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ABSTRACT

The introduction of parameterized loss functions for robustness in machine learn-
ing has led to questions as to how hyperparameter(s) of the loss functions can be
tuned. This thesis explores how Bayesian methods can be leveraged to tune such
hyperparameters. Specifically, a modified Gibbs sampling scheme is used to gener-
ate a distribution of loss parameters of tunable loss functions. The modified Gibbs
sampler is a two-block sampler that alternates between sampling the loss parameter
and optimizing the other model parameters. The sampling step is performed us-
ing slice sampling, while the optimization step is performed using gradient descent.
This thesis explores the application of the modified Gibbs sampler to alpha-loss, a
tunable loss function with a single parameter a € (0, 00], that is designed for the
classification setting. Theoretically, it is shown that the Markov chain generated by a
modified Gibbs sampling scheme is ergodic; that is, the chain has, and converges to,
a unique stationary (posterior) distribution. Further, the modified Gibbs sampler is
implemented in two experiments: a synthetic dataset and a canonical image dataset.
The results show that the modified Gibbs sampler performs well under label noise,
generating a distribution indicating preference for larger values of alpha, matching

the outcomes of previous experiments.
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Chapter 1

INTRODUCTION

Loss functions are an important measure that can drastically change the per-
formance of a machine learning algorithm (Weerts et al., 2020). For example, loss
functions such as mean squared error and log-loss are commonly used. These com-
monly used loss functions are convex. However, convex loss functions can sometimes
be problematic in that they do not generalize as well in the face of noisy data (Mei
et al., 2018). In view of a growing desire for robustness in machine learning models,
there has been increased interest in parameterized loss functions. Namely, this thesis
focuses on the application of alpha-loss, a tunable loss function with single parameter
a € (0,00] that acts on probability distributions (Sypherd et al., 2019). The benefit
of alpha-loss is that it interpolates between common loss functions: exponential-loss,

log-loss, and 0-1 loss. This allows for a varying range of common loss functions.

With the introduction of alpha-loss comes the addition of another hyperparam-
eter; thus, a natural question arises as to how the loss parameter should be tuned.
Many methods of hyperparameter tuning exist, from the most basic methods, such
as grid or random search, to more sophisticated methods, such as Bayesian Opti-
mization (Bischl et al., 2021). In general, there are two classes of hyperparameter
tuning: methods that generate a point estimate and methods that generate distribu-
tions of the hyperparameter. Examples of the former include grid or random search

and Bayesian optimization, while an example of the latter is Markov Chain Monte

Carlo (MCMC).



In this thesis, we explore the latter methods and specifically explore the use of
MCMC methods in tuning the hyperparameter a of a-loss. In particular, we intro-
duce a modified Gibbs sampling method that alternates between tuning a and all
other model parameters. The modified Gibbs sampler is ultimately applied to learn
the distribution of o of a-loss. We then compare the obtained distributions to work
done in (Sypherd et al., 2021), which finds that larger values of o perform better for

data compromised with label noise.

The subsequent chapters are as follows. Section 2 provides background on rele-
vant concepts, including alpha-loss, MCMC, and several common MCMC methods.
Section 3 introduces the modified Gibbs sampler in detail, as well as important theo-
retial properties. Section 4 details experimental results of the modified Gibbs sampler
applied to a synthetic dataset and a canonical machine learning image classification

dataset. Finally, Section 5 presents conclusions and directions of future work.



Chapter 2

BACKGROUND: LOSS FUNCTIONS & SAMPLING METHODS

2.1 Alpha-Loss

a-loss is a family of tunable loss functions that acts on probabilities. Formally,
let P()) be the set of probabilities over ). For a € (0,00], a-loss is defined for

a€ (0,1)U(1,00),1*: Y xP(Y) — R, as

(g, Pr) = ——= [1 = P(y)' "] (2.1)

and by continuous extension, we have I'(y, Py) = —logPy(y) and [®(y, Py) = 1 —
Py (y), i.e., log-loss and soft 0-1 loss, respectively (Sypherd et al., 2019). We observe
that a-loss is continuous in « and can be interpreted as a class of loss functions that
value the probabilistic estimate of the label differently as a function of « (Sypherd
et al., 2019). Previous experiments have shown that a-loss is robust to label noise for

a > 1 and can be sensitive to class imbalance for o < 1 (Sypherd et al., 2021).

More specifically, this thesis explores two settings of binary classification. For the
classification setting, it is common to work with margin-based loss functions. That
is, for all z € X and labels y € {—1, 41}, the loss is dependent only on the product
z=1y- f(z), where f : X — R is the classification function. Note that the margin z
is positive for a correct classification, as the sign of the prediction and true class are
the same; while the margin is negative for an incorrect classification, as the sign of
the prediction and true class differ. The margin-based a-loss for a € (0,1) U (1, 00),
[*:R—Ris

1°(2) = (1= (L4e =)o), (2.2)




and by continuous extension, I!(z) = log(1 + ¢~*) (logistic loss) and I = (1 + %)~
(sigmoid loss) (Sypherd et al., 2019). Further, work done in (Sypherd et al., 2021)
has shown that there considerable performance gains to using a > 1 in the case of
label noise. In our work, we aim to prove this result by showing that larger values of

« are preferred in the setting of label noise.

2.2 Markov Chain Monte Carlo

Markov Chain Monte Carlo methods define a sequence of samples for which the
distributions eventually settle down to the posterior distribution. As the number of
samples increases, the densities approach the target distribution, or as is often the
case in Bayesian inference, the posterior distribution, m( | y), which we henceforth
abbreviate as m(f). This construction of samples is helpful because it allows the
practitioner to sample from complex posterior distributions that may otherwise be
difficult to sample from directly (Christensen et al., 2010).

The Markov chain generates a sequence of identically distributed samples with den-

sity m(#). Further, under certain conditions, by the Ergodic Theorem, the samples,

6',...,0% and function h with finite expectation under the posterior distribution,
satisty
k
klim h(67)/k = /h(@)w(@) de. (2.3)
—00
j=1

Thus, the Markov chain generates samples that can be used to approximate proba-
bilities and expected values by computing functions of the #%s. MCMC is often used
in fields such statistics, economics, physics, and computer science (Andrieu et al.,
2003). MCMC methods constitute a family of sampling algorithms. We describe

several relevant MCMC algorithms in the subsequent sections.



2.2.1 Gibbs Sampler

Gibbs sampling is an MCMC method that generates a Markov chain using the full
conditional distributions of each parameter given the other parameters. Each parame-
ter is then updated sequentially. After each update, one iteration of the Gibbs sampler
is complete. Suppose we start with a set of n-parameters, 8' = [6},...,605,...,6}],

then the next sample of parameters is obtained (for k = 2) by

OF | 0571 0F T~ p(0y | 057, 05T (2.4)
0% 1 0F, ... 08 00 ), O (6 | 6,0 00 (2.5)
OF 1 0%, ... 0% [ ~p(0,|0F,....0% ). (2.6)

The Markov chain obtained through this process defines a valid transition distri-

bution that does not depend on k. The stationary transition distribution is

g(0% |01 = p(6y | 057, 050y (0 | OF, .. 0 ) (2.7)

yYn—1

i.e. the product of the full conditional distributions. Given this transition distribu-
tion, ¢, the posterior is the stationary distribution (Christensen et al., 2010). That
is, running the Gibbs sampler for a sufficiently long time produces a sample of values

', ..., 0% from the target (joint posterior) distribution.

2.2.2  Slice Sampler

Motivated by the idea that one can sample from a univariate distribution by

sampling points uniformly from the region under the curve of its density function



and then analyze the horizontal coordinates of the sampled points, slice sampling is
a specific version of a Gibbs sampler (Neal, 2003). Slice sampling alternates between
sampling uniformly from the vertical interval defined at the current density and the
horizontal interval or “slice” of the current vertical position. Formally, for a target

density f and auxiliary variable u, the slice sampling algorithm is

1. Starting with state (z°, u°)
2. sample v | &' ~ Uni fo f(zi) ()

3. sample x| u'™ ~ Unifa(x) where A = {x; f(z) > u'™'}

P ---->

><A

X

Figure 2.1: A Visual Representation of Slice Sampling. Given a Previous Sample,
D 'We Sample a Uniform Variable u/* Between 0 and f(X?). One Then Samples
2+ Uniformly in the Interval Where f(X) > UU+Y (Andrieu et al., 2003).

A visual representation of the slice sampling algorithm is shown in Figure 2.1. Slice
sampling can be advantageous in that it does not have a step size to tune as some

methods, such as Metropolis Hastings, require. Further, slice sampling is particularly

effective for lower-dimensional parameter spaces (Neal, 2003).

2.2.3 Hybrid Gibbs Sampler

Use of the classical Gibbs sampler necessitates that one can sample from the

full conditional distributions. However, this is not always the case. For situations



in which the full conditional distributions cannot be sampled from, we can make
use of Metropolis-Hastings or slice sampling to sample from a full conditional distri-
bution. These methods are known as Hybrid Gibbs sampling, or Metropolis-within-
Gibbs/slice sampling-within-Gibbs . This adds to the flexibility of the Gibbs sampler,
as it can be applied to non-standard cases where the full conditionals do not take a
standard form or are not easy to sample from (Andrieu et al., 2003). In this work, we
discuss such a Hybrid Gibbs sampler, which makes use of the slice sampling within
Gibbs method. We discuss the Hybrid Gibbs algorithm and its implementation in

the upcoming section.



Chapter 3

HYPERPARAMETER TUNING METHODS

3.1 Modified Gibbs Sampler

The modified Gibbs sampler is a two-block Gibbs sampler that is specifically
designed to tune the hyperparameter o of a-loss. For any given model, suppose we
have the parameter set § = {«,wy,...,w,}. The parameters are broken into two
blocks: 0; = {a} and 6y = {wy,...,w,} = {w}. From this, the modified Gibbs
sampler alternates between updating « and the remaining parameters, w, through
their full conditional distributions, as represented in the following scheme.

Starting with 6! = {a!,w'}, we obtain the k-th iteration by

o | o~ Pajw( | U_Jk’l) (3.1)

0F | & ~ pgja(w | o) (3.2)

which then yields the k-th sample, 0¥ = {a* w*}. The modifications to the Gibbs
sampler appear in how the full conditionals are defined and sampled from. The
sampling scheme employed by the modified Gibbs sampler is an adaption of the
Hybrid Gibbs sampler. It first uses Slice sampling to sample from p(a | @) and then
performs an optimization step to optimize over the weights w. The latter step uses
gradient descent to optimize w which results in p(w | o) being a point-mass density,
duwi(a)(W), where w*(ar) = argmaxy, p(w | «). The choice to use gradient descent
within Gibbs rather than sampling the full conditional, p(w | ), was made in order
to save resources, as MCMC methods are known to be computationally intensive. By

using the existing, standard method of gradient descent, we aim to save resources.



Next, let us define the first conditional density of o with respect to w. We now
make the dependence on the data, yi,...,y,, explicit. Assuming that w is known,

the full conditional of « is

pla]yr, o Yn, @) = p(yr, - Yn | @, W) X pla | w)/p(ys, -, Yn | W) (3.3)
X p(Y1y--yYn | @, W) X pla | w) (3.4)
oc exp(—1%) x N(@, o2)[min; Cmaz) (3.5)

where a-loss is incorporated into the full conditional by defining the joint density
to be exp(—I1*) and the conditional prior is taken to be a truncated normal with
range of a depending on the specific dataset. Note that & denotes the mean of
a € [Qmin, Vmaz] and 03 denotes the variance of the truncated Gaussian prior. This
conditional density, p(« | w), is sampled via slice sampling, as the method is known to
be particularly advantageous to lower dimensional parameter spaces. Slice sampling
also has the added advantage that it does not have a step size to tune as methods

such as Metropolis-Hastings (Neal, 2003).

The full modified Gibbs sampling scheme then becomes:

Given a starting value, (!, w?)

of | Wt ~ Slice(pajo(a | @) (3.6)
" | of = arg max Py|o(W | a®). (3.7)
To show that this sampling procedure generates a proper Markov chain that can

be used for MCMC analysis, we verify several theoretical properties of the modified

Gibbs sampler in the following section.



3.1.1 'Theoretical Properties

A motivating theorem of MCMC methods is the Ergodic theorem, as this guaran-
tees that the samples generated through our Markov chain can be treated as samples
from the posterior, despite the samples not being completely independent (Chris-
tensen et al., 2010). The Ergodic theorem also ensures that the transition kernel has
a unique stationary distribution, which is important, as it ensures that our samples

are drawn from the correct target distribution. The Ergodic theorem is stated below.

Theorem 1 ((Christensen et al., 2010), Ergodic Theorem) If0',... 0% are sam-
pled from the Markov hain and h is a function with finite expectation under the sta-

tionary distribution, then with probability one

k

lim > h(9)/k = / 1(0)p(6) db. (3.8)

Thus we can approximate probabilities and expected values relative to the stationary

distribution.
Additionally, the definition of an ergodic Markov chain is:

Definition 1 ((Tierney, 1994), Definition of ergodicity) A Markov chain is called

ergodic if it is Harris recurrent and aperiodic.

We emphasize that ergodicity is a dual faceted condition. That is, ergodicity of a
Markov chain implies that there is a unique stationary distribution that is equal
to the posterior distribution and, secondly, that the Markov chain is guaranteed to
converge to the stationary distribution. Additional conditions for convergence are

stated in Theorem 2 below.

Theorem 2 ((Tierney, 1994), Theorem 1) Suppose P is mw-irreducible and 7P =

. Then P is positive recurrent and m is the unique invariant distribution of P. If P

10



1s also aperiodic, then for m-almost all x,
[P (2, ) —=|| =0 (3.9)

with || - || denoting the total variation distance. If P is Harris recurrent, then the

convergence occurs for all x.

By the definition of ergodicity, a Markov chain that is aperiodic and Harris re-
current is ergodic. We use these properties to prove that the modified Gibbs sampler
generates an ergodic Markov chain. Additionally, we can verify that the posterior
is the stationary distribution of the Markov chain generated by the modified Gibbs
sampler. We call this second property stationarity. Thus, to prove ergodicity and sta-
tionarity, we use the following two sufficient conditions conditions from Christensen
et al. (2010).

Condition 1: If the following holds

/ m(0¥)do* =0 if and only if / PO" | 0Y)do* =0, Vo', (3.10)
A A

then the Markov chain is aperiodic, pi-irreducible, and Harris recurrent (and also

ergodic, by definition).

Condition 2: If the following holds
/ (0 HP(OF | 0¥ 1) do Tt = (6%, (3.11)
A

then 7 1s the stationary distribution of the Markov chain with transition kernel P.
Once conditions 1 and 2 above are shown to be true, then the Markov chain

generated by the modified Gibbs sampler is ergodic, the Ergodic theorem (Theorem

1 above) holds, and the posterior 7 is the unique stationary distribution. To prove

Conditions 1 and 2, we first recall the posterior and transition kernel for the modified

11



Gibbs sampler.

m(6%) = w(a*, @) (3.12)
= p(w" | o*) - p(a®) (3.13)
= Gupe(on (@") - p(a®) (3.14)

Similarly, the transition kernel is
PO* | 651 = P(aF, @" | o1, @) (3.15)
0" - paja(@F | o) (3.16)

= pa|u7(a/k | wk_l) : 5w*(a) (wk) (317)

Proof of Condition 1

We begin by proving that Condition 1 holds for the modified Gibbs sampler. Using
the posterior and transition kernel from Equations (3.14) and (3.17), Condition 1

becomes

//5w*(a) (w*) - p(a¥) do® dw* = 0 if and only if

/ / Sunen (@) - pla | @') da* da = 0 V6L
(3.18)

Then integrating with respect to w* yields
/p(ak) do® =0 if and only if /p(ak | w')do® =0, Vo (3.19)

We then prove that (3.19) holds for the modified Gibbs sampler. Start by proving

the right-hand side. That is, assume [ p(a¥)da® = 0. Then we need to show that

12



[ p(a® | @w')da® =0, VO For any 6' we have
SL kY Lok
/p(ozk | ') do® = /p(w o) -pla )dak (3.20)

p(w?)
1 1 kY gk
_ (1) _ 21
1y [ B () ple) do (321)
If w' = w*(a*), then dyu(q)(w') = 1 and (3.21) becomes
1
—— [ 1-p(a®)da* =0 3.22
oy J 1 (322

Vv
=0 by assumption

Otherwise, 0y (o) (@') = 0 and (3.21) becomes

1 . ak O_/k:
p(wl)/o p(a*) da” = 0. (3.23)

Therefore, we have that [p(a* | w')da* =0, Vo'

Next, we show that the other direction holds. That is, assume that [p(a* |
w')da* =0, V0. Then we need to show that [ p(a®)da* = 0. Starting with the

left-hand side and using the total law of probability, we have
/p(o/‘“) do® = //p(o/C | oM p(w!)dw' da® (3.24)
= //]0(0/C | w") do®p(w')dw* (3.25)
= //p(ozk | @) da® p(w")dw' (3.26)

=0 by assumption

=0 (3.27)
Therefore, we have that [ p(a*)da® = 0. This further proves that Condition 1 holds
for the modified Gibbs sampler. Thus, the modified Gibbs sampler generates an er-

godic Markov chain that converges to its stationary distribution. The next section

provides a proof that the posterior distribution is the unique stationary distribution

of the modified Gibbs sampler.

13



Proof of Condition 2

Next, we prove that Condition 2 holds for the modified Gibbs sampler. We start with

the left hand side of Condition 2.
/ T(O1)P(OF | 9F1) dph-! (3.28)
substituting P with the stationary distribution as in (3.17)
-/ ) / (0 ) - paga(af | @5 paa(at | a¥)dot N dabt (3.29)
expanding the joint density using conditional probability
- /OO /OO D@ | 6*7Y) - p(0F 1) - pajo(@f | TV )poja(@* | aF) doh " dwh!
(3.30)

Substituting paje (0" | aF71) = e (o (@)

:/ / (5w*(a) (wk—l) -p(ak_l)pa\@(ak | wkz—l) . 5w*(a)(wk) dak—l d?f)k_l

(3.31)
Removing constants
_ 5w*(a)(wk) /OO /Oo 5w*(a)(wk71) 'p(akfl)pam(ak | @ 1) dak L di !
(3.32)
Integrating with respect to @w*~!
= dur (o) (") / T (e Vpaa(at | wh (1) dat ! (3.33)

replace pyjp(a” | w*(a"1)) with pa(a¥) because w* is a point mass and w = w*(«)

is guaranteed after integrating with respect to w" !
— (@) [ plat ) dat (3:34)
= du (o (0") 'pa(ak)/ p(a*™t) da*™! (3.35)

=1

14



= (o) - pla) (3.36)

= m(6%) (3.37)

Therefore, we have that 7(a®, w*) = 0, (0F) - p(a¥) is a stationary distribu-
tion of the modified Gibbs sampler with transition kernel P(a®, @w* | o1 w*~1) =
Pajw(aF | @YY+ (o) (@*). Further, by the ergodic theorem, we know that 7 is the
unique stationary distribution of the modified Gibbs sampler.

Thus, with ergodicity in hand, we know that the modified Gibbs sampler allows us
to sample from the posterior distribution 7. We use this concept in several experi-
ments to learn the posterior distribution over the hyperparameter o of a-loss. The

experiments performed are discussed in the following section.
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Chapter 4

EXPERIMENTAL RESULTS

In applying the modified Gibbs sampler to datasets, we first examine several base-
line experiments. We begin by performing baseline or “offline” experiments which
entail splitting the range of a into a grid of evenly spaced « values. For each alpha,
we then run gradient descent to obtain a set of “optimal” weights. From this we
can visualize the expected posterior of a by directly calculating and plotting the full
conditional distribution of «, p(a | @), for each value of « that was optimized in the
previous step. It is common practice in Bayesian analysis to use the full conditional
to approximate the marginal posterior (Casella and George, 1992). As we know that
alpha-loss is robust to label noise for a > 1 from Sypherd et al. (2021), we expect

this trend to be reflected in the baseline figures as well.

Next, using the optimal weights obtained from the baseline experiments, we check
the slice sampling over alpha, with p(a | w) as the target distribution, to ensure
correctness of the implementation. This slice sampling is done over alpha and uses a
“rounding” process in the posterior evaluations. That is, for a given posterior evalu-
ation in slice sampling, we use the weights of the nearest value of alpha in the range

of the offline experiments.

We next apply the alternating sampling scheme proposed as the modified Gibbs
sampler in Chapter 3 to learn the distribution of a. All three aforementioned experi-
ments are performed on a synthetic Gaussian Mixture Model dataset and the MNIST

dataset of hand-written digits designed for classification (LeCun et al., 1998).

16



Finally, we examine the effect of varying the prior distribution of o on the Gaussian
Mixture Model dataset by selecting a non uniform prior. This is to compare the
effect of the previous experiments, which make use of a flat, uninformative prior. We
begin describing the experimental results by focusing on the Gaussian Mixture Model
dataset.

4.1 Gaussian Mixture Model

For this first dataset, we study the effects of the modified Gibbs sampler in classify-
ing a two-dimensional Gaussian Mixture Model (GMM) with equal mixing probability
PY = —1] = P[Y = 1]. The class —1 and +1 have means of pyjy—_; = (=1,-1)"
and pixyy—41 = (1, 1), respectively, and covariance matrix ¥ = %Hg. We explore the
case in which the data suffers from label noise; that is, the labels of class Y = —1 are

flipped with varying probability (10%, 20%, 30%, and 40%).

4.1.1 Baseline Experiment

For the baseline experiment, we train a-loss on the logistic model, which is a
generalization of logistic regression that uses a-loss. Specifically, we use a linear
classification function f : X — R, where f = @'z and fit this output through
a sigmoid, g : R — [0,1], to map the output of the classification function to a
probability. That is,

gu(2) = o(07x) = H% (4.1)

We note that w € R? to account for the two dimensions of x and a bias or offset term.
For the baseline experiment, we consider o € [0.5,4.0] in increments of 0.1. For each

value of a in this range, we minimize a-loss using gradient descent with a learning

17



rate scheduled by cosine annealing. We run the baseline experiments for five noise
levels: 0%, 10%, 20%, 30%, and 40%. From the baseline experiments, we obtain a set
of “optimal” weights corresponding to a value of a and a specific noise level. These
weights allow us to visualize the full conditional distribution, p(« | @), from which
we eventually sample o in the modified Gibbs sampler. For the Gaussian mixture

model dataset, the baseline plot is presented in Figure 4.1.

Baseline Target Dist: pla | w)

0.28 — —
026
0.24 L e o
=
=
wn 022
=
@
0 ozo —— (0% label noise
10% label noise
018 20% label noise
—— 30% label noise
016

40% label noise

0.5 10 15 2.0 25 3.0 35 4.0
a

Figure 4.1: Baseline Plots of p(a | W) for the Gaussian Mixture Model Dataset.
The Range of o € [.5,4] Is Split up into Intervals in Increments Of .1 and We Per-
form Gradient Descent over the Model Weights until Their Difference in Subsequent
Iterations Is Less Than .001. This Provides a Visualization of p(« | W), Which We
Later Use to Compare with the Marginal Posterior of a@ Obtained by the Modified
Gibbs Sampler.

The baseline plot for the GMM dataset matches what we expect from previous
experiments in (Sypherd et al., 2019). In the case of no label noise (0% label flip),
the curve is flat, indicating that all values of a perform equally well. On the other
hand, for data with label noise, we see that the density values are smaller for smaller
values of v and increase with «, eventually flattening out toward o = 4. Again, based
on the work in (Sypherd et al., 2019), this matches our expectations as we see that

once noise is introduced, higher values of a (a > 1) are preferred.
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4.1.2 Slice Sampling

Next, we perform slice sampling over a with p(a | @) as the target distribution,
using the corresponding weights from the previous baseline experiments to evaluate
p(a | w). That is, for each noise level, we perform slice sampling of the full con-
ditional of alpha, p(a | w). Note that each step of slice sampling requires that the
target distribution be evaluated. For this slice sampling implementation, we use the
weights of the closest alpha present in the baseline calculations to evaluate the target
distribution. For example, if the slice sampler required that the target distribution
be evaluated for a = 3.21, we would use the optimal weights from the baseline exper-

iment for a = 3.2 to evaluate the target distribution.

The results from the slice sampling are displayed in Figure 4.2. Again, we find that
the slice sampling over o generates a density similar to the baseline plots. We use
this as confirmation of correct implementation of the slice sampling algorithm.

Baseline Target Dist: p(a | w) 0% Noise 10% Noise

05 10 15 20 25 30 35 40

20% Noise

0 1 2 0 1 2 0 1 2 3 4

apha alpha alpha

Figure 4.2: Slice Sampling over the Baseline Curves for the GMM Dataset. We
Perform Slice Sampling over «, Using p(a | W) as the Target Distribution to Confirm
That the Implementation of the Slice Sampling Algorithm Is Correct.
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4.1.3 Modified Gibbs Sampler

Finally, we apply the modified Gibbs sampler to the Gaussian Mixture Model
dataset. Specifically, we alternate in sampling « using slice sampling and optimizing
the model weights w using one epoch of gradient descent. The alternating sampling
scheme is run for 10,000 iterations, after which we are left with a chain of 10,000
samples of a. As is common in MCMC methods, we discard the first group of samples
and treat it as the burn-in period, as the beginning of the chain is thought not to
have reached stationarity (Roberts and Rosenthal, 2003). Therefore, for the GMM
experiment, we take the burn-in period to be the first 1,000 samples. Similarly,
practitioners can apply the practice of thinning in order to decrease the correlation
between subsequent samples that is inherent in the Markov chain. Thinning takes
every k samples from the chain and discards the remaining samples. The idea behind
thinning is that it makes observations more independent and thus more like a random
sample from the posterior distribution (Christensen et al., 2010). For the GMM
experiment, we thin the « chain by 2, meaning we discard every other sample to
decrease autocorrelation.

Finally, with our post-processed chain, we evaluate the marginal posterior density
of a by generating a kernel density estimate of the remaining samples. Further, twenty
chains are run (in blue) to analyze the average chain behavior (in red).

The obtained posterior plots of « are shown in Figure 4.3. For 0% label noise, we
see that the density is approximately uniform; that is, no preference is shown for a
particular value of alpha. However, once label noise is introduced, the density values
are higher for larger values of a. This result agrees with previous experiments in
using the logistic model and alpha-loss to classify binary Gaussian Mixture models

(Sypherd et al., 2019).
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Posterior Distributions of « for varying levels of label noise
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Figure 4.3: The Marginal Posterior Distributions of «a for Varying Levels of Label
Noise Obtained by the Modified Gibbs Sampler for the GMM Dataset. The Blue
Curves Are Individual Chains Obtained over Twenty Different Runs, While the Red
Curve Shows the Average Density Values of the Twenty Runs.

4.2 MNIST Dataset

The second set of experiments is performed using the MNIST dataset, which is a
collection of images of hand-written digits ranging from 0 through 9 (LeCun et al.,
1998). For our experiment, we extract the numbers 1 and 7 only to perform a binary
classification. Additionally, the classification algorithm is trained on a binary labeled
dataset that suffers from symmetric noisy labels as in (Sypherd et al., 2019). We
explore data with four levels of label noise: 0%, 10%, 20%, and 30%.

All code is written in Python and relies on the machine learning framework, Py-
torch (Paszke et al., 2019). We consider a convolutional-neural-network (CNN) with

two fully connected layers preceded by two convolutional layers. The complete archi-
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tecture is displayed in Figure 4.4. Again, as in (Sypherd et al., 2019), we use softmax
activation to generate probabilities of the labels, after which the model’s belief is

evaluated using a-loss.

64@11x11 64@5x5
32@26x26 32@13x13

1@28x28

Convolution 1 Max-Pool Convolution 2 Max-Pool Dense

Figure 4.4: Architecture of the 2-layer CNN Used on the MNIST Dataset. The
First CNN Layer Has 32 Layers with No Padding and Max-pooling. The Second
CNN Layer Has 64 Layers with No Padding and Max-pooling. These Layers Are
Followed by Two Fully Connected Layers with 128 and 2 Outputs, Respectively.

4.2.1 Baseline Experiments

For the baseline experiments, we split the range of o € [0.5,10] into a grid of
values in increments of 0.5 (i.e. 20 values total). Then for each value of «, a model
is trained using gradient descent with a learning rate scheduled by cosine annealing
to prevent getting stuck in a sub-optimal location. The gradient descent is run for 50
epochs to determine the “optimal” weights for that value of a. We choose 50 epochs
as that is the number of epochs used for training in (Sypherd et al., 2019). This
experiment is run for all four noise levels. Similar to the GMM baseline experiments,

the optimal weights allow us to calculate and visualize the full conditional density of
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a, p(a | w). The baseline figure is displayed in Figure 4.5.
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Figure 4.5: Baseline Plots of p(a | W) for the MNIST Dataset. The Range of
a € [.5,10] Is Split up into Intervals in Increments Of .5 and We Perform 50 Epochs of
Gradient Descent over the Model Weights. This Provides a Visualization of p(a | W),
Which We Later Use to Compare with the Marginal Posterior of a Obtained by the
Modified Gibbs Sampler.

Again we notice from Figure 4.5 that for 0% label noise, the curve is relatively
uniform and indicates equal performance over the range of a € [0.5,10]. However,
once label noise is introduced, there is a preference for larger values of «, which
eventually levels out indicating a “saturation” effect. That is, sufficiently large «

tend to have similar performance as presented in (Sypherd et al., 2019).
4.2.2  Slice Sampling

Next, as with the GMM dataset, we perform slice sampling over a using the
corresponding weights from the previous baseline experiments. That is, for each
noise level, we perform slice sampling with the full conditional of «, p(a | W), as the
target distribution. Again, as with the GMM dataset, we use a “rounding” process
to obtain the model weights for the closest a value in each target density evaluation.

The results of the slice sampling are shown in Figure 4.6.

23



0% noise 10% noise

010
008

£

£ 006

7

-4
0.04
002
0.00

2 4 6 8 10 2 4 [ 8 10
a a
20% noise 30% noise

010
0.08

8

E 0.06

a

g
0.04
002
0.00

2 4 6 8 10 2 4 6 8 10
a a

Figure 4.6: Slice Sampling over the Baseline Curves for the MNIST Dataset. We
Perform Slice Sampling over «, Using p(a | W) as the Target Distribution to Confirm
That the Implementation of the Slice Sampling Algorithm Is Correct.

0.00

The results in Figure 4.6 show agreement with the baseline plots. That is, the
slice sampling plots for 0% noise are uniform, while the cases with label noise have a
density that increases with . We use this as confirmation of correct implementation

of the slice sampling algorithm.

4.2.3 Modified Gibbs Sampler

Finally, the modified Gibbs sampler is applied to the MNIST dataset for varying
levels of label noise. To expedite the burn-in process, we perform additional gradient
descent steps in the beginning of the sampling process. The exact sampling procedure

is

Iteration 0-200 — sample « every 10 epochs of gradient descent

Iteration 200-400 — sample a every 5 epochs of gradient descent

[teration 400-600 — sample « every 4 epochs of gradient descent

Iteration 600-800 — sample a every 3 epochs of gradient descent
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e [teration 800-1000 — sample « every 2 epochs of gradient descent
e Iteration 1000+ — sample a every epoch of gradient descent

This sampling procedure allows for added stability in the loss landscape. That is,
by running more epochs of gradient descent in the early iterations, we are closer to
the optimum, instead of simply switching landscapes with each iteration. Essentially,

this allows us to reach the optimum faster and adds stability to the algorithm.

This alternating sampling algorithm is run until 10,000 samples of « are attained.
Using these samples, a similar post-processing procedure is performed. We use a
burn-in period of 1,000 samples and thin the chain using £k = 2. That is, we keep
every other sample and discarding the remaining samples. The samples that remain
after discarding the burn-in period and thinning are then used to generate a kernel

density estimate plot to approximate the marginal posterior of o in Figure 4.7.

Marginal Posterior of a (1,000 burn-in, thinned by 1/2)

11111111

Baseline Posterior (using 87} 2006 z
£ 005

%%%%%%%%%%%%%%%%

Figure 4.7: RHS: The Marginal Posterior Distributions of « for Varying Levels of
Label Noise Obtained by the Modified Gibbs Sampler for the MNIST Dataset. LHS:
We Provide the Baseline Figure for Comparison.

The results in Figure 4.7 are encouraging because they tend to agree with our

expectations. In particular, the posterior for 0% noise tends to be flat or uniform
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across the range of alpha. As for the data with label noise, we see a preference for
larger values of «, as seen in (Sypherd et al., 2019).

Additionally, we examine several features to ensure the sampling chain has reached
convergence. First, we examine the trace plot of « in Figure 4.8, which shows the
values of o that were sampled with each iteration of the modified Gibbs sampler.
The trace plots of a show good mixing; that is, the chain thoroughly explores the
parameter space without any trends or cycles.

Trace plot of a
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Figure 4.8: Trace Plot of @ Chain Obtained by the Modified Giai)bs Sampler on the
MNIST Dataset.

A metric that can be used to assess convergence of the chain to the stationary
distribution is the Geweke diagnostic. This statistic compares the first portion of
the chain (usually the first 10%) to the last 50% of the chain with the idea that,
if the chain has converged to the target distribution, then the mean of the early
portion should not be significantly different from the latter half of the chain (Geweke,
1992). Practically speaking, the Geweke diagnostic takes the first 10% of the chain

as the initial portion, 6, and splits the final 50% of the chain into twenty segments

Ocyy ..., 0ey, and performs a z-test for each segment. The hypothesis is
HO : 95 = Hei (42)
Hy: 0, #6,,. (4.3)
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Thus, if we fail to reject the null hypothesis, we have strong evidence that the means
are equivalent, further implying that the chain has reached convergence to the target
distribution. We run the Geweke diagnostic on the a chains for each noise level,
comparing the mean of the first 10% of each chain to twenty segments of the latter
half of the chain. The results of the test are shown in Figure 4.9. We see that the test
statistics all lie within two standard deviations, indicating that the first 10% (first
1,000 samples) can be treated as the burn-in period. This result also implies that our

chain has reached the target stationary distribution.

Geweke Plot Comparing first 10% and Slices of the Last 50% of Chain
0% Noise 10% Noise 20% Noise 30% Noise

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 o 1000 2000 3000 2000 5000 [ 1000 2000 3000 2000 5000

Figure 4.9: Plot of the Geweke Diagnostic Used to Determine Convergence of the
« Chain to the Stationary Distribution for the MNIST Dataset.

Thus, according to the Geweke diagnostic, our Markov chain agrees with the
theoretical properties of Chapter 3 in that the modified Gibbs sampler converges to
the target distribution. Additionally, the marginal posterior distributions learned in
the MNIST experiment also agrees with the theoretical results presented in (Sypherd
et al., 2021). Figure 4.7 shows that the larger values of a (i.e. o > 1) are preferred
over smaller values of « for data with label noise. We note that, as the amount of noise
increases, the preference for the larger values of alpha also increases. For example, in
Figure 4.7, we see that a > 6 and larger have a higher density for the datasets with
20% and 30% noise, as compared to the density for 10% noise. This result suggests
that the modified Gibbs sampler is effective in learning the distribution of v in tuning

a-loss.
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4.3 Non-Uniform Priors

Lastly, we examine the use of non-uniform prior over « in the modified Gibbs
sampler for the Gaussian Mixture Model dataset. Similar to the experiment in Section
4.1.3, we run the modified Gibbs sampler for 20,000 iterations, but use three non-
uniform priors: N(p, = 1.0,02 = 0.01), N(ta = 1.0,02 = 0.1), and N(p, =
1.0,02 = 1.0). Figure 4.10 then shows a kernel density estimate of the obtained
samples of a for varying noise levels, as well as the original prior that was used.

©=10,07=0.01 ©=10,0’=01

40 = prior
posterior, 0% noise
35 — pos

— o

10
posterio
—— posterior, 40% noise

= 25
520
a
15
10
os

00
25 30 ELTA] 05 10 15 20 25 30 35 40
a

Figure 4.10: Posterior of a Learned Using Three Different Prior Distributions in
the Modified Gibbs Sampler for the GMM Dataset. The Priors Used, from Left to
Right: M (1o = 1.0,02 = 0.01), N'(pe = 1.0,02 = 0.1), and N (pe = 1.0,02 = 1.0)
From Figure 4.10, we see that the learned posterior of a tends to coincide with
the chosen prior distribution (for all three choices of the prior). In other words,
the posterior is dominated by the prior. This indicates that the previously chosen
likelihood of exp(—[) should be normalized in a way that allows the loss values, and
consequently the likelihood, to be compared directly. This particular normalization is
established in Jiang and Tanner (2008) and Zhang (2006), which introduce methods
of using loss functions as a quasi-likelihood. This stands as a direction for future

work.
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Chapter 5

CONCLUSION & FUTURE WORK

With the increased need for robustness in machine learning, the ability to properly
tune parameterized loss functions has presented itself as a unique challenge. While
traditional methods generate point estimates, MCMC algorithms can be leveraged
to learn distributions of the hyperparameters in question. This thesis shows the
effectiveness of a modified Gibbs sampling method to learn the distribution of the
parameter « of a-loss. The experimental results are also fortified by the theoretical
proof of ergodicity and stationarity of the modified Gibbs sampler. Given these pos-
itive results, one clear area of improvement is the computational resources required
for the modified Gibbs sampler. While the baseline experiments need not be com-
pleted to implement the modified Gibbs sampler, the algorithm itself is still quite
time intensive; however, if resources are not scarce, the practitioner may determine

that obtaining a distribution of the hyperparameter is worth the resources.

That said, there are several areas of future work. Preliminary experiments on
changing the prior over « indicate that the posterior is heavily dependent on the cho-
sen prior. As we do not want this to be the case, there remains the need to normalize
the likelihood. That is, more work is needed on the information theoretic framework
to understand how the exp(—I1*) should be normalized to be a proper likelihood as in

Jiang and Tanner (2008) and Zhang (2006).

Specific to a-loss, the experiments performed in this thesis mostly used a relatively

flat, uninformative prior. Sometimes it may be the case that the practitioner has prior
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information about their dataset. This could allow for the use of more informative pri-
ors, which could improve the results of the modified Gibbs sampler. Further related
to a-loss, it is well documented that @ < 1 can be leveraged in the case of class
imbalance (Sypherd et al., 2019). The application of the modified Gibbs sampler to
datasets with class imbalance is an interesting opportunity to explore whether the

distribution agrees with previous results.

There are also other Bayesian methods that do not require the use of MCMC
algorithms. For example, Bayesian optimization is a two-step optimization procedure
that first uses Gaussian process regression to build a surrogate function of the ob-
jective and second, uses an evaluation metric, or acquisition function, to determine
future sampling areas that hold the most potential for improvement (Frazier, 2018).
Bayesian optimization is also leveraged in the hybrid procedure called Bayesian opti-
mization Hyperband method (BOHB). Hyperband uses the process of successive halv-
ing - starting with n parameter configurations and discarding the worst performing
half after a certain amount of time - for a number of randomly sampled configurations
(Li et al., 2017). Hyperband works to balance exploration and exploitation by try-
ing out many parameter configurations while giving more resources to the promising
configurations. Thus, the hybrid method, BOHB, combines the speed of evaluations
due to Hyperband and refinement of selections due to the guided search capability
of Bayesian optimization. Consequently, Bayesian optimization and BOHB are two
additional methods with promise to solve the problem of tuning hyperparameters of

loss functions.
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