to equivalence of ||-||;» and ||| =
on Xg.
Next, we will show that T and T are isometric when Xo and &) are endowed with

the inner products (-, -)gn, yyn AN (-, ) gna » xn, Tespectively. This implies that these

spaces are complete with respect to both ||-| +n) and |||

Rnz x X ™ (||| Rna x Wn (HHW")
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Xo,0 is Hilbert and 7 is unitary

First, note Xy and Xp are defined by {n, Gy} as

Xo = {fc € W"a,b] : BBx = f; Bf(s)(ffc)(s)ds} ;

x
Xoo = ERxX, : v=Cyx

~

X

The sets Xy and A are the subspaces of valid PDE subsystem and GPDE model
states when v = 0 and when u = 0, w = 0, respectively. Previously, in Theorem 5.1,
we have shown that 7 is a bijective map. In Theorem 5.7 we extend this result to
show that 7 : Li* — X" and 7 : RL}*™ — R™ x X" are unitary in that the

respective inner products are preserved under these transformations.

Theorem 5.7. Suppose {n, Gy} is admissible, {7',7:,} are as defined in Block 5.1,
and {T, Ty, Tu} are as defined in Block 5.2 for some matrices C,, Dy, and D, If

(-,*)xn 15 as defined in Equation (5.6), then we have the following:
a) for any vi,vo € R™ and x, y € Ly*

(Tx+Toor), (T3 + Tawa) ) = (%.9) s (5.7)

b) for any wi,wy € R™, uy,upy € R™, x,y € RL""™,

<(TX + Twwy + Tyur), (T}j + Twpws + EU2)>

Rnre x Xn

= (XY e (5.8)

Proof. The proof follows directly from the definition of the X™ inner product and the

map x — x. See Appendix A.5.1 for more details. O]
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Corollary 5.8. Suppose {n, Gy} is admissible, T is as defined in Block 5.1, T is as
defined in Block 5.2, X, is as defined in Equation (3.5) and, for any matrices C,,
Dy and Dy, Xy is as defined in Equation (3.9). Then X, is complete with respect
to |||l x» and Xog is complete with respect to ||| gny o xn- Furthermore, T : L3* — X,
and T : RLy*™ — Xy are unitary (isometric surjective mappings between Hilbert

spaces).

Proof. From Theorem 5.1 and Corollary 5.3, we have that 7 is a bijective mapping
from RL;*"™ to Xpp. From Theorem 5.7, we have that 7 is isometric with respect
to the R™ x X™ inner product. Since RL;*"* is complete, we conclude that X is
complete with respect to the R"* x X" norm. Completeness of X, follows trivially

from the special case n, = 0. O

As a direct consequence of Corollary 5.8 and Lemma 5.6, X, and A} are also
complete with respect to ||-||;» and ||| gne 7m0, T€SPEctively.

As shown in Theorem 5.7, the natural definition of exponential stability of a GPDE
model is with respect to the R"* x X" norm. However, as shown in Lemma 5.6,
exponential stability with respect to the R™* x X™ norm is equivalent to exponential
stability with respect to the R™ x W™ norm. Hence, we formally define stability with

respect to the R™ x W™ norm.

Definition 5.3 (Exponential Stability of a GPDE model). We say a GPDE model
defined by {n, Go, Gy, G, } is exponentially stable if there exist constants M, o > 0
such that for any {2°,x°} € Xoo, if {z, X, z,y,v,7} satisfies the GPDE defined by

{n, G, Gy, G, } with initial condition {z°,%x°} and input {0,0}, then

z(t) 0 .
<M e forallt>0.
x(t) '
Rz xWn Rz xWn
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In contrast to the GPDE stability, the internal stability of a PIE system is with
respect to the RL, norm because that is natural norm on the solution space that

preserves the topological structure.

Definition 5.4 (Exponential Stability of a PIE system). We say a PIE defined by
Gprg is exponentially stable if there exist M, o > 0 such that for any x° € RLy™"™, if
{x, z,y} satisfies the PIE defined by Gprg with initial condition x° and input {0,0},

then ||}—((t)||RL2 S M ||>—(O||RL2 efat for all t Z 0.

Using these definitions of internal stability for GPDE and PIE representations,
one can show that the exponential stability of a GPDE model is equivalent to the

exponential stability of the associated PIE system, which is formalized below.

Theorem 5.9. Given {n,G,, Gy, G} with {n, Gy} admissible, the GPDE model
defined by {n,G,, Gy, G} is exponentially stable if and only if the PIE defined by

Grpir = M({n, Gy, Go, G, }) is exponentially stable.

Proof. The proof is a direct application of the stability definitions, Theorem 5.7,
and Lemma 5.6 (See Appendix A.5.3). O

The results of Theorem 5.9 also imply that Lyapunov and asymptotic stability of
the GPDE model in the R™ x W™ norm are equivalent to Lyapunov and asymptotic
stability of the associated PIE system in the RL; norm. Recall that Lyapunov and
asymptotic stability of GPDEs are defined as follows, which naturally lead to similar

definitions of stability for PIEs but in a different normed space.

Definition 5.5 (Lyapunov Stability).

1. We say a GPDE model defined by {n, G,, G, Gy} is Lyapunov stable, if

for every e > 0 there exists a § > 0 such that for any {2°,x°} € Xy with
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<0, if {z, x,2,y,v,r} satisfies the GPDE defined by {n, G,

>~{0

Rz x Wn
Gy, G} with initial condition {z°,%x°} and input {0,0}, then

<e€ for allt > 0.
Rne x W
2. We say a PIE model defined by Gprg ts Lyapunov stable if for every e > 0 there
exists a constant 6 > 0 such that for any x° € RLy"" with HXOHRLgL,n < 0, if
{x,z,y} satisfies the PIE defined by Gpg with initial condition x° and input

{0,0}, then ||x(t)|[gpypn <€ for all t = 0.
Definition 5.6 (Asymptotic Stability).

1. We say a GPDE defined by {n, G,, Gy, G,} is asymptotically stable, if for every
{2°,%°} € Xoo and € > 0, there exists a T, > 0 such that if {z, X, z,y,v,7}
satisfies the GPDE defined by {n,Gq, Gy, G} with initial condition {x° x°}
and input {0,0}, then =) <€ for allt >T..

x(t)
Rz xWn

2. We say a PIE model defined by Gpig is asymptotically stable, if for every x° €
RL5"™ and € > 0, there exists a T, > 0 such that if {x,z,y} satisfies the PIE
defined by Gpig with initial condition x° and input {0,0}, then there exists

T. > 0 such that HX(t)HRL;n,n <eforalt>T.,.

The equivalence of Lyapunov and asymptotic stability for the two representations

are formalized in the following Corollary.

Corollary 5.10. Given {n,G,, Gy, G, } with {n, Gy} admissible, let Gpir = M ({n,
Gy, Go, G,}). Then
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1. The GPDE model defined by {n,G,, Gy, Gp} is Lyapunov stable if and only if

the PIE system defined by Gpg s Lyapunov stable.

2. The GPDE model defined by {n, G, Gy, Gy} is asymptotically stable if and only

if the PIE system defined by Gpig ts asymptotically stable.

Proof. Based on the stability definitions, this result is a direct corollary of Theo-
rem 5.9 (See Appendix A.5.3). O

5.4.2 Input-Output Properties

Recall the transformation of a PIE solution to the GPDE solution is limited to
the internal state of the PIE whereas the inputs and outputs are unchanged. Conse-
quently, Corollary 5.5 implies that all input-output (I/O) properties of the GPDE
model are inherited by the PIE system and vice versa. As a result, we have the
following Corollary, which can be trivially proved using the map between parameters

of a GPDE and the parameters of its associated PIE.

Corollary 5.11 (Input-Output Properties). Given an n € NN*' and parameters
{Go, Gy, G,} as defined in Equations (3.2), (3.6) and (3.8) with {n, Gy} admissi-
ble, let w € Ly*[Ry] with B,Dyyw € W[Ry]. Let Gpz = M({n, Gy, Go, G}

Suppose {x°,x°} = {0,0}. Then the following are equivalent.

1. If{z, x, z, y, v, r} satisfies the GPDE defined by {n, G, Gy, G} with initial

condition {0,0} and input {w,0}, then [|z|,, <7 |wl,.

2. If{x, z, y} satisfies the PIE defined by Gpig with initial condition 0 and input

{w, 0}, then [|z]|,, <7 l[wl]lL,

Suppose K :€ Ly’ — Ly». Then the following are equivalent.
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1. If{z, x, z, y, v, r} satisfies the GPDE defined by {n, G,, Gy, G} with initial

condition {0,0} and input {w, Ky}, then ||z]|,, < l|lwl,.

2. If{x, z, y} satisfies the PIE defined by Gpig with initial condition 0 and input

{w, Ky}, then |2, < llwl,-

Proof. Corollary 5.11 follows directly from Corollary 5.5. Since the change of internal
state from GPDE state {x, x} to the PIE state x does not change the inputs or outputs

and the solutions are equivalent, the input-output properties remain unaffected. [
5.4.3 A Side Note on the Conversion of a GPDE to a PIE

Because the GPDE class of model is meant to be universal, construction of a
GPDE requires the identification of a large number of system parameters — most
of which are typically zero or sparse. Furthermore, construction of the associated
PIE system using the formulae in Blocks 5.1 and 5.2 can be cumbersome, requiring
one to parse a rather complicated notational system. This complicated process of
identification of parameters and application of formulae may thus impede the practical
application of the results in this paper. For this reason, PIETOOLS versions 2021a
and later include software interfaces for the construction of GPDE models, which
do not require the user to understand of the notational system defined here. For
example, PIETOOLS 2021b (By Shivakumar et al. (2020b)) includes a Graphical
User Interface (GUI), which allows the user to define a GPDE data structure one
term at a time. Because many GPDE models only consist of a few terms, this GUI
dramatically reduces the time required to declare a GPDE model. Furthermore, this
GUI automates the application of the formulae in Blocks 5.1 and 5.2 — allowing the
user to construct an associated PIE system data structure that is compatible with the

PIETOOLS utilities for analysis, control and simulation of PIEs. Additional details
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can be found in the PIETOOLS user manual by Shivakumar et al. (2021).
In addition to the GUI, PIETOOLS includes many tools for the analysis, control,
estimation, and simulation of PIE systems in the context of simple PDE models,

advanced GPDE models, and Delay Differential Equations.
5.5 Additional Examples

In this section, we present additional examples explaining the process of identi-
fication of GPDE parameters and finding PIE representation to illustrate the PIE

representation for a wide variety PDE systems.

Demonstration 5.1 (ODE coupled with PDE at the Boundary). In this ezample,
we consider a thermal reactor, T,.(t), which is modeled as an ODE and is coupled to a
cooling jacket, T.(t,s), which is modeled as a PDE. The dynamics of the reactor and

jacket are given by

TT(t) = )‘TT(t) - O(Tr(t> - Tc(t7 0))7
T.(t,s) = kO*T,(t, s), s €(0,1),

T.(t,0) = T, (1), O.Tu(t,1) = 0 (5.9)

where X is the reaction coefficient of the reactor, C is the specific heat of the reactor,
and k is a diffusivity parameter for the coolant. In this case, we first model the ODFE,
where the influence of the PDE on the ODE is isolated in the signal v(t) = T.(t,0)
and the influence of the PDE on the ODE is isolated in the signal v(t) = T,(t). The

state of the ODE subsystem is x(t) = T,.(t) with the following dynamics.

B(t) = (A — O)a(t) +r(t), o) =z(t), Tut,s) =kdTu(t,s), se(0,1),

T.(t,0) = v(t), O,T.(t,1) =0 (5.10)
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Examining the ODE dynamics

x(t) A | Byw Byuw Bar| | z(t)
Z(t) Cz Dzw Dzu Dzr w(t)
y(t) Cy| Dyw Dyu Dy | |u(t)
v(t) Cy| Dyw Dy O r(t)
we may parameterize the ODE subsystem, G, as
G, : A=X-C, B, =C, C, =1

Now, examining the PDE subsystem, we have a system similar to Illustration in

Ezxample 5.2 so that the continuity parameter is
n : n =40,0,1} N=2

with X5(t, s) = T.(t,s). Again, the BCs appear in the form

0:/ Bi(s)Fx(t,s)ds + {Bv _Bl ([:A(I)f)(t)
) [ 7.(4,0)
e, s
1 (t,5) T.(t,0)
= [ B | Tfrs) | ds = ran |
Tc,ss(t’s) P
| Tes(t1)

o(t) = x(t)T.(t, s) = kO*T,(t,s), s (0,1),

T.(t,0) = v(t), O,T.(t,1) = 0 (5.11)
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By inspection of the BCs, we may now define the parameters for Gy, as

1 000 1
G’b B: s B’U:
0 001 0

To define the parameters of the PDE dynamics, we again ignore integral terms, yield-

ing
_ en
(t.s)| _|T(ts)| |40 | Tt || [Bale) Bats)| | v)
(1) 0 Too(t, ) 0 Du | |BR®
0

By inspection of Equation (5.9), the only non-zero parameter in this expression is
Gy - Ag = {0 0 k}
which becomes the entire parameter set for Gy.

Demonstration 5.2 (Second Order Time Derivatives). For our next illustration, we

consider wave motion
ii(t,s) = *Oin(t, s), s € (0,1),
1
A9 = [t o)is,
0

where z is a requlated output (the average displacement of the string) with a general

form of BCs (Sturm-Liouville type BCs) given by
n(t,0) —kOsn(t,0) =0,  n(t,1) +10:m(t,1) = w(t),

where n stands for lateral displacement, c is the speed of propagation of a wave in the
string, and w s external disturbance acting on the boundary. The constants k and |

represent the reflection and mirroring of the wave at the boundary.
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To rewrite this PDE model as a state-space GPDE model, we must first eliminate
the second-order time-derivative. As is common in the state-space representation of
ODFEs, we eliminate the 2nd order time-derivative by creating a new state (5 = 1) with

(1 =n. This change of variable leads to a coupled PDE of the form

C.l(twg) = CQ? s € (07 1)7
C.Q(t7 S) = C2as2<1(t7 S),

1
= d 5.12
() = [ Gltsgas (5.12)

with BC's

Here we note that the ODE subsystem has the parameters related to outputs z and
nputs w, however, there is no ODFE state. Thus, we only have parameters related to
z and w. First, we include the influence of PDE on the ODE into the interconnec-
tion signal as r(t) = fol (1(t, s)ds, whereas the influence of the ODE on the PDE is
routed through v where v(t) = w(t). Then, by inspection, the output z can be written
as z(t) = r(t). Consequently, we find that D,, = 1, while the remaining parame-
ters related to z are zero. Likewise, we note that D,, = 1 and leave the remaining

parameters of v as empty. This completes the definition of the ODE subsystem.

By inspecting the partial derivatives and boundary values used in Equations (5.12)
and (5.13), we first define the continuity equation using ng = 1 so that Xo = (o and

ng = 1 so that X9 = (5.

n : n={1,0,1} N =2.
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For this definition of n, we have ng = ng, = 2 and ns, = ng, = 1 — there are two 0"
order and one 1%t and 2™ order partial derivatives. In addition, ng = 2, indicating

there are two possible partial deriwatives. Thus

R X1 G R .
S9% = = Sx = 5%k =%y = (.
Xo Ca

Next, we construct (Bx) — the vector of all possible boundary values of X allowable

for the given n.

%,(0) ¢(0)
O] |x.0] [0
00| | %) ¢(1)

%o.(1)] L)

We may now define the BCs. There is no ODEFE state, however, there is a disturbance

w that influences the PDE via the signal v, which can be chosen asv(t) = w(t). Then,

the BCs appear in the form

b
O / Br(s)Fx(t, s)ds — B(BX)(t)
u(t) a
[ %i(ts) | [ Gits) | [ i(t.0) |
_ /1 Bi(s) xalbis) o B(B)(t) = /1 Bi(s) Qlhs) | |00
0 }A(27S(t, S) 0 Cl,s(t7 3) G (t7 1)
_}22’35 (t, 8)_ _Cl,ss(ta 3)_ _Cl,s(ta 1)_

By inspection of Equation (5.13), we may now define the parameters for Gy, and

hence Xy as

The final step is to define the parameters of the PDE dynamics. Ignoring the
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integral terms for simplicity, and noting that X = = L SX=85%%=%=(

and r =v =0, we have

Gt s) | [ (t,0) |
C:Q(t, S) _ AO(S> Cl (t, S) N me(s) Cl,s (t, O)
Ci(t, s) Cis(t, s) Gi(t, 1)

_Cl,ss(ta 3)_ _Cl,s(ta 1)_

By inspection of Equation (5.12), we have two non-zero parameters in G,. However,

the interconnection signal v has an integral term, which can be written as

b
r(t) = / C, () Fx(t, s)ds + D,y (B)(t)

)Ail (t, 8)
1 )ACQ(t, S)
— / C,(s) ds + Dyy(BX)(1)
0 )A(st(t, 8)
_}22,55@7 S)_
[ G(9) | G (1,0)]
_ / o | 99 s e by, |00
0 Cl,s(ta S) Cl <t7 1)
_Cl,ss(tu S)_ _Cl,s(ty 1)_

Clearly, only C,o = l1 0} s non-zero, whereas the remaining terms are zero, which

gives us the final set of parameters for the PDE subsystem as

00 c?
G, - Ago = 3 Ao = ) Cro = [1 0] .
1 0 0

This completes the definition of the GPDE.
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Demonstration 5.3. Chemical Reactor with Cooling Jacket Consider a chemical re-
actor with a cooling jacket as described in Karafyllis and Krstic (2019). In this model,
the reactor temperature is a lumped parameter system while the coolant temperature
is a distributed state that varies along the length of the pipe. Assuming conduction

inside the cooling jacket to be negligible, we obtain the following coupled ODE-PDE.

1
x(t) = kx(t) + ,u/ x(t, s)ds
0
x(t,s) = —cOsx(t,s) — (x(t,s) + Cx(t) x(t,0) = w(t) (5.14)
where x is the reactor temperature, X is the temperature in the cooling jacket, w(t)
1s a disturbance, p,c,( are positive constants, and k is a negative constant. In this
model, the distributed state x has a single boundary condition and the highest spatial

derivative of order 1, so n = {0,1}. In order to retain the parameter dependencies,

we use the formulae in Blocks 5.1 and 5.2 to obtain the following PIE representation.
1
z(t) = kx(t) +/ (1 — s)x(t, s)ds,
0
/ sﬁc(t, 0)do = (x(t) — cx(t,s) — / (x(t,0)d0 —w(t) — Cw(t), (5.15)
0 0

or, alternatively,

t
i ! 0 %’() + 11 Ll w(t
040,50} | |%(1) 1| {0}
— g t
k] e O gl Lo e
¢ Hme—cop | |50 ¢ | {0}

where X = 0,X.

5.6 Conclusion

In this chapter, we proposed a test for the admissibility of a given GPDE model

and proved that admissibility implies the existence of an associated Partial Integral
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Equation (PIE) representation of the GPDE model. Furthermore, we found a unitary
map from the state of the PIE system to the state of the GPDE model and proved
that this unitary map is a PI operator. Using this unitary mapping, parameters of
the GPDE model was mapped to the parameters of its associated PIE model via
analytical expressions. Lastly, we proved that many properties of the GPDE model
and associated PIE system are equivalent — including the existence of weak solutions,
input-output properties, and internal stability.

As a side note, to aid in the practical application of the proposed GPDE mod-
els and PIE conversion formulae, we introduced an efficient open-source software
(PIETOOLS) for the construction of the GPDE model, conversion to PIE system,
simulation of the GPDE/PIE, and analysis/control of the GPDE/PIE. This software
includes a GUI for the construction of GPDE models and conversion to an associated

PIE system — a feature demonstrated on several example problems.
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0 To(S)In
Q1(s)
0 Tl(s)jni+1 Im
Qi(s) = , Q(s) = , U = :
Oni N TG
QN(S) +1:N
0 TN,Z'(S)I"N
0 Tl(S) Tl,l (S) Tl N(S)
(nsi—nsj),ns;
Toi(s) =150(s) | L Tls) = = :
Ly,
TN(S) 0 TN7N(S)
. Onimigo. diag(Uso, - - - , Usy(n—1 )
Uy = diag(Uso, - -+, Uin), Uai = o , Uy = ) ,
[ni+1:N OnN,nS
7(0) b 0
Br=20D - / Bi(s)UT (s — a)ds, Gu(s) = ,
T(b—a) @ Ti(s — a)B;'B,
/ 0 1,
BQ(S):BEI B[(S)U1+/BI(0)U2Q(9—S)d@—B , Go = o ,
s Q<b - S) O(n*—no)
0 0
Ga(s,0) = . Ga(s,0) = + Ga(5,0),
Ti(s — a)Bo(0) Qi(s —0)

hl 0 ]’ T =1 0 (Z)].

Block 5.1: Definitions based on n € N¥*! and the parameters of Gy, = {B, By, B,}

F=1

used in Theorem 5.1.
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RD72($7 9) = UQT(S — CL)BQ(@), RDJ(S, 9) = RD’Q(S, (9) + UQQ(é - 0),

In,, OnTan
. B;'B, Ba(s)
T(b—a)B3'B,| | |T0—a)Bo(s)+ Qo —s)| |
UsT (s — a)B;le ‘ {U1,Rp,1,Rp,2}
0 D, C, D,y | Crp
== o o) ‘ : Tl =PL(E
|:Ba;v Ba:b:| {Ai} va {Az}
A 0| 0 0 0 0| Cry Dy | 0
iy T L R S =1l D=1 7
I,, 0 0 0 0 0 A+ B, D,C, B,C,
T = ~ ) ,7:1} = ) ’7;;1 = ) A = ~ )
G’U C’U T G’U D'UU) 0 G’U D’l)u 0 BU C’U A
B.’Eu} + BITDT’U D’UU} BZ'?L + BJJTDT'U DU?L
1= 3 BQ = )
Bvaw Bvau

Cl = Cz + DZT’DT,UCU Dzrc'r:| ) C2 = [Cy + DyTDT’UC’U DerT ) Dll = Dzw + DzrDervwa

D12 = Dzu + DzrDM/Dvua D21 = Dyw + Dy’V‘D'M)D'UuH D22 = Dyu + DyrDervu~

Block 5.2: Definitions based on the PDE and GPDE parameters in G,= {4y, 4,
AQ; B;Bv; B.Tb? Cru DTb} and Go = {A, Baswu Bmu Ba:ry Ozu Dzw’ Dzu7 Dzr7 Cyv Dywa
Dy, Dy, Cy, Dy, Dy}, the Definitions from Gy, as listed in Block 5.1 and the map

P} as defined in Lemma 2.2
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Part 11

ANALYSIS, ESTIMATION, AND
CONTROL OF GPDES
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Chapter 6

STABILITY, STABILIZABILITY, AND DETECTABILITY

6.1 Introduction

One of the important problems in control theory is to establish the stability of a
system in the absence of inputs and to stabilize an unstable system or improve the
stability of a stable system by finding feedback control.

Although there are different definitions of stability for a system, even more for
infinitesimal systems due to different available choices for the norm used in the Lya-
punov function, we will only look at the stability of GPDEs when the associated Lya-
punov functions that prove stability are defined using the Lo-norm. Consequently,
the stability of the state is also expressed in terms of Lo-norm, in the sense if we say
lim; ¢, X(t) = Xo, we imply lim; 4, [|x(t) — %o||,, = 0.

In this chapter, we will introduce slightly different notions of stability for PIEs,
namely asymptotic and exponential, that use a different norm than the ones pre-
sented in Definitions 5.4 to 5.6. The stability notions will be defined based on the
rate of convergence of 7x as opposed to x in the previous definitions. As a result,
we have a weaker stability result for the corresponding GPDE state x in terms of
R Lo-norm instead of the Sobolev norm. However, as will be seen later, this weaker
notion is needed to maintain symmetry between a PIE and its dual representation —
a representation needed for stabilizability and controller synthesis.

Using the new stability definitions, we will present associated sufficient conditions
to prove the stability of a GPDE in the PIE form. Furthermore, we will look at a

method to design a feedback input to stabilize unstable systems or enhance stability,
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e.g., use feedback to convert an asymptotically stable GPDE to an exponentially
stable GPDE. For the design of such feedback inputs, we will also need a concept of
dual stability for reasons explained in the following sections by using an ODE system

for demonstration.
6.2 Stability and Dual Stability

Lyapunov’s direct method allows us to verify/prove the properties of a dynamical
system without requiring us to find a solution for the equations describing the system.

The typical steps involved in Lyapunov methods are listed below:

1. Define a parameterized Lyapunov function (or a storage function) that is strictly

positive (or positive definite for a storage function).

2. Find the time derivative of the said parametrized function along the solutions

of the dynamical system.

3. Search for the parameters of this function such that the time derivative com-

puted in Step 2 is negative (or satisfies some input-to-output bounds).

For example, to find a stabilizing state-feedback controller for an ODE given by
z(t) = Ax(t) + Bu(t),

where A and B are matrices, we can parameterize the control signal as u(t) = Kz (t).
By defining a Lyapunov function V(z) = 27 Px where P is a positive definite matrix,
we find that the time derivative of V' along the solutions of the ODE is given by
V(t) = 2(t)T((A + BK)"P + P(A 4+ BK))z(t). Thus, if we solve an optimization
problem searching for variables K and P, subject to the constraints P > 0 and

(A+BK)"'P+ P(A+ BK) <0, then we can find the controller K that stabilizes the
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ODE and the associated Lyapunov function V' that proves the stability of the said
controller.

However, as we can note, this optimization problem is bilinear and hence non-
convex. Thus, although the Lyapunov method gives us solvable conditions to find a
provably stable controller, K, the problem is computationally intractable. To over-
come this practical limitation, we use a dual ODE representation to convexify this
optimization problem as described below.

The concept of dual representation arises from the fact that A and AT have the
same eigenvalues. Therefore, # = Az (primal ODE) is stable if and only if y = ATy
(dual ODE) is stable. Using Lyapunov’s method for the primal ODE, the stability can
be verified by solving the LMI optimization problem, P > 0 such that ATP+PA <0
— referred to as the ‘primal stability test’. Applying the primal stability to the
dual ODE, we get the LMI optimization problem P > 0 such that AP + PAT < 0
— referred to as the ‘dual stability test’. Since the stability of the two ODEs is
equivalent, the two tests are also equivalent. Therefore, if a primal ODE & = Az + Bu
is stabilized by a state-feedback control v = Kz leading to the closed-loop ODE
© = (A + BK)z, then the dual ODE y = (A + BK)Ty is also stable. Then, we
can find the controller by solving the dual stability test: find P > 0 such that
(A+ BK)P + P(A+ BK)T <0. The key difference, however, is the bilinearity can
now be eliminated by introducing a new variable Z = K P which leads to the LMI
constraint AP + BZ + (AP + BZ)" <0.

Likewise, while finding optimal control for any ODE (primal ODE) with inputs

and output as shown below,

t=Ax+ Bu, z=Cx+ Du,
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one can show that there exists a dual ODE given by
it=ATr +CTu, z=BTz+ D,

such that the two ODEs have the same internal stability and I/O properties. Any
bilinearity that appears in the optimization problem while searching for a controller
for the primal ODE using Lyapunov methods can be convexified by considering the
dual ODE and the dual optimization problem.

In particular, the equivalence in the stability and 1/O properties of a primal ODE
and its dual ODE are crucial results that are used to reformulate optimal controller
synthesis for ODEs as an LMI problem. Since we wish to reformulate optimal con-
troller synthesis for PIEs as a convex optimization problem, we need duality results
for a PIE and its dual. Therefore, before discussing the use of Lyapunov methods,
we first introduce the duality concept for PIEs and then look at the use of Lyapunov
methods for the stability and stabilizability of PIEs.

For any PIE system of the form in Equation (4.1), we may associate a dual PIE

system, also of the same form as shown below.
Definition 6.1. (Dual PIE) Given a PIE system of the form

Tx(t) A B |x(t)
— . x(0) e RLY™, (6.1)
2(t) C D| |w(t)

defined by PI operators T, A, B, C and D, we define the ‘dual PIE system’ as

Tx(t) A C | [x() _
_ . x(0) e RLY™, (6.2)
Z(t) B* D*| |w(t)

where * represents the adjoint of an operator with respect to the R x Ly inner product.

Recall that, given the polynomial parameters that define the operators T, A, B, C,

and D, the polynomials that parameterize the dual PIE operators are easily obtained
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from the formula

P ‘ Q1(s)
QQ(S) {R0(5)7 Rl(sa 9)7 R2(57 9)}

1l

PT ‘ QZ(S)T

=1I
Ql(S)T ‘ {R()(S)T,Rg(e,S)T,Rl(e,S)T}

In the following subsections, we will establish that a PIE system and its dual are
equivalent in terms of internal stability; In particular, we consider the asymptotic

stability, which is defined as follows.

Definition 6.2 (Asymptotic Stability). We say that the PIE defined by {T, A} C II,
is Asymptotically Stable if for any xo € RLo, if Tx(0) = Txo and Tx(t) = Ax(t),
then

I [[7x(8)|g, = 0.

For convenience, we drop the ||-|| in the following theorem, however, it is implied
that the metric used in the solution space is induced by the Ls-norm and limit values

must be evaluated with respect to this metric.

Theorem 6.1. Suppose T, A € L(RLy"") are PI operators. Then, the following

statements are equivalent.

a) tlgélo Tx(t) = 0 for any x that satisfies Tx(t) = Ax(t) with initial condition

x(0) € RLP™.

b) tlgglo T*x(t) = 0 for any X that satisfies T*x(t) = A*X(t) with initial condition

%(0) € RLI™™,

Proof. To show sufficiency (i.e. a) implies b)), suppose x satisfies Tx(t) = Ax(t) with

initial condition x(0) € RLy"" and limy o, Tx(¢) = 0. Let X satisfy T*x(¢) = A*x(t)
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with initial condition x(0) € RLJ"". Then for any finite ¢ > 0, using integration-by-

parts, we get
/0 (%(t — ), T5(5))ny, ds = (%(0), Tx())ar, — (X0, Tx(O)py,  (6:3)

— /0 (0s%(t = 5), Tx(8))gy, ds-

Then, we use a change of variable (§ =t — s) on the last term in Equation (6.3) to

show
| (0t = ). (6D a5 = [ (0. Tl =),
_ /0 (Tx(6) Xt — 0)),, b

Furthermore, using the same variable change on the left-hand side of Equation (6.3),

we get

Substituting these two expressions into Equation (6.3), we have
[ A0 0,0 = (50). T, — (50, T,
; Ot (T*5(6) x(t — ), db.
However, A%(6) = T*%(0) for all 0 € [0,¢], and hence
(%(0), Tx(t))gy, = (%(1), Tx(0))g,,, for all ¢ > 0. (6.4)
Since limy o Tx(t) = 0 for any x(0) € RLy, we have
i (%(0), Tx(t)) g, — Jimn (7%, x(0))g, = 0,

t—o00

for any x(0) € RLy. Therefore, for any x(0) € RLy, we have lim; o, 7*x(t) = 0.

Thus we have sufficiency. Since 7** = T, sufficiency implies necessity. ]
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From a computational perspective, testing asymptotic stability is difficult and
controls that provide asymptotic stability are typically impractical. Hence, in the
following, we consider the exponential stability and show that the primal and the

dual PIE have equivalent exponential stability properties as well.

Definition 6.3 (Exponential Stability). We say that the PIE defined by {T, A} C II4
1s Exponentially Stable with decay rate a > 0 if there exists some M > 0 such

that for any xo € RLy, if x(0) = x¢ and Tx(t) = Ax(t), then
1T llpr, < Mlxollgy, e for allt > 0.

Note that this definition implies that the GPDE state (7x) decays exponentially
in the RLy-norm, but does not necessarily guarantee exponential stability of the PIE

state (x) unless 7 has a bounded inverse.

Corollary 6.2. Suppose T, A € L(RL"™) are PI operators. Then the following

statements are equivalent:

a) There exists M > 0 and a > 0 such that
ITx(®)] < M ||x(0)[] e~
for any x that satisfies Tx(t) = Ax(t) with initial condition x(0) € RLy"".
b) There exists M > 0 and o > 0 such that
IT*x(®)]| < M [|Ix(0)] e
for any x that satisfies T*x(t) = A*x(t) with initial condition X(0) € RLy"".

Proof. To show sufficiency (i.e. a) implies b)), suppose x satisfies T*x(t) = A*x(t)

for some initial condition x(0) € RLy"". Then for any ¢ > 0, let x satisfy Tx(t) =
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Ax(t) with initial condition x(0) = 7*x(t). Then, we have from Equation (6.4) in

Theorem 6.1,
(x(0), Tx(t)) = (T"x(t),x(0)) = | T*=(®)||*.
Then, from Cauchy-Schwarz inequality,

IT* %0 = (x(0), Tx(1)) < ITx(®)] [%(0)]

< M [[x(0)[[ e =) = M [T %) e~ [I=(O)]],

which implies

IT%()]| < M|%(0)[] ™.
Thus we have sufficiency. Since 7** = T, sufficiency implies necessity. m

Now, we can use the Lyapunov approach introduced earlier to formulate sufficient

conditions for the stability of a PIE, as shown in the following subsections.
6.2.1 LPI for Testing Stability

In the following theorem, we propose primal and dual LPI tests for exponential
stability and use Corollary 6.2 to show that the feasibility of either implies exponential

stability of both the primal and dual systems.

Theorem 6.3. Suppose that either of the two statements hold for some o > 0 and

bounded linear operator P = P* = nl with n > 0.
a) T*PA+ A*PT <X =2aT*PT
b) TPA* + APT* <X —2aTPT*

Then the PIEs defined by {T,A} C IIy and {T*, A*} C II; are Exponentially

Stable with decay rate o.
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Proof. Suppose a) holds. Define V(x) = (Tx, PTX)g,,. Since P is bounded,
NI TxI* < V() <Pl g, 1T

Suppose x(t) satisfies x(0) = xo and Tx(t) = Ax(¢). Differentiating V' (x(¢)) with
respect to time, ¢, we obtain
V(x(t) = (Tx(t), PAx(t)) + (Ax(t), PTx(t))
= (x(t),(T"PA+ A PT)x(t)) < —2aV(x(t)).

Therefore, we conclude V (x(t)) < —2aV (x(t)) for all ¢ and, from Gronwall-Bellman

inequality, V(x(t)) < V(x(0))e™?*". Let 8 = ||T || gL,y and ¢ = [Pl zgL,)- Then

ITx@)]* < %V(}_{(t)) < %V(X(O>>e—2at
2
< %C | 7%(0)]|* et < % 1% (0)]|2 e~

By taking square root on both sides,
ITx(®)] < M [|x(0)[] e~

where M = \/%5. This implies the PIE defined by {7, A} C II; is Exponentially
Stable with decay rate «. Then, from Corollary 6.2, the PIE defined by {7*, A*} C
I1, is Exponentially Stable with decay rate a.

The proof similarly establishes exponential stability for b) with 7 +— 7* and
A A" u

Both a) and b) in Theorem 6.3 imply exponential stability of both primal and
dual using the definition of exponential stability in Definition 6.3, [|[7x(t)[|g,, <
M [|%o||gp, €~ where the upper bound is defined using the Ly-norm of the PIE initial
condition (which is equivalent to the Sobolev norm of the PDE initial condition). This

slightly stronger norm is needed to preserve the symmetry of the primal and dual.
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However, we also note that from the proof of Theorem 6.3, a) implies exponential
stability of the primal and b) implies exponential stability of the dual using an upper
bound of the form || 7x(t)||g;, < M ||TXo|lg,, e~ Practically, however, there is no
difference between these definitions of exponential stability since we always assume
that x¢g € RLs.

It is worth noting that, although we do not explicitly provide a condition to
test asymptotic stability, we can use the conditions of Theorem 6.3 with o = 0 to
establish asymptotic stability. Asymptotic stability is considered inferior in practice
since it does not provide any practical metric to quantify the time a system takes
to reach equilibrium. Therefore, moving forward, we will exclusively consider the
case of exponential stability. On the note of practicality, in Theorem 6.3, we used
a Lyapunov function of the form V(x) = (x, 7*PTx) where P is a bounded linear
operator. However, if one carefully inspects the proof, one does not necessarily need

P to be bounded in the Lyapunov function V' to be positive as long as P7T is bounded;

Boundedness of P is used only in the last step

2
Ly (x(0)e 2 < %c IO 2 < % (O[22

n
The conclusion will hold when P7 is bounded even if P is not — i.e., %V(X(O))e_zat <
M ||x(0)||* e=2** when PT is bounded. Therefore, one can relax this boundedness
constraint on P, while computationally searching for P, to obtain a less conservative

test for stability as shown in the following results.

Corollary 6.4. Suppose there exist a > 0,n > 0 and PI operator P = P* = nl, such
that either (a) or (b) is satisfied:

(a) T"PA+ A"PT X =2aT*PT

(b) TPA® + APT* < —2aTPT"
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Then:

1. There exist PI operators @ and R with R = 0, such that
(€) T"Q=Q'T =R, QA+ A Q+y(T A+ AT) < —2aR

if (a) is satisfied. Otherwise, if (b) is satisfied, then there exist PI operators Q

and R with R = 0, such that

(d) TQ=Q'T* =R, QA"+ AQ+n(TA + AT*) < —2aR.

2. For any xo € Ly, the PIE systems (A) and (B)

(B) T*x(t) = A*x(t), x(0) = xo,
are exponentially stable with a decay rate a.

Proof. The proof is similar to the proof of Theorem 6.3. If conditions of (a) are
satisfied, then we see that for @ = PT + nT, the conditions of 1¢) are automatically
satisfied. Likewise, one can verify that (b) implies conditions 1d) are satisfied with
Q = PT*+nT*. Furthermore, from Theorem 6.3, we automatically get the 2A) and

2B). O
6.3 Stabilizability and Detectability

So far, we have introduced the concepts of stability and a proof of stability by
finding Lyapunov functions. However, in practice, one would be more interested in
stabilizing an unstable system via a feedback input or improving the stability by
increasing the speed at which the system moves to the equilibrium point. However,

such a feedback input may not always exist, e.g., a car cannot be made to fly.
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Therefore, we need a test to determine if a system can be stabilized using a feed-
back input; If such a feedback control exists, then the system is said to be stabilizable.

Another concept somewhat similar to stabilizability is detectability. We say a sys-
tem is detectable if all unstable states can be inferred by using output measurements.
In the case of ODEs, the concepts of stabilizability and detectability are duals — i.e.,
given a state-space ODE (A, B,C, D), the pair (A, B, —) is said to be stabilizable if
and only if the pair (AT, —, BT) is also detectable.

This dual relationship between stabilizability and detectability can be extended
to PIEs defined by {7,.A, B,C, D} of the form

Tx(t) = Ax + Bw z(t) = Cx(t) + Dw(t).

In case of PIEs, we can show that {7, A, B, —} is stabilizable if and only if {7, A*,
—, B*} is detectable. This is a direct consequence of the choice of parametrization
of the dual PIE for a given PIE system. However, to prove these claims, we need to

define the stabilizability and detectability of a PIE formally.

Definition 6.4. If there exists a PI operator K such that the PIE defined by {T, A+
B} is asymptotically stable, then we say PIE system defined by {T,A,B,C,D} is
stabilizable. If {T, A+ BK} is exponentially stable with some decay rate o« > 0, then

we say the PIE is exponentially stabilizable.

Definition 6.5. If there exists a PI operator L such that the PIE defined by {T, A+
LC} is asymptotically stable, then the PIE system defined by {T,A,B,C,D} is de-
tectable. If {T, A+ LC} is exponentially stable with some decay rate o > 0, then we

say the PIE 1s exponentially detectable.

Using the definitions above, we can now arrive at the duality relationship between

stabilizability and detectability of a PIE system.
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Theorem 6.5. Given =T, A, B,C € 114, and a matriz D the following two statements

are equivalent:

1. The PIE defined by {T,A,B,C, D} is stabilizable.

2. The PIE defined by {T*, A*,C*,B*, DT} is detectable.

Proof. The proof simply follows form the definition of stabilizability and detectabil-
ity. Let the PIE defined by {7*, A*,C*,B*, DT} be detectable. Then, there exists
a PI operator L, such that {7*, A* + LB*} is asymptotically stable. Then, from

Theorem 6.1, we have that the PIE defined by
{(T°)" (A" + LB")} ={T, A+ BL")}

is also asymptotically stable. Therefore, there exists K = L*, a PI operator, such
that {7, A 4+ BK} is asymptotically stable. Likewise, one can prove the converse

implication using the same approach. O

Remark 6.6. Note that since exponentially stability of a PIE and its dual are also
equivalent, the above dual relationship also holds for exponential stabilizability and

exponential detectability of a PIE system.
6.3.1 LPI for Stabilizability and Detectability

Now that we have the dual stability test for the PIEs, we can use the change
of variable trick to eliminate the bilinearity that appears in the controller synthesis

problem. Given a PIE of the form,

Tx(t) + Tou(t) = Ax(t) + Bu(t)

we present the LPI that is used to find a stabilizing state-feedback controller of the
form wu(t) = Kx(t) where K : RLy""[a,b] — R? is a 4-PI operator. By Definition 6.4,

this LPI will also be a test for stabilizability of PIEs.
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Since the presence of T, term introduces a quadratic nonlinearity in the optimiza-

tion problems, we will treat the two cases (7, = 0 and T, # 0) separately.

Stabilizability of PIEs with 7, =0

When GPDE systems that do not have inputs at the boundary are converted to PIEs,

we always obtain a PIE with dynamics of the form
Tx(t) = Ax(t) + Buf(t).

Since the 7, term is zero in the above case, we can directly employ the dual LPI for
stability along with the change of variable trick to derive an LPI to find a stabilizing

controller which gives us the following result.

Theorem 6.7. Suppose there exist « > 0, n > 0, and bounded linear operators

P =nl and Z, such that
(AP + BZ2)T*+ T(AP + B2)" < —2aTPT". (6.5)

Then, for u(t) = Kx(t), where K = ZP~', the PIE defined by {T, A+ BK} C I, is

exponentially stable with a decay rate of .

Proof. Let Z = KP. Define a Lyapunov candidate as V' (y) = (T*y, PT*y),,. Then
T Yl <V©) < IPIIT Y,
The time derivative of V (y) along the solutions of the PIE

T*k(t) = A'%(t) + K'B=%(t),  y(0) € RLI""[a,b]
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is given by
V(x(t)) = (T*x(t), PT*x(t)) + (T*x(t), PT*x(t))
= (T"x(t), PA'x(t)) + (A*x(t), PT"x(t))
+ (T*x(t), PK*B*x(t)) + (K*B*x(t), PT"x(t))
= (x(t), TPA™X(t)) + (x(t), APTx(t))
+ (x(t), TZ*B*x(t)) + (x(t), BZTx(t))

< €| T"%()lpy, < —%V (x(1)).

Then, by using Gronwall-Bellman Inequality, there exists constants M and k such

that
V(x(t) < V()‘((O))Me(_kt).

Ast — oo, V(x(t)) — 0 which implies ||7*%(t)||g;, — 0. Then, from Theorem 6.1,

| 7%(t)||p,, — 0 where x satisfies the equation
Tx(t) = Ax(t) + BKx(t) = Ax(t) + Bu(t)
for any x(0) € RLy""[a, b]. O

Similar to the case of the stability test, we can relax the boundedness require-
ment of P in the above theorem to obtain a less conservative LPI condition for the

stabilizability of a PIE, as shown below.

Corollary 6.8. Suppose there exist « > 0, n > 0, and bounded linear operators

P =nl and Z, such that
(AP +B2)T*+ T(AP+BZ)" < =2aTPT". (6.6)
Then, there ewist bounded linear operators Q, Zq, and R = 0 such that

AQ + BZg + (AQ + BZo)* + n(TA* + AT*) < —2aR. (6.7)
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Then, for u(t) = Kx(t), where K = ZoQ~!, the PIE defined by {T, A+ BK} C II,

15 exponentially stable with a decay rate of .

Proof. The proof for the above corollary is similar to the proof of Corollary 6.4. We
can show that @ = PT*+nT* and Zy = ZT* satisfy Equation (6.7) if Equation (6.5)
is satisfied. 0

Stabilizing control of PIEs with 7, # 0

In the case of GPDE systems with inputs at the boundary, i.e., B,D,,, # 0, the PIE

representation of the GPDE is of the form
Tx(t) + T,u(t) = Ax(t) + Bu(t).

For such PIEs (with 7, # 0), the following Corollary can be used to find a stabilizing
state-feedback controller of the form u(t) = Kx(t) where K : RL;""[a,b] — R? is a
4-PI operator, however, note that the constraints are non-convex and quadratic in

the decision variable K.

Corollary 6.9. Suppose there exist bounded linear operators P : RLy""[a,b] —

RLy""[a,b], such that P is self-adjoint, coercive and

(AP + BKP)T + T.K)* + (T + T.K) (AP + BKP)*
< —e(T + T KT + T.K)". (6.8)

Then, for u(t) = Kx(t), any x € RLy""[a, b] that satisfies the system
Tx(t) + T u(t) = Ax(t) + Bu(t), x(0) =xo € RL"[a, ]
also satisfies lim;_,o || Tx(t)|| = 0.

Proof. The proof is similar to the proof for Theorem 6.7. Replace 7 by T + T,K in

all the steps. |
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To eliminate the quadratic terms in the inequality Equation (6.8), we use the
result, Young’s relation for matrices Zemouche et al. (2016), and extend it to PI

operators.

Lemma 6.10. For any 2, : RL}"™ — RLYY, Z, : RLY™ — RLYY and P : RL"™ —

RL""™, such that P+ 0,
(z, Z21PZ3y) + (y, 2P 2{x) < (x, Z\PZ{x) + (y, 2P Z3y)
where © € RIL and y € RLS".

Proof. Suppose P is coercive. Then, the following sequence of inequalities holds.

0= ((Z2{z — ZJy), P(Zir — Z3y))

= (v, Z\PZ1z) — (y, Z2PZx) — (z, 2P Z3y) + (y, 2P Z3y)
Therefore, by rearranging the terms in the inequality,
(x, ZiPZix) + (y, ZaPZ5y) = (y, ZoPZ5x) + (1, ZiPZ5y) .
O

Similar to Schur’s complement for matrices, we can also find the Schur’s comple-

ment for the 4-PI operators.

Lemma 6.11. Suppose £, F, and G are 4-PI operators where G is positive definite.
Then

£ F
=0 (6.9)

Fr G

if and only if £ — FGLF* = 0.
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Proof. Suppose £, F, and G are as stated above. Then G! exists and is positive

definite (refer Theorem 2 of Peet (2020a)). Then the following inequalities are equiv-

alent.
E F
> 0,
F* G
I —-Fg! E Fl |I —-Fg!
=0,
0 1 F* G 0 I
E—FG'F* 0
> 0,
0 g

E—-FG'F =0
O

Using the above Lemmas, we can derive the LPI to find a stabilizing controller

for PIEs with 7, # 0 as follows.

Theorem 6.12. Suppose there exists a P = 0 and Z, such that

Py T2 BZ
ZTx —P 0 | <0 (6.10)
Z*B* 0 =P
where
Pu = TPA + APT" + {7;2 BZ] + {,4 T}

Then the system,
(T + T K)*%(t) = (A + BK)*x(t)
is Lyapunov stable for K = ZP~1.
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Proof. Define a quadratic Lyapunov functional,
V(x(t) = (T + T.K)x(t), P(T + TuK)x(t))p,
where P = 0. Since P > 0, V(x(t)) > 0 for all ¢ > 0 such that x(¢) # 0. Suppose
there exists a Z such that P and Z satisfy the LPI Equation (6.10). If x satisfies the
equation
(T + T.K)%(t) = (A+ BK)"x(t),
then the time derivative of V' (¢) is
V(t) = (x(t), (T + TJ)P(A* + K*B*)x(t)) + (x(t), (A + BK)P(T* + K*T,)x(t))
= (x(t), (TPA* + APT")x(t)) + (x(t), (TLPA" + BKPT*)x(t))
+ (x(t), (APK*T. + TPK*B*)x(t)) + (x(t), (T.XLPK*B* + BKPK T, )x(t))
= (x(t), Pux(t)) + (x(t), (TJCPK*B* + BIKPIK*T, )x(1)) .
However, using Lemma 6.10, if we choose Z; = T, K and Z, = BK then
TP B* + BEPK*T, < T.KPK T, + BECPK*B". (6.11)
Then,
V(t) < (x(t), Pux(t)) + (x(t), (TLKPK*T + BEPK B*)x(t))
= (x(t), Pax(t)) + <x(t), (T.ZP ' Z*TF + BZP”Z*B*)x(t» (6.12)

where we have substituted P = Z. Let £, F, and G be 4-PI operators defined as

follows.

E=(TPA + APT" + T.ZA" + BZT" + AZ"T + TZ'B"),

P 0
0 P
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Then, the inequality in Equation (6.12) can be compactly written as

V(1) < (x(t), (€ = FG'F)x(t))y,, - (6.13)
Furthermore, the LPI Equation (6.10) can be written in a compact form as
E F
=<0, (6.14)
F* G

where G < 0 and invertible because P is coercive (refer Theorem 2 in Peet (2020a)).

Then, by Lemma 6.11,
(E—-FG'F9) =<o0. (6.15)
Combining the inequalities, Equations (6.13) and (6.14) we get

V(t) < (x(t), (€ = FG'F)x(t))g,, <0, Vx(t) € RL™.

Hence the system is Lyapunov stable. O]

Unfortunately, unlike Theorem 6.3 and Corollary 6.4, one cannot obtain a less
conservative version of Theorem 6.12 because setting PT* = Q would require in-
version of 7 during the reconstruction of a controller. Although this can be done
using the inverse formulae presented in Section 2.4, the inverse of 7* happens to be a
differential operator if the PIE represents a GPDE and thus unbounded — leading to

both numerical and well-posedness issues when trying to find the closed-loop GPDE.
6.4 Numerical Examples

All the numerical tests in this section are performed using PIETOOLS toolbox in
MATLAB. The standard process of using PIETOOLS includes: a) defining the GPDE

using the parser; b) conversion of GPDE to its PIE representation; and c¢) setting up
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and solving the LPI optimization problem for the PIE (specifically, stability and sta-
bilizability using 1pisolve() function). Furthermore, all of the following tests were
performed using lpisettings(’heavy’), which is typically passed to the 1pisolve
function in the form 1pisolve(PIE, lpisettings(’heavy’),lpi-test-type). For
more details on the PIETOOLS functions and settings, refer Shivakumar et al. (2021).

We apply the primal and dual LPIs for the exponential decay rate in Corollary 6.2
to a linear delay-differential equation and a PDE reaction-diffusion equation to obtain
the maximum lower bound on the exponential decay rate, a. To maximize «, we
observe that the LPIs in Corollary 6.2 are convex in « for a fixed P — which implies
a bisection search on a can be used to maximize the lower bound on exponential
decay rate. Note that these LPIs have been implemented as a standard function in

PIETOOLS and are accessed through 1pisolve function.

Example 6.1 (Exponential Stability of a Linear Time-Delay System). Consider
the following autonomous linear delay-differential equation from, e.q. Mondie and

Kharitonov (2005).

The formulae for conversion of a delay-differential equation to a PIE can be found
in Peet (2020b) and is automated in PIETOOLS. The primal and dual LPIs obtained
lower bounds on the exponential decay rate of o, = aq = 1.1534. These are similar

to the estimate of o = 1.153 as reported in Mondie and Kharitonov (2005).

Example 6.2 (Exponential Stability of a reaction-diffusion PDE). Consider the fol-

lowing PDE model of a reaction-diffusion equation.
x(t,s) = 2x(t,5) + 0*x(t,s), x(t,0) = 9sx(t,1) = 0.
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Using PIETOOLS, we find the relevant parameters of the PIE representation of this
PDE to be

0| 0

0| {0.~0.~)

T-1 A=

o o
0 ‘ {1,-28,—As} ] '

Using the primal and dual LPIs in Corollary 6.2, the primal and dual lower bounds on
exponential decay rate are o, = aq = 0.4674. One can find an analytical solution to
the above PDE (by performing a change of variable y(t,s) = e ?x(t, s) and using the
method of separation of variables) and see that the largest eigenvalue of the solution

1s —0.4674 — wvalidating the lower bound obtained from the LPIs.

Next, we look at an unstable PDE and test if the PDE is stabilizable using the

LPI presented in Theorem 6.7.

Example 6.3. Consider the reaction-diffusion equation given by
x(t,s) = 10x(t, s) + 0%x(t, s), s€10,1],t >0,
x(t,0) = x(t,1) = 0,x(0, s) = x¢ € W3[0, 1].

Then, one can show analytically that the system is unstable. To stabilize the system,

we introduce an in-domain control input leading to an altered dynamics
x(t,s) = 10x(t, s) + 0°x(t, 5) + u(t)

where u(t) = fol K (s)0*x(t, s)ds is the control input. Converting this PDE to a PIE,
we get

T = l10,50-0,50—s3, A = I {110(s6-6),10(s60—5)}, B = 1.
Then, by solving the LPI in Theorem 6.7, we can prove that the PDE is stabilizable.

Furthermore, using the inversion technique presented in Section 2.4.3, we find that

the operator Kx = fol K (s)0%x(t, s)ds stabilizes the system where
K(s) =0.295" — 1.01s* + 0.955% 4+ 0.165* — 0.51s + 0.98
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6.5 Conclusions

In this chapter, we introduced slightly weaker notions of stability for PIEs and
showed that under these notions, there exists a dual PIE with the same stability
properties as the primal PIE. Using Lyapunov approach, we formulated primal and
dual LPI optimization formulations to test for the internal stability of a PIE. Fur-
thermore, we used the primal LPI formulation to formulated detectability of a PIE
system. We proved the duality between the notions of stabilizability and detectability
that allowed use to obtain an LPI formulation of the stabilizability problem using the
dual LPI test for internal stability.

Lastly, using the numerical examples, we verified that there is no conservatism
in the bounds on the exponential decay rate obtained by using LPIs in Theorem 6.3

and corollary 6.4.
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Chapter 7

INPUT-OUTPUT PROPERTIES

7.1 Introduction

While Chapter 6 focused on internal stability in the absence of external inputs,
dynamical systems rarely are isolated from surroundings and hence, in this chapter,
we look at systems with inputs and outputs. While stability is an important property
of interest, one should consider the impact of external inputs on the system to deter-
mine the system behavior under non-ideal conditions. For this purpose, some of the
standard properties to investigate are the impact of an input of unit energy on the
equilibrium state of the system (input-to-state stability) or the output of the system
(input-to-output stability) when the state cannot be measured completely — referred
to as the H,,-norm of the system. Additionally, passivity of the system is another
input-output property that is commonly investigated as it allows one to identify com-
ponents of a dynamical system that follow Thermodynamic laws and do not produce

energy.
7.2 H.-norm and Passivity

Here, we briefly recall the LMI approach to bound the H.,-norm of an ODE
system. For an ODE system represented in traditional state-space representation

Equation (7.1),

&(t) = Az(t) + Bw(t), z(0) =0

y(t) = Ca(t) + Dw(t) (7.1)
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the following LMI condition by Boyd et al. (1994), established using bounded-real

lemma, can be used to find a bound on H.,-norm.

Theorem 7.1. Define:
G(s)=C(sl — A)'B+D.

If there exists a positive definite matrix P, such that

ATP+PA PB CT
BTp  —~yI DT | <0, (7.2)
C D —4I

then |Gl < 7.

In the following subsections, we generalize this LMI to a general class of infinite-
dimensional systems - replacing the matrices A, B, C, D with operators A, B,C, D and
the positive matrix variable P with an operator variable P.

The second input-to-output property that we consider is the passivity. Recall
that the ODE Equation (7.1) is passive if for any input w € Ly, we have y € Ly and

(w, y) 1, = 0. For ODEs,; an LMI test for passivity can be formulated as follows.

Theorem 7.2. If there exists a positive definite matriz P such that

ATP+PA PB-CT
<0 (7.3)

BTP-C —(D+ D7)
then for any w € Ly and y € Ly which satisfy Equation (7.1) for some z, (w, y)L2 > 0.

In the upcoming subsections, we will look at the LPI formulations of these analysis
problems for PDEs, however, first we will establish the duality results for input-output
properties of PIEs similar to the duality results for stability of PIEs to allow dual
LPI formulations. As will be seen in Chapter 8, we will use these dual formulations

in H.-optimal controller design.
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Theorem 7.3. (Dual Ly-gain) Suppose T, A € L(RLS""™), B € L(RP,RLS"™), and
C € LIRLy"",R") are PI operators and D € R™P is a matriz. Then the following

statements are equivalent.

a) For x(0) = 0 and any w € L5[0,00), if x(t) € RLy"" and z(t) € R" satisfy

Tx(t A B t
x()| _ x(1) | (7.4
2(t) C D| |w(t)
then ||z, < vllwlly,.
b) For x(0) = 0 and any w € L5[0,00), if X(t) € RLy"™ and z(t) € R? satisfy
THx(t A Cr | x(t
()| xo)| s

Z(t) B* DT| |w(t)
then |12, <7 ll@],.

Proof. To show sufficiency (i.e. a) implies b)), let x(¢) € RLy"" and z(t) € R”
satisfy Equation (7.4) for x(0) = 0 and some w € L4[0,00). Then, [|z[|, <~ [w],,.
Let x(t) € RLy"™ and z(t) € RP satisfy Equation (7.5) for x(0) = 0 and some
w € L4]0,00). Then, by using Equation (6.3) in Theorem 6.1 and substituting initial

conditions, we find

t

/ (x(t — ), TR(s))ay, ds = / (T%(0),x(t — )y, db. ()

0

Furthermore, by using the variable change 6§ = ¢t — s on the left-hand side of the above
equation,
t
< (t = 5), TX(5))np, ds (#)
t
:/ X(t — 5), AX(5))gy, ds + / (%(t — 5), Buw(s))gy, ds
0 0

:/O — ), d9+/ B*x(0) w(t — 0)do.

\
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Combining the two Equs. (x) and (#), we obtain
/0 (TR(0) Xt~ 0)),, 40
— /0 A(0), x(t — ), dO+ /0 Br(0)Tw(t — 0)do.
However, T*%(t) — A"%(t) = C*@(t). Then
[ a0, a0
_ /0 TR(0) — A(0), x(t - ), 6

_ / " Bx(0)Tw(t — 0)db.

Since z = Cx + Dw, we obtain

/ GOV 2(t — 0 de/ T(Duw(t — 0))d0

= / w(0)7 (Cx(t — 0))db = / (Cw(6), x(t = 0))gy, df
- [

0

— 0)do.

Likewise, we know z = B*x + DTw. Hence

/ 2(0)Tw(t — 0)dh — / D w( —0)do

/0 B'x — 0)db
/O 0)do — /0 tw(@)T(Dw(t—Q))d(‘).

We conclude that for any ¢t > 0, if z and w satisfy the primal PIE and z and w satisfy

the dual PIE, then

/0 2(0)Tw(t — 0)dh = /0 @(0)T =(t — 6)db. (7.6)

For any w € Lo, let Z solve the dual PIE for some Xx. For any fixed T" > 0, define

w(t) = 2Z(T —t) for t < T and w(t) =0 for t > T. Then w € Ly and for this input,
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let z solve the primal PIE for some x. Then, if we define the truncation operator Pr,

we have
T T
||PT,§||i2 :/ z(s)Tz(s)ds :/ Z2(s)Tw(T — s)ds

0 0
T

— [ w" AT = 9yds < |Prall, |Pre]l,
0

< |\\Prwlly, I2]lL, < v IProll, [|w],

=y ||[Prwol||,, |Prwl,, = | Prol, [Prz]l L, -

Therefore, we have that || Prz|,, < v|Prwl,, for all T"> 0. We conclude that

HEHLQ S 'Y H’LDHL2 Since T** — T and

(A" (B*)* A C* A B A B
(c*)* (DHT B* DT C D C D
we have that sufficiency implies necessity. O]

Remark 7.4. Note the relationship between primal and dual mappings w — z and

W zZ as given in Equation (7.6) of the proof:

/ CO)Twlt — 0)dh = / 00"t — 6)db.

If one were to define a Laplace transform for these inputs (0, 2,w,%) and transfer
function for the systems (2(s) = G(s)w(s) and z(s) = Gq(s)w(s)), then this equation
would imply z(s)Tw(s) = w(s)T2(s) or w(s)TGa(s)T1w(s) = w(s)TG(s)w(s) so that
Ga(s)T = G(s) — which is precisely the standard interpretation of the dual transfer
function for ODEs. In addition, we note that while Theorem 7.3 assumes input-output
stability of the primal and dual, the relationship in Equation (7.6) holds for any finite

time, t, and hence does not require the primal or dual to be input-output stable.

The duality relation, Equation (7.6), between input and outputs is a crucial re-

quirement in proving the equivalence in I/O properties of a PIE and its dual. This
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relation can be verified numerically for any PIE and its dual. To perform the nu-
merical verification, we simulate various PIE systems of the form Equation (7.4) and
the corresponding dual systems Equation (7.5) using a MATLAB library, PIESIM
(See Peet and Peet (2020)). For each example, the simulations are performed with
zero initial conditions and Le-bounded disturbance inputs, w(t) = sin(5t) exp(—2t)
for the primal representation of a PIE and w(t) = (¢t — t?) exp(—t) for the correspond-
ing dual PIE. The simulation is performed for a total time t = 5 and the outputs
from these simulations, z and Z, are used to measure the error, if any, in the duality

relation Equation (7.6) by using the quantity, err, defined as

err(t) = /0 (2(0)"w(t — 0) —w(0)" =(t — 0)) db.

The PIE examples used in the simulations are obtained by converting the following

PDEs to PIEs:

(B1) %(t,5) = 92x(t, ) + w(t), x(t,0) = x(t, 1) = 0, 2(t) = [} x(t, s)ds.

(E2) x(t,5) = —0sx(t, s) +w(t), x(t,0) = 0, 2(t) = x(t, 1).

(E3) x(t,s) = 3x(t, s) + 02x(t, s) + w(t), x(¢,0) = Ox(¢,1) = 0, 2(t) = x(¢t, 1).

For each PDE listed above, we use the formulae presented in (Shivakumar et al.,
2022, Block 4 and 5)) to find the parameters {T,.4,B,C,D} that define the PIEs
Equation (7.4) and Equation (7.5). The results of the simulation are tabulated in
Table 7.1 which indicates that err(t) is close to numerical zero for all ¢t and for all
examples.

Note that Example (E3) is unstable and hence its primal and dual PIE represen-
tation is likewise unstable. However, as mentioned in Remark 7.4, the intertwining
relationship in Equation (7.6) does not require stability — an assertion verified by the

numerical analysis in Table 7.1.

137



Example | (E1) (E2) (E3)

err(1.0) | 1.2e-07 | -3.2e-06 | 2.1e-06
err(2.5) | -4.7e-07 | 2.8e-05 | -2.3e-05
err(5.0) | -2.2e-07 | 1.6e-05 | -2.3e-04

Table 7.1: In this table, we list the error in the intertwining relationship given
by the quantity err(t) = [7 ((2(0)) w(t — 6) — (w(0))"2(t — 6)) df obtained by nu-
merical integration, where z,Z are obtained from simulation of different exam-

ples of primal PIE Equation (7.4) and its dual Equation (7.5) under disturbance

w = sin(5t) exp(—2t) and @ = (t — t?) exp(—1).

Remark 7.5. Finally, we remark that the significance of Theorems 6.1 and 7.3 is
not simply that a dual representation exists but that it has the same parametrization
as the primal (making the primal and dual interchangeable). In addition, the proofs
of Theorems 6.1 and 7.3 do not utilize the algebraic structure of the PI algebra —
implying that the duality result (and intertwining relationship) holds for any class of
well-posed systems parameterized by a set of bounded operators on a reflexive Hilbert

space which s closed under adjoint.
7.2.1 LPI for Upper-bounding H.-norm

In the following theorem, we propose LPI generalizations of the primal and dual
versions of the KYP Lemma and use Theorem 7.3 to show that the solution of either
proves a bound on the Lo-gain of both the primal and dual systems.

Note that the LPI conditions in Theorem 7.6 are expressed using an extension of
block matrices to block PI operators — The formal definition of concatenation of PI

operators can be found in Appendix B.1.1. However, because the domain and range
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of PI operators of the form given in Definition 2.6 are an ordered concatenation of R

and Lo, the arrangement of the blocks of the operators in the proposed LPI conditions

are slightly different from that in the tradition formulations of the KYP Lemma for

state-space ODEs.

Theorem 7.6. Suppose that either of the two statements hold for some v > 0 and

bounded linear operator P = P* = 0.

-—VI D C
a) | DT —4I B*PT
I C* T*PB T*PA+ APT
_—fyl DT B* _
b)| D —AI CPT*
B TPC* TPA + APT*
Th@’;l, for any w € Lo, if 2 satisﬁe;
Tx(t)
z(t)
or ]
T*x(t)

2(t)

=<0

=0

either

|4 B| X0 -
¢ p| lwe)|

_ A Cr | | x(t) 78)
B DT| |w(t)|

for some x(t) with x(0) = 0, then ||z|[1, < v [|lwl[,.

Proof. Suppose a) holds. Define V(x) = (Tx,PTX)p;,. For any w € Ly, suppose

z satisfies Equation (7.7) for some x with x(0) = 0. Differentiating V(x(t)) with

respect to time, ¢, we obtain

V(x(t)) = (Tx(t), P (Ax(t) + Bw(t))) + ((Ax(t) + Bw(t)), PTx(t))
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Now let v(t) = %z(t). Then we have

V(x(t) = lw(t)lz + % ()l = V(x(8)) =7 lw(®)]* - % ()11 + % [EOlk
= V(x(t)) =7 [lw(®)” =7 [[o@)[I* +v(t)T2(t) + 2(t)Tv(t)

v(t) -l D C v(t)
=< wt)|, | DT =4I B*PT w(t) >§0-

Integrating this inequality in time, we obtain

V(x(T)) - V(x(0)) < 7 / o) |2 dt — % / ()] dt.

Now, since x(0) = 0 and V(x(7")) > 0 for all 7" > 0, we obtain ||z|]i2 < A2 Hw||i2
Furthermore, Theorem 7.3 implies the same bound hold if z and x satisfy Equa-
tion (7.8).

Since 7" =T and

(c*) (DHT B* DT C D C
we have that b) likewise implies the same bounds. [

Before applying the results of Theorem 7.6 to controller synthesis, we note that
while the operator variable, P, that is used to parameterize storage function V' (x) =
(Tx,PTx) in Theorem 7.6 is not required to be strictly positive we will require strict
positivity of this operator during observer design and controller synthesis in order to
ensure boundedness of P~

As with the case of stability LPIs, we can relax the boundedness constraint on P by
changing the parametric form of the storage function V' to obtain a less conservative

LPI, as shown below.
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Corollary 7.7. Suppose there exist v > 0 and PI operator P with P ="P* > 0, such
that either (a) or (b) is satisfied:

| -~y DT B*PT

o) | D —y C =0
TPB C* T*PA+APT

-y D CPT*

b) | DT  —y B =0

TPC* B TPA + APT*

Then, we have the following two results:

1. If (a) is satisfied, there exist PI operators Q and R with R = 0, such that
TQ=09"T =R and
—v DT B*Q
D —y C =< 0.
QB ¢ QA+AQ
Otherwise, if (b) is satisfied, then there exist PI operators Q and R with R = 0,
such that TQ = Q*T* =R and
—y D CcQ
DT — B* =< 0.
QCr B QA+ AQ

2. For any w € Lo, if z satisfies either Equation (7.7) or Equation (7.8) for some
x, then |[z]| <~ |[wl].

Proof. The proof is trivial and follows directly from the assumptions of the Corollary

statement. One can show that @ = PT and R = T*PT > 0 satisfy (1) if (a) is
satisfied. Likewise, for (b) we have @ = PT* and R = TPT*.

The second statement, (2), follows directly from Theorem 7.6.
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7.2.2 LPI for Passivity

In the following theorem, we propose LPI generalizations of the primal and dual
versions of the Positive-real Lemma to show that the solution of either proves the

passivity of both the primal and dual systems.

Theorem 7.8. Suppose that either of the two statements hold for some bounded

linear operator P = P* = 0.

—(D+D") T*PB-C*
a) =0
BPT -C T*PA+APT

—(D+ DTy  TPC*-B
b) <0

CPT* - B* TPA*+ APT"

Then, for any w € La, if z satisfies either Equation (7.7) or Equation (7.8) for some
x(t) with x(0) = 0, then (w,z); > 0.

Proof. The proof for this is trivial and follows the same steps as the proof of The-
orem 7.6. Assuming a) holds, one can define V(x) = (Tx, PTx)p;, and show that
V(x(t)) — (w(t), 2(t)) — (z(t),w(t)) < 0. Again, integrating forward in time, using
Gronwall-Bellman inequality, and initial conditions, one can show that the system is
passive. Likewise, the converse can be proven either using the symmetry argument

or using 7* instead of 7 in V. ]

Mirroring the previous subsection, we also have a less conservative LPI for the

Positive-real Lemma, as shown below.

Corollary 7.9. Suppose there exists P with P = P* = 0, such that either (a) or (b)

is satisfied:
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—(D+D") T*PB-C*
BPT —C T*PA+ APT

—(D+ D"y  TPC*-B
b) =0

CPT* —B* TPA + APT"

Then:

1. If (a) is satisfied, there exist PI operators Q and R with R = 0, such that
TQ=0*T =R and
—(D + DY) o*B—-C*
=<0.
BQ—-C QA+ A QT
Otherwise, if (b) is satisfied, then there exist PI operators @ and R with R = 0,
such that TQ = Q*T* =R and
—(D+DT) Q*C*-B -
CQ—B* Q*A*+AQ -
2. For any w € Lo, if z satisfies either Equation (7.7) or Equation (7.8) for some

x(t) with x(0) = 0, then (w,z); > 0.

Proof. The proof is trivial and follows directly from the assumptions of the Corollary
statement. One can show that @ = PT and R = T*PT > 0 satisfy (1) if (a) is
satisfied. Likewise, for (b) we have @ = PT* and R = TPT".

The second statement, (2), follows directly from Theorem 7.8. ]
7.3 Numerical Examples

All the numerical tests in this section are performed using PIETOOLS toolbox in
MATLAB. The standard process of using PIETOOLS includes: a) defining the GPDE
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using the parser; b) conversion of GPDE to its PIE representation; and c) setting up
and solving the LPI optimization problem for the PIE (specifically, H.,-norm and
passivity using lpisolve() function). Unless stated otherwise, all of the following
tests were performed using lpisettings(’heavy’), which is typically passed to the

lpisolve function in the form
lpisolve(PIE, lpisettings(’heavy’),lpi-test-type).

For more details on the PIETOOLS functions and settings, refer to the user manual
by Shivakumar et al. (2021).

In this section, we perform various numerical tests to find conservatism, scalability,
and accuracy of the LPIs proposed in Theorem 7.6 and corollary 7.7 to find bounds on
the H,.-norm of a GPDE system using the PIETOOLS toolbox and finite difference
discretization method. We compare the estimate of H,, norm bound obtained using a
numerical discretization (2nd-order central difference approximation is used for spatial
derivatives to obtain an ODE approximation of PDE) with the estimate obtained

using LPIs in Theorem 7.6 and corollary 7.7 implemented in PIETOOLS.

Example 7.1. Consider the system shown below. In Peet (2018), it was shown to be
stable for A < 4.65.

u(t, s) = Ao(s)u(t, s) + Ai(s)us(t, s) + As(s)uss(t, s) + w(t)
2(t) = /1 u(t,s)ds, wu(t,0)=0, us(t,1)=0
Ap(s) = (—0.58% + 1.35* — 1.55 + 0.7+ \)

Ai(s) = (35 —25), Ay(s) = (s> —s* +2)

Figure 7.1a shows the variation of an estimate of the Ly gain obtained from

spatial discretization while varying mesh size. At a mesh size of 600, we had an Lo
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Figure 7.1: For the PDE system in Example 7.1, we approximate the PDE by an ODE,
which is obtained using a central difference scheme of 2nd order on spatial derivatives.
Then, an estimate Lo-gain bounds for the obtained ODE is found using MATLAB
hinfnorm function. The above plots show: (a) Mesh size vs Lo-gain obtained, (b)

value of the parameter, \ vs Lo-gain obtained

gain of 14.82 (LPI bound was 14.99). Although this example obtained the largest
residual gap of all examples at 3%, this residual is likely due to our naive method of
discretization and not conservatism in Theorem 7.6. Figure 7.1b shows the bounds
obtained when the system parameter \ is varied. Using higher degree polynomials
shows minor change in the Ly-gain bound, typically of the order 1075. This suggests

that relatively low-degree polynomials give tight bounds.

Example 7.2. For the PDE systems listed below, we compare the Lo-gain bounds

obtained by our algorithm and finite difference discretization method in FExample 7.2.

B.1: Following PDE is stable for A < m2.

w(t, 8) = u(t, s) + ugs(t, ) + w(t)
A(t) = / Cu(t $)ds, u(t.0) =0, u(t1) =0,
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B.2: Following PDE 1s stable for A < 2.467.
w(t,8) = Au(t, s) + uss(t, s) + w(t)
1
A(t) = / a(t, s)ds,  u(t,0) =0, us(t,1) =0,
0

B.3: The following coupled PDE was shown to be stable for R < 21 in Ahmadi et al.
(20160).

0 0 0
1
w(t,s)=1s 0 0futs)+ Euss(t, s) +w(t)

2 =53 0

z(t):/olu(t,s)ds, w(t,0) =0 u(t,1) =0

LPI from Theorem 7.6a | Discretization approach | Parameter

B.1 8.214 8.253 A = 0.9872
B.2 12.03 12.31 A=24
B.3 3.9738 3.9708 R =20

Table 7.2: A bound on L, gain using different methods.

Example 7.3. Consider,

upi(t, s) = Mui(t, ) + > tsan(t, s) + w(t)

k=1

z(t):/olu(t,s)ds, W(t,0) =0 u(t,1) =0,

This example was tailored to test the time complexity of the algorithm proposed. We
use the value X\ = 0.57% for all i. CPU time of the algorithm for different number of

coupled PDFEs is tabulated in Table I1.
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1 1 2 3

4

5

10

20

CPU time(s) | 0.60 | 1.45 | 5.22

13.7

36.5

2317

27560

Table 7.3: This table shows the computational cost scaling of the Ly-gain primal LPI
for an increasing number of PDEs in a coupled PDE system. The CPU runtime on a

standard Intel i7 (4 CPUs) with 16GB RAM laptop is shown for a system of 7 coupled

PDEs. Refer Example 7.3

Example 7.4. Next, to verify the claim that results of Theorem 7.6 are indeed more
conservative in practice than Corollary 7.7, we will apply both the results to the exam-
ples in the PDE library of the PIETOOLS as well as the some examples that are not
present in the PDE library; All the PDFEs are listed below. The results are tabulated in

the tables that follow (See Example 7.4). Note that for most of these PDE examples,

an analytical value of Hy-norm is not known.

A1 x(t,5) = Ag(s)x(t, s) + A1(s)0sx(t, 8) + As(8)0*x(t, s) + w(t),
x(t,0) = 0sx(t,1) =0, and 2(t) = x(¢,1)

where

Ao(s) = —0.55%+1.35*—1.55+0.7+4.6,

A.2 xi(t,s) = 0.997%%;(t, s) + St 92x(t,s) + w(t), x(t,0) = x(t,1) = 0, and

2(t) = [ x(t, 5)ds.

Ay (s) = 357 —2s,

A.3 x(t,s) = Cru(s)x(t, s) + RO*x(t, s) + w(t)_;

x(t,0) =x(t,1) =0, and 2(t) = fol 1 0| x(t,s)ds
where _
1 1.5
Chn(s) = , R=26.
5 0.2
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A4 x(t,s) = Cp(s)x(t,s) + RO*x(t, s) + w(t),
x(t,0) =x(t,1) =0, and 2(t) = fol x(t, s)ds

where
0O 0 0
Culs)=|s 0 0|, R=g
20
52 —s3 0

A5 x(t,s) = 0%x(t, s) + w(t),
x(t,0) =x(t,1) = 0, and 2(t) = fab x(t, s)ds.

A6 x(t,s) = 0?x(t, s) + w(t),
x(t,0) = x(t,1) =0, and z(t) = 0sx(t, 1).

A7 x(t,s) = 02x(t, s) + w(t),

b

x(t,0) = 9.x(t,1) = 0,and 2(t) = ['x(t,s)ds.

7.4 Conclusions

In this chapter, we developed results analogous to Bounded-real and Positive-
real Lemma for systems governed by PIEs. We also established that the duality
relationship, established in Chapter 6 on the equivalence of internal stability of a PIE
and its dual PIE, also extends to the input-output relationship. Thus, we showed
that there exist dual formulations of the Bounded-real and Positive-real Lemmas for
PIE systems.

Using numerical examples, we showed that the bounds on H.,-norm obtained
using the LPI optimization-based approach were accurate when compared against the
traditional discretization approach. Lastly, using numerical examples, we also showed
that the bounds obtained using the ‘modified’ LPIs presented in Corollary 7.7 are less

conservative in comparison to those obtained using LPIs in Theorem 7.6.
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Bound on H_,-norm
Settings “heavy” “veryheavy”

LPI Th. 7.6a (b) Cor. 7.7¢ (d) | Th. 7.6a (b) | Cor. 7.7c (d)
Ex. Al 23.73 (*) 23.70 (24.85) | 23.70 (23.70) | 23.70 (23.70)
Ex. A.2 9.333 (*) 21 (8.21) 8.21 (10.05) 8.21 (8.21)
Ex. A.3 | 0.81 (13.25) 0.81 (0.81) 0.81 (3.501) 0.81 (0.81)
Ex. A4 2.145 (%) 2.145 (2.157) | 2.145 (9.427) | 2.145 (2.145)
Ex. A.5 | 0.083 (8.00%) | 0.0833 (0.0834) | 0.083 (6.89%*) | 0.0833 (0.0833)
Ex. A.6 | 10.26* (18.3%) 0.5 (0.5) 4.23% (8.71%) 0.5 (0.5)
Ex. A.7 | 0.333 (3.93%) 0.33 (0.33) 0.33 (3.49%) 0.33 (0.33)

Table 7.4: This table lists the bounds on H.,-norm for the PDEs (from PIETOOLS
examples library and the examples listed in this subsection) obtained by solving
the LPI in Theorem 7.6a and Corollary 7.7c¢ (value in parentheses correspond to
bound obtained by solving LPI in Theorem 7.6b and Corollary 7.7d) for different
LPI settings. The value “*

numerical errors/infeasibility.
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Chapter 8

H..-OPTIMAL OBSERVER AND CONTROLLER DESIGN FOR GPDES

8.1 Introduction

In this chapter, we will apply the various results derived in Chapters 6 and 7 to
formulate problems of H.-optimal observer design and controller synthesis as LPI
problems. For the case of optimal observer design, we can simply use the primal LPI
in Theorem 7.6 on the PIE representation of the observer error dynamics to obtain
an LPI for observer synthesis. Although the optimization problem now involves two
decision variables, the parameters in the storage function P and observer gains L, the
optimization problem is still be convexified using a simple invertible variable change.
However, for controller synthesis, as previously mentioned in Section 6.2, the problem
is bilinear and non-convex. Thus, we must use the dual LPI from Theorem 7.6 to

overcome the non-convexity and obtain convex solvable LPI conditions.

8.2 State Observers

First we will solve the estimation problem since it is convex and thus easily solved.
Moreover, in practice, we find an observer to estimate the state x because, typically,
full information of the state is not available to perform state-feedback control and the
state must be estimated using sensor measurements y. If one considers a PIE model

of the form
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where z is the output to be regulated and x is the state to be measured using sensor

measurements y, we can design a Luenberger observer with dynamics

T, (t) = Ax, + La(t) = y(t),  %,(0) =,

Zo(t) = Cix, (1), Yo(t) = Cox, (1), (8:2)

where x, is the observer’s estimation of the state, z,,y, are estimated outputs, and £
is the observer gain that drives the error between the estimate and the actual state
X, — X to zero via a feedback input L(y,(t) — y(t)).

Then, one can see that the dynamics of the observer error e = x — x, is given by

Te(t) _ (A4 LCy) —(Bi+ LDsy)| |elt) | o(0) = 0. 83)
2,(t) — z(t) C1 —Dyy w(t)

Note that Equation (8.3) is in the standard form Equation (7.7), and we can use
Theorem 7.6a to formulate an optimization problem that searches for observer gains
(B

L such that input-to-output gain el is minimized.

8.2.1 LPI for H,.-optimal Observer Gains

Now, we look at the LPI to find the H..-optimal observer, £, for PIEs of the form

Equation (8.1).

Theorem 8.1. Suppose there exist v > 0 and PI operators P, Z with P = nl, such

that
—~I -Df —(B:P + DL zT
—Dny -1 Cy = 0.

—T*(PBi+ ZDy) C;  T*PA+APT +CZT + T*2C,

Then, for any w € Ly, if z, — z satisfies Equation (8.3) for some e and L =P 'Z,

then ||z = z[| < Jwl].
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Proof. Let P, Z, and L satisfy the corollary statement. Then, Z = PL, and

—~I —Df —(BiP + DL z9T
Dy -1 G

—T*(PB1+ 2Dy) C; TPA+APT+C3Z*T +T2C,
—yI —DI,  —(Bf + DLLYYPT
=0 A G = 0.
O O O+ TPA+LEG)
Thus, from Theorem 7.6 (statement a), for z,—z, w, e as in the Theorem statement,

we have that ||z, — 2L, <7 |wll,,. -

As is customary from previous chapters, we also have the following less conser-
vative LPI for H.-optimal observer design which is obtained by using a different

parametrization of the quadratic storage functions.

Corollary 8.2. Suppose there exist v > 0 and PI operators P, Z with P = nl, such

that
—~I —D, —(BiP + DL ZHT
_Dll —’7[ Cl j 0
—T*(PBy+ ZDs) Cy T*PA+ A*PT + C3Z*T + T*ZCy
Then:

1. There exist PI operators Q, Zqg and R with R = 0, such that T*Q = Q*T =R
and
-1 —-Df, —(BiQ + Dg125)
—D11 —’}/I Cl j O

—(QB1+ Z¢Dy1) € QA+ AQ+CiZ0+ Z5C +n(T* A+ A*T)
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2. For any w € Lo, if 2, — 2z satisfies Equation (8.3) for some e and L =P~ 'Z,

then ||z, — z|| < v [Jw].
Proof. The proof follows from the proof of Corollary 7.7. m

Having devised a way to estimate the state x, we can now look toward design

state-feedback controllers for PIEs.
8.3 Full State-Feedback Controllers

In this section, we return to the state-feedback controller synthesis problems.

Specifically, given a PIE system

Tx(t) A By B
Z(t) C Dl D2

our goal is to synthesize state-feedback controllers of the form wu(t) = Kx(t), where
x is the state of the PIE and the controller gain, /C, is a PI operator. To do this, we

apply Corollary 6.2 and Theorem 7.6b to the closed-loop system

Tx(t) B A+ Bk By | | x(t) (8.4)

2(t) C+ DK Dy [w(t)

The resulting operator inequality then includes the term P which is bilinear in the
decision variables K and P. However, as described in the introduction, and following
the approach used for SS ODEs, we then construct an equivalent LPI by making the
invertible variable substitution P — Z. An iterative algorithm for the inversion of
this variable substitution is presented in Section 2.4. Finally, we address the PDE

implementation of both the stabilizing and H,.-optimal controllers.
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8.3.1 LPI for H..-optimal Full State-Feedback Controller Gains

Next, we provide an LPI to find the H,.-optimal state-feedback controller, IC, for
PIEs with inputs and outputs of the form Equation (8.4). Here, we use (:)* notation

to represent the symmetric adjoint/transpose of the block operators.

Theorem 8.3. Suppose there exist bounded linear operators Z, P = P* = nl with

n >0, and v > 0 such that

1 DY Bi
D, 1 (CP + Dy 2)T* < 0.
By T(CP+ D22)* (AP + BoZ)T* + T(AP + Bo2)*

Then if K = ZP~1, for any w € Lo, if 2 satisfies

Tx(t)| |A+BK B |x(t)

B = , (8.5)
for some x with x(0) = 0, then |||, < |wll,-
Proof. Let P, Z, and K satisfy the corollary statement. Then, Z = P, and
-yl Df B —yI DY Bj
() =9I (CP+ D 2)T* = 1) —I (C+ DK)YPT = 0.

) ) () HTAP+B2Z) ) ) ()V+TPA+ BK)*
Thus, from Theorem 7.6 (statement b), for z, w,x as in the Theorem statement,

we have that ||z[/z, < v [Jw], O

Given a PDE with associated PIE defined by {7, A, B;,C, D;}, Theorem 8.3 pro-
vides a controller gain K = ZP~! such that u(t) = Kx(t) achieves a closed-loop per-
formance bound of ||z, < v|lwl|,,. Note that this controller does not necessarily

imply internal exponential stability unless P, Z also satisfy the LPI in Theorem 6.7.
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Lastly, we also have a less conservative formulation of the H.,-optimal state-

feedback control problem, as shown below.

Corollary 8.4. Suppose there exist v > 0 and PI operators P, Z with P = nl, such

that
— D, (CP+ Dy Z)T*
DT — B =0
T(Z*DI +PC*) By TPA* + APT* + BZT* + T Z*B;
Then:

1. (Less conservative LPI) There exist PI operators Q,Zg and R with R = 0,
such that TQ = Q*T* =R and

- D, CO+ Dy Zg
DY — B: < 0.
QC + Z25D; Bi QA+ AQ+ BoZo + Z585 + (T A + ATY)

2. For any w € Lo, if z satisfies Equation (8.5) for some x and u = 200 'x =

ZP71x, then ||z|| < v ||w].
Proof. The proof follows from the proof of Corollary 7.7. m

Following suit from section 6.3, we will again use Young’s Lemma for PI operators

to handle the case of boundary control — i.e., when 7T, # 0.

H,-optimal control of PIEs with 7, # 0

ODE-PDE with inputs at the boundary, necessarily, have the PIE form given by

Tv(t) + Tyu(t) = Av(t) + Byw(t) + Bau(t),

z(t) = Cyv(t) + Dryw(t) + Drau(t), (8.6)
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where 2 is the regulated output, w is the disturbance, and wu is the input at the
boundary. If a state-feedback controller of the form u(t) = Kv(¢) is used then the

system is written in the form
(T + T.K)v(t) = (A+ BK) v(t) + Byw(t),
2(t) = (C1 + D12K) v(t) + Dyyw(t). (8.7)
The dual PIE for Equation (8.7) is then given by
(T + T.K)" v(t) = (A+ BoK)* 9 (t) + (C1 + D12K)" w(2),
2(t) = Biv(t) + Diyw(t). (8.8)

Theorem 8.5. (LPI for H,, Optimal Boundary Controller Synthesis:) Suppose there
exist € > 0,7 > 0, bounded linear operators P : RLy""[a,b] — RLy""[a,b] and Z :

RL5""[a,b] — RP, such that P is self-adjoint, coercive and

-I' D C
() —P v/ <0 (8.9)
O ) () +H(TPA +4+T, ZA* +TZ*Bj)
—D* B;
r_ g 11 C-— 1 7
_Dll Y Cl (PT* + 2*7;*) + DlQZT*
P 0 0 V22T
00 0
D= , P=10o P o|, Z=| zB;
00D 2
00 P 0

Then, for any w € Ly, for u(t) = Kx(t) where K = ZP~', any v and z that satisfy

the PIE Equation (8.7) also satisfy |||, < vlwl,-
Proof. This can be proved by defining a Lyapunov function
V()= (T +T) x(t), P(T + TK) x(t)) 4
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and calculating the time derivative V(t) along the solutions of the PIE Equation (8.7).
Finally, using Lemmas 6.10 and 6.11, by substituting KP = Z and V, we can show

that the inequality Equation (8.9) implies
. 1
V() = lw®)]* + S [EGIEU

The above inequality can be integrated with respect to ¢ to prove the claims of the

Theorem.

8.3.2 A Note on Boundary Control

When the control input enters the dynamics of a PDE through the boundary
conditions (e.g., x(¢,0) = u(t)), novel questions arise that are not readily apparent in
the PDE representation but are made explicit when using the PIE framework. These
questions arise because PDEs with distributed states are partly rigid — i.e., they are
constrained by the continuity properties (e.g., x(t,-) € W3) necessary for boundary
values to be well defined. The simplest illustration of this is the heat equation with
boundary conditions x(t,0) = u(t) and 0sx(t,0) = us(t). In this case, we have the
relationship

x(t,8) = uy(t) + sus(t) + /Os(s —n)0?x(t,n)dn
which implies that the effect of the input is felt immediately throughout the dis-
tributed state and is NOT filtered through the dynamics (as is the case in ODEs or
in-domain control). If we integrate this type of semi-algebraic relationship into the

dynamics, we obtain a unitary PIE representation of the heat equation as follows.

3 </Os(s —n)0%x(t, n)dn) = 0%x(t,8) — 11 (t) — stg(t)

In this representation, the partially algebraic nature of the boundary conditions is

made explicit in that the dependence is not on wuq, us, but on their time-derivatives.
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This type of dependence is allowed in the parametrization of PIE but is not included
in detail since the resulting controller synthesis problem is either nonconvex or con-
servative. One reason is that there is a valid argument to be made that such types
of control are unrealistic in that they do not account for the inertia of the beam (or
whatever the distributed state happens to be, assuming it has inertia) and, hence,
such inputs would be better modeled by filtering through an ODE which represents
the dynamics of the actuator. The other reason is that if we are searching for an
H.-optimal controller, then we are trying to minimize the gain from |wl|,  to ||z[|,,
and, if we were to include the derivative w, this implies that the natural norm for w
is the Sobolev norm — an approach taken in, e.g., (Curtain and Zwart, 1995, Thm.
3.3).

Therefore, to account for the case of inputs at the boundary, we will assume that
the actual disturbance or input signal is not w or u, but rather w,u which we can
relabel as wgy, ug. This approach allows us to take any PIE optimal control problem
involving time derivatives of the inputs and reformulate it as a PIE free of such

derivatives. Specifically, if we are given a PIE representation of the form

ol [4s ][] |
= w(t) + Bldw(t) -+ Bgdu(t),
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then we will augment the state x(t) — | u(t) | and redefine the PIE system as

x(t)
[ A By By | -
‘ 0 0 O I 0
I 0 0] |w(t) u(t)
0 0 O 0 I
0 I 0f |a®)]|]|= x(t)
Bl BQ A Bld BQd
00 T| |x(t) . wq(t)
—_——
t
L 2(t) . D, Dy C 0 0 L ua(t) _

which is now of the form in Equation (4.1) using the parameters T, A, By, etc.
Numerical examples of such boundary control problems are included in Section 8.4

as Examples 8.2 and 8.3.
8.4 Numerical Examples

All the numerical tests in this section are performed using PIETOOLS toolbox in
MATLAB. The standard process of using PIETOOLS includes: a) defining the GPDE
using the parser; b) conversion of GPDE to its PIE representation; and c) setting
up and solving the LPI optimization problem for the PIE (specifically, H..-optimal
controller in this case using the 1pisolve() function). Unless stated otherwise, all of
the following tests were performed using lpisettings(’heavy’). For more details
on the PIETOOLS functions and settings, refer Shivakumar et al. (2021).

We apply the LPI from Theorem 8.3 to find H..-optimal state-feedback controllers
for 3 PDEs: 1) the Euler-Bernoulli beam equation with in-domain actuation; 2) a
reaction-diffusion PDE with actuation at the boundary; and 3) the wave equation
with actuation at the boundary.

Table 8.1 summarizes the achievable closed-loop Lo-gain (H-norm) for monomial
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bases of order n = 1,2, 3,4 where the order is as defined in Equation (2.7). This table
also includes the computation time required to obtain the resulting controllers where
the solutions were obtained on a desktop computer with Intel Core 7-5960X CPU
and 64GB DDR4 RAM. In addition, each example includes the PI operators defining
the associated PIE representation (as determined by PIETOOLS) and the resulting
controller gains (as calculated for order n = 3). For examples 19) and 20), the
closed-loop response was simulated for a test disturbance using PIESIM Peet and
Peet (2020) to verify the closed-loop Le-gain bound is satisfied. Finally, in each case,
the achievable Lo-gains were compared to those achievable using standard LMIs for
state-feedback as applied to an ODE approximation of the PDE. In each case, this
ODE was obtained using a simple finite difference (FD) approximation scheme where
a 2"%_order central difference approximation was used for 2"¢-order spatial derivatives

and a first-order forward difference was used for time derivatives.

Example 8.1 (Euler-Bernoulli Beam equation). In Ezample 5.3, we formulated the

problem of optimal control of an Euler-Bernoulli (EB) beam model as follows:

. 0 —01| 1 1
x(t,s) = 02x(t, s) + w(t) + u(t),
1 0 0 0

(0 = u(t)
Iy [0 (0.5(1—s— 32)} x(t, s)ds

{1 0] x(t,0) = {1 0] 9sx(t,0) =0,
{0 1} x(t,1) = [0 1} O2x(t,1) = 0.

The parameters of the PIE representation associated with this PDE are given in Fx-

ample 5.3. Solving the LPI in Corollary 8.4, we find the H..-optimized state-feedback
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x1(t, )
x1(t, s)

X1 (t, S)
x1(t, )

(a) Response with u(t) =0 (b) Response with u(t) = Kx(t)

Figure 8.2: Ex. 8.1: Surface plot of open loop (a) and closed-loop response (b) of
x1(t,s), as defined in Ex. 8.1 with disturbance w(t) = sin(3t)exp(—t) and control

input u(t) = Kx(t) with K defined in Example 8.1.

controller to be u(t) = Kx(t), where

1
Kx = / [Qa(S) Qb(S)] 02x(s)ds,
0
Qa(5) =6.615" — 16.65* + 14.55> — 7.435% 4 3.995 — 1.47,

Qp(5) =0.685" — 1.725" + 1.59s* — 0.87s* + 0.04s + 0.003.

The upper bound on the H.,-norm of the corresponding closed-loop PDE obtained
from the LPI in Corollary 8.4 is 0.73. The simulated Lo-gain under disturbance
w(t) = sin(3t)exp(—t) is 0.1312 which verifies the bound. The closed-loop H-norm
bound using an ODE approzimation of the PDE is 0.1030. In Figure 8.2a, Figure 8.2b
and Figure 8.3, we plot the system response for a disturbance w(t) = sin(3t)exp(—t)

with the zero initial conditions.

Example 8.2. Consider the following optimal boundary control problem of a reaction-
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t

Figure 8.3: Ex. 8.1: Plot of output 2o(t) = fol 0.5(1 — s — s?)xa(t, s)ds and z; = u(t)

against ¢ under the disturbance w(t) = sin(3t)exp(—t) is presented above.
diffusion PDE:
K(t,5) = 5x(t,5) + OPx(t, ) + w(t), a(t) = u(t),

z(t) = , X(t,0) =0, 0sx(t,1) = z(t),
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The parameters of the PIE representation associated with this PDE are

71| ‘ - A== ‘ : )
s | {0,—0,—s} 5s | {1,—56,—5s}
0 1

By =11 d By =11 ! :
1] {0} 0| {0}

ool [ o)

o |

Solving the LPI in Corollary 8.4, we find the H,-optimized state-feedback controller

X

to be u(t) =K (t), where
X
o 1
K = —6.7lx +/ K(s)0?x(s)ds,
X O

K(s) = (—11.68s% 4+ 44.23s" — 65.935° + 49.385" — 19.82s"

+4.275% — 0.465* + 0.02s — 0.0002) - 10°.

The upper bound on the H..-norm of the corresponding closed-loop PDE obtained
from the LPI in Corollary 8.4 is 4.99. The simulated Lo-gain under disturbance
w(t) = sin(3t)exp(—t) is 1.8905 which verifies the bound. The closed-loop H..-norm
bound using an ODE approximation of the PDE is 3.441. In Figures 8.4a, 8.4b and

8.5, we plot the system response for a disturbance w(t) = sin(bt)exp(—t) with the zero

iatial conditions.

Example 8.3 (Wave equation). Consider the following optimal boundary control
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(a) Response with u(t) =0

Figure 8.4: Ex. 8.2: Surface plot of open loop (a) and closed-loop response (b) of

x(t,s), as defined in Example 8.1 with disturbance w(t) = sin(5t)exp(—t) and control

input u(t) = K {x

X

problem of a wave equation:

} (t) with IC defined in Example 8.2.

ﬁ<t7 8) = 83277<t7 8) + w(t)’ l’(t) = u(t)

x(t)

z(t) = )
fo n(t, s)ds

, 1(t,0) =0, dyn(t,1) = z(t).

We change the state variable to x = col(n,n) to obtain

_ 01 00|
x(t,s)= x(t, s)+ 05x(t, s)+
00 10

x(t) 1000

Y

A= ﬁ{lﬂxﬁﬁﬂs 0010

We omit the parameters of the PIE associated with this PDE. Solving the LPI in

Corollary 8.4, we find the Hy-optimized state-feedback controller to be u(t) = K
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x(t,1)

(b) Response with u = K [



0.8 T T

—

0.6

0.4

0.2

T o o e o o o

Figure 8.5: Ex. 8.2: Outputs z1(t) = x(¢,1) and 29(t) = u(t) under the disturbance

w(t) = sin(5t)exp(—t) are shown above.

where

x s ! 92 0
K = —0.17z + 10~ / [Q1(S) Q2(3)] x(s)ds
0 0

X 1
Q1(s) = 0.55% — 25" + 35° — 25° — 30s* + 60s® — 70s”
+20s — 0.8,
Q2(s) = 0.25% — 0.75" + 0.065° + 0.65° — 5s* — 20s®

+ 80s% — 25 — 40.

The upper bound on the H.,-norm of the corresponding closed-loop PDE obtained
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Degree, n 1 2 3 4

Ex. 8.1 | 3.20 (6.2) | 0.89 (15) | 0.73 (30.5) | 0.66 (67.4)

Ex. 8.2 | 7.86 (4.6) | 5.11 (5.5) | 4.59 (9.5) | 4.25 (13.9)

Ex. 8.3 | 0.65 (10.9) | 0.64 (27.1) | 0.64 (49.5) | 0.639 (87.5)

Table 8.1: In this table, we list the lower bound on H.-norm for examples in Sec-
tion 8.4 by solving the LPI in Theorem 8.3 whose decision variables are parameterized
as P =Z2'Q,2,, Z2=0Q.2,, and ), > 0, ), are matrices. The values within paren-
theses correspond to the total CPU runtime, in seconds, for solving the H..-optimal
state-feedback problem — i.e., time for setting up the LPIs, solving the LPIs, and

controller reconstruction.

from the LPI in Corollary 8.4 is 0.64.

Lastly, from the estimates in Table 8.1, we conclude that the upper bound on the
H_.-norm of the controller has converged since increasing the order n does not cause
a significant change in the bound.

In the next example, we use Theorem 6.12 to find a boundary control law for
a PDE. However, note that, due to the conservatism the optimization problem was
solvable only when the stability parameter A of the reaction-diffusion PDE was close
to stable values. For larger values of A the LPI was unable to find a feasible solution

for low-order polynomial parametrization of the decision variables P and Z.

Example 8.4. Consider the reaction-diffusion PDE

x(t,s) = Ax(t, s) + 02x(t, s)

x(,0) =0, x(t,1) =u(t), =2(t)=| )
Jo x(t.s)ds
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\ Filtered Unfiltered
Boundary Control | Boundary control

10 0.9334 8.023

12 5.696 27.687

15 2.83 x 10% 00

30 00 o0

Table 8.2: In this table for the reaction-diffusion PDE in Example 8.4, we list the
H_.-norm bounds for controllers obtained by two different methods as the PDE be-
comes increasingly unstable, i.e., A increases. The second column shows the filtered
controller approach where the control input is fed through an ODE at the boundary,
whereas the third column shows a boundary controller designed using the LPI in
Theorem 8.5. The cases listed as oo are those for which the optimization problem did

not yield a feasible solution.

This time, we use an unfiltered boundary input to stabilize the system instead of the
filtered boundary controller used in the previous examples. The goal of this exercise
was to determine if the conservative LPI derived in Theorem 8.5 can perform better
than the dynamic boundary controller approach. We will try to find a control law
u(t) = fabK(s)afx(t,s)ds by solving the LPI in Theorem 8.5. Preliminary tests
indicate that the conservatism of Young’s inequality LPI is too high. A stabilizing
static boundary controller could not be found for the PDE for large A as documented

below.

167



8.5 Conclusions

In this chapter, we have used the set of duality results to solve the H.,-optimal
state observer and state-feedback controller synthesis for GPDEs. Using the primal
LPI formulations of the stability and Ls-gain, we solve the H,,-optimal state observer
design problem for GPDEs. Likewise, using the dual LPI formulations of the stability
and Lo-gain LPIs, we solved the problem of stabilizing and H..-optimal state-feedback
controller synthesis. Finally, numerical testing is used to verify the theorems and
obtain observers/controllers with provable H.,,-norm bounds. The numerical results
show no apparent sub-optimality in the resulting observer/controller gains or H,
bounds.

Although we presented a possible remedy to the non-convexity in the optimal
boundary feedback problem using Young’s inequality, numerical tests indicate that
the conservatism introduced by the use of Young’s inequality is significant even in the
case of a simple reaction-diffusion equation, however, alternative findings on time-
delay systems indicate that transport equation-type PDEs do not experience high
conservatism. However, more analysis is required for an in-depth insight and to make

provable claims.
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Chapter 9

CONCLUSIONS

Motivated by the challenges in computational analysis, estimation, and control posed
by the 3-constraint representation of PDE systems, we proposed an alternative class
of systems to represent PDE models called the class of Partial Integral Equations —
a class of systems parameterized by the x-algebra of Partial Integral operators. We
showed how PIEs are a natural extension of linear state-space ODE representation to
infinite dimensional systems and show that such a representation overcomes all the
challenges of the 3-constraint PDE model. The main contributions and insights of
this thesis can be divided into two parts that coincide with the Parts of this thesis.

In Part I, Representation and Parametrization of Linear Infinite dimen-
sional Systems, we considered a generalized class of coupled ODE-PDE mod-
els (GPDEs) which can be used to define analysis, simulation, and optimal con-
trol/estimation problems. This generalized class allows for inputs and outputs which
enter through the limit values of the GPDE model through the in-domain dynam-
ics of the PDE subsystem and a coupled ODE. The GPDE class allows for integral
constraints on the PDE state. Additionally, we may model integrals of the PDE
state acting: on the PDE dynamics, on a coupled ODE, or the outputs of the sys-
tem. Finally, this class includes PDE models with n'"-order spatial derivatives. The
GPDE model unifies several existing classes of PDE models in a single parameterized
framework. Despite that, we showed that the parameter set for GPDEs changes with
the type of PDE, order of differentiation, and boundary conditions— unsuitable for
building algorithms for computational analysis and control.

Having parameterized a broad class of coupled ODE-PDE models, we proposed
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a test for the admissibility of a given GPDE model. We showed that admissibility
implies the existence of an associated Partial Integral Equation (PIE) representation
of the GPDE model with a unitary map from the state of the PIE system to the
state of the GPDE model. Furthermore, we have shown that the unitary map from
PIE to GPDE state is a PI operator. This is analogous to the invertible coordinate
transforms used on linear state-space ODE systems. Using this analogy, we have
shown that many properties of the GPDE model and associated PIE system are
equivalent — including the existence of solutions, input-output properties, internal
stability, and controllability.

In Part II, Analysis, Estimation, and Control of GPDEs, we presented
notions of stability, stabilizability, and detectability for the class of PIE systems.
Using these definitions, we successfully replicated the duality properties seen in linear
state-space ODE systems. Specifically, we showed that every PIE system has a dual
PIE system with equivalent properties such as internal stability and input-output
Lo-gain. Using this duality property, we proposed primal and dual formulations of a
test for internal stability, Bounded-real Lemma, and Positive-real Lemma for PIEs.
Then, using PI operators, we reformulated these tests as convex PI operator-valued
optimization problems called LPIs.

Similar to the idea of tightening positive polynomial constraints by using SOS
polynomial constraints, we proposed a quadratic form to parametrize positive PI
operators using positive matrices and PI operator bases. Consequently, the solution
set of the LPI optimization problems can be tightened to a set defined by the cone of
positive PI operators and solved using semidefinite programming.

We proposed an iterative method to invert positive PI operators, thus enabling the
reconstruction of H.,-optimal observer and controller gains from the solution of an

LPI optimization problem. In addition, we looked at less conservative versions of the
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various proposed LPIs and demonstrated their benefit in practice through numerical
examples.

Lastly, to aid in applying the proposed GPDE models and PIE conversion formu-
lae, we built efficient open-source software (PIETOOLS) for constructing the GPDE
model, conversion to the PIE system, simulation of the GPDE/PIE, and analy-
sis/control of the GPDE/PIE. This software includes a GUI for the construction of
GPDE models and conversion to an associated PIE system — a feature demonstrated
on several example problems.

We want to note that although this framework has addressed many unresolved
computational problems in the control theory of PDEs, as seen in Section 8.4, the
boundary control problem for PDEs is still unresolved because the LPIs proposed for
the boundary control problem seem to be very conservative and infeasible in practice.
Furthermore, possible extensions of the results in this work to GPDEs that do not
admit a PIE representation are unclear and an open question—an example of such
inadmissible systems is a PDE with periodic boundary conditions. Furthermore, it
is unclear if PDEs with less regular solutions have an equivalent PIE representation.
Even if they do, the equivalence of solutions and other system properties may not

hold.

171



REFERENCES

Adler, I., M. G. Resende, G. Veiga and N. Karmarkar, “An implementation of kar-
markar’s algorithm for linear programming”, Mathematical programming 44, 297

335 (1989).

Ahmadi, M., G. Valmorbida and A. Papachristodoulou, “Dissipation inequalities for
the analysis of a class of PDEs”, Automatica 66, 163 — 171 (2016a).

Ahmadi, M., G. Valmorbida and A. Papachristodoulou, “Dissipation inequalities for
the analysis of a class of pdes”, Automatica 66, 163-171 (2016b).

Alfonsi, G., “Reynolds-averaged navier—stokes equations for turbulence modeling”,
Applied Mechanics Reviews 62, 4 (2009).

Alizadeh, F., “Interior point methods in semidefinite programming with applications
to combinatorial optimization”, STAM journal on Optimization 5, 1, 13-51 (1995).

Andersen, E. D. and K. D. Andersen, “The mosek interior point optimizer for lin-
ear programming: an implementation of the homogeneous algorithm”, in “High
performance optimization”, pp. 197-232 (Springer, 2000).

Apkarian, P. and D. Noll, “Boundary control of partial differential equations using fre-
quency domain optimization techniques”, Systems & Control Letters 135, 104577
(2020).

Appell, J., A. Kalitvin and P. Zabrejko, Partial Integral Operators and Integro-
Differential Equations: Pure and Applied Mathematics (CRC Press, 2000).

ApS, M., “Mosek optimization toolbox for matlab”, User’s Guide and Reference Man-
ual, Version 4, 1 (2019).

Baker, L., D. Armbruster, A. Scaglione and R. Platte, “Analysis of a model of a
natural gas pipeline—a transfer function approach”, Transactions of Mathematics
and Its Applications 5, 1 (2021).

Bamieh, B., F. Paganini and M. A. Dahleh, “Distributed control of spatially invariant
systems”, Transactions on automatic control 47, 7, 1091-1107 (2002).

Bishop, B., “Lawrence livermore mnational laboratory achieves fu-
sion ignition”, URL https://www.1llnl.gov/archive/news/
lawrence-livermore-national-laboratory-achieves-fusion-ignition,
[Online; accessed 13-October-2023] (2022).

Boyd, S. P., L. El Ghaoui, E. Feron and V. Balakrishnan, Linear matriz inequalities
in system and control theory, vol. 15 (STAM, 1994).

Boyd, S. P. and L. Vandenberghe, Convex optimization (Cambridge University Press,
2004).

172



Brunner, H., Volterra integral equations: An introduction to theory and applications,
vol. 30 (Cambridge University Press, 2017).

Cajori, F., “The early history of partial differential equations and of partial differ-
entiation and integration”, The American Mathematical Monthly 35, 9, 459-467
(1928).

Chakraborty, S. and V. Balakotaiah, “Spatially averaged multi-scale models for chem-
ical reactors”, Advances in Chemical Engineering 30, 205-297 (2005).

Cheng, A. H.-D. and D. T. Cheng, “Heritage and early history of the Boundary
Element method”, Engineering Analysis with Boundary Elements 29, 3, 268-302
(2005).

Christofides, P. and J. Chow, “Nonlinear and robust control of pde systems: Methods
and applications to transport-reaction processes”, Applied Mechanics Reviews 55,
2, B29-B30 (2002).

Christofides, P. and P. Daoutidis, “Feedback control of hyperbolic PDE systems”,
AIChE Journal 42, 11, 3063-3086 (1996).

Collis, S. S. and M. Heinkenschloss, “Analysis of the streamline upwind/Petrov-
Galerkin method applied to the solution of optimal control problems”, CAAM
TR02-01 108 (2002).

Conway, J. B., A course in functional analysis, vol. 96 (Springer, 2019).

Curtain, R. F. and H. J. Zwart, An Introduction to Infinite-Dimensional Linear Sys-
tems Theory, vol. 21 (Springer-Verlag, Berlin-Heidelberg, 1995).

Das, A., S. Shivakumar, M. Peet and S. Weiland, “Robust analysis of uncertain
ODE-PDE systems using PI multipliers, PIEs and LPIs”, in “IEEE Conference on
Decision and Control”, pp. 634-639 (2020).

Das, A., S. Shivakumar, S. Weiland and M. Peet, “H,, optimal estimation for linear
coupled PDE systems”, in “IEEE Conference on Decision and Control”, pp. 262—
267 (2019).

Datko, R., “Extending a theorem of A.M. Liapunov to Hilbert space”, Journal of
Mathematical analysis and applications (1970).

Day, W. A., Heat conduction within linear thermoelasticity, vol. 30 (Springer Science
& Business Media, 2013).

Deutscher, J., “A backstepping approach to the output regulation of boundary con-
trolled parabolic pdes”, Automatica 57, 56-64 (2015).

Dolgov-Saveliev, G., D. Ivanov, V. Mukhovatov, K. Razumova, V. Strelkov, M. She-
pelyev and N. Yavlinsky, “Investigations of the stability and heating of plasmas in
toroidal chambers”, in “Proceedings of the 2nd Geneva Conference on the Peaceful
Uses of Atomic Energy”, (1958).

173



Engel, K.-J. and R. Nagel, “Semigroups, generators, and resolvents”, One-Parameter
Semigroups for Linear Evolution Equations pp. 47-156 (2000).

Evans, L., Partial differential equations, vol. 19 (American Mathematical Society,
2022).

Fischer, H., “Dirichlet’s contributions to mathematical probability theory”, Historia
mathematica 21, 1, 39-63 (1994).

Fisco, N. R. and H. Adeli, “Smart structures: part i—active and semi-active control”,
Scientia Iranica 18, 3, 275-284 (2011).

Fridman, E. and Y. Orlov, “Exponential stability of linear distributed parameter
systems with time-varying delays”, Automatica (2009a).

Fridman, E. and Y. Orlov, “An LMI approach to H,, boundary control of semilinear
parabolic and hyperbolic systems”, Automatica 45, 9, 2060-2066 (2009b).

Gahlawat, A. and M. Peet, “Optimal state feedback boundary control of parabolic
PDESs using SOS polynomials”, in “IEEE American Control Conference”, pp. 4350—
4355 (2016a).

Gahlawat, A. and M. Peet, “Optimal state feedback boundary control of parabolic
PDEs using SOS polynomials”, in “Proceedings of the American Control Confer-
ence”, (2016b).

Gerdts, M., Optimal control of ODEs and DAEs (Walter de Gruyter, 2011).

Gil, M., “On stability of linear Barbashin type integro-differential equations”, Math-
ematical Problems in Engineering (2015).

Gohberg, 1., S. Goldberg and M. A. Kaashoek, Classes of linear operators Vol. I,
vol. 63 (Birkh&user, 2013).

Hadamard, J., “On problems with partial derivatives and their physical significance”,
Princeton university bulletin pp. 49-52 (1902).

Hagen, G., “Absolute stability via boundary control of a semilinear parabolic pde”,
IEEE transactions on automatic control 51, 3, 489-493 (2006).

Hulsing, K. P., Methods for computing functional gains for LQR control of partial
differential equations, Ph.D. thesis, Virginia Polytechnic Institute and State Uni-
versity (1999).

Ikeda, Y., “Active and semi-active control of buildings in japan”, Journal of Japan
Association for Earthquake Engineering 4, 3, 278-282 (2004).

Ito, K. and S. Ravindran, “Optimal control of thermally convected fluid flows”, STAM
Journal on Scientific Computing 19, 6, 18471869 (1998a).

174



Ito, K. and S. Ravindran, “A reduced basis method for control problems governed by
PDEs”, in “Control and estimation of distributed parameter systems”, pp. 153-168
(Springer, 1998b).

Kannan, S., H. Uras and H. Aktan, “Active control of building seismic response by
energy dissipation”, Earthquake engineering & structural dynamics 24, 5, 747-759
(1995).

Karafyllis, I. and M. Krstic, Input-to-state stability for PDEs (Springer, 2019).

Kotsiantis, S. and D. Kanellopoulos, “Discretization techniques: A recent survey”,

GESTS International Transactions on Computer Science and Engineering 32, 1,
47-58 (2006).

Kraus, A., A. Aziz, J. Welty and D. Sekulic, “Extended surface heat transfer”, Appl.
Mech. Rev. 54, 5, B92-B92 (2001).

Krstic, M. and A. Smyshlyaev, “Backstepping boundary control for first-order hyper-
bolic pdes and application to systems with actuator and sensor delays”, Systems
& Control Letters 57, 9, 750758 (2008).

La Salle, J. and S. Lefschetz, Stability by Liapunov’s Direct Method with Applications
by Joseph L Salle and Solomon Lefschetz (Elsevier, 2012).

Lasiecka, I. and R. Triggiani, Control Theory for Partial Differential Equations: Con-
tinuous and Approzimation Theories, vol. 1 (Cambridge University Press, 2000a).

Lasiecka, I. and R. Triggiani, Control theory for partial differential equations: Vol-
ume 1, Abstract parabolic systems: Continuous and approrimation theories, vol. 1
(Cambridge University Press, 2000b).

Leibniz, G. W. and G. W. Leibniz, “On nature itself, or on the inherent force and
actions of created things: Acta eruditorum, september, 1698”, Philosophical papers
and letters pp. 498-508 (1989).

Locatelli, A. and S. Sieniutycz, “Optimal control: An introduction”, Applied Me-
chanics Reviews 55, 3, B48-B49 (2002).

Lofberg, J., “YALMIP: A toolbox for modeling and optimization in matlab”, in “2004
IEEE international conference on robotics and automation”, pp. 284-289 (IEEE,
2004).

Lyapunov, A. M., “The general problem of the stability of motion”, International
journal of control 55, 3, 531-534 (1992).

Mao, Z. and C. Yang, “Micro-mixing in chemical reactors: A perspective”, Chinese
Journal of Chemical Engineering 25, 4, 381-390 (2017).

Mechhoud, S., E. Witrant, L. Dugard and D. Moreau, “Estimation of heat source
term and thermal diffusion in tokamak plasmas using a kalman filtering method in
the early lumping approach”, IEEE Transactions on Control Systems Technology
23, 2, 449-463 (2014).

175



Meurer, T., Control of higher-dimensional PDFEs: Flatness and backstepping designs
(Springer Science & Business Media, 2012).

Moghadam, A. A., I. Aksikas, S. Dubljevic and J. F. Forbes, “Lq control of coupled
hyperbolic pdes and odes: Application to a cstr-pfr system”, IFAC Proceedings
Volumes 43, 5, 721-726 (2010).

Moghadam, A. A., I. Aksikas, S. Dubljevic and J. F. Forbes, “Boundary optimal
(LQ) control of coupled hyperbolic PDEs and ODEs”, Automatica 49, 2, 526-533
(2013).

Mondie, S. and V. L. Kharitonov, “Exponential estimates for retarded time-delay
systems: an LMI approach” | IEEE Transactions on Automatic Control 50, 2, 268
273 (2005).

Morris, K. and W. Levine, “Control of systems governed by partial differential equa-
tions”, The control theory handbook (2010).

Morris, K. A., “hy.-output feedback of infinite-dimensional systems via approxima-
tion”, Systems & Control Letters 44, 3, 211-217 (2001).

Newton, 1., The Principia: mathematical principles of natural philosophy (Univ of
California Press, 1999).

Papachristodoulou, A. and M. Peet, “On the analysis of systems described by classes
of partial differential equations”, in “IEEE Conference on Decision and Control”,
pp. 747-752 (2006).

Parrilo, P. A., Structured semidefinite programs and semialgebraic geometry methods
in robustness and optimization (California Institute of Technology, 2000).

Peet, M., “A new state-space representation for coupled PDEs and scalable lyapunov
stability analysis in the SOS framework”, in “Proceedings of the IEEE Conference
on Decision and Control”, (2018).

Peet, M., “A convex solution of the H.-optimal controller synthesis problem for
multidelay systems”, SIAM Journal on Control and Optimization 58, 3, 1547-1578
(2020a).

Peet, M., “Representation of systems with delay: Delay-differential equations,
differential-difference equations, and partial-integral equations”, in “Proceedings
of the American Control Conference”, (2020b).

Peet, M., “A partial integral equation (PIE) representation of coupled linear pdes
and scalable stability analysis using Imis”, Automatica 125, 109473 (2021).

Peet, M. and A. Papachristodoulou, “Sum-of-squares Lyapunov functions for expo-
nential stability: An existence proof based on the picard iteration” in “Proceedings
of the IEEE Conference on Decision and Control”, (2010).

176



Peet, M., A. Papachristodoulou and S. Lall, “Positive forms and stability of linear
time-delay systems”, STAM Journal on Control and Optimization 47, 6, 3237-3258
(2009).

Peet, Y. and M. Peet, “A new treatment of boundary conditions in PDE solution
with Galerkin Methods via Partial Integral Equation Framework”, arXiv preprint
arXiv:2012.00163 (2020).

Pesch, H. J., “Optimal control of dynamical systems governed by partial differential
equations: A perspective from real-life applications”, IFAC Proceedings Volumes
45,2, 1-12 (2012).

Prajna, S., A. Papachristodoulou, P. Seiler and P. A. Parrilo, “SOSTOOLS and its
control applications”, in “Positive polynomials in control”, pp. 273-292 (Springer,
2005).

Prieur, C. and E. Trélat, “Feedback stabilization of a 1-d linear reaction—diffusion
equation with delay boundary control”, Transactions on Automatic Control 64, 4,
1415-1425 (2018).

Quadrio, M., “Drag reduction in turbulent boundary layers by in-plane wall motion”,
Philosophical Transactions of the Royal Society A: Mathematical, Physical and
Engineering Sciences 369, 1940, 1428-1442 (2011).

Rahman, M., Integral equations and their applications (WIT press, 2007).

Segal, 1., “Irreducible representations of operator algebras”, Bulletin of the American
Mathematical Society 53, 2, 73-88 (1947).

Seiler, P., “SOSOPT: A toolbox for polynomial optimization”, arXiv preprint
arXiv:1308.1889 (2013).

Shivakumar, S., A. Das, S. Weiland and M. Peet, “A generalized LMI formulation for
input-output analysis of linear systems of ODEs coupled with PDEs”, in “IEEE
Conference on Decision and Control”, pp. 280-285 (2019).

Shivakumar, S., A. Das, S. Weiland and M. Peet, “Duality and H..-optimal control
of coupled ODE-PDE systems”, in “IEEE Conference on Decision and Control”,
pp. 5689-5696 (2020a).

Shivakumar, S., A. Das, S. Weiland and M. Peet, “Extension of the Partial Inte-
gral Equation Representation to GPDE Input-Output Systems”, arXiv preprint
arXiv:2205.03735 (2022).

Shivakumar, S., D. Jagt, D. Braghini, A. Das and M. Peet, “PIETOOLS 2022: User
manual”, arXiv e-prints pp. arXiv—2101 (2021).

Shivakumar, S., D. Jagt and M. Peet, “CyberneticSCL/PIETOOLS: A MATLAB
toolbox for handling Partial Integral (PI) operators and solving optimization
problems involving PI operators”, URL https://github.com/CyberneticSCL/
PIETOOLS (2020b).

177



Shivakumar, S. and M. Peet, “Computing input-ouput properties of coupled PDE
systems” | in “Proceedings of the American Control Conference”, (2019).

Sturm, J. F., “Using SeDuMi 1.02, a matlab toolbox for optimization over symmetric
cones”, Optimization methods and software 11, 1-4, 625-653 (1999).

Timoshenko, S. P., “LXVI. on the correction for shear of the differential equation
for transverse vibrations of prismatic bars”, The London, Edinburgh, and Dublin
Philosophical Magazine and Journal of Science 41, 245, 744-746 (1921).

U.S. EIA, “International energy outlook”, URL https://www.eia.gov/outlooks/
ieo/narrative/index.php, [Online; accessed 13-October-2023] (2023).

Valmorbida, G., M. Ahmadi and A. Papachristodoulou, “Stability analysis for a class
of partial differential equations via semidefinite programming”, IEEE Transactions
on Automatic Control (2016).

Villegas, J., A Port-Hamiltonian Approach to Distributed Parameter Systems, Ph.D.
thesis, University of Twente, The Netherlands (2007).

Witrant, E., Modeling and Control of Inhomogeneous Transport Phenomena, Ph.D.
thesis, Université Grenoble Alpes (2015).

Wu, S., M. Peet, F. Sun and C. Hua, “Robust analysis of linear systems with uncertain
delays using PIEs”, IFAC-PapersOnLine 54, 163168 (2021).

Zemouche, A., R. Rajamani, B. Boulkroune, H. Rafaralahy and M. Zasadzinski, “H,
circle criterion observer design for lipschitz nonlinear systems with enhanced LMI
conditions”, in “American Control Conference”, pp. 131-136 (IEEE, 2016).

178



APPENDIX A

EQUIVALENCE IN REPRESENTATION OF A GPDE AND ITS ASSOCIATED
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In these appendices, we provide proofs for all theorems, lemmas, and corollaries
stated in the paper along with several intermediate lemmas. In Appendix A.1, the
goal is to prove Theorem 5.1 - the map between the domain of the PIE subsystem
and the domain of the PDE subsystem. In Appendix A.2, we prove equivalence of
solutions for the PIE subsystem and PDE subsystem. In Appendix A.3 we con-
struct the map between the domain of the GPDE and associated PIE representation.
In Appendix A.4, we prove equivalence of solutions of the GPDE and associated PIE
system. In Appendices A.5.1 to A.5.3, we prove that map from PIE to GPDE state
is unitary and that internal stability of PIE and GPDE model is equivalent. Finally,
in Appendices B.1 and B.1.1 we show that the Partial Integral (PI) operators form
a x-algebra and provide formulae for composition, adjoint, and concatenation of PI
operators.

A.1 Bijective Map Between PIE and PDE States

To find a map between the fundamental state (state of the PIE) and the primal
state (state of the PDE subsystem), we will use the Fundamental Theorem of Calculus
(FTC) and the BCs. First, we recall the FTC and extend it to vector-valued functions
on the interval [a, b] as shown below.

Lemma 5.2. Suppose x € Wi[a,b] for any N € N. Then

x(5) = x(a) + 2_: <3;!“)3 &x(a) + / %agx(e)de

where 9'x is the ith classical-derivative of x when i < N and weak-derivative for
i=N.

j=1

Proof. We prove this using the principle of induction. Suppose the lemma is true for
some N and x € C}_,[a,b]. Because the lemma is true for N, we have

s— )Nt

x(s) = x(a) + z_: nga)j(agx)(a) + /S ﬁ(@gx)(ﬁ)dﬁ. (A.1)
Now, by the FTC, we have
ONx(s) = (0Vx)(a) + /S(8§N+1)x)(0)d9.

Next, we substitute the above identity into Equation (A.1), and using the integral

identity
b 0 b b
/ / £(6,m)dnd6 = / / £(0,m)dodn
a a a n
N—1

x(s) = x(a) + Zl (s ;!a)j dx(a) + /as % (85}((@) + /a 3§N+1)X(n)dn> db.

we have
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While the first two terms are close to the required form, the last term (the integral

term) is not and can be simplified by using integration by parts. Then, from the
integral term we get

[ (E% ( o+ [ o Oxayin) i
— (/ d@)a *(a / / 5__1_ DN+ () dn 6
(S — ( dH) AN+ (n)dn

= ) +
= )+ [ sy,

(8 / ’
Finally, by substituting the above terms back into the equation we get,

a)+z(s_

j=1

Jj . s _ \N
@) 8§x(a)—|—/ (ST?)agNﬂ)x(mdn.

Therefore, if the statement of the lemma is true for NV, then it is also true for N + 1.
Clearly, the lemma is true for N = 1. O]

We can extend Lemma 5.2 to obtain an expression for the derivatives of x € C};
in terms of 9Vx and of a given set of core boundary values of x.

Lemma A.1. Suppose x € W§. Then, for any ¢ < N, we have

= Z_: Ti—i(s — a)(@ix)(a) + /S TN—i—1(S — 9)(85)()(9)0!9

where 7;(s) = j—:

Proof. First note that 7;(0) = 0 for any i > 0, ds7(s) = 0 and

Ti(S) = — — aSTi<8) =1

= Ti—1 (8)

and suppose the formula holds for : —1 > 0. Then

(9% Z T (s — a)(@x)(a) + /STNi(s—e)(a;Vx)(e)de.

Jj=t—1
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and hence, since 057y(s) = 0, we have
(9:x)(5) = 05(95™"%)(s)

= (0s7j-ir1(s — a)) (92x)(a) + 7v—i(0) (97" x)(s) + /s (Os7v—i(s — 6)) (9:"x)(0)db.

=2 (0smj—in1(s —a)) (84x)(a) + Tv—i(0) (8 x)(s) + /S (Os7v—i(s — 6)) (97"x)(8)db.

j=t
N-1 A s
= ST (s — a)(9x)(a) + / i1 (s — 0)(0x)(0)do.
j=i @
By lemma 5.2, the result holds for ¢ = 0, which completes the proof. O

We now propose a mixed-order version of Lemma 5.2

Corollary A.2. Suppose x € [[IL, C™ and define

Jij = [OHJI;TVW} € RMNTIAN, - Tils) = %’ Tij(s) = 7j-ils) iy 1 24,
Sx
0,5°x
Cx = : ,
827*1'SNX
we have
x1(s)
=[Thi(s—a) Tia(s—a) -+ Tin(s—a)](Cx)(a)
xn(s)
s [0(s —0)1,, Opx1(0)
+ / : df
“ TN-1(s = 0) 1, | LOYxn(0)
s Xo(0)
— Ty(s — a)(Cx)(a) + / OG-0 - |a (A.2)
¢ 95 xn(0)

Proof. For convenience, let us denote F;; € R"*"™Si to be the uniquely defined 0-1
matrix so that x;(s) = P, ;57x(s) and which is given by

Pi,j = [Onix(nijnSi_l) ]nl Onixnsi+1] - [Onanj;¢,1 [nl OniXTLZ‘+1;N:| .
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We now use P, ; and the identity from Lemma 5.2 to write x; in terms of (Cx)(a)
and 0'x;. Specifically, if x;, € C}*[a, b], then

Xi(s)
= ZTj(s —a)dlx;(a) + / Ti—1(s — 0)0:x;(0)do
=0 a
= ZTj(s —a)P; ;11028 x(a) + / Ti—1(s — 0)05x;(0)do
=0 @
Sx(a) .
= [ro(s —a)Piy -+ Tioi(s —a)Pi] : + / Ti_1(s — 0)9'x;(0)d6
9i718%(a) “
Sx(a) .
= [7—0(3 - a)Pi,l T Onixnsi_‘_l:N} + / 7'@-,1(5 — 9)6;x1(9)d9
ON=15Nx(a) ¢
=[r(s—a)Pi1 -+ Tici(s —a)Pyy UnMnsiH:N] (Cx)(a) + / Ti_1(s — 0)9'x;(6)db.

Now, we can concatenate the x;’s to get,

o
xx(s)

[To(s —a)Piy 0 0 [ m0(s —0)0:x1(0)
o 0 }(Cxxaw/ [ s ]d@
| 70(s —a)Py1 -+ Tn-1(s —a)Pyn ¢ Lrvoi(s — 0)0Nxn(0)
i P, 0 0
Py P 0
= |To(s—a) | . mi(s—a)| . oTnea(s—a) | (Cx)(a)
i P]'V,l PZ.V,Q P]\'I,N
[ To(s —0)0sxi(0
e ]
¢ Lrv_i(s — 0)0Nxn(0)
= [ro(s —a)Jix m(s—a)iz -+ 7Tn_1(s —a)Jin](Cx)(a)
s [To(s—¥0 T [ Oex1(0) T
+ / ( | : do
| Tn-1(s = 0)] [0V xn(0)]
=[T1a(s—a) - Tin(s—a)](Cx)(a)
s [To(s—40 T T Osx1(0) T
4 / Y - |
“ n-1(s — 0)] [0)xn(0).
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where we have used the fact that for any ¢

Pm‘ [Onixni;iq [m' OniXTLH—l:N] ]m
Pi+1,i . [Oni.u XM Inz‘+1 0ni+1 XTi42:N . Ini+1 —J
- . - T NN
PN,i [OnN XMi:N—1 InN OnN XnN+1:N] InN
and hence

0711;1'-1 XN N

'P’i,i _ Onlzileni;N — J .
InzN 171/.
Py
O]

We conclude that it is possible to express any continuously differentiable function
X € Hf\il C!" using left boundary values (at s = a) of the continuous partial deriva-
tives (Cx) and the fundamental state X = col(xg, - -+ ,0~xy). Since we require a map
from the fundamental state x to the primal state x, we need to eliminate the left

boundary values (Cx)(a). The first step in this direction is to express Cx in terms of
x and (Cx)(a).

Corollary A.3. Suppose x € Hz']io C. Then, for T and Q are as defined in
Block 5.2, and

SX Xo
0,5°x 0ix
(Cx) = : , X = : ;
ON-1GNx ONxy

we have

(Cx)(s) = T(s — a)(Cx)(a) + / Qs — )x(0)do.

Proof. We will use the identity from corollary A.2 and lemma A.1 to find 9'~1S%x for
all 1 <¢< N and concatenate them vertically to obtain (Cx). First, we need to find
an expression for 9°71S’x. By definition, we have

9 1x(s)
o 0 x;
8;715”)((8) _ s X'Jrl(S)

9Lxy (5)

By lemma A.1,

@200 = Y- 7-ils = @R + [ 7v-ia(s — 0@ X) O
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i which can be generalized for x5 € C, with k£ < N as
aZXk ZTJ —i 3 —a 6JX]§)( ) / Tk_i_l(s — 0)(8§X,€)(9)d0

To find the (i — 1)""— derivative for each component of the vector we just perform
concatenation to get

9L xi(s)
. . g1 i
a;—lszx(s) _ s X.+1(8)
01 (5)
[ (05 "xi)(a)

O xi)a) s - @)@ | [ 00
_ : +/ (s — 9)(8:5+ Xi+1)(0) 0.
. N-1 ) a :
@)@+ X meinls— @@ (vl - 9@ x)(6)

The matrices J; ; for j > i are used to select the elements from (077157x)(a) € R™N
(jth part of (Cx)(a)) which appear in the (j — ¢)th to (N — i)th components of
(0i71S7x)(s) € R™~ (ith part of (Cx)(s)). Specifically, for j > 4, we will see that
0i1Six is the combination of terms of the form

Om: i_1x1
(07 %)(s) | Oy 0]

nj:N

s

(@171,)()
; N [O] (017 57%)(s)
(@) (9 (O]

= Jm(ag_lij)(s).

By exploiting the J; ; notation, we can represent the first term in the expression for
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9i71Sx as

| (0 xi)(a)
(05 xi11)(a) + 71 (s — a) (95xi41) (a)

O x)(0) + 3 73-s11(5 — ) ) @
32_1Xi(a)

9 ' xi41(a)

=71o(s — a) : + -+ Ti(s — a)
0; x(a)
On,
+ 7n_i(s —a) Onf“
ON-1x x(a)

= 10(s — a)(0" 1S %) (a) + - - - + Ti—i(s — a)Ji,j(ﬁg_ls‘jx)(a) + -

+ Tn_i(s — (Z)JZ—7N(8£V_1SNX)(CL)

=[ro(s—a)di; -+ Tn—i(s —a)J;n]

— [Oni:anSLi_l TQ(S — G)Jm' cee TN_Z'(S — CZ)JZ'7N}

— Ti(s — a)(Cx)(a).

9i1Sx(a) T

85‘15;Nx(a)_

The second vector with the integral terms can be written as

/s 7'1(3 — 9)8§+1Xi+1(9)

do

TN_Z'(S - 0)8?’)(]\;(9)
0 I,
/S 0 (s —0)1n,,,

0
_ / " Oi(s — 0)%(0)d0
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Sx(a)

L5 (a)
915 x(a)

8?’_15.’NX(<1)

X0

0sx1(0)

O xx(6)

do



Therefore, combining both the terms we get
O1Sx(s) = T(s — a)(Cx)(a) + / Qi(s — 0)%(0)do.

Since 9.715'x(s) can be uniquely determined using (Cx)(a) and X, we can now gen-
eralize this to all of (Cx) by using concatenation of 9°"'S'x(s) over all i € n as

Ti(s —a) Sx(a)

5x(s) Th(s —a 0:5%x(a s [Qils —0)
(Cx)(S)[ : ] (: ) :() +/{ : ]fc(e)de
0,15 x(s) TN(S.— a) 85*16;]\5(((1) * LQn(s—0)
_ T(s — a)(Cx)(a) + / Q(s — 0)%(6)do.
]

Next, we use the map from (Cx)(a) and X to (Cx) to obtain the following list of
identities.

Corollary A.4. Suppose x € W™ for some v € R?. Define

% S% %o
) 0,5% ) 0,5%% ok

Fo=| T |, wen=| | ==
OV SNk ON-19N% Ny

Then we have the following.
(a) For U;, T, and Q as defined in Block 5.2, we have

(Fx)(s) = Urx(s) + Ua2(Cx)(s)
— UyT(s — a)(CX)(a) + Uix(s) + / U,Q(s — 0)%(0)d6.

a

(b) Given a set of parameters Gy, if {n, Gy} is admissible, then for Bg as defined
in Block 5.2

. b b
B [((gi))%ﬂ - / Bi(s)(F%)(s)ds = Br(C%)(a) — / BrBo(s)%(s)ds.
(¢) Given a set of parameters Gy, if x € X, and {n, Gy} is admissible, then

b
(C%)(a) = / Bo(0)%(6)d0 + B;' By,
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Inv

Bj_“lB'u BQ(S)

To- 0B B,| | 10 -aBals +ae-9)] | |x|°
UsT(s —a)Br' By | {Ui,Rp,1,Rp2}

(d) Given a set of parameters Gy, if X € X, and {n, Gy} is admissible, then
OnTXnm
HE

Lé)@
F2)(

For (a), we examine the terms 9?S’x in the vector (Fx). These terms may be

lg

Proof. Let x € X, for some v € RY.
divided into those from X and those from (Cx). Specifically, we define the permutation

matrix U = [U; Us] so that
550y S0
B - : =10 B {(éc(;()s)}
@¥svs(s)] | Loy isvaes)

(F5%)
To justify our expression for the permutation matrix, U, first note that

[ 0'x;
i Qg OXip1 X, X;
asS = : = |:a;51+1)’\(:| = |:(C)A( i—H}
_83i§(N
_ | Ini 0me+1;N ):(z — U U . ):(z
_{OMH:NXHJ [ Ni4+1:N (C)A()Hl [ L 271] (C}A( i+1

which holds for ¢ < N. For « = N, we simply have

Clearly, then
(Fx)
0Q04 . Us,0 .
885 X ULO X ’ (CX)l
) E ) | | ' [ E } + U { E ]

oN SNk Uin] %N 2(N=D) (Cx)n
N—— OnNan;N OTLNXnN:N N——

Uy X o (&)

= U1x + Us(Cx).
%(0)do

Finally, by Corollary A.3, we write
(FX)(s) = U1x(s) + Ua(Cx)(s) = Urx(s) + UsT (s — a)(Cx)(a) + / UxQ(s — 0)

U,T (s — a)(C)(a) + Ur(s) + / " Uh0(s — 0)%(6)d0
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Now, suppose we are given Gy, = {B, By, B, } such that By is invertible where

Br =B {T(gn_s a)} - / " By(s)UsT (s — a)ds.

For (b), we temporarily partition B as B = [B; B,| where both B, and B, have equal
number of columns. Then, we look at the expression B {( ] f By( (s)ds.

Clearly, we need an expression for (Cx)(b) which can be obtalned from corollary A3
(by substituting s = b) as

b
(€x)(b) = T(b = a)(Cx)(a) + / Qb — s)x(s)ds

Replacing (Cx)(b) and (Fx) in the expression for B {((C } f By ( )(s)ds,

we get
(Cx)(a) ’ .
(B, B] [(Cf{)(b)] —/a Br(s)(Fx)(s)ds
— (Bi+ B, T(b— /BQb—sfc s)ds

— </ab B (s)UaT(s — a)ds) (Cx)(a) — /a <B (s)Uy + /Sb Br(0)U2Q(0 — S)d@) x(s)ds
_ <Bl +BT(b— a) - / By (s)UsT(s — a)ds) (C%)(a)

Br
+ /ab (BTQ(b — ) — B(s)Uy — /Sb Br(0)U2Q(6 — 8)d9> X(s)ds

BrBg(9)

b
— Br(C%)(a) - / BrBo(s)x(s)ds,

which proves the second statement of the corollary.
For (c), we have the additional constraint that x € X,,. Then, we know that

B FC?(“)} _ / " By(s) (FR)(s)ds — Byo — 0.

Therefore, from second statement of the corollary, we have
b
Br(Cx)(a) — / BrBg(s)x(s)ds — Byv =0,
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and since Br is invertible, we can conclude that

b
(C%)(a) = / Bo(s)%(s)ds + B> Byo.

For (d), we know that (Fx) and (Cx)(a) (from steps (a) and (b)) can be expressed
as

(Fx)(s) = UsT (s — a)(Cx)(a) + Urx(s) + /S UsQ(s — 0)x(0)do,

(C%)(a) = / Bo(s)x(s)ds + By By,
Thus, by substituting (Cx)(a) in the expression for (Fx), we get
(Fx)(s)
— UyT(s — a)(CX)(a) + Uix(s) + / U>Q(s — 0)%(0)d0
b s
=UT(s — a) (/ Bo(s)x(s)ds + B;lev) + UiX(s) + / U,Q(s — 0)x(6)do
1 [ 0

UsT(s —a)By' B, | {U1,Us(T(s —a)Bg(0) + Q(s —

0
Q(s —0))
)
where we define the variables
RDJ(S, 9) = RDQ(S, 9) + UQQ(S — 0), RD,Q(a 89) = UQT(S - CL)BQ(@)
Now, since x € X, for all ¢ > 0, by Corollary A.3, we have

(Cx)(s) =T(s—a)( /Qs—

Furthermore, since By is invertible, from Corollary A.4, we have

] v
UsT(s —a)Bq(0)} | |x(-)

- U.T(s —a)By' By | {U1,Rpa, Rp 2} X

(Cx)(a) = /ab Bgo(0)x(0)d0 + By'B,v,
and hence we can express (Bx) in terms of X and v as
(Bx) = ch) 8] _ {T(b]_ )] (€%)(a) + / b [Q(bo_ 9)] %(6)d0
b

T - a)] /b Bq(0)x(0)d0 + B;' B v) +/a {Q@O_ 9)} x(0)df




To get an expression for the combined v, (BX) and (FX), we can just concatenate
them vertically to get

I, 0
3 sy ]
{(Bjx)} =1 T(b —Z)BTlBJ T — a)BQ?s) +Q(b—s) LZ} :
(F%)() UsT(s — a) B, B, | (U, Rp1. Bpa)

]

Now, from a), we have a map from {(Cx)(a), X} to the vector of all well-defined
terms, Fx. Furthermore, from c¢), when the BCs are admissible we have a map from
{X, v} to (Cx)(a). This allows us to express the left boundary values, (Cx)(a) in
terms of {X, v} — yielding a map from x to (Fx). Extending this result, we can
use corollary A.2 to obtain a map from {x, v} to %x.

Theorem 5.1. Given an n € NY*! and Gy, with {n, Gy} admissible, let {T, T,}
be as defined in Block 5.1, X, as defined in Equation (3.5) and D =diag(0°l,,, - - ,
ONI..). Then we have the following: (a) For anyv € R™, if x € X,,, then Dx € Ly*

and X = TDX + Tyv; and (b) For any v € R™ and x € L%, Tx + Tov € X, and
x = D(Tx+ Tov).

Proof. Proof of Part 1. Let x € X, for some v € R?. Clearly, by definition of X,
d'x; € Ly". Therefore, Dx € Ly*. Next we need to express X in terms of x = Dx
and v. For that, we will first express (Cx)(a) solely in terms of X and v. From
corollary A.4, we know that if {n, Gy} is admissible, then

b
(C%)(a) = / Bo(0)%(6)d0 + B;' By,

Now that we have an expression for (Cx)(a), we simply substitute this into the ex-
pression for X from Corollary A.2 to obtain

fun(s) = Th(s — ) (CR)(a) + / Qs — 0)x(0)d6

= / Ti(s — a)Bg(0)x(6)do + /S Q1(s — 0)%(0)df + Ty (s — a) B7' Byv.
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Adding on the somewhat incongruous X, term, we obtain

*“>:’§§£2J

[ o230 [ [t 300+ [ [l | s

—_—— ~ ~ l —_——
Go Ga(s,0) G1(s,0)—G2(s,0)

(A.3)

+ OnoXTLU v
Ti(s — a)B;'B,

/

G (s)

= Gox(s) + /b Ga(s,0)x(0)do + /5 G1(s,0)x(0)d0 + G,(s)v

A

= (T%)(s) + (Tov)(s)-
O

Proof. Proof of Part 2. Let v € R? and x € Ly* be arbitrary. Our first step is to
show that D <7Ad>:< + 7:,1)) — % € L3*. By the definition of 7 and 7y, Eq. (A.3) at the
end of the proof of Part 1 shows that for any x € Ly* and v € R,

(TR + T)(s) S
=10 |36+ [ s - armn| 500+ [ o, 0| 50

0
+ [Tl(s - a)B;lBJ v-
Thus, we may group the terms with 77 (s — a) together and apply the D operator to
obtain
D ( 7

+T0) (s) =D {Tl(so_ a)] < / ' Bo(6)x(6)d6 + B;BUU)

L, 0] 1 Ongxeng | &
”9({00 0} X(s)+ | {Ql(gx—xe)} ’—‘(Q)de)'
Now, examining the first term we have

D {Tl(so_ a)} ) [Lng {Tl(so_ a)}

L s "IN

as[nl
( { 0 Iny

14>
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and since 9'7;(s) = 0 for any j > i, we have

aslnl
Ti(s — a)
oN I,

-as[nl i
— [To(s —a)Jiy 7i(s—a)Jia -+ Tn_1(s —a)Jin]

I 05 Iy, |

-as-[nl i 0 0
e *. . aN] |:TO(5 — a)ITLLN |:7'1(8 — a)InQ:N:| T |:7—N—1(S — CL)InN‘|:|
=0.

Hence the first term in our expression for D (7‘)_2 + 7:,v> is zero. Now, consider the

second term in the expression for D (7’):( + 7;1}),

([t [ i)

Ong 0 0
s 10 T1(s),
_p| | Vg + ) () (6)d0
0 0 e N
0 TN—I(‘S)I’RN

For this term, we use an inductive approach. Specifically, we factor D into first-order
derivative operators as

I
01 N 0
D= :IH 0 Inl.:N@J‘
oNT e

Now, since 0s7;(s) = 7;—1(s) for i > 1, 7;(0) = 0 for i > 0 and 79(0) = 1, we have that
for any © < IV,

Ono:if1><no:¢71
D. [OWO:ilxnz:| — |:In0:i1 0 } TO(S)L”
’ Ql(s - 9) 0 Ini:NaS
TN—i(S)InN
Ono:ano:i
. TO(S)]W-H Ono;anz

B - {Qi+1<5_9)}



and Dy [O”OWM”I} = 0. Additionally, for ¢ > 0, we have

Qn(s—10)

077,0u-1><'n, On()ii*lxno:ifl I

Ti4+1:N Xni+1:N]

We conclude that

(- Joo s
[ g P o [ oo
_ [In 01 %(s) + / S [Qﬂjo(“"w )] %(6)db.

Applying this inductive step to each of the D; operators in DX, we have
D ([180 8] %(s) + /: {Ql(so_ 6)] g(e)dﬁ)

Dy - D ({[0 8] (s )+/: {wso_ 9)] X(@)dﬁ) %(s).

Combining these results, we conclude that for any x € Ly*
(D (%z +Tw)) (s)
_ G 5. 0%0)d0 + Go(s)o) =D (|70 s+ [ 1. 0 |x@)as
N (503 ! 0 0= o (Qi(s—0)]7

X(s

Finally, we need to show that for any x € Ly*, Tx+Tov € X,. Let x = Tx+ Tov.
Clearly, since Dx = x € Lj*, we have x € W". To show that x € X,, however,
we must now show that the BCs are satisfied. For this part, we have that if x =

T% + T,v € W, then by Corollary A.4,

B {E(é);))%))] - /ab Bi(s)(FX)(s)ds — Byv = BT< / Bo(s)%(s)ds — 1va> .

Since x € W" and Br is invertible, we have that x € X, if and only if

(Cx)(a) — / Bg(s)x(s)ds — B! B,v = 0.
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Recall from the beginning of the proof of Part 2 that

i) = o)
=[5 o]+ / 15— )| O+ [ g4 )| KO

0
N {Tl(s = a)B;le] v

and hence
X1:n(8) = /b Ti(s — a)Bg(0)x(6)do +/ Q1(s — 0)x(0)df + T (s — a) B;' B,v.
In addition, from Corollary A.3, we have
x1.5(s8) = T1(s — a)(Cx)( / Q1(s — 0)x(0

Substituting this identity in the previous equation, we get

Ti(s — a)(CX)(a) + / " Ou(s — 0)%(60)d0
_ /b Ti(s — a)Bo(6)%(6)d6 + / Q1(s — 0)%(0)d0 + Ty(s — a)B;' Byo,

which implies

Ti(s — a) ((C}E)(a) - /ab Bg(0)x(0)df — B;lev) = 0.

We will use induction to show that the above equality holds when 7} is replaced by
T;. First, suppose

Ty(s — a) ((Cf{)(a) - / ’ Bo(0)%(6)d6 — B;lev> —0.
Then, since

s [OniJrl:N X1 Ini+l:N] TZ(S - CL) = E-l-l(s - CL),

we have the relation

05 [Onssvmsns Iniiin] Tils — a) ((Cfc)(a) - / ’ Bo(0)x(6)d6 — BT13UU>

— Tioi(s — a) <(C§<)(a) - / ’ Bo(0)x(0)do — B;lev> —0.
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Since the equality is true for ¢ = 1, by induction we can conclude, for any ¢ > 1,

Ti(s — a) ((C}E)(a) _ / " Bo(0)2(6)d6 — BTlev> ~0.

By stacking all T;’s and using T' = col(Ty, - - ,Tx), for any s € [a, b] we have

T(s —a) ((Cﬁc)(a) - / " Bo(6)%(6)d0 — B;lev) ~0.

and since T'(0) = 1,4, we have that
b
(C%)(a) — / Bo(0)%(6)d0 — B:'Byv = 0.

which completes the proof. O]
A.2  Equivalence of PIE and PDE Subsystems

Now that we have established a PI map from L to X,, we will obtain the PIE
associated with a PDE subsystem by replacing x in the PDE subsystem with x =

T% + T,v. Because we have shown that this PI map is a bijection, we will then
conclude that existence of a solution for the PIE subsystem guarantees the existence
of a solution for the PDE subsystem. This proof is split into two parts.

Theorem 5.4. Given an n € NV and a set of PDE parameters {Gy,, G} as
defined in Equations (3.6) and (3.8) with {n, Gy} admissible, suppose v € Ly*[R,]
with Byv € WiS[R,), {T, T,} are as defined in Block 5.1 and { A, B,, C,, D,,} are
as defined in Block 5.2. Define

Gre = {7,720, 4,8,,0,C.,0,D,.,,0,0,0}

Then we have the following.

1. For any x° € Xy (X, is as defined in Equation (3.5)), if {X,r} satisfies
the PDE defined by {n, Gy, G,} with initial condition X° and input v, then
{Dx,r,0} satisfies the PIE defined by Gpig with initial condition DX° € Ly*
and input {v,0} where Dx = col(0%g, - -+ ,ONxy).

2. For any X° € LY, if {x,r,0} satisfies the PIE defined by Gpig for initial
condition X and input {v,0}, then {T%x+ T,v, r} satisfies the PDE defined by
{n, Gy, G} with initial condition X° = Tx* + T,v(0) and input v.

Proof. Suppose {X, r} satisfies the PDE Equation (3.7) defined by n € N¥*! and
{Gy, G} with initial conditions X° and input v. Then by Definition 3.2: a) r €
L7 [Ry]; b) x(t) € Xy for all t > 0; ¢) x is Frechét differentiable with respect to the
Lo-norm almost everywhere on R ; d) Equation (3.7) is satisfied for almost all ¢ > 0;
and e) x(0) = x°.
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Let x = Dx, %0 = Dx°, n = ng and m = 0. Our goal is to show that for Gpg as
defined above, {X,r, 0} satisfies the PIE defined by G p;p for initial condition %° and
input {v,0}. For this, we must show that: 1) v € Ly?[R,] and (T,v)(+, s) € W{Z[R,]
for all s € [a,b]; 2) x : Ry — RLY™[a,b] and r € LY [R,]; 3) X° € RLY™[a,b]
and x(0) = x°; 4) x is Frechét differentiable with respect to the 7-norm almost
everywhere on R ; and 5) Equation (4.1) is satisfied for almost all t € R,.

For 1), v € Lj*[R,] from the theorem statement and by the definition of 7y,
B,v € W [R,] implies

(Tow)(s) = (Tyw)(s) = {Tl(so_ a)} By'Byw € WI*[R,].

For 2), from Theorem 5.1a we have that X(t) € X, implies x(t) = Dx(t) €

RLY™ = Ly for all t > 0. Furthermore, from the definition of solution of the PDE,
r€ Ly [Ry].

For 3), from Theorem 5.1a we have that X% € X, ) implies x" =Dx% € RLY"™ =
Lg*. Furthermore, since x(t) = Dx(t) for all ¢ > 0, we have x(0) = Dx(0) = Dx° =
X

For 4), because x is Frechét differentiable almost everywhere on R, the limit of
X=X 55 b — 0F exists for any t > 0 when convergence is defined with respect

h
to the Ly norm. This, and the fact that 7,0 € Wi implies that

X(t+h) —Tx(t) _ i X(t+h) —x(t) lim Tou(t + h) — Tyo(t)

h—0t h h—0t+ h h—0t h

similarly exists for all ¢ > 0. Thus, Tx is Frechét differentiable with respect to

Lo-norm, and hence, x is Frechét differentiable with respect to T -norm.
Lastly, for 5), since x(t) satisfies (3.4)-(3.7) for almost all ¢ > 0, we have

[Asé,tis)] _ Z Ao(s) + {Al(s, )+ SfAQ(s, ) (FR)(t,-) (A4)
J. C:()
(

Pl P o). (A5)

Since x(t) € X, and x(t) = Dx(t) for all t > 0, from Theorem 5.1, we have that

+

X(t) = Tx(t) + Too(t)  which implies  x(¢) = Tx(t) + To0(2).

We can substitute this into Eq. A.5 and re-write Eq. A.5 using the PI operator
notation to get the compact relation

T \ : vA(t)
{’fi(t) 97;@@)] = 8 } o {((?-"X))((?J : (A.6)
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where we define

(Fx)(t) = Urx(t) + Ua(Cx)(t), (Bx)(t)
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CARERESIT)

We know from Corollary A.4d that when By is invertible, x(t) € X, and x(t) =
Dx(t), we have the relation

(2) I 0
B —H[ ) o) ][Qﬂ.
FOw | T 0B T R T )
v(t)
Using the above expression for | (Bx)(t) |, we now expand Eq. A.6 to obtain
(Fx)(t)
() ] _ [0 D] | G [(l’;})g)(t)}
{ x(t) + T,0(t) [ [Beo  Bu] | {Ai} } (F5)(1)
1 0
_ 0 Dn] | G s : v(t)}
H[ Bev Bl | 14:} } H[ UsT'(s _i;‘BTlBU {{UhRLQjRDQ}} ] L:(@)
_ D, | Crs U(t)
= M5y L:qt)]
where
DT'U CT'(L'
BI'U AZ
[nv Oannz
P4 [0 Drb] Cr B%le BQ(S) ]
x [va Bxb] Az ’ T(b - a)B;lBU T(b - a)BQ<S> + Q(b - 8)
UsT(s —a)B;'B, Ui, Rp1, Rpys

which shows that {x,7,0} satisfies the PIE defined by Gpg for initial condition %x°
and input {v,0}. O

Theorem 5.4. Given an n € NV and a set of PDE parameters {Gy, G} as
defined in Equations (3.6) and (3.8) with {n, Gy} admissible, suppose v € Ly’ [R,]
with Byv € WiS[R,), {T, T,} are as defined in Block 5.1 and { A, B,, C,, D,,} are

as defined in Block 5.2. Define
GPIE = {7-7 7:)7 ®7 A7 B’Ua (Da CT? ®7 Drvu (2)7 (Dv Q} .
Then we have the following.
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1. For any x° € Xy (X, is as defined in Equation (3.5)), if {X,r} satisfies
the PDE defined by {n, Gy, G,} with initial condition X° and input v, then
{Dx,r,0} satisfies the PIE defined by Gpig with initial condition DX° € Ly*
and input {v,0} where Dx = col(0%g, - -+ ,ONxy).

2. For any X° € L3, if {x,r,0} satisfies the PIE defined by Gpig for initial
condition X° and input {v, 0}, then {Tx+ Tyv, 7} satisfies the PDE defined by
{n, Gy, G, } with initial condition X° = TX" + T,v(0) and input v.

Proof. Suppose {x,r, (0} satisfies the PIE Equation (4.1) defined by the set of param-
eters Gpg for initial conditions %° and input {v,0}. Then we have: a) r € Ly [R.];
b) x(t,-) € RLy""[a,b] for all ¢ > 0; ¢) x is Frechét differentiable with respect to the
T-norm almost everywhere on R, ; d) Equation (4.1) is satisfied for almost all t € R ;
and e) %(0,-) = x°. Let

x(t) = Tx(t) + Tow(t), x°=T%"+ Ty0(0).

Then, our goal is to show that, {7%+7T,v, r} satisfies the PDE Equation (3.7) defined
by n € N¥*! and {Gy, G,} with initial conditions x° = T%° + 7,0(0) and input v.
For this, we must show: 1) r € LY7[Ry]; 2) x(t) € Xy for all t > 0; 3) X° € X,
and x(0,-) = xY; 4) x is Frechét differentiable with respect to the Ly-norm almost
everywhere on R ; and 5) Equation (3.7) is satisfied for almost all ¢ > 0.

For 1), r € Lj7[R] holds immediately by the definition of solution of the PIE.

For 2), Theorem 5.1b states that for any v(t) € R and X(t) € Ly*, we have
X(t) = T%(t) + Too(t) € Xy

For 3), Theorem 5.1b states that for any v(0) € R and x° € L}*, we have x° =
T%" + To0(0) € Xy In addition, %(0) = T%(0) + T,0(0) = Tx° + T,0(0) € Xy).

For 4), we know x is Frechét differentiable with respect to 7-norm. This implies
that limy_q+ TXUAM=TXU) ovists when the convergence is with respect to Lo-norm.
Since T,v € Wi, we conclude that

lim x(t+h) —x(t) _ lim Tx(t+h)—Tx(t) + lim Tov(t+ h) — Tyu(t)

h—0+ h h—0t h h—0+ h

exists for all £ > 0. Thus, x is Frechét differentiable with respect to Ls-norm.
For 5), since x is Frechét differentiable and x satisfies the PIE, we have

x(t) = Tx(t) + Tyo(t) = Ax(t) + B (t)

and furthermore, r(t) = C,x(t) + D,,v(t). Combining these expressions, we obtain

LZ((?)} - FIDS’ ?4} k((m = M) LZ((%} -
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Now, we use the relation from Block 5.2

D, | Crz
e
Iny OnTan
_ 1 |pt [0 Du) G, B:'B, Bg(s)
a % [va me] Az ’ T(b - a)BEIBv T(b - a)BQ(S) + Q(b - 8)
UsT(s — a)Br' B, Ui, Rp1,Rpa
In'u OnTvan
_pgllo b e Jg B;'B, Bo(s) ]
o [va B:vb] ‘ {Az} T(b_a)Bj_“le T(b_a)BQ(S)+Q(b_ ) ’
UsT (s —a)B;' B, ‘ {U1,Rp1,Rp2}
to obtain
T(t) _ H[ Drv Crw | 'U(t) o
x(t)| — L Bu [{A} ] |X(2)| T
[ Inv Onr><n.7c
0 D) | C. B;'B, Bg(s) ] v(t)
Tm ot | T [roomseis, | e - o + o - Lz(t)
L U2T(s —a)By' By ‘ {Ui,Rp,1,Rp2}

We need to eliminate x(¢) from the right hand side to get an expression solely in terms
of x. For this purpose, we use Theorem 5.1b, which gives us the relation x(t) = Dx(t).
Defining now

X(t) Sx(t)
A 0sS%(1) A DsS2x(t) X Cx)(t
Fw=| "7 eww=| = |G
ONSNx(t) ONTLSNx(t)
Using Corollaries A.3 and A.4d, these definitions now imply
0] s LS
v (S) v(t
{(BX) (t) ] T(b—a)By'B, | | LT~ a)BQC(QS) +Q0—s) {XEI%] '
( )(t> ) UsT'(s — a)B;le \ {Ui,Rp,1,Rp2}

Then, we can re-write the expressions for r and x as

T ) : UA(t)
Lci?)] = 1[G f}g)ét) ]

N be’
Z!AO +fA1 +fA2(S

1=

Av

(Fx)(,-) + {BI?(S) B, ()} {( (§ )1

Thus we conclude that {X,r} satisfies the PDE Equation (3.7) with initial condi-
tion % and input v. O
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A.3 Bijective Map between PIE and GPDE States

We now construct the map between the domain of the GPDE and associated PIE
representation and show this is a bijection.

Corollary 5.3. Given an n € N¥*1 and Gy, with {n, Gy} admissible, let {T, To,
T.} be as defined in Block 5.2, X, as defined in Equation (3.9) and D =diag(°1,,,
- ONLLL). Then for any w € R™ and u € R™ we have:

(a) If x = {x,X} € Xy, then x = {x, DX} € RLy*™ and x = Tx + Tyw + T,u.

(b) [f)—( € Rngmﬁ; then x = TX + ﬁuw + 7;?,6 € Xw,u and X = |:181 IZOD‘| X.

Proof. Proof of Part 1. Let ?{ € X, for some w € RP,u € R? Clearly, by

definition of X, ., x € X, with v = C,z + Dy,w + D,,u for arbitrary matrices C,,
D, and D,,,. Therefore, from theorem 5.1a, Dx € Ly* and hence {x, Dx} € RLy*"*.
Furthermore, for 7 and 7, as defined in Block 5.1, we have

S - x w

Then, by concatenating x and x and by using the definitions of T, Ty, 7., we have

[ﬂ ~|[ne 7] g‘x j T, [Dow DW]{ }

[ A8 R b el

Proof. Proof of Part 2. Let w € R, u € R? and x € RL;*"™ be arbitrary.
Let f{ = x where x € R™ and x € LJ*.

By suijstituting the definitions of 7, T, and 7y,

T I 0] [z 0 0
T M FTewt T = o T} M + {TUDW} W {TUDUJ u
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x
Clearly, from theorem 5.1b, defining X as X = Tx+T, ([C’U Dy Dy [w] > implies
u
x
w
u

that X € X, with v = [C, Dy Dy

. Therefore, by definition of &, ., [g €

KXo

Our next step is to show that é 10) (Tx + Tow + Tou) = x € RLy*"™ . Earlier,

we defined Lﬂ = x and showed that if we define (Tx + T,w + T,u) = f{] for some
x € X, with v = C,z + D,,w + Dy,u. Thus, from theorem 5.1b, we have

D&:D(Agij) ~x

Therefore,

A.4 Equivalence of PIE and GPDE

The equivalence of solutions between a GPDE model and associated PIE is a
straightforward extension of Theorem 5.4). This proof is split into two parts.

Corollary 5.5 (Corollary of Theorem 5.4). Given ann € NV and parameters {G,,
Gy, Gy} as defined in Equations (3.2), (3.6) and (3.8) with {n, Gy} admissible, let
w € L3 [Ry] with ByDyyw € WS[RL], u € Li*[Ry] with ByDyu € WS [R,].
Define

GPIE == {T7 7:1)7 7;7 "47 Bl; 827 C17 627 Dlh D127 D217 DQQ} = M({”? Gb; GO7 Gp}
Then we have the following:

1. For any {2°,X°} € Xy0)u) (where Xy, is as defined in Equation (3.9)), if
{z, %, 2, y, v, r} satisfies the GPDE defined by {n, Go, Gn, Gp} with ini-

tial condition {2°,X°} and input {w,u}, then { {gﬁ} , 2, y} satisfies the PIE

0
defined by Gpig with initial condition {Dxf(o and input {w,u} where Dx =
col(0%%g,- -+ , 0N Xy ).

2. For any x° € RLy™"™, if {x, z, y} satisfies the PIE defined by Gpr with
initial condition x° and input {w,u}, then {x, X, 2, y, v, r} satisfies the GPDE
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0
defined by {n, Go, Gp, G, } with initial condition [;201 = Tx°+ Tpw(0) + T,u(0)

A~

and input {w,u} where
g} Tx(t) + Tww(t) + Tou(t),
v(t) = Cpx(t) + Dypw(t) + Dyyu(t),
(

x
X
r(t) = Onexn, G x(t) + Dryv(t),
and where C, and D,., are as defined in Block 5.2.

Proof of Part 1. Suppose {z, X, z, y, v, r} satisfies the GPDE defined by {G,, Gy,
G, } with initial condition {z°, x°} and input {w, u}. Then, we have: a) z € W] [R.],
z€ Ly Ry, y € Ly![Ry], v € Ly [Ry], r € LE7[Ry]; b) x(¢) € X, for all £ > 0; ¢)
x is differentiable almost everywhere on R, x is Frechét differentiable with respect
to the Lyo-norm almost everywhere on Ry ; d) Equations (3.1) and (3.7) are satisfied
for almost all ¢ > 0; and e) 2(0) = 2°, %(0) = X® and X" € X,(q).

Now, from above points, since X" € X, ) and x(0) = X°, r € L7 [R4], X(t) € Xy
for all t > 0, x is Frechét differentiable with respect to the Lo-norm almost everywhere
on R, , and Equation (3.7) is satisfied for almost all ¢ > 0, we have that {x, r} satisfies
the PDE defined by n € N¥*! and {Gy,, G, } with initial conditions x" and input v.
Furthermore, since

v(t) = Cox(t) + Dyww(t) + Dyyu(t),

we have that v € Ly [R,] with B,v € Wi*$[R,]. Thus, by Theorem 5.4, {Dx, r} is
a solution to the PIE defined

Grm, = {7.7,.0,4,8,,0,C,,0,D,,..0,0,0}

with initial condition Dx® € Ly*. Therefore, if we define %(t) = Dx(t) and x° =
Dx°, we have that: f) v € Ly*[Ry] and (T,v)(-,s) € W{X[R,] for all s € [a,b]; g)
% : Ry — RLY™[a,b] and r € LI7[R.]; h) x° € RLY™[a,b] and x(0) = x°; i) % is
Frechét differentiable with respect to the T-norm almost everywhere on R, ; and j)
Equation (4.1) (defined by Gprg,) is satisfied for almost all ¢t € R, i.e.

[ﬁc(t)rg)m(t)} - [1;5 ?4] {%H '

Now, let x° = {gﬁo] - Kg} and x(t) = {25252)} - E’(

is to show that {x, z, y} satisfies the PIE defined by Gprg with initial condition x° and
input {w, u}, which means we need to show that: 1) (Tpw)(, s), (Tou)(-,s) € W=t
for all s € [a,b]; 2) x(t) € RLy""%[a, b] for all t > 0; 3) x(0) = x” and x° € RLy""*;
4) x is Frechét differentiable with respect to the 7T-norm almost everywhere on R, ;
and 5) Equation (4.1) (defined by Gpg) is satisfied for almost all ¢t € R,.

Eg] for all £ > 0. Our goal
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For 1), ByDy,w € Wi'S[R,] and hence by the definition of 7T, we have

(Tow(-))(s) = lﬂ(so— a)} Br'B,Dyw(-) € Wi [R,].

Likewise, B, D, u € Wi [R,] implies
0 — Mg TNx
Tal)6) = gy (s - )] B BoDual) € W™ .1
For 2), since x(t) € Ly"%[a,b] and z(t) € R™, we have x(t) = Fgg] € RLy=™

for all ¢ > 0.

. . T .
For 3), since x° € Ly™[a,b] and 2° € R™, we have x° = &0} € RLy™"™.

<0
X
For 4), by definition of 7-norm and definitions of 7 and x, there exists a k > 0
such that

ey =175t = o', 8 B0, = Nlowcuntars 75

o, SElz® e + %)l

Furthermore, x(0) = {iggﬂ _ {aﬁo} — %0,

Lo

= ll#(®)l, +]|GuCo(t) + Tx(2)

Since %(t) is Frechét differentiable with respect to the 7 norm and = € W is
differentiable, we have that x(t) is Frechét differentiable with respect to the 7 norm.
Finally, for 5), we need to show that

Tx(t) A By By [x(t) T (t) + Tut(t)
[ Z(t) ] = Cl Dll Dlg w(t)] — [ 0 ]
y(t) Cy; Dy Dyl Lu(l) 0
is satisfied for all ¢ > 0.
Since x, z, y, v satisfy the GPDE, we have
[(t)] [A| Bew Bew Bor] [2(t)]
z2(t)| _ |Cs| Daw Do Do [w(?) (A7)
y(t) Cy| Dyw Dyu Dy | {u(t)|”
U(t) Cv Dvw Dvu 0 T@)
Furthermore, as stated above,
Tx(t) + To)] _ [A B, | [X(1)
[ ity | Tl Do) o] (2-8)
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These two identities are all that are required to conclude the proof. Specifically,
extracting expression for v, r and 7,0, we obtain

x(t)
’U(t):[ou Dvw Dvu] U}(t)],
u(t)
x(t)
r(t) = C&(1) + Dputlt) = [PuCo € DDy DouDu] [ 53)1
u(t)

x(t)
(Too(1))(s) = Gu() [Co Dow  Dyu] |0 [ (t;]

u(t
= Gy(5)Coi(t) + Gu(8) Dot (t) + G (8) Dy ti(2).

Substituting these expressions back into Eq. (A.8) yields

TR(t) + Go(5)Coi(t) 4+ Go(8)Dyuti(t) + Go(8) Dyyte(t)

A (1)
= AX(t) + B, [Co Dow Do [w(t)]
u(t)

or

[GUC71M%+&@&W@+&@&W@

— [B,C, A ByDyy BuDul] | X

Appending the above equation to the system of equations in Eq. (A.7) and omitting
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the equation for v yields

I 0] [ . .
2(t J
y(t)
T A 0] Buw B ] Jz(t)] {Bm«]
_ Bvcv A Bvaw Bvau X(t) 0
G0 D D | Ju@] |0 |
B Cy 0 Dyw Dyu A _u(t)_ Dyr
[ A QI wa B:cu T -ZL’(t)-
_ Bvcv A Bvaw Bvau ):((t)
B Oz 0 D D, w(t)
B C’y 0 Dyw Dyu A _u(t)_
[BW_ x(t)
0 x(t)
+ D., [Derv Cr D,y Doy Dervu] w(t)
Dyr U(t)
[A] B By [x(1)]
= lCl DH Dng \fl)(t)J .
C2 Dgl D22 U,(t)
We conclude that
EEEE N
y(t) Cy Do Do) [u(t) 0

which implies that { {ng] , 2, y} satisfies the PIE defined by Gpig with initial con-

oy ZUO Ng ,Mx .
dition {Df{} € RL;*™ and input {w, u}.

We now proceed with Part 2 of the proof — starting with a restatement of the

Corollary.

Corollary 5.5 (Corollary of Theorem 5.4). Given ann € NV and parameters {G,,
Gy, G,} as defined in Equations (3.2), (3.6) and (3.8) with {n, Gy} admissible, let
w € L [Ry] with ByDyyw € WES[R,], u € Li*[Ry] with ByDy,u € WS [R,].

Define

GPIE - {T77:1177:L?-/47 Bla827C1762aD117D12)D217D22} = M({n7 Gb? G07 Gp}

Then we have the following:
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1. For any {2°, X"} € Xyoyuo) (where X, is as defined in Equation (3.9)), if
{z, %, 2z, y, v, r} satisfies the GPDE defined by {n, G,, G, Gp} with ini-

tial condition {z°,x°} and input {w,u}, then { [g&] , 2, y} satisfies the PIE

0
defined by Gprg with initial condition {2;:)20] and input {w,u} where Dx =
COZ(@S)A((),' . ,(9?[)2]\[)

2. For any x° € RLy™"™, if {x, z, y} satisfies the PIE defined by Gpr with
initial condition x° and input {w,u}, then {x, X, z, y, v, r} satisfies the GPDE
0

defined by {n, Go, Gp, G, } with initial condition BO} = Tx°+Tpw(0) + Tou(0)

t)

t)

v(t
(

r(t

Tx(t) + Tow(t) + Tou(t),

and input {w,u} where
T
X
Cox(t) + Dypw(t) + Dyyu(t),
[Onﬁxnz Cr] X(t) + Drvv(t)y

and where C. and D,, are as defined in Block 5.2.

A~

)
)

Proof of Part 2. In this proof, we will use definitions in Block 5.2 using the parame-
ters contained in {G,, Gy, Gp}.

Now, suppose {x, z, y} satisfies the PIE defined by Gpig with initial condition
x? and input {w,u}. Then, by definition of solution of a PIE: a) z € Lj?[R,],
y € LyY[R.]; b) x(t) € RLy*™[a,b] for all t > 0; ¢) x is Frechét differentiable with
respect to the 7T-norm almost everywhere on R ; d) x(0) = x%; and e) The equation

Tx(t) + Tow(t) + Tou(t)] [A B Bo7 [x(t)
[ Z(t) ] = Cl DH Dlg w(t)] (Ag)
y(t) C2 Dgl DQQ u(t)

is satisfied for almost all ¢ € R,.
For x(f) € RLY™™ we define #(t) € R™ and &(t) € L% by [%ﬂ _—

-0
Similarly, we define the elements [f{o} = x°. Now, by the definitions of T, T, and

7.., we have
0] [ole. AR+ o] o+ b

and hence x(t) = #(t). Similarly, 2° = 2°. Hence we have x(t) = {
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Now, using the definitions of r and v and examining the right hand side of

Eq. (A.9), we have

[A| B By [x(t)
Cl DH D12 w (t)
{Cz D1 Doz |u(?)

|
I

Likewise, if we substitute the definitions of the PI operators 7, 7, and 7, in the
left hand side of Eq. (A.9), we get

[Tx(t) + 7;12')()15) + Tuu(t)
2(t
y(t)

o, 3] oagp 0+ oo
)

i y(t)
Adding the definition of v, we conclude that

{72&2»} + [7;3@)} [chv 21% sz%iw Bfﬂ,u

y(t) Cy 0 D,y Dy, D
’U(t) Cv 0 Dvw Dvu
Therefore,
[#(t)] [A]| Bew
2(t)] _ [C.| Dew
y(t) Cy | Dyw
v(t) Cy | Dyw




and = .
T+ Tow] _[A B [(0)
T(t) N CT Drv U(t) '

Thus, we conclude: f) Since x(t) is Frechét differentiable, x(t) and X(t) are Frechét
differentiable; g) Since x(t) is Frechét differentiable, z € Wlne”” and w € Ly”, u € Ly*
from the theorem statement, thus v € L3”; h) Since )_(( ) is Frechét differentiable and
v e L, we have r € L37; 1) Since x° € RLS™"™ | we have 2° € R, x° € L}*; and j)

For all t > 0 o ¢
[%ic(t)rg)m(t)} - [BT A] [%))} '

Thus, {x,7} (as defined above), satisfies the PIE defined by
C"F’IE5 - {7—7 7:17 ®7 -’217 81)7 (ba Cv7 ®7 D’I’va ®7 ®7 @}

for initial condition %x° and input {v,#}. Thus, from theorem 5.4, {7’)3 + Tov, r}
satisfies the PDE defined by n and {Gy,, G,} with initial condition 7%° + 7,v(0) and
input v. Since

Lﬁig] = Tx(t) + Tow(t) + Tuu(t) = {3%] [ 0“)}

and since similarly X° = 7%" 4+ T,0(0), by the definition of solution of a PDE in 3.2,
we have: k) x(t) € Xy for all t > 0; 1) x is Frechét differentiable with respect to
the Lo-norm almost everywhere on R+, m) Equation (3.7) is satisfied for almost all
t > 0; and n) x(0) = x°.

Rev1ew1ng all the above steps, we conclude that: 1) z € L3?[R.] and y € Ly’ [R,]
by definition of solution of the PIE defined by Gpg; 2) v € Ly [Ry] and r € ng R, ]
since r,v satisfy the PDE; 3) x(t) € X, for all ¢ > 0 since x satisfies the PDE; 4)
x € Wi¥ since x is Frechét differentlable 5) x is Frechét differentiable with respect

0
to the Lo-norm since x satisfies the PDE; KEAO;] = T7x(0) + Tpw(0) + T,u(0) =
Tx° + Tow(0) + T,u(0) by definition of  and %x; and 6) Equations (3.1) and (3.7) are
satisfied for almost all ¢ > 0 as shown above.

We conclude that {z, X, z, y, v, r} satisfies the GPDE defined by n and {G,, Gy,

0
G, } with initial condition }"ZO and input {w, u}. O

A.5 Equivalence of Internal Stability

Having proven the equivalence between solutions of GPDE model and associated
PIE, we now prove that these models have the same internal stability properties.
Specifically, when u = w = 0, the solution to associated PIE is stable if and only if the
solution to GPDE model is internally stable. We do this in three parts. First, we show
that the map x — Tx+ T,w+ T,u is an isometric map between inner product spaces
Ly and X™. Next, we show that the W™ and X™ (defined in Equation (5.6)) norms
are equivalent. Finally, we show equivalence of internal stability in the respective
norms.
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A.5.1 Proof of Theorem 5.7

Theorem 5.7. Suppose {n, Gy} is admissible, {7’,7;} are as defined in Block 5.1,
and {T, Tw, Tu} are as defined in Block 5.2 for some matrices Cy, Dy, and D,,. If
(-,*)xn 15 as defined in Equation (5.6), then we have the following:

a) for any vi,vo € R™ and x, y € Ly*
(Tx+Ton), (T9+ Tez) ) = (%) s (5.7)

b) for any wi,wy € R™, uy,upy € R™, x,y € RLy™™,

<(T>_< + Towy + Touy), (T}_f + Tpws + 7;U2)>an o xXn
- <)—(’¥>RL;“”‘”* ' (5-8)

Proof. Let X,y € Ly* and vy, v, € RP. Then, from Theorem 5.1, we have

7—):(—1— 7:)1}1 S X’U17 If—}:’ + 7:)?}2 S XUQ’

Therefore, by definition Equation (5.6) and the result in Theorem 5.1b,

b3

(s o). (75 70)) = (0 (7 ) 2 (7 7)),

2

For b), let x,y € RLy*™ and wy, ws € RP, uy, uy € R9. Then, from Corollary 5.3,
we have

Tx+ Towr + Tour € Xy, Ty + Tows + Tyuz € Xy uy-

Since R™ x X™ inner product is just sum of R and X" inner products, using definitions
of T, T, and T, and the result in Corollary 5.3b, we have

(Tx+ Towr + Tyur), (Ty + Tows + Tousz))

— <[é 10)} (Tx + Towy + Touy), [é ZO)} (Ty + Twws +7;uQ)>

Rz x Xn
n n

RL227 X

= <)—(’ ¥>RL;I’”32 :

O

A

Using this result, we conclude that when v = 0, the PI map (7) is unitary. Since

T is a unitary map from L, to X,, the space X, is complete under the X-norm
because Ly is complete.

210



A.5.2 Proof of Lemma 5.6

Next, we prove that the RX norm is equivalent to the W™-norm on the subspace
R x X.

Lemma 5.6. Suppose pair {n, Gy} is admissible. Then ||| gn, » xn < [[0]lgne wpn and
there exists co > 0 such that for any u € Xy, we have ||U]|gn, iy < Co || 0]l gre « xn-

Proof. Suppose Xj is as defined in Equation (3.9). Then, for any Lﬂ € Xy, we

have, x € R™ and x € X¢,, for some matrix C, and hence, from Theorem 5.1, we

have X = TDx + T,C,z where T and 7, are as defined in Block 5.1.
Let the space Xy be equipped with two different inner products R™ x X" and
R x W"™. Then

N 7
H =l + 303 [l

Rz xwn i=0 j=0

N
> |zl + ) [0k
=0

2

2
Lo

N
2 2 N
o= el + ) [0
i=0

-

For the reverse inequality we try to find an upper bound on |[|-||gn, = as follows.

N 7
H = Jlall2 + S ok,

Rtz xWn i=0 j=0
where (Fx) = col(9Y5%%, -+, 0N SV%). Recall from Corollary A 4,

N i-1
2 .
i
Lt 22 Mo
i=0 j=0

2

2 2 o112
1, = 2l + [1%lxn =

Rz x Xn

2
2

2 S\ (12
1, = lzlle + 1 (FR)L, ,

(Fx)="Tp [ngc] , for any x € X, and {n, Gy} admissible
0 | 0

where Tp = H[ UsT(s —a)By' By, | {Ui,Rp1,Rp 2}

tuting v = C,x specifically, we have

T CU.T < T 2 b 2 O 2 DA 2
D | Dx < D”L(RLZ) (( —a)”[[Cozlz + | X”LQ)
Lo

A2 2
= Ko [Px|l,, + Ki |[=]%

} is a bounded PI operator. Substi-

2
I(FR)IIZ, =

where Ky = ||7b|]i(RL2) and K, = Ky(b — a)?3(C,)*. Recall from Theorem 5.7, for
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any X € Ly and v € R, Tx+ Tov

X
Rra x Wn

= el + Ko IDRIE, + K 2z = (14 K2) [le]; ++Ko | TDx + TCo
2

X

:

A.5.3 Proof of Theorem 5.9

2 o112
o [Ix]|7,- Then

2

2

Xn

< (14 K) ez + Ko %50 < (14 Ko+ K1)

Rz x X

Now that we have established equivalence of the X™ and W™ norms, we may prove
that a GPDE model is internally (exponential, Lyapunov, or asymptotically) stable
if and only if the associated PIE is internally stable.

Theorem 5.9. Given {n,G,, Gy, G,} with {n, Gy} admissible, the GPDE model
defined by {n,G,, Gy, G} is exponentially stable if and only if the PIE defined by
Gpir = M({n, Gy, Go, G, }) is exponentially stable.

Proof. Suppose GPDE defined by {n, G, Gy, G,} is exponentially stable. Then,
there exist constants M, a > 0 such that for any {2°,x°} € Xy, if {z, x,2,y,v,7}
satisfies the GPDE defined {n, G,, Gy,, G, } with initial condition {z°, %"} and input

{0,0}, we have
& «

For any x° € RLy*"™*, let {x, 2, y} satisfy the PIE defined by Gprg with initial con-

dition x° € RL;™"™* and input {0,0}. Then, from Corollary 5.5, {z, %, z,y,v,r} sat-
0

isfies the GPDE defined by {n, G,, Gy, G, } with initial condition [ﬁo} =Tx" € X

e~ for all ¢ > 0.
Rrz xWn

<

Rrz xWn

and input {0,0} for some v and r where f{gg} = Tx(t). Then, by the exponential
stability of the GPDE, we have ]

|6

0
Since [?{Eg] € Xy, and Lﬁo} € Xy, from lemma 5.6, we have

£ I M

.TO —at
[AUH e for all t > 0.
X

Rnz x W/ n Rnz xWn

< ¢
Rnrz x Wn

S ’

and ’

)

Rna x X™ Rz xWn Rz x X™
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By theorem 5.7, for any x € RL; we have ||x||p;, = [[7X|gn, « x»- Thus, we have the
following;:

()l
x(t x(t I‘O o
~i7xleeene = B0 |G| s|[E]] e
Rnra x X Rnra x Wn Rnra x Wn
20 Y . .
st [ = @M T e = b [
Rnz x X™

Therefore, the PIE defined by Gpig is exponentially stable.

Suppose the PIE defined by Gpig is exponentially stable. Then, there exist con-
stants M, a > 0 such that for any x° € RLy"", if x satisfies the PIE defined by
{Gpig} with initial condition x° and input {0, 0}, we have

1x(t)llpp, < M |Jx —ot for all £ > 0.

dl
RLge

For any {2°,x°} € Xp, let {x,%,2,y,v,r} satisfy the GPDE defined by n and
{G,, Gy, G, } with initial condition {2°,%°} and input {0,0}. Then, from Corol-
lary 5.5, {x, 2, y} satisfies the PIE defined by Gpyg with initial condition x° € RL)™"*

and input {0, 0} where
s0=oan] . ¥=|ow]

Since x(t) € X¢,2(t), from theorem 5.1, we have X(t) = TDx(t)+T,Cyx(t). Therefore,

B

I
<

[Ziﬁiﬂ - {Tm(t)xf%cvx(ﬁ} N {TIC 2] {gf(?f)

$0

Similarly, we have LA(O} =Tx°
By the exponential stability of the PIE, we have

[x(t)|lgp, <M HXOHRLQ e for all t > 0.

Again, from lemma 5.6, we have

Gl el Ll
X<t)_ Rz xWn B X(t>_ Rnzx X X Rnz x Xn o X Rz xWn
and, from theorem 5.7, || 7%/ gn, , xn = [|X[lg;, for any x € RL; which implies
z(t) x(t) _ _
E Y | ] | I I M =0T
< oM |55y, e = oM [Ty ™
0 0
= COM‘ [ago} e < COM‘ [‘?0} e .
X Rnrz x X™ X Rnrz x Wn

Therefore, the GPDE defined by n and {G,, Gy, G, } is exponentially stable. ]
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Corollary 5.10. Given {n, G,, Gy, G, } with {n, Gy} admissible, let Gpig = M ({n,
Gy, Go, G,}). Then

1. The GPDE model defined by {n,G,, Gy, G,} is Lyapunov stable if and only if
the PIE system defined by Gpg s Lyapunov stable.

2. The GPDE model defined by {n, G, Gy, Gy} is asymptotically stable if and only
if the PIE system defined by Gprg is asymptotically stable.

Proof. Proof of part 1. Suppose GPDE defined by {n,G,, G, G,} is Lyapunov

stable. For any x € RL;™"*, let {x, 2, y} satisfy the PIE defined by Gprg with initial

condition x° € RLy™"* and input {0,0}. Then, from Corollary 5.5, {z, %, z,y,v,r}
0

satisfies the GPDE defined by n and {G,, Gy, G,} with initial condition L%(O} =

Tx" € Xy and input {0,0} for some v and r where B’;Eiﬂ = Tx(t). Suppose € > 0,
then by the Lyapunov stability of the GPDE, there exists d such that

=) ]

0
Since [Aéﬂ € Xy and [?{0} € Xy, from lemma 5.6, we have
x(t)

Fll.....= <) “ )

Let |X°||g,, < %. By theorem 5.7, for any x € RL;*"™ we have [xlg;, = [ TX|lgns » xn-
Thus, we have the following:
< <o = ¢ HTX

JIO ZEO
’ LACO‘| Rz xWn |:)A{0:| Rnrz x X" - HXOHRLQ = 5’ and
x(t)
x(t)

), = 15Ol e = i
Therefore, the PIE defined by Gpig is Lyapunov stable.

Suppose the PIE defined by Gpig is Lyapunov stable. For any {z°,x°} € X, let
{z,%, z,y,v,r} satisfy the GPDE defined by n and {G,, Gy, G, } with initial condition
{2° %%} and input {0,0}. Then, from Corollary 5.5, {x, z, y} satisfies the PIE defined
by Gpig with initial condition x° € RLy*"™ and input {0,0} where

0= ] %= |pe]

~

Since %(t) € X¢,a(1), from theorem 5.1, we have x(t) = TDx(t)+7T,Cyx(t). Therefore,

{igﬂ B {f Df‘(t)xf%%x(t)} - {frlc f}} {75252)} = Tx().
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<e€ for all ¢ > 0.

<) = ’
Rna xWn

Rnx X WTL

=

t
t S Co
Rrz xWn

and ’

< ’

Rz x X™ Rz xWn Rz x X™

I
Rna x X™

< €.
Rz xWn

Rnre x Xn



0
Similarly, we have Liio} = Tx". Again, from lemma 5.6, we have

z(t) z(t) 20 20
x(t) x(t) %0 xY
and, from theorem 5.7, || 7|/ gn,  xn = [|X[g,, for any x € RLy*"™*. Let € > 0. Then,

by the Lyapunov stability of the PIE, there exists § such that

S ‘
Rnz x Xn

)
Rz xWn R x Xn ‘ Rz xWn

I

€
oz, <0 = Ix(Olleg, < - forallt=0.

)

< ‘

For any initial condition for the GPDE such that < 9, we have
R7z x W

... <[l

= o [ T%(0) lgne xxn = co £(@)llpz, <€
Rnrz x X7

Il
Rnz x Xn

|15 <6

Therefore, the GPDE defined by {n, G,, Gy, G, } is Lyapunov stable.

Proof of part 2. Suppose GPDE defined by {n, G,, Gy, G,} is asymptotically
stable. For any x € RL;™"*, let {x, z,y} satisfy the PIE defined by Gprg with initial
condition x° € RLy™"* and input {0,0}. Then, from Corollary 5.5, {z, %, z,y,v,r}

0
satisfies the GPDE defined by n and {G,, Gy, G,} with initial condition L%(O} =

— HTX <6, and

Rz xWn

I <

e,

Rz x X

Rrz xWn

Tx" € Xy and input {0,0} for some v and r where {;’;Eiﬂ = Tx(t). Suppose € > 0,
then by the asymptotic stability of the GPDE, there exists Ty such that

(1)
X(t)
Since {x(t)} € Xy, from lemma 5.6, we have

(1)
5] 0]

By theorem 5.7, for any x € RL;*"™ we have ||x[/p,, = | TX||gn, xxn- Thus, for any

t > Ty, we have,
<60 <60

Therefore, the PIE defined by Gprg is asymptotically stable.

<e€ for all t > Tj.
Rz xWn

Rz x Xn Rz x Wn

< €.
Rz xWn

() g, = [T e = \
Rz x X
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Suppose the PIE defined by Gprg is asymptotically stable. For any {z° x°} € X},
let {x, %, 2z, y,v, r} satisty the GPDE defined by {n, G,, Gy,, G, } with initial condition
{z° x°} and input {0,0}. Then, from Corollary 5.5, {x, z, y} satisfies the PIE defined
by Gprg with initial condition x° € RL;™"* and input {0,0} where

s0=oun] . ¥=|ow]

Again, we know X(t) € X¢, (1), and hence from theorem 5.1, we have %(t) = TDx(t)+
T,Cyz(t). Therefore,

x(t)| _ | (t) [T 0]Ta0)

()|~ |TDx(t) + T,Cox(t)| — |ToCy T| |Dx(t)
Again, from lemma 5.6, we have

<60 <)

and, from theorem 5.7, || T/ gn,  xn = [[X[[g;, for any x € RLy*"™*. Let € > 0. Then,
by the asymptotic stability of the PIE, there exists Tj such that

Rz x W/ n Rz x X

Ix(t)|lgs, < —  forallt > Ty
Co

Then, for any t > Tj, we have

& <0

Therefore, the GPDE defined by {n, G,, Gy, G, } is asymptotically stable.

= o | T%()[|grax xn = co [x()[|gr, <€
Rz x Xn

Rrz xWn
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APPENDIX B

PI ALGEBRAS, POSITIVE PI OPERATORS, AND INVERSION OF PI
OPERATORS
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B.1 Set Of PI Operators Forms A *-Algebra

In this section, we prove that a set of PI operators, when parameterized by L .-
bounded functions, forms a *-algebra, i.e., closed algebraically. Furthermore, the
formulae provided here will act as a guideline to perform the binary operations (ad-
dition, composition, and concatenation) of PI operators since various formulae in
the paper were presented using such binary operation notation. First, we provide
a formal definition of the list of properties a set must satisfy to be a *-algebra. A
*-algebra must be an associative algebra with an involution operation. Since the
definition of *-algebra depends on definitions of an associative algebra, we introduce
those definitions first.

Definition B.1 (Algebra). A vector space, A, equipped with a multiplication opera-
tion, is said to be an algebra if, for every X,Y € A, we have XY € A.

Definition B.2 (Associative Algebra). An algebra, A, is said to be associative if for
every X,Y,Z € A

X(YZ)=(XY)Z
where XY denotes a multiplication operation between X and Y .

Definition B.3 (*-algebra). An algebra, A, over the R with an involution operation
* 15 called a *-algebra if

1. (X*)=X, YXeA

2. (X+Y)=X"4+Y*, VX, Y€EA
3. (XY) =Y*X*, VX, YeA

4. (AX)*=)X*, VAER XeA

To prove that the set of PI operators II2'l satisfy all the above properties, we prove
that T8 satisfies the requirements of each of the above definitions where

P
M ] | PR Qi) @ule) e R,
1G5 = Ro(s), B1(s,0), Ro(s,0) € R™*9, and Q;, R; € Lu,

Ry, R, are separable

To prove that the set is an algebra, we need to define two binary operations, addition
and multiplication, which in case of TI?*? will be given the addition of PI operators (as
defined in Lemma 2.1) and composition of PI operators (as defined in Lemma 2.2).
For the set to be a *-algebra, we also need an involution operation, which is given by
the adjoint with respect to R x Ly inner-product (as defined in Lemma 2.3).

Lemma 2.1 (Addition). For any matrices A, L € R"™*? and Lu-bounded functions
By, M : [a,b] — R™ 4 By M, : [a,b] — R™P, Cy, Ny : [a,b] — R"*? and separable
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functions Cy,Cy, Ny, Ny : [a,b]* — R™ 4, define a linear map Pi : [F4m;]p X [F4]nm7;f —

[LCa]7P such that
oty ] =P (e ) ety )

where
P=A+1L, Q=B+ M;, R =C;+ N;.

If P,Q;, R; are as defined above, then, for any x € R? and z € Li([a,b])
1Pt ([t [ntoer]) m
- (rf ) L ]
Proof. Let © € RP and y € Li[a,b] be arbitrary. Then
b
taste] o) o - [k v

_ [(A + L)z + [M(B + Ml)(s)y(s)ds}
(B + Ma)(s)z 4+ (II1c,1n,3)y (s)

_ [Aw + [, Bﬂs)y(s)ds] N [Lw + [ M1<s>y<s>ds}
By(s)x + Ilicyy(s) My(s)z + Il nyy(s)

Lt o] o e ] o
- (T - T ) o

]

Lemma 2.2 (Composition). For any matrices A € R™* P € R*? and Ly,-bounded
functions By : [a,b] — R™ Qy : [a,b] — R, By : [a,b] — R™* Q, : [a,b] — R>*P,
Co : [a,b] — R™ Ry : [a,b] — R™9 and separable functions Cy,Cy : [a,b> —
R™! Ry, Ry : [a,b]> — R, define a linear map P% : [m};’f;’“ X [Fdi’f — [TuliP such

that
%} =? (| ter] [atdr])
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where
P— AP+ / Bi(5)Qa(s)ds, Ro(s) = Co(s) Rofs),
. ¢ b s
Or(5) = AQu(s) + B(s)Rols) + / Bu(n) R (1, )dn + / By (n)Rao(1, $)dn,

Q2(s) = Ba(s)P + Co(s) / C1(s,m)Q2(n d77+/ Cy(s,m)Qa(n)dn,
Ry(s,m) = Ba(s)Q1(n) + Co(s)Ri(s,m) + Ci(s,m) Ro(n)
+/n01(8,0)R2(9,77)d9+/ Ol 8 0 R1 0 , N d«9+/ CQ S 9 Rl 0 T]

a n

Ra(s,m) = Ba(s)Q1(n) + Co(s)Ra(s,n) + Ca(s,m) Ro(n

4 / "y (s,0) Ra(6, m)d6 + / Co(s, 8) R (6, 1) d6 + / Ca(s, 8) Ry (6, 7).
o ] n
If P,Qy, R; are as defined above, then, for any x € R™ and z € L}([a,b]),
1 (| g toy ] ety [ﬂ
- 1] (Tatdr] 7))
Proof. Let {A, B;, C;}, {P, Q;, R;} and {P, Q;, R;} be such that

M) (21t [2)]) o = (11548 7)) @

for any x; € R? and 2o € Li[a,b]. Since PI operators are bounded operators on

R x Lo, we define
i) = (Tt [12]) o

Then, by definition of a PI operator,

b
y = Pxy +/ Q1(s)xa(s)ds

s b
ya(s) = Qa(s)r1 + Ro(s)ra(s) +/ Ry (s,m)aa(n)dn +/ Ry (s, n)a2(n)dn.

Likewise, let us also define
z - Al By Y . A | B P | @ T
{22(15)} = (H[ B, [ {C; } |:y;:|> (s) = H[ By [{Ci} ] H[ Q2 | {Ri} } [xj (8),
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which gives us the equations
b
z1 = Ay +/ Bi(s)y2(s)ds
s b
z2(s) = Ba(s)y1 + Co(s)y2(s) +/ C1(s,m)y2(n)dn + / Ca(s,m)y2(n)dn.

We will try to find a direct map between z; and z; by substituting y; in the above
equation. However, we will perform the substitution by taking one term at a time.
First,

[ Biomtsias
= /ab By (s) (Qg(s)xl + Ro(s)xa(s) + /aS Ry (s,m)x2(n)dn + /sb Ry (s, n)xg(n)dn) ds.

Then
5 = Ay + / " By(s)yo(s)ds
— AP + / b AQ1(5)za(s)ds + / ’ Bi(s) (Q2(s)x1 + Ro(s)aa(s)
- /  Rus,ma(n)dy + / b Ra(s, ) (n)dn ) ds
~ Py + / ’ Or(s)a(5)ds.

Next, we substitute y; in the map from y; to z3(s) to get
22(s)

= By(s)Pzy + /ab By (5)Q1(n)x2(s)dn + Co(s)Q2(s)x1 + Co(s)Ro(s)xa(s)

+ [ s mastoan+ [ ' Cols) Rals, myea(n)in + | citsnQunady
+ /a Ci(s,n)Ro(s)x2(s)dn + : /{:7 Ci(s,n)Ri(n, B)z2(8)dBdn
<[ / " Cols,m) Baln, B)a(5)dn + / ol m)Qa(n)rd

/ Co (s, m) Ro(n)2(m)dn + / / Co(s,m) R (1, B)»(B)dBdn
/ / Cols, ) Ralt1, B)2(8)d B,
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Next, we separate the terms by factoring x;. Then, we change the order of integration
in the double integrals (and swap the variable 8 <> n) to get

2a(s)
’ s b
— (Bas)P+ Co(s)Qa(o) + | Crlss)@alndn [ +Cals,)@a(min) s
b s
1 Co(s)Ro(s)als) + / Bay()@Q1(s)a(n)d + / Co(s)Ra (s, )2 ()i
b ¢ b ¢ s
+ / Co(s)Ra(s n)za(n)dn + / Co(s,m) Ro((n) ()i + / Cy(5,m)Ro(s)2(s)dn
s s b
+ / ( /nCl(s,H)Rg(H,n)dH—F / Ci (5, 0) Ry (0, 7)d0 + / cz<s,9>R1<e,n>de> 23(n)dn
a a n s
b s b
+ / ( / Ci(s,0) Ra(6,7)d6 + / " (s, 0) R (6, )6 + / 02<s,0>R1<0,n>d9> wa(n)dn
s a S n
s b
— Qu(s)rr + 5(s)a(s) + / B (s,m)a () + / B (s, m)za(n)di.

This completes the proof. n

Lemma 2.3 (Adjoint). For any matrices P € R™*? and Ly,-bounded functions Q1 :
la,b] — R™ 9 Qo : [a,b] — R™P, Ry : [a,b] — R" 4, and separable functions
Ry, Ry : [a,b]* — R™™, define a linear map P} : [Ly]]'? — [T4]b such that

Srtonr] =7 (Fatdr])

P= P 6:21(8) = Q3 (s), 6:22(8) = Q1 (s),
R0(5> = Rg(8>v R1(5777) = Rg@% S)v R2<S>77> = R;‘.F(Ua S)' (2'4)

Then, for any x € RLy"™y € RLEY then we have

(AL = (TR (D5 9

Proof. To prove this, we use the fact that for any scalar a we have a = a'. Let

where
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x(s) = {Xf(ls)} and y = {yg(ls)}. Then
(x Tty ] ¥), e
=2, Py, —f-/abeQl(s)yg(s)dS—i—/:x;(s)Qg(s)ylds
o [t moaons + [ [ xR mystmanas
/ / X, (8)Ra(s,m)y2(n)dnds
=y Pl + / Y1 Qg (s)x2(s)ds + / byg(s)QlT(s)xlds
b [ OR pls ds+/ [ 53R syt
/ / vI ()R] (n, )xa(n)dnds
T Py + / yT O (s)xa(s)ds + / YT (5)0u(s)1ds
+/by2( ) Bo(s)xa(s ds+/ / v3 (5) B (s, m)xa(n)dnds

//w Rl m)eo ()
_ Q1 _ P| @
B <y’ ! { Q: [ () } X> B <H [ Y } b y>

where,
P=PT, Qi(s) = Q3 (s), Qa(s) = Q] (s),
Ro(s) = Ry (s), Ri(s,n) = Ry (1, 9), Ry(s,n) = R{ (1,s).
This completes the proof. n

Now that we have formally defined the binary and involution operations on the

set of PI operators, we show that I/ when equipped with these operations forms a
*-algebra.

Lemma 2.4. The set [I1;] equipped with composition operation forms an associative
algebra.

Proof. Suppose H[ 52 % } , H[ li ](3)1 } € IIPP. From Lemma 2.2, we have



:H[A‘ B ]H[P‘ Q%}]th

Pl e

P=AP +/ Bi(5)Qs(s)ds, Ro(s) = Co(s)Ro(s),

b s
Or(5) = AQu(s) + Ba(s)Rols) + / By (n)Ra(n, s)d + / By (n)Ra(n, s)di.

a

Os(s) = Ba(s)P + Co(5)Qals) + / " Cu(s,m)Qulm)dn + / O, )Qa(m)dn,

a S

Ri(s,m) = Ba(s)Q1(n) + Co(s)Ru(s,m) + Ci(s,m)Ro(n)
+ /n Co(5,0) Ro(6, )0 + / Co(s,0) By (6, 7)d0 +/ Co(s,0) R (60, m)db).
Ro(s,m) = Ba(s)Q1(n) + Co(s)Ra(s,n) + Ca(s,n) Ro(n)

s n b
+ / Co(s,0) Ra(, m)d6 + / Co(s,0) Ra(6, 7)d0 + / Ca(s, 8) Ry (6, 7).
a S n

Since B;, C;, Q;, R; are all Lo, we have Q);, R; € L. Thus, the composition of any
two PI operators in II2'P is a PI operator in the same set.

Similarly, by usmg compos1t10n formulae from Lemma 2.2, we can show that
for any 3 PI operators P, Q,R € TIl'Y we have (PQ)R = P(Q'R) The steps are
omitted here since the proof is a stralgiltforward arithmetic exercise. Thus ITP'F is an
associative algebra. O

So far, we have shown that the set IIL'# is closed algebraically, i.e., the binary and
1nvolut10n operations on PI operators also result in PI operators. In the following
Lemma, we conclude that TI?"? is a x-algebra.

Lemma 2.5. The set [II;] equipped with the binary operations of addition and com-
position and the involution operation given by the adjoint w.r.t. RLy inner product is
a *-algebra.

Proof. To prove this, we first show that 17" when equipped with the adjoint operator
satisfies the requlrements of a *-algebra. Smce PI operators are operators on a Hilbert
space R x Ly, from Propositions 2.6 and 2.7 in (Conway, 2019, p .32), we know that
for any two such operators P and Q

o (P) =P

o \P)* = \P*

e (P+Q) =P +0Q"
o (PQ)" =QP".

Therefore, since 1P is a Banach algebra with an 1nvolut10n * that satisfies all the
propertles in the deignntlon of a *-algebra, IIP'P is a *-algebra. O]
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B.1.1 Concatenation of PI Operators

The results presented in this subsection are specific to the notational convenience
granted by the concatenation of PI operators. In this subsection, we assume that
two vectors x,y € RL, are identical if a permutation matrix P exists such that
x = Py. This assumption is made to accommodate for the notational convenience
that concatenation of PI operators provide because any II;"? PI operator requires
inputs to be completely segregated with finite-dimensional part of the vector to be on
the top while infinite-dimensional part at the bottom. However, since concatenation
of such vectors is likely to lose such a segregation, we think of the vector x,y € RL,
as ordered pairs (z,X1), (y,y1) with 2,y € R and x;,y; € Lo with concatenation of
two such vectors being performed individually on each element of the ordered pair.
This allows us to retain the convenient segregation of the vector’s finite and infinite
dimensional parts and use the concatenation notation of PI operators.

Lemma B.1 (Horizontal concatenation). Suppose A; € R™Pi and By ; : [a,b] —
Rquj; B2,j : [CL, b] — Rnij, CO,j : [(Z, b] — Rnxq;-; Ci,j : [CL,b] X [a7b] — Rnxqj-’ fOT
i €{0,1,2}, j € {1,2}, are bounded functions. If we define P, Q1, Q2 and Ry, for
ke€{0,1,2} as

P=[A1 As], Qi=[Bi1 Bip], Ri=[Cix Cig,

Mgt = [Mtger] mlsah2e]]

Proof. We will prove this identity by a series of equalities. Let z; € R, y; € RP2,

then

x9 € Li[a,b], and yo € L¥[a, ] be arbitrary. Next, we define z; = 2] € RP1+P2 and

7z, € L1 Then the following series of equalities hold. We can substitute {z;, z,}
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in terms of {x1, y1, X2, y2} and perform matrix multiplication to get

n5r] o] o

_ _ Pz -l—ff Q1(5)z2(s)ds ) ]
Q2(s)z1 + Ro(s)za(s) + [ Ru(s,0)22(0)d0 + [, Ra(s,0)z2(0)do

| [+ ro ]

@0 [1] + 2ot 23] + 1o )] a0+ e [

= [ Az + fab BOJ(S)XQ(S)dS ]
_32,1(3)1‘1 + Coa(s)x2(s) + [T Cha(s, 0)x2(0)d0 + fsb Car(s,0)x2(0)d0

Agyr + fab By a(s)ya(s)ds ]

* By (s)y1 + 00,2(3)}’2(3) + fas Ch2(s, 0)y2(0)do + fsb 02,2(3, 0)y2(6)do

- k] 2] o+ mlte] 1] @

T
= [Matey] Mastesr]] 0] @
Y2

By rearranging the vector col(z1,X2,%1,¥2) we can obtain {z1,z2(s)}. Thus, the
horizontal concatenation of two PI maps gives rise to another uniquely defined PI
map. O

Note that in the last equality, permutation of vector rows is needed to obtain
{z1, 22} back. However, that does not affect the conversion formulae for PIE since
states can be arranged in any order based on convenience.

Lemma B.2 (Vertical concatenation). Suppose A; € R™*P and By; : [a,b] —
R™i*4 By ; @ [a,b] = R%*P Cy; @ [a,b] = R%* C;; : [a,b] x [a,b] — R™*9, for
i €{0,1,2}, j € {1,2}, are bounded functions. If we define P, Q1, Q2 and Ry, for
ke {0,1,2} as

then

Proof. Similar to horizontal concatenation, we will prove this identity through equali-
ties. Let x; € R? and x5 € Li[a, b] be arbitrary. Then the following series of equalities
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hold. We can substitute {P, @;, R;} in terms of {A;, B;;, C;;} and perform matrix
multiplication to get

_ Pxy + fab Q1(s)x2(s)ds
Q2(s)z1 + Ro(s)xa(s) + [ Ri(s, 0)x2(60)d6 + fb Ry (s,0)x2(6)dd

B N R IR

Coa(s s |Cra(s, 0 b [Cai(s,0)]
Baa(s)] " _00:2553_ x2(s) + Ja & 2%5 9; x2(0)db + J, _02:255,93 x2(6)df

_ [ﬁ; ot [ [g;;g ;] xo(5)ds _ :

B i ] -0013_ s 01180 -0215’8_
ng(s) n _00:2E ;_ XQ(S) + fa _01,2§3 9;_ XQ(H)dG + fsb _02:2E8,9§ X2(9)d9

»

By rearranging the rows of the above vector, we get

Ajxy + fab By 1(s)xa(s)ds

B (s)x1 + Cor(s)xa(s) + [ Cri(s,0)x2(0)d0 + [ Coy(s,0)%(6)d0
Aoy + fab By 2(s)xa(s)ds

Bys(s)1 + Coa(s)xa(s) + [ Crals, 0)x2(0)d0 + [ Cy (s, 0)x2(0)d0

[ A | Big | |™1
Moy x| @)
N [ Ao B2 ] |71
H_ Bao | {Ci2} | |x9 (s)
H- Ay Bii ]
_ | Boa [ {Cin} || |21 (s)
i Az | Bip X9 )
| B2y {Ci2} |
Thus, the vertical concatenation of two PI maps gives rise to another uniquely defined
PI map. O

B.2 Parametrization of Positive PI Operators

In the section, we provide sufficient conditions for the positivity of a Pl-operator.
We assume that the square root of a Pl-operator is also a Pl-operator. Additionally,
we consider the case where its components, (); and R;, are matrix-valued polynomial
functions. This leads to the following result, where a test for the positivity of a
Pl-operator can be equivalently formulated as a test for the positivity of a matrix.
This allows converting operator-valued constraints to LMI constraints, which can be
solved using an SDP solver.
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Theorem 2.6 (Positive PI). For any functions Zy : [a,b] — R4 Zy : [a,b] x
[a,b] — R¥=*"_if g(s) > 0 for all s € |a,b] and

b
P=Ty, / g(s)ds, Ro(s) = g()Z1(s) Tra s (),
a , :
Q) = g() T2 () + / 9(5) T3 Za(s, n)ds + / 9(8)T1aZa(s,m)ds,
n a

b
Ry(s,n) = g(5)Z1(s)" Tas Za(s,m) + g(n) Za(n, S)TT4221(77)+/ 9(6)Z5(0, 5)" Ts322(6,7)db

n
+/ g Zz 0, S T4322(0,77)d9+/ 9(9)22(9,S)TT44Z2(9,’I7)d9,
n a
b
Ro(s,n) = g(s)Z1(s) T2 Za(s,m) + g(n) Za(n, S)TT2421(77)+/ 9(0)22(0, 5)" T3 Z2(0, m)db
n

+ / ! 0(0)Z0(0. )T Tsa Zo(0, 1)d0 + / " (0)Zo(0. 5T Ta Zo(0. 1) . (2.6)

where

TI 1 Tl 2 Tl 3 Tl 4
T21 T22 T23 T24
T31 T32 T33 T34
T41 T42 T43 T44

then the operator H[—%} as defined in Equation (2.3) is positive semidefinite,

<x H[—%} X> >0 for all x € R™ x LYa, b].

PTOOf. Let T' = {11-} ;2:| Z 0 where T1 = Tn, TQ = [Tlg T13 T14]7 and T3 =
2 3

T = =0

?

Ty T3 1oy U, U
T3y Ts3 Ts4|. Then, there exists a U such that T = UTU where U = [U%p UQ}'
2 3
Tyo Tyz Ty
We have
P |
H|: Q2 R’L i|
_ n[

o] 1w Ity
I
0

0
zr) o] 1o Iloter]

2 , ViGae)
where T = H[ UT {Ug(,]0,0} } H[ é } {%} }, Zo(s) = [ 8 ], Z1(s,0) =
0 0
V9(5)Z5(s,0) | and Zy(s,0) = 0 . O
[ " } Lfg@)zz(s,e)]
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B.3 Formulae for PI Operator Inversion

PQl]

We provided formulae to calculate the inverse of a PI operator II [ 0, 117,

(refer Lemmas 2.10 and 2.11), wherein the inverse was presented as a composition of
multiple PI operators.

Unlike Lemmas 2.10 and 2.11, in this section, we avoid the composition notation
and directly specify the parameters of the inverse PI operator to simplify the inverse
computation. Consequently, we have two sets of formulae to compute the inverse

of II [%] dependent on the invertibility of either P or I[ [ 0 Igz ] The

choice of formulae depends on the PI being inverted and the application. For ex-
ample, in a PDE with a dynamic controller, if the stability of the controller state is
not necessary, then P is not necessarily invertible, and the formulae in Lemma B.4
should be used. However, if the stability of the controller state is necessary and the
asymptotic/exponential stability of the PDE state is not required, then the inverse
in Lemma B.3 should be used. We have omitted the proof here since the proof was
presented in Section 2.4.3.

Lemma B.3. Suppose P = H[%h%r} € 11, with P invertible, then P is in-
vertible if and only if H[%] is invertible where Hy = Ry and H;(s,0) =

Ri(s,0) — Q2(s)P71Q1(0). Furthermore, if H; satisfy the conditions of Cor. 2.8 and

R; are as defined therein, we have that
Pl
Q2 | {Ri}

Y

(T tr]) -

where p, Qi, RZ are defined as RZ = Ri,
b
P=pP'4pt! </ Q(s)ds) P

b s
Q(s) :Q1<3)R0(3)Q2<3)+/ Q1(9)31(9,S)Q2(8)d9+/ Q1(0) R5(6, 5)Qs ()6,

Oi(s) = —P! (Q1<s>ﬁo<s> -/ " Qu(0) Ru(6,5)0 / s@1<e>ﬁ2<e,s>d9) ,
Qulo) = (~Ro(12a(s) ~ [ Ruts.00u0)00 - [ b Ra(s,0)Qu(0)00) P

a S

Lemma B.4. Suppose P = H[%h%r] e Il with H[ o }2 ] wnvertible. Then

P is invertible if and only if the matriz

b b s
pP=pP-— / Q1(5)Ro(5)Qa(s)ds — / / Q1(s)R1(s,0)Qa(0)dbds

- /ab / ' Qu(5) Rl 0)Qu0)0s
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1s wnvertible. Furthermore, if H; = R; satisfy the conditions of Cor. 2.8 and R; are
as defined therein, we have that

n|-5&r| = 1ty

where P = P~ Ry = Ry,
@@:—PGw@m@—Lﬂmmﬁﬁﬁw—llwmm@@w)
Q%ﬂz($MW%@—/%M&W%@w—AHM&W%@W>R

S

s b
a@m:m@m+/éwm@w@wm+/ﬁﬁm%w@@m

a

Ro(s,0) —R2(3,9)+/ Rl(s,n)Qg(n)Q1(9)dn+/6 R(5,1)Q2(n)Q1(0)dn.
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