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ABSTRACT

Let E be an elliptic curve defined over a number field K, p a rational prime, and
A(T") the Iwasawa module of the cyclotomic extension of K. A famous conjecture by
Mazur states that the p-primary component of the Selmer group of E is A(T")-cotorsion
when E has good ordinary reduction at all primes of K lying over p. The conjecture
was proven in the case that K is the field of rationals by Kato, but is known to be
false when E has supersingular reduction type. To salvage this result, Kobayashi
introduced the signed Selmer groups, which impose stronger local conditions than
their classical counterparts.

Part of the construction of the signed Selmer groups involves using Honda’s theory
of commutative formal groups to define a canonical system of points. In this paper
I offer an alternate construction that appeals to the Functional Equation Lemma,
and explore a possible way of generalizing this method to elliptic curves defined over

p-adic fields by passing from formal group laws to formal modules.
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Chapter 1
BACKGROUND
1.1 The Classical Selmer Group

Let K be a number field and E an elliptic curve that is defined over K. The
Selmer group is an object that arises in the proof of the Mordell-Weil Theorem. Fix
an algebraic closure K of K, and let G denote the Galois group Gal(K /K). Note
G is the inverse limit of the system of groups Gal(L/K), where L ranges over the
finite Galois extensions of K. If Es denotes the subgroup of torsion points of E(K),
then there is a natural action of Gx on Fi,s that is continuous with respect to the
profinite topology on Gi and the discrete topology on Fi,.; thus we may view Fig
as a Gx-module, and consider the first cohomology group H' (G, Eiors)-

Let P € F(K) and n > 1. Since the multiplication-by-n isogeny [n] : E — E is

surjective, there exists some @ € F(K) such that nQ) = P. Suppose 0 € Gk and
write @' = 0(Q), so that nQ" = P. It follows that n(Q" — Q) = 0; that is,

0(@) - Q € Etors'

Thus the map ¢ : Gx — FEliors defined by p(0) = 0(Q) — @ is a 1-cocycle, and we may
consider the corresponding class [¢] of H' (G, Eiors). We define the Kummer map to
be the injective homomorphism

k: B(K)®z(Q/Z) — H (Gk, Eiors)

P® <%+Z) =[]



Let My be the set of primes of the number field K. If v € Mg, let K, denote
the completion of K at v. For each v, choose an algebraic closure K, of K,, and let
Gk, = Gal(K,/K,) be the absolute Galois group. By a similar logic as above, we can

define a v-adic Kummer map
KRy : E(KU> ® (Q/Z) — Hl(GKva Etors)-

If we choose an embedding K < K, that extends the natural embedding K — K,,,
then G'x, may be viewed as a subgroup of G g; thus, after applying Galois cohomology,

we obtain a restriction map H'(Gk, Fios) — H' (G, , Etors)-

Definition 1.1.1. The Selmer group Selg(K) of E over the number field K is defined

to be

SelE(K):ker{Hl(GK, Eo) = ] ]i }((G;K@fé/z))}

where we identify E(K,) ® (Q/Z) with its image under the v-adic Kummer map. It

can be shown that this definition is independent of our choice of extensions.

We typically study the structure of Selg(K') by analyzing its p-primary subgroups.
Let p be a fixed prime, and for any n > 1, let E[p"] denote the group of p"-torsion
points of E; furthermore, let E[p*] =J,5, E[p"]. Also let k,, be the restriction of

the v-adic Kummer map &, to the p-primary subgroup of F(K,) ® (Q/Z).

Definition 1.1.2. The p-Selmer group Selg(K), of E over the number field K is
defined to be

s =t {1 T £



1.2 Iwasawa Theory of the Classical Selmer Group

Let K, be an infinite Galois extension of K whose Galois group is a p-adic Lie
group of positive dimension. (Later, we will mostly be interested in the case where
K is the cyclotomic Z,-extension of K.) We can extend the definition of the Selmer

group as follows:

Definition 1.2.1. The p-Selmer group Selp(K ), of E over the infinite field extension
K is

Selp(Kx)p = lingelE(L)p,
where L runs over the finite extensions of K contained in K, and the direct limit is

taken with respect to the restriction maps.

Denote the Galois group of K, over K by I'. There is a natural action of I" on the
cohomology group H'(K.., E[p™]) and hence on the subgroup Selp(K.),. Viewing
Selp(K ), as a discrete Z,-module, we note that this action is both continuous and
Zy-linear; thus it makes the p-Selmer group into a discrete A(I')-module, where A(T")

is the completed group algebra of I' over Z,. That is,
A(T) = Z,[[T]] = lim Z,[T/N],

where N runs over the open normal subgroups of I'. We refer to A(T") as the [wasawa
algebra of I'. It is a useful fact that if + is a topological generator of I', then the
map v — 1+ T induces an isomorphism Z,[[[']] = Z,[[T]], where the latter is the
ring of formal power series with coefficients in Z,. In particular, A(I") is a complete
Noetherian local ring of Krull dimension 2.

Our goal is to describe the structure of Selg(K), as a A(I')-module. It is

sometimes more convenient to examine its dual:



Definition 1.2.2. If M is a A(I')-module, then the Pontryagin dual of M, denoted

M , is the group of continuous homomorphisms M — Q,/Z,, i.e.,
M = Hom(M,Q,/Z,).
The module M is said to be A(T")-cotorsion if its dual is A(T")-torsion.

Many of the arguments ultimately reduce to analyzing the structure of a particular
commutative diagram. Let S be a finite set of primes of K that contains all the primes
dividing p and all the primes where F has bad reduction. Let Kg be the maximal
extension of K that is unramified outside of S and the Archimedean primes of K,
and assume K, C Ky (this is certainly true when we take K, to be the cyclotomic
Zy-extension). Also put Gg = Gal(Kg/K) and Gg oo = G(Kg/Kw).

For a finite extension L of K contained in K, and a prime v of K, write

JAL) = @ H (G, B,

wlv

where the direct sum is taken over the primes w of L lying over v; we then define

Jo(Keo) = MJU(L%
where, as above, L runs over the the finite extensions of K contained in K., and the
direct limit is taken with respect to the restriction maps. The p-Selmer group of E
over K is characterized by the exact sequence of I'-modules

0 = Selp(K), — H'(Gs, Elp™]) = €D J.(K),

veS

where X is the localization map. Taking direct limits over the intermediate fields then
yields an analogous exact sequence

0 = Selp(Koo) = H (Gs o0, Ep™]) 2= @ Ju(Koc).

veES

These exact sequences are in turn related by the commutative diagram



0 — Selp(Keo)l —— H'(Gsoor BN =2 @, g Jo(Koo)"

I I

0 — Selg(K), —— H'(Gs, E[p™]) —2— @,cq Jo(K),

where the rows are exact and the vertical arrows are the restriction maps. This is

referred to as the fundamental diagram in (Coates and Sujatha 2010).
1.3 The Case of the Cyclotomic Extension

Henceforth we will assume that K, is the cyclotomic Z,-extension of K. More
precisely, let y, denote the set of p-power roots of unity in K. We choose K, to
be the fixed field of the torsion subgroup of Gal(K (,~)/K); equivalently, K is the
unique subfield of K (puy~) over K for which Gal(K«/K) = Z,. Put K_; = K and
K, = K(pym+) for each n > 0, so that K, is the n'" layer of the extension.

Analyzing the structure of the fundamental diagram in this situation shows that

the dual of Selg (K. Oo)ll: has finite rank over Z,, from which the following result may

be deduced:
Proposition 1.3.1. The dual of Selp(K ), is finitely generated as a A(I')-module.

In fact, a stronger result has been conjectured in (Mazur 1972), which captures

one of the central problems of the Iwasawa theory of elliptic curves:

Conjecture 1.3.2 (Mazur). Let p be a rational prime and E be an elliptic curve
with good ordinary reduction at all primes of K lying over p. Then Selp(K), is

A(T")-cotorsion.

The conjecture is known to be true in several special cases. An ‘easy’ case occurs

if we assume the Selmer group over K is finite.



Definition 1.3.3. Let E be an elliptic curve defined over a number field K, and let v
be a prime of K dividing p. We say F has potential good ordinary (resp. supersingular)
reduction at v if there exists a finite extension L of K, such that E has good ordinary

(resp. supersingular) reduction over L.

Theorem 1.3.4. Assume that Selg(K), is finite and E has potential good ordinary

reduction at all primes of K dividing p. Then Selg(K ), is A(I')-cotorsion.

The most significant advance in this area was made in (Kato 2004) by studying

Euler systems associated to modular forms.

Theorem 1.3.5 (Kato 2004, Theorem 14.4). Let A be an Abelian variety over Q
such that there is a surjective homomorphism J;(N) — A for some N > 1. Then for

any m > 1, A(Q(pp=)) is finitely generated as an Abelian group.

Here J; (V) denotes the Jacobian associated to the congruence subgroup I'y (V).
An analogous result for Jy(N) was previously shown in (Kolyvagin and Logachev
1990). In particular, if E is an elliptic curve with conductor Ng, a version of the
Modularity Theorem guarantees the existence of such a surjection J;(Ng) — E, so
that E(Q(pp)) is a finitely generated Abelian group for any prime p. This has the

important consequence:

Theorem 1.3.6. Let E be an elliptic curve defined over Q with good ordinary

reduction at the prime p. Then Selg(Q(pp)) is A(I')-cotorsion.

A common attribute of these theorems is the assumption that F has (potential)
good ordinary reduction at the prime p (or more generally the primes lying over p); this
condition turns out to be essential, as (Schneider 1985) has shown that Selg(K ), fails

to be A(I')-cotorsion when E has good supersingular reduction at p. To elaborate on



this point, let Q(I") denote the total quotient ring of A(T"). For any finitely generated
A(T")-module X, we define the A(I")-rank of X to be the dimension of X ®xr) Q(T')
over Q(I'). Let P, g(K) be the set of primes v of K dividing p such that E has
potential good supersingular reduction at v. If P, g(K) is nonempty, we say that E is
of supersingular type at p. Define

> vep, p(r) o 1 @], if E s of supersingular type at p,
rpe(K) = "

0, else.
Then Mazur’s Conjecture is a special case of the following:

—_—

Conjecture 1.3.7 (Schneider). For every prime p, the A(I')-rank of Selp(K ), is

equal to r, p(K).

As above, this is known to be true when Selg(K ) is finite and E has potential
good reduction at all primes of K dividing p. For more general elliptic curve, we at
least have:

o —

Theorem 1.3.8. For every prime p, the A(I")-rank of Selg(K ), is greater than or

equal to r, p(K).

Proof. See (Schneider 1985), §3, Corollary 5 or alternatively (Coates and Sujatha
2010), Theorem 2.6. O

Corollary 1.3.9. If E has supersingular reduction at a prime v of K dividing p, then

—

Selgp(K ), has positive rank as a A(I")-module.

Proof. This follows immediately from Theorem 1.3.8 since P, g(K) is nonempty. [



1.4 The Construction of the Signed Selmer Groups

(Kobayashi 2003) introduced the signed Selmer groups as a way of salvaging
Iwasawa theory for elliptic curves in the case of supersingular reduction. The strategy
involves imposing stronger local conditions at p than required in the definition of the
classical p-Selmer group. Let E be an elliptic curve over Q with good reduction at p.
Recall that the Frobenius endomorphism of the reduced elliptic curve E /F, has trace
a,:=1+p— +E (F,). We assume that a, = 0; for primes p > 5, this is equivalent to
stating that F has supersingular reduction at p.

Let K, K, and K, (n > 0) be as above. If v is a prime of K,,, denote the

completion of K,, at v by K, ,. We define the subgroups F*(K, ) of E(K,.) by

EY(K,,) ={P € E(K,,) : Trpm1 P € E(Kp,,) for even m (0 < m < n)},

E7(Kyy) ={P € E(Kyny) : Trpjmi1 P € E(Kp,y) for odd m (=1 <m < n)},

where Try, /41 0 E(Kpy) = E(Kpmq1,) is the trace map P — ZJeGal(Kn o Komi10) Pe.

Definition 1.4.1. The even (resp. odd) p-Selmer group of E over K, is defined to be

GKW [P>])
nv ® (@p/Z

Sel:(K,), = ker { H' (G, , E H I

vEMK,,

We extend this definition to the cyclotomic Z,-extension by setting

Seli(Koo)p = lim Seli(Ky,),-

Using this new machinery, we have the following (see Kobayashi 2003, Theorem

1.2):

Theorem 1.4.2 (Kobayashi). Seljjr[;/(}n)p are finitely generated torsion A(I")-modules.



We mention here a few important details in the proof. Let F be an elliptic curve over
Qp. Put m_; = pZ, and for each n > 0, let m,, be the maximal ideal of Z,[(,n+1], where

n+41

(pr+1 denotes a primitive p"* st root of unity. Also, for a formal group F, let Tr,,, :

F(m,,) — F(m,) be the trace map. Honda’s theory of formal commutative groups
is used to construct a canonical system of points (c,), € [[,>_; E(m,) satisfying
Trpi1/n(Cng1) = —Cn—1. This system, in turn, is used to define the nth even and odd
Coleman maps Col : H'(Q,((pn+1),T) — A(T'), where T is the p-adic Tate module
of E. The subgroups E*(K,,) are then constructed to be the exact annihilators with
respect to the Tate pairing of the kernels of Colf.

Kobayashi’s approach has two main limitations: (i) it only defines the signed Selmer
groups for the cyclotomic Z,-extension; and (ii) the duals of the signed Selmer groups

are only shown to be A(T")-torsion in the case that K = Q. Since its publication, there

have been many attempts to generalize this method so as to remove these constraints.

1.5 Some Known Results

An early result concerning the growth of the signed Selmer groups comes from
(Iovita and Pollack 2006). Let E/Q be an elliptic curve and K, K,,, K, be as above.
Let S be a finite set of primes of K containing all the primes lying above p, the
Archimedean primes, and the primes of bad reduction for E; further let Kg be the
maximal extension of K that is unramified outside S. By Lemma 7.6 and Corollary

7.7 from (Iovita and Pollack 2006), we have:

Proposition 1.5.1. Assume that the prime p splits completely in K and that each

prime of K lying above p is totally ramified in K. The corank of Selg(K,), over Z,



—

is bounded if and only if Selx(K ), are torsion A(T")-modules. Furthermore, in this

situation, H*(Kg/ K, E[p™]) = 0.

The condition H?*(Ks/K, E[p™]) = 0 may be thought of as a cohomological
restatement of the weak Leopoldt conjecture. As it turns out, the weak Leopoldt
conjecture is related to this problem in a fundamental way. We define another variant

of the Selmer group:

Definition 1.5.2. The fine p-Selmer group Sel}(K), of E over a number field K is

Sel (i), = ker {Hl(GK, Bp<)) - ] H'(Cx.. E[poon} -

vEMK

For the extension K, we define
SeloE(KOO>p = hngel%(L)p,

where as usual the direct limit is taken over the intermediate fields.

—

Lemma 1.5.3 (Coates and Sujatha 2005, Lemma 3.1). Sel%(Ky,), is A(T)-torsion if
and only if H*(Kg/K, E[p™]) = 0.

This lemma still holds when we replace the cyclotomic Z,-extension K., with an
S-admissible p-adic Lie extension of K; that is, a Galois extension K, containing the
cyclotomic Zy-extension such that K., C Kg and Gal(K,/K) is a p-adic Lie group
that is pro-p and contains no element of order p.

A recent paper (Lei and Sujatha 2020) establishes a similar result for the signed
Selmer groups; however, an additional assumption is needed. First, we notice that we
can interpret the signed Selmer groups using the local terms J, defined previously.
Let K be a number field, K’ a subfield of K, and F/K' an elliptic curve with good

reduction at all primes above p. Let S;° be the set of primes of K’ lying above p

10



for which E has supersingular reduction and S;% the set of primes in K lying above
those in K'; assume S;° is nonempty. For any v € S3°, we require: (i) K, = Q,; (ii)
4y =1+p—#E(K') = 0; and (iii) v is unramified in K. Then the signed p-Selmer
groups of E over the n'" layer of the Z,-cyclotomic extension have the equivalent

definition

Self(Kn)p = ker ¢ Selg(K,), — @ E+(K, <GK;U’ (é O/O]Z? ) [
UES;f 8

and similarly for Self(K.,),.

For n > 0 and a prime v € 5%, define

N B Hl(GKn7w>,E[poo]>
T (Ka) = €D E*(Kpw) ® (Qy/Zy)

wlv

with the direct sum taken over all primes w of K, lying over v. Also let

JE(K.) = ling JE(K,).
If v & S3%, put JF(K,) = Jo(K,) and J;(Ky) = Jy(Kx). As in the discussion
of the classical Selmer groups, we can construct exact sequences relating the signed
Selmer groups to the local terms J=; this produces a map

AL HY(Ks/ Koo, EP™]) — @D J5(F,

veES

and a ‘signed’ version of the fundamental diagram:

+,T
0 —— Sel%(Koo)IF, —— H'(Kg/Ku, E[p™])" s Does 1o (Koo)'

I I I

0 — Selp(K), — H'(Ks/Kw, Ep™]) —2— @, ¢ Jo(K),

veS

Theorem 1.5.4 (Lei and Sujatha 2020, Proposition 4.4). Seli( ~)p 18 A(I')-torsion

if and only if the maps A\X are surjective and H*(Kg/ K, E[p>]) = 0.

11



—

An interesting result on the triviality of finite A(T")-submodules of Self(K..),
comes from (Kitajima and Otsuki 2016). The method employed is very similar to
that in (Kobayashi 2003), but applies to elliptic curves defined over suitably chosen

extensions of Q.

Theorem 1.5.5 (Kitajima and Otsuki 2016, Main Theorem 1.3). Let K be a finite
extension of Q, K /K the cyclotomic Z,-extension, and E an elliptic curve defined
over a subfield K' of K. Let S;° be the set of primes of K’ lying above p where E has

supersingular reduction. Assume the following:

(i) E has good reduction at any prime of K’ lying above p;
(ii) S,* is nonempty;

(iii) any prime v € S5 is unramified in K

)
)
)
(iv)
)
)

— e

v) K, = Q, for any prime v € S;°;

(V) ay=1+p—#E,(F p) for any prime v € S;%; and

/\

(vi) both Selx(K ), are A(I')-torsion.
Then both Seli( ~)p have no nontrivial finite A(I")-submodule.

Both (Lei and Sujatha 2020) and (Kitajima and Otsuki 2016) require us to assume
that the field K’ over which F is defined satisfies K, = Q,, for any prime v of K’ of
supersingular reduction. (When K’ = Q, as in Kobayahi’s proof, this is automatic.)
The importance of this condition is that it allows us to apply certain results from

Honda theory, as explained in the next chapter.

12



Chapter 2

HONDA THEORY AND CANONICAL SYSTEMS OF POINTS

2.1 Definitions and Important Properties

Let R be a ring. Two power series f(x1,...,%,),9(x1,...,2,) € R[[x1,...,2,]]

are said to be congruent modulo degree m if they are congruent modulo the closure

of the ideal in R[[xy,...,x,]] generated by all monomials of the form z%' ---zin,
where i; + -+ + 7, > m. In this situation, we write f(x1,...,2,) = g(z1,...,2,)
(mod deg m).

Definition 2.1.1. A (one-dimensional) formal group law over the ring R is a formal

power series FI(X,Y) € R[[X, Y]] such that

(i) F(X,Y)=X+Y (mod deg 2)
(i) F(X,F(Y,Z)) = F(F(X,Y), ).

Condition (ii) is called associativity.

We say the formal group law F(X,Y') is commutative if F(X,Y) = F(Y, X). It is
well-known that if the ring R has no elements that are simultaneously torsion and
nilpotent, then any formal group law over R is commutative. Relevant to our purposes,
any formal group law over a ring of characteristic 0 or a finite field is commutative.

Two simple but important examples are the additive formal group law @Q(X YY)

and the multiplicative formal group law @m(X ,Y'), defined as follows:

~ ~

Go(X,Y)=X+Y  and  Gu(X,Y)=X+Y + XY

13



Definition 2.1.2. Let F(X,Y) and G(X,Y) be two formal group laws over the ring
R. A homomorphism from F(X,Y) to G(X,Y) over R is a power series f(T) € R[[T]]

with zero constant term such that

(X, Y)) = G(f(X), f(Y)).

If further there exists a homomorphism ¢(7") from G(X,Y) to F(X,Y) such that
f(g(T)) = g(f(T)) = T, then f is called an isomorphism between F(X,Y) and
G(X,Y) over R. This isomorphism is said to be strict if f(7') =T (mod deg 2).

By general facts involving power series, a homomorphism f(7) : F(X,Y) —
G(X,Y) over R is an isomorphism if and only if the coefficient of 7" in f(7') is a unit
of R.

An example of an endomorphism of the formal group law F(X,Y) is the
multiplication-by-n map [n] : F(X,Y) — F(X,Y). It is defined inductively for
any n € Z by

ON(T) =0,  [n+1)(T) = F(T, [n](T)).
If F(X,Y) is a formal group defined over a ring R of characteristic p > 0, we say

F(X,Y) has height oo if [p](T) = 0. Otherwise the height of F(X,Y) is the smallest

positive integer h such that
[pl(T) =0 (mod deg p").

Furthermore, if R = O is the ring of integers of a local field K of characteristic 0
whose residue field k£ has characteristic p > 0, then the height of a formal group law
F(X,Y) over R is the height of the reduced formal group law over k.

When R = Ok, in order to establish a strict isomorphism between formal group

laws defined over R, it suffices to find isomorphisms over the rings of integers of the

14



local completions of K. Given a valuation v of K, let K, denote the completion of K

with respect to v, and O, its valuation ring.

Theorem 2.1.3 (Local-Global Principle). If F(X,Y) and G(X,Y") are formal group
laws over Ok, then they are strictly isomorphic over Ok if and only if they are strictly

isomorphic over O, for all non-Archimedean primes v of K.
Proof. See (Hazewinkel 2012), Theorem 20.5.2. O

Because of this principle, we will generally be interested in studying formal group
laws over rings of integers of local fields. If we take K = Q, then the local case can be

further reduced:

Theorem 2.1.4. Two formal group laws F(X,Y) and G(X,Y) are isomorphic over

Z,, if and only if their reductions modulo p are isomorphic over F,,.
Proof. (Hazewinkel 2012), Theorem 22.1.10. O

Unfortunately, this theorem does not generalize to rings of integers of finite
extensions of Q,. For instance, it is possible to construct non-isomorphic formal group
laws over Zs[i] whose reductions modulo 3 are isomorphic over Fy. (See (Hazewinkel
2012), Example 22.1.12.) This will be consequential in our discussion of formal group
laws associated to elliptic curves.

Suppose F(X,Y) is a formal group law over a complete local ring R with maximal
ideal m. If X and Y take values in m, then the power series F'(X,Y") actually converges,
giving m the structure of a group. More precisely, given the formal group law F(X,Y)

over R, the formal group law associated to F(X,Y), denoted F(m), is the set m

15



equipped with the operations

r@ry=F(x,y) for z,y € m
Orr =1i(x) for x € m,
where i(z) is the unique power series in R[[z]] such that F(z,i(z)) = 0. Similarly,

for a positive integer n, F(m") will denote the set m”™ equipped with the same group

operations.

Proposition 2.1.5. Let F(X,Y) be a formal group law defined over a complete local

ring R with maximal ideal m. Then for each n > 1, the identity map induces a group

isomorphism
F(m")  m"
]:(mn+1> T omntl’
Proof. See (Silverman 2009), §IV.3, Proposition 3.2. O

2.2 Honda’s Theory of Commutative Formal Groups

One method for analyzing the structure of commutative formal groups comes from

(Honda 1970). In this section we will summarize a few of the main results.

Theorem 2.2.1 (Honda 1970, Theorem 1). Let R be a ring of characteristic 0 and
K the field of fractions of R. If F(X,Y) is a formal group law over R, then there
exists a unique power series f(T) € K|[[T]] satisfying F(X,Y) = f~'(f(X) + f(Y)).

We refer to f as the formal logarithm (or simply logarithm) of the formal group
law F(X,Y) and denote it by logg. In fact, the proof of the above theorem provides

us with a method for computing the logarithm. Let P(T) € Og[[T]] be the power

16



series defined by

P(T)g—)};(O,T) ~1.

Then P(T)dT is a right-invariant differential form on F(X,Y"), called the invariant
differential of the formal group law F(X,Y). Set
Q) = [ Pr)ar < K(1)

It is easy to show that Q(F(X,Y)) = Q(X) + Q(Y); thus logx(T) = Q(T) is the
desired power series. Applying this technique to the additive and multiplicative formal

group laws, we obtain

0 —1)n—1pn
logg (T) =T and logg (T) = Z %
n=1

Corollary 2.2.2. Let R be a ring of characteristic 0 and K the field of fractions of
R. If F(X,Y) is a formal group law over R, then log,(T) : F(X,Y) — G,(X,Y) is a

strict isomorphism over K.

Proof. The fact that it is a homomorphism follows immediately from the definition of

the logarithm, since

log(F(X,Y)) = F(X) + F(Y) = Go(F(X), F(Y)).

0X (
has leading term 1. O

OF -
To see that it has leading term 7', notice that the power series P(T') = (— 0, T))

The inverse power series is a homomorphism @a — F(X,Y) over R, called the
formal exponential (or simply ezponential) and denoted expp.

We now approach the problem from the reverse direction. Given a ring R with
field of fractions K and a power series f(7') € K[[T]] with zero constant term, it is

clear that F(X,Y) = f~1(f(X)+ f(Y)) defines a commutative formal group law over
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K; we would like to find reasonable restrictions on K such that F'(X,Y') actually has
coefficients in R.

Let K be a discretely valued field with characteristic 0. Denote the ring of integers
of K and its maximal ideal by Ok and mg, respectively, and suppose the residue field
k = Ok /mg has characteristic p > 0. We also assume that there is an endomorphism
o of K such that

o(r) =27 (mod mg)

for all z € O, where ¢ is a power of p. For instance, if K is a finite extension of Q,,
we can take o € Gal(K/Q,) to be the Frobenius endomorphism. Fix a prime element
e Og.

Let K,[[T]] (resp. O,[[T]]) be the non-commutative ring of formal power series
in 7" with multiplication law Tx = o(z)T for x € K (resp. z € Ok). For f € K[[z]]
with zero constant term and u =Y .o, ¢;T" € K,[[T]], we define an element u * f of

K[[z]] with zero constant term by

o0

(ux f)(@) =Y ef ().

i=0
Definition 2.2.3. An element u € O,[[T]] is special if w = © (mod deg 1). Given
a special element u € O,[[T]], we say that f € K[[z]] has Honda type u if f(z) =«

(mod deg 2) and (u* f)(z) =0 (mod mg).

The special elements now provide us with a way of generating formal group laws

over Og:

Theorem 2.2.4 (Honda 1970, Theorem 2). Let u € O,[[T]] be a special element. If
[ € K[[z]] has Honda type u, then F(X,Y) = f~1(f(X) + f(Y)) is a formal group
law over Oy. If g € K[[z]] also has Honda type v and G(X,Y) = g~ (9(X) + g(Y)),

then expg ologp : F(X,Y) — G(X,Y) is a strict isomorphism over Ok.
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So in this setting, studying strict isomorphisms between formal group laws reduces
to analyzing the Honda type of their associated logarithms. If Ok = Z,, then the
special elements u can be chosen to have the form u(T) = p+a,T +- - - +a,T", where
p | a; for each 1 < i < n—1 and h is the height of F(X,Y); thus we have a 1-1
correspondence between strong isomorphism classes of formal group laws of height A

over Z, and Eisenstein polynomials of degree h in Z,[T.
2.3 Formal Groups Associated with Elliptic Curves

Let K be a complete local field with ring of integers Ok and maximal ideal mg.

Also let E be an elliptic curve defined over K with minimal model
Y2+ arxy + azy = 2° + axx”® + agx + ae.

Using the change of variables z = —E, we can expand the group law on E as a formal
)

power series in z; and zs:
E(Zl, 22) =21+ 29 — Q12129 — GQ(Z%ZQ -+ 212’3) +--- € OKHZL ZQH

Since addition on E is both commutative and associative, the same is true for E (21, 22).
We refer to E(X, Y') as the formal group law associated with the minimal model of E.
The corresponding formal group is denoted E(mp).

Suppose E is defined over Q,, E has good reduction at the prime p, and let o be
the Frobenius endomorphism for the reduced curve E/F,. Then o has characteristic
polynomial ¥(7T) = T? — a,T + p, where a, = tr(c) = 1 + p — #FE(F,), and it follows

that logz satisfies

plogs(T) — aylog(T7) +logs(T%) =0 (mod pZy).
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So the Honda type of logz is the unique Eisenstein factor of the polynomial (7).
Recall that a, =0 (mod p) if and only if £ has supersingular reduction at p; so if E
has good ordinary reduction at p, then the Honda type of logz is a linear factor of
U(T), whereas if E has good supersingular reduction at p, then the Honda type of

logz is W(T') itself. This establishes a useful result:

Proposition 2.3.1. Let £/Q, be an elliptic curve with good reduction at p. Then

the associated formal group law E(X,Y) over Z, has

(i) height 1, if E has ordinary reduction at p;

(ii) height 2, if £ has supersingular reduction at p.

Instead of examining E(X ,Y') directly, it is often preferable to study a strictly

isomorphic formal group law, which is closely related to the L-function of E.

Definition 2.3.2. If E' is an elliptic curve over Q, then the local L-function L,(s) of

E at the prime p is defined as follows:

(i) If E has good reduction at p, then L,(s) = (1 — a,p™® + p'~%)7!, where
a, =p—+1—#E(F,) and E(F,) is the reduction of £ modulo pZ,.
(ii) If F has split multiplicative reduction at p, then L,(s) = (1 — p~5)~%.
1

(iii) If £ has nonsplit multiplicative reduction at p, then L,(s) = (1 +p~°)~".

(iv) If E has additive reduction at p, then L,(s) = 1.
The global L-function L(s) of E is the product of L,(s) over all primes p.

Suppose L(s) = Za(n)n’s; we associate a power series fr(T) with L(s) by
n=1

defining N

n

n=1
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Theorem 2.3.3. The power series F1,(X,Y) = f; ' (fr(X)+ fL(Y)) is a formal group

law over Z that is strictly isomorphic to E (X,Y) over Z.

Proof. See (Honda 1970), Theorem 9 or (Hazewinkel 2012), Propositions 33.1.8 and
33.1.16. Note that by Theorem 2.1.3, it suffices to prove that E(X, Y) and Fi(X,Y)

are strictly isomorphic as formal group laws over Z, for each prime p. O]
2.4 Constructing a Canonical System of Points

We now examine Kobayashi’s method of constructing a canonical system of points,
which is replicated (in a slightly more general setting) in (Kitajima and Otsuki 2016).
Fix an odd prime p, and for each n > 0, choose a primitive p"th root of unity (,» such
that (7,11 = (. Also put K, = Q((pr1) and G, = Gal(K,,/Q).

Define an endomorphism ¢ of Q,[[7"]] by

' (Z anTn> = Z anp(T)

where p(T') = (1 +T)? — 1. Consider the power series

> > 1+T —1
-y CAD -

n=0 n=0

n2n

Then f(T) has Honda type T?+p, so it is the logarithm of a formal group law F(X,Y)
over Z, that is strictly isomorphic to E(X ,Y') for an elliptic curve E with trace of
Frobenius a, = 0. (Recall that for p > 5, this is equivalent to the condition that £
has supersingular reduction at p.)

Put m_; = pZ, and let m,, be the maximal ideal of Z,[(n+1] for n > 0. By
Corollary 2.2.2, logp : F(X,Y) — @a(X, Y) is an isomorphism, so it induces a

bijection of the corresponding formal groups F(pZ,) — @a(pr), where @a(pr) is
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simply the group pZ, with its usual addition operation; thus we can select € € pZ,

such that logp(e) = P

p+1
Definition 2.4.1. Define a system of points (¢,)n>_2 by c_o = [2]¢, ¢_; = ¢, and
cn = €[+]#({m+1 — 1), where [+]# denotes the addition operation on the formal group

]:(pr)-

For m > n, let Tr,,/,, : F(m,,) = F(m,) denote the trace map

Tty () = Z x’.

ceGal(Km/Kn)

Then the system of points (¢, ),>_2 possesses two essential properties:

Proposition 2.4.2. (i) Tro/_1(co) = —2c_;.
(i) Trp41/n(cng1) = —cn—q for all n > 0.

(iii) The points ¢ (o € G,,) generate F(m,)/F(m,_1) as a Z,-module.
Proof. See (Kobayashi 2003), Lemma 8.9 for (i)-(ii) and Proposition 8.11 for (iii). O

These properties, in turn, enable the construction of the Coleman maps that are
at the heart of Kobayashi’s theory. What follows is a brief summary of §8.5 from

(Kobayashi 2003). Define sequences (¢;),>0 and (¢, )n>0 by

(=122, if n s even, (=1)+D/2¢, if o is odd,

(—1)(”“)/20”,1, if n is odd, (—1)”/2071,1, if n is even.

Also define the nth even (resp. odd) norm subgroup E*(m,) of E(m,) by

Et(m,)={P € E(m,) | Trpjmi1 P € E(m,,) for even m, 0 < m < n}

E~(m,)={P € E(m,) | Trpjmi1 P € E(m,,) for odd m, =1 <m < n}
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It can be shown as a consequence of Proposition 2.4.2 that the groups E (m,,) are
generated as Z,-modules by the images of ¢ under the strict isomorphism F(m,,) —
E (my,). If we allow &, to be the cyclotomic field Q,((,n+1), then the norm subgroups are
related to the groups E* defined in Section 1.4 via isomorphisms E<(m,,)® (Q,/Z,) —
(k) @ (Qp/Z,).

Let T' be the Tate module of £ and V =T ® Q,. Now Ei(mn) ® (Q,/Z,) may
be thought of as subgroups of H'(k,,V/T) via the Kummer map; so we may define
HL(k,,T) to be the exact annihilators of the subgroups E%(m,) @ (Q,/Z,) with

respect to the Tate pairing
H'(ky, V/T) x H (ky, T) = Q,/Z,.
As it turns out, Hi(k,,T) are the kernels of the maps
Pf:H' (ko T) = Zy[G), x> Y (2%, ¢b)ao,
O'eGn

where (-, ), : F(m,) x H*(k,,T) — Z, is the pairing induced by the cup product.

Let Goo = m Gy, A = Zp||G )], and 7, be a topological generator for A. Also
let 7, be the image of v in A, = Z,[G,]. If w,(x) = (1 + z)" — 1, then we may
identify A, with Z,[A][z]/(wn(x)), where A = Z/(p — 1)Z, via the map v, — 1 + .
Specializing to the even and odd cases, define

or@)= ] em+a),

2<m<n, m even

o) = [ en(+a),

1<m<n, m odd
where ®,,(z) is the p™th cyclotomic polynomial. Set AE := Z,[A][z]/(w(x)). Then
the nth even (resp. odd) Coleman map is the map Col* that makes the following

diagram commute:
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0:l:
H'(k, T) <25 A%

n

Lo

H'(k,,T) P¥ | A
HY (kn,T) T

(The right vertical arrow is multiplication by @;.) These maps are compatible, and
accordingly the even (resp. odd) Coleman map Col* : H} (T) — A is defined by
taking the limit of the maps Col:.

In the next chapter we will consider an alternate way of constructing logarithms
of formal group laws strictly isomorphic to E (X,Y) over Z,, and show that it is still
possible to construct a system of points satisfying the conditions of Proposition 2.4.2.

Thus the Coleman maps may be arrived at using the same argument.
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Chapter 3
FORMAL GROUPS OF ELLIPTIC CURVES VIA FUNCTIONAL EQUATIONS
3.1 The Functional Equation Lemma

Let K be a ring with subring R, 0 : K — K a ring homomorphism, / an ideal
of R, p a rational prime, ¢ a power of p, and sy, s9,... € K. We follow (Hazewinkel
2012) in outlining a method for generating commutative formal group laws over R.

Assume the following:

(i) o(z) =27 (mod I) for all x € R,
(ii) pe I,
(iii) s,/ C Rfori=1,2,...,

)

(iv) I"x C I implies I"o(xz) C [ forallr e N, z € K.

For instance, these conditions are satisfied when we take K to be a local field with
finite residue field k, R = O its ring of integers, I = my the maximal ideal of Ok, p
the characteristic of k, ¢ = p, o the Frobenius endomorphism, and s; € 77O, where
7 denotes a fixed uniformizer of Ok.

Suppose we have a power series g(T') = > 7 b,T™ with coefficients in R. We
define a new power series f, (1) € K[[T]] by means of the functional equation

fg(T) = g(T) + Z Snaffg(tqn)a
n=1

where o7 f,(T') is the power series obtained by applying ¢” to the coeflicients of

fo(T). In practice, the coefficients of f,(T") can be computed as follows: Write
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fo(T)=>">",d,T". For an index n > 1, suppose n = p"n/, where p { n’. Then
dn, = by + 510(dysp) + 3202(dn/p2) et 5,07 ()

If we fix our choice of R, K, I, o, p, and ¢, then the definition of f,(7T") depends
only on the power series g(7') and the numbers s1, so, . ... In this situation, we say that
f4(T') satisfies a functional equation with parameters s, sq,.... If f,(T) and f,(T')
are two power series satisfying functional equations with the same parameters, we say

they satisfy a functional equation of the same type.

Theorem 3.1.1 (Functional Equation Lemma). Let R, K, I, 0, p, q, and s1, s9, . ..
be as above. Let g(T) = > b,T" and h(T) = >, ¢,T™ be two power series over

n=1

R, and suppose b; and ¢y are invertible in R. Then

(i) Fy(X,Y) = f (fo(X) + fo(Y)) is a commutative formal group law over R.

(i) Suppose Fy(X,Y) = £, (£,(X) + £,(1)) and Fu(X,Y) = 7 (fa(X) + fulV)
are two formal group laws over R. Then Fy(X,Y) and F,(X,Y) are strictly
isomorphic over R if and only if f, and f, satisfy a functional equation of
the same type. In this case, the strict isomorphism is given by f, '(f,(T)) :
Fy(X,Y) = Fp(X,Y).

Proof. This is a slightly modified statement of the Functional Equation Lemma in

§2.2 of (Hazewinkel 2012). O

The Functional Equation Lemma provides us with a useful generalization of
Theorem 2.2.4. Note that the power series f; and [ ! that appear in the Functional
Equation Lemma are the logarithm and exponential of the formal group law F,(X,Y),

respectively.

26



For an example of how to describe a formal group law via the functional equation

1
parameters of its logarithm, take R = Z,, K = Q,, I =pZ,, ¢ =p, 0 =id, 51 = ];,
and s9 = s3 = --- = 0. Define

> oad T if p=2,
9(T) =

n—1gn

—nn-iT
Z(n,p):l (G ki A )n , else.
Then, recalling the logarithm of the multiplicative formal group law from §2.1, we see

that

logs, (T) = g(T) + %fg(Tp),

1
so logg satisfies a functional equation with parameters —,0,0,... over the ring Z,.
" p
3.2 Functional Equations and Linear Recurrence Relations

Fix a rational prime p and let g(T) = b;T+---+b, 1TP~' € Z,[T] be a polynomial
of degree less than p with zero constant term. In this section we describe a method
for deriving an explicit formula for the coefficients of the power series f,(7") when
o =1id, ¢ = p, and there are only finitely many nonzero parameters sy, ss, . . ..

Suppose s; = 0 for all i > r, where r is some positive integer. Then f,(7") is

defined via the functional equation
Fo(T) = g(T) + 519(T7) + 529(T7) + - + 5,9(T"").
If we write fo(T) = > 2, d,T", then the coefficients d,, obey the recursion
dp = by + s1dyyp + -+ Spdypr.

(We let b, = 0 for all n > p.) For a fixed k with 1 < k < p — 1, define the sequence

(ng))nzo by D) = djpn. Due to our restriction on ¢(7'), the sequence D satisfies a
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homogenous linear recursion of order r:

D® — lefﬁl 4o+ 5,DW (n>r).

n—r
There is a standard method for solving recursions of this form. For instance, if s; =0

for all © > 3, then we obtain:

Proposition 3.2.1. Let ¢(T) = b7+ -+ + b, 177" € Z,[T] and f,(T) be a power
series defined by the functional equation
Fo(T) = g(T) + 51 £, (TP) + 52 fo(T").

(i) If s + 4sy # 0, write f,(T) = > 0 d,T"; then
b (sﬁ-\/s%+452>r+1—<51—\/s%+452)r+1
k

: )
d, = 27+1\/s%+432

ifn=Fkp"for1 <k<p—1andr >0,

0, else.
(i) If s? + 4sy = 0, then
1) = 32 Do)
(1) = :

27’
r=0

Proof. (i) By the above, we have a homogeneous linear recursion

D = 5,D% | + 5,0

n n—2

—~

n>2).

This recursion has characteristic polynomial ¥(z) = 2% —s;x—sy. If s3+4sy # 0,
1

then W(z) has distinct roots a0 = 5 (51 +4/82 + 482) in some fixed algebraic

closure of Q,, so

DW= cgk)a? + cék)ag

for constants cgk) and cgk). Letting n = 0 and then n = 1, we obtain the system
of equations

o 4 o) — b,

(k) (k)

¢ o1+ Cy 'ag = S1by,
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which we can use to solve for cgk) and cgk):

(k) S1+ v 3% + 459 (*) 81—/ 8% + 459
¢’ = by and ¢y = by .
21/ 8% + 489 2¢/s3 + 455
(k)

Substituting these values into our expression for Dy’ gives the desired result.

(ii) If s? 4+ 4sy = 0, then the characteristic polynomial ¥(z) has the unique root
a= ﬂ, so that
2

D) — (cgk) + cgk)n> a”.

n

Letting n = 0 and then n = 1, it is easy to see that cgk) = cgk) = by, and
consequently
S1

D® = (n+1) (5>nbk.

Since d,, = 0 whenever n > p and p { n, the power series f;(7") may be written

as

3.3 Functional Equation Parameters of Formal Groups Associated with Elliptic

Curves

Throughout this section, we will assume that E is an elliptic curve defined over

Q and let E (X,Y) denote the formal group law over Z associated with the minimal
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model of E. Let L(s) = >~ a(n)n™*® be the L-function of E and

fum) =y W

n=1
be the associated power series, introduced in §2.3. Our first goal is to find the
functional equation parameters of the logarithm of E (X,Y). To handle the case of
good reduction, we will need a technical result. We say that an Euler product
I G+a@p=+--+al@™p ™ +-)
p prime
has degree k if for each prime p, there is a polynomial P,(T") € C[T] of degree at most

k with zero constant term such that

1

L+alp)T+ - +alp™)T™ = =B

Lemma 3.3.1. An Euler product with a(1) = 1 is of degree 2 if and only if for each

prime p there exists d, € C satisfying

a(p™) = a(p)a(p™ ") + dya(p™?)

for all m > 2. In this situation, the pth Euler factor is given by

1
L —a(p)p™ — dpp~2

Proof. See (Knapp 1992), Corollary 7.8. ]

In particular, the Euler product expansion of L(s) has degree 2 (we set d, = —p if
E has good reduction at p and d, = 0 for the other primes). Thus the coefficients

a(n) may be computed recursively using the above formula.

Proposition 3.3.2. Fix a prime p and let a, be the trace of the Frobenius endomor-

phism.
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(i) If £ has good reduction at p, then logz satisfies a functional equation with
a 1
parameters —, —=,0,0, ... over Z,.
p p
(i) If E has split multiplicative reduction at p, then logs satisfies a functional equa-
1 ~
tion with parameters —, 0,0, ... over Z,; that is, E(X,Y’) is strictly isomorphic
p
to the multiplicative formal group G,,(X,Y") over Z,.
(iii) If £ has nonsplit multiplicative reduction at p, then logz satisfies a functional
1
equation with parameters ——,0,0,... over Z,.
p

(iv) If E has additive reduction at p, then logz(7T") = T'; that is, E(X,Y) is strictly

isomorphic to the additive formal group @a(X Y') over Z,.

Proof. By Theorem 2.3.3, it suffices to prove that the power series f1(7T) satisfies a
functional equation with the given parameters. Suppose E has good reduction at p.
Then the local L-function of E at p is L,(s) = (1 — a,p~* + p*~%)7!, so by Lemma

3.2.1, we have the recursion relation

m—l) m—2)

a(p™) = apa(p™ ) — pa(p

for m > 2. (Note we have used the fact that the trace of Frobenius a, is equal to the
term a(p).) Dividing on both sides by p™ gives

a(p™) _apalp™t)  la(p™?)
pm p pmt p pm?

Since the numbers a(n) are multiplicative, the same argument establishes that

a(n) _ aya(n/p) la(n/p?)
n p n/p  p n/p?

whenever p? | n. If p | n and p* { n, then by the multiplicative property we have

simply
a(n) _ apa(n/p)

n p nfp’
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2
Recognizing @, M and M as the coefficients of T™ in the power series

n n/p’ n/p?
fo(T), f.(TP), and f,(T?"), respectively, we see that

o(T) = fu(T) = LT + %fL(Tp2)

has coefficient 0 for all terms of order divisible by p. In particular, the denominators
of all coefficients of g(7") are not divisible by p, and so ¢(T") € Z,[T]|. Thus we have

the functional equation
Qp P 1 p2
fu(T) = g(T) + gfL(T ) — ;)fL(T )

which establishes (i).

Now assume that E has multiplicative reduction at p. Then the local L-function
of E at pis Ly(s) = (1 —ep~*)~!, where ¢ = 1 if the multiplicative reduction is split
and € = —1 if it is nonsplit. It follows that

Ly(s) = Z (pén)s’

n=0

SO

e, if m = p" for some n > 0,

a(m) =

0, else.

Therefore the power series fr(7') may be written as

fum) =3 (—)T

n=0 p

This clearly satisfies the functional equation
€
h@U=T+5hUW,

thus establishing (ii) and (iii). Case (iv) is immediate. O
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Corollary 3.3.3. Let E be an elliptic curve of good reduction at the prime p, and
choose by,...,b,—1 € Z,. Then the power series f(T) = > >~ d,T™ with coefficients

given by the rule

N RV M OV 2

+1 2_ )
dn _ PAS pr\/ap 4p

ifn=Fkp" for1<k<p-—1andr >0,

0, else,

is the logarithm of a formal group law that is strictly isomorphic to E (X,Y) over Z,.

1
Proof. Apply Proposition 3.2.1(i) with s; = % and Sg = ——. ]
p p

3.4 The Case of Supersingular Reduction

As in the previous section, we will let £/Q be an elliptic curve and E (X,Y) the
formal group law over Z associated with its global minimal model. Now assume
E has supersingular reduction at an odd prime p. By a well-known result, this is
equivalent to stating that the trace of the Frobenius endomorphism a, for the reduced
elliptic curve E/F, satisfies a, = 0 (mod p). Combining this with the Hasse bound
lap| < 2,/p, we see immediately that for p > 5, the elliptic curve £ has supersingular
reduction at p if and only if a, = 0. The cases p = 2,3 with nonzero trace will need
to be treated separately.

If a, = 0, then the expression for d,, in Corollary 3.3.3 simplifies to

——r+1 S s
bi 74p2:+17p£?/_;42p) =, ifn=kp for 1 <k<p—Tlandr>0,
d, =

0, else.
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Note that

\/T4pr+1 B (_\/74]))7"—%1 . (_p)r/Q(l o (_1)r+1)

b =
* 2rtlpy/—4p * 2p”

S
e
|
=
—
<
~
(]
—
jurig
<
—
»n
)
<
©)
=

0, if r is odd.

Thus we can construct a formal group law strictly isomorphic to E (X,Y) over Z, by

taking as our logarithm a power series f,(T) = >~ d, 7™ with coefficients

(*;):bkj if n="Fkp* for1<k<p-—1andr >0,
d, =

0, else.

We may write f,(7") as

In short, we have proven the following:

Proposition 3.4.1. Let p be prime. Suppose E/Q, is an elliptic curve with good
supersingular reduction at p and a, = 0. Then, for any polynomial ¢g(T') € Z,[T"] of

degree less than p with zero constant term, the power series

)=y EUedT) )

r=0

is the logarithm of a formal group law that is strictly isomorphic to E (X,Y) over Z,,.

Now suppose E has good supersingular reduction at p = 3, but a3 # 0. By Hasse’s

bound, the only other possible values for the trace are az = +3. Substituting a3 = 3
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into the value for the trace in Corollary 3.3.3, we obtain

py B/ @y

or+1.3r/—3
0,
Observe that

b (3_'_\/_)7“4-1 (3_\/__3>7‘+1

ifn=k-3" fork=1or2andr >0,

else.

2r+l. 3ry/—3

where we allow (g5 to denote the primitive sixth root of unity (s =

the primitive third root of unity (3 =

- 3r/2

r+1 r+1
b | (13 " [(-1-iV3 ’
32 2 2

bkir( r+1 §+1)7

%(1 —iv/3) and G

= ( 1 —iv/3). The value of this expression

depends on the congruence class of r modulo 12; by straightforward computation, we

T

find that

( r+1 r+1

3r/2 6 N3
Nobe
(1) W’ ifr=0 (mod 12),
(ii) %, if r=1 (mod 12),

(iii) /2, if r =2 (mod 12),

(vi) 0,if r =5 (mod 12),

) simplifies to

(vii) 3b/2, if r =6 (mod 12),
b
(viii) —%, if r =7 (mod 12),

. 20 ..
(ix) ~32 if r =8 (mod 12),

V30,
(%) e

) by,
(xi) — 3727 if =10 (mod 12),

if r =9 (mod 12),

(xii) 0, if r =11 (mod 12).

0,-by,
All of the above cases reduce to the form 372 where 6, = 0,41, +v/3, or £2,

depending on the congruence class of . So we can generate a formal group law strictly

isomorphic to E(X ,Y)) over Zz by taking as our logarithm the power series with

coefficients

b ifp=Fk-3 fork=1or2andr >0,

3r/29

0, else.
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Therefore f,(7") has the form

[e.e]

5 b T 5 s T
Yy gl =L gn (T T
r=0 k=1 r=0
=\ 0, gr
- Z r 2g(T )
r=0 3 /
If a3 = —3, then running through a similar series of computations, we see that

kiT( 5r4+5 Célr+4)

275 (G ifn=k-3" fork=1or2andr >0,

Y

d, =
0, else.

Once again, the value of the coefficient d,, depends on the congruence class of » modulo

3 /2( oS — (gt simplifies to
b b
(i) 3—’;2 if r=0 (mod 12), (vii) —5; ~—75: i 7 =6 (mod 12),
L V3b . V3D
(ii) ;Z)?’Ta if r =1 (mod 12), (viii) 32/Z ,if r =7 (mod 12),
(iii) 3—/’; if r =2 (mod 12), (ix) 37"/k2’ if r =8 (mod 12),
b b
(iv) —%, if r =3 (mod 12), (x) \f/;’ if r=9 (mod 12),
by . . br
(v) 3r—’;2, if r =4 (mod 12), (xi) — 372 if r =10 (mod 12),
(vi) 0,if r =5 (mod 12), (xii) 0, if r =11 (mod 12).

In summary, we have proven:

Proposition 3.4.2. Let E£/Qj3 be an elliptic curve with good supersingular reduction
at 3 and trace of Frobenius a3 = 4-3. Then for any polynomial g(T) = b,T + b, T? €

Zs3|T], the power series
= 5,9(T%")
fo(T) = Z 3r/2

r=0
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is the logarithm of a formal group law that is strictly isomorphic to E (X,Y) over Zs,

where )
0, if r=511 (mod 12),
1, if r=0,4 (mod 12),
-1, if r=6,10 (mod 12),

Op = 4 sign(as)v/3, ifr=1,3 (mod 12),
—sign(as)V3, ifr=7,9 (mod 12),

2, ifr=2 (mod 12),

-2, if r=8 (mod 12).

\

Now we consider the case that E has supersingular reduction at p = 2 and a; = +2.

The coefficients d,, are given by

p, G/ ey
2r+1.2r./—4

, if n = 2" for some r > 0,
0, else.
Note that

L OV @ T b
or+l . 27‘\/__4 7"+1

(1“ (F) ]

blz r+1 7r+7 7 if as = 2,
- 7"+1
37‘+3 C5T+5> lf ay = _27
where (g is the primitive eighth root of unity (s = —=. The value of this expression

\/5

depends on the congruence class of » modulo 8; testing each possibility, we see that

byi r+1 T4

W( S ) Simpliﬁes to



CL2:2 a2:—2

Lo N b
(i) 2T—}2, if r=0 (mod 8), (i) 27«_}27 if r=0 (mod 8),
L V20 L V20
(ii) 2”—/21’ if r=1 (mod 8), (ii) —2T—/21, if r=1 (mod 8),
L b L b
(iii) 27«_;2’ if r =2 (mod 8), (iii) 21“_}2’ if r =2 (mod 8),
(iv) 0, if r =3 (mod 8), (iv) 0, if r =3 (mod 8),
by . by .
(V) _27«_}27 if r=4 (mod 8), (V) _27"_}2’ if r=4 (mod 8),
2b 2b
(vi) —\;—/21, if r=>5 (mod 8), (vi) %, if r=>5 (mod 8),
. bh .. . bp ..
(vii) ~ 2 if r=6 (mod 8), (vii) ~ 2 if r =6 (mod 8),
(viii) 0, if r =7 (mod 8). (viii) 0, if r =7 (mod 8).

Ab .
All of these cases have the form 2r—/21, where \, = 0, £1, or £/2, depending on

the congruence class of r and the sign of a;. We conclude that:

Proposition 3.4.3. Let E/Qs be an elliptic curve with good supersingular reduction

at 2 and trace of Frobenius a; = +2. Then, for any b; € Z,, the power series

W
f(T) - Z 2:/2

r=0

is the logarithm of a formal group law that is strictly isomorphic to E (X,Y) over Zs,

where )
0, if r=3,7 (mod 8),
1, if r=0,2 (mod 8),
Ar =4 -1, if r=4,6 (mod 8),

sign(ag)v2, ifr=1 (mod 8),

—sign(ay)Vv2, ifr=5 (mod 8).

\
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3.5 Canonical Systems of Points Revisited

To conclude this chapter, we show how the formal logarithms derived in the
previous section can be used to construct canonical systems of points (see §2.4). Fix
an odd prime p, and for each n > 1, choose a primitive p"th root of unity (,» such
that anH = (pn. Denote the nth layer of the cyclotomic Z,-extension of Q, by
K,, = Q,((ym+1) and its Galois group by G,, = Gal(K,,/Q,). Also put m_; = pZ, and
let m,, be the maximal ideal of Z,[(,n+1] for all n > 0.

Let

o0 TTP

=3
so that by Proposition 3.4.1, F(X,Y) = f~}(f(X)+f(Y)) is a formal group law over Z,
that is strictly isomorphic to E (X,Y), the formal group law associated with an elliptic
curve of supersingular reduction at p and a, = 0. Denote the corresponding formal
group over the ideal m,, by F(m,,). Using the fact that the logarithm f : F(m,) — m,

is a bijection, we define a system of points (d,)n>_2 as follows:

and
n+1

EN
fld) = Lo+ 3!

r=0

1)"
) (gpn—‘rl—Qr — 1) for n > 0.
pr

Proposition 3.5.1. (i) Trg/_1(do) = —2d_;.
(i) Trpy1/n(dns1) = —dp—y for all n > 0.

(iii) The points d] (¢ € G,,) generate F(m,,)/F(m,_1) as a Z,-module for all n > 0.

Proof. Let

i": 1+T) —1]

r=0

39



and (c,)n>—2 be the system of points defined in §2.4. Then f(d,) = k(c,) for all

n > —2, so the result follows immediately from Proposition 2.4.2. O

The situation is slightly different when the trace is nonzero. First we make an

observation about the sequences (,) and (A,), defined in the previous section:

Lemma 3.5.2. (i) V36,41 = asd, — V/36,_1 for all r > 1.
(i) V2\y1 = agh, — V22X, for all v > 1.

Proof. These are easily confirmed by direct computation. O]

Consider the power series

o0

6. [(1+T)% —1]
3r/2

[en]

By Honda theory, this is the logarithm of a formal group law F3(X,Y’) over Zs that is
strictly isomorphic to E (X,Y) when F is an elliptic curve of supersingular reduction

at 3 and a3 = +3. Similarly,

is the logarithm of a formal group law Fy(X,Y") over Z, that is strictly isomorphic
to E(X,Y) when E has supersingular reduction at 2 and as = +2. By an extension
of the argument in (Kobayashi 2003), there exist canonical systems of points gen-
erating F3(m,,)/Fs(m,_1) and Fa(m,)/Fa(m,_1) as Z,[G,]-modules. However, the
computations involving the trace map Tr, 1/, are slightly altered.

For p =2 or 3, set c_y = [2]¢, c_1 = ¢, and

cn = €[+HF, (Grir —1)  forn >0,

where € is chosen so that k,(¢) = — P Then:

p+1—a,
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Proposition 3.5.3. (i) Tro/_1(co) = (ap — 2)c_1.

(i) Trpq1/n(cny1) = apcn — cp—y for all n > 0.

Proof. We will prove (ii) when p = 3; all the other cases rely on a similar strategy.

Since the logarithm k3 is a bijection between F3(m,) and m,, it suffices to show

Trpi1/n(ks(cny1)) = asks(cn) — ks(cn—1). Indeed,

3 n+2 5T
Trn+1/n(k3(cn+l)) = TrnJrl/n <4 — as + E 3r/2 ((3"*2*T - 1))
r=0

3 n+2 5r
= Trpi1/n <—4 — a3> + Trny1/n(@z — 1) + Trpgaym <; W(C&wﬁﬂ” - 1))
9 n+2 57«
= 4_ ag - 3—‘—3;%((3717%7" - 1)
303 —3 = V30,
= 4 — a3 + Z W(C3n+2—r - 1)
Applying Lemma 3.5.2 and re-indexing,
3(13 -3 - a35r - \/gér—l
Trn+1/n(/€3(cn+1)) == 4 — a3 + Z T(CSTH—I_T - 1)
3a5—3 <= 4, o 4,
= 1 as + as Tz; W(Cgrﬂrlfr — 1) — Tz; 37“/2 <C3n7r — ]_)
3as — 3 3 3
= s () — — ( ks(cnr) —
4—a3 +a3<3(6) 4—(13) (S(C 1) 4-@3)

= CL3]§3<CTL> — ]{33(Cn_1).

Notice that this result is compatible with Proposition 2.4.2 when a, = 0.

If instead we use the formal logarithms

=6, 7% N\ T?
B =35  ad BT =3 S
r=0 r=0
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then we would select as our system of points the (d,),>_o satisfying

2p D
d_g) = ————, dy—_ P Coer3),
fpld-2) p+l—a fpd-1) P — (p or 3)
and
Fld) = —2 S (G — 1), fp=3,
P p+l—a,

S 25 (Gnnr — 1), i p=2.
By construction, the system of points (d,,) will also satisfy the conditions of Proposition
3.5.3 and generate the corresponding quotient of formal groups F,(m,,)/F,(m,_1) as

a Z,|Gyl-module when p = 2 or 3.
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Chapter 4

FORMAL MODULES OF ELLIPTIC CURVES

4.1 Motivation

Regardless of whether we use Honda theory or the Functional Equation Lemma to
construct our canonical system of points, one limitation is the requirement that our
elliptic curve E should be defined over the field Q. It is for this reason that, in their
study of the growth of the signed Selmer groups, both (Lei and Sujatha 2020) and
(Kitajima and Otsuki 2016) impose the following condition: If p is a fixed rational
prime and F is an elliptic curve define over a number field K, then the completion K,
of K at any prime v of K lying over p for which F has good supersingular reduction
is K, = Q,. The difficulty arises in the proof of Theorem 2.3.3, which establishes that
the formal group law over Z associated with the minimal model of E/Q is strictly
isomorphic to that generated by the logarithm f7(7"), where f1(T") denotes the power
series corresponding to the L-function of E/Q. The proof reduces to the case of formal

group laws over finite fields in two steps:

(i) Two formal group laws over Z are strictly isomorphic over Z if and only if
they are strictly isomorphic over Z, for all primes p. (Local-Global Principle,
Theorem 2.1.3)

(ii) Two formal group laws over Z, are strictly isomorphic over Z, if and only if

their reductions modulo p are isomorphic over F,. (Theorem 2.1.4)

Step (i) still holds when we replace Z with the ring of integers of an arbitrary

number field K and the Z,’s with the rings of integers of the completions of K at each
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of the non-Archimedean primes. Step (ii), on the other hand, fails when we consider
formal group laws defined over integral closures of Z, in certain finite extensions of
Q,. However, it is possible to salvage Theorem 2.1.4 if we pass from formal group

laws to formal modules.
4.2 Definitions and Important Properties

Let R be a ring and A an R-algebra. If F'(X,Y) is a formal group law over A, let
End4(F(X,Y)) denote the ring of endomorphisms of F(X,Y") over A (by the remarks
following Definition 2.1.2, this ring contains an isomorphic copy of Z via the map
n +— [n]). Also let J : Enda(F(X,Y)) — A be the ring homomorphism that sends
cach a(T) € End4(F(X,Y)) to the element a € A such that (7T") = aT' (mod deg 2).

Definition 4.2.1. Let R be aring. A (one-dimensional) formal R-module over an R-
algebra A is a pair (F(X,Y), pr), where F(X,Y) is a (one-dimensional) commutative
formal group law over A and pp : R — End4(F(X,Y)) is a ring homomorphism that

makes the following diagram commute:

R 2 Endy(F(X,Y))

\lj

A
Allowing pr : Z — End4s(F(X,Y)) to be the map pr(n) = [n], we see that every

commutative formal group law over A gives rise to a formal Z-module over A.

Definition 4.2.2. Let R be aring and (F(X,Y), pr), (G(X,Y), pc) be two formal R-
modules over the R-algebra A. A homomorphism from (F(X,Y), pr) to (G(X,Y), pc)

over A is a homomorphism «(7) : F(X,Y) — G(X,Y) of formal group laws over A
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such that

aopp(a) = pgla) oa (Va € R).
A (strict) isomorphism over A is defined similarly.

If it happens that A has characteristic 0, then the homomorphisms between R-
modules over A are simply the homomorphisms over A of the underlying formal group

laws:
Proposition 4.2.3. Let R be a ring and A an R-algebra of characteristic 0.

(i) Given a formal group law F(X,Y) over A, there exists at most one ring ho-
momorphism pr : R — Enda(F(X,Y)) such that (F(X,Y), pr) is a formal
R-module over A.

(i) If (F(X,Y),pr) and (G(X,Y), pe) are two formal R-modules over A, then
a(T): F(X,Y) = G(X,Y) is a homomorphism of formal group laws over A if

and only if it is a homomorphism of formal R-modules over A.

Proof. (i) Since A has characteristic 0, the formal group law F(X,Y’) has a loga-
rithm, say f(7'). If K denotes the quotient field of A, then f(T): F(X,Y) —
G.(X,Y) is a strict isomorphism. The endomorphisms of G4(X,Y) over K are
the power series a(T') € K[[T]] with a(@a(X, Y)) = ((A}a(a(X), a(Y)), or equiv-
alently a(X +Y) = a(X) + a(Y); clearly this only occurs if o(T) = aT
for some a € K. It follows that the endomorphisms of F(X,Y) over A
take the form f~1(af(T)) for some a € A. Thus the only possible choice
of pr: R — Enda(F(X,Y)) is pr(r) = f~1(rf(T)).

(ii) Let o(T") : F(X,Y) - G(X,Y) be a homomorphism of formal group laws over
A. Since A has characteristic 0, F(X,Y) and G(X,Y) have logarithms f(7")
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and g(T'), respectively. By a similar logic as above, a(7T") must have the form

a(T) = g Y(af(T)) for some a € A. Tt follows from (i) that

(aopp(r)(T) =g (af(fH(rf(T))))
=g 'arf(T))
=g '(rg(g~ " (af(T))))

= (pa(r) o a)(T).

So « is a homomorphism of the formal R-modules (F(X,Y),pr) and
(G(X,Y), pc) over A. The reverse implication is true by definition.
[

Corollary 4.2.4. Let R be a ring and A an R-algebra of characteristic 0. Then two
formal R-modules (F(X,Y), pr) and (G(X,Y), pg) over A are strictly isomorphic if
and only if the underlying formal groups F/(X,Y") and G(X,Y") are strictly isomorphic

over A.

For example, given any ring R and R-algebra A, we define the additive formal
R-module over A to be the pair (@G(X, Y), pg, ), where @a(X, Y)=X+Y is the
additive formal group law over A and pg (r)(T) = rT for any r € R. By the above
corollary, any formal R-module over a field K of characteristic 0 is strictly isomorphic

to (@Q(X ,Y),pg,). In fact, a similar result holds for fields of positive characteristic:

Proposition 4.2.5. Let K be a field of characteristic p > 0. Then every formal

~

K-module over a K-algebra B is strictly isomorphic to (G.(X,Y), pg_)-
Proof. See (Hazewinkel 2012), Theorem 21.6.2. O
Let K be a local field of characteristic 0 with ring of integers O and residue field

k of characteristic p > 0. For a prime v of K, let K, denote the completion of K at
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v, and O, its ring of integers. If we consider a formal R-module over Ok, where R is
selected so that O is an R-algebra, then combining Corollary 4.2.4 with Theorem
2.1.3 yields:

Theorem 4.2.6 (Local-Global Principle). If (F(X,Y),pr) and (G(X,Y), pg) are
formal R-modules over O, then they are strictly isomorphic over Ok if and only if
they are strictly isomorphic as R-modules over O, for all non-Archimedean primes v

of K.
The following is analogous to Theorem 2.1.4:

Theorem 4.2.7. Two formal Ox-modules over Ok are strictly isomorphic if and only

if their reductions modulo mg are strictly isomorphic as formal Og-modules over k.

So we are primarily interested in studying the isomorphism classes of formal

Ox-modules over finite fields.

4.3 Classifying Formal Modules over Finite Fields

Throughout this section, Ok will denote the ring of integers of a finite extension
K of Q,, with maximal ideal mg, uniformizer =, and residue field k = O /mg of
order q. The behavior of formal Ox-modules over k£ has much in common with that
of formal group laws over F,. We extend the notion of height to formal Ox-modules

as follows:

Definition 4.3.1. Let (F(X,Y), pr) be a formal Og-module over k. The Og-height

of (F(X,Y), pr) is the smallest positive integer h such that

pr(m)(T) =0 (mod deg p"),
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assuming pp(7) is nonzero. If pp(7) = 0, we say that (F(X,Y), pr) has Ok-height

Q.

Note that if O = Z,, then

pr(m)(T) = log' (plogp(T)) = [p(T),

so the Z,-height of a formal Z,-module over F, is the same as the height of the
underlying formal group law over F,.

We will need some facts from the theory of Brauer groups. Most of the information
here comes from (Serre 1979), Chapter XII, §2. Let D,, denote the central division
algebra over K with rank n?, i.e., the division algebra of rank n? over K whose
center is precisely K. Let the finite extension K’/K be a splitting field for D,,, so
that D, @k K' = M,,(K'), the K'-algebra of (m x m)-matrices for some positive
integer m. Denote this isomorphism by ¢. The reduced norm on D, is the map

Nrdp, /x : D, — K given by
Nrdp, /k(a) = det(p(a ® 1)).

If v is the normalized valuation on the field K, define v' : D} — Z by v'(z) =
v(Nrdp, /K (2)), The image of D) under v’ is contained in the subgroup nZ of Z; thus

we may extend v to a normalized valuation w : D) — Z by setting
() = 21/(2)
w(z) = —v'(x).
n
The ring of integers Op, of the central division algebra D, is the set
Op, ={x € D, : w(z) > 0}.

Proposition 4.3.2. Let D,, be a central division algebra of rank n? over a field K.

There is a maximal subfield of D,, that is unramified over K.
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Now we return to the question of classifying formal Og-modules over k. The
following construction and theorem are adapted from (Hazewinkel 2012), §24.5.

By class field theory, there is a maximal unramified extension K" of the field
K. Let (F(X,Y),pr) be a formal Og-module over k of Og-height h, and let k be
the algebraic closure of k. Denote the ring of formal Og-module endomorphisms of
(F(X,Y),pr) over k by Og-End(F(X,Y)). Consider the function o(T) = T7. We

note that since F/(X,Y’) and ps(a) (a € R) both have coefficients in [,
o(F(X,Y)) = (F(X,Y))! = F(X%y’) = F(o(X),0(Y)) (mod p)
and

(00 pp(a))(T) = (pr(a)(T))* = pr(a)(T?) = (pr(a) 0 0)(T)  (mod p)

for all a € Ok. Thus 0 € Og-End(F(X,Y)); we call o the Frobenius formal O-
module endomorphism of (F(X,Y), pr).

Lemma 4.3.3. Ox-End(F(X,Y)) = Op,, the ring of integers of the central division

algebra of rank n? over K.

Proof. The argument involves constructing a ‘universal’ formal Ox-module to which
F(X,Y) is strictly isomorphic over k; see (Hazewinkel 2012), Theorems 20.2.13 and

21.9.1. [l

It follows that Ox-End(F(X,Y)) ®0, K is isomorphic to the division algebra D,,.
The Frobenius endomorphism o generates a subfield K (o) of Og-End(F(X,Y))®0, K,
which in turn corresponds to a subfield L’ of D,, over K. By Proposition 4.3.2, there is
a maximal unramified subextension L/K of L'. Let F' be the corresponding unramified
subextension F//K of K (o), and Op its ring of integers. In short, we are identifying

the division algebras/fields in the following towers:

49



OK—EHd(F(X, Y)) ®(9K K Dn

K(o) L
- L
K K

Define ®(7) € Op[T] to be the minimal polynomial of ¢ over F. Also let Og-
Endy(F(X,Y)) be the ring of formal Ox-module endomorphisms of F(X,Y) over k

(as opposed to k).
Lemma 4.3.4. Og-Endi(F(X,Y)) ={a € Ox-End(F(X,Y)):ao00 =0o0a}.

Proof. The forward containment is obvious. For the reverse, let «(T") be a formal
Og-module endomorphism of F(X,Y) over k. Then o(T) € Og-End,(F(X,Y))
precisely when the coefficients a; of «(7T") are elements of k. This occurs if and only if
q

al = a; (mod p) for all i, or equivalently, € o 0 = 0 0 a. ]

As a consequence of Lemma 4.3.4, O C Og-Endi(F(X,Y)), and we can restrict
the map J : Og-Endy(F(X,Y)) — k to Op. (Recall that J sends each endomorphism
a(T) to the coefficient of T.) Let f be the residue field degree of the extension
K(o)/K and K;/K the unique unramified subextension of K™ of degree f; let O
be its ring of integers and k; its residue field. There exists a unique isomorphism A

that makes the following diagram commute:
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(The map Of — ky is the restriction of the projection map O™ — k, where O™ is

the ring of integers of the maximal unramified extension of K.)

Definition 4.3.5. The characteristic O -polynomial W(T) of the formal O -module

(F(X,Y), pr) is the polynomial obtained by applying A to the coefficients of ®(T).

Theorem 4.3.6. (i) V(T) is an Eisenstein polynomial over O of degree h.
(ii)) Two formal Og-modules are strictly isomorphic over Ok if and only if the
corresponding reduced formal modules over k have the same characteristic Og-
polynomial. In other words, the formal Ox-modules over Ok of height h are

classified by Eisenstein polynomials over Ok of degree h.

Note that it O = Z,, Theorem 4.3.6 reduces to the more familiar claim that

formal group laws over I, are classified by Eisenstein polynomials over Z,,.
4.4 Formal Modules Associated with Elliptic Curves

Let K, Ok, mg, k, and 7 be as in the previous section. Suppose FE is an elliptic
curve over K with good reduction and trace of Frobenius a. Also let E(X ,Y') be the

formal group law over Ok associated with the minimal model of F.

Definition 4.4.1. The formal Og-module associated with E is the formal Og-module

(E(X, Y), pg) over Ok, where pp : Ox — EndoK(E(X, Y)) is defined by
pe(r)(T) =logZ' (rlogg(T))  (r € Ok),

We can now give a partial description of the isomorphism classes of formal Og-

modules associated with elliptic curves:
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Theorem 4.4.2. There exist uniformizers 7w, mo,q 0f O and an element o € myg

such that the formal Ox-module (E (X,Y), pg) has characteristic Og-polynomial

(i) T? + aT + 7, if E has supersingular reduction;

(ii) T + mopa, if F has ordinary reduction.

Proof. By general facts about elliptic curves, the Frobenius endomorphism of F
satisfies a monic quadratic polynomial over End(FE); thus, by Theorem 4.3.6, the
characteristic Ox-polynomial of (E(X,Y), p 7) is a monic Eisenstein polynomial over
Ok of degree one or two. Note that the reduction is supersingular if and only if
the endomorphism ring OK—End(E (X,Y), pg) is an order in a quaternion algebra,
which occurs precisely when the division algebra D, has rank 4 over K i.e., when

E(X.Y),pz) has Ox-height 2. O
( ( PE g

4.5 Future Work

Giving explicit descriptions of the elements «, 7, and 7yq in Theorem 4.4.2 will
involve analyzing the behavior of the map A used in the definition of the characteristic
Ok-polynomial. It would be interesting to try to develop a variant of Proposition
3.3.2 for formal Ok-modules; however, it is unclear how the L-series of F/K would
have to be modified to produce a logarithm whose corresponding formal Ox-module
would satisfy the same type of characteristic Ox-polynomial as (E(X,Y), p 7)-

Let K be a number field, v a prime of K, and E/K an elliptic curve with good
supersingular reduction at v. In order to generalize the construction of the canonical
system of points in the case the completion K, is a non-trivial extension of Q,,

it would be necessary to identify a formal logarithm f(7") such that F(X,Y) =

S (X) + f(Y)) is the underlying formal group law of a formal O, -module over
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Ok, with characteristic O, -polynomial equal to T? + aT + 7. One would then

have to find generators for the Ox-modules F(m,;)/F(m,), where the m,’s are
the maximal ideals in the layers of the cyclotomic Z,-extension of K. While the
classification of formal Og-modules over O presents a clear parallel with that of

formal group laws over [F,,, more research is needed to determine whether this approach

is feasible.
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