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ABSTRACT

The objective of this research is to develop methods for generating the Tolerance-
Map for a line-profile that is specified by a designer to control the geometric profile
shape of a surface. After development, the aim is to find one that can be easily
implemented in computer software using existing libraries. Two methods were explored:
the parametric modeling method and the decomposed modeling method. The Tolerance-
Map (T-Map) is a hypothetical point-space, each point of which represents one geometric
variation of a feature in its tolerance-zone. T-Maps have been produced for most of the
tolerance classes that are used by designers, but, prior to the work of this project, the
method of construction required considerable intuitive input, rather than being based
primarily on automated computer tools. Tolerances on line-profiles are used to control
cross-sectional shapes of parts, such as every cross-section of a mildly twisted
compressor blade. Such tolerances constrain geometric manufacturing variations within a
specified two-dimensional tolerance-zone. A single profile tolerance may be used to
control position, orientation, and form of the cross-section. Four independent variables
capture all of the profile deviations: two independent translations in the plane of the
profile, one rotation in that plane, and the size-increment necessary to identify one of the
allowable parallel profiles. For the selected method of generation, the line profile is
decomposed into three types of segments, a primitive T-Map is produced for each
segment, and finally the T-Maps from all the segments are combined to obtain the T-Map
for the given profile. The types of segments are the (straight) line-segment, circular arc-

segment, and the freeform-curve segment. The primitive T-Maps are generated



analytically, and, for freeform-curves, they are built approximately with the aid of the
computer. A deformation matrix is used to transform the primitive T-Maps to a single
coordinate system for the whole profile. The T-Map for the whole line profile is
generated by the Boolean intersection of the primitive T-Maps for the individual profile
segments. This computer-implemented method can generate T-Maps for open profiles,

closed ones, and those containing concave shapes.

il



DEDICATION

To my parents

il



ACKNOWLEDGMENTS

I would like to express my very great appreciation to my committee chair, Dr.
Davidson, for his patience, guidance, inspiration and support. Without his help, this work
would be too difficult to be accomplished.

I would like to thank Dr. Shah and Dr. Herrmann for their time serving as part of
my committee.

I would like to thank former student Samir Savaliya, Yadong Shen and Zihan
Zhang for their helpful information and willing to discuss my ideas.

I would like to thank former student Amir Mujezinovi¢, Gaurav Ameta, Saurabh
Bhide and Patrick Clasen, who did preliminary work on the mathematical model with
geometric tolerances.

I 'am grate for financial support for this work provided by the National Science

Foundation Grant #CMMI-0969821.

v



TABLE OF CONTENTS

Page

LIST OF TABLES ...ttt sttt viii

LIST OF FIGURES ..ottt sttt ix
CHAPTER

I INTRODUCTION.....couttiiieirieieerteeeiesetsieee sttt 1

LT Background ........c.ccooveieieiiieieieieieieeecetee ettt 1

1.2 Problem Statement..........cceerueieuirieiriirieirieeeee et 2

2 LITERATURE REVIEW.....ccoiiiiiiiieiieiee ettt 4

2.1 Tolerance standard ............coceceeereerenieenieieeere e 4

2.2 GD&T computer MOdES .....c.ccveeveevieiieiieiieiieieeeeeeeeeeeceeee s 5

2.3 The Tolerance Map .......cccoeeeerierieniieiesiecieseeee et 7

3 T-MAP FOR LINE PROFILE TOLERANCE...........cccceotniinieieeeeeene 11

3.1 Profile specification and tolerance zone.............ccoeeevenercveneeecvenieennenn. 11

3.2 T-Map modeling of a line profile ..........ccccevveeviinieniniinieeeceee 12

4 PARAMETRIC MODELING METHOD.........cccccviiiiniinienerieeeeeeee 17

4.1 Parametric modeling method...........ccccoevveviiieiincieniceeeeeeee 17

4.2 The Invariant Point (Pole) of the Profile.........cccccovvevieniicienieiiie, 18

4.3 The base hypersection of the T-Map for the Middle-Sized Profile.....21

4.4 Smaller 3-D Hypersections of the T-Map .........ccccevvrceererciereerieneenene 27

5 DECOMPOSED MODELING METHOD .......cccccvviiiiiiinieeeeeeeeeees 32

5.1 Decomposed modeling method ...........cccecvevievieniniiiniieieeeceeee, 32

5.2 Slope conservation and 2-D modeling ...........cccccevverievieneeneecienieennene 33

A\



CHAPTER

Page

5.2.1 SlOpe CONSEIVALION......c.eeveerieiierieeieiierieieereereeie e ere e ese e eeeene 33

522 2-DMOAEING ....ccvirvieiieiiriieiieieeieeieeieeeeeeee et 36

5.2.3 Slope conservation for CUIVES ..........cceceeerererereeeeeeeeeeneeneens 38

5.3 3-D modeling of polygonal profile...........cccceveriririneniininieineeeennn 41

5.3.1 First-order approximation for rotation deviation...................... 42

5.3.2 3-D primitive model for straight line-segment ......................... 45

5.3.3 Uniformity of reference system...........ccccoevervrereneneneeenneenenn. 48

5.4 Deformation of T-Map.........cceceeviriririniinieieieieeeeee e 49

5.4.1 Space of Mapping POINLS ........cceeveereeireerieereeeeeeeeeeeeeeeeeeeens 49

5.4.2 Orientation and origin location of the reference system........... 50

5.4.3 Shear deformation.........c.cceceeererereneneniennenene e 52

5.5 Case study for polygonal profile.........cccceoervievincieniniiniiieeceee 59

5.6 3-D primitive model for Circular Arc Segment ...........cccecveverveneennnene. 66

5.7 3-D primitive Models for free curve element............ccccceeeveriverennrnnnne. 69
5.8 3-D model with size change and unequally disposed profile

TOLETANCE. . . .ottt 73

5.8.1 Size change for line element ............cceveecveniecienieceeeeeeee, 73

5.8.2 Size change for circular arc .........ccccceeeveveecieneeciecieeeeee e, 76

5.8.3 Size change for free form curve .........ccoooeecvevieceniecieeieeeee, 78

5.8.4 Unequally disposed profile tolerance..........ccccecereeeveneenueennnne. 79

5.9 4-Dmodel.....ccoiiiiiii s 80

5.10 Open Profiles .......ccieieriieiierieieeiee et 80



CHAPTER Page

5.11 T-Map under ISO Standard .............ccoceeviririniniiniinineeeeeeeeeeeee 82

5.12 Hypersections of the 4-D T-Maps .......cccceceeiriririenininieieeeeeeeeenee, 85

6 COMPUTER PROGRAMMING OF T-MAP CONSTRUCTION ................. 92

6.1 Requirements of programming............cccceceeeeieeeeeieeereeeeeeeeeeeenenn. 92

6.2 Programming environment and tools ...........ccceevevirieiiniininiinieeene 93

6.3 Class and fUNCLIONS ........cceevirieirieiriiriecriee e 94

6.4 Test Of the Class ......cceiveiririeiiee e 97

7 CONCLUSION AND FUTURE WORK ......ccoooiiiiniinineeeeeeeeeeiees 98

6.1 Requirements of programming...........cecceeereeriereenieerienensieneeeeseenenne 98

6.2 Programming environment and toolS ..........cceceecveiriniininieiinieieeenen 99

REFERENCES ...ttt sttt 100
Appendix

A OUTPUTS OF THE COMPUTER PROGRAM TESTING ..................... 104

vii



Table

4.1

4.2

5.1

52

6.1

Al

A2

LIST OF TABLES

Page
Coordinates of contacts in Figure 4.5(a) and 4.5(D).....cccccvvvevivvirenenenieieeene. 23
Coordinates of contact points of size changed profile. ..........ccccoevvrvrirvenvinnnncnne. 28
Displacements between the origins and Shear MatrixX.........cocecevevevereerenieennne. 61

Displacements between the origins and Shear matrix for the profile with arc.... 68
Variables of class LineProfileTOTMARP .........cccccoveviiineinieeeeeece 94

The 3-D models for the profile tolerance in Figure A.1 in different size change

The 3-D models for the profile tolerance in Figure A.2 in different size change

values

viii



Figure
2.1

2.2

23

3.1

3.2(a)

3.2(b)

3.3

3.4

4.1

4.2 (a)

LIST OF FIGURES

Standard tOlErance CIASSES .........cceveieirieiriirieirieieiereee e 4
A feature control frame used to designate a line profile related to a reference
frame defined by feature A, B, and C. .........ccocovieiiiiiniiieceeeee 5
T-Map for the size tolerance of a round bar (end plane)..........c.cceceeveevrcireneencnne. 8
Square boss (external feature) with its shape controlled by the profile tolerance ¢
=0.5mm relative to Datums A, B, and C..........cccoeovoiiioiiieeieeeeeeeeee e 11
The MSP (dashed-lined square) in the (exaggerated) tolerance-zone that is
specified with the profile tolerance #; five variational possibilities are labeled.. 14
One 2-D cross-section of the corresponding T-Map that is confined to all size
variations and displacements e, only in the x-direction.. ..........cccceeevevvrrennennnnne. 14
The central hypersection of the 4-D T-Map for a square line profile. This model
represents all the middle-sized squares in the tolerance-zone of Figure 3.2(a).. 15
The 4-D T-Map for the square tolerance-zone in Figure 3.2(a) and showing all
five basis-points y1,...,s. For clarity of the graphics, the scale in the direction of
S1Z€ (W1 2) 18 €XAZEETALEA.......ecveeeieeieieeieeie ettt ettt a e eseeseenaens 16
Boss with its shape controlled by the profile tolerance £ = 0.2 mm relative to
Datums A, B, and C.....cocuoiiiiiiieieee ettt ettt 18
The middle-sized profile (dashed-lined square) for a square profile in the
(exaggerated) tolerance-zone that is specified with the profile tolerance ¢ five

variational possibilities are labeled, three with dotted lines... ........cccoceercncnnce. 19

X



Figure

4.2(b)

4.3(a)

4.3(b)

4.4

4.5

4.6

4.7

4.8

4.9

Page
The 3-D T-Map for all the middle-sized squares in the sharp-cornered tolerance-
zone of Figure 4.2(a). Taken from.. ........ccocoeiviriniiinieicecceceeececeeeceeee e 19
The middle-sized profile (dashed-lined rectangle) in the (exaggerated) tolerance-
zone that is specified with the profile tolerance ¢, and two of its fully rotated
variational possibilities (dotted [INEs).........cccveviririririiriieieieieieeeeeeee e 20
The 3-D T-Map for all the middle-sized rectangles in the sharp-cornered
tolerance-zone of Figure 4.3(a). The two vertices at the front (with dots)
correspond to the two rotated profiles shown in Figure 4.3(a).........cccceeveeenenne. 20

Geometry parameters of the mid- size profile identified in the fixed coordinate

Selected displaced locations for the middle-sized profile (dashed-line) in the
(exaggerated) tolerance-zone that is specified with the profile tolerance t =
0.2mm from Figure 4.1 (a) Constrained at three points of the boundary and
rotated counterclockwise. (b) Also constrained, but rotated clockwise............. 22
The 3-D T-Map for the middle-sized profile in Figure 4.1 in two different
OTIENEATIONS. .. .ttt ettt ettt r ettt ettt be e 23
Geometry representations of Equations in Table 4.1. Each equation is a surface
of T-Map model. The dark shadow presents the surfaces in frontward and the
light shadow present backward... ..........cccoeiiiininininieee 26
Geometry parameters of the offset profile under the coordinate system........... 28

Geometry parameters of the size-changed profile (increased by 0.05 mm).. ..... 31



Figure

5.1

5.2(a)

5.2(b)

53

54

5.5

5.6(a)

5.6(b)

5.6(¢c)

5.7

5.8

Page
Boss with its shape controlled by the profile tolerance £ = 0.2 mm relative to
Datums A, B, and C. ....cooveiiieiiieieeeeee ettt ettt 34
Exaggerated tolerance-zone (between two solid-lined triangles) for a triangular
profile (dashed-lined triangle). Edges of outside boundaries is labeled in 4, B, C,
and inside is in 4°, B’, C’. Five spatial positions are also labeled....................... 35
Corresponding 2-D T-Map that is only confined to translations......................... 35
One (bottom edge of triangle) of the decomposed line-segment, and its
exaggerated tolerance-zone. v, Wy, Wy are labeled...........cccoceevevieininincnnnnen. 36
(a)(b)(c) are individual T-Maps for each portion of the triangular profile, and (d)
is the intersection of these three T-Map. The shaded areas are the acceptable
deviation 1eg10NS Of T-MapS... .cceecvirieiierieieeieeeee e 37
Boss with its shape controlled by the profile tolerance t = 0.2 mm relative to
Datums A, B, and C......oooooiiiiiee et 38
Exaggerated tolerance-zone for rounded curve and its approximate polyline.... 39
Primitive model for polyline. (Intersection of models of line-segments, all
tangent to the tolerance Circle)........ccooveverieriinieriecieeeeeee e 40
Primitive model for CUIVe..........ooiiiiiiiiii e 40
Boss with its shape controlled by the profile tolerance £ = 0.2 mm relative to
Datums A, B, and C.....cocuviiieiiieiece ettt ettt 42
Exaggerated tolerance-zone (between two solid-lined) for a line-segment (long
dashed). Extended line is in short dashed line and two limit positions of line-

segment are i dotted 1INES... ....ceeovevieiiieieieciee e 43



Figure

59

5.10

5.11(a)

5.11(b)

5.12(a)

5.12(b)

5.13(a)

5.13(b)

5.14

5.15

Page
Exaggerated tolerance-zone (between two solid-lined) for a line-segment (long
dashed). Line-segment (dotted line) in limit rotation position for maximum
TOLALION AEVIALION. ..eviutiniiiieiieteiei ettt sbe e 44
Exaggerated tolerance-zone (between the two solid-lines) for a line-segment
(dashed). w12, war, W, and y; are the positions (dotted line) for the line-segment
that floats inside the tolerance-zone... ........cocooeeererieerienininerereereeesecieen 45
2-D T-Map (model is rescaled in direction 6). w12, V., W, and y; are points
corresponding to specific positions in Figure 5.10... ......ccccoevevvirvinvincinencinienenen. 47
A 3-D primitive model is got by extruding the 2-D model (shaded face) in x-
QITECHION. .. .ttt sttt ettt eene e 47
A deviation position (dotted lines) of the mid-sized profile in the exaggerated
TOlETANCE-ZONE. .. ...ttt 49
Deformation result (dotted lines) by rotating around individual WCS origins. An

additional translation is required for each line-segment (dotted line) to help the

entire profile to keep its shape as in Figure 5.12(a)......ccceceeveveeveneeneneeieennne. 49
Choose another axes x” and y’ for the reference system... .........ccecvevververeennnnnee. 51
Corresponding 2-D T-Map for Figure 5.13(a)....c.ccccevvevieniecienieiecieeeeeeeene, 51

Mid-sized profile (i, triangle in solid line) with two different reference
systems. ., W, and y; are the translated position from mid-sized profile....... 53
Mid-sized profile (., triangle in solid line) with two different reference
systems. w2, Wa, Wi, W 12and ', are the translated position from mid-sized

102101 1 (TP 56



Figure

5.16

5.17(a)

5.17(b)

5.18(a)
5.18(b)

5.19

5.20

5.21

5.22(a)

Page
Here the triangle is the mid-sized profile. Three WCS’s were created for each
line-segment. A temporary reference system for the whole profile is set on a
vertex of the triangle. O ’x’y’ is the reference system whose origin locates at
INVATIANE POINL... ettt ettt ettt b e st naenes 59
2-D T-Map sections for three line-segments (6’=256) at their WCS O)x;y,
O>x2y; and Osx3y;. Use 6 is to make sure the height of 3-D model for mid-sized
profile in 6 axis is equal to half tolerance... .........ccccoeeerervinviniiniiecieeeeeeeeee, 60
3-D primitive model is got by extruding the left 2-D sections (shaded face) in x-

direction. Here only show the shape of model for bottom edge, and the other two

edges have the same Shape... ......coceevieiiinicic e 60
3-D primitive model for left edge of triangle...........ccoccoevirvieriniiniiiiee, 62
3-D primitive model for right edge of triangle... .........ccoovrvvevinceniiiieeee, 62

3-D primitive models for three edges of mid-sized triangle. Dotted lines are the
unsheared 2-D sections that are same as those in Figure 5.17(b), 5.18(a) and

BT ] () TSSOSO 63
Intersection of primitive models. Shaded area is the intersection with plane Oeyey
and it is same as the shape in Figure 5.2(b). Points for fully rotated locations lie
ON TWO TINES.... ettt 65
The final 3-D T-Map. . Shaded area is the intersection with plane Oe,e, and it is
same as the shape in Figure 5.2(D)... c.coveveverieiieeeeeeeeseeeeee e 66
The tolerance-zone same as in Figure 5.6(a). The origin of WCS at the center of

TR ATC... ceeeee e e e e e e e e e e et e e e e e e e e e e ——aaeeeeeaa e e ————aeeeaaaaaans 67



Figure

5.22(b)

5.23

5.24

5.25(a)

5.25(b)

5.26(a)

5.26(b)

5.27

5.28

5.29

5.30(a)

Page
3-D primitive model for circular arc segment, the shaded section is same with
FIGUIE 5.0(C) v ueeuienieiieieeeeeeteet ettt ettt se e esesae s s eneene s 67
Boss with its shape controlled by the profile tolerance £ = 0.2 mm relative to
Datums A, B, and C. A rounded corner is added to the right corner................. 68

3-D T-Map model for the profile tolerance in Figure 5.23. The shaded area is the

SECtiON 1N €@y PIANC... c...viiiiiiiiiic e 69
The tolerance-zone, and saMPliNg POINES.........ccccveeeirieiereeieieieeeeeeeeeeeeenees 70
Tangent direction and osculating circle at point P..........ccccoceevivvinininiiniincinnnen. 70
The 2-D T-Map model of translation in x and y direction... .........cccceecerereenenee. 72

3-D primitive sub-model for point P, the shaded section is same with Figure

3-D T-Map model for the profile tolerance in Figure 5.23. The shaded area is the
section in e.e, plane. The curved faces are replaced by groups of small faces... 73
Exaggerated tolerance-zone (between two solid-lined triangles) for a triangular
profile (dashed-lined triangle) with a rounded corner in figure 5.23. The dot-line
is the offset profile for mid-sized profile... .......cccoevveviecienieiiieeeeeeee, 74
Exaggerated tolerance-zone (between the two solid-lines) for a line-segment
(dashed). The dot-line is the location of the profile with zero translations and
TORALIONL. .. 1.ttt ettt b bbbt b e b e bt e bt e bt e st e bt e bt e bt ebeebeebeeaeeaeeneeaeas 74
2-D T-Map section (model is rescaled in direction 6) for the tolerance-zone in

FIGUIE 5.20... e 75

X1V



Figure

5.30(b)

5.30(c)

5.31(a)

5.31(b)

5.32(a)

5.32(b)

5.33

5.34

5.35

Page
3-D T-Map from extruding the 2-D T-Map in Figure 5.30(a) along its normal
ITECHION. ...ttt 75
An example of 3-D primitive T-Map for the triangle profile with a size change as
ShOWN 1N FIGUIE 5.30(@)...ccveivieiiiiiiiieiieiieieeeeeeeeee e 76

Exaggerated tolerance-zone for circular arc. Dash line is true profile and dot line

is the profile with size Change... ........cccevevieieieicic e 77
2-D T-Map model (shaded area) for size- changed profile in 5.31(a)... ............. 77
The 2-D T-Map model of translation in x and y direction... .........cccceecerereenenne. 78

3-D primitive sub-model for a sampling point, the shaded section is same with
FIGUIE 5.32(@) .0 wveeeeeeiee ettt 78
Boss with its shape controlled by the profile tolerance t = 0.2 mm relative to
Datums A, B, and C. A second value 0.15 is added. A rounded corner is added to
the TIZIE COTNET... c.eoiiiieiiceeeee et 79
Exaggerated tolerance-zone (between two solid-lined triangles) for a triangular
profile (dashed-lined triangle) with a rounded corner in figure 5.33. The dash-

line is the true profile. The distance from true profile to inside boundary is

The morphology of the 4-D T-Map as a function of size for the triangular line-
profile specified in Figure 5.1. The scale in the direction of size change is not
linear. One shape is shown for size decrease to illustrate the through-the-origin

symmetry in the direction 0f SIZe... .....cceeveviieieriieieeceeeeeee e 81

XV



Figure

5.36

3.57(a)

5.37(b)

5.38

5.39(a)

5.39(b)

5.40

5.41(a)

5.41(b)

Page
Exaggerated tolerance-zone (between two solid-lined triangles) for a triangular
profile (dashed-lined triangle). The corner of outside boundary is rounded.
Shaded area is the area that reduced from the tolerance zone under ASME
SEANAAT. .. .ottt &3
The boundary of the “point” arc profile. “point” arc profile is located at O....... 84
The 2-D T-Map of the “point” arc profile. The shaded area is the accept region
of the MapPINg POINt SPACE......cecirrirrieririieiieiieieeeeeee et enees 84
3-D T-Map model for mid-sized profile under the ISO standard.. ..................... 85
The 3-D primitives of the T-Map in the space with dimensions e.0F at zero e,.
The shaded area is the 2-D section at the plane OOF............ccccocovvvrvircircircenennen. 86
The 3-D primitives of the T-Map in the space with dimensions e,0F at non-zero
e,. The shaded area is the 2-D section at the plane OOF..... ..............ccccoeeenne. 86
The 3-D primitives of the T-Map in the space with dimensions e,0F. The light
shaded area is the 2-D section at the plane Oe,0. The dark one is the 2-D section
at the plane OOF'. The extrude direction is 45 degree to axis F..........cccceouenenne. 87
The 3-D primitives of the T-Map in the space with dimensions e,e, /" at zero e,.
The model is a volume between two planes. The shaded area is the 2-D section
at the plane O F.... ... 88
The 3-D primitives of the T-Map in the space with dimensions e,e,/" non-zero e.
The model is a volume between two planes. The shaded area is the 2-D section

at the plane O F.... ... 88

xvi



Figure

542

5.43

6.1

A.l

A2

Page
The 3-D primitives of the T-Map in the space with dimensions e.e,/" . The light

shaded area is the 2-D section at the plane Oe,F. The dark one is the 2-D section

The 3-D primitives of the T-Map in the space with dimensions e.e,F" . The
shaded area is the 2-D section at the plane Oe,F .........c.ccocevviviririeneninineeeennn. 91
Flowchart of function get tmap and function build_tmap... .......ccccceevvrvirvencnne. 95
Boss with its shape controlled by the profile tolerance £ = 0.2 mm relative to
Datums A, B, @nd C.....coooueiiieiieeeee ettt ettt 109
Boss with concave shape controlled by the profile tolerance ¢ = 0.2 mm relative

to Datums A, B, @A C....o.oovreeiiieeeeeeee ettt 110

xvii



Chapter 1

INTRODUCTION

1.1 Background

Tolerances are specified by a designer to allow reasonable leeway by a
manufacturer for imperfections and inherent variability without compromising
performance. The object is to specify large enough tolerances so that manufacturing can
be inexpensive, yet not have the dimensional variations of parts adversely influence their
assembly and functionality. Two types of principles are used in industry for assigning
tolerances: conventional tolerancing and geometric tolerancing.

In conventional tolerancing, a tolerance specified a limiting range on a dimension,
and it applies limit to one degree of freedom to the target entity. But this method had
some serious drawback concerning controls on form and location [1]. So this tolerancing
method may fail to produce the desired part geometry within a high level of accuracy
when it is to be used for a complicated assembly. This often results in many rejected parts
and rework, and increases the cost of manufacturing. The modern and more rigorous
method of tolerancing, called geometric tolerancing, solves many of these problems, but
not all of them.

Geometric tolerancing refers to modern methods that are prescribed in the
ANSI/ASME Y 14.5 Standard [2] and the ISO 1101 standards [3]. This thesis is based on
the ASME Standard, which will be introduced in section 2.1. The geometric tolerancing
method permits a designer to control several degrees of freedom for a target entity in its
tolerance-zone. The location of the tolerance-zone is defined with a basic dimension; and

its magnitude is determined by a tolerance to control a geometric variation, such as size,
1



position, or orientation. Additional geometric tolerances may also be specified on the
same feature to control more exact geometric form or orientation of a feature within its
larger size or position tolerance-zone. The ASME Standard gives a common language on
dimensioning and tolerancing, which is easily understood by professionals, and it is
widely used in the engineering design and manufacturing fields. Because of the
efficiency of GD&T in mass production, compared to conventional tolerancing, the
number of rejected manufactured parts is reduced, as well as the manufacturing cost.
However, the Standard is based on a collection of special cases and has little rigorous
mathematical basis, so it causes some inefficiency or ambiguity in communications
between design, manufacturing, and inspection. A mathematical model for tolerances has

the potential to eliminate errors and lower cost of manufacturing.

1.2 Problem statement

The tolerance-Map model, proposed by Davidson and Shah is one of the
mathematical models to represent geometric tolerances. A Tolerance-Map is a
hypothetical Euclidean volume of points, the shape, size, and internal subsets of which
represent all possible variations in size, position, form, and orientation of a target
feature.[4] In section 2.3, previous work done by several graduate students will be
introduced. A T-Map can represent the tolerance-zones for size, form, position and
orientation tolerances under the ASME Standard. The model can effectively represent the
interaction between tolerances types and the effects of datum precedence and sequence
that are important in tolerance accumulation. Of the six tolerance types built in the
standard, line profile tolerances have recently been modeled [33], and surface profiles

have not yet been modeled, either by T-Map, or by any other model.
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The objective of this research is to develop methods for generating the Tolerance-
Map for line-profiles and to identify one that can be easily implemented in computer
software using existing libraries. In this thesis the T-Map is developed for any shape of
profile feature used in design, such as a polygon (combination of lines), a mixture of line
and arc segments, and those containing free-form curves. A profile combined from these
segments can be either open or closed. Two different modeling methods are developed in
this thesis for a given line profile and its specification: the parametric method and the
geometric decomposition method. It is the geometric decomposition method that is more
readily adaptable to computer automation. A remaining artifact from the project is the

computer programming code that may be used to build T-Maps for line-profiles.



Chapter 2

LITERATURE REVIEW

2.1 Tolerance standard

The ANSI/ASME Y 14.5 Standard is used for specifying dimensions and
tolerances in order to ensure that the design requirements are interpreted unambiguously.
Geometric variations have been decomposed into specific types in the order of their
functional effect and assembling processes. Figure 2.1 gives the standard tolerance
classes. Each geometric tolerance is specified in the form of standard symbols (feature
control frame) on a drawing, as the example shown in Figure 2.2. All frames contain a
type symbol, and tolerance value, and optionally contain one or more datum reference

frames, and modifier symbols.
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Figure 2.1: Standard tolerance classes
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Figure 2.2: A feature control frame used to designate a line profile related to a reference frame
defined by feature A, B, and C.

2.2 GD&T computer models

Besides the T-Map model, several attempts have been proposed to represent
geometric tolerances described in the ASME Standard.

Parametric models use a set of explicit dimensions and constraints in the form of
parametric equations to create geometry in parametric computer-aided design (CAD).
These parametric equations can be solved to get one or more values for dependent
dimensions; tolerances are obtained by allowing variations on the dependent dimension
[5, 6, 7, 8]. Because equations are written and solved for vertex positions, the method is
only applicable in 2-D profiles and 3-D polyhedral parts. Parametric models have trouble
to deal with form tolerances, datum reference frames or directed datum-target relations.
Indirect parameterization models [9, 10] have been developed to decouple model
construction variables from variables for dimensioning and tolerancing.

Offset zone models represent a tolerance-zone as a Boolean subtraction of
maximal and minimal object volumes that are obtained by offsetting the object by
amounts equal to the tolerances on either side [11, 12, 13]. But the composite tolerance
zone, which is constructed from boundary surfaces of the part, cannot present each type
of variation separately, nor to study their interactions. Another problem is that some

tolerances in the ASME Standard, such as location, apply to axes or mid-planes of



toleranced features. Also, it does not include the effect from precedence of datum
reference frame (DRF).

Variational surfaces model uses the variational surfaces approach to calculate the
surface coefficients independently, in the way of changing the values of the model
variables according to the tolerance values [14, 15]. And positions of the vertices and
edges are computed from the surface variations. Form tolerances can be handled by using
higher-degree surfaces or surface triangulation. However, this model has some
topological problems, such as maintenance of tangency and incidence conditions among
vertices, edges and surfaces of a solid. And variational surfaces cannot model tolerances
applied to derived features such as axes or mid-planes, feature that are used widely in
practice and appear in the standard.

In kinematic models each tolerance class is represented by a combination of
kinematic joints [16]. The combinations are then used to estimate geometric variations
dependent on feature tolerances. This model is built upon prior work by Chase et al.[17]
of using transformation matrices to analyze tolerance stack-ups in mechanisms. The
developers of kinematic models have yet to show this approach can be extended to
combine the interaction of geometric variations with size dimensions.

The Degrees of freedom (DOF) model represents geometric tolerances in the form
of spatial degree of freedom. [18, 19] Several groups including ASME were
independently working on this model. Kramer [20] used symbolic reasoning to
demonstrate the determination of DOFs of parts in an assembly and to determine the

feasibility of the assembly.



In technologically and topologically related surfaces TTRS models, Clément et al.
[21, 22] used elementary surfaces (planes, cylinders, spheres, etc.) to model the six lower
kinematic pairs, identified by Reuleaux [23], with the complete constraint of a fixed rigid
body, as described by Hunt [24]. These are named the seven technologically and
topologically related surfaces (TTRS). 28 different geometric relationships are created
from the combination of TTRS, by using group theory and small displacement torsors.
The tolerance-zone for each tolerance related to a TTRS was represented as a
displacement torsor containing noninvariant rotations and translations. This model is a
part of the minimum system of datum reference frames required for each type of
geometric tolerance. But this model cannot distinguish between variations from form,
size and location. Also, datum precedence is not considered.

The vector space models created by Giordano et al.[25] represents tolerance-
zones with a point-space defined by a set of inequalities, and these inequalities are
expressed by the components of a deviation torsor and mapped to a corresponding
geometric deviation space. It has a similar concept to the Tolerance-Map, but the number
of independent parameters limits this model to represent a line or plane. An assembly is
modeled as one of two types of variations: clearances in joints between parts or
deviations between features. Using Minkowski sum of deviation spaces, the model can
represent the interaction of tolerances in an assembly of parts effectively. They have also

modeled projected tolerance-zones and material conditions of the tolerances.

23 The Tolerance Map
A T-Map is a hypothetical Euclidean point-space, the size and shape of which

reflects all variational possibilities for a target feature.[4] It is the range of points
7



resulting from a one-to-one mapping from all the variational possibilities of a feature,
within its tolerance-zone, to the Euclidean point-space. These variations are determined
by the tolerances specified to control size, position, orientation, and form of the feature.
Figure 2.3 shows the T-Map for the size dimension variation of a round bar. Every
possible plane in the allowable tolerance zone is represented by a point in the T-Map.
Thus, the T-Map represents the entire family of parts that are acceptable for the given

size tolerance.
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Figure 2.3: T-Map for the size tolerance of a round bar (end plane) [4]

The number of degrees of freedom or the number of unique variations modeled
determines the dimension of the T-Map. For example, if ‘n’ types of variations of a
feature within the tolerance zone are considered, then the T-Map will be an n-
dimensional geometric entity. To model tolerance accumulation, T-Maps can be added
with Minkowski sums to model the composite quantitative effect of all tolerances on a

sequence of feature stock up.



T-Map models have been under development since 1998, and previous work has
been done by several researchers.

Mujezinovi¢ [26] developed T-Maps for size, form and orientation tolerances of
planar polyhedral and round faces. He used T-Maps for tolerance analysis for the stack-
up and tolerance allocation of an assembly of rectangular and cylindrical parts. He
demonstrated how T-Maps distinguished the effects of different datum sequencing on
parts with orientation tolerances. He has partially developed the stack-up for an assembly
of parts with an offset included.

Davidson and Shah [27] developed a T-Map for axes in accordance with a
position tolerance. This 4-D T-Map is built from 5 basis features, and it represents all
possible variations of the axis in the tolerance-zone. Davidson and Shah [28] also
developed the T-Map for a tab and slot features and demonstrated that T-Maps can be
used to represent tolerances on any part cross-section using methods of triangulation [29].

Bhide [30] expanded the T-Map for an axis of a cylindrical feature by mapping it
to variations due to position, orientation and form. The T-Map for a pin or a hole having
size, position and form tolerances as well as material modifiers was developed. This is a
5-D T-Map which represents 5 different variations along its axes. Bhide also gave the
difference in T-Maps for sequence of datums on a cylindrical hole, and evaluated the
interaction of tolerances in a pin-hole assembly.

Ameta [31] developed T-Maps for angled faces and for incident point-line feature
clusters. For angled faces, tolerances for size and angularity were included. He applied
the T-Maps to stack-ups of parts with angled faces, and the T-Map for the point-line

cluster to a picture frame assembly.



Clasen [32] developed T-Maps for runout and straightness tolerances and for a
line-plane cluster. He showed the T-Map circular and total runout specified on both
surfaces of revolution or on round faces, and the interaction of T-Map for size and form
tolerances with T-Map for runout. He demonstrated the usefulness of the T-Map for
circular runout in minimizing runout errors in assemblies. He constructed an accumulated
T-Map to demonstrate the increased variation of a part axis when the part has a runout
specification in reference to an imperfect datum axis. He also constructed the T-Map for
line-plane cluster, which is a pairing of two features: a plane and an axis at right angles to

it.
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Chapter 3
T-MAP FOR LINE PROFILE TOLERANCE
In this chapter, the T-Map for line profile is introduced, including tolerance
specification, tolerance zone, and T-Map model. Content of this chapter is based on
Davidson and Shah’s research [33]. They created a method to generate the T-Maps for
line profiles, but the profile shapes were limited to square, rectangle and triangle, they

have not given a general method of modeling for arbitrarily shapes of line profiles.
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Figure 3.1: Square boss (external feature) with its shape controlled by the profile tolerance ¢
=0.5mm relative to Datums A, B, and C.

3.1 Profile specification and tolerance zone

The profile tolerance is used to control each cross-section of a surface that may
be formed by extruding a 2-D feature (curve). The specification of a profile tolerance
establishes a true (theoretical) line-element and tolerance zone at each cross-section of
the surface feature. The boundaries to the tolerance zone have similar geometric shape of

the true profile.
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The specification for a simple profile is shown in Figure 3.1. The shape of the
rectangular boss is controlled by the profile tolerance # =0.5mm relative to the Datums A,
B and C. This specification gives two square boundaries. The outside one is 0.25 mm
larger along every line normal to the surface, and the other is 0.25 mm smaller.
According to the ASME Standard [2], measured points on the manufactured surface at
every cross-section, which forms a line profile, must lie within the outer and inner
boundary lines at that cross-section. These kinds of line profiles are used to control the
shape of mildly twisted surfaces, such as those on compressor blades.

The tolerance specifications here define tolerance-zone boundaries that are
equally disposed about the true profile. But other tolerance (unilaterally outside,
unilaterally inside and unequal amounts inside and outside) specifications require the
boundaries to be unevenly disposed about the true profile.

When a profile tolerance is specified without any datum, it only controls form, but
when datums are specified with it, the profile tolerancing provides composite control of
form, orientation and location. The size variations of profiles are represented by using the
true profile and the allowable array of parallel curves to it. All curves have different

sizes, but they should reside in the tolerance zone.

3.2 T-Map modeling of a line profile

The basic idea of modeling T-Map for line profile is mapping variations of the
true profile within the tolerance zone. The variations in geometry represented are size
change, translational positions (both x and y in a plane), and angular orientation 8. Each
point in the T-Map will correspond to one of the profile variations. These four freedoms

for variation require a 4-D model.
12



Starting from a 2-D cross-section of the T-Map is an easy way to understand the
mapping of line profile. Let a be the half-side length of any allowable square in the
tolerance zone. The labels y; and y, designate the smallest and largest of these profile-
squares in Figure 3.2(a). In the T-Map, shown as in Figure 3.2(b), the points on the line
through w, and v, are mapping back to a set of non-rotated squares that have their centers
at O in Figure 3.2(a). The acceptable range of size within tolerance zone is froma = a —
t/2,to a = a + £/2, and this range corresponds to a line segment . Its midpoint
(labeled y/1,) corresponds to the middle-size profile. Then translate the middle-sized
profile (MSP) rightward by #2 to the limit of the tolerance (dotted square labeled 3 in
Figure 3.2(a)), and the basis-point of v is placed on another direction e, that is
orthogonal to axis a, as shown in Figure 3.2(b). There is linear relation between a (the
change of profile size) and e, (the profile displacement in x direction). When size
increases by some value AF, the allowable range of profile translation in a direction will
decrease by the same amount. So straight lines can be used to connect basis-points, such
as y and 3, and these lines form the boundaries of the 2-D cross-section of the T-Map.

Next, confine attention to the array of MSP, and this corresponds to a 3-D
hypersection of the 4-D T-Map at the size that equals to a. The location of a variational
square is represented by components of displacement, ey, e, and 6. Basis-profile 4 is
chosen to be the profile of this set that has been translated upward # /2 to the limit of the
zone (dotted square labeled w4 in Figure. 3.2(a)). The basis-profile s represents the
clockwise rotational displacement to the limit. For the condition that tolerances are two or

more orders of magnitude smaller than the corresponding dimensions, the linear relation

13



between rotation and translation has been proved by Davidson, Mujezinovi¢ and Shah

[4]. So the 3-D hypersection of the T-Map is an octahedron, as shown in Figure 3.3.
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Figure 3.2(a): The MSP (dashed-lined square) in the (exaggerated) tolerance-zone that is
specified with the profile tolerance # five variational possibilities are labeled.

—5—

Figure 3.2 (b): One 2-D cross-section of the corresponding T-Map that is confined to all size
variations and displacements e, only in the x-direction.
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Figure 3.3: The central hypersection of the 4-D T-Map for a square line profile. This model
represents all the middle-sized squares in the tolerance-zone of Figure 3.2(a).

Because the T-Map may be used for metric computations, the units along all axes
should be the same. The scale of the axis for angle 6 is made 8’ = @ 6. At the basis-point

ws of T-Map, the limit of rotation variations is

The full 4-D T-Map for the square tolerance zone in Figure 3.2(a) is from the
combination of Figure 3.2(b) and Figure 3.3. The result is a double hyperpyramid in 4-D
that is depicted in Figure 3.4. The base for each single pyramid is the 3-D octahedron
from Figure 3.3, and every other section (two are shown) at right angles to the direction

of size is a smaller and geometrically similar octahedron.

15



\

Figure 3.4: The 4-D T-Map for the square tolerance-zone in Figure 3.2(a) and showing all five
basis-points y1,...,s. For clarity of the graphics, the scale in the direction of size (y 1y ,) is
exaggerated.
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Chapter 4

PARAMETRIC MODELING METHOD

4.1 Parametric modeling method

The parametric modeling method is to get the extreme positions of a profile in the
extent of allowable variation, by moving the profile inside the tolerance zone. The profile
here can be the middle-sized profile of parts, or it can be of allowable larger or smaller
size. This method can be simulated by two laminas. One is fixed with tolerance zone, and
the other carries the displaced profile. Displacement of the moving the lamina can be
expressed by values of the small displacements ey, ey, and 6, and these small
displacements are three of the coordinates of one point in the T-Map space. So long as
the profile attached to the moving lamina lies within the fixed boundaries of the
tolerance-zone, the point identified with the corresponding coordinates lies inside the T-
Map. When this displaced profile touches these boundaries at one or more points, the
coordinates ey, e,,, and 6 identify a point on the T-Map boundary. The set of all boundary
points in the T-Map space gives a hypersection of T-Map in the specific size change AF
of profile.

To define and compute the positions analytically, both a fixed reference system
and a displaced reference system are required, the displaced one being attached to the
moving lamina. The fixed reference system is defined as a global fixed coordinate
system, and the boundaries of tolerance zone can be expressed by coordinates or
equations in this frame. The displaced reference system is bonded to the profile which

can move in tolerance zone. A homogeneous coordinate transformation matrix [A] is
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used to transform the coordinates in the displaced reference system to the fixed reference
system. When one or more points or segments of the displaced profile touch segments or
points of the tolerance-zone boundary, respectively; a point, line, or surface of the T-Map
boundary may be identified by using matrix [A] to relate each contacting pair of points.
In this chapter, the example in Figure 4.1 is used to formulate the parametric
modeling method for building a 4-D T-Map. The dimensions and tolerance for the square

profile with a rounded corner are shown in Figure 4.1.
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Figure 4.1: Boss with its shape controlled by the profile tolerance t = 0.2 mm relative to Datums
A, B, and C.

4.2 The Invariant Point (Pole) of the Profile
It is helpful to view the displacements e,, and e,, and 6 of the profile to be the

same as those of a moveable lamina on which the middle-sized profile (MSP) is etched.
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For square profiles, its undisplaced location is shown with the heavy dashed line in
Figure 4.2(a). A fully rotated location of the displaced lamina may be used to identify the
unique point that does not displace. In classic kinematics literature (see e.g. [34] or [35])
this point is called the ‘pole’ of the two locations. For the square profile in Figure 4.2(a),
ws represents the counterclockwise most allowable MSP, and the geometric center is the

pole. For line-profiles, it is the point to which the eccentricities e, and e, apply in the

associated T-Map.

]|

1
)\

-.,-lﬂ"
"’x

0] |

L'll-ﬁ-..-r-.i {-—-

Figure 4.2 (a): The middle-sized profile (dashed-line square) for a square profile in the
(exaggerated) tolerance-zone that is specified with the profile tolerance # five variational
possibilities are labeled, three with dotted lines.

Figure 4.2(b): The 3-D T-Map for all the middle-sized squares in the sharp-cornered tolerance-
zone of Figure 4.2(a). Taken from [36]
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For the square and rectangular profiles in Figure 4.2(a) and Figure 4.3(a), the pole
is at the geometric center O. However, for the rectangular profile, there is not one fully
rotated location of the lamina that is locked in place. Of the linear array of possibilities
shown in 4.3(b), we choose the one that is mid-way between the two dotted ones at the
limits. Note that, for both the square and rectangular profiles, the fully rotated lamina,
which is used in defining the pole and its associated origin of the required coordinate
system, corresponds to one of the two points in the T-Map where the §'-axis pierces the

boundary. See Figure 4.2(b) and Figure 4.3(b).
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Figure 4.3(a): The middle-sized profile (dashed-lined rectangle) in the (exaggerated) tolerance-
zone that is specified with the profile tolerance ¢, and two of its fully rotated variational
possibilities (dotted lines)

Figure 4.3(b): The 3-D T-Map for all the middle-sized rectangles in the sharp-cornered
tolerance-zone of Figure 4.3(a). The two vertices at the front (with dots) correspond to the two
rotated profiles shown in Figure 4.3(a). Taken from [36]
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4.3 The base hypersection of the T-Map for the Middle-Sized Profile
The profile shape in Figure 4.1 can be seen as a rectangle with one large rounded
corner. Because the pole of a rectangle is its geometric center, the pole of the profile is
defined at point O in Figure 4.4. Apply a coordinate system for the whole profile having
its origin at the pole. The coordinates of vertices, one discontinuity in curvature, and the

arc-center of this profile are shown with dots in this coordinate system in Figure 4.4.

(-40.60)

(-40,-20) (40.-20)

(-40.-60) (40.-60)

Figure 4.4: Geometry parameters of the mid- size profile identified in the fixed coordinate
system.

The 3-D T-Map for the middle-sized profile in Figure 4.5 is shown in Figure 4.6.
Figure 4.5 provides two displaced locations for mid-sized profile in the tolerance zone.
The tolerance zone is created under the ASME Standard [36]. For each of these locations,
the displaced profile contacts the boundaries at three points. It means that each of these
locations is mapped to some special point in the T-Map, and, by identifying these

locations, permits the building of the T-Map for the profile.
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Figure 4.5: Selected displaced locations for the middle-sized profile (dashed-line) in the
(exaggerated) tolerance-zone that is specified with the profile tolerance t = 0.2mm from Figure
4.1 (a) Constrained at three points of the boundary and rotated counterclockwise. (b) Also

constrained, but rotated clockwise.

The shape of T-Map in Figure 4.6 may be found analytically by using the
homogeneous coordinate transformation [A] that locates the displaced lamina (carrying
the dotted MSP in all parts of Fig 4.3) relative to the fixed (dashed) MSP; it transforms

homogeneous coordinates of points from the displaced frame to the fixed frame. From

any good book on robotics, e.g. [37],

sinf cos@ e, 6 1 e (4.1)

0 0 1 0O 0 1

cosf —sinf e, 1 -0 e,
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where the small displacements e,, and e,, and & locate the dotted frame relative to the
fixed one and the origins of both frames are at the geometric centers of the unrounded
rectangles. The second form of [4] in Equation 4.1 arises because angle 6 is always very
small (<0.2/80 for the profile in Figure 4.1) and only first-order small quantities need to

be retained.

(@) (b)

Figure 4.6: The 3-D T-Map for the middle-sized profile in Figure 4.1 in two different
orientations.

Table 4.1  Coordinates of contacts in Figure 4.5(a) and 4.5(b)

Coordinates (x, y), mm
Point ; Constraint equations
In Displaced In Fixed Frame d
Frame
E (—40, yr) (—40+ 42,60 —¢/2) —t/2=1.50"—e,
F. (xp, —60) (40 + 42, -60 ++/2) —t/2=0"— ey
Fec (40, yr) (40 + /2, -60—t/2) t/2 =150"+e,
G (xg,—60) (40 —¢2,-60 +¢/2) t/2=0"+ ey
Arc-center , , 2
©) (—40,-20) ( Xtes Yre) (050" +e)? +(-0"+e,) = (¢/2)?
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Table 4.1 contains the coordinates of superimposed points in both the displaced
and fixed laminas; each row represents a constraint between the two laminas. For
instance, the third and fourth ones constrain the left and lower line-segments to touch
corners F and G, respectively, of the inner boundary (Figure 4.5(a)). The last row in the
table contains the coordinates of the arc-center corresponding to the contact of a point H
on the arc of the dotted MSP with the arc of the outer boundary (fixed) of the tolerance-
zone (Figure 4.5(a) and Figure 4.5(b)). The coordinates in Row 5 of Table 4.1 are related
by [Xue YHe 1]T =[A][-40 —-20 l]T. As a consequence of the contact at point H, the
displaced arc-center Cy(Xy. , i) lies on a circle of radius £ /2 = 0.1 mm and with the

fixed center C(x,y)=(—40 , — 20), i.e.

(ege + 40)2 + (ype +20)2 = (g)2 (4.1)

We now see that each of the contact constraints at points E, F, G, and H in Figure
4.5(a) and 4.5(b) may be formalized by relating the coordinates in one row of Table 4.1.
These formalizations, together with displaced arc-center Cy, may be used to confirm all
the surfaces that form the right half of the boundary shown in Figure 4.6(a). For the

Rows 1 - 4 of Table 4.1, it is convenient to use the inverse of transformation [A], i.e.

1 0 -—e,
[A]7! ~ [—6 1 —ey] (4.2)
0 0 1
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in which only first-order small quantities have been retained. Taken together, the matrix

equations are

E F. F.. G C
—40 xr —-40 xz —40
yg —60 yp, —60 -=-20|=
1 1 1 1 1

E F. Fe. G C

1 0 —e[-40+¢/2 —40+¢/2 —40+¢/2 40—¢/2 Xy,
-6 1 —e,||60—¢/2 —-60+¢/2 —60+¢/2 —60+¢/2 Yuc| (4.3)
1 1 1 1 1

0 0 1

The counterclockwise displacement in Figure 4.5(a) is constrained at points G and
also at point F' with the coordinates in Row 3 of Table 4.1. From Equations 4.3, the

constraints at /. and G lead respectively to

—40 = (—40 + £/2) + (=60 + £/2)0 — e,
{—60 = (—40++¢/2)0 + (—60+¢/2) — e,

Similar for clockwise displacement which is constrained at point E and F,

—40 = (=40 + ¢/2) + (60 — £/2)6 — e,
{—60 = (40 — £/2)0 + (=60 + £/2) — e,

For displaced arc-center Hc
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{ch =-40+ 200 + e, @)

Ve =-4060 -20 + ¢,
Combined with Equation 4.1, the constraints for contact at point H is created
(200 + e)? + (- 400 + e,)” = (£/2)?

To have consistent units (length) on all those axes of the T-Map, angle 6 is multiplied by
a characteristic length, 40 mm, so 8'=406. This modified measure for angular

displacement appears in the rescaled constraint equations of Table 4.1.

Figure 4.7: Geometric representations of the equations in Table 4.1. Each equation defines a
surface of T-Map model. The dark shadow presents the surfaces on the front and the light
shadow present surfaces on the back.
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Figure 4.7 compares the faces of the equations in Table 4.1 and T-Map model in
Figure 4.6(a). And the mapping point of displaced location in Figure 4.5(a)(b) are the
intersection of faces shown in Figure 4.7. In this way, the equations of rest T-Map

surfaces can be calculated

r £/2=150"—e,
t/2=0"—e¢,

) —t/2 =1.560"+¢e, (4.5)
—t/2=0"+e,

L(0.50" + e)2 + (-0 + e,)” = (£/2)?

4.4 Smaller 3-D Hypersections of the T-Map

Lastly in the T-Map construction, line-profiles that are larger or smaller than the
middle-sized one are more limited in their allowable displacements e,, e,, and 6, and they
lead to hypersections that are smaller than the base hypersection. Although some of the
limits to displacement of such a profile grow linearly with either larger or smaller size,
not all do. The parametric construction method for these hypersections is the same as for
the base hypersection, except that now size changed is included in Equation (4.4) and
(4.5).

For example, if the size is increased AF (i.e. 0.05), all points of the displacing
profile in Figure 4.4 will be offset outward by AF mm, although the center of the arc
remains unchanged. The new coordinates and dimension are shown in Figure 4.8, and the

coordinates and equations in Table 4.1 are modified to be those in Table 4.2. Because the
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distance between arc and outside boundary is reduced to AF, the displaced arc-center C-

n(Xme » Yue) lies on a circle of radius AF mm and with the fixed center C(x,y)=(— 40 ,—20).

(-40.05,60.05)

(~40,-20) (40.05.-20.05)

(-40.05,-60.05) (40.05.-60.05)

Figure 4.8: Geometry parameters of the offset profile under the coordinate system.

Table 4.2  Coordinates of contact points of size changed profile.

] Coordinates (x, y), mm ) )
Point - - Constraint equations
In Displaced Frame  In Fixed Frame
E (—40.05, yr) (40 +#2,60 —¢2) —(#/2+AF) =1.50"—e,
F. (xp—60.05)  (—40+4#2,-60+¢2) —(£/2+AF)=0"—e,
Fec (—40.05, yr) (40 +¢2,-60—-¢2) (¢/2 4+ AF) =1.50"+ ¢,
G (xg, —60.05) (40 —#2,-60 +¢2) (#/2+AF)=06"+e,
Arc-center (050" +e)*+(-0"+e )2
—40—AF, -20—AF XHes YHe x y
(€) ( ) ( XHe> YHe ) =(€/2—AF)2

Comparing the equations in Table 4.1 and Table 4.2, we will find that the faces of
these equations lie outside of the 3D T-Map model, but the line-profiles that are larger or

smaller than the middle-sized one are more limited in their allowable displacements ey, e,,
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and 6, and the limits grow linearly with change in size. This is because the contact points
E, F and G are all located on the inside boundary of the tolerance zone. When the size of
the profile is increased, the displacements of the profile are controlled by more contacts

with the outside boundaries. For the specific example at hand the allowable displacement

is AF to the undisplaced profile. Apply the coordinates changed to Equations 4.5

e ({5/2 + AF) = 1.50' — €y
((/2+AF) =6 —e,
< —(t/2+ AF) = 150 +e, (4.6)

—(¢/2+AF) =6 +e,

’ 2
L(0.50" +e)2 + (-0 +e,) = (¢/2 + AF)?

Ten equations in Table 4.1 and Equations 4.5 represent all the surfaces of T-Map
for mid-sized profile. When the size of the profile changed, these ten equations are
modified in Table 4.2 and Equations 4.6. But they do not represent all the surfaces of the
T-Map with size increased by AF. The ten equations can be divided into five pairs, four
pairs of the parallel planes, and one pair for cylinders. In each pair of surfaces, only the
surface closer to the origin is used to represent a surface of the T-Map. Pick the qualified

equations for the surfaces of the T-Map for size-changed profile:

(¢/2 + AF) = 1.50' — e,
(#/2+AF) =6 —e,
—(t/2 + AF) = 1.56' + e, (4.7)
—(¢/2+AF) =6 +e,

(056" +e)? + (-0 +e,)" = (¢/2 — AF)?
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Beside equations in Equation 4.7, there are other equations to describe the contact
between the displaced profile and the boundaries. The displaced profile with size-
changed can also contact the two extension lines of the arc of outside boundary. So there
are another two equations

{—(@/2 —~AF)=0'—e, 49)

t/2 —AF =0.50' + e,
Additional contact situation is the left bottom corner of the displaced profile
contact to the right bottom edge of the outside boundary. This is a point to line contact,
the equation for this contact is

£/2 — AF = 1.50" + e, (4.9)

Equations 4.7, 4.8 and 4.9 are algebraic representations for all the surfaces of the

T-Map for the size-changed profile and the model is shown in Figure 4.9.

30



§0°0 ‘0 “S0°0— =4V ut uonoesiadAy q-¢ oy Yim dejN-L -t YL 6y 2n31g

31



Chapter 5

DECOMPOSED MODELING METHOD

5.1 Decomposed modeling method

Decomposed modeling method is to build the T-Map for line profile by
intersecting T-Maps for all elements of line profile. Three basic elements of line profile
are defined: Straight line, circular arc, and freeform curve.

The boundaries of tolerance-zone constrain the profile displacements which are
used to represent the deviations under tolerancing, and in the corresponding T-Map, the
shell of the T-Map model separates space of deviations into acceptable and inacceptable
regions. The boundaries and shell have the same function, which is to present the
tolerance range, in other words, there is a relation between the shell and the tolerance-
zone’s boundaries.

Because boundaries of tolerance-zone are fixed by theoretic profile shape and
tolerance value, and the geometric properties of a point on boundaries are inherited from
only one point on profile, the boundaries are not influenced by the deviation (or
displacement) of the profile. And because all points on the boundaries play independent
constraint roles that are not defined or influenced by other points on the boundaries, each
point can constrain a series of deviation of profiles, and these deviations are mapped to
parts of shell in the T-Map. Thus, there are independent, unique, one-to-one relations
between the point on profile and part of the corresponding T-Map shell, so that it
becomes possible to construct the shell by combining shells from the profile elements.

Divide the profile into segments, such as points or groups of points, and build a

set for primitive T-Maps each of these segments. When a deviation of profile meets all
32



constraints, its mapped point must lie within all T-Maps for all profile segments, and the
intersection of these T-Maps envelops all possible mapping points of the acceptable

profile deviations.

5.2 Slope conservation and 2-D modeling
In this section, researches are only focused on 2-D space, which is to map the
translational displacements of profile in two directions on a plane. This 2-D model is a
section of 4-D T-Map at rotational angle equal to 0 and for the size (AF=0) of the profile.
A property between the shape of profile and the shape T-Map model, called slope
conservation, is introduced in 5.2.1. Corresponding 2-D T-Maps are built for all basic
elements of line profile, and the intersection of these operand T-Map forms the single T-

Map for the whole profile.

5.2.1 Slope conservation

The profile tolerance specification for a simple profile is shown in Figure 5.1,
other dimensions and tolerances are not shown here. The triangle shape is controlled by
the profile tolerance +=0.2 mm relative to the Datums A, B and C.

The boundaries of the tolerance-zone are created by offsetting the profile in two
opposite directions. The result by offsetting a curve can be defined as a curve whose
points are at a constant normal distance of a given curve. In Figure 5.2(a), a boundary
zone 1s formed between the outside and inside boundaries, which are shown in solid lines.
These two boundaries are obtained by offsetting from profile, which is a triangle in dash

lines. In this example, the distances from true profile to outside and inside boundaries are
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equal to half tolerance. Thus, the width of tolerance-zone along a curve is equal to

tolerance value # (0.2 mm).

/—F\O.ZABC

B =< C

Figure 5.1: Boss with its shape controlled by the profile tolerance t = 0.2 mm relative to Datums
A, B, and C.

In Figure 5.2(b), the T-Map coordinates ey and ey represent the translational
displacements of the mid-sized profile in x and y direction in Figure 5.2(a). Every point
is a translated mapping of profile position. For example, the true profile w2, which is
coincident with true (theoretic) profile, has no translational displacements, and in T-Map
it is the point at origin. When the mid-sized profile is moved in the direction (positive y),
which is normal to bottom edge of the triangle, to the place where its bottom edge
contacts with inside boundary (4), the profile gets its limit position, which is labeled as
w4 in Figure 5.2 (a) (b). In the limit position, the profile cannot move any more in
positive y-direction, because the bottom edge of inside boundary constrains it within
tolerance-zone, but it is still free in x-direction. Because the profile can only move in

either of the positive or negative x-direction, the trace of these displacements mapping
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points is a straight line, which has the same slope as the bottom edge of the profile, and

its normal distance to origin is #2 (0.1 mm).

Figure 5.2(a): Exaggerated tolerance-zone (between two solid-lined triangles) for a triangular
profile (dashed-lined triangle). Edges of outside boundaries is labeled in 4, B, C, and inside is in 4°,
B’, C’. Five spatial positions are also labeled.

Figure 5.2(b): Corresponding 2-D T-Map that is only confined to translations.

Because the homogeneous coordinate systems of tolerance-zone and T-Map have
the same scale, there must be an edge of 2-D T-Map model that has the same slope as one
or more lines in tolerance-zone, and this property called slope conservation. Six edges of
the hexagonal T-Map model are parallel to one of the triangular profile edges and accord

with slope conservation.
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A reference circle, called tolerance circle, is introduced to this 2-D T-Map. In
figure 5.2(b), all edges of the hexagon are tangent lines of this circle. All points on this
circle represent the displaced profile positions that are translated #2 in any planar
directions. When the direction (as ) is normal to the slope of one profile edge, the limit
displace distance of the profile is #2, that is a point on the tolerance circle. This reference

circle will be used in section 5.2.3 for discussion of curves.

5.2.2 2-D modeling

The first step to modeling a 2-D T-Map is to decompose the triangular profile in
Figure 5.1 into three line-segments, and build individual primitive models for each of
them, and then combine these models to get the T-Map for the whole profile.

Take the bottom edge of the profile as an example for building a primitive model,
as shown in Figure 5.3. One trace of profile movement is made by translating in the
positive y-direction that is discussed in section 5.2.1. If we move the true profile in the
negative y-direction, the profile will touch the bottom edge of outside boundary (4) in the
location (y4), and the other corresponding trace in the T-Map is formed. Since the
constraints coming from other two triangle edges are independent of this line-segment,

there is no limit in the direction parallel to this line.

I.}—>
Wv)g N 7z
’lx_ - _ o

Figure 5.3: One (bottom edge of triangle) of the decomposed line-segment, and its exaggerated
tolerance-zone. ;,, W, W, are labeled.
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In the T-Map model shown in Figure 5.4(a), these two trace lines (same as dash
lines in Figure 5.2(b)) are both derived from the bottom edge of the triangular profile, and
the region between these lines represents the acceptable deviations of the profile, so far
only constrained by one side of the triangle. These two lines of T-Map obey the slope

conservation property and tangent to the tolerance circle (Figure 5.2(5)).

ey

\\

ex ¢ \Q;

(c) (d)

©

Figure 5.4: (a)(b)(c) are individual T-Maps for each portion of the triangular profile, and (d) is the
intersection of these three T-Map. The shaded areas are the acceptable deviation regions of T-
Maps.

Similarly, other two primitive models are obtained from the remaining two edges

as shown in Figure 5.4 (b) (c¢). The reference systems of these three primitive models are
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same. Axes ey and ey represent the displacements of profile segments in x and y
directions, and the scales of these axes are same. Thus, the intersection of these primitive
T-Map models can be realized. The shaded area shown in Figure 5.4(d) is the 2-D T-Map

build by decomposed modeling method that is same as the T-Map in Figure 5.2(b).

5.2.3 Slope conservation for curves

Profiles are not always combinations of straight lines, and a way to modeling
primitive 2-D T-Maps for circular arcs and other curves required. The slopes at points on
non-straight curves are also keeping the conservation property.

In Figure 5.5, a rounded corner is added to the profile, and this profile can be
decomposed into four pieces: three straight line-segments and a curve. The primitive 2-D
T-Maps of three straight lines are discussed and built in Figure 5.4 (a)(b)(c). A primitive
T-Map model is required for the circular arc in order to build the T-Map for whole profile

using intersection.

;a—f“\O.ZABC

B << C

Figure 5.5: Boss with its shape controlled by the profile tolerance + = 0.2 mm relative to Datums
A, B, and C.
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A polyline is used to approximate the curve. Divide the curve into many small
pieces and use a series of line-segments to instead of these small curves. For line-
segments, a way is given in section 5.2.2 to build primitive T-Map models for line-
segments. The intersection of these the polyline approaches to the true shape of the curve,
and primitive T-Map of polyline approaches to the T-Map of curve.

Figure 5.6(a) gives the true profile in dotted line and its approximated tolerance-
zone whose boundaries are in solid lines. At the two ends of the curve, the constraints
will be given by other elements of the profile, when intersection with the other primitive
T-Map models is under tolerance. So in this model there are no boundaries at the ends of
the profile. A polyline that is a combination of five line-segments is created to
approximate the curve. All line-segments are tangent with the curved profile, and the
tangent points of the first and last line-segments of polyline correspond to the two ends of
the curve. In Figure 5.6(b), five pairs of parallel lines are drawn, all lines are tangent to
the tolerance circle, the region between each pair of parallel lines are the primitive 2-D T-
Map models for each line-segment of the polyline, and the intersection area of them is the

2-D T-Map model for polyline.

Figure 5.6(a): Exaggerated tolerance-zone for rounded curve and its approximate polyline.
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Figure 5.6(b): Primitive model for polyline. (Intersection of models of line-segments, all tangent
to the tolerance circle)

Figure 5.6(c): Primitive model for curve.

In Figure 5.6(b), line AD separates the shell of the T-Map model into two parts.
The points on the left part corresponds to translational profile deviations that contact the
inside boundary of the tolerance-zone, and the right part correspond to positions that
contact the outside boundary. These two parts are symmetric at origin, because from the
tolerance specifications the two boundaries are equally disposed about the true profile.
Taking right part of shell to study, it can be divided into three portions: line-segments AB
and CD, and polyline BC. AB and CD are tangent to the tolerance circle at points B and
C. Because the directions of these two line-segments are the same as the tangent

directions at two ends of the profile, AB and CD will not change when the number of
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line-segments in polyline increases to approach the true curved shape of the profile. For
polyline BC, with the increasing number of line-segments, its vertexes will close to the

tolerance circle, and when the number goes to infinity, the vertexes will approach to the
tolerance circle. This enables using the shell of the T-Map for polyline BC, as shown in
Figure 5.6(c), and similarly for the left part of the edge.

In the process to make the T-Map in Figure 5.6(c), only one geometric property is
used, that is slope. Any point on the arc-profile corresponds to a point on the tolerance
circle by a tangent line through this point. For the slopes of tangent lines of the profile, a
group of points is created on the tolerance circle, and these points can be expressed by
one or several arcs, such as arc BC in Figure 5.6(c). Because the 2-D T-Map only
depends on slopes of points on the profile, the positions of these points can vary. If a free
form profile has the same slope range with a circular arc profile, both free form profile
and the arc will have the same 2-D T-Map. That means this modeling process is suitable

not only for arc but for more generally shapes of curves.

5.3 3-D modeling of polygonal profile
The decomposition method can be used to build a T-Map model in the 3-D space
for deviations that can be presented by two translations in two mutually perpendicular
directions and a rotation. Use an example in Figure 5.7. The dimensions and tolerance for

the triangular profile shape are shown in Figure 5.7.
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Figure 5.7: Boss with its shape controlled by the profile tolerance t = 0.2 mm relative to Datums
A, B, and C.

5.3.1 First-order approximation for rotation deviation

Similar to 2-D model, the triangular profile is decomposed into three line-
segments. Use bottom edge (line-segment) of triangle as an example. Before working on
the line-segment, one approximation is needed for the boundary of the tolerance-zone. In
Figure 5.8, the boundaries of the line-segment are shown in solid lines. These two lines
are from part of the boundaries for the whole profile, which is shown in Figure 5.2(a).
One of the boundaries is shorter than the other. It is because of the influence from other
adjacent line-segments. The purpose of this approximation is to eliminate the second-
order influence of the length difference, and to make the line-segments independent of
each other.

To get the maximum rotation deviation, rotate the line-segment of mid-sized
profile to its limit rotate position, and the line-segment contacts to the boundaries at
points A and B in Figure 5.8. This is the way to get the accurate limit position. The

approximation is to define the position where two ends of the line-segment contact the
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extended lines of the boundaries, and line AC is a limit position under this

approximation. By this way, the influence from adjacent lines is eliminated.

= m — e e = = = = —

Figure 5.8: Exaggerated tolerance-zone (between two solid-lined) for a line-segment (long
dashed). Extended line is in short dashed line and two limit positions of line-segment are in
dotted lines.

The maximum rotation angle f,p for line AB and 8¢ for line AC are:

t
BAC = tan_l i

where, d is the distance between end of the line-segment and extended boundary, ¢ is the
tolerance value for the profile, and / is the length of the line-segment. Because the length

[ is much larger than tolerance ¢, & = tan 8 = sin 8. Therefore,

e~ o+



From the Figure 5.8, a relation can be found:

where d is the distance between points B and C.

So the angular deviation between lines AB and AC is:

dy, dt
HAB_HAC:TZI_Z

Because d and # are both much smaller than /, the angular deviation is a second

order small value that can be ignored in T-Map building process.

Figure 5.9: Exaggerated tolerance-zone (between two solid-lined) for a line-segment (long
dashed). Line-segment (dotted line) in limit rotation position for maximum rotation deviation.

In figure 5.9, it shows the boundaries of line-segment with approximation, and the
tolerance-zone is the region between the two boundaries. Boundaries and the tolerance-

zone are only dependent on picked line-segment.
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5.3.2 3-D primitive model for straight line-segment

To measure the deviation, a work coordinate system (WCS) is needed to avoid
ambiguity. This reference system is bonded with the tolerance-zone. Set the origin of the
coordinate at the midpoint of line-segment, point O in Figure 5.10, x;-axis is parallel to
the line-segment. Because the tolerance-zone is symmetric in x; and yj, the axes direction
will not influence result of T-Map. All line-segments that are decomposed from line
profile have the same process to set work coordinate system, so that this same process is
easy to realize by a computer program.

In figure 5.10, y,, is an arbitrary deviation. The location of this deviation can be
expressed by a combination of a rotation (angle #) and a translation in the y direction
(distance y) from the mid-sized position (y;2). To get the arbitrary deviation position, the
first step is to rotate the profile from y;, around origin of its WCS by 6 to y,, and then

translate y, in y-direction to the position of arbitrary deviation by e,.

Figure 5.10: Exaggerated tolerance-zone (between the two solid-lines) for a line-segment
(dashed). w12, War, W, and y, are the positions (dotted line) for the line-segment that floats inside
the tolerance-zone.
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When the profile is moved to limit positions, such as y;, where the line-segment
contacts the boundaries of tolerance-zone, the mapped points of these positions will form

the surfaces of the shell of T-Map models. An equation is found in Figure 5.10:

ey T eymax =75

In this equation, half tolerance % is composed by e, g, the distance caused by

rotation, and ey, ., the maximum allowable translation distance in y-direction of the

rotated line-segment. Because the rotation angle € is a small value, so that:

[
=—x0
eng 2*

Substitute e, g, and get the equation for making surfaces of T-Map model:

§*9+ey,max=—

Another three equations can be created for different combinations of positive and
negative rotations and translations. Four edges of the T-Map model are made from these
equations, shown in Figure 5.11(a), and their envelop area is the 2-D T-Map in the
dimensions e, and 6. For this line-segment, there is no constraint in x-direction, which is
discussed and shown in Figure 5.4(a). Extrude the 2-D model in x-direction and get the
3-D primitive model. Its section in e, e, plane is accord with the T-Map shown in Figure

5.4(a).
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Figure 5.11(a): 2-D T-Map (model is rescaled in direction 6). w1,, w,,, ¥, and y; are points
corresponding to specific positions in Figure 5.10.

Figure 5.11(b): A 3-D primitive model is got by extruding the 2-D model (shaded face) in x-
direction.

For the triangular profile shown in Figure 5.7, there are other two line-segments,
and their primitive models have the same geometric shape but are different in scale and
orientation. The cross-section of these primitive models are also, similar to Figure

5.11(a), but they have different aspect scales and different orientation, as given in Figure

5.4(a)(b)(c).
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5.3.3 Uniformity of reference system

When primitive models are created for individual decomposed line-segments of
the line profile in Figure 5.7, the next step is to intersect these primitive models to get the
3-D T-Map for the whole profile, as we do in 2-D modeling. But in the definition of
WCS, the mid-point of the line-segment is the origin of WCS, and in the process to
achieve deviation position, we rotate the line-segment around its WCS origin. Since each
line-segment has its own origin and orientations of coordinate axes, the primitive models
cannot be intersected directly to provide the T-Map for the entire profile. For example in
Figure 5.12(a), the dotted profile is a possible deviation whose position can be expressed
by a pure rotation from the mid-sized profile by angle 6, and its mapped point is (0, 0, ).
But for decomposed profiles, this mapped point represents positions by rotating around
their own WCS origins, as shown in Figure 5.12(b). These dotted lines in Figure 5.12(b)
have the same orientation and length as those in Figure 5.12(a). Rotating profiles around
different points is the reason for this problem, and an additional translation is required to
accompany the rotation of each line-segment. To offset the translations, the translation
deviation of the line-segment e, e, will be changed, that means the shape of primitive T-
Map models need to be modified, and this is called the deformation of T-Map. Before
compose primitive T-Map models, models have to be deformed by a mount which is
defined from the relation between WCS’s and the point the whole profile rotates around.

Section 5.4 gives a method to compute the deformation of T-Map model.

48



Figure 5.12(a): A deviation position (dotted lines) of the mid-sized profile in the exaggerated
tolerance-zone.

Figure 5.12(b): Deformation result (dotted lines) by rotating around individual WCS origins. An
additional translation is required for each line-segment (dotted line) to help the entire profile to
keep its shape as in Figure 5.12(a).

5.4  Deformation of T-Map
Definition of the common reference system determines the shape and location T-
Map model in the point-space that maps the deviation of line profile. This section
contains a description of the deformation of T-Map on different reference systems by

applying transform matrixes.

5.4.1 Space of mapping points
By the definition of T-Map, the point-space for a line profile is a four dimensional
space. Any point in this space maps a deviation of the profile from its ideal size and

location. This mapping is a one to one map, and a deviation of the profile has a unique
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mapping point in the space of mapped points. The model of the T-Map divides the space
into two regions. The region inside of the model contains all points mapping the
deviations that are acceptable under the tolerance, and the points outside of the model
map those unacceptable deviations.

Four dimensions of the space are: two translations in two mutually perpendicular
directions, rotation and size of the profile. To measure the deviations and map them, a
common reference system is needed. This reference system is fixed with the ideal profile
and tolerance-zone. The orientation of the reference system determines orientation of the
T-Map model, and the origin of the reference system influence the shape of the T-Map

model.

5.4.2 Orientation and origin location of the reference system

The coordinates of mapped points in the T-Map depend on the orientation of
reference system. In Figure 5.2(a) the axis x is parallel to one edge of the triangle, and 2-
D T-Map for the edge is shown in Figure 5.2(b). When we choose another direction x’ for
the axis, which has an angle a to axis x, as shown in Figure 5.13(a), a different 2-D T-
Map is made in Figure 5.13(b). Comparing to the 2-D model in Figure 5.2(b), the model
in the new reference system is rotated by angle —a from the model in Figure 5.2(5). In
other words, the same point in different reference system may have different coordinate
values.

The origin of reference system does not influence the whole mapping space for 2-
D the T-Map model in e,e, plane, but it influences the 3-D mapping space in the 6
direction. The 3-D mapping space is a point space that contains all points whose

coordinates can be expressed by three values of deviation (ey, e, , #). When mapping an
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arbitrary deviation of a profile, such as y,, in Figure 5.14, two steps to determine the
values of ey, e, , 0. The rotational deviation value 6 can be measured between the deviated
profile (w,-) and the mid-sized at its theoretical position (y;2). Then rotate the profile by
angle 6, around the origin of the coordinate system, such as rotating around O to position
w4, and measure the displacement between rotated profile and the deviation () we want

to measure.
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Figure 5.13(b): Corresponding 2-D T-Map for Figure 5.13(a)

Figure 5.14 gives two different reference systems which are fixed to the plane of

mid-sized profile (y;,). These two reference systems have the same orientation but two
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different origins, O and O’. Using the steps talked above to measure these three values
(ex, e, , 0) of profile deviation, it will get two different result. In Figure 5.14, profile y,
and y; have the same rotational deviation value 6,,, by rotating the profile y, around
point O, and y;, around point O’. Also y,, will be expressed in two different references,
(exars €yars Oar) and (exsr’, €yar’, O4r), due to it is from translations in the two different
vectors €., and €.

However, by definition T-Map is a one to one mapping, and a point in the
mapping space should have one unique corresponding deviation. Since the mapping
spaces are different for using different reference systems, the 3-D T-Map models that
contain all the points mapping from the acceptable deviations are vary for different
reference systems. These T-Map models may have different shapes, but all of them
envelop the group of acceptable points from their own mapping space. That means any of
these models has all the functions of T-Map. In other words, the mapping is still keeping
one to one property, but this one to one mapping result can be seen in different shape in
different reference systems. When do the T-Maps operation, such as intersection of
primitive models, or Minkowski sum of two T-Map models, these models must be in the

same mapping space, in other words, they are using the same reference system.

5.4.3 Shear deformation

The description of the mapping space is sensitive to the orientation and origin
location of the reference system. In this section, how to express the shape of T-Map
model for different origin of reference systems will be discussed by comparing the two
different ways to measure the deviations from v, to v,,. Also, a method is given to

deform the T-Map models to be valid in different reference systems.
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Figure 5.14: Mid-sized profile (y,,, triangle in solid line) with two different reference systems.
War, W, and y are the translated position from mid-sized profile.

In Figure 5.14, to the reference system Oxy, the arbitrary deviation (y,,) can be
mapped to a point P, (exar, €yar, o) In the T-Map model. The coordinates of point M can
be gotten by rotating profile y;, around point O by 6, and translating by the vector (ey,
eyq) from y, to y,,.. And the deviation of y,, in the reference system O’x’y’ is mapped to

a point P, ’(exar’, €yar’s Oar), by rotating profile y;,around point O’ and translating by the
vector (exqr, eyar” ) from y; to y,,. Vector Eab (dxabs dyap) gives the displacement from

any points in i, position to y; in reference system Oxy. This displacement is between the

two different mapping results of v, in the two reference systems. The vectors have the

relation €, = €, + d;, which, in the form of coordinates is:

(5.1)

! —
{exar = €xar + dxab

! —
eyar - eyar + dyab
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Equation 5.1 gives a relationship between the coordinates of an arbitrary point in
T-Maps for the profile at two different reference systems. If the values dy and d are
known, the coordinates of all points in the T-Map for the profiles which are expressed
with coordinates at reference system Oxy can be translated into the point-space for
reference system O’x’y’, by using equation 5.1.

To compute the dy and dy, the relation between two reference system needs to be
defined. In reference system Oxy create a vector C from Oto O’ to present the relation

between the origins of the two reference systems. And the value of vector C orthe
coordinate of point O in reference system Oxy is (cy, ¢y). The values ¢ and ¢, are
measured between the coordinate origins. For different reference systems that are located
at the profiles or designed parts, the displacement (cx and cy) between them may be vary,
but they are fixed with the profiles or parts, ¢, and ¢y are constants in the T-Map
deformation process.

To compute the values d and dy, transformation matrices are used to express the
movements of the profile. Assume there are two laminas in Figure 5.15. One fixed lamina
contains the mid-sized profile (solid line) and reference systems Oxy and O ’x’y’, and the
other one, which contains a profile in mid-sized position and floats upon the fixed lamina,
will be translated by matrices. For example, any point (x;, ;) on the triangle or on the
plane of the floating lamina (such as in the position ) can be transformed to a point (x3,

v3) on another lamina in the position (such as y3) by multiply a matrix 7

5-mif]
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In reference system O’x’y’, use two different ways to transform points on the

lamina from ;> to y,, and one of them is:

Ty 1, = Trans(dy, dy) - Rot(8,,) (5.2)

where, T 1, is the transform matrix from y;> to y,, Trans(dy, d,) is the translation by

vector Zl)(dx, dy), which are the values we want to compute, and Rot(8g,) is the rotation
around point O’ by angle 6,,. This way is the process to measure the deviation of profile
in reference system O ’x’y’, that is rotating the lamina around point O’ to y; and then
translating from y; to y,. Another way to transform the profile from v, to v, is needed
to simulate the pure rotation around point O in reference system O ’x’y’. The rotation of
the profile on the lamina in y;, around the point O to y,, may be expressed as the product

of three transportation matrices, 1.e.

a12 = Trans(—cy, —cy) * Rot(8g,) - Trans(cy, cy) (5.3)

in which the elements of each transform are expressed in reference system O ’x’y’.

Processing leftward through the transforms in equation (5.3), the profile translates by the
vector _C)(cx, cy) to profile y 2, rotate around point O’ by 6 to profile y ', and translate
back by the vector —?(—cx, —cy) to profile y,.

Because T 1, and Ty, ;, are both the transform matrices from y;; to y,, these two

matrices are same, and the right sides of equation (5.2) and (5.3) are equal to each other:

55



Figure 5.15: Mid-sized profile (>, triangle in solid line) with two different reference systems.
Wi Wa We, W ppand o, are the translated position from mid-sized profile.

Trans(dy, dy) - Rot(68,,)

= Trans(—cy, —cy) * Rot(8,,) - Trans(cy, cy) (5.4)

Rewrite (5.4) in matrix form:

sinf, cosf, O

dx] [cos B, —sinf,, 0]
0 0 1

sinf,. cosf, 0]|10 1 ¢ (5.5)

0 0 1o o 1

I
—
o R
S RO o ro
|
o)
X

T [cos 0, —sinf,, 0] [1 0 cx]

And simplify (5.5):
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cosf,, —sinf, d,
sinf,,. cosb, d,

0 0 1
cos By —sSinfy €y COSOy — ¢y Sinby, — ¢y
= [sin Oar  €OSB4  CxSinby + ¢y cos b, — (5.6)
0 0 1
Compare elements in (5.6), two equations can be got:
jx i Cx Cf)S Oar — €y Sin B, — ¢4 5.7)
y = CxSin B, + ¢y cos 0, — ¢y

In equation set (5.7), because ¢, and ¢y are measure directly between O and O’, dx
and dy are only depend on the rotational angle 6,.. For all T-Maps the angle 0, is a very

small value, some simplifications can be made: sin 8, = 0,.,and 1 — cos8,, = 0.

So (5.7) is simplified to:

dy = —Cy 0,
{ dy = CyOar (5-8)

Now we get the vector a(dx, dy) which only depends on the relative displacement

between origins of two reference systems ¢y, ¢y, and the arbitrary angle 6,;.
Displacements ¢, and ¢, are fixed when we are defining the reference systems. Because

Oa 1s @ measurement to an arbitrary position of deviation, it can represent the rotational
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angle of any possible deviations of the profile. In equation set (5.8), dx and dy have a

linear relation with 6,,. And then substitute (5.8) into (5.1):

(5.9)

!

{ep,car = €xar — Cygar
€yar = €yar t CxBar
where five variables eyar, yar, € 'xar, € 'yar, Oar can be rewritten into two coordinates (exar,
eyar, Oar) and (e 'xar, € yar, Bar), and ¢y, cy are the displacements between the origins of
reference system. In the T-Map these two coordinates represent a point that maps the
deviation y,, in two different reference systems Oxy are O ’x’y’. Rewrite (5.9) in a matrix

form:

e,’car 1 0 —Cy €xar
[e)’/ar]: [0 1 ¢ ”eyar] (5.10)
0 0 0 1116

The vector on left side contains the coordinate values of the mapping point for the
deviation of profile at y,, in the reference system O’x’y’, and the vector on right side
contains the coordinate values for the same deviation at y,, in the reference system Oxy.
The matrix only contains constants, and it translates the coordinate of mapping point
from Oxy to O’x’y’. Because the coordinate (exar, eyar, far) of profile deviation . can be

any value, the matrix can be applied on the whole mapping point-space:
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€y 1 0 —Cy €y
[e§]=[0 1 cx”ey] (5.11)
ol lo o 11le

And from the format of this matrix, its transformation type is shearing, that
means when we change the origin of a reference system to measure a profile, such as
from Oxy to O ’x’y’, the mapping point-space will be sheared. Here name this

deformation matrix shear matrix.

5.5  Case study for polygonal profile
This section provides the process to build a 3-D T-Map for the MSP of the
example in Figure 5.7. The first step is to decompose this triangular profile into three

line-segments, each of these segments has a WCS (Section 5.2.3), shown in Figure 5.16.

Q

b

0 X 0 X,

Figure 5.16: Here the triangle is the mid-sized profile. Three WCS’s were created for each line-
segment. A temporary reference system for the whole profile is set on a vertex of the triangle.
O’x’y’ is the reference system whose origin locates at invariant point.

In section 5.3.2, a primitive model is created for the line-segment which is
parallel to x-direction. So we can get the primitive model for the bottom edge of the

triangle from Figure 5.11. In this example, the length of bottom line /y, = 50, tolerance #

= 0.2, the cross-section 2-D T-Map is shown in Figure 5.17(a), and its coordinate is
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rescaled in direction 6 by multiplying half-length of line-segment 25. Similar for the
remaining line-segments, but they have different length, l;.r; = 36.06 and ;55 =
42.43. For these reason, they intersect with #-axis at different points in Figure 5.17(a).
Extrude the section in x-direction, and get primitive T-Map models. In Figure 5.17(b),

only show the primitive model of bottom edge.

A

Bottom edge
Left edge
0.1

P

0.1178 1
0.1387

Figure 5.17(a): 2-D T-Map sections for three line-segments (§’=250) at their WCS Oyx1y1, Oxx2)»
and O;x3y5. Use € is to make sure the height of 3-D model for mid-sized profile in 8 axis is equal
to half tolerance.

Figure 5.17(b): 3-D primitive model is got by extruding the left 2-D sections (shaded face) in x-
direction. Here only show the shape of model for bottom edge, and the other two edges have the
same shape.
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Next step is using one reference system to present T-Map models for these line-
segments. A temporary reference system is set on a vertex of the mid-sized profile. Its
origin may not be at the invariant point of the profile, and in the following step the
invariant point will be found. Using the reference systems O, ’x, 'y, "and O3 x3’y; " for left
edge and right edge of the profile, the primitive model is rotated around the #’-axis by an
angle that is equal to the angle between edge and x-axis of temporary reference system.
The rotated primitive models for the other two segments are given in Figure 5.18. The
cross-sections of these primitive models in Figure 5.18 are same as the 2-D T-Map in
Figure 5.17(a).

After rotation, the shear deformation will be applied to the rotated model. In
Table 5.1, the displacements between the origins of its WCS’s and the temporary
reference system are listed, and shear matrix is get from equation 5.11. Use these
matrices to deform rotated primitive models in Figure 5.17(b), 5.18(a) and 5.18(b), and
get the final primitive models which are ready to intersect. These models are shown in

Figure 5.19.

Table 5.1  Displacements between the origins and Shear matrix

Edge Displacement between the origins Shear matrices
1 0 0 ]
Bottom (-25,0) 0 1 =25
0 0 1
1 0 15
Left (-10,-15) 0 1 -10
0 0 1
1 0 157
Right (-35,-15) 0 1 =35
0 0 1 |
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Figure 5.18(b): 3-D primitive model for right edge of triangle.
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Left edge Right edge

Figure 5.19: 3-D primitive models for three edges of mid-sized triangle. Dotted lines are the
unsheared 2-D sections that are same as those in Figure 5.17(b), 5.18(a) and 5.18(b).

Intersect the primitive models for the decomposed line segments in Figure 5.19,
and a T-Map model is created and shown in Figure 5.20. The T-Map model in 5.20 is at

the temporary reference system Oxy whose origin is not located on the invariant point of
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the triangle profile. Assume there is a reference system O ’x’y’ whose origin located at the

invariant point, the shear matrix can relate the points of the T-Map as:

e,’c 1 0 —Cy €x
ey =[0 1 cx][ey] (5.12)

9!

If we can calculate the values ¢ and ¢y, we will know the location of the origin of the
reference system O’x’y’ at the temporary reference system.

In the T-Map the coordinates of mapped points for a special location (fully rotated
location) can be found to help calculate the values ¢, and ¢,. By the definition of the
invariant point in Chapter 4, fully rotate the lamina around a unique point that does not
displace, and this point is the invariant point. In the reference system O x’y’ the fully
rotated location means in the T-Map the rotation angle 6 at its maximum value 6,
Another property of invariant point is the profile to fully rotated location without
displacement in x or y direction, in other words, the values of e, " and e, should be equal
to zero. The special point at reference system O’x’y’is (0, 0, G,,,4x). In the T-Map of
Figure 5.20, the points have the maximum 6’ are on two lines, both for CCW and CW. In
this situation, we usually choose the mid-point of the line as the point which is mapping
fully rotated location. And in this example the points for special locations are
(0.02,-0.1,0.004) and (- 0.02,0.1,-0.004) for CCW and CW. Because the shear
deformation is on the plane Oxy, the value of maximum rotation angle is not changed by
shear deformation, so that 6,,,, = 0.1 or — 0.1. Substitute the coordinates of the points at

special locations:
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Fully rotated location (CW)

(= 0.02,0.1,— 0.1)__ T

(0.02, - 0.1, 0.1)

Fully rotated location (CCW)

Figure 5.20: Intersection of primitive models. Shaded area is the intersection with plane Oe,e,
and it is same as the shape in Figure 5.2(b). Points for fully rotated locations lie on two lines.

0 1 0 —cy]70.02
[ 0 ‘=[o 1 cx”—0.1] (5.13)
0.0041 lo o 1 110.004

0 1 0 —c,][—0.02
[ 0 ]=[o 1 cx][ 0.1 ] (5.14)
—0.0041 Lo o 1 1l-0.004

Solve equation 5.13 or 5.14, we can get ¢, = 25 and ¢,, = 5. The invariant point O’ is

shown in Figure 5.16. Deform the T-Map in Figure 5.20 by the matrix
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1 0 -5
0 1 25

0 0 1

and the get the final T-Map for the profile shown in Figure 5.7. The final T-Map is at the
reference system O ’x’y’, and it 3-D model is shown in Figure 5.21. The final model has

twelve surfaces, and each primitive model provides four surfaces to the final model.

€y

Figure 5.21: The final 3-D T-Map. . Shaded area is the intersection with plane Oe,e, and it is same
as the shape in Figure 5.2(b).

5.6  3-D primitive model for Circular Arc Segment
The tolerance-zone for circular arc segment is shown in Figure 5.6(a), and its
corresponding 2-D primitive model (section 5.2.3) lies in the e,e, plane and is shown in

Figure 5.22(b). If we set the origin of the WCS for this segment at the center of the arc, as
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in Figure 5.22(a), the lamina with mid-sized profile (arc) can rotate by any angle around
its center. Therefore, the 3-D model in Figure 5.22(a) is open-ended and formed by

extruding the 2-D T-Map in the 0 direction.

Figure 5.22(a): The tolerance-zone same as in Figure 5.6(a). The origin of WCS at the center of
the arc.

Figure 5.22(b): 3-D primitive model for circular arc segment, the shaded section is same with
Figure 5.6(c).

Add a rounded corner to the example of triangle, and get the profile shown in
Figure 5.23. The origin of the profile segments are shown in Table 5.2. Comparing to the
Table 5.1, the length and the mid-points of the line-segments may be changed. And
follow the procedure for building a 3-D T-Map. A 3-D T-Map for the profile with

circular arc is in Figure 5.24.
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Figure 5.23: Boss with its shape controlled by the profile tolerance £ = 0.2 mm relative to Datums
A, B, and C. A rounded corner is added to the right corner.

Table 5.2  Displacements between the origins and Shear matrix for the profile with arc
Edge Displacement between the origins Shear matrices
10 0
Bottom (-18.965,0) 0 1 -18965
0 0 1
1 0 15
Left (-10,-15) 0 1 -10
0 0 1
[1 0 19.268 ]
Right (-30.732,-19.268) 0 1 -30.732
0 0 1
1 0 5
Arc (-37.929,-5) 0 1 -37.929
0 0 1
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Figure 5.24: 3-D T-Map model for the profile tolerance in Figure 5.23. The shaded area is the
section in e,e, plane.

5.7  3-D primitive Models for free curve element

This section gives a method to create an approximate 3-D T-Map model for the
free curve element. This method needs the computer programming to create many open
ended primitives to approximate the real model.

Because the straights or arcs have the constant tangents or curvatures, the shapes
of 3-D T-Maps for straight lines are extruded from rhombus, and the shapes of 3-D T-
Maps for circular arcs are extruded from a plane shape by truncating a rhombus with two
congruent, but opposite circular arcs that are tangent to it. However, the free curve
elements don’t have the constant tangents or curvatures. Unlike straights and arcs, there
is no similar shape between primitive models for free curves. Primitive models for free
curve elements are created based on the geometric properties of the profile shapes, but
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every point on a curve may have different geometric properties. If all the points on a
curve can be decomposed into independent point elements, accurate models can be
created for these points. But, on the curve, the number of points is infinite. It is
impossible to intersect infinite number of the models. Only an approximate T-Map model

can be created.

Figure 5.25(b): Tangent direction and osculating circle at point P.

A group of sampling points is picked from the curve. In the sampling, the turnings

of tangents at two sampling points are same. The number of sampling points defines the

70



accuracy of the approximation, but more sampling points will take more time to compute
the result. In the Figure 5.25(a), point P is one of the sampling points on the mid-sized
profile. Take this point as an example to create a primitive 3-D sub-model.

Here the point P is considered as a small arc segment with length that is close to
zero, and the arc is on the osculating circle that has center O and passes through the point
P. On the inside and outside boundaries of the tolerance zone, Pi and Po are the closest
points to P. The direction (p) of the vector passing through these points is normal to the
tangent of the curve at P. Pi and Po are defined from P in the processing of offsetting
mid-sized curve. These two points constrain the displacement of P in the direction p. In
the T-Map space, the 2-D model of translation in x and y direction is shown in Figure
5.26(a). It is a 2-D model for an arc element with the arc length close to 0. To compute
the rotational displacement of the profile, the rotation center needs to be defined first. Use
the center of osculating circle of point P as the rotation center. Here the point P is
considered as a small arc segment with length close to zero, and the arc is on the
osculating circle at the point P. Because P can be rotated around O without any constraint
in the tolerance zone, in the T-Map, the 3-D model is built by extruding the 2-D model of
allowable translations in the x and y directions along z direction to infinite. Figure
5.26(b) is the 3-D T-Map for one of the sub-models of the mid-sized free curve. The
acceptable region of the T-Map is a volume between two planes.

The primitive sub-models for all sampling points are sheared by the shear
matrixes. The matrixes are created by the displacements between the centers of the

osculating circles and the pole. After shearing all primitive sub-models are represented in

71



the same reference system, and they are ready to intersect. The intersection of these sub-

models is the approximate 3-D primitive model for the whole free curve.

Figure 5.26(b): 3-D primitive sub-model for point P, the shaded section is same with Figure
5.26(a).

Take the profile example in Figure 5.23, and use a free curve to represent the arc
in the right corner of the triangle. The 3-D T-Map of this mid-sized profile is similar to
the one in Figure 5.24, but curved faces are replaced by groups of small faces which are

used to approach to the real shapes.
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Figure 5.27: 3-D T-Map model for the profile tolerance in Figure 5.23. The shaded area is the
section in e,e, plane. The curved faces are replaced by groups of small faces.

5.8  3-D model with size change and unequally disposed profile tolerance
From section 5.3 to 5.7, the primitive T-Map models for mid-sized line segment,
circle arc and free form curve are created. This section explains how to create the 3-D
primitive models with size changes for these elements. In Figure 5.28, the size of the
profile is changed. The dot profile is the profile offset outward by the value AF from the
true position. This size change will deform the primitive models of all the decomposed
profile portions. And the way to modify the primitives is discussed for each type of these

three elements.

5.8.1 Size change for line element
Because of the size change, the locations of the profile with zero translations and

rotation are not in the middle of the tolerance-zone. Figure 5.29 is a line segment and its
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tolerance zone. The dot line is offset from the mid-sized profile, and the distance between

them is AF.

Figure 5.28: Exaggerated tolerance-zone (between two solid-lined triangles) for a triangular
profile (dashed-lined triangle) with a rounded corner in figure 5.23. The dot-line is the offset
profile for mid-sized profile.

Figure 5.29: Exaggerated tolerance-zone (between the two solid-lines) for a line-segment
(dashed). The dot-line is the location of the profile with zero translations and rotation.

For the line-segment element, the size change can be considered as a translation.
In Figure 5.29, the dotted line can be gotten by either offsetting or translating from the
true position. The extension of length of the line-segment caused by increased size can be
ignored, because only keep first order terms. Figure 5.11(a) gives the tolerance-zone and
the location of the profile with zero translations and rotation. It has the same tolerance-

zone as the one in Figure 5.9, and the only difference is where we define the location of
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the zero translations and rotation. Similar to Figure 5.9, the 2-D T-Map section is created
in Figure 5.30(a). Compare to the 2-D section in Figure 5.11(a), they have the same
geometry size and shape, but different locations in their reference systems. In other
words, the T-Map model is translated by AF, due to the size changed in same value. The
3-D model build process is same as the mid-sized profile. The process is extruding the 2-
D T-Map along its normal direction, as shown in Figure 5.30(b). Then rotate and shear
the model based on the differences between the WCS’s, and get the primitive for

intersection as shown in Figure 5.30(c).

Figure 5.30(a): 2-D T-Map section (model is rescaled in direction 6) for the tolerance-zone in
Figure 5.29.

Figure 5.30(b): 3-D T-Map from extruding the 2-D T-Map in Figure 5.30(a) along its normal
direction

75



Figure 5.30(c): An example of 3-D primitive T-Map for the triangle profile with a size change as
shown in Figure 5.30(a).

5.8.2 Size change for circular arc

The size-changed arc in its tolerance zone is shown in Figure 5.31(a). AF is the
value changed from the true profile. Section 5.2.3 gives a way to create the 2-D model for
the mid-sized profile, and the 2-D T-Map model for the example is given in the Figure
5.6(c). The boundary of this 2-D T-Map model can be separated into two parts. One is
from the outside boundary of the tolerance zone and the other is from the inside boundary
of the tolerance zone. The arc BC in the 2-D T-Map model is mapping the limit locations
of the profile that is moved to the outside boundary of the tolerance zone. Arc BC is on
the tolerance circle which radius is half tolerance value. The tolerance value is equal to
the distance between the true profile and the outside boundary of the tolerance zone.
However, for the profile that has size change, the distances between the profile without
translation or rotation and the boundaries of the tolerance zone is unequal. In Figure
5.31(a), the distances are #2 — AF to the outside boundary and #/2 + AF to the inside

boundary. Figure 5.31(b) is the 2-D model for the size-changed profile in Figure 5.31(a).
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In Figure 5.31(a), arc BC and arc EF are on two tolerance circles with different radii. The
enveloped area of these two arcs and their extension lines is the 2-D T-Map for the size-

changed profile.

AF

Figure 5.31(a): Exaggerated tolerance-zone for circular arc. Dash line is true profile and dot

line is the profile with size change.
Tolerance circle

hS
A\ 2
\ L 2 + AF
\

{ ! Eyx
!
E N2 e 12 - AF
‘\.H_ C Pre

Figure 5.31(b): 2-D T-Map model (shaded area) limited by two arcs have radii #2 = AF for
size- changed profile in 5.31(a).

Once the 2-D T-Map model is generated, the 3-D primitive is created follow the
same steps that were used in creating the 3-D primitive for the mid-sized circular arc
shaped profile. Because the size changed arcs have the same center, the 3-D model is
sheared just as the 3-D model for the mid-sized profile. The result is the primitive T-Map
of the arc ready for intersection.
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5.8.3 Size change for free form curve

In the process to build sub-model for mid-sized free form curve, the sampling
points on the curve is considered as arcs with zero arc length. The sub-model for a
sampling point on the curve is shown in Figure 5.32(a). In this 2-D model, two lines are
tangent to two tolerance circles. That means this sampling point has the distant #/2 — AF
to the outside boundary and #2 + AF to the inside boundary. Similar to circular arc, the 3-

D sub-model is shown in 5.32(b). The 3-D primitive model is generated by intersecting

all the sub-models.

Figure 5.32(b): 3-D primitive sub-model for a sampling point, the shaded section is same with
Figure 5.32(a).
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5.8.4 Unequally disposed profile tolerance

A unilateral and unequally disposed profile tolerance is indicated with an
unequally disposed profile symbol placed in the feature control frame. In Figure 5.33, a
second value 0.15 is added to indicate the tolerance in the inward direction that would
allow additional material to be removed from the true profile.

For the unequally disposed and unilateral profile tolerance, the true profile
location has different distances to two boundaries of the tolerance zone. The distance to
the inside boundary is 0.15, and the distance to the outside boundary is 0.05. Compare to
the size-changed profile and its tolerance zone in Figure 5.28, the unequally disposed
profile in the true profile location can be expressed as an equally disposed profile

tolerance in the same tolerance zone, but added an initial size change.

o 0.2]AlB[C|

Y

Figure 5.33: Boss with its shape controlled by the profile tolerance t = 0.2 mm relative to Datums
A, B, and C. A second value 0.15 is added. A rounded corner is added to the right corner.
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Figure 5.34: Exaggerated tolerance-zone (between two solid-lined triangles) for a triangular
profile (dashed-lined triangle) with a rounded corner in figure 5.33. The dash-line is the true
profile. The distance from true profile to inside boundary is 0.15.

5.9  4-D model
A group of 3-D T-Maps are generated under the different size changes. These 3-D
T-Maps are used to depict the full 4-D T-Map for the whole profile. Figure 5.35 is a 4-D

T-Map for the triangular profile.

5.10 Open profiles

ASME standard has not given the clear description for the ends of an open profile.
However, profile tolerances apply normal (perpendicular) to the true profile at all points
along the profile. Also, in ASME standard, it permits extended boundary lines for the
sharp corners. That means two boundaries of tolerance zone for a segment of profile can
be extended. In other word, the ends of profile cannot make any contribution to constrain
the displacements of profile. For special profile shape, like the straight line, the line
segment profile has two straight lines as its boundaries. The line segment can move along
its direction to any position. The profile tolerance of this line segment cannot constrain

the displacement of this line segment in its direction.
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In the process of building T-Maps for closed profiles, the profiles are
decomposed into some segments. They can be considered several independent profiles.
The tolerance zones for these segments are open at their ends. In previous study of
primitive T-Maps for three types of profile elements, there is no constraint for the profile
at their ends. In Figure 5.9, Figure 5.22(a) and Figure 5.25(a), only the boundaries and
their extension lines are used for primitive T-Map building. Because the tolerance zone
for the open profile in ASME standard is same with the tolerance zone used for primitive
T-Map, the process for building primitives meets the ASME standard. These segments
can be considered open profiles. The T-Map of the whole open profile can be directly
obtained by intersect the T-Map primitives of these segments. The steps for constructing

T-Maps for the open profile are same as for the T-Maps for the closed profile.

5.11 T-Map under ISO Standard

By the definition of the ISO standard, the tolerance zone is limited by two lines
enveloping circles whose diameter is tolerance value. The centers of these circles are
situated on the true profile. Take the triangular profile as an example, the tolerance zone
for the profile under ISO standard is shown in Figure 5.36. The corner of outsider
boundary is rounded, because the boundary envelop circles are situated on the true
profile.

Comparing the tolerance zones under two standards, the tolerance zone under ISO
standard is smaller than the tolerance zone under ASME standard near the corner. In
Figure 5.36, the different areas are shown in shaded. The reduction of tolerance zone

means more constraint for the displacements of the profile. Under ISO standard, the T-
82



Map model will be removed some volume from the model under the freedom permitted

with the ASME standard.

Figure 5.36: Exaggerated tolerance-zone (between two solid-lined triangles) for a triangular
profile (dashed-lined triangle). The corner of outside boundary is rounded. Shaded area is the area
that reduced from the tolerance zone under ASME standard.

Trim faces are created to modify the T-Map models for ISO standard. The trim
face is generated from the circular arc of the boundary at each sharp corner. Take the
right corner of the triangular profile as an example. The vertex at the corner is considered
as a circular arc profile with zero radius. The circular arc profile has a tangent range that
is between the tangents of the arc at its ends. This “point” arc profile keeps the tangent
range that is between the directions of the two edges of the corner. The boundary of this
“point” arc profile is shown in Figure 5.37(a). The boundary is offset from the “point”
arc profile by half tolerance value. Based on the boundary, in the 2-D T-Map the plane is
separated into two areas. The shaded area is the acceptable region of the mapping point
space. Because the circular arc has infinite rotational value in the T-Map, the unsheared
trim face can be got by extruding the 2-D T-Map in the direction of 6’. The unsheared
trim face separates the 3-D space into two parts, acceptable mapping points and

unacceptable mapping points. Appling the shear deformation to the trim face by the
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displacement between the “point” arc and the pole, the sheared trim face is ready to trim

the T-Map model.

Figure 5.37(a): The boundary of the “point” arc profile. “point” arc profile is located at O.

ex

Figure 5.37(b): The 2-D T-Map of the “point” arc profile. The shaded area is the accept region of the
mapping point space.

Three trim faces are created for the triangular profile. Trim the 3-D T-Map model
for mid-sized profile in Figure 5.21, and get the T-Map model for mid-sized profile under

the ISO standard. This T-Map model is shown in Figure 5.38.
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Figure 5.38: 3-D T-Map model for mid-sized profile under the ISO standard. Compare to the T-
Map in Figure 5.21 for the triangular profile under the ASME standard. The heavy dashed lines
are hidden, and the light dotted line identifying points having C? discontinuity.

5.12 Hypersections of the 4-D T-Maps

The 3-D modeling discussed in sections from 5.5 to 5.8 is to create a 3-D
hypersection of the 4-D T-Map in the dimensions of e,, €,, and . In this section other
hypersections of the 4-D T-Map will be discussed. The dimensions of these 3-D
hypersections would be e.0’AF, e,0 AF, and ece,AF. The procedure of creating these 3-D
hypersections is similar to the method for constructing the 3-D T-Map for the mid-sized
profile. The first step is to build a primitive model for each decomposed segment in its
WCS, and then transfer the primitive model to the global reference system. Finally, do
the Boolean operation to the primitive.

The primitives of each element may have different shapes in the different

dimensions. For the straight line segment in Figure 5.9, the primitives of the straight line
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segment in the space with the dimensions e,6 AF are shown in the Figure 5.39(a). The
primitive model with the change in the fourth dimension e, is shown in Figure 5.39(b).
Because the size change of the profile can be seen as an additional translation of the
profile in y direction, the primitive will translate in the AF direction when there is a non-
zero e,. After transfer these primitives to the global reference system, the primitive will

be sheared. In the space e,6 AF), the 3-D primitive need sheared only in the e, direction.

Figure 5.39(a): The 3-D primitives of the T-Map in the space with dimensions e, AF at zero e,.
The shaded area is the 2-D section at the plane O9°AF.

Figure 5.39(b): The 3-D primitives of the T-Map in the space with dimensions e, ’AF at non-zero
e,. The shaded area is the 2-D section at the plane O8’AF.
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The primitive of the straight line segment (Figure 5.9) in the space with the
dimensions e,0 ’AF is shown in the Figure 5.40. The primitive model will not change
with the change in the fourth dimension e,, because there is no influence between e, and
other dimensions. In the space e,0’AF, the 3-D primitive need sheared in direction only in

the e, direction.

Figure 5.40: The 3-D primitives of the T-Map in the space with dimensions e,60 AF. The light
shaded areas are the 2-D sections with the dimensions e, and 0’. The dark one is the 2-D section
at the plane O6’AF. The extrude direction is 45 degree to axis AF and axis e.

The primitives of the straight line segment (Figure 5.9) in the space with the
dimensions e,e,AF" are shown in the Figure 5.41(a). When the rotational angle changed,

the allowable range of the translation in e, and size change AF" will decrease, and the
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primitive model is shown in the Figure 5.41(b). Because the space e.e,AF does not have

dimension #’, the sharing deformation does not apply to the primitive.

~

Figure 5.41(a): The 3-D primitives of the T-Map in the space with dimensions e.e AF at zero e,.
The model is a volume between two planes. The shaded area is the 2-D section at the plane
Oe AF.

nF

Figure 5.41(b): The 3-D primitives of the T-Map in the space with dimensions e.e,AF" non-zero
e,. The model is a volume between two planes. The shaded area is the 2-D section at the plane
Oe AF.
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For the circular arc in Figure 5.6(a), the primitive of circular arc in the space with
the dimensions e,e,AF"is shown in the Figure 5.42. The section at AF =0 is same as the 2-
D T-Map in Figure 5.6(c), and the section at a non-zero AF value is similar to Figure
5.31(b). The shear deformation is the same to straight line segment. Because there is no
constraint for the profile in the tolerance zone, the rotational angle is not influence other

dimensions. The primitive model will not change with the change in the fourth dimension
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Figure 5.42: The 3-D primitives of the T-Map in the space with dimensions e.e AF for the
profile segment in Figure 5.31. The light shaded area is the 2-D section at the plane Oe,AF. The
dark one is the 2-D section at the plane Oe,AF.
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Since, for the circular arc, there is no limit in the rotation, the primitives of the
circular arc (Figure 5.6(a)) in the space with the dimensions e.0’AF or e,0 'AF can be
obtained by extruding a 2-D T-Map to infinity along the 8’ axis. Extruding the light
shaded area (section in e,=0) in Figure 5.42 along the 6’ axis will create the primitive in
the space e.f’AF, and extruding the dark shaded area (section in e,=0) along the 8’ axis
will create the primitive in the space e,0 AF. When the fourth dimension changes, for
example, e, is a non-zero value for the space with the dimensions e,0 'AF, the 2-D T-Map
will be created by intersecting the 3-D model in Figure 5.42 with a plane parallel to the
Oe,AF. The distance between these two planes is equal to the change of e,.

The primitive for a free form curve is the combination of the sub-models of the
profile at the sampling points. In the study in section 3.7, the sub-model is considered as
a special case of the circular. For example, there is a sampling point at which the tangent
of the profile is along the x axis. The 3-D sub-model in the space e.e,AF is shown in
Figure 5.43. Same as the construction of primitive for circular arc, the sub-model will not
change, when the fourth dimension 6’ changed. The sub-model in the space e,0 AF or

e,0’AF can be built using the same constructing method for the primitive for circular arc.

90



~

Figure 5.43: The 3-D primitives of the T-Map in the space with dimensions e,e,AF. The shaded
area is the 2-D section at the plane Oe AF.
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Chapter 6

COMPUTER PROGRAMMING OF T-MAP CONSTRUCTION

6.1 Requirements of programming

The object of programming is to use computer software to create 3-D T-Maps for
tolerances applied to line profiles. Because the 4-D model cannot be directly shown by
the computer system, the 4-D T-Map model is depicted in this thesis with a set of 3-D
models at different allowable sizes within the tolerance-zone. Consequently, the software
creates a 3-D T-Map (hypersection of the 4-D T-Map for a specific size AF). The
program supports the profiles formed from combinations of straight line-segments,
circular arcs, and free form curves. The program supports both closed profiles and open
profiles, and it supports convex profiles and concave profiles. The program is under the
ASME Standard. The codes are packed and can be used in other programs.

The input information includes the profile geometric date in the form of
computer math data. Another input is the tolerance value. The tolerance value has two
parts to define the maximum allowable displacements of the profile form the true profile
position in the two opposite direction. Because the tolerance may be disposed unilaterally
or unequally, the tolerance value is entered with two values. And a change in size can be
presented by adjusting these two tolerance values. Amplification factors for final
presentation can be set in the input information. With the appropriate amplification
factor, the model can represent the T-Map more clearly. Because the free form curves are
approximated with short line segments, a value is needed to control the accuracy of the

construction for the free form curves.
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The output of the program is a 3-D T-Map with the given tolerance values. The
model is in the form of computer math data. And the program also gives the coordinates
of all points in the fixed reference system having its origin at the invariant point (pole).
The coordinates of the pole may be used in the operation of the T-Map in the future

works.

6.2 Programming environment and tools

The program is created in Visual Studio 2008, and the programming language is
C++. It is because in the previous researches of T-Map, C++ is used for most
programming works. Considering the factors of hereditability and compatibility, this new
program should be in the same programming environment.

The 3D ACIS Modeler (ACIS) is the tool used to create and operate the models in
the C++. ACIS is an open, object-oriented C++ architecture that enables robust, 3D
modeling capabilities. It gives a sound base of 3D modeling functionality, plus the
flexibility to meet our programming requirements. The T-Map building process for line
profiles needs the functions to extract the geometric properties of the profiles, to create
the solid geometric models and to operate these models. All these requirements can be
realized with ACIS. Also ACIS is widely used in previous works by the researchers in
ASU Design Automation Lab. The math data of T-Map model is outputted in the form of
Standard ACIS Text (file extension .sat). SolidWorks is used to visualize and read the .sat

file.
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6.3 Class and functions

A class is created for the generation of 3-D T-Map for the line profile. Its name is
LineProfileTOTMAP. This class saves all the data of the profile and T-Map models, and
also provides all the functions for the 3-D T-Map for the line profile. This class can be
used in other programs, and it is created and tested in Visual C++ Win32 Console
Application.

The variables of the class are shown in the Table 6.1. The amplification factors
are used to change the scale reference frame, in order to get a better view of the T-Map
models. Inside tolerance value and outside tolerance value are calculated from the size

change and the unilaterally dispose profile tolerance.

Table 6.1 Variables of class LineProfileToTMAP

Variable name Description

amp_angle The amplification factor of the axis of rotational angle.
amp_tmap The amplification factor of the whole T-Map model.
input_profile Save the input math data of profile as an ENTITY.

inside_tol The tolerance value to the inside direction.

outside_tol The tolerance value to the outside direction.

pole The coordinates of the pole position.

primitive list Save the primitive T-Map models in the ENTITY LIST.

ptmap The pointer of output 3-D T-Map model.

segments_list Save the segments of decomposed profile in the ENTITY LIST.

94



get_tmap:

Decompose
the profile

Y

Build the T-Map
for mid-sized profile

/

Compute the pole

|

Build the T-Map
with the pole

\

Returm T-Map

build_tmap:

\

)

A

<o

No

Build T-Map by

intersection

No

No

No
y Error

Y

Figure 6.1: Flowchart of function get tmap and function build tmap.
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The functions of the class are used to compute the model of T-Map, input and

output the data. The function get tmap is the main entrance of the program. This function
will return the final T-Map with the given tolerance and size change, also will compute

and save the pole coordinates. Flowchart of the function get tmap is shown in Figure 6.1.

Decompose the profile is realized by the function decompose to segments. Here the

profile is broken at its vertexes. The segments of the profile are saved in the

segments_list. The location of the pole needs to be got first. From the maximum

rotational value of the mid-sized T-Map model, the true location of the pole can be
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calculated. With the true location of the pole, the required T-Map model can be
generated.

The function build tmap is used twice in the function get tmap. One time is
building the T-Map for the mid-sized profile which is used for calculating the pole. The
other time is building the T-Map with the true location of the pole. In function
build tmap, the primitives are created for each member in the segments_list and the
models of primitives are saved in the primitive list. After all of the primitives are created,
intersect the primitives to get a T-Map model and save the pointer of the model to ptmap.

The primitive of straight line is built by the function build primitive straight. In
build primitive straight, four vertexes of the 2-D T-Map are created, as the four vertexes
in Figure 5.11(a). Then the four vertexes are translated based on position relation
between the WCS and the pole. A face is created by these vertexes, and the primitive
solid is created by extruding the face in its normal direction.

The function build_primitive arc builds the primitive for a circular arc. In this
function the circular arc will be separated into two pieces, if the angle of the arc is larger
than 180 degrees. The function build primitive sub_arc is used to build the sub-models
for the separated arcs, and the sub-models are intersected in function build primitive arc
to get the final primitive model for the arc. In the function build primitive sub arc, a
face with six vertexes is created. The 2-D model shown in the Figure 5.6(c) is one
example of this face. The 3-D model of the primitive solid is created by extruding the
face in a direction. The direction is calculated by the relation between the center of the
circular arc and the location of the pole. The function build primitive sub_arc will return
this 3-D model to the function build primitive arc.
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The primitive of free form curve is built by the function build primitive intcur. In
ACIS all curves can be classified into four types, ellipse, helix, intcurve, and straight.
Ellipse, intcurve and straight can be planar curves. The intcurve is used to restore and
operate the free form curves in ACIS. In the function build primitive intcur, the free
curve is broken into segments at the zero curvature, and build_primitive sub_intcur
creates the models for these free curve segments. In the function
build primitive _sub_intcur, a group sampling points are picked from the curve. The
tangents and curvatures of the curve at those sampling points are used to build the sub-

models. The 3-D model is built same as introduced in section 5.7.

6.4  Test of the class
The class LineProfileTOTMAP is tested in the Win32 console application. The
steps to use this class as follow:

1. Include the class LineProfileToTMAP in the header file.

2. Create an object of this class.

3. Set the parameters of this object, including inside and outside tolerances,
maximum distance of sampling point, and amplify factor of angle and whole
T-Map.

4. TImport the profile into the object.

5. Run the function get tmap, and get the 3-D T-Map model.

If there are some errors in the program, error information will be output. The

information includes the notes to locate the error, and also includes the ACIS error codes.
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Chapter 7

CONCLUSION AND FUTURE WORK

71 Conclusion

In this thesis new methods were developed to generate the Tolerance Map (T-
Map) for a line profile. Two methods were explored: the parametric method and the
method of the decomposition and intersection, with the objective of identifying and
implementing the most promising one for use in computer aided tolerancing. The T-Map
is a new math model to represent the variations of a toleranced feature as points in a
hypothetical, Euclidian space. The points in the 4-D T-Map model for line profile
represented the deviations of a manufactured profile from the true profile. The deviations
are represented with four variables: translations in two directions of the plane, one
rotation in the plane, and size change. With the examples of profiles, the decomposition
method is introduced. In this method, the profile is decomposed at its vertexes into three
types: straight line, circular arc and free form curve. Each of these types has a procedure
to build the corresponding primitive model. The primitive models are deformed to be
represented in the same reference system. Apply the intersection of the Boolean operation
to all primitives, and get the T-Map for the whole profile. A parametric method for T-
Map generation is also developed sufficient to verify the decomposition method.

The decomposition method is the only method that has been developed for
generating the T-Map for line profile having any geometric shape. It can be used to
generate open and closed profiles, convex profiles and ones having concave portions.

And this method is compatible with the ASME standard Y 14.5 and ISO standards.
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The decomposition method has been implemented in computer software to
generate the 3-D hypersections of a T-Map for a given tolerance and size change on a

line-profile. T-Maps for some example profiles are included in the appendix of the thesis.

7.2  Future work

The T-Map created in this thesis is for a single class of geometric tolerance
defined from designers, the line-profile tolerance. Line profiles are usually linked to other
features, such as one or more planes or lines, so designers need a way to integrate the T-
Map for a line-profile with those of other features and tolerance classes. So, one
extension of this thesis would be to apply T-Maps for line-profiles to parts and
assemblies that require such integration.

Another line of investigation would be to use the decomposition idea of this thesis
to develop T-Maps for surface profiles. It should be possible to again use T-Maps for
primitive surface elements and use Boolean intersection of these to get the T-Map for the

whole surface profile.
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APPENDIX A

OUTPUTS OF THE COMPUTER PROGRAM TESTING
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Examples of profile tolerances are used to test the program. Figure A.1 is the
profile tolerance used in Chapter 4. 3-D T-Maps outputted from the program with
different size changes are shown in Table A.1. The models get from the computer are

same as those in Chapter 4.
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Figure A.1: Boss with its shape controlled by the profile tolerance t = 0.2 mm relative to Datums
A, B, and C.
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Table A.1 The 3-D models for the profile tolerance in Figure A.1 in different size change values

NO Size change 3-D T-Map model
value

1 -0.75

2 -0.5

3 -0.25
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0.25

0.5
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0.75
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Figure A.2 is an example of concave shape of the profile tolerance. Table A.2
give the 3-D T-Maps outputted from the program with different size changes. All of the

T-Map models are convex.
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Figure A.2: Boss with concave shape controlled by the profile tolerance £ = 0.2 mm relative to
Datums A, B, and C.
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Table A.2 The 3-D models for the profile tolerance in Figure A.2 in different size change values

NO Size change 3-D T-Map model
value

1 -0.75

2 -0.5

3 -0.25

110



0.25

0.5
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0.75
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