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ABSTRACT

Longitudinal data involving multiple subjects is quite popular in medical and
social science areas. I consider generalized linear mixed models (GLMMs) applied to
such longitudinal data, and the optimal design searching problem under such models.
In this case, based on optimal design theory, the optimality criteria depend on the
estimated parameters, which leads to local optimality. Moreover, the information
matrix under a GLMM doesn’t have a closed-form expression. My dissertation includes
three topics related to this design problem.

The first part is searching for locally optimal designs under GLMMs with longi-
tudinal data. I apply penalized quasi-likelihood (PQL) method to approximate the
information matrix and compare several approximations to show the superiority of PQL
over other approximations. Under different local parameters and design restrictions,
locally D- and A- optimal designs are constructed based on the approximation. An
interesting finding is that locally optimal designs sometimes apply different designs to
different subjects. Finally, the robustness of these locally optimal designs is discussed.

In the second part, an unknown observational covariate is added to the previous
model. With an unknown observational variable in the experiment, expected optimality
criteria are considered. Under different assumptions of the unknown variable and
parameter settings, locally optimal designs are constructed and discussed.

In the last part, Bayesian optimal designs are considered under logistic mixed
models. Considering different priors of the local parameters, Bayesian optimal designs
are generated. Bayesian design under such a model is usually expensive in time. The
running time in this dissertation is optimized to an acceptable amount with accurate
results. I also discuss the robustness of these Bayesian optimal designs, which is the

motivation of applying such an approach.
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Chapter 1

LITERATURE REVIEW
1.1 Optimal Design Approach

In an experiment, denote the response variable as Y and the design matrix as X.
For a parametric model with parameter vector 6, an estimator of 6 = (6,...,04), say
0, is usually derived by the maximum likelihood (ML) method. We want the estimator
to be as precise as possible by wisely choosing X, which is achieved by a judicious
selection of the design.

First, we introduce the definition of an experimental design. Let the total number
of observations in this experiment be N, and each observation corresponds to a
function of combination of factor levels, say f(z9) = (fi(z?),..., fa(z?)). Note that
f(2?), which is actually the ith row of X, is a vector of dimension d, with d being
the number of parameters in the experiment. Usually z? takes values in R', where
t is the number of covariates. With {zy,..., 2} as the set of unique elements in
the set {z9,...,2%}, and n;, 1 < i < k, as the number of times that x; appears

1, ..., Tk

in {z9,...,2%}. In this case, £ = { } is an exact design, and each z;,
ny, ..., Ng

1 <1 <k, is a design point. We also have Zle n; = N. Discrete values could cause

difficulties in optimization, so we also use the concept of approximate design, which

ry, ..., T

k
is in the form of & = { } with Zle w; = N, allowing w;’s to be any
wy, ..., Wg

positive real numbers less than or equal to N. To be more general, any probability

measure defined on the design region U could be considered as a design, where w; is



actually scaled in that case. In this report, approximate designs are not scaled unless
specified. Approximate designs can be helpful but sometimes we still prefer exact
designs, especially when we don’t have much design resources. Meanwhile, under some
models, like generalized linear mixed models, the form of approximate designs do not
help us evaluate the information matrix, which will be discussed later.

There are many optimality criteria to evaluate the estimator obtained from the
experiment, which is also evaluating the design itself. In these optimality criteria, an
aim function is maximized on all possible designs, and such a function often depends
on the information matrix of the model likelihood in the experiment. Considering the
variance-covariance matrix of a ML estimator, denoted by Cov(é|§ ), by asymptotic
normality, Cov(0|¢)/N — (I(0]€))~" as N — oo, where I(0|€) is the Fisher information
of the model likelihood for one observation. Thus, we can maximize a function of 1(6|¢),
which can be theoretically derived under many statistical models, for optimization of
the designs.

There are some commonly used function ¢ to maximized in different optimality
criteria. In D-optimality criterion, ¢(I(6[€)) = [, Ae.e = |1(0|€)] is maximized, where
A¢,q 1s the ath eigenvalue of I(6]€). For the advantage of optimization, a concave version
log|1(0|¢)| is usually used instead. We can also maximize ¢(1(0|§)) = (>_, )\g})_l =
(trace(I71(0]£)))~"! to get A-optimality criterion. As a generalization, we can consider
the function ®,(1(6|¢)) = (5 S X )VP, p e (—o0,1], where d is the dimension of
¢, which is maximized in ®,-optimality. We can see that when p = 0, it corresponds
to D-optimality, and when p = —1, it corresponds to A-optimality. More generally,
we can also consider a function ® that is nonnegative, nonconstant, concave, and

smooth on the set of all positive definite matrices of dimension d. The optimality



criterion maximizing ® covers many other optimality criteria, including ®,-optimality
for p € (—o0, 1], cf. Pukelsheim 2006, and Hu, Yang, and Stufken 2015.

Under some models, like linear models, the information matrix does not depend
on the true value of 6, i.e., I(6|£) is not a function of 6, so, we can derive a best
design that maximizes some optimality criterion not depending on the true value of
model parameter #. However, under some models, like generalized linear models, the
information matrix 7(0|¢) is a function of #, which means a design can never be best
for all 6 in the parameter space. In this case, we will consider an optimal design given
a value of 6§, which is called a locally optimal design. For a locally optimal design,
the guess of the parameter is very important in deciding a really optimal design for
the practice. To make sure that a bad guess will not ruin a locally optimal design,
we must study the robustness of a locally optimal design £* derived under assumed
true parameter 6,,,.. Different guesses of the parameter can be used to get different
locally optimal designs, and their values of the optimality criteria could be compared
to that of £*, to see how bad a locally optimal design could be if we made a wrong
guess. For a design &, which may be an optimal design derived under mis-specified
parameter 6,5, the efficiency compared to the A-optimal design £ and D-optimal

design &7, which are derived under 6,,,. separately is defined as

tr{I " (Otruel€4)}
{11 )
eﬁ‘(g) — t {I (etru6|f)}

1
det{I7 1 (Otruel¢)} | @ . .
[ det{rl(émdg} ] ) D — optimality

A — optimality

Different from locally optimal designs, Bayesian optimal designs are not restricted to
one guessed value, but use a prior distribution for #. Usually, normal distributions are
considered. Then, different Bayesian optimality criteria are considered by maximizing

different utility functions. Since we can choose different utility functions, the designs



can be optimized with respect to some loss functions we are interested in to fit in
different real cases.

In practice, the set of all feasible designs usually contains too many elements, which
causes difficulty in finding a design that maximizes 1(#|£). Complete class approach
is shown to be very powerful. A complete class = is defined as a set of designs such
that for any design &, there exists a design ¢* € = satisfying 1(0|¢*) > 1(0|€) under
Loewner ordering. There are some short but very useful conclusions about complete
class. Yang (2010), Yang and Stufken (2012) showed that for many commonly used
models with d-dimensional parameter vector and one continuous covariate x € [Uy, Us],
including three-parameter Emax model, loglinear model, four-parameter LINEXP
model, biexponential model and polynomial regression model,

Condition A. A complete class = can be formed by one of the following:

1. Designs with at most d points, including point Uy; or

[\]

. Designs with at most d points, including point Us; or

w

. Designs with at most d points; or

W

. Designs with at most d points, including point U; and Us.

Like U; in case above, if a design point exists in all designs in a complete class, we
call it a fixed design point.

In some design problems, we are focusing on estimating a transformation of 6,
for example, a smooth function of #, say g(f) : R — RY, v < d. In this case, by
the asymptotic normality and the property of normal distribution, we know the
information for g() is J(g(0)|¢) = (K'I~(0|£)K)~!, where K = (0g(6)/90)’ being full

rank. Thus same discussions as above can be applied to this design problem.



1.2 Generalized Linear Mixed Models (GLMMs)

1.2.1 Brief Introduction to GLMMs

In this section, GLMMs and the corresponding design problem are discussed. A
GLMM is a mixed-effects model as an extension to a GLM. So, first, it is necessary to
discuss mixed-effects models. In contrast to fixed-effects models, where parameters
are considered constant, mixed-effects models may have random coefficients. This
can be a good description of different individuals involved in clinical trials, which
shows both similarity and uniqueness of the individuals. For example, in discrete
choice experiment, we have choices made by multiple individuals, and it is necessary
to consider the individuals as different, while they may share some same features as
belonging to our aim group. In longitudinal studies, several measurements are taken
sequentially on a subject, so correlation between observations can be described by
shared parameters among them, while the parameters themselves are random and
change between different subjects. Also, in block designs with random block effects,
an additive random effect is considered for each block. These models are also known
as hierarchical models, namely the parameter is again modeled by some distribution
within the whole model. One difficulty in analyzing mixed-effects models could be the
lack of a closed-form likelihood function, involving an integration with respect to the
random parameters. Especially in searching for optimal designs, it is hard to evaluate
a design without a closed-form information matrix.

There are quite a few results for efficient experimental designs under mixed-effects

models. For a linear mixed model on serial data

Ymj = ij/B =+ ijbm + Emy, (11>



responses are grouped by the indicator m, b,, ~ N(0,X), and j indicates the
observations in the same group. Note that the ML estimator of 3 and thus the
covariance of the estimator both depend on the true value of 3. For such a linear local
optimality problem, the closed-form expression of cov(B) can be obtained. For more
complicated mixed models, the PhD dissertation of Pinheiro 1994 provided results for
approximations to cov(B). As an application of the approximation under nonlinear
mixed model, Hu and Stufken 2017 constructed a complete class for longitudinal
experimental designs. Briefly, the model is approximated by a first-order Taylor
expansion of the nonlinear part, so that it can be analysed in a linear way. The
information matrix is derived on this linearized model. By the result of Schmelter 2007,
this form can be linked with the information matrix under nonlinear fixed models,
which means complete class results for nonlinear fixed models can be applied here, too.
The optimal designs found in this type of complete classes are also shown to be robust
with respect to mis-specification of variance-covariance matrix of the random effects.

Now, we formulate a GLMM for further discussion. The general form for a

generalized linear model (GLM) with link function 7(-) is

p=E(y) =n"(f(z)"B). (1.2)
With an exact design & = {(x;),l = 1,...,k}, the information matrix for 3 is
M(¢) = F'VF, where F = (f(z1),...,f(z;))", and V = diag(var(y1), . . ., var(ys)).
For a longitudinal study with N subjects, denote y; = (yi1, .. -, ¥in,)" as the response
vector for subject 4, i = 1,..., N, using design & = {(zy),l = 1,...,n;}, where n; is
the number of measurements on subject 7. The total number of observations over all
subjects is then K = 3_~ n,. For this longitudinal data, extending the GLM (1.2) to

a GLMM, the conditional mean for y;;, j = 1,...,n,, is

= E(yilb;) = n~" ((zi;)"by), (1.3)



where b; = (big, b1, . ..,big-1)"7 = B+ a; consists of the subject-independent fixed-
effects vector B and the random vector a; ~ N,(0,%), i.e.,, b; ~ N,(3,%). The
covariance matrix 3 can be singular, allowing some effects to be fixed effects. The
conditional variance of y;; given b; is v?ji = gbav(ug"), where v(+) is a known function
depending on 7(-), a is a known constant, and ¢ is a dispersion parameter.

For GLMMs under different model assumptions added to (1.3), many optimal
design conclusions were derived. For panel mixed logit models, which is a special
case of GLMMs, Zhang 2018 discussed the corresponding optimal designs in her PhD
dissertation. Tekle, Tan, and Berger 2008 compared extended generalized estimation
equation and penalized quasi-likelihood (PQL) in searching for maximin D-optimal
designs under logistic mixed-effects models, Abebe et al. 2014 studied Bayesian D-
optimality under a same model by PQL, Waite and Woods 2015 proposed locally
D-optimal and Bayesian D-optimal designs for GLMMs with random intercept in a
block design, through marginal quasi-likelihood (MQL) and an outcome-enumeration
method. Ueckert and Mentré 2017 applied Monte Carlo and adaptive Gaussian
quadrature method to approximate the Fisher information matrix under discrete
mixed effect models, which is shown to be superior than MQL in accuracy. Sequential
D-optimal designs for GLMMs were investigated by Sinha and Xu 2011. Niaparast

2009 studied optimal designs for poisson mixed-effects models.

1.2.2 Approximate Parameters Estimation for Hierarchical and Marginal Models

Now, we introduce the method of estimating parameters in a GLMM, by which the

approximated information matrix is generated for further optimal design searching.

For a mixed study using a GLMM, denote y = (y1,...,¥y,)’ as the response vector,



as the conditional mean for y; satisfies

4% = B(yila) = 07\ (@8 + 2lav). (1.4)

where 3 is the vector of fixed-effects and a is the vector of random effects following

multivariate N(0,D), covariance matrix D = D(€) depending on some unknown

variance components. (1.3) also has a matrix form E(y|a) = ¢7'(X8 + Za), with X

and Z formed by rows z} and z., respectively. The conditional variance of y; given a

is v = pa;v(ps), where v(-) is a known function depending on 7(+), a; is a known

constant, and ¢ is a dispersion parameter.

For estimating (3, 0), the integrated quasi-likelihood function is defined by
B0 o IDI_W/ —— > dilys; pg) — L /Dol (1.5)
2 2

%

where

n
y—u
iy, 1) = —2 du.
=2 [ L
Writing (1.5) as ¢|D|~/2 [ exp(—g(a))der, Breslow and Clayton 1993 applied Laplace’s

method to the above integral approximation, and ignored constant ¢, yielding

01(8.0) ~ — logID|— log¢"(@)|~4(@), (1.6

where & minimizes q(a) by ¢'(&) = 0. ¢"(a) ~ ZWZ + D', and W is the GLM

iterated weights, which is diag{{¢a1v(uf)[n'(1$)*} ... {@anv () ' (u)])?} 1}
This term can be assumed varying very slowly, so the final aim function can be

simplified as
]' ., 1 m—1
—% Xi:di<yiuﬂi ) — 50‘ D e, (1.7)
as penalized quasi-likelihood. By taking derivatives w.r.t. @ and «, the score

equations for maximizing PQL is derived. These equations have iterative solutions



based on the iterated weighted least squares (IWLS) by Green 1987. One can first
solve (X'V'X)B = X'V'Y, where V= W! + ZDZ' and Y has components
Y; = 28 + Zla + (y; — p&)n' (4®), then find & = DZ'VHY — X3).

Coming back to our design situation, under locally optimality, we have some
knowledge of the parameters, say some prior estimation or a fair guess of (3, D). Then
the conditional estimator of 3 given a is subject to (X'V™'X)8 = X'V~'Y, which
yields an approximated covariance matrix of B, as suggested by Breslow and Clayton
1993,

cov(B) = (X'VIX)~. (1.8)

It is worth noting that, the previous analysis can be applied directly to a longitudinal
study with multiple subjects in model (1.3). Since the responses from different subjects
are assumed to be independent, we just need to replace X and Z with stacked ones,
and V with diagonally stacked V;. V; is corresponding to subject ¢, dependent on the

design assigned to it. By matrix calculation, it is easy to show that for model (1.3),
N

cov(B) = (O>_X[V;'X;) ™ (1.9)
i=1

Other than the hierarchical model (1.3), one can also build marginal models on the
desire of estimating covariate effects on population averages, which is also discussed

by Breslow and Clayton 1993. The marginal mean is defined as

E(y:) = pi = g~ ' (}8). (1.10)

For longitudinal designs, Zeger, Liang, and Albert 1998 showed that the mean in
(1.10) needs to be altered in the regression variables or coefficients. After that, by
McCullagh and Nelder 1989 (sec. 9.3), quasi-likelihood equations %%/var_l(y) (y —n)

can be used. IWLS regression on these score equations gives solutions in a similar

form as for hierarchical models. Note that the expression of W changes along with p;



in (1.10), ie., diag{{¢arv(u) ' (1)?} 7, ... {@anv(pn) [0 (1a)]1?} '} Applying the
same discussion, cov(3) is derived as (X'V™'X)™L, which is in the same form as (1.8),
except the change in W. Similarly, for multiple subjects, we have the same form of

A

cov(p) as (1.9).
1.3 Support Points: a Good Representative Points Set

To evaluate the value of the optimality criteria based on approximated information
matrices, for example, using expression (1.9), with a given distribution of b;, an
average can be calculated from a sample of b;. Which is to say, the estimation of

E(g(X)) for a function g of the random variable X can be

%Zg(xi), (1.11)

with a size n random sample {z;}?_, from the distribution of X. In design problems,
the prior of b; is usually assumed to be a multivariate normal distribution, thus such
a method is considered a good solution here, and the accuracy of this estimation is
highly dependent on sample size n.

To decrease n in terms of shorter running time, other than a random sample, we
can turn to a better representative points set. As one of better representative sets,
Mak and Joseph 2018 introduced support points, which performs especially well in
estimating expectations. We now mention a little bit about how support points are
constructed for a better understanding. For a random variable K ~ F, a size n set of
support points {z;} ; minimizes the energy distance

2 n 1 n n
E(F, Fa) =~ > Bl — Klla=— D> i =l
=1

i=1 j=1
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where F,, is the empirical distribution function of {z;}"_;, and ||-||5 is the Ly norm.
This points set has many good properties, including distributional convergence and

consistency. To be specific, for a continuous and bounded function g(K) and K,, ~ F,,

Compared to using a random sample, support points provides faster convergence in
estimation of the expectation as the size n — oco. Without specific methods to be
used in further analysis, support points are also good sub-samples of a big data set.
To define support points in a data set, the only change to be made is replacing F' by

the empirical distribution of the data set.

1.4 Design Searching Algorithm: Particle Swarm Optimization (PSO)

In optimal design problems, after deciding a criterion and settling a good way
to evaluate it on computer, we also need an efficient way to search for the best
design in the design space. The design space is defined as the space containing all
possible designs, or all designs that we are interested in. Here we are interested in a
popular meta-heuristic algorithm, particle swarm optimization (PSO). The advantages
of meta-heuristic algorithms includes gradient-free (compared to gradient descent
algorithm), have good efficiency, and are easy to apply. On the other hand, such
algorithms usually don’t have any promises on convergence of the solution found. For
our design problems, we can use the equivalence theorem as a stopping criterion, but
even if we don’t have one, PSO can also give us quite efficient designs in a decent
amount of time. A small difference between the efficient designs found by PSO and
the optimal one may be not important at all, in other words, we may consider an

efficient design found by a proper run of PSO as optimal.

11



Kennedy and Eberhart 1995 first raised this algorithm in a bare-bone version and
since then it attracted a lot of attention by researchers. Bare-bone PSO (BPSO)
optimizes the aim function through the behavior of a group of particles, called the
swarm. Through iterations, each particle moves based on knowledge of both its own
and the whole swarm, and finally gets to an optimum. Denote the ith particle as x;,

and a corresponding velocity as v;, its movement can be described as follows.
Vip1 = wu; + eyrandy (p; — x;) + carands(g; — x;), (1.12)

Tiyr1 = X5 + vy, (113)

where w is the inertia weight, ¢;’s are two step parameters, p; is the best position the
ith particle ever achieved (pbest), and g; is the best position the whole swarm ever
achieved (gbest). Pseudo code of BPSO is shown in Algorithm 1. In this algorithm,
the number of particles, the maximum iteration number n,,,,, the inertia weight w,
and two step parameters, ¢; and ¢y, are user defined parameters. Parameter choices
are usually dependent on the optimization problem. For a default setting, we use
several dozens of particles with several thousands of iterations, with w being .9, and
c1 and ¢y being 2. The algorithm stops when the maximum number of iterations is
reached or the some stopping criterion is satisfied. In my simulation, I always use a
fixed maximum number of iterations, since the design problems in my dissertation
don’t have equivalence theorems to verify the optimality of the designs. Some detailed
discussion is in Chapter 2.

There are also variety of variations of BPSO. In my dissertation, unless specified,

BPSO will be used in optimal design searching.

12



Algorithm 1 BPSO Algorithm

Initialization of swarm,;

Maximum iteration number 7,,4.;

1=1;

while Stopping criteria not satisfied or ¢ < n,,,, do
Update pbest and gbest;
Update velocity using 1.12;
Update particle positions using 1.13;

end while

1.5 Bayesian Design Approach

The quality of a locally optimal design highly depends on the true value of the
parameter, which is unknown and could be far from our guess. To obtain more robust
optimal designs, one possibility is to assume that the parameters are following some
prior distributions, which leads to a Bayesian approach. Here we briefly introduce
Bayesian A- and D-optimality criteria based on results of Chaloner and Verdinelli. 1995.

As in other Bayesian approaches, we assume that parameters are random vari-
ables that follow a prior distribution. First we consider a linear regression model
y|0,0% ~ N(X80,0%I), and the prior information is 8|0? ~ N(6y,0?>R™") with hyper
parameters 6y and matrix R. ¢? is assumed to be fixed and known. A Bayesian optimal
design for this model would maximize an expected utility function based on some deci-
sion rule over a class of designs that we are interested in. One of the options could be
maximizing the expected gain in Shannon information as an expected utility, which is

the expected Kullback-Leibler distance between the posterior and the prior distribution

/log %p(y, 0|¢)dOdy.
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This reduces to maximizing
d d 1 2
Ui(§) = —3 log(27) — 5 + 5 log det{c™*(nI(0|) + R)},

recall that d is the dimension of @. This lead to the Bayes D-optimality criterion
of maximizing ¢,(¢) = det{nl(0|¢) + R}, where nl(0|¢) = X'X, which is just the
information matrix.

When the purpose of the experiment is to find an estimation of the parameter 6
or a function ¢(0), a proper loss function might be applied, for example, quadratic

loss. In this case, the expected utility turns out to be

@@rz—/w—éﬂxe—®m%maw@h

where C is a symmetric nonnegative definite matrix related to the quadratic
loss function. Then, after Bayes procedure calculation, we obtain that Us(§) =
—a*tr{C(nI(0]¢) + R)~'}. Thus, we have the Bayesian A-optimality criterion that
maximizes ¢5(¢) = —tr{C(nI(0|¢) + R)~'} over design &.

Note that there are also other useful utility functions and even more than one
method to equivalently derive the same Bayesian optimality.

Next, we discuss the Bayesian design approach under mixed models. In a mixed
model, the random effect is assumed to be following some distribution with some
parameters denoted by vector 6. A locally optimal design for such a model is dependent
on @. In Bayesian approach, 0 is assumed to be following a given prior distribution
p(0). For the first step, a normal approximation to the posterior distribution of

under any mixed models could be
Oly. & ~ N(8.[nl(016)] ),

where § denotes the maximum likelihood estimator of 8, I(6|€) is the expected Fisher

information matrix of parameter 6 for that mixed model under design &. For mixed
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models, a closed-form expression of the expected Fisher information matrix is usually
infeasible, thus an approximation could be used in the evaluation here. When the
expected gain in Shannon information is considered, an approximation to the expected
utility is

d

UL () = S log(2m) — 5 + / log det{ (n1(8]¢))}p(6)d.

so, Bayesian D-optimality criterion maximizes

P1(€) = / log det{nI(8|&)}p(6)do.

Then we look at the case where we consider loss functions. When it comes to the
estimation of a function g(@) and a squared error loss is appropriate, following Us(§),

the approximate expected utility turns out be

62(6) = — / «(8) {n1(8€)}c(8)p(6)do,

where ¢(0) = (¢1(0),...,cq(0)), with ¢;(0) = 0g(8)/06;.
If C(0) is a weighted sum of different matrices ¢(0)c(0)" corresponding to different

9(0), $2(&) changes to
6:6) = = [ tr{C@OmiEle) 1p(0)db,

which is referred to as Bayesian A-optimality.
Sometimes we are only interested in estimation of a subset of @, say 0, then the

current expected information matrix becomes a sub matrix of 7(8[¢). For example,

¢1(€) would become [ log det{nl(8,|¢)}p(8)d8.
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1.6 Designs with Experimental and Observational Variables

In this section, we discuss another important aspect in experimental designs, which
is observational covariates, also called uncontrolled covariates. We will first go over
existing results on this topic and briefly discuss this situation under GLMMs.

In clinical trials, responses usually do not only depend on the treatment and
control, but also on many covariates, like age, gender and so on. These covariates
could be able to be balanced at the subject selection stage, or only accessible after
the subject selection but known before the treatments, or even unknown before the
experiment is carried out. Some designs could even fail because of unknown or ignored
but important covariates (Leyland-Jones 2003). To deal with each case properly,
different methods and optimality criteria have been introduced and will be discussed

here.

1.6.1 Designs with Known Observational Covariates

Based on the very fundamental idea of randomization theory in clinical trials, some
covariate-adaptive and covariate-adaptive response-adaptive (CARA) procedures were
introduced and are becoming more popular, Rosenberger and Sverdlov 2008 already
contains a thorough introduction to such methods. Here we introduce the main
framework of existing studies briefly. A covariate-adaptive randomization procedure,
which belongs to the class of marginal procedures, can be described as follows for a
two-treatment sequential clinical trial. Note that this sequential procedure will lead
to an exact experimental design. Let Nj,,;(n) be the number of patients on treatment

[ in level m of categorical covariate Z;, i = 1,...,. K,m =1,... k;,;l = 1,2, after n
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patients have been sequentially randomized. Denote the response of patient j by Y;
with treatment T;, and Y; = (Y3,...,Y;), T; = (14,...,T;)". For the next patient,
patient n + 1, the covariates are observed as (z1, ..., 2x). Define D(n) = > w;D;(n),
where D;(n) = N;,,1(n) — Ni,,2(n), and w; be user-defined weights, then the treatment
assignment of patient n + 1 follows the general rule formulated by Pocock and Simon

1975 using the biased coin design of Efron 1971:

/

1/2, it D(n) = 0;

Pnt1 = 4 p, if D(n) < 0;

\1 —p, if D(n) >0,

where ¢,,,1 is the probability of assigning treatment 1 to patient n + 1. The choice
p = 3/4 is discussed by Pocock and Simon 1975, and for p = 1 this procedure
is deterministic (Taves 1974). Other variations of this procedure are suggested by
Wei 1978 and Efron 1980, based on similar ideas. There is some concern about such
procedures among statisticians, including that the procedure is not theoretically proved
optimal and that it is ethically unattractive due to assigning an inferior treatment too
often. Some statisticians even argue that we should not use such methods (Grouin,
Day, and Lewis 2004).

Considering some optimality criteria like the discussion in the Section 1.1 about
general optimal design approach, Harville 1974 suggested another method to balance
the covariates through the covariance matrix of the estimated parameters, but only
those associated with controlled variables. Considering exact designs, say a saturated
design consists of ¢ design points, then for 0 < s < ¢, we generate the (s + 1)th design
point by balancing the number of design points in each covariate level group, like
in the last paragraph. After ¢ points have been determined, the incoming patients

are assigned with treatments maximizing criteria based on the resulting information

17



matrix, like the determinant of the information matrix for D-optimality. Based on
this idea, Atkinson 1982 suggested a randomized procedure and illustrated it for D4
optimality under linear models with L treatments as follows. Say the mean of the
responses is modeled as E(Y;) = 3,1 =1,...,n, where x; includes both treatments
and ¢ covariates, and the variance of a given contrast A’ B is of interest, an optimality
criterion would maximize |A'(X'X/n)"tA|71. X is the design matrix formed by x;’s,
determined by the design £. Then, the randomization procedure is based on the
Fréchet derivative, da(x, &), of the determinant above. Given n patients assigned

in design &,, the (n + 1)th patient will be assigned to treatment [ with probability

W (da(lén))
Sl w(da(lén))’

procedure can be modified to be deterministic by always assigning treatment [ when

where 1 is some monotone increasing function. This randomization

da(l,&,) is the largest for [ € {1,...,L}. As stated by Rosenberger and Sverdlov
2008, the following CARA procedures can be superior to those covariate-adaptive

procedures in some ways. Generally, a CARA procedure can be formulated by
Qb] - P(irj-i-l = 1|T77 }fja Z17 BRI Zj) Zj+1)a

where Z; is the vector of Z; values for patient j. Here the assignment of treatments
also depends on the observed outcomes of previous patients. Rosenberger and Sverdlov
2008 indicated that with heterogeneous variances, CARA procedures can be more
efficient and more ethically attractive (more assignments on the superior treatment)
than covariate-adaptive procedures.

Besides these sequentially adaptive methods, there are also studies on non-
sequential methods. In such studies, the number of patients or tested subjects
is fixed and all covariate values are known. In such cases, we have all the uncontrolled
covariate values known and can decide our treatments based on those, as a result,

there are some good theoretical results proved. One of the earliest results is by Cook
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and Thibodeau 1980, who consider optimality criteria based on information matrix
under the restriction of those uncontrolled covariates and an equivalence theorem
for D-optimal designs in such cases is presented. Harville 1974’s sequential method
mentioned above can be modified to fit such cases, by maximizing the criterion subject
to both treatment assignments and order of patients coming into the experiment.
Such a modified optimization starts from a saturated design, which could be gen-
erated by design-based adaptive randomization or just randomization. Following
patients are added one-by-one or batch-by-batch into the optimization problem to
maximize the criteria based on the information. Note that the “sequential” property
only shows in optimization, and since we can alter the order of such a sequence,
the resulting design is not a sequential design. In mathematics, partition the design
matrix X into (X7, X3), the information of interested parameters can be expressed as
X(I — Xo(X5X3) "' X)) X1, so we maximize the determinant of this matrix subject
to the choice of the next patient and his/her treatment. For observations with corre-
lated errors, Lopez-Fidalgo, Martin-Martin, and Stehlik 2008 discussed the solution
for D-optimality, and constructed optimal designs for several models in real cases.
The information matrix is derived based on different error structures, and then the
determinant is maximized subject to the controlled variables, with the uncontrolled
variables fixed and known.

The discussion above is based on the assumption that the values of the covariates
are all known at the design stage, one-by-one or in the very beginning, and such an

optimality is usually called marginally restricted (MR) optimality.

19



1.6.2 Designs with Unknown Observational Covariates

In practice, some important covariates are unknown until the experiment is carried
out, like some real-time measurements of the patients in clinical trials. To model
these covariates properly, the analysis is usually considered under conditioned values
on these covariates and then try to properly average them. Such an optimization
problem is usually called conditionally restricted (CR) optimality.

Tsukanov 1981 and Gupta and Richards 1985 first considered such optimization

problems with the linear regression model
E<Yn‘Tn7 Zla SR Zn) - ka(llxl) + XuQ(l2X1)> COU(KLlTna Z17 SR Zn) - 02[-

Xy stands for the design matrix of the controlled variables, with ith row being
(f1(T3), ..., fi,(T3)). On the other hand, the ith row of X, stands for the outcome
of the ith uncontrolled variable, which is just the transpose of Z;. p and ¢ are the
corresponding parameter vectors.

First, each Z; is assumed to be following the same normal distribution with mean
1, and covariance Y, which is independent of Xj. In both papers, the expectation of
the aim functions in the optimality criteria with respect to the unknown covariates
is optimized, which is called the optimality in the mean. For example, D-optimality
in the mean (mD-optimality) minimizes E(det H) where H is the covariance matrix
of the estimators conditioned on X,. In this independent case, mA-optimality and
mD-optimality coincides with A- and D-optimality, respectively, for estimation of p
and (p',¢')".

Then, a linear dependence X, = XL + F is considered for a known linear-

transformation matrix L and random normal error E. In this case, for estimating p,
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by mA-optimality, the aim function satisfies

1
n—l1—12—1

— ;-1
EtrH, = n—h

tr(X; X) "t + trLY 'L,

n—104—10—-1
where H), is the covariance matrix of the estimator of p, conditioned on X,. For mD-
optimality and estimation of (p/,¢’)’, mD-optimality still coincides with D-optimality,
while for estimating p with I = 1, by Tsukanov 1981, the aim function would satisfiy

LXXLE™ =2
n—l1—2 ’I’L—l1—2

Edet H, = det(X; X;.) " ( ). (1.14)

Furthermore, Gupta and Richards 1985 extended equation 1.14 to all positive [y cases
such that n > {; + 1, + 1.

In the previous discussion, the estimation of ¢ is not mentioned. For both the
independent and dependent case with either mA- or mD-optimality criterion, the
estimation of ¢ is only dependent on the number of trials n and ,,.

Other than taking expectations on optimality criteria, Lopez-Fidalgo and Garcet-
Rodriguez 2004 considers the average design given known priors of the covariates for
fixed effects models including nonlinear models, and derives a general equivalence

theorem for ¢-optimality. The model considered here is
E(Y;|T}, Z;) = ['(T}, Z,)0, Cov(Y;|T}, Z;) = o?,

where f is a vector-valued function with mutually independent continuous components.
For a simple example, a two-variable model, let 1 be the known experimental variable,
corresponding to 7', and x5 be a dependent unknown covariate, corresponding to Z,
but Z is actually a scalar now. The relationship of the two is defined by a known

prior p(xs|x1). Since we can only control x1, an approximate design to be carried out
L11, ) Tk
w(z11), .., w(r)
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and the actual design in expectation would be
&12 = {(x14, x2) with probability w(xy;)p(xe|x;),i = 1,...,k}.

Based on &5, the information matrix of 6 is

k

Z w(xh-) /P(@’Iu)f(@@u, $2)dl’27

i=1
where I(0|xy;, x2) is the information matrix of 6 given data (xy;, x2).

Lopez-Fidalgo and Garcet-Rodriguez 2004 also discussed and derived a general
equivalence theorem for the combination of MR and CR optimality, called MCR
optimality. Another covariate X3 is now added to the model and is known in the

design stage. The discussion is following the last paragraph.
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Chapter 2

TOPIC I: LOCALLY OPTIMAL DESIGNS FOR LOGISTIC MIXED MODELS
WITH ONE COVARIATE

2.1 Locally Optimal Design Problem Illustration

In this topic, we consider model (1.3) in Section 1.2.2 for one covariate and a linear
regressor. In a longitudinal study, for response from subject ¢ under jth measurement,
Yij, J = 1,...,n,, satisfies

e = E(yi;|bi) = 07 (£(z5)"by) = 7" (bio + buiy), (2.1)
where b; = (b, bi1)T = B + ay consists of the subject-independent fixed-effects vector
B and the random vector a; ~ Ny(0, X), i.e., b; ~ No(B,3). The covariance matrix
¥ can be singular, allowing some effects to be fixed effects. The conditional variance
of y;; given b; is UZ? = gzﬁav(u?j"), where v(+) is a known function depending on 7(-), a
is a known constant, and ¢ is a dispersion parameter.

For different choices of the link function, 7,

;

log(%), for logistic model;
n[E(yi;|bi)] = ¢~1(P(y;; = 1|b;)), for probit model; (2.2)
log[E(yi;]bi)], for Poisson model,
\

with corresponding conditional variances
(

i fz;%fg ),)TTb];),)}Q, for logistic model;
ij i
U?ji = var(y;;|b;) = {2/ (F(:) bi) ) for probit model; (2.3)

O(f (i) Toi){1-D(f(:5)Tbs)}’

exp(f(zi;)Tb;), for Poisson model,
\
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where ®(-) is the cumulative density function of the standard normal distribution.
For my dissertation, the logistic link is mainly focused, but the methodology can also
be applied to other link functions.

Model (2.1) can also be used for experiments that fit a GLM (with fixed effects)
but that are run in a block design with random block effects (Waite and Woods 2015).
Thus, the number of random components in b; is equal to the number of blocks, and
the matrix ¥ would typically be a diagonal matrix. What is different in this setting is
that the values of 1, ..., x;, need not all be distinct. In contrast, in a longitudinal
study, where these values refer to time, they cannot be the same. For now, we refrain
from requiring that all values must be different, but we will return to this later. For
simplicity, we will continue to refer to subjects rather than blocks.

With the goal of estimation of 3, we seek a population design & = (&1, ...,&N)
that is locally optimal for this goal. The likelihood function for B and X is given
by Lrota (8, Bly) = [LLy Li(B, Zlyi) = TLL, [ T}, Alyslbi = B + ai)g(eu|E)da,
where h(y;;|b;) is the conditional density function of y;; and g(oy|X) is the density
function of random effects a; Molenberghs and Verbeke 2005. For simplicity, we will
just write Ly (3,3) and L;(3,%). An approximation to the information matrix
for B can be obtained by approximating COV(B) based on the estimation methods
we are using. In general, for GLMMs there are no analytical expressions for cov(,[;).
One exception is when y;; follows a Poisson distribution with a log link function
and only a random intercept (Niaparast 2009). Methods for approximating COV(B)
include generalized estimating equations (GEE, cf. Liang and Zeger 1986 or Dean

et al. 2015, Chapter 13), penalized quasi-likelihood (PQL) (Breslow and Clayton

1993), and marginal quasi-likelihood (MQL, cf. Breslow and Clayton 1993 or Dean
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et al. 2015, Chapter 13) Ueckert and Mentré 2017 also applied adaptive Gaussian
quadrature to approximate the information matrix directly.

Breslow and Clayton 1993 defined the integrated quasi-likelihood function for
estimating B and 3, and applied the Laplace method for integral approximation to
obtain PQL. Using their method, for model (2.1), an approximation of the variance-
covariance matrix cov(,é) is given by (Breslow and Clayton 1993, Tekle, Tan, and

Berger 2008)

N

cov(B) = cov(B|b) ~ (ZF;‘FUZIF1> : (2.4)

i=1
where b = (b?, ..., b3)7, U, a weight matrix for the ith subject, equals V; ' +F;XF7
F; is the design matrix of design &, i.e., F; = F;(&) = (f(xi1),...,f(zin,))T, and
V,; = V(&) = diag(v), ... ,vit;ji). For the design choice, “optimal choices” for the
number of distinct covariate values z;; for each subject, the values of these covariates,
and the number of measurements at each of these values need to be determined. Since
cov(ﬁ) in (2.4) depends on the unknown @3 and X through the b;’s, we will substitute
values based on prior knowledge. This will eventually result in locally optimal designs.
The inverse of (2.4) is denoted by Mz (€|b), and taking its expectation,
N
Ey(Mrora(€]b) = ) Ep(F) (V' + F,ZF])'Fy), (2.5)
i=1
gives the expected information matrix. Before going on, note that this expected
information degenerates to the information of the corresponding GLM when the
variance covariance matrix 3 goes to 0.
For convenience, we make a change in the notation for the population design
& = (&,...,&v). Since some subjects may receive the same design, we will write

& ={(&,mp),p=1,..., N5}, where §, = (zp,l =1,...,n,), Ny < N is the number

of distinct §,’s, m, is the number of subjects receiving &,, and Zp m, = N. By the
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independence between subjects, we can consider the approximate design approach.
An approximate population design can be represented as

E={(& wy).p=1,....N}w, >0 w,=1 (2.6)

p

The sub-designs {,’s are also known as individual designs. One could use the same
individual design for each subject, i.e., Ny = 1. But as noted by Schmelter 2007,
for exact individual designs, optimal designs may use more than a single individual
design. The number of measurements on a subject, n,, is in practice often the same
for all subjects, and we will assume from now on that n, = n. Based on (2.5), in the
approximate design setting we define
N
MO (€) = MP(EB,E) = Y w, Bu(Fh (V," + F,IF))'F,) (2.7)

p=1

as an approximation to the information matrix for 8 under population design £&. We
will approximate the sum in (2.7) by approximating each expectation in that sum.
Since all b,’s are assumed to be N(8,3), we approximate such an expectation by
sampling S (e.g., S = 1000) b,’s from N(3,X¥) and taking the average.

The expression for MP@L(€), with its inverses, must be simplified for computational
purposes. Miller 1981 proved the following theorem about the inverse of the sum of

matrices.

Lemma 1 (Miller 1981) Let A and A+ B be invertible matrices, with the rank of B
equal tor > 0. Let B= By +---+ B,., where each B; has rank 1 and, fork=1,... r,

each Crp1 = A+ Zle B; is invertible. Setting Cy, = A, then
Cii = Ct = G BiCy

where g, = In particular,

1
1+tr(Cy 'By)

(A+B)'=C"t—gC'B.C
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Based on Lemma 2.1, we can partition X into a sum of X;’s, where X; is the matrix
obtained from 3 by replacing all its elements by 0 except for those in the ¢th row.
Then, the inverse of V T4 FPEFZ in (2.7) can be computed by multiplication and
summation of matrices, which is much faster when searching for optimal designs.
Focusing more on the population averages of the covariate effects, marginal model
can also be applied to estimate the fixed effects. We assume n, = n in the follow-
ing discussion. Breslow and Clayton 1993 introduced MQL approximation to the
information matrix for subject ¢ as
N,
MMOL(E) = w,FL(V, +F,XF])'F,,
p=1
where V,, = diag(vfl, e ,vfn), and 215]- = var(y,;|3). Zeger, Liang, and Albert
1998 showed that a better approximation to the marginal mean for logistic link
has attenuated coefficients, which means that an attenuated value 8); = 8- ¢,; =
B-11+fT(2,;))E f(2,;)| /% should be used in the expression, where ¢ = 161/3/(157).
Based on this result, adjusted MQL approximation is given by
Ns
MM () = > w FY(V," +F,F;)'F,,
p=1
where \~7p = diag(vp{%l, e ,vf,g”). Note that for random-intercept model, which is
more common for block designs, ¢; could be irrelevant of the values of the covariates,
leading to a same transform for all design points, i.e., we can set 8; = G;,.
Other than approximations, the information matrix can also be obtained numer-
ically from the definition. The expectation in Fisher information can be obtained
by enumerating all possible outcomes based on a given design, with the probabilities

being integrated out numerically. The contribution to the likelihood function by a

single subject can also be obtained by enumerating all possible outcomes. For the
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logistic link in model (2.1), the likelihood function for a subject, say i, who is assigned

to individual design &, is

T Yil
exp[f(xy)” by
Y) b;; 3,%)db
Li(B, //H1+exp [f(2)"b;] o(bi; 8,%)
This corresponds to a contribution to the information matrix given by

dlog Li(B,X) dlog Li(3, %
R A e

B 1 0Li(B,%)0L:(B,%) (2.8)
Z Li(B,2) 0P o8

Using numerical integration, this expression can serve as a benchmark for other

approximations of the information matrix.

2.2 Comparison of Approximations to Information Matrices under GLMM

Before searching for optimal designs, we compare different approximations nu-
merically to ensure that we use a good proxy for the exact information matrix.
We do this for a fixed set of designs and multiple parameter settings for a logistic
model. The model has 1(x;;) = by + bix;; with parameter of interest 8 = (5, 51)".
We focus on the D- and A-optimality criteria, say ¢p and ¢4, respectively, where
op = logdet(T(£)), and ¢4 = 1/tr(I(£)). If we use an approximation for J, then the
approximation, such as 9”@l replaces J in these expressions. To use a sufficiently
broad spectrum of “guesses” for B and X, we consult the complete class result for

fixed effects models in Yang and Stufken 20009.

Theorem 2 (Yang and Stufken 2009) For a fized effects GLM formulated by p =
E(y) = n ' (flx)"'B), set ¢; = n(u;). Suppose that the design region in the c-space

takes one of the following forms:
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1. [-D, D] for some D > 0; or

2. [D1, Do) with (a) D1 >0 or (b) Dy <0; or

3. [D1, Do) with Dy <0 < Dy and —Dy < Ds; or
4. [D1, Do) with Dy < 0 < Dy and —Dy > Ds.

For these four cases, a complete class can be formed by designs that are

1. supported on two symmetric points;
2. supported on two points, including Dy if D1 > 0 and including Dy otherwise;
3. supported on two symmetric points, or on Dy and a point in (—Dy, Ds]; and

4. supported on two symmetric points, or on Dy and a point in [Dy, —Ds),
respectively.

For our comparisons we use a design region of [1, 6] in z-space. We select values for 3,
as shown in Table 1, that represent each case in Theorem 2. For 3, we use a fixed
correlation p = .5 and 3 choices for the diagonals (I, II, and III in Table 1). The
population designs that we use all consist of a single individual design, that is, Ny = 1.
But, based on the additive expressions for the approximations, a good approximation
for N, = 1 implies a good approximation for moderately larger values of N,. For the
single individual design, we use every design that is supported on exactly two points
from {1,2,3,4,5,6} with a total number of measurements equal to n = 10. There are
9 x (g) = 135 such designs. The sample size S for approximating the expectation in
(2.7) by a random sample is set to 1000, corresponding to the red line in Figure 1 and

2. The sample size for support points is set to 100, corresponding to the dark blue

line in the two figures.

For n = 10, there are 2!° = 1024 possible outcomes of y. Using Mathematica, it

takes about 800 seconds of CPU time to evaluate J(&;|3, X) defined in (2.8) once on
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Choices for (8, 61) (1,-1) (3,-1) (7/2,—-1) (4,-1) (6,—1)
Case in Theorem 2 2 (b) 4 1 3 2 (a)
Diagonals of X I: (1.7145, 1.05) IL: (6, .3) I11: (.3, 6)

Table 1. Parameter Choices for Comparisons of the Approximations

a 3.9 GHz Intel CPU and 24 GB RAM. We can also get rid of the slow numerical
integration by using a sample from the density to approximately evaluate the result,
which is much faster, but still takes 9 seconds with a size 500 sample. This is too
slow for finding optimal designs, where this computation would have to be performed
many times. In comparison, the PQL and MQL or adjusted MQL approximations

take .1075 and 6.3 x 107> CPU-seconds, respectively.
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Figure 1. Comparing PQL, MQL and Adjusted MQL Approximations to the Exact
Information Matrix for 8 = (1, —1)’

Figures 1 and 2 show results of the comparisons for two of the five cases for 3 in

Table 1. For both figures, the labels on the horizontal axis represent the 135 designs,
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Figure 2. Comparing PQL, MQL and Adjusted MQL Approximations to the Exact

Information Matrix for 3 = (6, —1)’

ordered by the criterion value (A-optimality or D-optimality) for the exact information
matrix (blue line). Among the three approximations, PQL (red line) clearly has the
smallest absolute error and orders the designs approximately correctly based on both
the D- and A-optimality criterion. For MQL (light grey line) and adjusted MQL
(dark grey line), while they show the correct trends, the approximations are relatively
poor and, more importantly, the ordering of the designs that they provide is also
rather poor with the possible exception of adjusted MQL for D-optimality. Thus,
by far the best approximation is provided by 972l (¢). Only for cases when this is

computationally too expensive might one want to consider ML (¢).
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2.3 Simulation: Locally Optimal Designs under GLMMs

Based on Section 2.2, for given 8 and X, we use the PQL approximation in-
stead of the information matrix and Particle Swarm Optimization (PSO) to find
locally A- or D-optimal designs for the mixed-effects logistic model. PSO is widely
used in optimal design research (Zhou, Wang, and Yue 2021). To illustrate the
results, we use the same settings for B as in Table 1. We take ¥ = r - X
as a diagonal matrix, where r € {5,7,10,15,25} and X, = diag(o},o3) with
(0%,03) = (.1143,.07), (.4, .02), or, (.02,.4). We refer to these three choices for (o7, 03)
as type I, IT and III, respectively. Note that, for fixed r, the generalized variance,
det(r-Xy), is approximately the same for all three types. The three cases in Section 2.2
correspond to the choice r = 15. Finally, we use the same design region of [1,6] as in
Section 2.2.

Due to correlated observations, neither the information matrix nor its approx-
imations are additive for observations on the same subject. Additivity does hold
when combining information from different subjects. Therefore, using an approximate
design approach, we use a population design { = {(,,w,),p = 1,..., N}, where
wy > 0, Zp w, = 1, and each individual design ¢, is an n-point design for a fixed value
of n. We do not insist that the n points in the design region [1, 6] are distinct. In a
situation where it is not possible to have repeated values (for example when the design
variable denotes the time at which an observation is to be made in a longitudinal
study), we can distribute the design points around the repeated value. Alternatively,
if there is a specified minimum distance dy between any two design points, we can

build this constraint into the PSO algorithm. We considered optimal designs for n = 2
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Value of r for the Covariance Matrix ¥ Is along the Vertical Axis, and the Design
Region [1,6] Is Shown along the Horizontal Axis.

through 6, but will only show those for n = 2 and 5 here. Other designs can be found
in Appendix A.1.

Since we use exact individual designs, the optimization problem is a discrete
problem, and we can no longer use a general equivalence theorem to verify optimality
of a design. Even though, we are not able to guarantee that our designs are indeed
optimal; by running the PSO algorithm multiple times with different starting designs
and a large number of iterations, we are confident that the population designs are

very efficient.

In Figures 3 through 6 we show D- and A-optimal population designs for n = 2
and 5. In all cases, the design either has N, = 1 or 2. When N, = 1, which occurs
most often, we simply present the n points of the corresponding individual design &;.

For n = 5, repeated points are presented slightly apart so that the number of points

33



Typel Type ll Type lll

2
PR T T
PO T T
L

r
E

§ & &t & ¢

0§ 0§ ¢ %

L] L] L) L] L]

| I S B R ]
‘g

%
%
'8

3
*

@m- 38 % & 3 2
%

Design Points

Figure 4. D-optimal Designs with n = 5 Observations per Subject. The Covariance
Type Is Shown in the Top Bar and the Choice for 3 in the Right-hand Bar. The
Value of r for the Covariance Matrix ¥ Is along the Vertical Axis, and the Design
Region [1, 6] Is Shown along the Horizontal Axis.

Typel Type ll Type lll

10 . .
7- . .
0878
5- b3 X
0.8
2 bad X
5 - on s
0177 L
i . o - . L
066 0.507 N
7- o™ b b3 X
0575 0.489
» x » X
0732 2.571
w3 bt b3 X
0623 0419
1 ¢ X X w0 X i
0557 0338 0578 =
10 * X X - x X - B
0803 0.388 osr
7 LS % - X X LS
08 0383 0782
- X x - X X o X
2 4 B 2 4 B 2 4 ]

Design Points

Sub_design * 1 x 2

Figure 5. A-optimal Designs with n = 2 Observations per Subject. The Covariance
Type Is Shown in the Top Bar and the Choice for 3 in the Right-hand Bar. The
Value of r for the Covariance Matrix ¥ Is along the Vertical Axis, and the Design
Region [1,6] Is Shown along the Horizontal Axis.

34



Typel Type ll Type lll

2
1t ot o1t
H]
PO T T
]
TR T T

r

>

:
L I I
LI I A I
| D T B ]

'S

1
H
I |
:
-

4
Design Points

Figure 6. A-optimal Designs with n = 5 Observations per Subject. The Covariance
Type Is Shown in the Top Bar and the Choice for B in the Right-hand Bar. The
Value of r for the Covariance Matrix ¥ Is along the Vertical Axis, and the Design
Region [1,6] Is Shown along the Horizontal Axis.

(17 _1) (357 '1) (67 _1)

D| (1,3.399:5,5) (1.957,5.043:.5,.5) (3.601,6;.5,.5)

A | (1,4.009:.553,447) (1.211,5.789;.789,.211)  (2.920,6;.828,.172)

Table 2. Optimal Designs for (Fixed Effects) GLM under Corresponding Parameters

at a location is discernible. For n = 2 and A-optimality, some cases yield N, = 2.
Different plotting symbols are then used for the two individual designs & and &, and
weights are shown for & next to one of the design points.

There are several noteworthy features in the figures. First, for n = 5, the number
of distinct design points increases with the value of r. For small r the optimal designs
are 2-point designs. This is not surprising because this is known for the limiting case
r — 0, which corresponds to a (fixed-effects) GLM (Yang and Stufken 2009). Optimal

designs for GLMs are shown in Table 2 for reference.

For both A- and D-optimality, the number of distinct design points tends to
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increase with r, albeit it that the increase can be limited depending on the design
region. This increase can, for example, be seen in results for 3 = (6, —1)’ in Figures 4
and 6. For other 3’s in these figures, a larger design region would exhibit a similar
pattern. Second, for 8 = (1,—1)" or (6, —1), corresponding to cases 2(b) and 2(a) in
Theorem 2, for a GLM one of the endpoints of the design region must be included
in an optimal design; this need not be the case for the mixed-effects model (see, for
example, Figure 3 with 3 = (6, —1)’ for type III and r=10). Third, while the results
in Schmelter 2007 do not apply here, optimal population designs still consist often
(but not always) of the same individual design for all subjects. For A-optimality,
Figure 7 shows efficiencies of the best one-sequence designs for n = 2 as measured
by %, where ¢4 denotes the A-optimality criterion and £* is an A-optimal
design. For large enough r, one-sequence designs are optimal. They are however also

quite efficient for smaller values of r, although the efficiencies vary with 3 and X.
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Figure 7. Efficiencies of the Best One-sequence Designs for n = 2 for the Conditions
in Figure 5. The Axes Show the Values of r (Horizontal) and the Efficiency (Vertical).
The Top Bar in Each Panel Shows 3, and Different Line Types Correspond to the
Three Covariance Types.

Finally, for our PSO algorithm, the number of measurements n per subject must be

specified. For the optimal designs reported here, we use 20 particles and 500 iterations

36



to get a near optimal design &,, and then use a new random start, keeping &, as the
initial global optimum, with another 1500 iterations. The final design may contain
replicated points. While not done here, if these replicated points are undesirable, we
can re-optimize using PSO again, keeping one replicate of the distinct design points
and forcing a minimum distance dy between any two points. For our examples, using
dy = .25 or .5, this results in replacing the replicated points by the nearest points

with distance dy as in Hu and Stufken 2017. We return to this in the next section.

2.4  An Application and Robustness Analysis for Locally Optimal Designs under
GLMM

For illustration of the methodology, we focus on the French EPIDOS study (Epidé-
tiology de l'ostéoporose), a prospective multi-centre study of the risk factors for
hip fractures in women who were 75 years or older in 1992-1993. The participating
women completed health-related questionnaires annually for six years. Carriére and
Bouyer 2002 analyzed the data from Montpellier, one of the 5 participating centers,
using a generalized linear mixed model with a logistic link function as in model (2.1).
After testing the significance of random effects, the authors finally determined the
covariance structure with random intercept and random slope. Let y;; be the jth
indicator of disability, “needing help to go outdoors or home-confined”, for woman 1
(1=1,...,1548; j =1,...,6). The proposed logistic mixed-effects model is

P(y;; = 1|b;)
1 — P(y;; = 1|by)

logit[E(y;;|b;)] = log( ) = bio + by, (2.9)
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where, in this study, the design points are x;; = j, 7 = 1,...,6; b; = (big, bi)T ~

o 0
No(B,%), B = (By, 31T, and & = H . The estimated parameters are
0 o2
displayed in Table 3.
Parameter BO 61 011 0922

Estimate -3.61 0.17 7.25 0.18
Table 3. Parameter Estimates for French EPIDOS Study

But is an equally spaced design optimal? Using a PSO algorithm and the estimated
parameters in Table 3 with design space [1,6] (consistent with the original study),
locally optimal designs for this model are presented in Table 4. Both A- and D-optimal

designs are one-sequence designs.

Optimality x1 xo x3 x4 x5 x4
A 1 1 1 1 1 6
D 1 1 1 6 6 6

Table 4. A- and D-optimal Designs £* for Self-reported Disability Study

From Table 4, the A-optimal design requires each woman to complete 5 question-
naires at the first time point, which is clearly infeasible. We could simply replace
replicated points by nearest neighbors, with all design points at least separated by a
specified distance dy (Hu and Stufken 2017). Alternatively, as already suggested, we
can use PSO again keeping one copy of the replicated point and forcing a distance
of dy between any two design points. In this example, these two methods provide

answers. Using half a year, a quarter of a year, and one month for dy, the obtained
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designs are &1, & and &3, respectively, where

{1.0,1.5,2.0,2.5,3.0,6.0}, A-optimality

o {1.0,1.5,2.0,5.0,5.5,6.0}, D-optimality,
B ( {1.00,1.25,1.50,1.75,2.00,6.00}, A-optimality
e \ {1.00,1.25,1.50,5.50,5.75,6.00}, D-optimality,
and )
) {1.00,1.08,1.17,1.25,1.33,6.00}, A-optimality
s | {1.00.1.08,1.17,5.83,5.92,6.00}, D-optimality.

The relative efficiencies of these designs and design & = {1, 2, 3,4,5,6} in the original
study relative to the optimal design £* are shown in Table 5.

Optimality & S o &3
A 82.57 92.60 97.03 99.25

D 94.22 98.12 98.98 99.62

Table 5. Efficiencies in Percentage

Table 5 indicates that designs will remain highly efficient if dj is not large. There
is more loss of efficiency under A-optimality because the proposed replacement for the
A-optimal design in Table 4 moves us further from that design since it places more

emphasis on one of the endpoints.

Locally optimal designs depend on “guessed” parameters, and poor guesses may
lead to poor designs. An important part to consider is robustness to misspecification
of the variance-covariance matrix 3. With the notation from Section 2.3, let &, denote
a locally optimal design under A- or D-optimality for 3, = r- ¥, and a given vector 3.
The relative efficiencies ey, of design &, to design &, when 3 = (1,—1)" or (6,—1)’
and X, ., with r,r,, €{0,.01,.05,.1,.5,1,3,5,7,9,11,13,15,17,

19,21}, were calculated. For clarity of the figures, results are shown for only six
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designs (1, =0,.1,3,9,15,21) in Figures 8 and 9 using n = 5. Notice that e¢; = 1 for
all . From the figures we can get some useful findings. When the true r, which is
Tm, 1s very small, like 0.01, an overestimated r; will always cause significant loss in
efficiency. In this case we are actually misspecifying a GLM with a GLMM, the huge
error is expected. Interestingly, in some of the cases with 3 = (1, —1)', if we use GLM
as the model for design, from the line for , =0.01, we can see it is actually performing
well, with the efficiency even going up when r,, increases. If the true model is very
different from a GLM, overestimating or underestimating will not cause much loss in
efficiency. See the case where r; is 9, if we ignore the beginning part of x-axis, this

line almost never go under 80 percent. Then, we can look at some specific cases. For

B = (6,—1)’, we should be very careful about too small or too large guesses to avoid
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potential loss when the underlying truth is just opposite. On the other hand, for
B = (1,—1)", we can trust a small guess without worrying about potential loss. In
both figures, some of the lines go slightly higher than 1, like the Type II, 3 = (1, —1)’
case in Figure 8, this is because the designs given by PSO are actually near optimal
designs, and there is no guarantee of the optimality without generalized equivalence

theorem.
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Figure 9. Robustness Study: Efficiencies of D-optimal Designs, n = 5. The
Covariance Type Is Shown in the Top Bar and the Choice for 8 in the Right-hand
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Another type of mis-specification we study here is based on a Wishart distribution.
Assume that a matrix G is generated from from a Wishart distribution Go(X, df)

with 3 being the true covariance, set to be diag(1.7145,1.05), and selected degrees
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of freedom df, df =2, 4, 7 and 15. Then, use G/r as the guess of the covariance in
searching for an optimal design. For each df, 100 G are generated. Note that the
coefficient variation of the diagonals of G/r is \/ﬁ, so the sample has a smaller
variation when r is larger. The fixed effects guesses are set to be 3 = (1, —1)’, then
the efficiencies of these designs comparing to the true optimal design are shown in
Figure 10. Based on this box plot, we can see that the designs are quite robust. When
the coefficient variation is largest, corresponding to r = 2, the minimal efficiency is

still around .875, with median above .975, for both optimality criteria.

A Optimality D Optimality

1.00-

y

1
|
{

0.95-

Relative_Efficienc
L]

0.90-
.
H

2 4 7 15 2 4 7 15
Degrees_of_Freedom

Figure 10. Efficiencies of D- and A-optimal Designs with Mis-specified ¥ from
Wishart Distributions. The Optimality Criterion Is Shown on the Top Bar. The
Degrees of Freedom in the Wishart Distribution Are Shown along the Horizontal
Axis, and Efficiency Is along the Vertical Axis.

2.5 Summary and Discussion

We found optimal designs under logistic mixed model by approximating the

information matrices using the PQL method. After evaluating the approximation
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by comparing it to the information matrix by basic definition and MQL, based on
logistic link, optimal designs are found so that we can see some characteristics and
also the relationship with optimal designs under corresponding GLMs. More-than-
one-sequence designs are suggested for some parameter settings under GLMMs, which
is different from the GLM case, but two sequences are quite enough to get optimal for

exact designs.
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Chapter 3

TOPIC II: LOCALLY OPTIMAL DESIGNS FOR LOGISTIC MIXED MODELS
WITH ONE EXPERIMENTAL VARIABLE AND ONE DEPENDENT
OBSERVATIONAL COVARIATE

3.1 Model Introduction

In many design circumstances, variables are not all subject to control, known as
observational variables, and it is important to consider them. Section 1.6 introduced
such cases where uncontrolled variables need to be carefully dealt with. Following
the model description in Section 2.1, the model discussed here can be described as
following.

In a longitudinal study, assume that the responses depend on two explanatory
variables, x; and x,. x; is subject to control, while x5 is not and unknown until
the experiment is carried out. Assume that x5 is dependent on zq, through density
p(xs|z1). The response from subject ¢ under jth measurement, y;;, j = 1,...,n,
satisfies

lﬁ?f = E(y;j|b;) = 0" (bio + biz1ij + bioaij).- (3.1)

Write b; = (bio, bi1, bia)’ = B + a consists of the subject-independent fixed-effects
vector B and the random vector a; ~ N3(0,X), i.e., b; ~ N3(8,%). The covariance
matrix 3 can be singular, allowing some effects to be fixed effects. In this model, we
are interested in estimating all coefficients in the regressor, i.e., 8y, 81, and fs.
Discussion in Section 1.6 is only based on fixed-effects models. Under the current

mixed model 3.1, like the case in Chapter 2, we should stick to the exact design
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for each subject, and the approximate design approach only works between subjects.
By adjusting the average design approach suggested by Lopez-Fidalgo and Garcet-
Rodriguez 2004, we consider the information matrix given the uncontrolled variable
Z3.

For N subjects, given the value of &} = {x2;1,...,22:},4 = 1,..., N, and the
value of the mixed effects b = (by,...,by), analogous to (2.4), the conditional

covariance matrix of 3 is

N -1
Cov(B| X3, b) ~ (ZF?U;TZ) . (3.2)
i=1
U; equals V; ' + FiEFiT, and F; is the design matrix of design &;, i.e., F; = F;(&;) =
(f(ful, $2,z‘1), e 7f(x1,in7 952,mi))T = ((1, L1,i1, xQ,il)Tu s (1; T1ings $2,m)T)T, and V; =
V(&) = diag(vh, ..., v>"). Note that vf’ji now depends on both z;;; and ;.
Using the same notation in (2.6), considering designs should only depend on the

controlled variable x1, the approximate population design is now formulated as
f = {(gp(xl)va)vp = 17 ceey Ns}a Wy > 07 pr =1 (33)
p

Based on this notation, we first take the expectation of the inverse of (3.2) with
respect to the random effects b to get the information matrix given uncontrolled
variable X5, and then take the expectation with respect to the density p(Xs|X), to
obtain the PQL approximation to the information matrix under model (3.1)

Ny
M) = MMOH(EB.B) = D wyBox,(Fy (V' +F,ZF))'F,).  (34)

p=1

This expression is similar to (2.7), but the matrices involved now depend on both x;
and x5, and the expectation should be taken with respect to both b and X5. Since b
and X, are assumed to be independent, the order of the expectations doesn’t matter
in computation. For density p(X5|X7), this is just the multiplication of p(xq,j|x1.;)

by independence.
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3.2 Simulation: Locally Optimal Designs Searching for GLMMs with One Experi-

mental Variable and One Dependent Observational Covariate

In this section, locally optimal designs for model (3.1) are obtained using (3.4) as
an approximation to the information matrix. Since this is a locally design problem,
and expression (3.4) is dependent on the distribution of the observational covariate, we
set a comprehensive set of parameter choices in Table 6 in the following optimal design
searching. For X, we still take 3 = r- X, as in 2.3, but with redefined ¥ as in Table 6.
Moreover, the dependency relationship of x5 on z; is defined as x5 ~ N(qu(x1),0y).
We choose qu(-) to be a quadratic function, (z — mid)?, where mid is the mid-point

of the design region.

Choices for (8o, f1) (1,—1) (6,—1)
Choices for [y 1 -1
Choices for o, .6 3
Diagonals of &y L (.1143, .07, .09) 1L (.4, .02,.09) III: (.02, .4,.09)

Table 6. Parameter Choices for Locally Optimal Design Searching with Unknown
Observational Covariate
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Figure 11. A-optimal Designs with n = 5 Observations per Subject, with Gy = 1,

o, = .6. The Covariance Type of 3 Is Shown in the Top Bar and the Choice for
(Bo, 1) in the Right-hand Bar. The Value of r for the Covariance Matrix ¥ Is along
the Vertical Axis, and the Design Region [1,6] Is Shown along the Horizontal Axis.
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Figure 12. D-optimal Designs with n = 5 Observations per Subject, with fs = 1,

oy, = .6. The Covariance Type of 3 Is Shown in the Top Bar and the Choice for
(Bo, 1) in the Right-hand Bar. The Value of r for the Covariance Matrix ¥ Is along
the Vertical Axis, and the Design Region [1, 6] Is Shown along the Horizontal Axis.

We show some of the optimal designs found in Figure 11 and 12, designs for other

parameter settings are shown in A.2. This is enough for us to discuss some findings
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about optimal designs. Compared to designs in Section 2.3, we observe more distinct
design points. When the variance of the observational variable is larger (taking value
3), we tend to have less distinct design points in a locally optimal design, and this
trend is more obvious for A-optimality. The designs don’t change much only for
different o, or (5 value. Overall, the designs are quite robust with respect to different
assumption of the observational variable. This suggests that in practice, the error in

the prior of the observational variable doesn’t hurt the experimental design too much.
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Chapter 4

TOPIC III: BAYESIAN OPTIMAL DESIGNS FOR LOGISTIC MIXED MODELS
WITH ONE COVARIATE

4.1 Bayesian Design Problem Illustration

In the locally optimal design approach, the optimal designs must be generated
with given values of the parameter to be estimated in the experiments. When we don’t
have a very convincing guess of the design parameters, Bayesian designs are often
attractive, especially when some prior is considered reasonable for the design problem.
Following the model description in Section 2.1, we briefly describe the model settings.

In a longitudinal study, the response from subject ¢ under jth measurement, y;;,

j=1,...,n;, satisfies
/L?ji = E(yij|bi) = n " (bio + bi1®1,45). (4.1)

Write b; = (b, bﬂ)T = 3 + «; consists of the subject-independent fixed-effects vector
(B and the random vector a; ~ No(0, %), i.e., b; ~ Ny(3,X). In the Bayesian design
approach, the unknown parameters (3,3) are assumed to be following some prior
distributions, and the design optimality criteria will be an expectation with respect to
these distributions. In this model, we are interested in estimating all coefficients in
the regressor, i.e., 5y, 1.

This model doesn’t differ from model (1.3) in estimation, we can obtain the PQL
approximation to the conditional information matrix under model (3.1) as

N
ML) = MPP(EB,E) = Y w,Bu(Fy (V,' + F,IF))"'F,), (4.2)

p=1
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which is in the same form as (2.7).
By Chaloner and Verdinelli. 1995, Bayesian optimality criteria can be expressed as

Egs(logdet(1(£|8,%))), for Bayesian D-optimality;
¢p(§) = (4.3)

Egs(—tr(I7'(¢]3,%))), for Bayesian A-optimality;
where I(£|3,%) is the expected information matrix for design { and parameter 3, 3.
Since there are two expectations in the criterion, which makes the simulation more
complex, we describe the process of calculating Bayesian criteria step by step in

Algorithm 2.

Algorithm 2 Calculating Bayesian Criterion using expectation of the Conditional
Information

Get n paired samples from the prior of 8 and X, {(3;, %)} 1;

For (B;,%;),i=1,...,n

Get m samples from N(8;, X;), {(b;)}, to calculate MFH(8;, 3;);

2Ob_p ~ iy log det(M (B, X));

LOboa = XL (M6, 5);

Using this approach, n needs to be sufficiently large to get a stable estimation to
such an expectation. By some simulation, n = 10000 is still not large enough, making
this approach too slow in finding an optimal design.

To have a shorter running time, we try to derive the expected information matrix
from the inverse of the expectation of the covariance matrix as following.

For mq subjects, given the value of @) = {x2,1,..., 220, },% = 1,...,mp, and
the value of the mixed effects b = (by, ..., b,,,), analogous to (2.4), the conditional
covariance matrix of B is

Cov(B|b) ~ (%F?Ugll_ﬁ) . (4.4)

i=1
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U, equals VZ-_l + F,-EF;TF, and F; is the design matrix of design &;, ie., F; =
Fi(&) = (F(z1a), - f (i) = (Lz)T, o0 (Lz,,)T)T, and V; = V(&) =
diag(vl, . .. ,v}’;’i).

It is intuitive to compute the expectation of (4.4) with respect to b as CL9%(3, ).
Given the estimator B being unbiased, this expectation is an unbiased estimator of
the covariance matrix of the estimator. Then, taking the inverse, we have the value
for the expected information matrix. This expression is dependent on mg, the total
number of subjects in the experiment, which suggests different designs for different

numbers of subjects. The simulation details for this approach is showed in Algorithm

3.

Algorithm 3 Calculating Bayesian Criterion using Expectation of the Conditional
Covariance Matrix

Get n paired samples from the prior of 8 and X, {(3;, ;) }11;

For (8;,%;),i=1,...,n

Get m - mg samples from N (8;, X;), {(b;)}[“1" to calculate CL%"(8;, X;);

OB_p = % >y logdet  (CROM(B3;, %y));

Ghoa ™~ 2 tr(CRH (B, X0));

These two approaches have a direct connection. It is not hard to show that
FTU;'F; has finite expectation with respect to b;. When mg goes to infinity,
m%) S FIUS'F; has a finite limit, which is just Ep,(FYU;'F;). When we have
enough subjects, these two approaches should match. For longitudinal studies, espe-
cially in clinical trials, available subjects are usually limited, so a relatively smaller mg
is focused on. By simulation, the second approach indeed provides much smaller error

for my = 10, and the later optimal design searching is based on this my = 10 setting.
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4.2 Simulation: Bayesian Optimal Designs Searching

In this section, Bayesian optimal designs for model (4.1) are obtained using the
second approach to calculate the optimality criteria. For Bayesian optimal designs,
evaluations are made on priors of the model parameters. In the following simulation,
we consider sufficiently comprehensive cases of the priors of 8 and X to illustrate the
behavior of these optimal designs. 3 is assumed to be following a normal distribution
N(Bo,X3), where Xg = r - X g, with three different choices of ¥ g(. X is assumed to
a diagonal matrix diag{o?, o7}, and the two diagonals are assumed to be following
inverse-Gamma distributions. The detailed priors and other settings are shown in

Table 7.

Choices for By (1,-1) (6,—1)
Choices for ¥g I: (.1143, .07) II: (4, .02) III: (.02, .4)

Inverse Gamma for o2 a: (1,4/3) b: (3,1)

Inverse Gamma for o7 a: (1,4/3) b: (3,1)

Table 7. Parameter Choices for Bayesian Optimal Design Searching

We show some of the optimal designs found in Figure 13 and 14, designs for other
parameter settings are shown in Appendix A.3. The choices of the parameters of
the inverse-Gamma distribution of 03, and 03, are represented as (a,a), (a,b), etc.
For the inverse-Gamma priors of 02 and o7, case a corresponds to an inverse-Gamma
distribution with a quite concentrate distribution. For case b, the distribution is
spreading out with a larger variance.

We can conclude some characteristic of the designs from the plots. In many
cases for number of observations n = 2, optimal designs contain 2 sub-designs. For
B = (6,—1)" and Type III for 33, we can see some beautiful symmetry of the two

sub-designs. Each of the sub-designs is focusing on one of the end points of the design

52



region. For n = 5 case, the number of distinct design points is 3 or 4, which is more
than the typical value 3 for locally optimal design. This is a reasonable result, that
with more variation of the model assumption, more distinct values of the design points
are needed.

The choices of prior of X is then discussed. For cases involving b, comparing to
case (a,a), we tend to need more distinct designs points to form a Bayesian optimal
design. But overall, the designs are quite robust with respect to such a choice. This
suggests that, in practice, the prior of 3 has more influence on the optimal design

than that of X.
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Figure 13. Bayesian D-optimal Designs with n = 2 Observations per Subject. The
Prior Settings of ¥ Are Case (a,a). The Covariance Type of X5 Is Shown in the Top
Bar and the Choice for By in the Right-hand Bar. The Value of r for the Covariance
Matrix ¥z Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 14. Bayesian D-optimal Designs with n = 5 Observations per Subject. The
Prior Settings of ¥ Are Case (a,a). The Covariance Type of X5 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.

4.3 Robustness Study on Bayesian Optimal Designs

Compared to locally optimal designs, one of the main advantages of Bayesian
optimal designs is better performance in robustness. In Bayesian optimality criteria,
the aim function is evaluated over a prior, instead of the point guess in locally
optimality criteria. In this subsection, we discuss the robustness of the Bayesian
optimal designs under model (4.1).

The robustness can be evaluated by relative efficiencies comparing Bayesian designs
and others. Under a given prior, a joint sample of size n;, = 50 can be generated, and
we can search for locally optimal designs corresponding to each value in the sample.
In the beginning, under these local parameters, efficiencies of Bayesian designs can be
computed by comparing to the corresponding locally optimal designs. For a Bayesian

optimal design, we are interested in the lowest efficiency Ej;, which stands for the
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worst, performance of a Bayesian design. On the other hand, we can also study the
robustness of these locally optimal designs as a comparison. The relative efficiencies
of these locally optimal designs comparing to each other can be computed. Then, we
can compute the lowest efficiency achieved by each of the 50 locally optimal designs
under these 50 parameter values. For these 50 minimums, we look at their maximum
E;yr and minimum E.

The results of efficiencies are summarized in Table 8 and 9. For each prior case,
we show the lowest efficiency Ejp;, of the Bayesian optimal design. Also, we show both
the maximum Fjy; and the minimum Fj;, of the 50 lowest efficiencies achieved by
the 50 locally optimal designs. In these tables, by comparing Fy;, and Ej,;, we can
see that Bayesian designs offer much higher or not much smaller lowest efficiencies
compared to all randomly generated locally optimal designs, which means some rare
but disastrous cases can be avoided. To be specific, in some cases, some extremely
low efficiencies are avoided by applying Bayesian optimal design, see the red numbers
in the tables. That means in those cases, each of the locally optimal designs may
have achieved such a low value for at least one time, for all 50 parameter values,
but a Bayesian design can offer a much better lowest efficiency. By comparing Ej;,
and Ej;, we can also see some of the locally optimal designs are performing badly
under mis-specified parameter values. Overall, Bayesian optimal designs are robust
with respect to different parameter values, especially compared with locally optimal

designs.
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Y Case (a,a) (a,b) (b,a) (b,b)
r 5 10 25 5 10 25 5 10 25 5 10 25

Ey, 83 84 89 74 80 .78 .79 .56 .77 .50 .70 .63
I En 8 80 87 78 .84 78 .78 70 .77 53 .70 .51
By, 44 47 46 39 24 14 36 .10 .06 O 0 0
Ey, 62 80 .75 61 .73 .68 .65 .66 .69 .63 .37 .58
IT Ep, 70 79 75 .71 .74 69 .72 62 .72 .65 .b4 b4
Eyp 31 44 30 30 27 28 23 22 .16 .04 .05 .01
Ey, 53 54 74 74 39 56 .64 .63 43 45 .58 42
I Epy 72 74 75 66 .71 42 70 41 54 .18 .53 .19
Eyp 0 02 .16 .02 0 0 0O o0 0 O 0 0

Table 8. Some Lowest Efficiencies Achieved by Bayesian D-Optimal Designs and
Locally D-Optimal Designs, for By = (6, —1)". See more Details in the Related
Discussion. 0 Means the Value Is Less Than .01.

r 5 10 25 5 10 25 5 10 25 5 10 25

Ey, 77 60 .79 68 .72 .63 .63 .57 .63 .34 37 .45
I Ep 79 63 79 61 .76 .70 .67 .57 .67 .25 .59 .19
Eyp 25 21 33 .16 .07 .03 .17 O 0 0 0 0
Ey, 57 58 69 37 .70 .58 .63 .28 .40 .35 .51 .29
IT Eyp 55 66 .66 .50 .64 .50 .58 42 56 .40 .32 .29
Eyp 14 021 15 .10 .11 .10 .07 .05 .05 .01 .02 O
Ey, 63 52 71 72 49 62 .61 .59 .53 48 .56 .43
Ir Ey, 72 74 75 66 .71 42 70 41 54 20 .b3 .12
Erp 0 04 12 03 0 .14 07 O 0 0 O 0

Table 9. Some Lowest Efficiencies Achieved by Bayesian A-Optimal Designs and
Locally A-Optimal Designs, for By = (6, —1)". See more Details in the Related
Discussion. 0 Means the Value Is Less Than .01.
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Chapter 5

CONCLUSION AND DISCUSSION

In this dissertation, we investigate optimal designs for logit mixed models.

In Chapter 2, we search for locally optimal designs under one-covariate logit
mixed models. To approximate the information matrix, we apply penalized quasi-
likelihood (PQL) method and show the superiority of it. Under different local
parameters and design restrictions, locally D- and A-optimal designs are constructed
based on the approximation. We have several conclusions. By the expression of the
PQL approximation, the locally optimal designs are dependent on the number of
measurements for each subject. For these locally optimal designs, we can still see some
similarity to the locally optimal designs for GLMs, in both number and positions of
distinct design points. Moreover, for many cases, we should apply different designs to
different subjects. We also study the robustness of these locally optimal designs with
respect to mis-specified variance-covariance matrix of the random effects. Based on
the line plot of the robustness, we should carefully make the guess of the parameters
to decrease potential loss in efficiency.

In Chapter 3, an unknown observational covariate is added to the previous model.
With such an unknown observational variable in the experiment, expected optimality
criteria based on the PQL approximation are considered. Under different assumptions
of the unknown variable and parameter settings, locally optimal designs are constructed
and discussed. In this case, the number of distinct design points increases. Moreover,

the distribution of these points is more even in the design region. Comparing these
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locally optimal designs under different parameter settings, the designs are quite robust
to many of the settings, especially to the settings related of the observational variable.

In Chapter 4, we study Bayesian optimal designs based on the model in Chapter
2. Bayesian design under such a model is usually expensive in time. The running
time of simulations in this dissertation is optimized to an acceptable amount with
accurate result. Typically, we need more distinct design points in this case. For
Bayesian design, the choice of the prior is also important. Based on the results, the
Bayesian designs are quite robust with respect to the prior of 3, while the prior of
B has much more influence. We must be careful about the prior of 3, other than
that of 3. We also discuss the robustness of Bayesian optimal designs with respect
to different parameters from the priors and got much better results compared with
locally optimal designs.

There are still lots of interesting topics related to optimal designs under logit mixed
models. Using other approximations to the information matrix, or considering simpler
models, it is possible to pursue complete class results for locally optimal designs. It is
also possible to consider more assumptions on the unknown observational variable to

fit more realistic design problems.
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APPENDIX A

OPTIMAL DESIGNS FOR ALL PARAMETER SETTINGS
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Here are all design results not shown in the previous chapters.

A.1 Locally A- and D-optimal designs for all parameter settings

Typel Type ll Type lll

=
1 L +
1 L + &
t &+ oz 3 3

r
=]
E I T T T
E I T T T
3

‘a

4
Design Points

Figure 15. A-optimal Designs with n = 3 Observations per Subject. The Covariance
Type Is Shown in the Top Bar and the Choice for 3 in the Right-hand Bar. The
Value of r for the Covariance Matrix ¥ Is along the Vertical Axis, and the Design
Region [1, 6] Is Shown along the Horizontal Axis.
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Figure 16. D-optimal Designs with n = 3 Observations per Subject. The Covariance
Type Is Shown in the Top Bar and the Choice for B in the Right-hand Bar. The
Value of r for the Covariance Matrix ¥ Is along the Vertical Axis, and the Design
Region [1,6] Is Shown along the Horizontal Axis.
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Figure 17. A-optimal Designs with n = 4 Observations per Subject. The Covariance
Type Is Shown in the Top Bar and the Choice for 3 in the Right-hand Bar. The
Value of r for the Covariance Matrix 3 Is along the Vertical Axis, and the Design
Region [1, 6] Is Shown along the Horizontal Axis.
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Figure 18. D-optimal Designs with n = 4 Observations per Subject. The Covariance
Type Is Shown in the Top Bar and the Choice for B in the Right-hand Bar. The
Value of r for the Covariance Matrix ¥ Is along the Vertical Axis, and the Design
Region [1,6] Is Shown along the Horizontal Axis..
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Figure 19. A-optimal Designs with n = 6 Observations per Subject. The Covariance
Type Is Shown in the Top Bar and the Choice for 3 in the Right-hand Bar. The
Value of r for the Covariance Matrix 3 Is along the Vertical Axis, and the Design
Region [1, 6] Is Shown along the Horizontal Axis.
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Figure 20. D-optimal Designs with n = 6 Observations per Subject. The Covariance
Type Is Shown in the Top Bar and the Choice for B in the Right-hand Bar. The
Value of r for the Covariance Matrix ¥ Is along the Vertical Axis, and the Design
Region [1,6] Is Shown along the Horizontal Axis.

A.2 Locally A- and D-optimal designs with an unknown observational covariate for
all parameter settings
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Figure 21. A-optimal Designs with n = 5 Observations per Subject, with g = 1,
0y = 3. The Covariance Type of 3 Is Shown in the Top Bar and the Choice for

(Bo, 1) in the Right-hand Bar. The Value of r for the Covariance Matrix ¥ Is along
the Vertical Axis, and the Design Region [1, 6] Is Shown along the Horizontal Axis.
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Figure 22. A-optimal Designs with n = 5 Observations per Subject, with 8y = —1,
o, = .6. The Covariance Type of 3 Is Shown in the Top Bar and the Choice for
(Bo, 1) in the Right-hand Bar. The Value of r for the Covariance Matrix ¥ Is along
the Vertical Axis, and the Design Region [1,6] Is Shown along the Horizontal Axis.
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Figure 23. A-optimal Designs with n = 5 Observations per Subject, with gy = —1,
0y = 3. The Covariance Type of 3 Is Shown in the Top Bar and the Choice for
(Bo, £1) in the Right-hand Bar. The Value of r for the Covariance Matrix ¥ Is along
the Vertical Axis, and the Design Region [1, 6] Is Shown along the Horizontal Axis.
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Figure 24. D-optimal Designs with n = 5 Observations per Subject, with fs = 1,

o, = 3. The Covariance Type of 3 Is Shown in the Top Bar and the Choice for

(Bo, 1) in the Right-hand Bar. The Value of r for the Covariance Matrix ¥ Is along
the Vertical Axis, and the Design Region [1,6] Is Shown along the Horizontal Axis.
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Figure 25. D-optimal Designs with n = 5 Observations per Subject, with fy = —1,
o, = .6. The Covariance Type of 3 Is Shown in the Top Bar and the Choice for
(Bo, £1) in the Right-hand Bar. The Value of r for the Covariance Matrix ¥ Is along
the Vertical Axis, and the Design Region [1, 6] Is Shown along the Horizontal Axis.
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Figure 26. D-optimal Designs with n = 5 Observations per Subject, with fs = —1,
o, = 3. The Covariance Type of of ¥ Is Shown in the Top Bar and the Choice for
(Bo, 1) in the Right-hand Bar. The Value of r for the Covariance Matrix ¥ Is along
the Vertical Axis, and the Design Region [1,6] Is Shown along the Horizontal Axis.

A.3 Bayesian A- and D-optimal designs for all parameter settings and priors
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Figure 27. Bayesian D-optimal Designs with n = 2 Observations per Subject. The
Prior Settings of 3 Are Case (a,b). The Covariance Type of X5 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 28. Bayesian D-optimal Designs with n = 2 Observations per Subject. The
Prior Settings of 3 Are Case (b, a). The Covariance Type of ¥ g Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 29. Bayesian D-optimal Designs with n = 2 Observations per Subject. The
Prior Settings of 3 Are Case (b,b). The Covariance Type of X5 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 30. Bayesian D-optimal Designs with n = 5 Observations per Subject. The
Prior Settings of 3 Are Case (a,b). The Covariance Type of X5 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 31. Bayesian D-optimal Designs with n = 5 Observations per Subject. The
Prior Settings of ¥ Are Case (b,a). The Covariance Type of 33 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 32. Bayesian D-optimal Designs with n = 5 Observations per Subject. The
Prior Settings of ¥ Are Case (b, b). The Covariance Type of X3 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 33. Bayesian A-optimal Designs with n = 2 Observations per Subject. The
Prior Settings of ¥ Are Case (a,b). The Covariance Type of 33 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 34. Bayesian A-optimal Designs with n = 2 Observations per Subject. The

Prior Settings of 3 Are Case (b, a). The Covariance Type of ¥ g Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the

Horizontal Axis.
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Figure 35. Bayesian A-optimal Designs with n = 2 Observations per Subject. The

Prior Settings of 3 Are Case (b,b). The Covariance Type of X5 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the

Horizontal Axis.

74



Typel Type ll Type lll

4
Design Points

Figure 36. Bayesian A-optimal Designs with n = 5 Observations per Subject. The
Prior Settings of 3 Are Case (a,b). The Covariance Type of X5 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 37. Bayesian A-optimal Designs with n = 5 Observations per Subject. The
Prior Settings of ¥ Are Case (b,a). The Covariance Type of 33 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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Figure 38. Bayesian A-optimal Designs with n = 5 Observations per Subject. The
Prior Settings of ¥ Are Case (b, b). The Covariance Type of X3 Is Shown in the Top
Bar and the Choice for 8y in the Right-hand Bar. The Value of r for the Covariance
Matrix X g Is along the Vertical Axis, and the Design Region [1, 6] Is Shown along the
Horizontal Axis.
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