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ABSTRACT

The fluorescence enhancement by a single Noble |nsgtiaere is separated into
excitation/absorption enhancement and the emisgjoantum yield enhancement.
Incorporating the classical model of molecular fppaous emission into the
excitation/absorption transition, the excitatiorhamcement is calculated rigorously by
electrodynamics in the frequency domain. The filaimula for the excitation
enhancement contains two parts: the primary fieldbecement calculated from the Mie
theory, and a derating factor due to the backsuadtdield from the molecule. When
compared against a simplified model that only inesl the primary Mie theory field
calculation, this more rigorous model indicated tha excitation enhancement near the
surface of the sphere is quenched severely dudéedoack-scattering field from the
molecule. The degree of quenching depends in path® bandwidth of the illumination
because the presence of the sphere induces aifeththe absorption frequency of the
molecule and at the same time broadens its spectidomochromatic narrow band
illumination at the molecule’s original (unpertud)eresonant frequency vyields large
guenching. For the more realistic broadband illiation scenario, we calculate the final
enhancement by integrating over the excitationfgdigm spectrum. The numerical
results indicate that the resonant illuminationnse® overestimates the quenching and
therefore would underestimate the total excitaBohancement if the illumination has a
broader bandwidth than the molecule. Combining ékeitation model with the exact
Electrodynamical theory for emission, the completalistic model demonstrates that
there is a potential for significant fluorescencéancement only for the case of a low



guantum yield molecule close to the surface of dpkere. General expressions of the
fluorescence enhancement for arbitrarily-shapedalheitennas are derived. The finite
difference time domain method is utilized for amahg these complicated antenna
structures. We calculate the total excitation enbarent for the two-sphere dimer.
Although the enhancement is greater in this case fibr the single sphere, because of the
derating effects the total enhancement can neahréhe local field enhancement. In
general, placing molecules very close to a plasmamntenna surface vyields poor
enhancement because the local field is strongbBctdtl by the molecular self-interaction

with the metal antenna.
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Chapter 1

INTRODUCTION

In the biological and biomedical applications, relphetal nano-particles have
been widely used for detection for their uniqguectamagnetic properties in the Optical
frequency range [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]Je@hthe emerging important applications
is enhancing dye molecule emission or quenchinghieat or signal generation, by
linking the molecule and the particle (viewed aBlasmon Resonance sphere) based on
DNA assembly [1]. The problem is that with the Rias resonant particle, specifically
spherical, it is hard to tell whether the fluoresme will be enhanced or quenched based
on recent experimental results [10, 11, 12]. Reiiation of the conflicting results is not
necessarily straightforward because the interastanong the incident waves, emission
waves, Dye molecule and the nano-particles are toated quantum-electrodynamics
problems.

The molecules, which were treated as a three Bxsém in Quantum mechanics,
emit the light at a frequency different from thesaiption frequency: A fluorescence
molecule absorbs energy at a short waveleigthand then degenerates from its initial
excited state to a lower energy excited state,thed emits energy at a long wavelength
A31. In the presence of a Plasmon resonant spheré, theti,; absorption andis;
emission processes are influenced. Das and Metd) [#] utilized the Quantum
Mechanics theory to take the particle effects mtoount. However, their theory is only

usable for very small nano-particles and it assuthesabsorption dipole moment is so



small that the perturbation on the local field egligible when compared to the Mie

scattering field by the sphere.

L5 8
T, ANV ~
o 2
with DNA DNA NPs with Dye molecule

Fig. 1-1 DNA Assembly for fluorescence enhancenegmuenching

These surfaced enhanced fluorescence phenomena acually studied
theoretically several decades ago when people tigadsd the huge fluorescence
enhancement and quenching rough metal surfacely. \wark by Purcell [15] indicated
that the environment, such as sphere, surfacevity gaodifies the radiative property of
guantum emitters like atoms and fluorescent moéscuNot only influencing the
radiative rate, Plasmonic spheres provide extra-radiative channels through their
dielectric losses. The large induced dipole monag¢tihe resonance of the sphere implies
large current flow inside the sphere, which offeessible enhancement through radiation,
and possible quenching though dielectric loss 14,18, 19, 20]. The enhancement or
guenching comes from the trade-off between thesecompetitive elements [6]. Most
electromagnetic and quantum mechanical models efpttenomenon [17, 20, 21, 22]
claim that fluorescent modifications come from tegparate parts: local field excitation

ratey,,. modification and the emission quantum yigldy modification. This separate



treatment is legitimate, since the absorption ants&on operate at different frequency
that eliminates the coherence.

For weak excitation where spontaneous emission s, the total fluorescent
ratey,,, can be expressed as [10, 6],

Yem = Yexc[Vr/V] (1-1)
wherey.,. IS the excitation rate,. is the radiative rate, andis the total decay rate for
emission. The quantum yie@Y = y, /y is defined as the ratio between the radiative rate
and the total decay rate of the molecule with thange of environments. According to
the Fermi Golden rule, the excitation rate is prapoal to the square of the perturbing
Hamiltonian |p - E(rp,, )|, where E(r,,, w) is the local electric field angh is
absorption transition dipole moment. Assuming ttie absorption transition dipole
moment is a constant, the total enhancement maddic factork,,, can be re-written as
the combination of absorption modificatidf),. by local field and quantum yield

adjustmenkK,,, in the emission process,

2
Yem _ YexcQY _ |ep : E(rm:(‘))| ) QY
Yemo VexcoQ@Yo |ep . EO(rm: w)lz QYo

Kior = = Kexc * Kem (1'2)

where the subscript 0 means the corresponding ifpianthe free space or solution.

The modification of quantum yield,,, and its contribution to fluorescent
enhancement/quenching effects has been well uoderédr over three decades [17, 18].
In 1980s, several analytical theories based onsiclals electromagnetics for single
molecule emission near a single sphere/plane. Aatreistatic theory by Gersten and
Nitzan [17] to calculate the radiative rate and -naxtiative rate was widely used for

guenching and enhancing by spheres or spheroidhiR{ip8] and Chew [19] published
3



the theories using the exact electrodynamics. Hewsatieupon Ruppin’sheory and r-
calculated the total decay rate by using the etefigld susceptibility. All these classic
theories contain infinite sums over multipole teriausd can only be applied to the sin
molecule interaction with a single sphere. In 20Dé&minati and Greffef21] proposed a
simple method to model a metallic n-particle as single dipole moment at the cente

the sphere. The radiative rates and total decags rate then derived using a sim

dipole-dipole capling approach. However, this model has a linotz : when the

distance from the emitter to the sphere gets cltsar the radius, the centered dip
model for spheres is invali

Generally, thenthree kinds of metho have been used to analyze thioblem:
the Electrodynamicainethod, the que-static method, and the dipoti#pole interactior
method. Obviously, theElectrodynamic:i method would provide the most accure
predictions, since it is th&trictes one. Nevertheless it is instructite conpare with the

other two methds to find out the limitationintroduced bythe approximations

Moiecuie treated as smaii Molecule treated as a radiating dipoie

nerturhation .
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Fig. 1-2 thegeneral electromagnetic modeling for the absorfiaitation and emissi



Interestingly, another important part of the pheeroon, the absorption
modification has been treated in an extremely smphy: while the molecule was
modeled as a radiating dipole in the emission nicatibns, it was treated as a negligible
perturbation on the local field during absorptidihus, the absorption enhancement was
simplified to be the ratio of the local light inwty in the presence of the sphere to the
local light intensity without the sphere. Understlissumption the local electric field can
be strictly calculated by the Mie theory for simpfgherical structures.

However, this simplification leads to a contradiati Since the fluorescent
molecule is an electrically small resonant dipalensider the case when said dipole has
strong scattering at the absorption frequency. Fitoentextbooks on antenna theory, we
have the extinction cross section of such a matdigule as\?/4x. Suppose we put such
a fluorescent molecule near a Silver nano-sphésenilradius) at its resonant frequency
360 nm wavelength. The calculation shows that,d@fuse the 1V/m plane wave incident
on the sphere, the sphere would generate a loelal 10 times stronger. From the
viewpoint of previous articles in the literaturbetmolecule should get an absorption
enhancement of 100 times (the square of the fieldhecement). In the other words, the
extinction cross-section becomes 10x. However, when you treat the molecule-
sphere as one antenna system, entirely encloséihvatregion 20nm on the side, the
system is still electrically small and by definitiagts maximum extinction cross section
cannot exceed 3*/2r [23]. Therefore the simplification that the totatal field is only
due to the incident wave interacting with the sphartificially overestimates the
extinction cross section of the molecule, whichoalsverestimates the molecule
absorption ability. Such a contradiction could kesalved by Classic Electrodynamics:

5



The dipole molecule generates its dipole field, this field is scattered back into tf
dipole again by the sphere; the strong oscillatiod short distance between the mole:
and the particle makes the-scattering so stng that is not negligible when compe

with the plane wave plus its scattering f (we will call that the Mie fieldnstead). The

whole process camake the local fielivery different from the Mie field.

View as ane receiving antenna

A
A
0 |
E = 10E,

Matched receiving
antenna

2 10072 342
4m 9T Tam =2

Fig. 1-3 thecontradiction between simplified modeling neglegtihe dipole field ir
absorption

This contradiction requils us to rederive the equations for fluorescer
enhancement from Quantum Mechanical viewg into theelectromagnetic. The dipole
field influence has to be considered and implementedir@@bsorption equatiol

The dissertation is organized as follows: In Chaj@ea literature reviewis
performed to highlight thexperimental disagreement on fluoresceqoenching ani
enhancement. Severalffdrent theoretical explanations are discussedChapter 3, wi
demonstrate the validity foseparatingthe absorption and emission calculation,
establish the correcelectromagnetic model of the fluorescence from tuanturr

mechanical viewpat. In Chapter 4, the emission models are discusgée compai the
6



Gerstern-Nitzan model, exact electrodynamical maahel Carminati’'s model. Based on
the image theory, we develop a simplified model fbe emission quantum yield
enhancement. The back-scattered field from thedipitle is utilized in the total decay
rate calculation. In Chapter 5, we derive the lofiald on the molecule with the
consideration of the molecular spontaneous emisgield. The results show the
possibility of quenching of the excitation due tee tself-field term. The absorption
frequency is shifted and the bandwidth is broadeded to the sphere. Hence, for
broadband illumination, integration over the spattris required for accuracy in the
excitation enhancement. The final results showtth@excitation enhancement is almost
always derated by the backscattered self-field. éles, the frequency domain results
that only consider the resonant frequency illumoratvould overestimate this effect. In
Chapter 6, we develop the general method to estithattotal fluorescence enhancement.
The total enhancement is separated into the prifi@iy enhancement, derating factor,
and the emission quantum yield enhancement by @ne-antennas. Once we compare
the numerical results for the spherical antennexixct electrodynamical results that we
derived and summarized in Chapter 4-5, we conchhdé¢ the finite difference time
domain method (FDTD) provides precise far field aedr field computations. We apply
the method for the spherical dimer antenna, thataian enhancement is strongly
dependent on the derating factor. In Chapter 7sumemarize the theoretical work for the

fluorescence enhancement from the electromagretary viewpoint.



Chapter 2

EHANCEMENT AND QUENCHING BY METALLIC STRUCTURES

2.1 Introduction

The interaction between photosensitive moleculesthe electromagnetic field in
the vicinity of metal nanostructures is at the he&ra multitude of applications ranging
from the measurement of microscopic distances dumolecular reactions [24] to the
development of more efficient solar cells [25, 2@]Jhe purpose of the metal
nanostructures is to change the “response” of thetgsensitive molecules.
Paradoxically, when the change is measured usingrescence, the results in the
literature are almost equally likely to show queanghof the radiation as to show
enhancement of the same.

Although the discrepancy in results must be attatiuo differences in the details
of the experiments, there does not appear to lgstarsatic accounting in the literature of
the relationship between those differences and fihal result (quenching or
enhancement). Since it is straightforward to enateethe experimental parameters that
could possibly contribute to this difference, tlaeK of a categorical verdict reveals a
more fundamental problem. This problem appears doah uncertainty about the
“Physics” involved in the interaction.

For example, in the mid 2000’s several papers saoiegexplain quenching results
in terms of a new postulated phenomenon called Matal Surface Energy Transfer
(NSET) [27]. The quenching data was fitted to aremse power law and shown to differ
from the 6th power law of ordinary Forster's Resungnergy Transfer (FRET) and

8



closer to a 4th power law. From the resemblancénisf power law to the interaction

between a dipole and a conducting plane it was $ipexculated that “planes” of dipoles
in the metal particle were responsible for thissual behavior. However, in light of the

boundary conditions obeyed by Maxwell’'s equatioha enaterial boundary, and the fact
that classical electrodynamics solutions obey lirsegoerposition, such an explanation is
a logical impossibility.

Even in the case when full physics computationattebdynamics methods are
used to support enhancement data we find similaem@inties. For instance, Lakowicz
and his collaborators [28] applied the Finite Diffiece Time Domain (FDTD) method to
calculate the electric field in the neighborhoodaofmetal nanoparticle. After obtaining
their results, the authors are careful to statet tiheir experimentally observed
enhancement of fluorescence densistentwith the enhanced Electric field intensity
calculated; but they advance no precise quantgginedictions to be compared to the
data.

These same authors have repeatedly emphasized ntpertance of the
nanoparticle size in supplying enhancement by masithe rule that whenever the
particle’s scattering cross section exceeds itsrahisn cross section, enhancement is to
be expected. Yet this is a rule derived from #efield plane-wave scattering properties
of a nanoparticle and it is not explained why ib@ld be expected to apply to the case of
a molecule whose near field interacts with the pamnticle quite differently from a plane
wave. They also have proposed that a minimum distahthe order of 11 nm is optimal
for enhancement effects, yet again there iprexiseelectrodynamical rationale given

for this number.



In 2006, Novotny [6, 7] analyzed the fluorescennbamcement and quenching
effects due to distance variation from one singlwes sphere using Classical
Electromagnetics. Even though he used the quasi-stpproximations, the process of
the treatment was convincing: The excitation enbBarent and the emission
enhancement were calculated separately and combiioed total fluorescence
enhancement. However, we have to notice that tlocgagion enhancement calculation
not only assumed the dipolar scattering by spheraeiar field, but alsagnored the
molecule’s existenceln the other word, the self-scattering fieldnfréhemoleculeat the
excitation frequency was never considered in toaupe.

It is one purpose of this dissertation to shedtligh the origin of the apparent
contradictions and uncertainties seen in the liteea The solution of the dilemma has
been known since the work of Das and Metiu in 1f8Y. In fact, our work can be
considered a companion to Das’ 2002 paper [14] hee reiterated his results
considering the molecular re-radiation in termstloeé molecule image field in the
guantum mechanical model. Even though the origpegers [13, 14] proposed the
consideration of the re-radiation field effect flbsorption/excitation, it was limited to
the electricsmall sphereSimilar considerations on the-radiation effectsvere applied
to the resonant Raman enhancement [29, 30]. InsShaper [30], thee-radiation effects
are explicitly applied to modeling resonant Ramahasmcement, but not considered for
the case of excitation for fluorescence enhancent@at approach expands Das and
Sun’s considerations afe-radiation by solving the problem from the standpoint of

modern electromagnetic engineering, using both naaetheory and full physics

10



computational electrodynamics methods to considertrarily sized and arbitrarily

shaped patrticles.

2.2 The case for quenching

As noted above the authors of [27] consistently suea quenching of
fluorescence. Since the nanoparticles they usede wextremely small (diameter
d=1.4nm), their far field extinction cross sectiencompletely dominated by absorption.
Therefore if the rule that enhancement dependfi@rsctattering cross section exceeding
the absorption cross section is true, this resubulds be expected. However the
experiments of Ray et al [24] appear to show peveaguenching even with particles as
large as 70nm in diameter, and the behavior tonegplained by either FRET or NSET.

Quenching of QDs closer than 4nm from a metal serfa predicted by Larkin et
al [31] on the grounds of a non-classical locakdan phase approximation. But at these
distances other non-classical effects have beetulpted that may have the same effect
such as non-local behavior in the dielectric fumttof the metal [32]. The problem with
these very small distances from the surface isdhaé we are in the 2-4 nm range other
physico-chemical phenomena come into play that lemd to non-electrodynamic
guenching, such as electron-hopping or physicaration of the molecule’s energy
levels due to extreme proximity to the metal swfathese “contact” phenomena may be
dramatically different for an organic molecule anduantum dot. Specifically if electron
hopping from the molecule to the metal nanopartodeurs either along the tether (that

separates it from the nanoparticle) or throughsilveounding solution we would have a

11



mechanism for quenching in molecules. The fact tpantum dots are insulating
dielectrics may mean they have a built in barrgaiast this quenching channel.

Therefore when determining the enhancement or dueg@roperties of a given
molecule-nanostructure combination using conveatidAhysics (electrodynamics or
guantum mechanics), in which the material structsirassumed to have a well-defined
dielectric function, we should assume distanceatgrethan 4 nm. Any quenching that
occurs beyond 4 nm must be explainable by convealtiteory.

Experimental results often include data in thisliapple range. For instance,
Schneider and Decher [4] proved that when fluoreseid lissamine photoluminescent
dyes are placed 1.5 nm to 8nm from 13nm gold ndrergg, their photoluminescence is
guenched; the closer they are the more severeudeching. Similarly, Dulkeith [1, 2]
reported quenching of Cy5 chromophore fluorescdaycg2 nm gold nanoparticles from
2 to 16 nm separation. But the authors stated ithet known that at 10 nm over

structured metal surfaces enhancement occurs.

2.3 The case for enhancement

Two electrodynamic phenomena are expected to toérito enhancement. The
first is the concentration of an incident plane walectric field into near field “hot
spots” by the plasmon resonance of the noble nsttatture. This is well known and
documented in the Surface Enhanced Raman Scattkiéngture. The second is the
increase in radiation resistance [33] availabledimission due to the coupling of a large

antenna (the particle) to the smaller antennarttbiecule). This is usually expressed as a

12



Radiative Rate increase [34, 35]. Experimental @vog for enhancement measured as
fluorescence enhancement also abounds in thetlitera

In 2001 Lakowicz [8] reported an 80-fold increadeflaorescence from DNA
(extremely poor fluorophore) near silver islandsulakovich et al [36] obtained a
maximum luminosity enhancement for quantum dottheforder of five times at 11 nm
separation between the quantum dots and a goldig¢aurface. The colloid surface was
formed using particles 12nm to 15nm in diameteuiset al, [37] show that 15 nm gold
particles coated with 3 nm Rare Earth (RE) pasiodxhibit fluorescence intensity
enhancement of the RE by 42 times. In their expaninthe RE oxide particles were in
direct contact with the gold nanoparticle. Whepythused larger RE particles, thus
increasing the mean distance of the radiating cdrten the surface, the enhancement
went down to only 7 times.

In a slightly different configuration Zhang et &l jworked with silica beads with
average diameters in the range of 40-600 nm, witfbpy)3 2+ complexes incorporated
into the beads that were then over-coated withrairm@ous but porous silver shell 5-50
nm thick. Enhancement as high as 16 times wasradatdor small core beads with shells
of the order of 40 nm thick. Kuhn et al [38] usedapertureless NOSM configuration to
demonstrate up to 19 times enhancement in radiatedsity by a terrylene molecule
embedded in a 30 nm paraterphenyl 20 (pT) film arsimultaneous drop in decay time
from 20ns (the typical value for such moleculethatair-pT interface) to 1 ns (below the
4ns in-the-bulk value) as a result of bringing anb® gold nanosphere within 1nm of the

film.
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In a different phenomenon, Chowdhury et al [39]vgl&® times enhancement of
chemi-luminescence when a 1 micron thick layerobditson is sandwiched between glass
plates covered with non-continuous silver depagith islands approximately 200 nm in
diameter, 40 nm high. Estimating that the enharcgns only effective within 10nm of
the surface the authors postulate that the achlelreement was probably closer to 100
to 1000 times per molecule. In the chemi-lumineseerase the absorption enhancement

side of the fluorescence experiment is obviated.

2.4 Seeking an explanation

The variety of results reported above must be edldb the differences in the
experimental conditions. Using a purely electrodyital point of view we can highlight
these differences and their expected contributefollows: First, all the radiators used
were not the same. In Table 2-1, given specificntiua yield, it is clear that different

experiments used radiators of different intringfcceency [40, 41].

QY ~ 0.92 ~ 0.94 0.15 0.25
Radiator Fluorescein Rhodamine 6G Tetraphenyl Cy5.5
porphyrin

Table 2-1 Variation in Quantum Yield of the radigto

Second, in electromagnetic theory it is well knawat the efficacy with which a
material structure couples electromagnetic enertyyfree space depends on the modes it
can support. Certain surfaces can decrease aagdsliattput by redirecting power into
trapped modes (a dielectric plane) or into matdoss$ (a poor conductor) whereas other
structures (periodic gratings or plasmon resonamtighes) can enhance radiation by

coupling the evanescent waves of the radiator’s field into propagating waves. To the
14



degree that the two kinds of phenomena can exitt@same structure, to this degree the
results can be mixed (e.g. a lossy plasmon-resarerdparticle). The following are the
kinds of structures used in some of these expetsneith their expected effect on the

radiator’s output to the far field.

v

Effect Decrease Moderate Increase Increase Larger Increfase

Structure Dielectric films or Noble metal Noble metal particles Rough or periodic

smooth metal films| nanoparticles at the large enough to large Noble metal

with no out- Plasmon resonanceg sustain higher order surfaces
coupling prism. frequency modes on their
surface

Table 2-2 Variation of free space coupling in threcures

Third, the ohmic loss mechanism of a nanostructigpends not only on the
intrinsic composition (normally used Ag is less dpsthan Au) but also on the
morphology of its surface, particularly in relatitmthe conduction electrons’ mean free
path. If material boundaries are closer than thamieee path (thin films, small particles)
[42], the excess collisions increase the loss eéxpeed by the electromagnetic field and
reduce the field enhancement. However, the wayntla¢erial boundaries shape the
radiator’s near field also affects the induced ents and loss in the material. Thus in the
presence of a colloidal quasi-crystal we might e different phenomena. A radiator
very close to the crystal’'s surface may interaadrgjly with only one sphere and yield
the results expected for a small isolated sphergevitnicreasing the distance from the
crystal surface will bring in a collective interawxt that will tend to make the material

“look” like a large planar boundary. Therefore, @xpect the radiation enhancement of
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realistically lossy Noble

metal structures in thH#edent experimental approaches to be

different.
Enhancement Lowest Low Mediocre Moderate Higher Highest
Structure Au 10nm Au 15nm Au colloid Au 100nm | Ag40nm | Ag 200nm
spheres | spheresin g farther away spheres shells islands
colloid in | (responds as
near field a surface)

Table 2-3 Enhancement taking into account ohmis los
Finally, as pointed out in [34] the radiation rait a radiator is measured in
antenna theory as the radiation resistance of mibenaa. For electrically small objects
this quantity is proportional tel/1)? and measured in ohms, whdrés the largest
dimension of the radiator. It follows that the poweadiated to the far field is proportional
to this quantity and so is the radiation efficientherefore in terms of output power to

the far field we expect:

Efficiency Lowest Low Moderate Moderate High
Radiator RE 3nm Au 10nm — Au 100nm Ag shells with Ag rough
spheres 15nm spheres spheres 200nm core surface with
200nm islands

Table 2-4 Variation of radiation efficiency of Plagn Antenna due to size

The large variation in results exemplified above haen noted and addressed by
other authors. Bene et al [3] explain their resuitderms of the Gertsen-Nitzan (GN)
model [17], which utilized purely classical eledtatic theory. Therefore they expect
guenching to occur at close distances and enhamtdmeccur at intermediate distances

from the surface of the particle. Casting theirlarption in the language of FRET, they
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speak of the spectra of a nanoparticle in the seamas they speak of the spectra of
fluorophores. This leads to the claim that enham#nshould occur for their dyes at
someoptimal distance from the surface of the gold membcles because the “local field

enhancement” spectrum of the particle overlaps kb#h absorption and emission
spectrum of the dye while the “absorption spectrafthe particle has little overlap with

the emission spectrum of the dye.

In stating the expectation this way these authogsuaing the far field scattering
and absorption cross sections of the particle adefjues for the way it will couple to a
dye molecule in the near field. This viewpoint a&tmlly related to the considerations of
Table Il and Table IV above but it confounds ne@tdf phenomena with far field
phenomena. They correctly point out that enhancéntam occur provided the
unperturbed QY of the molecule is low enough.

Similarly, Anger et al [6] state that the contaig reports of enhancement and
guenching arise from the different distance depeoeleof radiative rate increase and
nonradiative transition rate increase due to the NRis is a combination of the
considerations in Tables Il and IV above. The @adimtive transition rate is equivalent
to the ohmic loss suffered by the near field of tha@iator and the radiative rate increase
is the enhancement in radiation efficiency. Howetleese authors do not appear to
consider the initial QY of the molecule to be atdmcthe parameter of) and so they
assume a high QY molecule.

Yet as mentioned by Bene et al [3] it matters. Rialn efficiency is always a
competition between the radiation resistance ofatitenna and all other loss mechanism
resistances. A low QY (short lifetime in Table $) equivalent to a large loss resistance
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within the radiator and it must be taken into actojust like the loss within the
nanoparticle is taken into account.

Other authors have sought the root of the prollemversimplifications of the
electrodynamic model, for instance in the omisstdrhigher order terms in the Mie
expansion that modify the local field enhancemd®].[ But such corrections are only
relevant when the Noble metal particle is eithegdaecnough to support those modes or
when the loss of the particle is assumed to bealistieally low. The omission of the
excitation of “dark modes” by a proximate pointalg source has also been offered as an
explanation. These dark modes are the higher amddtipoles of the nanosphere’s
response that, not being resonant, are more Ibssyradiating. Although a plane wave
excites only primarily the electric dipole mode amplasmon resonant sub-wavelength
sphere, the highly asymmetric near field of a prate point source can and will excite
many more modes. Therefore it is clear that a singlentered image dipole
approximation to the response of the sphere taebgeadiator is not sufficient [21, 44].

If oversimplification of the electrodynamical treant is the culprit then the
widespread use of the Gertsen Nitzan (GN) mode] ydould be suspect because this
classic model assumed quasi-electrostatics isceaiifi to explain the response of the
sphere and omits the phase retardation effectmsidrto wave phenomena. This may
explain why some authors take the GN model as ditgtie guide rather than a
guantitative tool. Dulkeith et al [1] find a twodw®r of magnitude discrepancy between
the calculated rate of resonant energy transfer thed experimentally determined
nonradiative rates, even though the shape of tineesuas a function of nanoparticle
size) are similar. The discrepancy is blamed ontli@) GN model missing non-local
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effects, (b) the point dipole model of the molech&ng inadequate, (c) the possibility
that not all the molecules were exactly parallghi® particle surface or (d) that a spectral
overlap integral was not used for the calculation.

Colas de Francs et al [11] did full Mie theory b&étemission-only problem. It is
stated that a requirement for the dipolar modethef molecule to be applicable is the
weak coupling regime. Their reference is the wofkkbmov et al [45] where the
variation of the resonance frequency and line-wmitlan oscillator in the presence of a
dielectric sphere were given in the weak couplingtl

As will be shown in Sections 3 and 4 the inadequafcthe point dipole model
has less to do with size and more to do with igrprthe other physical antenna
properties of any radiator. The results of Klimawmrespond, without qualification of
weak or tight coupling, to the modification of tl&cuit parameters of the antenna
representing the dipole as a consequence of itsfieéhdistortion by the particle. Thus a
full physics electrodynamic model contains themomdtically. However, in any such
analysis we must keep in mind the comment by Dthket al [1], that for a computed
result to be rigorously compared to experiment stlagistical variations of the molecule’s

orientation and of its spectrum must be taken auount.

2.5 The electrodynamical viewpoints on fluorescesideancement

Tam et al [46] have enumerated their requirememtsatompletemodel of the
interaction between a flurophore and a metal nattigfea It should include: (a) the hot
spot phenomenon at the plasmon resonance, (b) lgngnat contact between the
molecule and the surface, (c) enhancement at andistof a few nanometers, (d)
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alteration of the quantum yield of the molecule aadiative decay rate, (e) the scattering
efficiency of the metallic nanoparticle. All thesteatures can be explained

electrodynamically. The real question is, are teatdres properly combined in a
completemodel? If they were (for instance in the GN modk8re should not be a two

order of magnitude difference between predictioth @xperiment.

We propose that part of the problem lies in takélgctrodynamical solutions
piecemeal and then heuristically combining therolitain the expectation. For instance,
the hot spot phenomenon is often calculated bylgicgnsidering the metal nanoparticle
in the presence of an incident plane wave, in theeace of the molecule. Under those
conditions, (depending on the assumed loss in #récje) hundredfold and perhaps
larger amplifications of the incident power densituld be expected. This leads to the
expectation that a hundredfold or larger increasdhie excitation of the molecules
located at the hot spot should occur. It never dbke reason is because omission of the
molecule has invalidated that solution. As show[R2R] the scattering from the resonant
molecule to the particle and back alters the to&ddl at the molecule and leads to a
dramatic reduction in the total power density aa@#d for excitation. The larger
spontaneous emission from the absorption transitibe lower absorption/excitation
enhancement we can get.

These results are not exactly new; it was containedas and Metiu’s original
model [13] and in its restating [14]. The omissiohthe molecule in much of the
guenching vs. enhancement literature arises frostaking an extinction cross section
measurement of a given fluorophore in solution with true resonant response of one
individual molecule. The molecular spectrum measune solution is a severely
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inhomogeneously broadened spectrum (typical lindwid 50nm in wavelength) leading
to an apparent extinction cross section usuallyhef order of a tenth of a nanometer
squared. In other words, the molecule is assumebet@ weak perturbation of the
problem. However these spectra were statisticatagesl and never separated this in-
homogeneously broadened by environment apart. Hehese spectra could not
demonstrate the individual molecule behavior inl.rdgach individual molecule’s
transition in reality has a spectrum with an ides#-width of 1073nm from excited state
lifetime (corresponding to an extinction cross mecapproximatelyl 60,000nm? and it
should be homogeneously broadened by nonradiatigasition to about 3 nm,
corresponding to an extinction cross section ofoifuker of 53nm2—which equals to the
physical cross-section of 8nm sphere. Remembegrawpnts utilized 1.4nm gold sphere
for the experiments. Even though the internal isier would broaden the bandwidth
homogeneous by thousand times, the individual nidders as strong a scatterer as the
nanoparticle and cannot be ignored.

A related misconception arises in the calculatibthe fluorescence rate change
(quantum yield change) expected when a molecydarsed in the presence of a resonant
nanostructured environment. This appears in tleealiire as the photonic mode density
effect. It is correctly stated that a complex eoanment (photonic band gap crystal, sub-
wavelength cavities, and dielectric resonator)raltee photonic mode density of states
available to a point radiator from what it normatigs in free space [15]. As a result, the
efficiency with which that radiator can release etsergy can be dramatically altered.
Since it has been known for a long time that etelynamical calculations give exactly

the same result as quantum mechanical ones [47]pu@tional electromagnetics
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methods have been used to calculate this effe¢t44Bin terms of the far field power
density (or integrated total power) radiated byrat wurrent dipole. Comparing this
power density in the two scenarios, presence amdlisence of the nanostructure leads
to the predicted rate change. However, we realthatl not only the emission quantum
yield, but also the absorption/excitation has tcdesidered.

In the next Chapter, we include all the above comceto a full electrodynamical
treatment of the fluorescence enhancement. Bywanigthe three-level system diagram,
we summarized the potential adjustable parametershe system. In the end, the
interactions between the molecule and the nandstes would be understood, starting
with the simple single sphere antenna. The bacleseat by the nanostructures would be

the key emphasis of the whole theory.
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Chapter 3

QUANTUM-MECHANICAL DESCRIPTION ON THE FLUORESCENCE

In this chapter, we will review the quantum-meclkahidescription of the three-level
system, and establish the relationship betweenhiee-level system and the two-level
system for absorption. The spontaneous emissiof®mf two excited states are treated
separated, once the excitation/absorption and emnissnhancements are separated.
The total fluorescence enhancement is derived ttemuantum mechanical description
for the separation. The classic description of soEous emission is known as the dipole
moment of a two-level system [50, 51]. We insed dlipole moment expression into the
calculation on the local field calculation for tleecitation/absorption. The difference

against the simplified model would validate thesexnce of derating effects.

3.1 Three-Level system description

In Das and Metiu’s papers [13, 14], they displageguantum-mechanical model
of the molecule fluorescence rate. The considaratan both the spontaneous emission
and the stimulated emission for both excitation amdssion were implemented. For the
low intensity illumination, we ignore the stimuldteemission. Besides the emission
guantum vyield, the excitation quantum efficiencyswalso claimed to influence the
fluorescence enhancement. The paper discussed s Imechanism and
radiation/scattering mechanism for the emissioncgss. More importantly, it was

claimed that the molecule’s spontaneous emissigncaAuld provide an image field,
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which shifts the absorption frequency level and baadwidth. The effect was ignored
since the image effect was thought as minor effects

Since the illumination is always a narrow bandwidilound the exaction
frequencyw,,, the interactions with other energy levels turn wwube trivial. Thus, the
modeling generally treated the molecule as a tleeel system with the
excitation/absorbing frequenay,,, and the emission frequen@y;. In Fig.4, we re-plot
the scheme for three-level system fluorescence,vanagnore the stimulated emission
since we assumed that the incident wave was so weskthe induced emission is
negligible. This assumption guarantees that théesyss a linear time-invariant system.
The incident photons first would be absorbed byrtiwecule, the electrons jump from
Level | into Level Il. Two possible decays happemudtaneously: the spontaneous
emissionA,; and the degeneration procégg into a lower energy level Ill. The electrons
would decay from Level Il into the lower energywét | though both the radiative

emissionk, and the non-radiative logs.

(=%
Kde
[
h(l)21 : :
[ e O O 2 knr21 E A21 knr E kr h(l)31
: I~~~
v v v v
[

Fig. 3-1 Jacob Diagram for the three-level system
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The equations of motions for the populations a¢¢henergy levels are written in
the form of Einstein coefficients, non-radiativées and degeneration rate.

N; = —poB&N; + (Az; + Knrz1)Na + (Kpr + k)N3

23 (3-1)
= — 3 Pwy, A21N1 + (Az1 + Kpr21)N2 + (Kpr + K )N3
hw3,
Nz = puB1aN1 — (421 + kpra1 + Kge) N, (3-2)
N3 = KgeN, — (knr + kr)N3 (3'3)

The steady state solution requifgs= N, = N; = 0. Since the incident light is weak,
the population of level N; should always near the total populatign The population of

level Il and Il would be,

m?c3 Ayl (3-4)
N, = N,
2 hw§1 Pon Az + kppor + Kge 0
K m2cs K 1
N3 de de (3_5)

=N = A N
2l +hy oy PO P Ay Koy Ko Ky ¥ K
The fluorescence rate can be calculated by muiitiglghe number density of

level 11l and the radiative rate,

N = m?c3 2 Kge Ky N
yem - i3 T hw% prl 21 A21 + kanl + Kde knT + kT' 0

(3-6)

In most cases, molecule has high degenerationwdieh mainly come from the
vibrational relaxation process that fasten the gdnahundreds and thousands of times,
especially for large molecules in solutions;, > A1 + kextrq - Under this

approximation, sincg,,,, < |1 Eypcqi(Tm, w)|?, the fluorescence enhancement is,
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Yem _ Pwsyq QY _ |ep : E(rm'w)l . QY
Yem_o pwzyo QYO |ep . EO(rm; a))'z QYO

3-7)

which is identical to the electromagnetic theory.

Even though we derived the identical Equations ftbexQuantum mechanics, we
still miss the information on the local field adjuent by the molecule. The spontaneous
emission A; radiates the photon, and interacts with the spherecatter back on the
molecule itself. The process could be taken intmant by estimating the dipole moment

of the molecule.

3.2 Two-Level system approximations and classianability

When Das calculate the local fielig,.,;, he not only considered the scattering
field by reflection tensoR,.q;1(w), but also include the image ten€kiw) that represent
the dipole image field from the sphere. Even thotilghimage effect was not seriously
considered in the previous analytical works, theme sufficient hints for molecular self-
field interactions: the existence of the spontaseemission was claimed to shift the
center frequency for absorption. Interestingly, tbe flat surface problem, Das did
consider the image field in discussion [14]. Theld&eld was separated into the primary
field (incident field and its reflection field froihe surface) and second field (self-image
field and field from near fluorescent molecules)wvas also claim that the secondary field
has influence on the effective dipole polarizapil&and in some situation, the scattering
field might be stronger than the primary field. Fpapers quantitatively calculated the

secondary field influence in the absorption procekse we will perform the analysis for
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the single sphere enhancement for single mole@und, verify whether the secondary
field is ignorable.

At the excitation frequency, the vibrational relaga(degeneration) and decaying
process in the emission could be consider as thgs™lenergy, since it emission at
another frequency incurs no coherence with thelerdi wave and the scattering wave. In
that sense, the “loss” process contains the intrinss in the molecule and the vibration
relaxation, while we only deal with the excitatiand emission between level Il and level

|. The excitation becomes a two-level system asvahaelow,

(=%
hw :
*\/\/ii} §A21 knr21 Kde

Fig. 3-2 Jacob Diagram for the equivalent two-lesystem

The spontaneous emission raig, scatters the partial power out of the molecule,
which contributes to the scattering cross sectibrthe molecule. The degeneration

ratey,ps calculated from Fig 5 could be easily written as,

m?c3 K4.A34
=A4,.N, = N 3-8
Ysca 211Y2 hw231 pw21 A21 + Kde + kanl 0 ( )
m2c3 K;,A
Yabs = KaelN2 = ge 21 Ny (3-9)

hwg1 Pon Az + Kge + Ko
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Usually the degeneration rakg, is much larger than the internal loss rate,;, the

absorption rate and emission rate could be sirepliéis,

m?c’ KdeA%1
=A,,N, = 3-10
YSCa 211¥2 hwgl p(i)zl A21 + Kde 0 ( )
m2c3 K;,A
Yabs = KaeN2 = de 21 (3_11)

hw3 Puzy Ay + Kge °

The two-level system provide the same emission aatkloss rate as the three-
level system, as long as we consider the fluorescgrart as the loss for excitation
frequency. When we model the excitation as sualmplg system, it may not exhibit any
fluorescence behavior from the absorption, butdeed illustrates molecule spontaneous
emission in the legitimate way.

Classically, such two-level system can be treated dipole antenna, or resonant
linearly-polarized dipole. Thus, we could find theear polarizability of a three-level
system by utilizing the two-level system polarid@pito solve the problem. In most
papers and books, the complex polarizability oa-tkevel atom was generally written in

one of the ways for calculations,

2
dyy 1 1
_ n (3-12)
() h (0)21 —w—ly;; Wy tw+ inl)ep

wheree,, is the linear polarization directiod,, is the dipole moment, and, is

the total decay rate from Level Il into level lathisA,; + K;.. We assume that the
decay rate is always much smaller than the resdnequiency, then the equation could

be simplified by the definition the dipole momeihttre two-level system.
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- (3-13)

(3-14)

The polarizability Euatior (3-14) is legitimate, and it is consistent with 1
confined electron Lorentz model. The physical essesf the problem is that, tfTwo-
level system molecule emission and absorption itians are both considered as dipt
resonant transitions, since the extremely smatitetal size of the molecule limits i
multi-pole radiation.

To demonstrate the physical meaning of this frequelependent dipole mome
in the classical electromagnet we find a correspondingntenna behaves the same \
as a twoevel system: one directional polarizabi, sameresonant frequency, sar
bandwidth and same extinction/scattering c-section of certain twdevel system
molecule. The first trial is ahcrt linear dipole antennayith certain effective sizeln the

figure 6,we show the antenna with circuit model.

Internal | Antenna

matchingjircuit L
% Lmt J Cext

Fig. 3-3Dipole andits corresponding equivalent circuit
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From the antenna theory, we calculation the ramhatiesistance Rfrom its
effective sized; the external capacitance could be tuned by ttieisaof the wire [23]. In
order to have the right resonant frequency, we rieadsert corresponding inductance
Lint in the internal matching network part as the miodedf molecule internal structure;
the ratio of the decapitated power and re-radigt@aler (spontaneous emission), should
be the ratio of the additional internal resistaRgeand the radiation resistancg RHere

is a table of all parameters of dipole antennateadlevel system parameters [23].

Simplified two-level system| Short dipole antenrithiR
matching network.
Absorption frequency W71 m
Extinction Cross section at (32 Ay 32> Ryqa
the resonant frequency 21 Azy + kgeg 27 Ryqa + R,
Scattering Cross section at (3)22 Ayq X 3_12 Ryaa X
the resonant frequency 2m "Ay; +kgeg 2T "Ryqq + Ry
Scattering power/Loss power Ayq Ryqa
Az1 + Kgeg Ryqa + Ry
Bandwidth Apy + kgeg Ryaa + Ry,
Line
polarizability linear linear
lineshape lorenziation lorenziation

Table 3-1 two-level sytem comparison with smalladgpantenna

All the parameters could be identical, once wedheuit parameters satisfies the

follow equations
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krelax

R, = 2 Ryqa (3-15)
21

Ryga = LintAz1 (3'16)

Coxt = Lint/w%1 (3'17)

The only exceptions are the cross sections. Thdteisause in the antenna
calculation, it was always assumed that the paéon of the antenna is consistent with
the polarization of the incident wave; the caldolatfor the cross section does not
consider the situation that the antenna could birarily orientated, and 1/3 is the exact
orientation factor which makes the cross sectidestical.

The Three-level system was equivalent to the twellesystem. The classical
directional dipole moment of the two-level systenaswderived for calculate the
absorption energy. Based on the dipole moment &ecyidependency, we could provide

an antenna with an intuitive view of the absorptoechanism of the molecules.
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Chapter 4

THE EMISSION ENHANCEMENT BY SINGLE SPHERE

4.1 General Methods for calculating the emissiowifications

The maodification of quantum vyield provides strongluofescent
enhancement/quenching effects in the molecular amsprocess. During the 1980s,
several analytical theories based on classicaltreiynamics for single molecule
emission near a single sphere were published. Rugpgcomposed the emitting dipole
into spherical harmonics, and solved the boundandition problems using Mie theory
[52, 18]. The resulting expression for the non-atide loss on the sphere was an integral
of spherical Hankel functions that requires nunariategrations. Gersten and Nitzan
[17] published an electrostatic theory to calcuthteradiative rate and non-radiative rate.
Chew [16, 19] improved upon Ruppin’s theory ancatulated the total decay rate by
using the electric field susceptibility. Howevel| these classical theories contains
infinite sum of multipole terms. And the all theaealytical methods could only be
applied to the single molecule interaction withirgke sphere. In 2005, Carminati and
Greffet [21] proposed a simple method to model gathe nano-particle as single dipole

moment at the center of the sphere. The radiatitesrand total decay rates are derived

using a simple dipole-dipole coupling approach. deer, this model has a limitatian

when the distance from emitter to the sphere detecthan the radius, non-local effects

would invalidate the dipole modeling for spheres.

32



Most theories assumed that the dipole moment ofrtbkecule is not influenced
by the environment. Hence we set the dipole morasrthe constanp,. The problem
becomes a discrete radiating dipole interactindp wie sphere in the near distance. In the
free space, the dipole moment provides the exdatran power [23]:

c2k*

Pro = 127

Z|pol? (4-1)

Hence, the radiative rate is,

_ Pno
hws4

Yro (4'2)

Suppose the dipole-behaved molecule has the imross, we could define the
internal loss rate as the non-radiative rate. Tdrestations between the intrinsic radiative
ratey,, the intrinsic non-radiative,,,, the total decay ratg, and the quantum yield

QYo are shown as below,

)4
QYO - 70 (4_3)
Yo
Yo = Vro + Ynro (4'4)

We assumed that the intrinsic loss is not influenty the electromagnetic
environment changes. Therefore, the extra loss dvbel induced by the ohmic loss
inside the sphere. The radiation power comes fitoerdipole radiation and the spherical
wave scattering. With the vicinity of the sphetee guantum yield would be modified,

o =1
14

(4-5)

where both the radiative rage and the total decay rafe are both modified.

P,

hws,

Yr (4-6)
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PnrO + Pnr_sphere

Ynr = sy =Ynro t Yars (4'7)

Y=Yr+Var (4-8)
where we definey,, s as the non-radiative rate induced by sphere. The
sphere/dipole system is a linear system. So, we lia@ nonradiative rate induced by

sphere and the raditiave rate proportional to these of dipole moment.

4.2 Exact electrodynamical method

The exact electrodynamical method [19, 20] was nmecise solution by
classically electrodynamicsThe arbitrary oriented molecule can be viewed las t
superposition of a perpendicular dipole and a tatigle dipole. Statistically, the
arbitrarily oriented molecule has 1/3 perpendicudgrole moment and 2/3 tangential
dipole moment. Hence, all the solutions separdteddngential dipole emission and the
perpendicular dipole emission. Due to the symmadtrstructure, we could always

assume that the dipole is on the Z axis.

Fig. 4-1. Perpendicular dipole (a) and Tangemlible emission (b) with the vicinity of

the sphere
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The off-centered dipole field could be viewed as thcident wave with the
combination of infinite spherical harmonics [52). Fig. 4-1, we demonstrated that we
separated the field into two parts: the inwarddfiehich requires finite field at the origin

and the outward field propagating to the infinitye electric field and the magnetic field

are,
H.. = | )R ® L (1)
out — aE( :m)hl (kzr)yllm - k_aM(l; m)V X hl (kZT)Y”m (4-9)
ILm 2
i
Eou = 2, Z k_zaE(l' m)V x hl(l)(kzr)Y”m +ay(l, m)hz(l) (k2r)Y im (4-10)
Lm
_ , L .
H;, = Z ag(l, m)j, (kor)Yym — k_aM(l: m)V X ji (k)Y ym (4-11)
Lm z
L __ . _ .
Eyn =2, Z k_ZaE(lr m)V X jy (kar)Yym + @, m)jy (kor)Yym (4-12)
Lm

wherek, is the wave number of in the spaeg+/e,u,. Here we defined the

orthonormal vector spherical harmonics as,

1 1 rxV
= ————LYp = ( Wim (4-13)

Ym m .
e a+n M Jla+n i
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outward field

. \
4 Inward field \

Fig. 4-2 off-centered Dipole field decompositiondpherical harmonics

The coefficientsaz (I, m) anday (I, m) specify the amount of different electric
multipole and magnetics multipole fields. Once v\ the electric current distribution
and magnetic current distribution, we could figoré the expansion of the off-centered

dipole field.

ag(l,m)

2 . d[karj; (kpr)] (4-14)
ﬁ Yim 4 dk,r dxdydz
‘ tiky (- Djy (ear) — ikaV(r x M), (k)

ay(l,m)
2 . a[kzrjl (kzr)] (4-15)
= k—zf Yim Virx]j, (kar)+V-M Ok,r dxdydz
WG+ 1 —ik3 (r- M)j, (kor)
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ag(l,m)

2 a[kzr hl(l) (kzr).] (4-16)
_ 2 ‘ cp )
= ¢ ok.r dxdyd:
iJI(L+ 1)f tm 2

+iky(r - J) K (kor). ik, V(r x M) R (ky7).
ay(l,m)

0|kerh(® (kyr))| (4-17)
dk,r dxdydz

k3 f e IV Dh®PUe,r) +V-M
ilm

NI

—ikZ(r - )L™ (k,7)

We could see thaizanda,, has the same formula aganda,, except that the

standing wave functiong (k,r) are replaced by the traveling wave funcﬂéH(kzr).
Now, we us concentrate on the perpendicular dificde. The dipole moment
could be written as,
Po = e;po6(r — 1) (4-18)
wherer’ is the location of the dipole, amds the observation point. The current

density/,. could be related witp, as,

1) ) N W 6(r—r")6(cos8 —1)5(¢)
Ir= %Po = %erpo(s(r -r) = 1:31 €rbo r2 (4-19)
Therefore, the local charge distributiorpis
6(r—r")d(cos —1)5(e)
_ = — 4-20
pT‘ iw31 \ ]T pO 7"2 ( )
We also know that x J =0and M =0
) 6(r—r")8(cosf —1)8
reJ, = .31 e, ( )6 ( )6 () (4-21)

l Tr
Combing Equation (4-14)-(4-17) and Equation (4-19)21), we have
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20+ 1j, (kpd
ap(l,0) = w3l?p° k2 \/l(l+ D= JIUEZ;)) (4-22)

We also haveg(l,m) =0, whenm # 0, anda, (I, m) = 0.
Hence, we this highly symmetrical structure, we mmt have any magnetic
multipole decompositions. All the-dependent terms are vanished.

The local field becomes,

H,ye = Z ag(l, O)hl(l) (k2m)Y g0 (4-23)
1
[
Eou = 2, Z k_z ag(l,0)V x hl(l) (k2m)Y 0 (4-24)
1
Hin = ) @G 0)j; (eer)Vug (4-25)
1
[
Ew =22 ) 1@, 0)V X Jy (kar)¥ug (4-26)
Lm

By the Mie theory, the scattering field from théhepe is calculated term by term

for each multipole component.

Hg, = Z Bjag(l, O)hl(l) (k)Y 0 (4-27)
l

i
Eva =7 ) 3B, 007 x " (kar)¥ug (4-28)
Lm

whereB; is the scattering coefficients for the electricltipole fields. We also

have the magnetic multipole field scattering cagéintsA,; from the Mie theory.

_ &2J1(kya) [klajl(kla)], —&1ji(k1a) [kzafl(kza)],
U e @) [kyah® (kya)] — £4,(ky@) [k ah® (eya)]’

(4-29)
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_ .Uzjl(kza) [klajl(kla)], - H1jl(k1a) [kzajl(kza)],
urji (ki @) [kyah P (ky@)]' — pajy (kp @) [kyahl® (kya)]’

(4-30)
The total field and the back-scattered field oh@dipole is

i
Eiot = Egcq + Eour = 23 Z k_z [aE(l: 0) + Bla—E(ll 0)]V X hl(l) (kzr)yllo (4-31)
ILm

i
Epack = EscaT) =25 ). o Bz, 007 X A (kr" ) 1 0,0) (4-32)

We simplify Equation (4-32) for the back-scatterfredd,

h?D (kyd)
(kod)

Euack = Excalr') = w3100 2 2 B+ DI+ DEZZD? (439)

The field would be used for the total decay rate e absorption theory.

The radiative rate enhancement would be

Yrop _ B T_p

Ji (kpd) P (kepd)
+ B
VrO PrO

(kod) ' (kpd)

3
- EZ I+ 1)L+ 1) 2 (4-34)

The modification on the lifetime for fluorescence has been widely observed and

analyzed by experiments, and the total decay saffe defined as the inverse ratio of

lifetime . From Chance, Prock and Silbey’s work on the dipoteraction with a plane

the expression of normalized total decay rate isutaed by the electric Green’s

function, which essentially calculates the backiscad field from the environment

(susceptibility) on the dipole itself when we sgtale moment as unity,

P 6me E
V_p _ ' __ 1+ 321m[ back]
Yro Pro &

Po
(4-35)
hD (kyd)

Tod) .

142 Z I+ 1)(2L + 1)B (22
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We could get the similar results for the tangerdipgble field interaction with the
sphere.
Po = egpod(r — 1) (4-36)
wherer’ is the location of the dipole, amds the observation point. The current

density/,. could be related witp, as,

W31 W31 W31 5(r—1')6(8)6(e)
=—2py=—b —7r) = 4-37
Jo =—"Po = egpob(r—1') - €6Po +Z5in (0) (4-37)
Therefore, the local charge distributiorpis
§(r—1")6(0)6(p)
= Jo=— 4-38
Peo iw31V Jo Po +2sin (0) (4-38)
We also know that - J,., = 0 and M = 0.
1) S(r—r")600)6"(p)
V- (rxJ) =—"po (4-39)

r2sin (0)
Combing Equation (4-14)-(4-17) and equation (4-@¥39), we get the

coefficients as,

w31p 4m . .
ap(l,£1) = +—-=k3 /2 7 [0+ Do (k) = iy ()] (4-40)

+1) = / 4-41
ay(l,+1) =F > k2 ymd] (k,d) (4-41)

The normalized radiative rate the total rate ateutated as,

2
@+ D] (kad) + AR (ky )|

v T Pa ke, d)h® (e, d)]’
o P A, Gud)) + B )(k’zdg 2Dl

(4-42)
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P bére E
ﬁ t 1+ 32 Im [ back]
Yro Pro &

Po

(4-43)
[(ky )R (k]

GO

3 1
=1+ ZZ(ZI + DA (D] + By(

Here, we got the exact solution from the dipoleésphnteraction.

4.3 The Image model

In this part, we present a simple quasi-static rhotte describe the
electromagnetic interaction between a dipolar engittnolecule and a Plasmonic (metal)
nano-sphere. We approximate the effect of the Rlagmmano-spheres on the molecule
by replacing the sphere with off centered dipolages derived using the image theory of
dielectric spheres. The retardation effect is tak&o account by electrodynamical
modifications on the spherical polarizability antet dipole radiation field. The
modifications of the radiative rate, total decagerand the quantum vyield of a single
molecule near the Plasmon sphere are also derivezl.image model indicates strong
distance dependence for the modification on theeudé’s spontaneous radiative rates
and total decay rates. Comparisons with the exkdiredynamical model and other
simplified models indicate that the off-centeredpalé images provide accurate
predictions for the modified radiative rates anthltdecay rates, even at close distances.
We propose a simplified model of Plasmon resonahiere utilizing classical image
theory. We start with the electrostatic image tefmr metal spheres and dielectric
spheres. We consider the electrodynamical effefctadiation damping and dynamical

depolarization. The total decay rate is calculdtedn the electric-field susceptibility.
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The spontaneous emission rate is calculated frarstiperposition of dipole moments.
One important result is that the image theory mdy @ccurately predicts the far field
radiation, but also has fairly good approximatiénh@ near field for the resonant sphere.
We present the derivation of our dipole image mddekhe sphere, and the calculation
of total decay rate and radiation rate based onleligipole interaction. The numerical
calculations for specific orientations of the mallec dipole would be performed. The
comparison on the radiative rates, total decaysratel quantum yield would be derived.
Based on the model, we summarize the results awd civnclusions.

First, we consider the emitting molecule or atomaas infinitesimally small
radiating dipole with a constant dipole momgmt We define the following basic
parameters: the small dipole radiates at the frecyu®,; the nano-sphere particle with
the radiusa is located at the origin of the Cartesian coor@dindhe emitter dipole is
assumed to be located at positiord along z axis, and the distance between the emitter
and the center of particle @s=|d|. Two possible independent cases will be consid€egd
the dipole orientation is perpendicular to the sphgurfacep, ; and (b) the molecular

dipole orientation is parallel to sphere surfpge.
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Fig. 4-3Possible configuration of the dipole emitting neghere

Electrostatically, a dipole emitter is usually texhas a positive char: and a
negative charge - with finite distanc . The small dipole assumption requires that
distance between point charges has to be much smaller tlteamnadius of the sphe a
and the distance from dipole to the oricd. The emitter's dipole momer is
therefore . In Fig. 4-3we illustrate the tangential and perpendiculaage on the

conducting sphere. For a single chi , two image charges are induced inside the

sphere. One charge is located at the center afpghere, with charge quani -

Another induced charge is locates , Which is known as the Kelvin ima
[53, 54] For the tangential dipole, the two source chamgyeate two opposite charges
the center of the sphere. Thdal charge quantity at the center is — the
net charge at the center becomes 0. The Kelvin esidgrm a small dipole with tf
dipole moment — , located at the image point
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Fig. 4-4lmage of tangential and perpendicular dipole onradacting sphe

For the perpendicular dipole, the image is moregaated: The negative char

induces an oftenter charc ——, and the positive char induces
another off-center charge ——. Since the positive charge and the

negative charge located at different distance with the sphere aefite net charge |

at the center is not 0 . Thus, we separate the Posit

charge into two parts to balance two negative chargeshasis in the figure 2. Tw

dipoles are induced: a short dipr  and a long dipole . The dipole moment could |

calculated easily in equation , when we assume

— (4-44)
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B B a a’h Aa3_a3
P2 = Q2 _é_ A _Q0d+A/2d2—A2/4:QO ﬁ—gpo
d d+2

(4-45)

a a’ a a® ad

= —_— = _= — 4-46
P3 = Qeen g = QoA a —p g ajz = Qhgs = g3 bo (4-46)

The classical image theory is not only generallgligable to perfect conducting
spheres, but also applicable to the dielectric splfe3, 54]: for the tangential dipole
near dielectric sphere, the induced dipole momentdcbe modeled as an off-centered
dipole located at the distance «if/d away from the origin. The perpendicular case the
total dipole moment was spitted into two equivalelijtolesp, andp; ata?/d and
a?/2d for accuracy. The induced dipgbeis proportional to the electric field on the

dipole and the polarizability of the sphere.

2

Py = a6z - ) (@-47)
1 a?

P2 =5 aE,5(z——) (4-48)
1 a’®

== — 4-49

ps =5 aE,8(z— o= (4-49)

In the electrostatic limit, the expression of p@ability «, and driven electric

fields E generated from dipole source could be written as

& — &
&+ 2¢,

ay, = 4mead (4-50)
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E, = ZPOZ/(47T£2d3) (4'51)

E, = _p0x/(4n82d3) (4-52)

wherep, is the dipole moment of the emitter, the subssrpand x represent the
orientation, and, is the permittivity of the surrounding medium, aby free space or
water solution. If we set the sphere as a perflectrec conductor, the permittivity of the
spheree; = 1 + o - i, we would result in the exact dipole moment shawBquation (4-
47)-(4-49).

To accurately calculate the total radiation ratd dacay rate, several adjustment
are made for the calculation: the dipole field tatake the radiation terms into account;
the polarizability has to account for radiation gmg and dynamic depolarization as

shown in the Equation (4-53)-(4-55),

%a = 1 ik3a, kiag (4-53)
T 6m  6ma
Eyu = 2pos—— (o — 2 4-54
zd = pOZFSZ(ﬁ_? (4-54)
1 ik ik, 1
E,q = Dox ane, (72 t o5 (4-55)

wherek, is the wave number The expressions of the inddgeale moment is,

2

Py = taBxad(2 — ) (4-56)
1 a?
P2 =5 @0z — ) (4-57)
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1
P3 =5 a4E;46(z— 5 (4-58)

4.4 The total decay rate and the radiative ratenage dipole theory

The back-scattered fields by the perpendiculartandential dipoles are all due to
the induced dipole. Combining Equations (4-53)-8-&nd we apply the location of the
induced dipolep; and p, are located a#’d away from the origin along z axigs is
located ag?2d away from the origin along z axis. Hence, theatise from the image;
andp; to the radiating dipole i¢, = d — a?/d ; the distance from the image dipole to
the radiating dipole id; = d — a?/2d.The expression for the backscattered fi#ldof
unit dipole is written as,

a ik} ikp 11 ik} ik

1
Sep=—(—+——— +—=—-=
tan 4n£2(d d2 d3 4n£2(d2 d? dg)

G _ a (1 ik2> 1 1 ik, N 1 ik, (4-60)
PEr ™ 4me, \d3  d? 2n£2[ d3 d? d3 d? ]

The expression for the total decay rate of thedathgl and perpendicular dipole

(4-59)

are simply written as,

Ve 61E,

=1+ Im(SE 4-61

Vr_O kg, ( tan) ( )
61TE

= 14 2 () (4-62)
)/r_O kz

Once we assume that it is in near distance, thel@i@mdiation the superposition
of the emitter dipole and the induced dipole fieldfie simple expressions of the

normalized radiative ratgs are therefore:
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Yre IDPot+ P1|2 1 ik% ik, 1

— = =1 —(—+—=—-2)? 4-63
Yro |pol? L+ a47T52 ( d T d3)| ( )
Vr_p=|P0+P1+P2|2=|1+a 1 i_ik_z)|2 (4-64)
Yro |Pol? 2mey d3 d?

The extra non-radiative rate that account for dss lin the sphere is calculated by

the total decay rate minus the radiative rate.

Ynor =Y —Vr (4-65)

4.5 Numerical comparisons against classical EM rsode

To verify the image model for near field dipole-sph interactions, we calculate
the total decay rate and the radiative rate favadpecific situations. Consider an emitter
radiating at Silver nano-particle’s plasmon resadrfeaquency in free space — 354nm.
We take the value of Silver's dielectric constasteg354nm) = —2.03 + 0.6i from
[55]. We choose a 30nm Silver diameter sphere asxample of an electrically small
Plasmon nano-sphere.

In Fig. 4-5, we show a comparison between the niigtalependent total decay
rates and radiative rates by the image model (ntagelashed lines), the exact
electrodynamical theory (red solid lines), GN madgBlue solid lines) and
Carminati/Greffret's model (Brown solid lines). Thangential (Fig. 4-5 (a-b)) and
perpendicular (Fig. 4-5(c-d)) orientations are ddeied separately. In Fig. 4-5(a) and
(c), we concentrated on the total decay rate muatifins: Both the image model and GN
model have fairly good match with the exact thedikyr both orientations.
Caminati/Greffet's mothod has good estimations luiie distance gets below 15nm

where the model leads to a substantial underestimat the total decay rates. Both the
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image theory and Caminiati’'s dipole theory are Hase the near field calculation

susceptibility. The deviation indicates that theiigglent induced dipole position shot
be located offeenter instead of being cered for the nedlield interaction between tr
dipole and the plasmon sphere. In addition, wectatill observe some deviation frc
the image theory. This is because the actual dredesphere image is not a point dipc
but rather a continuous digotlistribution along the axis. At close distan@sors due t
phase and the badcattered fields by the point dipole image calcoiet increase an

contribute to the discrepan
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In Fig. 4-5, we show a comparison between the niigtalependent total decay
rates and radiative rates by the image model (ntagelashed lines), the exact
electrodynamical theory (red solid lines), GN madglBlue solid lines) and
Carminati/Greffret's model (Brown solid lines). Thangential (Fig. 4-5 (a-b)) and
perpendicular (Fig. 4-5(c-d)) orientations are codeed separately. In Fig. 4-5(a) and
(c), we concentrated on the total decay rate mmatibns: Both the image model and GN
model have fairly good match with the exact thedigr both orientations.
Caminati/Greffet's mothod has good estimations luite distance gets below 15nm
where the model leads to a substantial underestmat the total decay rates. Both the
image theory and Caminiati’s dipole theory are Hase the near field calculation of
susceptibility. The deviation indicates that theigglent induced dipole position should
be located off-center instead of being centeredHernear-field interaction between the
dipole and the plasmon sphere. In addition, wedatill observe some deviation from
the image theory. This is because the actual dredesphere image is not a point dipole,
but rather a continuous dipole distribution along &xis. At close distances, errors due to
phase and the back-scattered fields by the popul@iimage calculations increase and
contribute to the discrepancy.

Fig. 4-5(b) and (d) describes the radiative ratedifrzation by a plasmonic
sphere. We found that the image theory providesoaenaccurate description of the
modified molecular emission compared to the GN rhadd Carminati/Greffet's model.
The improvement is due to the modification of tiphexe’s polarizability with dynamic
terms shown in Eq. (4-53), where the phase deldysphere radiation was accounted for.
For the tangential orientation, the GN model an@& tGarminati/Greffet model
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underestimated the total radiation, whereas thayldvoverestimate the total radiation
the perpendicular orientation. The point image apjpnation haclittle influence wher
we calculate the far field radiation. That is why tradiative rates are consistent with
exact electromagnetic theory. However, the totalaglerate calculation involves ne
field calculations, which leads to the deviationvw®en the point dipole approximatio
against the realistic current distribution in tiphare.

The quantum yield modification is an important adesation for fluorescenc
enhancement/quenching. In most fluorescence expatanan emitter radiating nee
plasmon sphere would be quenched or enhance mexnhdiag on the emitter quantt
yield. We consider two different kinds of molecules 100% intrinsic quantum yie
molecule and a 1% low quantum yield molecule anbdseguently demonstrate t

calculationdrom different models
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Fig. 4-6 Quantum yield of 100% and 1% molecule $@hm sphere

In Fig. 4-6, we show the quantum yield enhancem@n@Y;=100% and 1%. In
Fig. 4-6(a) and Fig. 4-6(b), the enhancement estichhy the image model has very good
agreement for 1% intrinsic quantum yield molec#ler. the tangential dipole, the optimal
enhancement distance predicted by the image theas/ 2nm longer than the exact

optimal distance. The Carminati/Greffet's model matimated the maximum

enhancement by three timgsand the optimal distance for enhancement is redipted.

For the perpendicular orientation, the image moalelost overlaps with the exact
electrodynamical: both of them predict 2.6 timesarcement at 9nm away from the
sphere. GN model has little deviation on the enbarent factor and optimal distance.
Image theory still overestimated the enhancemedtpsedicted no optimal distance for
the enhancement. In Fig. 4-6(c) and (d), we shaavghenching effects on the 100%
guantum yield dipole near a plasmon sphere. Allrtfuglels predicted huge quenching
when the emitter gets close the sphere. Still, Ithage method provides the closest
prediction against other theories.

To observing the advantage of the image theoryala@ compare the total decay
rate, the radiative rate, and the quantum yieldarobment of the molecule with the

vincity of a large sphere with 60nm diameter.
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Fig. 4-7Total decay rates and radiative reby d=60nmsphere

In Fig. 4-6 we still find that the image theory model proviecurate results ¢
the radiative rate, while GN model overestimate theegabver 3 times in the ne
distance for both the tangential and perpendiatilaole case. Even though there is sr
deviation on the total decay rate, the image thetiyprovide accurate predicticon the

guantum yield enhancement factor and the optimwtaxdce for both orientatiol
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4.6 Conclusions

In this chapterwe firstwe derived the spontaneous decay rates and rasliaties
of a single dipole near a single plasmonic metahc-particle based on classic
electrodynamical theoryThe normalized total decay rates and radiativesratasist ¢
an infinite sum dmultipole term. The image theory provides simple forms for radia
rate, the total decay rate and the quantum yidtchecement factoThe compariso with
different models demonstrated the following conidos for the Plasmonic sphe
interaction with the discrete dipc (1) Image theory requires an aféntered dipol
image to model the scattering of dielectric fietatarately. (2) The total moded decay
rates and modified radiative rates calculated bggentheory provide better consistel
with exact electrodynamical theory. (3) The imagethod could accurately predict t
guantum yield enhancement factor and optimal carditfor emitters ne plasmonic
spheres. (4) Folarge size spheres, the image theory demonstragter lprediction ol
the quantum yields enhancement than the Ge-Nitzan model. Note that for the tote
fluorescence enhancement calculation in the folhgwchapters, we \l still use the

electrodynamical theory for accurau
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Chapter 5
THE EXACT ELECTRODYNAMICAL TREATMENT AND SOLUTIONS

FOR EXCITATION/ABSORPTION ENHANCEMENT

5.1 Introduction

The fluorescence enhancement by a single Plasmberesgs separated into
excitation/absorption enhancemenk,,. and the emission quantum vyield
enhancemert,,,. Incorporating the classical model of moleculanrggneous emission
into the excitation/absorption transition, the ¢xiton enhancement is calculated
rigorously by electrodynamics in the frequency domarhe final formula for the
excitation enhancement contains two parts: the gynfield enhancement calculated
from the Mie theory, and a derating factor due he backscattering field from the
molecule. The enhancement factor for an arbitraldlgated and randomly oriented
molecule is separated into the tangential dipoke @nd the perpendicular dipole case.
The primary field enhancement requires a solid Ergaverage for both orientations.
When compared against a simplified model that aniolves the Mie theory field
calculation, this more rigorous model indicatest thader monochromatic (resonant)
illumination, the excitation enhancement near th&fage of the sphere is quenched
severely due to the back-scattering field from thalecule. By sweeping the incident
wavelength, we investigate the frequency red-shiftl bandwidth broadening in the
absorption spectra. For the more realistic broadbBumination scenario, we calculate
the final enhancement by integrating over the exob/absorption spectrum. The

numerical results indicate that the resonant ilhation scenario would underestimate the
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total excitation enhancement if the illuminationsha broader bandwidth than the
molecule. Combining with the exact Electrodynamitedory for emission, the realistic
model demonstrates that there is a potential fifscant fluorescence enhancement for
the case of a low quantum yield molecule closééosiurface of the sphere. For example
at 5 to 10nm from a 15nm Ag sphere, a 1% QY motaduld experience a total
enhancement factor of 137.

The modification of quantum vyiel&,,, by a single sphere was deeply
investigated theoretically during the 1980s basectlassical electrodynamics. Ruppin
decomposed the emitting dipole into spherical haos) and solved the boundary
condition problem using the spherical harmonicg].[T®e resulting expression for the
non-radiative loss on the sphere was obtained astegral of spherical Hankel functions
that requires numerical integrations. Gersten aidaN [17] published an electrostatic
theory to calculate the radiative rate and nonatat® rate in a simpler form. The
Gersten/Nitzan (GN) model is widely used for congmar with experimental results.
Chew [19, 20] improved upon Ruppin’s theory ancateulated the total decay rate by
using the electric field susceptibility. Chew's mmed has been widely used and has been
called the exact electrodynamical method sinceravides the most accurate Green’s
function solution from the Electromagnetic viewpoiifhere have been proposals to
reduce Chew’s result into simpler expressions f, but in its original form Chew’s
approach is the most accurate electromagnetiaiesdt

While the emission theory has been well developié#, other important
modification for fluorescence, namely the excitatrodification, has been treated in an

extremely simple way: the modified local fielg,, is just calculated as the sum of the
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incident waveE;,. and the scattered fiekl, from the sphere. The expressions for the
scattered field are easily obtained from Mie Thg@r\s6]. The molecule’s existence and
its self-electromagnetic-interaction with the sgheare usually not considered for
excitation. Yet, in the case of Raman Surface Eobaent [29, 30] the resonant
molecular field is acknowledged to highly influentiee local field and excitation
enhancement. Since the fluorescence enhancemerulatan can be shown to be
analogous to the Raman enhancement calculatiomaitecule interaction effects should
not be ignored.

Even though it is true that the emission lightragiencyws, has no coherency
with the incident light because the degeneratiatess is so fast, this is not true of the
“weak” spontaneous emission at the frequengy. This radiation emitted during the
absorption process must be taken into account fmurate modeling from the
Electromagnetic aspects. Only then can it be débeadnif this term is a slight
perturbation or a significant effect.

To investigate the problem, we organize this papéhe following way: we start
with the quantum mechanical description of the fisoence molecules. Similar to the
published emission theories, we assume the moledigale induced during excitation is
infinitesimally small. We take the molecular radhat field (spontaneous emission) into
account when we compare the total field with thewpde Mie theory results for
monochromatic illumination. Strong interactionsvie¢n the molecule’s near field and
the sphere induce an excitation frequency shifidde it is necessary to perform the

spectrum integral for realistic excitation enhaneatm Combining with the emission
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theory, we observe the effects on the total flumease enhancement factor and

determine optimum distances for the same.

5.2 Polarizability and secondary field from re-gtain

A quantum-mechanical model of the molecule fluoeese rate modification by a
single small sphere was developed by Das and M&Bl Rather than being limited to
small spheres, we extend our applications to amyitisize spheres. To utilize the
classical electromagnetic theories, we need tothemrelated quantum-mechanical terms
into the classical descriptions [13]. We start wlotting the scheme for three-level
system fluorescence in, and we ignore the stimdlateission since we assumed that the
incident wave was so weak that the induced emissonegligible. This assumption
guarantees that the system is a linear time-innasgstem. The incident photons are first
absorbed by the molecule, the electrons promoterh ftevel | into Level Il. Two
possible decays can happen simultaneously: thetapeous emissio,; and the
degeneration proces§ye into a lower energy level lll. The electrons théecay from
Level Il into the lower energy level | though bothe non-radiative losk,, and the
radiative emissiolk,, which turns out to be the fluorescence emission.

Most important in this Jacob diagram is the faett ttven though most electrons
in state 1l would degenerate into state Ill, thergpneous emission always happens. In
the development that will follow it will be showrhat for the case of excitation
enhancement, the molecule’s spontaneous emissigninduces a dipole in the
nanosphere (an “image”) whose re-radiated fieldrfetes with the total incident (Mie

solution) field. Additionally, this effect shifthé absorption frequency level and alters its
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bandwidth. This component of the excitation hasmbeeitinely ignored in the literature

by claiming that it is a minor perturbation.

" T : \‘
E Kde
— (1]

hw,q
W\,’ knr21 A21 knr é kl’ hw31
Ew
v v 4 v
(]

Fig. 5-1 Jacob Diagram for the three-level system

Instead of using quantum mechanics, we considerctterent scattering/re-
radiation field A; in classical electrodynamics. Since it is well Wwmothat resonant
electrically small antennas scatter as much enasgthey absorb, it becomes clear that
the presence of the molecule cannot just be anpation. The quantum self-radiation
behavior of transition from state Il into | is dabed by the linear polarizability(w),

which is given in Equation (5-1) [50, 5E}.ror! Reference sour ce not found.

dy,” 1 1

( — + —e (5-1)
R Wy —w— iy Wy +w+iyy” P

a(w) =

wheree, is the absorption dipolar transition polarized dii@n. d,, is defined as
the dipole moment for the absorption transitiord gy} is the total decay rate from Level
Il into level |, that isd,; + K4.. We assume that the decay rate is always muchHesmal
than the resonant frequency. The dipole momenglead to the spontaneous emission

rateAd,,. Hence, the polarizability could be simplifiedfalows.
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2 6meyhct

21 Az (5-2)

3
W21

3/1% Axq
e
2T - ZO (1)%1_0)2 - i(A21 + kde)(l) P

a(w) = (5-3)

The coefficienty,;(w) was approximated ag,;(w,;) because the single
molecule has an extremely narrow absorption band.d& have another assumption
here: the molecule excitation/absorption transit®linearly polarized. We could use the
tensor polarizability for the more general case.ths session, we apply the simple form

of equation to investigate the secondary fieldatffe

5.3 Separation on Primary field (Mie Field) andsetary field effect

The total local field is the key to modeling thecgation enhancement. Instead of
the oversimplified model, which only calculates theident field and the scattered field
from the sphere, we add the addition secondard figl. that includes the molecular
spontaneous emission as shown in Fig. 5-2. Thelagmission field interacts with the
sphere that in turn backscatters the secondarg Begl. onto the molecule itself.
Obviously, the dipole strengphaffects the backscattering field and the total lldiedd
around the molecule itself.

The local field is first written in the frequencygmain, as the sum of primary Mie
field E,(w, 1) and the secondary fieELec(rm,w), at the location of the molecule

Eior(w,1) = Ep(0, 1) + Eg(w,74,) (5-4)
wherew is the frequency we interested in, anglis the position of the dipolar

molecule with the excitation model. The dipole moine related to the local field
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E.,:(w,r") and the polarizabilityx(w). Note that bother parameters are frequency

dependent.

The dipole moment is related to the local fieR},.(rmw) and the

polarizabilitya(w). Note that both parameters are frequency dependent

p(w) = [a(w) ‘E(w, rm)]ep = [a(w) : (Ep (w, rm) + Es(w; rm))]ep (5-5)
Incident light
. . l,”"l ," 1///’/,, /r',rl
Incident light P
L y v
'S 4 A L L | A A c v
e ___/""\“‘\__ o
ol L P e l’ \-.\E :_/,:/
v/ Local Field
>N -7 > _
] ,--’f" Eior =Ep + Eg
Local Field AN
\ /N
Epor = Ep =Einc + Esca S~ \1\_:
vy | 2 | \
(a) scattered light (b)  scattered light Secondary Field

Fig. 5-2 (a) Simplified excitation enhancement mp(l® secondary field in

consideration

The secondary field can be expressed using thad@den function, connecting

the electric field at position, due to the dipolg at positionr,, in the presence of nano

sphere,

Es(w,1) =81y w) - p(w) (5-6)

where the specific Green functid(r,r,,, ) can be found by the exact

electromagnetic theory for emission [19, 20, 57]e \&ssume the dipole is linearly
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polarized. Hence, the polarizability and the dipamlement can be re-written afw) =
a(w)e,; andp(w) = p(w)e,. Combining Equation (5-6) and (5-7), the locahtdield in
the polarization direction can be solved as,

€q- Ep (w, rm) (5_7)

¢ E ) =
eq Etor(w,Tm) 1—-a(w)eg: Srprm w) - ey

Yielding the induced dipole moment self-consistgrts the combined result of
the Mie field and the backscattering interaction:

eq Ep(w, 1)

plw, ) = a(w) 1—a(w)[eq STy Tm w) - €4 &9)

Ignoring the backscattering interaction is tantamda setting to zero the second
term in the denominator. From Equation (3-7), wewthe excitation enhancement is
proportional to the square of the local electreddj which is the same as saying that it is
proportional to the square of the dipole momerergjth, therefore the enhancement in

the presence of the scatterer relative to the aleseinthe scatterer is:

lea Evor(w,r)P _ Ip(@)P
|ed'Einc(w:rm)|2 Ipo((‘))lz

Kex (w, rm) =

_ eq Ey(w, 1)
- 1-— 0((0)) [ed . S(rml rm'w) * €y (5-9)

_ |ed-Ep(rm,w)|2 1

- |ed : Einc(rm; w)|? |1 - a(w)[ed : S(rmrm: w) ed]lz

= loxc (@, T3) * Dexe (@, T4)
The conventional simplified theory that ignoresksaattering would expect only

I...(w,T,) as enhancement factor. The difference betweesithglified model and the
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exact model we are using is the multiplicative da&t,,..(w,r,,). This turns out to be
always less than unity and so we call it tleeating factor,

1
11— a(w)leq - Sm Tm w) - eql|?

Dexc(w, 1) = (5-10)

The general expression for the exact excitatiorarobment indicates that: (1)
The excitation enhancement is still generally pripoal to the sum of incident field and
the scattering field from the sphere; but (2) fretd is modified by molecular field. The
polarizability and the Green function field (seHddik-scattered field) determine the final
magnitude of this derating factor. The polarizapils affected by the quantum yield of
the molecule while the Green function of the intécan is strongly dependent on the
orientation and position of the molecule relativeghe scatterer (the sphere).

Following previous authors we call the Dyadic Grdanction(r',r, ) , the
susceptibility [21, 58]; it describes the backseatty field from the sphere due to a the
dipole of unit moment. For the highly symmetric €asf the spherical scatterer the
susceptibility ends up being independent of angteanly distance dependent,

e;  S(rp,rm o) -e; =50, d w) (5-11)

Consequently, the derating factor becomes a fumaifathe polarizabilityx(w),
orientation of the dipole,,, dielectric constant of the sphere and surroundneglium,
and of course, the distance from the sphere taib@ed. This angularly independent
form simplifies the analysis of the spherical smat so that all relevant results can be

obtained in closed form.

1
[1—a(w)S(d,d,w)|?

Dexc(w,d) = (5-12)
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In the following work, we explicitly solve the pri@m by decomposing tr
incident field, the Mie scattering field and the letular sel-scattering field intc
orthonormal spherical harmonics. Duo the dependence on the orientation of
molecule, we separate the interactions into twobleras the tangential and t
perpendicular cases relative to the surface ofsgiteere. The treatment is similar to
GersternNitzan theory and the exact Elrodynamical theory for the emission the

[17, 18].

incidentiight

l

{a) {b)
Fig. 5-3 (a)The perpendicular orientated dipole sepi from (b) thetangente

orientated dipole for both primary field and secanydfield calculatio

For the perpendicular dipolar molecule, the exicitaenhancement factor has t
parts: the local field enhanceme from the incident field and scattering field in
perpendicular direction , and the derating facto from the molecule sefield

that induces the secondary field effect. We wallcalate each separately and comt
them for the total excitation enhancement factdahvrequency and diance dependenc

The same procedure is followed for the tangentzdld.
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5.4 The Primary field enhancement

Suppose the monochromatic incident wave is lineafdglarized, the
field E;,,. (1, w) could be written ag,e,e"*o?. For the spherical system, we need to use
(r,0,9¢) instead of(x,y,z) in the Cartesian coordinates. We utilize the amwtrmal
spherical harmonics in Jackson’s notation [52].

Einc(w; rm) = Eoexeikzz

[o e}

1
= £, ) ilm@l Dl ¥ X jnllad) ¥y = Y1) (5-13)

=0
+ ik, d) (Yyq + Yy_1)]
wherek, is the wave number of in the spaoge,u,. Here we define the
orthonormal vector spherical harmonics as the veebogular function, with the

propertyr - L = 0.

1 r'xV
Yim = —=—=LYin(6,¢) = (—)Vm (6, ¢) (5-14)

1
I+ 1) NTEY .

The scattering field is calculated by Mie theorg,[59],

N 1
Boca(0,7m) = Bo ) 1T+ DBV X h{" (k) (Vir = Yur)
2
=0

(5-15)
+ AhD (kyd) (Vg + Yy y)]
Where the reflection coefficients for each modedafined as,
Uzji(kya) [klajl(kla)], — u1ji(k1a) [kzafl(kza)]' (5-16)

1= p ) ;
urji (k@) [kyah ™ (ky@)]’ — ppji(kya) [keyah® (kya)]
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_ &j1(kya) [klajl(kla)], — &1ji(k1a) [kzafl(kza)]'
e @) [kpah® (k)] — £4,(kya) ki ah™ (kya)]’

(5-17)

a is the radius of the sphere, andis the wave number of in the spherge; u;.
The total primary field is,
Ep (0, 1) = Einc(@, 1) + Escq(0, 1) (5-18)

Finally, the general form for the primary field emtement is

2
leq - Ep(rm, )| (5-19)
Ied : Einc(rm:w)lz

Loxc (w, rm) =

The enhancement is determined by the positionefithleculer,,, orientation of
the moleculee,;, and sphere’s electromagnetic propestys; and radiust.

Generally, most experiments constrain the distaficer’ —a between the
sphere and the molecule by using DNA or RNA linkjafy In most of these biological
systems, the molecule and sphere have randoma@uosaitid orientation. Statistically, 1/3
of the molecule/sphere systems are consideredrasmmicular, while the rest 2/3 have
the molecule tangential relative to the surfacethaf sphere. The randomness occurs
especially when the whole system operates in solutr dispersed in the air. Hence, the
enhancement factor due to the primary field carcdleulated by averaging the electric
field over the wholetrr steradian solid angle.

The primary enhancement factors for perpendiculdrtangential molecule cases

are,
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2
e, - E,(rm w)| do
@ler ' Einc(rmr a))|2d!2

Iexc_p (w,d) =
(5-20)
. 1) 2
Jji(kad) + Byh; (kyd)
k,d

3 [ee]
- E;(zz + DA+ D

2 2
fbleg - Ep(rm 0)|"d0  dbley - Ep(r, )| dQ
#Ieﬂ *Eine(Tm, 0)|2dQ glﬂeqb cEpc(rm, a))|2dﬂ

Iexc_t (w: d) =

= 22(21 + 1) [[ji () + Alhl(l)(kzd)r (5-21)
=1

2
. [kydhy ()]’ + By[kpdh™ (epd)]’ ]
k,d

Here we used the decomposition of the sphericahbaics,

i1+ 1)

1
k,d filk, )Yy + — [kodfi(k,d)] (5-22)

1
—V x filk,d)Yym = e, k,d

k,
We have thus obtained the enhancement factorgrmstef spherical harmonics.

Now we derive the derating factors.

5.5 The Derating factor
All we need is the unit dipole field scattered Whe tsphere from the exact
Electrodynamical theory [19] evaluated at the positof the dipole. For the

perpendicular dipole we get:
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(5-23)

Similarly, for the tangential dipole we get thedantial back scattering field

e¢nhancement Taclor

(5-24)
Plugging Equatior{5-23) and (5-24) back into Equation (5-12)e will
get the derating factor in closed fc.
5.6 Numerical modelingpr monochromatic illuminatic
1005
‘\ Perpendicular case
\ —— Tangential case
™
) \.__\
+— } } } ———Ee——
P \ 0w A0 50 60 70 30
I N
0.1

distance from the sphere (nm)

Fig. 5-4Primary field enhancement of excitation without sioleration of the seconda

field effect
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To illustrate the parameters that contribute to émhancement we will first
assume a fictitious molecule resonant at 430 nrthénvicinity of silver sphere [55]
(&1 = =5.08+1.12i,u; = 1) as the dispersive plasmonic scatterer in water =
1.77,u, = 1). In Fig. 5-4, we show the results of only thenpary field enhancement for
the tangential and perpendicular dipole for theeadsa 15 nm radius sphere.

The X axis is the distance from the molecule tosudace spherel(— a). From
the plot we can see that, the simplified model, cvhonly uses the primary field
enhancement factor, would predict high enhancement close to the sphere (< 4nm)
for both orientations of the molecule. Given thpital wide bandwidth of the Plasmon
resonance of the sphere around 40nm, this reswiagly dependent on slight variations
of the incident frequency.

To calculate the derating factor, we use the battesing fieldE(d, d, w) by a
unit dipole (Equation (5-23) and (5-24)) and theassic polarizability of the
molecule a(w) (Equation (5-3)). Classical radiative rate$,; are typically
around10°s~1, and we choose this as the standard value faewhkiation. Similar to the
Definition of the quantum yield, we define ScattegriyieldSY = A,,/(4,1 + kge). We
know that the degeneration rakg, is much larger thaml,; generally. Thus, we
setkye = 94,1,994,1,9994,,,99904,,. Even so the molecule remains narrowband
when compared with the sphere and we thereforemzadel cases with scattering yields
of 1071,1072,1073,107%.

We plot the Derating factor for monochromatic ilimakion for the different

scattering yields at exactly the absorption resbfraguencyw,; .
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Derating factor

— SY=0.1 (p)
— SY=0.01 (p)
—— SY=0.001 (p)
— SY=0.0001 (p)
- - SY=0.1 (1)

- - SY=0.01 (1)

- - SY=0.001 (t)
- -+ SY=0.0001 (1)

30 40 50 60 70 80

distance (nm)

Fig. 5-5Derating factor at resonance for difference origowts (T=tangential

P=perpendicular), and difference scatterireld

We combine the two factors together, we get thal texcitation enhanceme
factors, and we compare them with primary field enhancement in Fig.%-The results
demonstrate that if the illumination is monochramaight on the absorption reson:
frequency of the molecule, only when the distasciai away from the molecule, we ¢
the same enhancement factors against the primary fegldancement. While tf
simplified theory that only use the primary fieldnancement claims that close dista
(0-10nm) has huge enhancement for molecule excitatimur, theory with the
consideration othe molecule backscattered field claim quenchingefcitation. The
reason could be that the plasmon sphere also lgsihteraction with the week cohert
emission, which couples the primary field and dases the total local field on t

molecule. Thaed curves in the Fig 6 demonstrate the case thalelgeneration rate
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relatively large ( , SY ).The primary field could provide accur:
excitation enhancement factor from far distancatiout 5nm. However, near distan
induce strong econdary field effects that the enhancement could into decremen
The maximum excitation enhancement factor was ptedias 27.7 at the optimt
distance of 3.25nm away from the sphere. For thee aaf slow degeneration re
( , SY ), thereis no enhancement for excitation. If we have thelenate
large degeneration rate ( , SY ), the optimum distance for excitati

goes to 6.25nm away from the sphere, with the ezdraent factor of 10.8

(a) Perpendicular enhancement for monochromatic illumination(resonance)
401

——SY=0.1(p)
—— SY=0.01 (p)
—— SY=0.001 (p)
301 —— SY=0.0001 (p)
Primary field enhancemer]t

J% ......... —

distance (nm)

(b) Tangential enhancement for monochromatic illumination (resonance)

—— SY=0.1 (©)
—— SY=0.01 (t)
i —— SY=0.001 (1)

—— SY=0.0001 (1)
Al
T ’\I
i
%
1

Primary field enhancemerjt
\]

i —rm - om W WW = = = o= WWE 3
e i e
-
\ o
_/‘-l))

distance (nm)

Fig. 5-6The Excitation enhancement for monochromatic illuation (Dashed line

Simplified most. Solid lines: different scatteriyigld molecules
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5.7 Excitation/Absorption power spectrum and Fregyedeviation

The previous numerical calculations demonstratexl significant changes on
excitation enhancement at near distances. The @sgums that the absorption light is
right on the resonant frequency of the moleculas Bssumption is unrealistic, since the
illumination light usually has a much broader baiiv than the molecule. Also, the
molecules would have difference on the resonaquiacy due to the collisions from the
medium. More realistic excitation enhancement leasonsider the broadband absorbed
energy. Of course, if the emission spectrum hass#me bandwidth and the resonant
frequency, then the monochromatic illumination Hsswhich was shown in Fig 6 will

be valid for broadband illumination. The absorptspectrum is calculated as

fhla(w) - E¢or(rm, w)[>dQ
#la((‘)h) : Einclde

plw,d) =
2

~ #'ed'Ep(rm;wzlﬂ dQ  |a(w)|?

B #led : Einc(rm; 0)21)|2d,Q |(l(a)21)|2

|a(w)|?

la(wz) |2

Doye(w,d) (5-25)

= Iexc(w21' d) Dexc(w: d)

This is normalized tda(wy;) * Eine (Tm, w21)|?, the absorption power of the molecule at
the resonance frequency in the absence of theesplsing a moderate scattering
yield SY = 1073 we plot the normalized absorption spectnifw, d) against the

wavelength, at various distances from the sphere in FigEBr@r! Reference source

not found.. We see that for a distance of the order of dlagus of the sphere (15nm), the

spectrum still maintains the same bandwidth andnasce frequency as the isolated

molecule. But as the molecule gets closer to thersp 430nm is no longer the resonance
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frequency for excitation. The whole spectrum is-shiftedand the mutual interactiol
also alter the bandwidth. The perpendicular mokeaiin general more vulnerable to

sphere’s EM interaction than the tanger

Normalized absorption spectrum density (perpeadicular onizasaton)

Lo
molecule without sphere
e 10 1 AWAY
Tnm away
——— 4nm avway
3nm away
AN
10 L ¥
1 / \
y » /
o 474= 44l 440 441

wavelenzh ‘tm)

Normalized absorption spectrum density tangential crensation)

11
molecule without sphere
10 nm away
Tnm away
Anm away
3nm away

L\
1
y // /\\\
40 408 - 4302 430

wavelengh (nm)
Fig. 5-7Normalized absorption spectri (top: perpendicular orientation; botto

tangential orientation)
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5.8 Realistic excitation enhancement under broadbdunahithatior

Now we can calculate the real

excitation enhancémemder broadban

illumination by integrating over the whole spectr, taking the bandwidth and resonat

frequency shifts into account. Similar to the speut density definition, we define th

realistic excitation enhancement factor as follc

(5-26)

We utilized the property that the molecule absorptbands are always narrov

than the total primary field enhancema

which is nearly frequency independent within theroxa absorption regior

excitation enhancement (perpendicular)

excitation enhancement (tangential)

calculated from the Mie theor

= Primary field enhancement
= = = resonant enhancement (SY=0.001)|
realistic enhancement (SY=0.001
= = = resonant enhancement (SY=0.01

realistict enhancement (SY=0.01)|

,,,,

== Primary field enhancement

= = = resonant enhancement (SY=0.00

realistic enhancement (SY=0.001
= = = resonant enhancement (SY=0.01

realistict enhancement (SY=0.01)|

24 27

distance (nm)

30 0 3 6 9

18 21 24 27

distance (nm)

Fig. 5-8realistic excitation enhancement, with the comperiith the primary fielc

enhancement

We use

as two examples to compare the enhance

predictions. In this case all three enhancememetspproximately the same beyond 1t

from the surface (one sphere radius). Similar tevimus resonance enhancem
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calculation, the perpendicularly oriented moledus the stronger secondary field effects

for broadband excitation/absorption.

For the fast degeneration caS¥ & 0.001),when the molecule/sphere distance is
less than 6 nm, the most realistic model for eitih@gential or perpendicular disagrees
with both the simplified primary field model andethrealistic model where only the
resonant frequency is used. Using only the resoffragiency case leads to an overly
pessimistic result. However, although integratimerathe spectrum has recovered some
of the enhancement, the true enhancement camatgignificantly lower than we would
be led to believe if we used only the primary fieldhancement. The real excitation
enhancement factor for the perpendicularly orienterdecule could be as high as 19,
while the resonance model underestimates this bytdialf. For the tangential molecule,
the resonant model predicts nearly no enhancemdrile the actual enhancement could
be more than 2. For the slow degeneration ca®¢=(0.01), the backscattering
secondary field effects become stronger. We sbleove the difference between the
resonant models and realistic model. Beside theabstrength of any enhancement, the
two models can also differ significantly on the egfed optimum distance for maximum

enhancement.

5.9 Influence on the total fluorescence enhancement
We have seen that quenching can begin during tiserption phase of the
interaction. To completely model a typical fluoresce experiment we need to add the

interaction during emission. In the conventionaldelothat assumes only primary field
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enhancement quenching only appears during emissidhe molecule excites so cal
“‘dark modes’ in the sphere and dissipates enengythé realistic model ts extra
guenching compounds the total quenching. We assusraall Stokes shift and choc

the emission wavelength of the molecule to be atat#Onm. Then the silver sphere |

the permittivity of . We consider two different molecule cs: (1)
low quantum yield ; (2) high quantum vyiel

(@) total enhancement eohancement (perpendicular QY=1%) () total ephancement enhancement (tangential QY=1%q)

(c) total enhancement enhancement (perpendicular QY=100%)

enfiancement

|l /i

)14

l

i 11 12 R 2% 30 1 £ 11 1z ] i) Bl

distance imn) dstance ()

Fig. 5-9Total Fluorescence enhancement for different statigield (red: SY=0.001

green: SY=0.01) compared to the simplified the@y¢ only the primary field (black]

First, consider the low quantum yield caseFig. 5-9(a) we compare the tot
fluorescence enhancement in the realistic modthe model that only uses the primi
excitation for the case of the perpendicular mdkctor both, the emission proce

provides 8 times enhancement. So, the total enh@epredicted by the simplifie
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primary field model gives 205 as the highest enbarent factor. However, the realistic
model tells us that the highest enhancement fastaalso related to the molecular
polarizability, which is related to the degenematicate. If the molecule has low
scattering yieldSY = 0.001, the fluorescence enhancement for the perpendicula
enhancement factor could be as high as 137 atgheam distance of 4.5nm; if the
molecule has high scattering yie8d = 0.01, the fluorescence enhancement for the
perpendicular molecule drops to 50 at the optimistadce 6.5nm.

According to the result plotted in Fig. 5-9(b), tte¢al fluorescence enhancement
for the tangential molecule could still be 2 timiéghere were no re-radiation secondary
field. With the consideration of the secondarydieffect, the fluorescence would not be
as large as the simplified theory predicted. Speadlf/, for the case ofY = 0.01, the
molecule fluorescence is actually quenched by pher.

Now we consider the high quantum yield (100%) muoalec The emission
efficiency could never go higher than 100%. Themfdhe emission process can only
guench the total fluorescence. For the perpendigutaiented molecule, the simplified
theory using the primary field enhancement predact.7 times enhancement, while
realistic molecules would only fluoresce 1.4-218ds higher. The optimum distance can
be very different depending on the scattering ymfldhe molecule. For the tangential-
oriented molecule, both the emission process aadextitation process will undermine
the enhancement. Within 10 nm distance, both madais that the tangential molecule

will be quenched dramatically.
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5.10 Conclusion

In this chapter, we have analyzed the excitatioimaacement experienced by a
molecule in the vicinity of a single Noble metalhoasphere. It has been shown that the
molecular spontaneous emission during the absorgirocess can interfere with the
incident wave and the scattered wave from the sphkrcluding the spontaneous
emission by introducing the polarizability of theolecule for excitation local field
calculation leads to an additional field we calle thsecondary field”. For the
monochromatic illumination, the resulting excitatienhancement is different from the
primary field enhancement that would be obtainethguonly the Mie theory. The
molecule-sphere interaction causes a red shifheénntolecule’s absorption frequency, a
broadening of the absorption spectrum, and alwegdd to a derating factor that reduces
the total field at the molecule. Integrating ovee aabsorption spectrum leads to the most
realistic excitation enhancement calculation. Conmig the final realistic model for the
excitation with the exact Electrodynamical modeltlee emission, we calculate the total
fluorescence enhancement. This result is stronglyeddent on both the molecule’s
guantum yield and the molecule’s scattering yieldnfinated by the degeneration rate
from the excited state to the lowest excited Iérah which emission occurs).

Because high quantum yield molecules are alwayaajiesl during emission, the
total fluorescence enhancement obtained using thdyprimary excitation field only
differs slightly from the more accurate calculatitwat includes the derating due to the
secondary field. However, for low quantum yield ewmlles we find that weakly

scattering molecules (fast degeneration rates)reap a large enhancement from the
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nanoparticle while strongly scattering moleculdswsdegeneration rates) can receive
additional quenching during the absorption parthe interaction. Similarly, including

the derating factor in the calculation can sigmifitty alter the predicted optimal distance
from the surface to observe enhancement. The seatdtpresented for the two extreme
orientations of the molecule relative to the sphrdace: perpendicular and tangential.
Enhancement, when it occurs, is always strongeitiferperpendicular case. But if an
experiment randomly averages the orientation ofnioéecule relative to the sphere, the
observed experimental results will be weighted taf8yential versus 1/3 perpendicular,
resulting in measured enhancements that are typit& of the maximum theoretically

possible.
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Chapter 6
GENERAL METHOD FOR THE TOTAL FLUORESNCENCE ENHANCHBNT

ESTIMATION

In this chapter, we generalize the calculation bE ttotal fluorescence
enhancement by arbitrary-shape antenna. The Metlsouply separate the total
enhancement into three parts: primary field enhawece, derating factor, and the
emission quantum vyield efficiency enhancement. dwalig the electrodynamical
methods for the monomer spherical antenna, we statet the excitation enhancement is
not a trivial problem. The derating factor is asportant as the primary field
enhancement, due to the strong interaction betweimcident wave, the molecule and

the enhancing antenna.

6.1 Separations for the surface enhanced fluorescen

In the quantum mechanical description on the baeltared field [14], the
dresseddipole moment was introduced to describe theioglatof the molecular dipolar
re-radiation from the spontaneous emisglgnand incident wavé&;,.. Obviously, the
methods forced the effects on calculating the amitht radiation and additional losses in
the terms of decay rates. Here, we propose a simpte self-consistent method to
calculate the polarization of the molecule. We fbuhe frequency shifts and boarding
effects inherently in our modeling for the singfghsre [22]. In our way of calculation,
we don't calculate the dipole moment by the “dredgmlarizability. Instead, we used

the “naked” polarizability@,(w) (free molecule) of multiples the local field
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E.,:(r,, w,,) instead of the incident fielB;,.(r,, w,1). The interaction between the
molecule and the sphere is implemented in the tatial E ;.
P ) = €y(w) - Eor (1, ®) (6-1)

The linearly polarized assumption could simplifiatb Equation (6-2),

P(w) = [ao(@) * E¢or(rm w)]eq = [@(®) - (Eq(1m, @) + Es(rm, w))]eq (6-2)

We define the primary fieldE,(r,, ») as the sum of the incident fiel
dE;pc(rm ) and the scattered fielBg.,(r,, @). Here, the perturbation from the
molecule is included in the form of the total field

Eot(Tm @) = Eine(Tm, @) + Egcq(Tm, @) + Eg(1p, 0)
(6-3)
= Ep(ry, @) + Es(Tp, 0)

Another reason for using Equation (6-2) and (6-8),that the total field
calculation might involves complicate and/or lasgpaled structure, where the analytical
forms for the'dressed” dipole moment no longer exists in the analyticaif.

The total fluorescence enhancement maintains thginal form of the
multiplication by excitation enhancement and emissenhancement. However, we
realize that the total field might be differentthfie simple form. We define the intrinsic
polarizability by its radiative raté,, and its degeneration rakg,. v, is the total decay
rate from Level Il into level I, that is approxirefit A,; + K., if we assumed that the

internal loss rate in the excitation is much snrahen the degeneration rate .

2
LTI S S (6-4)

h “wy —w =iy w2 +w+iys

ap(w) =

2 6meyhcd
21— +A21 (6-5)
w31
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Generally, we assume the incident wave illumindtezl molecule at resonance.
Similar to the quantum vyield definition, we defirtbe scattering yield as¥ =
A,1/(Kgze + Ayq), to represent the ratio between radiative rate taedtotal decay rate
for absorption.

The final excitation enhancemekit, can be separated into two parts as we have

done for the spherical antenna,

|ed 'Ep(rm;w)|2 1

leq * Einc(rm, 0)1? |1 — a(w)]eq - S(rmrm, w) - eq]]? (6-6)

Kex (‘U: rm) =

= Iexc(w: rm) : Dexc(w; rm)

the field enhancement by the primary fiéld.(w, r,,), and the secondary field
derating factob,,..(w,r,,) The secondary field effects is calculated from taotors:
the unit dipole susceptibility [21, 20]to the emnment —the unit electric dipole
backscattered field back onto the molecule, andgtharizabilitya,(w). At the resonant

frequency, the polarizability becomes(w,,) = i%SY. The dipole strength at the
absorption resonant frequencyi®portionalto the scattering yield.

For the metal enhanced fluorescence, we could giyneseparate the program
into three parts: Primary field enhancemgpt, the secondary field derating faciy,..,
and the emission efficiency adjustméif, (Quantum yield enhancement). In the Table

6-1, we summarized the electromagnetic methodsatoulate all these enhancement

factors and necessary parameters.
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scheme Parameters Enhancemet factors
Incident wave
N . . 4
3 ] T
Primary field “
enhancement at
r'd i
excitation
¢ \, Scattered wave frequency
Wietal antenna
Derating Scattered field
factor back on the
molecule
Metal antenna Molecule absarptian
dipolar transition
Radiative power {outer boxj
Totai dissipated — o
x power (inner box) Emission QY
Emission
/ \\ {/ enhancement
efficiency i -
‘ t Unit/dipole _
enhancement ?//\\_> Operating at
il kd emission —
Metal antenna  Molecule absorption frequency

dipolar transition

Table 6-1Fluorescence enhancement separation and scherledtmodynamica

enhancement factors’ calculat
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Instead of simulating the frequency-dependent deydactors by implementing
the dipolar molecule into the numerical program& @ould perform an additional
simulation for the back-scattered field. This nBeald effect simulation provides us the
flexibility to adjustment the polarizability for ffierent scattering yields or different
illumination frequencies.

The emission efficiency adjustment could be sinmdédty placing an unit dipole
radiating with the vicinity of the nano-antenna.eTiatio between the raditation power
and the total dissipated power, by definition, pdevthe quantum yield for the system.
The benefit for this method is that, we could atter intrinsic quantum yield to observe

the emission enhancement differences for differemakecules.
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6.2 FDTD simulation and numerical results

In this session, we would apply the separated wagdlculation on the excitation
enhancement to some specific nano-antennas. Weeutle finite differential time
domain method (FDTD) as our numerical tool. Usiilges as an example, we model
metal as a single Drude material at the opticaluemcy. We will compare the scattering
cross section of single sphere calculated fromNe theory to the results from the
simulations. The primary field enhancemént. and the derating factdd,,. will be
calculated for the resonant illumination. The nu@rresults will be compared with the
analytical results for the near field validation.

We assumed that the excitation wavelength of theecate is 430nm (generally
the porphyrin absorption wavelength). We knew thahe RF range, most metals can be
considered as good conductors. However, in thecaptivavelength, the effective
permittivities of metals carry low conduction termamd behave dispersive. Multi-
Drude/Lorentz models are generally used for broadbdata matching. The relative
permeabilities of metals are generally unity. € 1) at the optical frequency. Silver is
one of the most common noble metals that are uselidlogical experiments. A single
Drude material was used to match the relative pgauity &, of silver is modeled as one

single Drude material as in Equation (6-7).

W} ]
- w(w + iFD)] (6-7)

e1(w) = €x[1

Where we set the parameter as the following: thgh hifrequency

permittivity e, = 5.08, the Plasmon frequenay, = 6.283 x 10'*s~* and the damping
terml, = 5.327 x 101*s~1, We plot the permittivity of silver single drudeonel V.S
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the Using the refractive index from the art [55] , we calculate the permittivity ar
consider the mean free path effects for small g(d=20nm) [42]. We match the
permittivity on 430nm to make sure that the singlede modeling is accurate for t
calculation for the absption. In Figure 1, we demonstrated the drude natmatching
with the measured data. Accord to Figure 6-1the single Drude model has go
matches in both the real parts and the imaginaris p#d Ag’'s permittivity calculate
from the refractive idex from the articl [55]. Even though the discrepancy is observi
off the resonance, the results would be valid sia single molecule absorptio

bandwidth is extremelgarrow (<0.2nm).

Relative Pzrmrtivity of silver and 1ts Drude Model

[ Real Part Permittivity(Palik) : \
| PReal Part Permittivity(Drude model) : \
i e =+ Tt y Pl Permnittivity(Palik) ; \
- = Imaginary Part Permittivity(Urude) ; \
| ;

wavelengh (o)
Fig. 6-1Single Drude Modeling for the permittivity of 20nsilver sphere around 430 |
The Drude material is implemented using the auxilidifferential equatiol
method [60]. The spatialiscretizatiol is 1nm, and we usetivo stacked I-radiating
boundaries for the terminati [61].
First, we perform the plane wave illumination o tBOnm Ag sphere, thfar

field are used to calculaiy the scattering cross section Fig 6-2, we could see a ve
86



good match against the Mie theory: The resonanteleagth is at 395nm and t
bandwidth is the same. At the illumination waveldng30nm for the resonan
fluorescence, FDTD has identical-field cross-section to the Mie thgo The validatior

demonstratethat our way to implement the dispersive matesaldrrect

Scattering Cross-Section of 20nm silver sphere (Mie theroy V.S. FDTD)

! I ﬁ — 1I\.-Iie Theory (Drude)
b f' ﬁ"\ aaa FDTD (Drude)
..'?! .\"-
J \
4. :j]"'.' .:i\E T
g %
i 4 Y .
M‘M ‘_M
:(;0 ;:0 4:2)0 150 00

illuminatien light wavelengtinm)

Fig. 6-2FDTD Validation: Scattering Cross Section of th@@0sphere with comparisc
with Mie theory

Spherical structure:

The single spherwaswidely used for fluorescence enhancement experisroun
to the symmetrical structures and standardized faature process. Since we have
analytical models for the sphere, we could comgaeaesults with sphere

Primary field enhancement parameters are calculayediuminating the plan
wave into the nanantenna, and calcue the local field as we showiable6-1.In Fig.
6-3, the FDTD provide accurate primary field enhancetrvs. the Mie field theory. Thi
difference in near distance is because the coassarighe structure (ds=1nicreated the

roughness on the surface that detour the local feal near distance. The deviation o
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happens in 2nm distance away from the sphere, whkidmly twice of the coarsene:
Hence, in all the following FDTLsimulations, we will not place thmolecule too clos

to the sphere —2nm would be the minimum distance we obs¢

a0 g

primary field enhanecenment
1
L
-

distance (1)
Fig. 6-3 theprimary field enhancement by single sphere (mong
Now, we extracthe backscattering fielby the molecule. fie dipolt moment is
assigned as unity, and wecord the local field on the dipole, and then maditthe fielc
from dipole-insolution syster (without sphere). The badcatter field strength by tt
unit dipole is also compared with the exact elebtranical model. InFig. 6-4 , we plot
the backscatter field strength and phase by thedipole source. With the comparis
against electrodynamical they, the simulation resultérom FDTD has good consisten

with our theory. Rviations inthe near distance may be induced by the coarsenebg

sphere.
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Backscattered field intensity

—— Theory
A A FDTD
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Backscattered field phase

160~

1407

12017

100

—— Theory
a A FDTD
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distance (nm)

Fig. 6-4Backscattered field from the sphere the discrete unit dipole (amplitude a

phase)

The porphyrinmolecule in the solutic is about to have its intrin¢ scattering

yield as 1/1000By implementing the scattering yield into the dergtcalculatiol, we
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plot the total excitation enhancemdrom FDTD, and exact EM solution from Chaptel
The enhancement factors are also compared withitgified theory that only used tl
Mie field. According toFig. 6-5, numerical simulations demonstrate good reliey on
the near field and the far fie. the FDTD could provide fairly accurate optimunstdnce

(in this car 56nm) and the maximum enhancement (arc6 times).

excilation enhancernent faclor

— Mic Thocry
Exact EM for excitaion
A A TDTD

L5

Lo

C 3 ] 13 2C

distance (nm)

Fig. 6-5the total excitation enhancement calculation by BOWith the compariso

against the exact electrodynamical the

Dimer structure:

The monomer sphere enhancement simulation is vetidaFor bette
enhancement for excitatip@imer is proposed. We still align the moleculatgpization
in the direction of the incident electrical fiel@lhe dimer is also aligned in the sa
direction. Here we want to observe the near figldamcement of the dimer, since pec

claim high intesive field in the middle of the two spheres. Weasate the distanc
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between two spheres as 4nm, 6nm, 8nm and 10nmnAsguhe molecule is in the
middle of the structure, the distance from the male to the sphere would be 2nm, 3nm,

4nm and 5nm.

Monomer sphere Dimer sphere
Molecule to Primary field Total excitation Primary field Total excitation
sphere enhancement enhancement enhancement enhancement
distance(nm
2 26.8 0.69 1100 4.96
3 21.8 2.48 348 5.92
4 16.8 412 175 10.33
5 9.7 6.20 99.86 15.28

Table 6-2 Resonant excitation enhancement fronedim
In Table 6-2, we summarized our FDTD simulation pansons of excitation
enhancement. Even though the primary field enhasoéraould provide as much as
1000 times enhancement between two spheres, howbeebackscattered field has the
secondary field effects that kills the total exttita enhancement. We could only get
about 15 times enhancement if the illuminationusst jon the molecule resonance. Even
though it is better than the sphere, total enhaeo¢mould never be as high as thousands

times as people predicted.

6.3 Conclusion
In this Chapter, we discuss the method for germnglithe electrodynamical

solution for complicate nano-antennas. The finitgetdifference time method is used to
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investigate the problem from the numerical cal¢catet. The excitation enhancement by
the monomer sphere is calculated. The numericalltsedor both the primary field

enhancement factors and the backscattering derfatotgrs are consistent with the exact
electromagnetic theory we developed in Chapter &. better enhancement, we also
investigated the dimer structure which was promfsedhigh enhancement. However, the
strong secondary fields derate the total excitaterhancement dramatically. The
numerical results indicate that dimers would bepfudlfor fluorescence enhancement.
But we could never expect significantly incremeptdsders. FDTD could also be used
for other complicate structures for the investigation excitation enhancement and

fluorescence enhancement since the near fielddrgfew deviation from the theory.
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Chapter 7

SUMMARY

In this dissertation, we applied the classical tetesagnetics to the surface
enhanced fluorescence. We divided the fluorescemroblem into excitation and
emission. We compared our model on the excitaticth the conventional simplified
model. With the combination of the exact electronmeg theory and the classical
decription molecular excitation, we observed thersy secondary field due to the
molecular self-re-radiation. The secondary fiekeéral the local field around the molecule
which contributes to the excitation enhancemeng dérating factor is introduced for the
secondary effect description. Based on the comganvith the conventional simplified
theory, our theory could explain both experimenm&dults with completely different
setup. The comparison indicates the existenceebé#tkscattering effects, which incur
the derating effects on excitation enhancement.lyiinal solutions for the spherical
antenna are derived. The perpendicular orientasiod the tangential orientation are
separated for simplification. The total fluoreseerenhancement is also calculated for
low QY molecule and high QY molecule. The excitatienhancement has strong
influence for the low QY molecule, which we antigip high enhancement. In near
distance, the excitation enhancement is strongingloed by the secondary field, and the
total enhancement for low QY could never be as lglthe Mie theory predicted. Once
we have the complete electromagnetic theory for ékeitation and emission in the
sphere, we also apply the whole theory for anytamyi shape optical antenna by
numerical methods. FDTD demonstrated excellent isterxcy with the analytical
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theories for the spheres. Both near field and ifdd fcould be obtained accurately. The
simulations for Dimer's enhancement indicate thesgality of higher enhancement.

However, the derating rating was more destructorestich intensive field concentration

structures.
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