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ABSTRACT
Mostly, manufacturing tolerance charts are used these days for

manufacturing tolerance transfer but these have the limitatiobeofg one
dimensional only. Some research has been undertaken for the thresidimak
geometric tolerances but it is too theoretical and yet todmyror operator level
usage. In this research, a new three dimensional model for toldranséer in
manufacturing process planning is presented that is user frientlle sense that
it is built upon the Coordinate Measuring Machine (CMM) readitigd are
readily available in any decent manufacturing facility. This modelaes care of
datum reference change between non orthogonal datums (squeezed datums), non
linearly oriented datums (twisted datums) etc. Graph theoagiicoach based
upon ACIS, C++ and MFC is laid out to facilitate its implena¢ionh for
automation of the model. A totally new approach to determining dioessind
tolerances for the manufacturing process plan is also preseetwmahd/, a new
statistical model for the statistical tolerance analyssetaipon joint probability
distribution of the trivariate normal distributed variables issemed. 4-D
probability Maps have been developed in which the probability valagofnt in
space is represented by the size of the marker and theatsdocoolor. Points
inside the part map represent the pass percentage for partsactared. The
effect of refinement with form and orientation tolerance is Iogitéd by
calculating the change in pass percentage with the pass pgedar size
tolerance only. Delaunay triangulation and ray tracing algoritiewe been used
to automate the process of identifying the points inside and outsigarthmap.



Proof of concept software has been implemented to demonstrate tlasanddo
determine pass percentages for various cases. The model is axtéeded to
assemblies by employing convolution algorithms on two trivarsgistical
distributions to arrive at the statistical distribution of the aségnMap generated
by using Minkowski Sum techniques on the individual part maps isisypesed
on the probability point cloud resulting from convolution. Delaunay triatigala
and ray tracing algorithms are employed to determine themassability

percentages for the assembly.
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1 INTRODUCTION

1.1 Background

Parts are most unlikely to be manufactured to exact dimensiogsaonetric
perfection under mass productions. A tolerance range defines theastma
limits of variations that a feature on a part can have andbstilconsidered
interchangeable. It is generally believed that greateioteeance range, there will
be less rework or scrap of the parts and hence, cost savings.nvdrsei

relationship of cost and tolerances is shown in the figure below:-

Matenal: steel

Costs, &

I | 1 | 1 |
[£0.030 [ +0.015 [ +0.010 [ =0005 [ <0003 | 20001 [+0.0005 [ +0.00025)

MNominal tolerances {inches)

T
|
|
I
|
|
]
4

[}
1
|t-:].f-‘5. | +050 | +0.50 | +0.125 ::[:-.-::-r.a 0025 | #0012 | 0006
[
Mominal tolerance (mm) |
Semi- | Finish
Rough turn finish furn Grind Hone

o

Machiming operatons
Figure 1-1 The relationship between tolerances and cost WWwitrespect to
different machining operations. (Adapted from David G. Ullman, The

Mechanical Design Process,3ed., McGraw-Hill, New York, 2003.)



Geometric tolerances are the limits of manufacturing vanatipermitted by
designers to ensure part function and assembly. Process planneosi@med
with operation-based tolerance allocation to minimize manufactucoss.
Quality Assurance must verify that manufactured parts comgly the design
specifications. Tolerances play an important role in all stagfegroduct

development as shown in the figure below:-

Design

Assembly Tolerances Manufacturing

Inspection

Figure 1-2 Role of tolerances in various stages of Product Life Cycle

Ideally tolerances should be as close to zero as possibleidbgenerally requires
more precise manufacturing processes at increased costs. Tlehsiltbage is to
produce parts with as loose tolerance as possible, with miioss$ and yet
ensure interchangeability. However, an insight view of the varstages of
product life cycle show that different departments involved in theduymt

development have contradicting requirement as shown below.



Figure 1-3 Change on the requirement of tolerances during variaistages of

Product Life Cycle

Product tolerances affect design, manufacturing, inspection, and kdgsem
However, tolerance assignment is one of the least well understapdeering
tasks. A recent study [1] revealed that incorrect tolerant@geivas one of the
greatest causes of scrap, rework, and warranty returns. Timsgart, because
Product Design Teams often pay a great deal of attention ticatdimensions’
but pay little or no attention to tolerances of non critical dinogrss whose
cumulative effect causes problems later in manufacturing.

The ultimate aim of the most of the manufacturing systems ifliricate a
product of consistent and repeatable quality at the minimum cost.rédires
close coordination and communication between all engineering tdegras
which include design, manufacturing and inspection etc. Latelyehd tras been
changed and the over the wall engineering has been replaced byr@ohc
Engineering (CE) and Product Design Teams (PDTs). These tekrsaly
monitor the various interactions of their design decisions as fifegt @roduct

functions, manufacturability, service, reliability, and product quality.



Tolerance stackup indicates how individual processes or componeuntefeat
tolerances can combine to affect a final assembly dimensi@also known as
‘propagation of error'. The ASU GD&T Math model is a bi-levabdel of
geometric variation. In ASU T-Map model (explained later étad), tolerance
stackups are accomplished with the Minkowski Sum. The conceptaductd in

the figure below and is covered in much detail in the sections to follow.

O

Figure 1-4 Minkowski sum of two T-Maps (semi sections only)

Traditionally, tolerance allocation has been based upon tabulateds,vakst
design, rules of thumb, blanket tolerances and more recently, Confadest
Design (CAD) system default settings. These methods are na liongague due

to heavy impact of accurately worked out tolerances on the production costs.
The main challenge in this scenario is the selection of anpitie set of
tolerances that will satisfy functional product requirement, n@otufing
requirements, and quality requirements. In addition, with the adoption ofEASM

Y14.5M 1994 standard, Geometric Dimensioning and Tolerancing (GD&T),



proper choice of part dimension reference frames, and modeling dieparte
dimensions can lead to vastly different assembly functions. GB3&aniASME
standard for geometric part representation, including nominal dimenaiwhs
tolerances. It is highly important as it provides a rigorous madkieal
representation of feature dimensions and their tolerances.

ASME Y14.5M-2009[2] Standard provides a formal representation of tolexance
and dimensional features. A standard is needed for unambiguous comrunicati
between design, manufacturing and inspection. The GD&T standatdnguage

for dimension and tolerance specification on engineering drawinfsloivs a

set of conventions and rules. It uses standard symbols, notations and Kyata
part of the drafting standard. It is a feature-based spatodic standard (i.e. it
treats surfaces, volumes, and similar geometric entities as continuowesgntiti
There are two main issues in tolerancing. The first one iscctdlerance analysis
which addresses the following question: - Given a set of individuapcoent
tolerances, what is the resulting assembly tolerance? The sesoodlled
tolerance synthesis or tolerance allocation in which the questiaoncern is:
‘Given a required assembly tolerance, what should the component tolerances be?
The main aim of tolerance analysis is the verification ofetktent and nature of
variation of an analyzed dimension or geometric feature of intacesrding to a
given GD&T scheme. The source of the variation of the analyzedmndion is
mostly from the accumulation of dimensional and/or geometric tiarg (other
sources could be change in type of tool, machine, operator et itwlerance
chain. Following are relevant to the analysis:
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1. The contributors: which are the dimensions or features that cause
variations in the analyzed dimension?

2. The sensitivities: which is the relative contribution as compared with
other contributors? Sometimgercent contributions are used for the
same purpose.

3. Worst case variations, statistical distributions and acceptance rates

All tolerance analysis approaches can be classified as following ondiseolia
1. Dimensionality e.g. 1-D, 2-D, 3-D or higher n-D.
2. Acceptance ratee.g. worst case (100 % acceptance rate) and statistical
(less than 100 % acceptance rate)
3. Type of variations e.g. dimensional or conventional and dimensional and
geometric according to the type of variations included.

4. Scopee.g. part level or assembly level.

Major analysis results of interest are:
1. Extreme values of independent variable

2. Frequency distribution of the dependent and independent variables

These results may be used in establishing the percentage ofhaangould be
acceptable for a desired specification.

In worst case analysis, 100% interchangeability is desiredewhilstatistical
tolerance analysis a predetermined percentage (less than @Do#é)assembly is

acceptable. Relaxing the requirements for 100% interchangeabkifitgut cost if



the cost of rejected parts (out of tolerance assemblies or alaedhvariation) is
offset by the lower manufacturing cost of parts with less stringenaiues.
The idea of statistical tolerancing emerges from the concepttotdl
interchangeability of the parts. If two parts can be intergbdnmandomly within
an assembly without affecting the function or quality of the abbgrthey are
considered interchangeable and hence, the same parts.
There are different methods used in tolerance analysis. Tiedgde but are not
limited to:-

a) Manual 1-D tolerance charts

b) Linearized 2-D/3-D analysis

c) Monte Carlo Simulation
A manual 1-D tolerance analysis chart is a manual book-kegpaogdure for 1-
D stack calculations. It can be applied to parts or assemitligem be applied to
radial or linear direction. It can examine worst case only affdreint chart
construction rules apply to different tolerance types.
For 2-D, 3-D analysis, A is a non-linear function ‘f' of other ahates d, d, d..
Two common approaches for non-linear analysis are a) linearizdtfanction f,
leading to closed form solution and b) Monte Carlo simulation in whish, ¢he
results depend on the number of simulations.
Monte Carlo simulation is generally used in conjunction with pat@an€AD.
Each simulation represents one possible (and allowable) combinatiprirothis
process, random numbers are generated and values afedpicked from pre-
assigned values in tables which reflect the probability of eaciable. In the
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mean time, dvalues outside the tolerance range are discarded. Valud® of t
desired variable A are calculated from the equation(s) relafingo the
independent variables, using valuggenerated at random. After a large number
of A values are obtained, simulation is stopped and distribution of A is
determined which involves either tabulation or fitting to desired distribution.

It needs to be mentioned that determining assembly and componeandekeis
mostly an iterative process. Typically, the required asseroldyance is known
and initial set of component tolerances are determined usingjdrediimethods,
such as handbooks or past designs. This is followed by a tolerargsisat@
determine whether the initial component tolerance set resulta #ceeptable
assembly tolerance. Often the need to go back and change spegiporent
tolerances and recalculate the assembly tolerances ariseqrotess is repeated
until a satisfactory set of tolerances capable of produitiagdesired yield has
been established.

The emphasis has always been on providing a more rigorous matamat
representation of feature dimensions and their tolerances. Thstigated by
increased inspection and the use of Coordinate Measuring Machindds)CM
CMMs are high-precision, general-purpose, measuring instruments eapabl
measuring complex shapes. CMM consists of a contact probe andhamsec to
position the probe in three dimensions relative to surfaces andeleatua part.
They are finding increased use as on-line inspection machinesexibldl
manufacturing environments because CMMs may be programmed to eneasur
variety of dimensions automatically. CMMs and Boundary Representation
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Computer Aided Design (B-Rep CAD) systems represent feahygarametric
models (i.e. a series of points and lines). The greater the numipsiné to
model a feature, the closer the model approximates the feature.

The ASU GD&T Math model is a bi-level model of geometric \eora Global
model portion relates all feature control frames to each othemadeéls datum
reference frames (DRF) and their precedence. It provides afbagisometric
validation of a D&T scheme and downstream tolerance analysish®©mwther
hand, local model portion includes modeling of the composite effectlof al
tolerances on a given feature. It clearly indentifies intemacbf size, form,
orientation and position. All major characteristics of ASME GD&fandard
Y14.5 M are embedded in the formulation. Its most promising bendfiaisthe
relative volumes of regions can be used to study trade-offs in toleranceiatiocat
This research will provide an integrated view of 3-D manufacgukiariations
across all domains (design, manufacturing, inspection, quality #te)first such
model ever developed. In the long run, it is envisioned that the math aratle
other concepts developed will ease the integration of GD&T standbt.5 with

the inspection standard B 89.3.2 and CMM standard B 89.4.10.

1.2 Problem Statement

There are two problems that are intended to be investigated.ig-its¢ three
dimensional model for manufacturing tolerance transfer. For thé these
decades, industry professionals have been using the one dimensioraictler

charts for determining manufacturing tolerances during varioussgsh of



machining of the components such that eventually, the toleraa®eaified by
the designer are met. Geometric tolerances have three dimansissociated
tolerance zones and hence, it is very logical that affiettieospecified tolerance
will impact all the three dimensions. Some researchers haiutartiigsand lately
looked into the manufacturing process plans for three dimensiongisasnhlt
their technique appears to be purely theoretical and far from pedwtjcal. The
intention of this research is to develop a model that is usedifyien the sense
that it is based upon the inputs that are readily available ton#mifacturing
supervisor. Also, it is desired that the method should not be based upon the
parameters for which the accuracy of determination is itséligaquestion. In
addition, the orientation of the manufacturing datum with respetitetalesign
datum is yet to be investigated in its role on the manufacturing tolerancetransf
The second aspect of the research is to investigate the efffextividual part
statistical distributions in the resulting statistical dmitions of the assembly.
Statistical tolerance analysis still remains limitedd&termining the moments of
the distribution. Same moments can be attached to absolutely diff¢aéstical
distributions (such as two parameter or four parameter etejooditferent types
of distribution (such as standard or non standard etc). Hence, need fizetbé
the entire distribution and not only the moments of the distribution esnele
necessary for statistical tolerance analysis. Latelyes@®searchers have tried to
employ certain assumed statistical distributions in the@raoice analysis. Monte
Carlo method has been used for quite some time for tolerancesianalyposes
but this method has its limitations and inaccuracies well knowharindustrial
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circles. The intent is to come up with a model in which assunedstsal
distributions of any type could be used. Also, the interrelations of/dneus

parameters that affect the pass percentage are yet to be taken care of.

1.3 Proposal outline

The various chapters in the proposal are arranged as mentioned below:-
Chapter 1 contains introduction which includes background such as toterance
ASME standard, tolerance analysis, tolerance synthesis, CoerdiWedsuring
Machine (CMM) etc that is relevant to the research and are intendediliariam

the reader with basic areas that are of concern in this research.

Chapter 2 deals with the rationale of tolerance control andlésarece to this
research. It explains and critically evaluates the toleranoé&ol approaches in
vogue and ends with an introduction to the currently researched tole@mtcel
techniques.

Chapter 3 gives the details of the literature review of théhmaodels for
tolerance representation. It also includes the progress of thdsmvaldieh have
also dealt with the tolerance analysis using the same model. chhpter
concludes with a table comparing the different models for the vapenasneters

of interest.

Chapter 4 presents the three dimensional model for tolerance etraimsf
manufacturing process planning. The idea and methodology behind the model i

explained in detail followed by the case studies of various datum change @senari
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and different types of datum features to which the model can besstidbe
applied.

Chapter 5 presents the graph theoretic approach to relationshigereaties and
tolerance synthesis for manufacturing process planning which cordams
details about the use of ACIS, MFC, C++ and data structures whiclbe used
in the computer implementation of the model.

Chapter 6 dilates about the possibility of using different typegemmetric
variations for representing a particular type of geometric tramiaA relevant
analytical formula for one such case has been derived and explained.
Chapter 7 lays down the step by step procedure for determinirdjnie@sions
and tolerances for the manufacturing process plan. A detailed stady is
included.

Chapter 8 discusses various methods of statistical tolerancesianahich have
been used/presented by various researchers over a period of tisieh@pter
also introduces convolution at the most elementary stage.

Chapter 9 presents a new statistical model for tolerancgsabbhsed upon Joint
Probability distribution of the trivariate normal distributed variablEhe use of
Delaunay triangulation and ray tracing algorithms is explainedhe purpose of
determining pass percentages of both part and assemblies. Convolutwo of
part distributions to arrive at the statistical distribution of aesemblies is also
discussed.

Chapter 10 presents the closure of the document with the remklisved
emphasized.
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Appendix contains the literature review of the computer aidedatuterg field.
This chapter contains the evaluation criteria for commerciatdoting softwares

and also critically reviews the progress and capability of each of theaseftw
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2 TOLERANCE TRANSFER IN MANUFACTURING

Tolerance transfer (also called tolerance control) is the gs06E ensuring the
achievement of designer’s tolerances through the process of yapgcif
intermediate level tolerances based upon the manufacturing provebged in
the steps leading to the manufacturing of the part.

In other words, tolerance transfer is the set of practiceatbaised to ensure that
parts are made within their specifications.

For this research, it is assumed that manufacturing will be dueb shrough
machining. Hence, all other methods for manufacturing will not Beudsed

here.

2.1 Rationale for tolerance transfer (Tolerance Control)

Why is there a need to specify another set of toleranoesstare achievement of
the designer’s tolerances?
This could be because of several reasons:-
1. There may be several processes occurring at inconsecutive ldedere,
the designer’s final tolerance is to be broken down to tolerance=ach

individual intermediate steps.

2. The datums from which the designer specifies the final toleraray not
be available in the start of the process. Hence, different ddtane to be

specified than designer’s specified datums.

3. The designer does not include stock control mean values and itatelera

which are unavoidable from the point of view of manufacturing.
14



4. The designer is not an expert in all of the processes or theimaadhat
will be used for the manufacturing of the part. It is the manurfeg
planners that will decide on which machines will be used to achieve

final shape dimensions.

5. In continuance of the above mentioned point, the designer’s tolgrbace
is general and is meant to be applicable under different circumstances such

as.

a. Different sets of machines(based upon the accuracy levels of the

machines),

b. Different level of expertise between a set of operators,

c. Different levels of processes (depending upon the process capability

indices) etc.

The reasons for tolerance control / tolerance transfer are summarized below:-
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Rationale for tolerance transfer

. Designer Dzl
Designer does not take
does not ERAE into account
the list of ;
cater for the machine
stock control | PrOcEsses or process
N EERREIVES UETELITEE capability or
. requir
and their SqUITREG| 2 the

achieve the ,
tolerances . operator’s
final shape .
expertise

Figure 2-1 The reasons for the requirement of tolerance control

Different
datums or
non existent
datums at
the end (or
beginning)

Several
processes
occurring at
inconsecutive
order

It is the job of the manufacturing planner to devise a plan whidpeésific to
his/her floor scenario so that the ultimate mission of achiethegdesigner’'s

tolerances is a success.

2.2 Manufacturing Tolerance Chart: A definition

A Manufacturing Tolerance Chart (MTC) is a type of a taleeachart that
graphically represents a process plan (limited to toleranalgsas purposes) and
is used to manually control, the tolerance stack up when the macluhiag

component involves interdependent tolerance chains.

2.2.1 Types of tolerance charts
There are many types of tolerance charts in use theseAlagstolerance charts

are used in different ways. A few of these are mentioned below:-
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1. Tolerance chart for calculating the tolerance in a stack up

This is the older type of tolerance chart that is very famdnd had been
around for quite some time. This type of chart has been successfully

automated.

2. Tolerance chart for analysis of existing mean dimensions aed th
tolerances to determine if the manufacturing of the part acgptdirthe

blue print is viable

This tolerance chart presents a passive activity and is usdty nmothe

manufacturing environment only as a check.

3. Tolerance chart for evaluating working mean dimensions and the
associated working tolerances required by a manufacturing praces

Manufacturing Tolerance Chart (MTC)

This is the type of chart that is of most interest over heltbodgh like
anything else, it does have its limitations, but whenever a nesvint is
received from the design department, the use of this toler&iaceis an

option. [3]

The various types of tolerance charts are shown in the figure below:-
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Tolerance charts

Tolerance

Manufacturing Tolerance Chart Freliv E i

Manufacturing Manufacturing Tolerance
tolerances viability stackup
evaluation evaluation calculation

Figure 2-2 Different types of Tolerance charts

2.3 Use of 1-D Manufacturing Tolerance Charts

Use of 1-D Manufacturing Tolerance Charts has been in vogue\&iadd War
Il and still, they are very common in the industry circles tduata the tolerances
and the working dimensions at every step of the manufacturing gsroéd
calculations are performed along a single axis or direction.

A Manufacturing Tolerance Chart is a graphical tabular tool tlegicts the
contributing individual machining cuts which combine to produce blue print
dimensions. The process leads to a set of linear algebraic equataris are
representative of the relationship between each desired bluedjpnesion and
the individual contributing manufacturing operation. No doubt, it is a vang
tool for the process planners. That is why it is very commandustrial circles
all around the globe. Tolerance control is inevitable these dayseqroduction
of high precision parts at low cost.

The detail about the chart is given in the following paragraphs.
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2.4 Stages involved in the development of Manufacturing Tolerance Charts

There are three pieces of document that are involved in the deeslbpimthe

manufacturing tolerance charts:-

2.4.1 Blue print
This is the document which shows the final shape and the final dimensions

along with the related tolerances as set out by the Design personnel.

2.4.2 Strip layout
This document has all the operations listed out along with a short
description of the operation, name of the machine involved, along with the
figure of the part with different operations shown along withatfected

features.

2.4.3 Tolerance Chart
This is the final product and it contains the working mean dimensions for
each operation, along with the working tolerances. It also conta@s t
stock removal means and the related tolerances. It also sheWwalainced
dimensions along with the related tolerances and also shows theibtue pr

dimensions and the resultant dimensions along with the related tolerances.

The various documents involved in the construction of the manufacturing

tolerance charts are shown below:-
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.Manufac‘turing

Tolerance

.Strip Layout Chart

.Blue print

Figure 2-3 The documents involved in the construction of themanufacturing

tolerance charts

2.5 Pros of Manufacturing Tolerance Charts

These are listed below:-

1.

Unavoidable from manufacturing planner’s point of view

Easy to make and use

Flexibility and adaptability

These can not only cover 1-D but also 2-D and 3-D (may be) soenari

(with limitations).

Open to different methods of tolerance allocation

The manufacturing tolerance charts are not limited to any quee df

method for tolerance allocation.

2.6 Cons of Manufacturing Tolerance Charts

These are listed below:-

1. Chart specific to a situation
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Each manufacturing tolerance chart is specific to one pautisiileation
and a slight change in one parameter (mean dimension or thentelera
can lead to entire new sets of calculations and hence, a hewatiamiuig

tolerance chart.

2. Selection of one basic mean dimension a must

To start with, at least one basic mean dimension out of the oress igi
the blue print (not necessarily the same value) has to betesklax

proceed with the manufacturing tolerance chart.

3. Ineffective use of entire tolerance range

A major setback of the manufacturing tolerance charts isttlsatin most
cases, unable to use the entire tolerance range given by tlgmndedn
other words, the resultant tolerances, in most cases, aressihalh the

ones specified by the Designer.

The pros and cons of the manufacturing tolerance chart are suadhari the

figure below:-

+Easyto make and use
+flexibility and adaptability

+opento different methods of
tolerance allocation

-chart specific to situation

-selection of one basic dimension
amust

-ineffective use of entire tolerance
range

Figure 2-4 Pros and Cons of the Manufacturing Tolerance Charts
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2.7 Overall analysis of the Manufacturing Tolerance Charts

When only one part is being made, the machinist zeros out each completed feature
and uses the zeroed out feature as a datum for machining theatare.fén this

way, the tolerance stack ups are bypassed. However, when falyripatts in a

lot, the datum surfaces have to be set up by the production enbassst on a
selection of fixture locating surfaces and depending on cutting teardé&yout
decisions.

With Numerically Controlled (NC) machining, reduced toleranceksia can be
achieved by the following:-

1. Machining cuts as per the blue print

2. Eliminating manual control of machine decision affecting the cut

3. Reducing the number of locating surface changes

4. Reducing the number of attendant fixturing

However, not all tolerance stackups will be eliminated by using NC machines.

2.8 Limitations of Manufacturing Tolerance Charts

For limitations, the capabilities of the system are relewahiie for Cons,

undesirable elements of the system are relevant. The limitationstaceldelow:-

2.8.1 Non-efficient use of Design tolerance range
The main limitation of Manufacturing Tolerance is that althouglaft ensure that
design tolerances are met, it is unable to ensure that the tefgn@nce range as

specified by the designer will be utilized by the manufacturing plan.
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2.8.2 Non- proactivity of the method

Additionally, Manufacturing Tolerance Charts are not proactive. A Manufacturing
Tolerance Chart is only ready to be made when certain of thimeenmg
decisions have already been made. These include but are not limited to:-

1. The machine selection for each operation

N

. The sequence of operations to be performed

3. The selection of the locating or datum surfaces

4. The dimensioning patterns for the cuts to be made in each operation

5. The selection of the type of tooling to be used for each operation

When these decisions are such that these will not turn out the efficstnt
tolerance values, then ends can be mended with use of higher gdoatachan

what are used normally. This leads to higher production cost.

2.8.3 Limitation of use of equal bilateral tolerance system

This limitation does not have any profound effect while using theufaaturing
tolerance charts in the deterministic mode but it is fearedotimaxploring the
statistical mode of the manufacturing tolerance charts, thisation might prove

significant.
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2.9 Related trends in tolerance control

Sequential Tolerance Control (STC) is the process in whichethdts from the
earlier operations are used to locate appropriate set pointatéoroperations
during the execution of a process plan.

In probabilistic search method for Sequential Tolerance Control,eNdéad
downhill simplex method is used to optimize an estimation of thEedzd
process yield. This technique is as effective as Sphere-Fittieiipoas for
normally distributed process deviations, but for skewed distributions, the
probabilistic search method has yielded better set points thamysawiethods in

different research studies.
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3 LITERATURE REVIEW : MATH MODELS

This chapter deals with the explanation of the math models. ThHe mMadels
discussed over here are not only the ones that are used for tolerance reapmesenta
solely but also, the ones that have been advanced into the tolaretysis phase

as well.

3.1 Math models for tolerance representation

3.1.1 Parametric models

Parametric model consists of a set of correlated mathemagiadons in which
diverse situations are defined by means of varying the valuessef af fixed
coefficients (parameters). Other commonly used names for liekat@nal model
or constraint based model. However, in all, tolerances are reprbsante/-
variations in the dimensions. In parametric model, constraintsa@ed by
assigning values to the model variables sequentially where ssigmed value is
computed iteratively.

Hillyard et al [4] proposed a system that specified geometmstraints between
part co-ordinates so that possible variations were restrigtedrange given by
certain particular tolerances.

In order to carry out dimensioning, they regarded an object as ameengg
frame structure whose members and joints correspond to the edigesraces of
the object. The members were initially of unconstrained lengthaliritie joints
were pin- joints. Adding a stiffener to the frame was constlexdding a

dimension to the object. Various types of stiffeners and their cotramsavere

25



defined depending on the dimensions which they fixed e.g. a distance lamang
a plane.

All stiffeners carried some information such as separation arehlanumber.
Separation was stored as a unit vector with a magnitude whilenuenber was
for tolerance. They successfully showed that small geometriations could be
related to dimensional variations through a ‘rigidity matrixheTresults were
shown for polytopes in 1-D, 2-D and 3-D and it was expected tha¢ tlesslts

could be extended to spaces of higher order depending on the degrees of freedom.

Figure 3-1 (a) web (b) strut (c) plate (d) A Dimensioned&nd Toleranced

Polygon [4]

Hillyard and Braid [5] further enhanced the idea by visualizirggdata structure
defining an object as a pin-jointed, infinitely elastic wire featovered all around
by elastic membranes. They regarded shape descriptions amidynachanism
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rather that as static entities. They promised that engmedesigners would be
able to question the description to explore derived geometric quarditigbs
production engineers will be able to explore the tolerance information rédaire
manufacture planning.

Gossard and Light’'s work [6] paved the way for the generalizatidhe model

by providing novel mathematical and geometrical tools to geammet
representations. They used three-dimensional constraints between the
characteristics points to identify an object’'s geometry wihiée alteration of the
geometry was achieved by altering one or more constraintsatAx method was
used for the shape determination of the part through simultaneous salfition
constraint equations.

Simply said, the parametric models of Hillyard and Braid reptedéstance
relations between points, lines and planes. Hence, the CAD modavas thy

key dimensions. The relations were represented as algebratmaguhat could

be solved sequentially or simultaneously. The sequential solutionimigesdl to
uncoupled equations. The tolerances were added as +/- variationse of t
dimensions.

Gossard and Light [7] depicted a fundamental approach to adapt a geomet
model, a procedure for significant reduction of the number of consé@utions

to be solved and the effect of sparse matrix methods in reding@rtgrte required

to solve the equations.

The constraints were represented analytically by nonlineartiegsaof the
following form
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Equation 3-1

Fi(x,d)=0 i=12,..,m
Where d= the vector of dimensional values
x=the geometry vector
m=the number for constraints
Using Newton-Raphson method, change in the geometry vector for eeatiort
is found by solving the matrix equation:

Equation 3-2

JAx =71
Where J= is the Jacobian, a (mxn) matrix containing the partinlatiees of
each constraint equation with respect to each degree for freedom
While Ax= the vector of displacements, given by

Equation 3-3

Ax = {Ax;,Ax,, ..., Ax,}T
And r is the vector of residuals, given by

Equation 3-4

r={-F ,—F,, ..,—E,}T
The sparse matrix methods can be used for the solution since tieadas a
sparse.
Harwell Subroutine Library (a collection of Fortran 77 and 95 codesatithess

core problems in Numerical Analysis) enables to have the soluatiGn(n) + O
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(t) time where the size of the matrix is nxn ancepresents the number of non
zeros. This is a substantial savings over the Gaussian reductibndmehich
takes O () time.

Although, their effort was mainly concentrated on the definitionraadification

of geometric model, they suggested that the method can be usedetr dir
analysis of a tolerancing scheme.

They pointed out that system could compute the maximum variation imsiome
(tolerances) in order to satisfy the specified tolerances. 3inggested using this
by the designer for having a quantitative basis for specityilegances. Gossard
et al [8] explained a technique to automatically translate clsamgéimensional
values into related changes in geometry and topology.

As the model is based on satisfying constraint through ex@exiuencing,
parametric models are rapid. As parametric models work withati@mi of
dimensional parameters and not the tolerance zone, none of the geometric
tolerances can be implemented; similarly, neither Datum r®sfe Frames
(DRFs) nor directed datum-target relations have been incorporateindac
models are unable to discriminate between different types of variatioreftdst
The approach does not model the tolerance zone.

The model has not been completely successful in the tolerangssiana 3-D
profiles due to partial success in solving constraint equationgtameously in 3-
D and the equations are normally written for the length ofg$tirdine, limiting

application usually to polyhedral parts only.
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3.1.2 Variational Surface models

In this model, tolerances are associated with surface defingimasned by the
model variables. With the change of model variables, the boundaryeswiffac
variational part is permitted to vary independently. Variationdlases are used
to calculate the positions of the vertices and edges.

Turner et al [9, 10] proposed that each surface is varied independsntly
changing the parameter values. These parameter values aweniused to
calculate NURBS/ B-Spline surface coefficients. Alterndyiveach surface is
broken into several small patches and each patch is fitted wtidindard higher
order patch. The approach was applied to solving the problems of eliginat
rigid — body motion, handling incidence and tangency constraints and ngpdeli
form variations. No relation could be established between the parancd the
higher order surfaces and the standard tolerance classes.hdsmodel is not
very efficient with highly non-linear relationships and is comporeaily
expensive. Still, this model has also been used for automated tolerancesanalys
Roy et al [11] applied a computational scheme for geometricratute
representation and interpretation on polyhedral objects. Variatiorsapetied to

a part model by varying each surface’s model variables whiale we turn
constrained by relations derived from tolerance zones.

Yau [12] compared the measurement data with a nominal CAD raadéhence,
offered a CAD model-based approach for examining form tolesamsiag non —
uniform rational B-splines (NURBS). Since coordinate measuringhmes
(CMM) are more flexible in measuring dimensions and evaluaihgrances,
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integration of CAD and CMM is an important aspect of overalhuf@cturing
process and quality assurance. The classical methods geneoalbtruct
substitute geometric features from the measurement data.viegvine evaluated
these features from tolerances by making a comparison of theuneenent data

with a nominal CAD model.

3.1.3 Offset Zone model

Offset zones are obtained by offsetting the nominal boundary gfatheby an
amount equal to the tolerance specified on either side of the nommnabrst
case analysis, offsets for the maximal and minimal objects amhieved.
Tolerance zone is the region in between these zones and this esthnérontier

of the part must lie.

Figure 3-2 Offset Zone shown on the CMM arm hinge. The contuous line
(blue) marks the ideal boundary while the dashed line (k) shows a
positive (increased material) offset. The inner most dashedbtted line

(green) shows a negative (decreased material) offset.
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Requicha [13] while proposing this model, pointed to tolerance speificad a
collection of geometric constraints on an object’s surface featuhéch are in
turn referred to as two dimensional subsets of the objects’ boundarji4He
disproved the CSG’s incapacity to deal with features and tolesamequicha
mainly employed Minkowski operations for carrying out offset activities.

A trivially diverse version of the model can be attributed to #man and
Srinivasan [15, 16] which they called Virtual Boundary RequiremenBR{V
(half space) approach. They introduced the concept of Conditional fcdera
Zones (CTs) which were generated thru the offsets of half sp@be model is
useful for measurements by Coordinate Measuring Machine (CMkdgeBs
planning and control and statistical tolerancing. However, CTs cannot be
explicitly derived from half spaces and this work is currengistricted to a few
specified features.

Offset zone model is not conformant to Y14.5 as it is not capakiarafling
interaction and coupling of various tolerances since it requiresaepolerance
zones for each type of tolerances on the same feature. Dat@reitef frames
cannot be modeled also as is the tolerance applied to derived feamresid

planes and axis.

3.1.4 DOF model

In DOF model, the primitive geometric entities e.g. points, lineangd are
treated as if they were rigid bodies with degree of freedomF|DDhe global
GD&T model developed at ASU is based on this approach. The ideairatas f

pioneered by Kramer [17] once he defined a general purpose symlsiémstp
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reason out assemblies based on degrees of freedom and relativaimsnstr

Bernstein and Preiss [18] described the same idea independently.

3.1.5 TTRS model

In TTRS model, Clement et al [19] determined seven elementafgcear
including planes, cylinders, spheres etc which were unchanged Py an
displacement and rotation. For these surfaces which were ciledriologically

and Topologically Related Surfaces’ (TTRS), they specified 28eréift
geometric relationships corresponding to 44 reclassification casds the
remaining degree of freedom for each combination. A TTRS is apairrfaces
that represents a unique part or product and is associated bymfahcglations.

For each tolerance related to these TTRS, the tolerance zsnepvasented by a
torsor which is a six dimensional vector containing three displaseand three

rotation values.

Surface Classes Degrees of Surface Classes Degrees of
freedom freedom
3 1
O 0 translation m | O translation
. 3 rotations 5- Surface of revolution | rotation
1- Spherical surface
3 <= : 1
D 2 translations -'L 1 translation
y T I rotation 0 rotation
A AL SITRACS 6- Prismatic surface
2 0
'E} 1 translation () translation
3- Cylindrical surface | | rotation ) 0 rotation
' 7- Complex surface
D ;
1 combined
4- Helical surface translation
and rotation

Figure 3-3 Surface classes in the TTRS model [19]




Desrochers, A. & Clement, A [20] discussed that any part caadresented as a
tree formed of succession of binary surfaces. They represesaigld surface
association as a TTRS object by a set of minimum geomettiendalements
(MGDE). This MGDE is basically a system of minimum datueference frames
needed for each type of tolerance. However, there was no meatirgjudshing
between the various types of variations and also, there was ndem@tisin for
datum precedence. Clement et al (1997) & Srinivasan (1999) also intratieced
concept of Minimum Reference Geometrical Elements (MRGEXhviare the
situation elements e.g. Beziers's surface polygon or a cyladerfor specifying

the relative position for surface A in relation to surface B.
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Figure 3-4 Association and reclassification cases for TTRS [21]

Based on TTRS model, Salomons et al [22] developed special softwaiatthe
designer in analyzing and specifying the tolerances. In thisdetd of equations
were generated, based upon the number of points at which quality of¢mebhs
is judged. This number is in turn dependent on the nature of surfacgatieso
Most critical direction of assembly which was called Virtidan Fragment
Direction (VPFD) is determined using Virtual Plan Fragmerdl&@asimilar to the

plan fragment table used in DOF analysis.
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B.Anselmetti [23] proposed an approach based on the expertise of theedes
called, ‘method CLIC’ (French abbreviation) which is in accordanth 1SO
[24] and ASME standard.

Desrochers [25] applied the tolerance transfer techniques to Ti&tel and
simulated tolerance chains or stack up which were generatedisxgrto paths or
loops on the TTRS tree. Tolerance transfers are inevitable wdesign
specifications cannot be achieved directly in one single machinimgtape In
terms of TTRS representation, tolerance transfer will efreue the difference

between the TTRS design and process plan trees.

3.1.6 Kinematic model

In the kinematic model, the degrees of freedoms are used but nonwdduygses
of freedom are associated with different types of kinematic joints.

Rivest, Clement and Morel [26] were the first to pinpoint the rkiaigc facet to

tolerance analysis. They proposed kinematic formulation of full 328mgptric

and dimensional tolerances.

In this model, a kinematic link is utilized between a toleramree and its datum
feature. It treats the mating conditions as corresponding kinefjoatis and

variations in certain non-fixed components of the six degreesefldm of the
joint are consumed to incorporate the geometric tolerances.

Leo Joskowicz, Elisha Sacks, and Vijay Srinivasan [27] documentgheral

method for worst-case limit kinematic tolerance analysis hichvthe tolerance
specifications on the part were utilized for computing the rangaradtion in the

kinematic function of a mechanism. They called it ‘Kinematitefance Space’
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which is a model of kinematic variation. They derived propertiethisf space
which is an expression of the relationship between the nominal kirosnedti
mechanism and their kinematic variations. An efficient kinentaterance space
computation program for planar pairs with two degrees of freedatavisloped
based on these properties. It claimed capturing both the quantitattve a
gualitative variations in the kinematic function due to part variatibhis. method
is all inclusive for all types of mechanisms with parametn geometric part

tolerances.

K Kinematic Motion
F Ceometric Feature Variation

Cylindrical Slider Joint Planar Joint

Figure 3-5 Cylindrical slider joint and planar joint; a pictori al comparison

[28]

Kyung and Sacks [29] explored the non linear side of this work. In¢hse, the
part profiles consisted of line and circle segments instead mdippeairs. A vector
of tolerance parameters with range limits is used to parageethe part shapes

and motion axes. This work analyzed the system in two steps. fBhestip
37



involves the construction of the contact zones which are generatiméduration
spaces that bound the worst —case kinematic variation of the pairstheve
tolerance parameter range. In the second step, composing of tiseizcaeried
out by bounding the worst-case system variation at designated configurations.
Chase et al employed this model in the study of tolerancesamayd synthesis
by representing contacts within mechanisms using kinematic doomsecThey
established vector loops around a functional requirement which led ttria afa
connectivity. This system was initially limited to 2-D but tat€hase, Gao and
Maglegy [28] enhanced its applicability to 3-D by exploiting Hessnatrices.

The Hessian matrix is the square matrix of second-order partial derivatives of a

function.
Righd {po moton) Prismatic Revalute Paralke] Cylindrical
Cylindrical Spherical Flanar Edge Slider
&
Cylindrical Elider Foint Elider Sphercical Slider Crossed Cylinder

Figure 3-6 3-D kinematic joints and their degrees of freedom [28]
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Laperriere and Lafond [30] presented the model that associatedfassevirtual
joints, to every pair of functional elements in a tolerance chdwesé virtual
joints were used to furnish for position and orientation tolerance on two functional
elements within the same part. The resulting six equationg thkatew position

and orientation of a point of interest in the chain (in Cartesiareypa the small
dispersions of the functional elements of chain (in joint space).

Kinematic model cannot integrate Rule #1. However, it can beadilia depict
floating zones. Form tolerances cannot be built-in. They have not belntma
hold information such as DRFs. This model cannot be extended to combine the
interaction of geometric variations with size dimensions. This miedgdt to be
ASME Y14.5 Standard compliant. The model has not been shown to cater for
directed datum target relations. However, the effects of bonus afdahibe

positively included as well as datum precedence.

3.1.7 Vectorial Model

In this model, the position, orientation, form and size tolerance foaraare
represented by four vectors. Two parameters are coupled to eatdr vo
represent a) nominal state and b) variation. A real surfackefised by the
vectorial addition of the nominal states and the variations. WrifzW}as the first
one to use this approach. This model is also known as VectoriahBioméng &
Tolerancing (VD&T) model.

Georg Henzold [32] carried out the comparison of vectorial toleranai
conventional tolerancing. Martinsen [33] presented examples of appiicait

vectorial tolerancing to manufacturing systems. Krimmel arattivksen [34]
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showed the application of vectorial tolerancing to analyze thefantebetween

the forging process and the machining process. Bialas [35] igenpfoblems

like definition of co-ordinate systems or interference of sigd form/position
tolerances. Bialas, Humienny and Kiszka [36] discussed problemsigduri
conversion of ISO-tolerances related to planes and cylinders.

One of the biggest advantages of this model is that it can beaipatpbint the
erroneous manufacturing method based upon the defects in the surfacgegene
However, form tolerances cannot be adequately represented and neddaan ex
column in the table or have to be specified exclusively on taeidg. VD&T
model does not however, contain any information about the localddiges part.
Additionally, it is cumbersome to stipulate conditions such as envetopbtion,
maximum material requirement or least material requirement.

Desrochers [37] presented the matrix approach for toleranceseapaiton using
homogenous transforms. This approach is intimately coupled to tien ruft
constraints. This model has been successfully employed in the destionsof
clearances and the transfer of tolerances. Desrochers [38]sttyg@mbining

the two existing models: Jacobian model which is based on the isiinge
modeling of open kinematic chains in robotics and the tolerance zone
representation model, using small displacement screws and cotssttai

establish the extreme limits of variation of point and surfaces.
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3.1.8 Multi-Variate Region model

In this approach, geometric entities (planes, lines, cirgleyder etc) are mapped
to a hypothetical vector space defined by the basis points orclomessponding
to geometric variations.

The most developed model under this approach is the ASU local ledsl m
called a T-Map as its flag star. In order to understand thé foodel, more

clearly, it will be worthwhile to look at the various aspects of the T-Map first

The important characteristics of the t-map are listed below:-

a) -The overall dimensions of the T-Map are dependent on the values

of the tolerances applied.

b) -lts shape is dependent on the shape of the feature and the type of
tolerance. Hence, for rectangular shaped feature, the T-8Map i
right- rhombic dipyramid, for a square, it is right square dipydam

while for a round feature, it is a dicone.

c) -Each T-Map is oriented in the point space w.r.t. another T-Map

depending on the orientation of the feature that it represents.

d) -Accumulation of variations can be represented by Accumulation

T-Map which is a Minkowski sum of two or more T-Maps.
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e) -For the target feature in a part/assembly, a functionsllap-is
created which assumes perfect manufacture (zero toleranc¢kg for

parts / features in the stack up (except for the target feature).

The idea of T-Maps was proposed for the first time in a NSFagsalpby
Davidson and Shah in 1998. Mujezinovic (MS thesis 1999) developed 3-D T-
Maps for regular block and regular cylinder with size, form anéntation
tolerances applied. Orientation tolerance has the effect of cigpge T-Map for

size in all orientation directions while form tolerance caulsesTtMap to vary in

its scale which gives a series of T-Maps. Tolerance ailmt for an assembly of
rectangular or cylindrical parts was also modeled along wittstihek up. This
work also included the development of stack up for an assembly ofivghr
offset along with some basic idea about the use of statisttbsTwMap. He
demonstrated the use of the model to distinguish the effects ofediffdatum

sequencing on the allocation of orientation tolerances.

Davidson and Shah (2002) developed T-Map for lines (axis of cylindeaalre)
with position tolerance. This T-Map was developed using fivewscreith
different orientation and position. These five screws representadtiaions in
position of the axis. Tab and slot case was dealt by Davidson ahd(&)@8)

with material modifiers applied at the part level.

Bhide (MS thesis 2002) further enhanced the 5-D model for the agydirdrical
feature by including the orientation and form (straightnesd)a@lready existing

T-Map for position tolerance. He especially discussed theartien of the
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tolerances and its effect on the T-Maps for two coaxial haldsaaslotted block
with two pairs of coaxial holes. This work also included studyTtdap for pin

and hole (cylindrical surface) having size, position, form (cyloiy) and

material modifiers. He also developed T-Map for cylindrical fidl&r various
tolerance zone shapes. He also investigated the effect ofi@eletidatum and
the sequence of datums on the shape of the resulting T-MaprtHer fextended
the model for stack up and tolerance allocation for position in cancéegarings

and stepped shatft.

Ameta (MS Thesis 2004) created T-Map for different spetifina on angled
faces. He carried out a comparison of the permitted variatiotis different

specifications on angled face by comparing the volumes afdhresponding T-
Maps. He performed tolerance analysis on an assembly with ghres stacked
vertically using T-Maps for angled faces. This work alsoudeks combination of

features to control the invariant degrees of freedom of each feature.

Ameta also created a point line cluster and utilized it falyzing the picture
frame assembly. Volumes of the corresponding T-Maps were usedhfmace the
different specifications on a picture frame part. This workuidet! the creation of

a 6-dimensional T-Map for a point- line — plane feature cluster.

Singh (MS thesis 2006) extended the T-Map model to include featuernsat
such as a pattern of holes, pins, tabs and slots. He used T-Mapprisenting
the variational possibilities in (a) a one-dimensional pattemmufiple tabs and

slots (e.g. the linear array in a piano hinge or an angular trralygn parts that
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are intended to be co-axial and (b) two — dimensional patterpm®fand holes

that are intended to engage (e.g.) an integrated circuit and its plug = base

He also incorporated the effect of composite tolerancing for tiverpaf features
on T-Maps. He developed T-Maps for both composite feature cordrakf and
two single-segment feature control frames. The effects dfdmg an additional
datum in the lower (secondary) feature control frame and the @dditia datum

with MMC specifier to the T-Map is also considered.

Ameta (PhD thesis 2006) presented a probability model for conducditistisal
tolerance analysis and allocation using functional T-Maps andatibocT-Maps
(as defined earlier). He determined a functional surface basedhggeometry
of the target feature and a specific value of the dimensiomtefest which
intersects the accumulation T-Map. This results into the commatspgoetween
the functional surface and the accumulation T-Map which providesagaures of
all variational possibilities of the parts, which will resulta the specific value of
the dimension of interest. A probability density function is achiewedhmosing

different values of the dimension of interest.

To complete the contribution of Arizona State University’'s bi-leusbdel,

advances on the global model are mentioned below.

The global model is based on a dimension and tolerance graph whichts a da
structure to inter-relate all feature control frames on a parissembly. The

geometric entities and their attributes are represented bsethef nodes in the
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graph. The dimensions along with their dimensional tolerances aeseeped as
the set of arc between the nodes. The dimensions include both specdied a
implied dimensions (such as parallel & perpendicularity). When g&am
tolerances with respect to datum entities are representechtharcs in the graph
are directed. The rationale for D&T is through grouping geomeinitties in
“clusters.” Entities that are mutually completely constrainexl aaganized into
clusters.

Shah and Zhang [39] separated linear variations from anguletiearin the
global model for GD&T. Three basic geometric elements (pointss,lipkanes)
and three features of size (parallel faces, sphere, and cyhmeler considered in
the underlying model. This model is fully consistent with Y14.5 Micéad and
accounts for datum precedence also.

Kandikjian, Shah and Davidson [40] combined the constrained entities into
progressively expanding clusters which were used to represent Batiarence
Frames, constraint groups of geometric entities, patterns, ontine part. The
method presented is ISO/ANSI/ASME compliant and can handle spexdtaln

and profile entity relations. Ramaswamy (2000) used the model toogegel
GD&T advisor system. It basically interacts with the user ginds feedback viz

a viz specification and validation of the tolerancing scheme aggufom the

ASME Y14.5 -1994 and good practice rules perspectives.

Wu (2002) refined the global model and adapted it for Computer Aided
Tolerancing (CAT) from the point of view of assisting in tolera specification,

validation and analysis. The computer model was developed in the form of a
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attributed graph. She also developed a DOF symbolic mechanism whidtesl

the DRFs and pinpoints the conflicting controls.

Wu carried out a study of two algorithms for computing the Minkovgkn of
the convex polyhedral in 3-D space (3-D polytopes). One was basemhwexc
hull and the other on slope diagrams. Convex hull algorithm as found in the
literature was very costly while in the existing slope diagedgorithm, in order
to merge the slope diagrams of the two operands, operation rebgtaphic

projection from 3-D to 2-D was required.

She improved the computation time and complexity for both algorithmshand t
computational accuracy of the slope algorithm. This was achievadihy a pre-
sorting procedure before constructing a convex hull for the convexbaséd
Minkowski Sum algorithm and using vector operations to find the intéoeta

between points, arc, and regions on a unit sphere for the slope diagram algorithm.

Shen (2005) investigated the current tolerance analysis method®eidped a
set of computer —aided tolerance analysis tools, i.e. automatezhtmerharting,
3-D feature variation and T-Maps based tolerance analyses. udedstthe
representation and automatic creation of the global model, which hebddsas
a superset constraint-tolerance —feature graph base GD&T modedritta out

the automation of the manual tolerance chart based method.

Shen’s work also includes the study of the 3-D feature variation toderance

analysis, which was carried out to perform tolerance analyssnimylating 3-D
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geometric variations. He carried out the development of a genediaabust
Minkowski Sum framework for Minkowski sum operations, development of the
modeling functions to the different T-Maps, display of higher dinogas T-
Maps and case studies for T-Maps based worst-case angiysiy, he offered
recommendations to the designers about the suitability of a methadyipe of a
problem after conducting a comparative study of the tolerandgsaaethods
(i.e. charting, 3-D parametric and T-Maps based).

Somewhat analogous idea to T-Map was used by Zou and Morsenid 1yas
modified to call a ‘gap space’ model. They used the model to cargssamble-
ability analysis. In this model, gaps are used to simulate @ngnrelation
between features. To identify the necessary and sufficient camdior
assembleability, a graph is generated and a set of fitting comlis discovered.
A test of the relationship between the tolerance region and temblysregion in
the assembly space is generated and executed. They carried watrst case and
statistical tolerances along with identifying over constraeskemblies based on
the relationship between the fitting conditions.

Turner and Wozny [42] presented the approach in which instances of the
toleranced part is mapped to points in normalized vector space oveedhe
numbers. This approach was successfully exploited to automatentdegnalysis
and tolerance synthesis using solid modeling technology. Turner Bt3jl
introduced M-space which is a succinct representation of both diomahsind

geometric tolerances and is still standard compliant. It \wa#/s that M-space
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theory is highly effectual in development of efficient toleragcahgorithms and
solution of such problems.

T-Maps are discussed in greater detail in following sections.

3.2 T-Map; An Introduction

3.2.1 Whatis a T-Map?

A tolerance Map (T-Map) is a hypothetical Euclidean point spdgeh is a one
to one map of the geometric tolerance zone.

A tolerance zone is the actual zone of space that includethelpossible
variations for the target feature. The size and shape of {depT reflects all
variational possibilities that can be taken up by a target &eafline above
mentioned variations arise due to the specification of the variousrioks on

various features of interest. [44, 45, 46 and 47]

3.2.2 Basic impulse behind T-Map

The basic impulse behind the creation and development of T-Maps afipears
to make more visible and mathematically representable tagoredhips between
dimensions and tolerances and between the different classes of tgeome
tolerances. This makes the relationships more understandable dand@asiable
into CAD software. Another important emphasis is to make it cordble to

ASME Y 14.5 standard.
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3.2.3 Conformance to ASME Y14.5 Standard

In order to achieve the conformance to the standard, the model $atssty the

following criteria:-

Each tolerance class is represented by a region or zone sl is
dependent on the type of tolerance and the type of tolerancedefeat
Rule #1, material condition and value of the tolerance control the size
of the tolerance zone while the datums and the type of tolerance

controls the orientation of the zone.

Rule #1 provides the opportunity for the tradeoff between the size and
form for a size specific tolerance zone. This rule says that themize |

specifies the extent to which variations in form and size are permitted.

All Dimensioning and Tolerancing relations are 1-D i.e. datum-to-

target. This statement however is not applicable to size tolerance.

The coordinate direction of control is determined by the order of

datum precedence.

The concept of floating zones is catered. Floating zones as thee nam
suggests are the tolerance zones that float in another tmdezane.

Examples are the form tolerance zone which has floating position and
orientation within the size zone and the orientation tolerance zone tha

floats only in position within the size zone.
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vi. The concept of bonus tolerances makes it possible to trade position
variation for size variation. In addition, position tolerance zones may

also ‘shift’ with the datum under certain material conditions giving

rise to shift tolerances.

vii. Tolerances can be applied to both resolved entities i.e. axes, mid-

planes and to boundary elements such as faces and edges.

To sum up, in order for the model to be consistent with the ASME Y14.5
standard for T-Map,
a. Distinct representations should occur for tolerances on size, form,

orientation and location

b. The above should hold even when applied to the same feature

c. Distinct shapes and sizes should occur for different sequence of

datums

d. Distinct dimensions and shapes should occur for tradeoffs
(coupling) between tolerances, such as between size and position

or size and form.

3.2.4 Areal coordinates
The T-Maps are generated on the basis of the use of arealnadiesdiA small

discussion of areal coordinates follows.
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In the entire literature on T-Maps, areal coordinates amreeted again and
again [48, 49]. Areal coordinates are the generalization of thgc&aric
coordinates.

Barycentric coordinates for a triangle represent the valtizeoiasses positioned

at the three vertices of the triangle. Any poiiP’ within the triangle can be

represented by a linear combination of the three barycentric natedi This
means that the values of the masses at the three vertittes tofangle could be

adjusted such that a particular positiolP’ is occupied within the triangle.

However, the point P is not restricted to within the triangle ahpoints within
the plane containing the triangle can be represented by the iaigce

coordinates. The point‘P’ is referred to as the geometric centroid of the three

masses.

Also, the barycentric coordinates t, and § are proportional to the areas of the
triangles AA-P, AsAP and AA:P where A, A, and A are the vertices of a
triangle.

Barycentric coordinates are homogenous, so
Equation 3-5
(t1, 2, t3) = (Uty, uty, uts)

for p0.
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Barycentric coordinates can be normalized so that they reptégeacttual areas

of the sub triangles. Such coordinates are known as the normalizeriacy
coordinates.
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Figure 3-7 The basic tetrahedron with the values of the basipoints shown

along with interaction and use of areal coordinates in the trarfermation
from tolerance zone to T-Map

Hence,

Equation 3-6

Al‘l‘lz +13=1

In barycentric coordinates, a line has a linear homogenous equation. For example,

a line joining points, ¢ ry, r3) and (s, &, $) has equation:
Equation 3-7

A Az A
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Areal coordinates are the barycentric coordinates normalizéthsthey become
the areas of the triangles, %, PA/Az; and PAA; normalized by the area of the
triangle AALAs.

The concept of areal coordinates is not limited to 2-D or 3- and can be

extrapolated for higher dimensions.

3.2.5 T-Maps for size

The 3-D T-Map for a rectangular face is shown in the fi@€e It is a one to one
mapping of the tolerance zone (tolerance zone shown in figure BHs

tolerance zone exists at the end of the rectangular bar of lengtid cross
sectional dimensions,c d.. It is imperative that all points lie within the plaras

ando; and within the rectangular limits of the face.

Figure 3-8 Tolerance zone for size tolerance on a rectangular bar
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Figure 3-9 T-map for size tolerance on rectangular face. Octaldeon

containing the tetrahedron can also be seen.

Measures along the s-axis of the T-Map represent pavalligtions of the plane
negatively along the z-axis in the tolerance zone while the - cp- axes
represent the orientational variations of the plane about the yxamaebs,

respectively.

To construct the T-Map, initially the four planes ..., o4 are identified, that
cover the entire tolerance zone and later, these four planes appear oints in

the T-Map. The following table gives the vertices of the TpMiaat lie on the

corresponding planes of the tolerance zone:-
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Planen Points-on-the-planex ]
ots ABEE= |
2= CDHG= )
3= CBEG~ )
7= ADHE= )
98 CDFE= )
od'n ABHG= 1

Table 3-1 Identification of the plane/points in the tolerance zone/T-Maps

The premise behind the selection of the basis-points was to theke&-Maps
consistent with the existing results by others, although somesé tlesults were
obtained by intuition only in addition to others through math models. The
maximum distance between ando; is t. Any point on the line & represents

the orientation of a plane that contains O and is tilted attaieangle that is
dependent on its position along thesQine. If it is at O along the & line, then

the tilt is zero. If it is atoz along the same line, then the tilt is maximum

permissible.ss is the plane for which the orientation ef is reduced from

tdy/dy to t. o4 is identified only for the purpose of identifying the reference

tetrahedron inside the T-Map.
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Figure 3-10 T-Map for size tolerance specified on the round face

3.2.6  T-map for form and orientation

Mujezinovic et al (2001) showed the sensitivity of the T-Map topileeedence
(ordering) of datum reference frames. For this, they defirestifig zones and
internal sub-sets. Floating zone for form and orientation are codtaitiein the
tolerance zone for size. They can freely move within the sieeance zone and
occupy any position within. On the other hand, internal subsets areNtep§
that are internal to the T-Maps for size. T-Map for the $ achieved by taking
the Minkowski sum of the internal subset for form and the other sdbset
displacement of the warped surface.

In order for catering the orientation tolerance, a subset igrddsed to represent
orientation tolerances. The net effect is that the regionsg@adT-Map that is

smaller than, and has a different shape from that for size.
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3.2.7 Examples of T-Maps for form and orientation

3.2.7.1 Tolerance-map for a face with size and orientation tolerance:
Parallelism

If a parallelism tolerance is specified for the targeefwith respect to the datum

A, this would cause a control of orientations of the target fattie negpect to the

x- and y-axes. Points along the p'q" plane of the T-Map magnipgar variation

of the target face about x- and y-axis. The T-Map gets trunedded p- and g

beyond £”, when the allowable orientations of the target plane about x- and y

axis are limited by’

The result for the T-Map for circular bar with size and oggah tolerance is

shown in the figure below:-

Figure 3-11 Modification of the boundary of the T-Map by orientaton

tolerance
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3.2.7.2 Tolerance-map for a face with size and orientation tolerance:
Perpendicularity

Similarly a perpendicularity tolerance can be specified Her target face with
respect to the datum C. A control of orientations of the targetvigth respect to
the y-axis will be implied by this perpendicularity refinemerth respect to C.
Now, the points along the p" axis of the

T-Map maps the angular variation of the target face about-theés. The T-Map
gets truncated along p° axis beyogtdnce the allowable orientations of the

target plane about y-axis are limited gy t

3.2.8 Tolerance-map for a face with size and form tolerance: an example
Internal sub-sets within a tolerance —zone on either size orqguosite used to
represent form variations (e.g. warp). Form tolerance t' apgdied limits the
amount of warp. The T-Map for position (or size) tolerance t appbethe
feature represents the combined form variation and companion passitfiit
location of the warped feature at a particular instance. Ehils observance of
Rule # 1 of ASME Y14.5 Standard.

Figure below shows the tradeoff between the array of subsefisrfiorand their

companion locations within the T-Map of figure 3-12.

58



Figure 3-12 The array of subsets for form (upper dicones) andheir
companion possibilities for location (lower dicones) withinthe T-Map for

Figure 3-10.

3.2.9 Material Condition

The modifier M for maximum material condition (MMC) impligitlapplies a
linear coupling between the tolerances on size and position. Thissrttest the
narrower the tab (within the specified toleranyethe greater the freedom (bonus

tolerance) for its location (for a tab & slot assembly).

Figure 3-13 The effect of the material condition on the size of the T-Map.
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Figure above shows the change in the size of the T-Map waiigehin material
condition as specified by the material modifier M for Maximunatéfial

Condition and L for least material condition.

3.2.10 Process of conforming of the T-Maps
In this process, all variations of every feature are repredext the variations of

the target face.

3.2.11 Accumulation T-Map
After the conformed T-Map is obtained, the next step is the develapaof the
accumulation T-Map. An accumulation T-Map is a T-Map which sgnts the

accumulated variations of all the parts in the assembly at the target face.

3.2.12 Process of obtaining Accumulation T-Map
Conformed T-Maps for all the toleranced part-features arendateor all parts
that lie in the stack up. All these conformed T-Maps are toenbined together

through Minkowski sum to get the accumulation T-Map.

3.2.13 Minkowski Sum

Minkowski sum of two sets A and B is the sum of every elements#taA to
every other element of set B. It is also known adilation’ or the binary
dilation of A by B. Symbolically,

Equation 3-8

A+B={a+blacAbeB}
If the set A and set B have only one member, then it reduces to vector addition.
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The algorithm for Minkowski sum in 2-D is fully developed as far as polygons are
concerned. Only three algorithms for 3-D Minkowski sum have beermogeddill
now, and they can deal with planar faces only. The main steps involvibe i
different algorithms are:-

1.) To continuously locate the corresponding points(having the same tangent

direction) on the profiles of two operands

2.) To vectorially add these two points to obtain the new point on the resultant

profile.

The two main approaches for polygons in 2-D are:-

a.) Slope Approach.

In this approach, the normal of the edges in two operands ard sotte
based upon the polar angle and then concatenated one by one to get the

resultant polygon.
b.) Support Function Approach.

Distance of the point to the origin is described by the support umcti
Minkowski sum of two profiles is equal to the addition of the numkrica

values of the corresponding distances.

As mentioned earlier, all approaches in 3-D work on polyhedrons only.

i) Vectorial Approach
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In this approach, the vectorial addition of every vertex in two operands

is carried out followed by the convex hull of the point cloud.

ii.) Sub - interval Approach

In this approach, a feature volume is divided recursively into sub-

intervals along n dimensions.

iii.) Slope Diagram Approach

In this approach, 3-D profile is transformed into 2-D followed by the

sorting and relating of the two operands according to their normal.

3.2.14 Functional T-Map

It is a T-Map for an assembly with all parts perfecteptdhe target feature. That
means that only target feature will have tolerance spedcifiele all other parts in
the assembly will have only their characteristic dimension pécand no

tolerance applicable to these remaining parts.

d -\")‘:.’_\_’_\_j . -h-;_,‘,\z.— Functioral target fice . _
\_‘ _ -‘---H'":)'/ p.
o [ @) I

Figure 3-14 Tolerance-Maps (a) for Part 1, (b) for Part 2, (c) for the assembly
(Minkowski sum of (a) and (b)), (d) for the desired fundabn, and (e) p'q’
section of the fit of functional and accumulation T-Maps
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3.2.15 T-Map for frequency distribution generation

Frequency corresponding to a particular value of cleararioans by identifying
all the variational possibilities of the feature in the tolerazw®e and the

corresponding points in the T-Map which yield that same valueleafrance

between the target face and the datum face.
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Figure 3-15 Frequency distribution of clearance correspondindo the 3-D

variation of the target plane

3.2.16 Concluding remarks about T-Maps

T-Map has many uses that surpass the effectivenessaniiigetitors models.

It is able to find relationships among geometric tolerances wdmehyet to be
reported by others e.g. non linear stack up relations. In addii@madel is able

to provide non-linear symbolic relationships among tolerances that were

previously available in qualitative form, with restricted demortetrapplications
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and mostly proprietary. Examples are the relationships that predde for
specifying tolerances with material modifiers instead of with RFS.

T-Maps are able to represent floating orientation zones. Thrydestinguish
between ordering and choices of datums. They can effectively toat@onus
tolerances which is the linear coupling of size and position-tadesathat occur
when material modifiers are incorporated in the tolerance septation. T-Maps
can be used to derive new stack up conditions which are dependent aeshe s
and shapes for the parts. Also, it provides quantitative geomegasure, i.e.
volume (3-D) or content (in higher dimension) that can be usedfoparison to
statistical quality studies that employ rejection criteria.

To list, following are the pluses and minuses of the T-Map technology:-

3.2.17 Pluses of the T-Map method:-:-
1. T-Map can model all the 3-D variations of a feature, such &s fgm,

orientation and position, consistently with ASME Y14.5 standard.

2. All the interactions of the variations are completely and prgcmedeled

through T-Map.

3. All advanced concepts such as incorporation of rule #1, floating zones,
bonus/shift tolerances, datum precedence, and material modaifiers

viable.

4. Accumulation of various part tolerances in an assembly have been

efficiently demonstrated.
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5. T-Map is a mean to provide multiple stack up equations and metric
measures which can be readily used by a designer in selectimgabpti

tolerances.

6. The analysis model in T-Map based method is independent of the user's
choices, which means that the results by T-Map method wikime $or a

particular problem irrespective of how the analysis model is created.

3.2.18 Minuses of the T-Map method:-

1. The method is still under development.

2. Statistical approach with non uniform manufacturing variations hatoye

be incorporated.

3. Visualization of higher dimensional T-Map is difficult. HowevefD2or
3-D cross sections are highly effective in revealing ttigcacies of the

tolerance interaction as well as the entire picture of tolerance situati

4. The method has difficulty presenting results in the same toanather

CAT packages.

The pluses and minuses of the T-Map are summarized in the figure below:-
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-all tolerance classescovered

-interactionsb/w classes covered

-Rule #1

-FloatingZones

-Bonus/ Shift tolerances

-Datum Precedence

-Material Medifiers

- Accumulation of various part tolerances demonstrated

-Ability to provide multiple stack up equations and metric relations

-analysis model independentof user s choices.

-still under development

-Statistical approach with non uniform manufacturing
variations yetto be incorporated

-Visualization of higher dimensional T-map is not easy.

Figure 3-16 The pluses and minuses of the T-Map math model

3.3 Other Approaches

Under this approach, all the limited work done for the tolerance emedin
using lie algebra, interval arithmetic, tolerance graphs edlyeBigpartite graphs
etc. can be discussed. These mathematical theories undertalad pdtegntial in
the ease of tolerance depiction. However, this area has not llbeexplored
and there are still reservations whether these mathematigethavill eventually

prove their worth in tolerance representation.

3.4 Model Comparisons

In order to compare the various models discussed above, it will lessagyg to
define some criteria on the basis of which each model can heatagand give a
personal view about its pros and cons as compared to other models.
The various premises for model comparison are discussed below:-

a) Completeness

The model is able to represent all the tolerance classes.
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b) Applicability
The model can be applied to various uses such as in worst lcase o

statistical analysis.

C) Complexity

How complex is the mathematics behind the model?

d) Compatibility
How far is the model compatible with the standards such as ASME
Y14.5 or ISO etc? This could be further divided into the Maximum
material condition, form tolerance, floating zones and datum

precedence.

Based upon the above items of criteria, the different modelsbeaformally

compared in the form of chart as shown below:-

) " Applicability Compatibility with ¥14.5
W o 2
S | % i
> s | 3 Eol . g
5
g 8 3 L g _g 2 £ g
i 3 ST EE | BE &8
=1
s a = £ | F <
Parametric | Moderate Yes Poor High Mo Mo Mo MNo
Variational
ariationa Poor Yes Poor Moderate Mo Mo Mo No
Surface
Offset zone Poor Yes Poor Moderate Mo Mo Mo No
DOF Good Yes Good Moderate Yes Yes Yes Yes
TTRS Good Yes Moderate Low Mo Mo Mo Yes
Kinematic Moderate Yes Moderate [ Moderate Mo Mo Mo No
Vectorial Moderate Yes Moderate Low Mo Mo Mo No
Multi-
Variate Good Yes Good Moderate Yes Yes Yes Yes
Region

Table 3-2 Comparison of the different Math models

67



3.5 Concluding Remarks for Math Model of Tolerance Representation

Ideally speaking, following are the characteristics desined math model of

tolerance representation:-

1.

Compatibility with Y14.5M

The model should be compatible with ASME Y14.5M standard.

Distinction between types of variations.

It should be able to distinct between the different types of variations.

Conformability with Rule # 1

The model should conform to Rule #1 of tolerance analysis.

Support for floating Tolerance Zones

The model should support floating tolerance zones.

Support for bonus tolerance zones

It should cater for bonus tolerances.

Accountability for Datum Shift

It should be capable to account for datum shift.

Support for 1-D datum to target relations

The model should support 1-D datum to target relations.

Representation of the effect of datum precedence
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It should be able to represent the effect of datum precedence.

9. Detection of conflicting requirements on DOFs

The model should be smart enough to detect conflicting requirements on

DOFs.
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4 THREE DIMENSIONAL MODEL FOR TOLERANCE TRANSFER IN

MANUFACTURING PROCESS PLANNING

This chapter presents the three dimensional model for toleranusfetran
manufacturing process planning. The chapter starts with the roackt of the
research with respect to different types of datums used in thgndes
manufacturing and inspection circles. It is followed by a disocosapon the
reasons for avoiding datum change. Also, discussed are the situationdattine
change is unavoidable. This is followed by the main idea behind ¢a¢iar of
three dimensional model for datum reference change and then, thedoiegy
used for this purpose is explained. Next, the mathematical deftaéile model are
taken up. The chapter concludes with the case studies of the various datum change
scenarios that have been successfully tackled with the métbaimaodel
presented and finally, the various types of datum features to whichtuel can

be applied, is discussed.

4.1 Background

Before explaining the real crux of this research, it would bethwhile to go
back to theory books and understand what is a datum? How many diffigrest
of datums are in use? etc. A theoretically exact point, line, axgane which
indicates the origin of a specified dimensional relationship betaeeferanced
feature and a designated feature or a part is called a d&wm the above
definition, it is clear that datums do not exist in reality. Has treason, a

designated part feature serves as the datum feature. On thehatitgr true
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counterpart (the gage) of the designated part feature sbdblihe datum plane
or axis. For the reasons of practicality, a datum is to be simulated bggirager
inspection equipment, such as machine tables, surface plate, galtgssurfaces
etc.

Based on the use, there are several types of datums in use imdtstry right
now. These are Design datums, Operational (or Manufacturing) ddtooaging
datums, Measuring or Inspection datums, Assembly datums etc.igh dkgum

is a point, line or a surface in a design blue print, from which thgigo®f
another point, line or surface on the part is dimensioned. Sometigrestian
one geometric entity may have the same design datum. Conyens@gtity may
be defined by several design datums. Design datums and design dimamsions
tolerances are laid out by the product designer based upon seveoalsreach as
the condition in which the part is going to function, product appearance ofules
physics e.g. kinematics, dynamics etc and finally, cust@mequest. Operational
or manufacturing datum is a geometric entity (point, line, suréackwhich is
used to determine the position of the surface to be machined. The apedrati
manufacturing datums usually appear in an operational work pketehsin an
operation sheet. The manufacturing datums, manufacturing dimensions and
tolerances are specified by the process planner.

Locating datum is a surface of a work piece which is used toeldiie proper
position of the work piece in the direction of the manufacturing diroansn the
work holder or the machine table for work piece set —up. A suppodoadithg
datum determines the proper position of the work piece through thectonthe
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locating datum with the corresponding surface on the work holderachime
table. On the other hand, a calibrating locating datum does the jsaniey

calibration of the position of the locating datum.

4.2 Requirement for datum change

Now, after the explanation of the different types of datums, latksabout the
requirement for datum change. In actual industry practice, all £foet made to
ensure that maximum number of above mentioned datums coincide. This is
accordance with the Principle of coincidence of datums, gen¢atklsd about in
the process planner’s circles. That means that it is des$iegdoperational (or
manufacturing datum) be the same as the design datum or the iospect
measuring datum) be the same as the design datum. Theevaral reasons for
avoiding as much as possible the datum change. In addition, there tara cer
situations in which datum change is unavoidable. These are explainte i

following paragraphs.

4.3 Reasons to avoid datum change

According to manufacturing industry current synopsis, there age thain types
of wastes produced by the manufacturing processes. The biggest theseis
known as the process waste and these (from tolerance point ofincdwge the
rejected parts which have their dimensions outside the accegmtietion range.
The second type of waste which is of the direct concern is the waste from startups
shutdowns, maintenance and other offhand operations. This includes removing

the part from the machine to verify the tolerance range. Vhes of waste is the
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main reason to avoid datum change in the manufacturing process plartciers c
The reason for this is quite simple as no part can be positionedetcact 100%
previous position once removed. (The third type of waste is the agiltiaste
which results from the utility systems that are needed to pth@emanufacturing
processes. This is not relevant to this research and is mentiohedbothe

reason of completeness. )

4.4 When datum change is unavoidable

Examples of the situations in which datum change is unavoidableiatin in
which the designer has referred as datum a HVoF (High Valkeish) feature
which means that feature will be one of the last steps of thateperAnother
reason could be that the particular datum is lying flat to adge and hence, no
manufacturing cut or measurement could be made from that edgeti#dtabove
discussion, it is quite clear that not only the datum change is wadleiin
certain cases; it is one of the major reasons for scrapithg gfarts. So, now that
the datum change is likely to be there in a process plan, vapst ate needed to
cater for the datum change? Datum change leads to recalcubdtdimensions
and tolerances involved.

A linear datum change refers to the change between datumis kehic the same
stackup (plus or minus) direction. These types of datum changesinesddtition
and subtraction of certain already known values to give new valwk#siensions
and tolerances. These datum changes will be referred tdirses datum changes

from hence forth. However, the main topic of this research is moreidatum
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change which is a totally new idea. In this research, full ttiir@ensional datums

are considered and datum change direction may or may not bedmebion of
stackup calculation (plus or minus). These are referred to non infset dhtum
changes. In addition, this research considers inaccuracies irtahbsksnent of 3
dimensional coordinate systems and thus, not only datum changes between
rotated and offsetted ( in 3-D) coordinate systems ( callestetsvdatum from
hence forth) but also, datum changes between non orthogonal axae@-dinate

systems ( called squeezed datum from hence forth ) will also be considered.

45 Main ldea

The main idea of this research is to determine the transfemaetween a
design datum and a manufacturing (or an operational) datum and to fose |
determining the limits of the tolerance zone based upon designnierar his
transformed tolerance zone is then used for determining the exlireits of the
manufacturing tolerances that can be used for the creation ofntdigidual
feature on the part. These could be directly used in the manufachrongss
plan. This is shown in the figure 4-1. The second utility could be tmat t
transformed tolerance zone that results is triangulated u&etaunay
triangulation and then, any further reading by the CMM ( Coordinat
Measurement Machine) to be subjected to a test of whether that reading dies insi
the transformed tolerance zone or not. If the reading from CMMiithin the

transformed tolerance zone, than it should be acceptable at tpe cta
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manufacturing and will result in acceptable results at theeoi®n stage and

hence, showing conformance to the limits imposed by the designer.

4.6 Methodology

The first and foremost thing that needs to be done is to specigcasately as
possible the two types of datums involved in the transformation. Eathe of
datum needs to be established as an independent coordinate systetime For
establishment of a viable coordinate system, it is to be madetratrall the
degrees of freedom are fixed. This will require a definition of a plane, feddwy

a line and a point. A plane requires at least three points todefige it. Line

could be defined with two points along an edge of the concerned datum. The point
could be a midpoint of a line or the centre of a circle or a spfaeepoint could

also be defined by the intersection of a perpendicular edgeseléaion of these
datum features is in accordance with the ASME GD&T Y14.5 2009 standard
definition of the primary, secondary and tertiary datums.

Apart from the fixation of all degrees of freedom for the twordinate systems

for the two types of datum, it is also to be checked whethemihesystems are
orthogonal or not? It is important for determining the accuracy hef t
transformation, although it will not affect the procedure for tkieaetion of the
transformation. If the two coordinate systems representing deaignh
manufacturing datums respectively are orthogonal themselves, then the
transformation will be unique and exact. However, in cases wheréwihe

coordinate systems are not orthogonal, the code utilizes the goodhdiss
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criterion. This criterion could be based upon several possible paranbetefor
this research, the standardized minimized value of the sum of theesapiahe
errors has been used which is given by the following equation:-

Equation 4-1

e'=e/d
Where ‘e’ is the minimized sum of squared errors and ‘d’ is gibgnthe
following equation:-

Equation 4-2

Ne Ny 2

d= Z Z(X(i,j) - XX (. )

j=1i=1
Where n is the number of columns and is the number of rows of the matrix
‘X

In above equation, the matrix XX is defined as given below:-

Equation 4-3
[ = " 7, ]
DXL DX > Xl
=1 =1 i=1
Y P —Hr
" % %
DEGY DXL > X(i.n,)
=l S il (k=121
2y 2y e
[ . L
2XEY D X2 2> Alin)
=1 =1 i=1
T T —Hr _
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The math model could be used for determining the manufacturingrioks that
are required for building the manufacturing process plans. The algastshown

in the figure below.

Specify
coordinates of
Design datumin
3D using Plane-
Line-Point fixation
of degrees of
freedom

!

Goodness of Fit
criterion = Sum of
Squared Errors = G=
NonZero

Specify coordinates
of Manufacturing
datum in 3D using
Plane-Line-Point
fixation of degrees

of freedom

K= |

!

Arethetwo 3D
coordinate systems
orthogonal?

Using code algorithm,
determine complete
transformation
between two datums,
consisting of:-

~orthogonal rotation
“reflection
~scaling
~“translation
L

Transform Design
Tolerance Zone (DTZ)
using complete
transformation
(obtainedin step 3) to
obtain coordinates of
Manufacturing
Tolerance Zone (MTZ)

l

1

| vEs

Goodness of Fit
criterion = Sum of
Squared Errors = G=
Zero

Specify coordinates of

Design Tolerance Zone
(DTZ) for tolerance of
interest based upon
Design datum as per
Designer Blue print

Using Delaunay

triangulation, triangulate

the Manufacturing
Tolerance Zone (MTZ)

For every reading taken
from the manufacturing

| datum, code determines

whether the reading lies
inside or notofthe
Design tolerance zone.

Figure 4-1 Algorithm for the mathematical model to cater for datim
reference change and determination of manufacturing toleranceslirectly

usable in manufacturing process plan.

In both cases i.e. orthogonal datums and non orthogonal datums, the
transformation computed by the code consists of the orthogonal rotation. |
addition, orthogonal reflection, scaling and translation values arelatermined.
Once the transformation has been achieved, the next step etdysthe
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coordinates of the tolerance zone for the tolerance of intex@st the Design
blue print. This tolerance zone has been called Design Tolerance(l20#é.
This will be the easier part of the entire task as design datanthe Design
Tolerance Zone (DTZ) are linearly linked.

After the determination of the Design Tolerance Zone (DTZ) coatds, these
are fed into the code. The code then determines the coordinatese of t
Manufacturing Tolerance Zone (MTZ). This is accomplished throughrgeve
transformation of the Manufacturing Datum coordinates to the Desgonb
coordinates and then incorporating the necessary transformation Ofedign
Tolerance Zone (DTZ) from the design datum. In all of thebriledions, a close
eye is kept on the goodness of fit criterion and results withvahye of the
parameter ‘e’ ' above the pre selected value can be disezfjdrd such a case,
the whole process is to be repeated from the start and all computations arel revers
transformations accomplished till the time the value of the patenie’ ’ is
below the threshold value predetermined.

The threshold value of the standardized minimum value of error Geildcbe
selected based upon several factors, such as the machining pofutectool(s),
machine allowance, a certain percentage of the ratio of thrancke value to the
mean dimension value, pass percentage of the parts based upsticatati
sampling etc.

The model can be used for directly verifying the correctndsa (CMM
(Coordinate Measuring Machine) of the target feature to be rwitie design
permitted variation range. This requires the use of Delaunandulation to
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Specify
coordinates of
Design datumin
3D using Plane-
Line-Point fixation
of degrees of
freedom

l

depicted in the figure below.

Goodness of Fit
criterion = Sum of
Squared Errors = G=
NonZero

Specify coordinates
of Manufacturing
datum in 3D using
Plane-Line-Point
fixation of degrees

of freedom

!

Are the two 3D
coordinate systems
orthogonal?

—
A v
M

Using code algorithm,
determine complete
transformation
between two datums,
consisting of-

~orthogonal rotation
~reflection
~scaling
“translation
1

Transform Design
Tolerance Zone (DTZ)
using complete
transformation
(obtainedin step 3) to
obtain coordinates of
Manufacturing
Tolerance Zone (MTZ)

triangulate the space within which the variations are allowed.pfbeedure is

l

1

Specify coordinates of

Compare the
corresponding
coordinates of two
tolerance zones.

Determine the
manufacturing tolerance
limits for the target
feature using the
manufacturing datum
from the difference of
the coordinate
measurement.

Design Tolerance Zone
(DTZ) for tolerance of
l YES interest based upon
Design datumas per
Designer Blue print

Goodness of Fit
criterion = Sum of
Squared Errors = G=
Zero

Figure 4-2 The process flow for the utility based upon Delaay
Triangulation to determine the presence of a CMM reading of ie target

feature to be inside the tolerance zone

Once the coordinates of the Manufacturing Tolerance Zone (MTZ) bese
determined, the creation of the hypothetical Manufacturing Toleratmne
(MTZ) requires a few more steps and certain considerations. Oties ghajor
considerations to take into account is the shape of the Manufacilolegance
Zone (MTZ). It is highly logical to assume that the contour (shaybebhe
Manufacturing Tolerance Zone will be exactly the same asah#éhe Design

Tolerance Zone. It is to be remembered that all coordinates oDésegn
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Tolerance Zone and the Manufacturing Tolerance Zone are in thiarsi
sequence and orientation for different involved geometric featustsas entity
face etc. This is crucial for obtaining similar contours (shafeed)oth DTZ and
the MTZ. However, in certain cases, exactly similar contaasld not be
achieved for the two tolerance zones. In such situations, decrembatages in
the value of the coordinates of the manufacturing tolerance zone cousetbéo
achieve similar contour as that of the design tolerance zone.rb&auiad changes
in the value of the coordinates of the manufacturing tolerance ziinglse be
required in order to cater for the stock removal tolerances and &chime

allowance along with the machining allowance for the tool.

4.7 Mathematical details of tolerance transfer

The topic of linear tolerance transfer is almost three deaaldedt is probably

due to the types of machines available at that time. However, ntwtuvret
machining, multi axis milling, water jet cutting, laser maaminetc, the topic of

non inline tolerance transfer is more appropriate. In this refsethe emphasis

has been on the non inline tolerance transfer. However, the rsathedology

can be used to deal with linear tolerance transfers. As mentankel, the total
transformation calculated includes subsets such as scalingati@msbrthogonal
rotation and orthogonal reflection. While each of the above mentionedtsubse
would be having some value in the non inline case, orthogonal rotation and

orthogonal reflection will have null values in the case of linear tolerancderans
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For illustration purposes, let's consider only the Design Toleranoe ZDTZ) of
a size tolerance specified on the planar rectangular Tdee coordinates of the
DTZ in the design datum frame of reference are shown in the figure below.

(-x-t, h/2,w/2)

(-x-t, h/2,-w/2)

(-x, h/Z,W/Z)\

‘}ﬂ (%, h/2,-w/2)

(-x-t, -h/2,-w/2) Y

(x-t, -h/2,w/2) A

/

y

(%, -h/2,-w/2) —

(-x, -h/2,w/2)

Figure 4-3 Coordinates of the Design Tolerance zone for size éohnce

specified on planar rectangular face.

In figure 4-3, in addition to the coordinates, two frames of referameealso
shown. The X, Y (and normal Z) is the design reference framewitith ‘w’ is
along the Z axis. The height ‘h’ is along the Y axis. The thiskra# the tolerance
zone is given by ‘" which is along the X axis. The second frameef@rence
shown is the Manufacturing frame of reference which is orientédd r@gspect to
the manufacturing datum as the Design frame of referenceonasted with
respect to the design datum. This second frame of referemepresented by
‘X, 'Y and normal ‘Z”. Here it is made clear that twreference frames could

be any orientation and any amount of translation along any axis may be involved.
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As, mentioned earlier, the non inline transformation between the DBeSlgh
Frame of Reference) and MFoR ( Manufacturing Frame of Beder) may
involve rotation, reflection and scaling in addition to translation. Tireet
rotations along the x y and z axis respectively are defingdeimatrix form as

shown below.

Equation 4-4
1 0 0
Orotx =10 cosa sina
0 —-sina cosa
Equation 4-5
cosf 0 —sinp
Oroty = [ 0 1 0 ]
sinf 0 cosp
Equation 4-6

cosy siny O
Orotz = [—siny cosy 0]
0 0 1

Any orientation in a 3-D frame of reference can be convéntedhree sequential
rotations which is product of three matrices as mentioned in equdtibns and
6. The result of the multiplication of these matrices in a sequetiaesult in the

matrix given by equation 4.7.
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Equation 4-7

0

T0txyz
cosffcosy sinasinfcosy +cosasiny sinasiny —cosasinp cosy

=|—cosfsiny cosacosy—sinasinfsiny cosasinfsiny + sinacosy
sin 8 —sina cosf cosa cosf

Sometimes, in order to achieve a particular orientation, refteanay be
necessary. An example of reflection by an amddirdbout the x axis is given by
the following matrix:-

Equation 4-8

0 cosd sind
0 sind —cosé

7"ef&,x =

1 0 0 ]

These transformation matrices will be utilized to arrivéhatend coordinates of
the MTZ using the MFoR. The results are symbolized and depictée figure
below.

In order to arrive at the end coordinates of the manufacturingatale zone, the
origins of the two frames of reference i.e. DFOR and MFoRaabe tspecified in
a common third frame of reference which will be called, henttef@FoR or the
Global Frame of Reference. The associated derivation of tlagiors and

matrices is included in the following paragraphs.
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Figure 4-4 The end coordinates of the Manufacturing Tolerance Zone using the
Manufacturing Frame of Reference.

For the code to work, coordinates are needed for both type of datvwohged i.e.
Design datum and Manufacturing datum. It is to be rememberecdcht end
coordinate is not individually required to be measurable as variousspudc
information will be used about the shape and dimensions of the tolezanee
such as cuboids or rhombus and the width and height of the feature involved. This
will help us in properly forming the tolerance zone involved and atscg
required from the mathematical dimensionality requirement of cibde. To
demonstrate the working of the code, first end coordinates of therDagigm

with Global Frame of Reference (GFoR) as the origin arerahted and the
design datum feature as the plane feature of the DesigneFoarReference
(DFoR). This will be fed to the code in form of an 8x3 matrikech'D’. Next,

end coordinates of the Manufacturing datum with Global Frame dér&efe
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(GFoR) as the origin are needed and the manufacturing daturrefaatthe plane
feature of the Manufacturing Frame of Reference (MFoR). THide/fed to the
code in the form of 8x3 matrix called ‘M’. The code will then detaeamthe
optimal transformation between the two frames of referencedbapon the
standardized minimum square of errors. The transformation prigceeswn by
the equation below
Equation 4-9
M=A*D*R+T

Where T is a translation matrix

A is the scaling matrix

R is the rotation matrix
Later the code employs these transformations in reversetidire(inverse
transform) to find out the end coordinates of the Design datum. Thisdshoul
ideally and most uncommonly be the same as the matrix ‘D’. Hawesuge
there is no surety that any coordinate system itself is ortlabgamnot and
depending upon the value of the goodness of fit criterion, it will benitedfi
different than the matrix ‘D’. This resultant matrix isledl Corrected Matrix ‘C’
and is calculated as shown in the equation below.
Equation 4-10

C=(M-T)*R™1

Here it is to be kept in mind that R is itself the product ofrttation matrices

along the three coordinate axis as laid out in the equation fotime idissertation.
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Also, for the calculation of matrix C, scaling matrix hasrbassumed to be an
identity matrix ‘I’
Design Tolerance Zone (DTZ) of the target feature is tigeariented with
respect to the design datum feature. Hence to arrive at the enlihates of the
DTZ as measured from the Manufacturing frame of refereneesnti coordinates
of the DTZ of the target feature is added and end coordinates spé#udied
Manufacturing datum is subtracted. This gives us the end coordofates DTZ
of the target feature in the Manufacturing frame of reference whgiligs by the
resultant matrix ‘R’ in equation 4.9.
Equation 4-11
R=C+D,—-E-M

Where ‘D, is the end coordinates of the Design Tolerance

Zone in Global Frame of Reference

and ‘E’ is the error term of the transformation
Also till now, for the sake of simplicity, it has been assumed simd of the
manufacturing datum feature is the same as that of the degsign &zature. In
cases not confirming to such as situation, the code uses actuat @l the
scaling matrix which has been replaced by the identity mdtix above
calculations. The most general solution with the actual scalingrixmat
incorporated is given by matrix ‘G’ as calculated below.
Equation 4-12

G=(A'«*(M-T)*R"Y)+D,—E—-M

(equation 4-11). This is presented at the end of the chapter.
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(my1 — ty1) cos B cosy + (my, —
¢12(cosasiny+sinasinfcosy) +72
13—¢13(sinasiny—cosasinfcosy

)

(my, — t13) (cosacosy — sinasin Bsiny) — (my; —
¢11cospgsiny+mi3—¢13(sinacosy+cosasinBsiny)

—(my; — t1;) (sinacos §) + (my; —
t11sing+mi13—t13cosacosf

(may — tyy) cos B cosy + (my; —
£22(cosasiny+sinasinfcosy )+
23—¢23(sinasiny—cosasinfcosy

)

(my, — tyy) (cosacosy — sinasin Bsiny) — (my; —
t21cosfsiny+m23—t23(sinacosy+cosasinBsiny)

—(mg; — t32) (sina cos B) + (M3 —
21sinf+m23—t23cosacosf

(m3; —t3y) cos B cosy + (m3; —
£32(cosasiny+sinasinfcosy) +72
33—t33(sinasiny—cosasinficosy

)

(Mg, — tgz) (cosacosy — sinasin Bsiny) — (m3; —
£31cosfsiny+m33—¢33(sinacosy+cosasinBsiny)

—(m3; — t32) (sina cos B) + (m3y —
31sinf+m33—t33cosacosf

(Myq — t4g) cos B cosy + (my, —
t42(cosasiny+sinasinfcosy) +72
43—¢43(sinasiny—cosasinfcosy

)

(myy — tyy) (cosacosy — sinasin Bsiny) — (myq —
t41cosfsiny+m43—r43(sinacosy+cosasinBsiny)

—(myz — t42) (sinacos B) + (myq —
t41sinf+m43—r43cosacosf

(ms; — tsy) cos B cosy + (ms; —
t52(cosasiny+sinasinfcosy) +72
53—¢£53(sinasiny—cosasinfcosy
)

(mg, — tsy) (cosacosy — sinasin Bsiny) — (mg; —
t51cosfsiny+m53—¢53(sinacosy+cosasinBsiny)

—(ms; — tsy) (sinacos B) + (ms; —
t51sinf+mb53—t53cosacosf

(Mme1 — te1) cOs B cosy + (mg; —
t62(cosasiny+sinasinfcosy) +72
63—r63(sinasiny—cosasinfcosy

)

(mgz — tez) (cosacosy — sinasin Bsiny) — (mg; —
t61cosfsiny+m63—r63(sinacosy+cosasinBsiny)

—(me; — tez) (sina cos B) + (megy —
t61sinf+m63—t63cosacosf

(m71 — t71) cos B cosy + (my; —
¢72(cosasiny+sinasinfcosy) +72
73—t73(sinasiny—cosasinfcosy

)

(my, — ty3) (cosacosy — sinasin Bsiny) — (m5; —
t71cosgsiny+m73—¢73(sinacosy+cosasinBsiny)

—(mz; — t72) (sina cos B) + (m7, —
t71sing+m73—t73cosacosf

(mg; — tgy) cos B cosy + (mg; —
£82(cosasiny+sinasinfcosy) +72
83—¢83(sinasiny—cosasinf3cosy

(mg, — tgy) (cosacosy — sinasin Bsiny) — (mg; —
t81cosfs5iny+m83—t83(sinacosy+cosasinBsiny)

—(mgy — tgy) (sinacos B) + (mg; —
tg1)(sin B) + (mgz — tg3) cos a cos B

(Equation4-13)




X113 — Mgy —dyy + (my5 —
¢13(sinasiny—cosasinfcosy)+7211
—t11cospeos y+m12—t12(cosasiny
+sinasinfcosy)

X1z —Myp — dip + (M

— ty5) (cosacosy — sinasin B siny) — (my,
—ty1)(cos B siny)
+ (my3 — t;3) (sinacosy + cos asin Bsiny)

X13 —My3 — d13.
— (my; — ty;) (sina cos B) + (my,
—t3;)(sinB) + (my3 — ty3) cosacos

X1 — Mpy — dyq + (My3 —
£23(sinasiny—cosasinfcosy) + 7221
—¢21cospeosy+m22—t22(cosasiny
+sinasinfcosy)

Xa2 — Myp — diz + (My

— ty3) (cosacosy — sinasin B siny) — (my;
— tp1)(cos Bsiny)
+ (m,3 —ty3) (sinacosy + cosasinBsiny)

X23 — M3 — d13_
— (my; — ty,) (sina cos B) + (my;
— ty1)(sin B) + (m,3 — ty3) cos a cos B

X31 — M3y — dyq + (M33 —
£33(sinasiny—cosasinfcosy)+ 7231
—t31cospeosy+m32—t32(cosasiny
+sinasinfcosy)

X3z — Mgy — dqz + (M3

— t33) (cosacosy — sinasinBsiny) — (ms;
— t3;)(cos B siny)
+ (M3 —t33) (sinacosy + cosasinBsiny)

X33 — M3z — d13_
— (m3; — t3,) (sina cos B) + (m3;
— t31)(sin B) + (33 — t33) cosa cos B

Xq1 = Myq — dyg + (My3 —
¢43(sinasiny—cosasinfcosy)+77241
—t41cospcosy+m42—t42(cosasiny
+sinasinfcosy)

X4z — Myp — dip + (M4

— ty3) (cosacosy — sinasinBsiny) — (my,
— ty49)(cos B siny)
+ (my3 — t43) (sinacosy + cosasinBsiny)

X4z —My3 — dy3
— (my; — t42) (sinacos B) + (my,
— t41)(sin B) + (my3 — t43) cosa cos B

X5 — Mgy — dyg + (M3 —
¢53(sinasiny—cosasinfcosy)+ 7251
—t51cospeosy+m52—t52(cosasiny
+sinasinfcosy)

Xsz — Mgy — dyp + (M5

— tsy) (cosacosy — sinasinBsiny) — (ms;
— ts;)(cos B siny)
+ (mg3 —ts3) (sinacosy + cosasinBsiny)

X53 — Mgz — d13_
— (Mg, — ts,) (sina cos B) + (Mg,
— t51)(sin B) + (mg3 — ts3) cos a cos B

Xg1 — Mgy — dyg + (M3 —

63 (sinasiny—cosasinfcosy)+ 761
—t61cospcosy+m62—t62(cosasiny
+sinasinfcosy)

Xg2 — Mgz — dyz + (Mg

— tg2) (cosacosy — sinasinBsiny) — (mg,
— te1)(cos B siny)
+ (mg3 — te3) (sinacosy + cosasinBsiny)

Xe3 — Mgz — d13_
— (Mg, — te,) (sina cos B) + (Mg,
— te1)(sin B) + (g3 — t43) cos a cos B

X71 = Mgy — dyg + (M3 —
¢73(sinasiny—cosasinfcosy)+77271
—¢71cospeosy+m72—t72(cosasiny
+sinasinfcosy)

X72 — Mgy — dyp + (M5

— t;3) (cosacosy — sinasinBsiny) — (m,,;
— t;1)(cos B siny)
+ (m;3 — ty3) (sinacosy + cosasinfsiny)

X73 — My3 — d13_
— (my, — t;,) (sina cos B) + (m,,
— t;1)(sin B) + (my3 — t;3) cosa cos B

Xg1 — Mgy — dyg + (Mgz —
£83(sinasiny—cosasinfcosy)+ 781
—t81cospeos y+m82—t82(cosasiny
+sinasinfcosy)

Xgz — Mgy — dyp + (Mg

— tgy) (cosacosy — sinasinBsiny) — (mg;
— tg1)(cos Bsiny)
+ (mgz — tgs) (sinacosy + cosasinBsiny)

Xgz — Mgz — d13_
— (Mg, — tg,) (sina cos B) + (mg,
— tg1)(sin B) + (mgs — tg3) cos & cos B

........................................... (Equation4-14)
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4.8 Case Study

4.8.1 Inline datum change
This is the most common type of datum change that has beennitbalh so
many publications and books for many years now. The purpose of dedting w

this case is to just show how trivially it deals with thisuis and then more

‘ Manufacturing
Datum

complex issues are later on dealt with.

i —
— Designer
Toleranced Datum
feature '

' Tolerance Zone

Figure 4-5 Inline 1-D linear datum change

Figure shows the theoretical setup for the case of the positioleahnce as
specified on the toleranced feature with respect to two datomesused by the
designer and called the Design datum and other used by the process planner and is
called the Manufacturing datum. For the above theoretical casetdke one

specific example. The figure of the part is shown below.
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Figure 4-6 An example of inline 1-D linear datum change. Thextreme end
views (left and right) are the 2-D orthogonal views of the parshown in

trimetric orientation in the center.

This is the trivial case of the linear stack up and it involveshiaamge in datum
for the positional tolerance specified on the target feature. ditgett feature,
designer datum and the manufacturing datum could be any of thesptaadis
and the procedure mentioned in this research can cater to allsguations
successfully. From the mathematical model discussion as giverogsbyiit is
clear that only the translational matrix will be relevantthis case while the

rotation matrix will be an identity matrix.

4.8.2 Inline with different azimuth datum change
Another case could be the target feature inline to both design andaciaminiy
datum but the two datums are having different azimuth in addition tbeiog

inline to each other.
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Manufacturing
~ Datum

Designer
Datum

{/
I Tolerance Zone ‘

Toleranced
feature

Features in between removed

Figure 4-7 A case of datum change involving different azimuth afatums for

same target feature. Left most view gives the theoretical idéfication of the
entities involved, central view is a 2-D view of the part shawin the trimetric

view on the right.

More interesting, there could be a case of the manufacturing deatane whose
plane normal is although parallel to the plane normal of the meésitym, but the
two normals are never coincident in the entire features. Thesisahown in the

figure below:-
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Figure 4-8 An example of datum change with different azimuthand offset
involved. The target feature ‘T’ , Design datum ‘D’ and Manufacuring
datum ‘M’ are identified. The remaining orthogonal and projected views are

for clarifying the geometry of the part involved.

Also you can see that the target feature is in line with dseggder datum feature
while no material exists in front of the manufacturing datum inlithes of the
direction of the target feature. Here D represents Desigaemi) M stands for
Manufacturing Datum and T stands for Target feature on whichataleris

specified.

4.8.3 Twisted datum change
The next example could be of a twisted datum change between tigaé&dsdue
print and the manufacturing supervisor process plan. In this cas@matéthe

axis system is involved in addition to the azimuth, offset and ttaosl& hus, in
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this case, the rotation transformation matrix is any 3x3 maitiher than an
identity matrix. This is shown in the figure 4-9. The next ds®vs the scenario
when all three rotations in addition to the translations and scalimyadved.

This scenario is presented in figure 4-10.

Figure 4-9 The twisted case of datum reference change

4.8.4 Squeezed datum change

It is to be remembered that all these scenarios of datunemetechange may or
may not have squeezed datums involved. This will be the situation whemahe
frames of reference are not themselves orthogonal. Hence,ittlasos could

apply to any of the cases that are discussed earlier.
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Figure 4-10 Twisted case of datum reference change with ahree Euler

angles involved

4.9 Application of the mathematical model to various types of datums and

the datum reference frames.

This math model is capable of dealing with all types of datumsnmty used in
tolerancing the part by the designers and the manufacturing prptasners
alike. Also, the math model and the associated code has been applied for
determining manufacturing tolerances involving various types of datasns
specified in ASME GD&T standard (Y14.5 — 2009). The different tygfefatum
features for which this model (in addition to the planar datum festalready
demonstrated) can be used, are listed below:-

i) Width as a datum feature. This is a relatively new datunurean

which two opposed parallel surfaces are simultaneously used for

identifying another parallel surface which is equidistant fromtie
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ii)

opposed surfaces. A common example of this kind of datum feature is
the CTP (Central Theoretical Plane). It is called theoletigat is not

a physical entity. CTP used in the case of tab and slot i©ftie
common uses. This kind of datum feature has three unconstrained
degrees of freedom i.e. two translations and one rotation.

Spherical (or conical or cylindrical) datum feature. Sphericalirdat
feature is used to establish a spherical datum feature somdifeat
involves the creation of the datum centre point and constraining three
translational freedoms. Conical datum feature is required to isstabl
conical datum feature simulator that identifies a datum axisaand
associated datum point. This results in only one unconstrained degree
of freedom which is rotational. Cylindrical datum feature types
establish cylindrical datum feature simulators which have one
rotational and one translational degree of freedom unconstrained.
Linearly extruded datum features. These are the datum feathigs w
could involve any planar profile linearly extruded to form a geamet
feature. These are one of the types which are comparatively not easy to
handle analytically. However, one of the biggest pros of this
mathematical model and the associated code is that it is fully
developed to handle such features just like any other feature. Datum
feature simulator for this type involves the creation of a datumepla
and a datum axis. Datum plane is the symmetry plane which could be
perpendicular to the direction of extrude. Datum axis is the direction of
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extrude. This type of datum feature has only one translational degree
of freedom unconstrained.

Complex datum features. Any datum feature type which is notmplana

and not covered in the above list will be called complex dataturfe.

For the datum feature simulator for this type, datum point needs to be
defined in addition to previously mentioned datum plane and datum
axis (for previous case). This is a fully constrained featutk all

three translational and rotational degrees of freedom constrained.
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(a11(my3 — ty3) +a;12(Mgz — tp3) +a33(mas — t33) +

a1 (M3 — ty43) +ag5(Mms3 — ts3) +ag6(mez — te3) +
ay7(my3 —t73) +

a,5(Mmg3 — tg3))(sinasiny — cosasin B cosy) +

(@1 (myy — ty1) +a(myy — tyy) +a33(mgy —t30) +
a14(Myy — t4q) +a35(Msy — ts1) +a16(Mey — t61) +
ay;(Myy — t71) +a15(Mg; — tg1)) cos fcosy + (a1 (Mg, —
t12+a12m22—t22+al13m32—t32+aldm42—t42+al5m52
—t52+al6m62—t62+al7m72—¢t72+al18m82—t82)(cosasi
ny+sinasinfcosy)+x11-m11—-471

X12 = Myp — dip + (@11 (Myp — ) + a1,(Myp — t52) +
ay3(May — t3z) +a14(Myy — ) + a15(Msy — ts2) +
a16(Mez — tez) +a17,(Mmy; — t72) +

a,;g(mg, — tg,)) (cosacosy — sinasin Bsiny) — (a;;(my; —
t11+al2m21—t21+al3m31—t31+aldm41—t41+al5m51
—t51+al6m61—t61+al7m71—¢t71+al8m81—¢81)cosSsin
y+@11m13—¢13+al2m23—t23+al3m33—1t33+al4m43—
t43+al5m53—t53+al6m63—t63+al7 m73—¢73+al8m83
—£83) (sinacosy+cosasinBsiny)

X153 — Mgz — dyz — (@11 (Myp — tp) + a1,(Mpp — t32) +
al377:32—£32+al47242— 42+al5m52—£52+al6762— 162
+al7772—£72+al8782—B2sinacosf+(allmll—s11+al
2m21—-2214+al13731—-31+aldm741—41+al5751—-,51+a
1672261—¢61+al7771—£71+al18781—81)sing+(all713
—#34+al12723—¢23+al37233—£33+al4743— 43+al5m5
3—253+al6m63—£63+al7m73—£73+al8783—£83)cosaco

sp

(a21(my3 — t13) + Az (My3 — t33) +az3(my3 — t33) +

a4 (M43 — t43) + ap5(Ms3 — ts3) + a6(Mg3 — t63) +
ay;(Mys —t73) +

a,5(Mg3 — tg3))(sinasiny — cosasin B cosy) +

(az1(Mmyy — t11) +a,(Myy — tp1) +a53(M3y — t39) +

a4 (Myy — t4y) + az5(msy — ts1) + a6(Mgy — t61) +

a7 (M7 — t71) + azg(Mmg; — tg1)) cosfcosy + (ap(my; —
t124a22m22—t22+a23m32—t32+a24m42—t42+a25m52
—t52+4a26m62—t62+a27m72—t72+a28m82—t82)(cosasi
ny+sinasinfcosy)+x21-m21-4171

Xgp — Mgy — dip + (A1 (Myz — t1z) + Az (Myp — t52) +
ap3(Maz — t32) + 824 (Myy — t42) + az5(Msy — ts2) +
a26(Me2 — to2) + 827 (M7y — t72) +

a,g(mg, — tg,)) (cosacosy — sinasin Bsiny) — (ay, (my; —
t11+a22m21—t21+a23m31—t31+a24m41—t41+a25m51
—t51+a26m61—t61+a27m71—t71+a28m81—t81)cosSsin
y+(@21m13—¢t13+a22m23—t23+a23m33—1t33+a24m43—
t43+a25m53—t53+a26m63—t63+a27m73—t73+a28m83
—¢83)(sinacosy+cosasinfBsiny)

X3 — Maz — di3 — (21 (Myp — t22) + A5 (Map — t32) +
a23732—132+a24mA42—A2+a25m52—(52+a26m62— 162
+a27m72—¢£72+a28782—£82sinacosf+(a21m11—11+a2
2m21—21+a23m31—231+a24741—41+a25m51—¢51+a
26m61—161+a27771—£71+a28781—81)sing+(a21713
—£13+a22723—¢23+a237233—£33+a24m43—43+a25m5
3—253+a26m63—163+a27 m73—£73+a28783—£83)cosaco

s

(231 (M3 — t13) + a3 (My3 — tps) +az3(Mas — t33) +

a3, (M43 — t43) + azs(Ms3 — ts3) + a3 (Mg3 — te3) +

ag; (My3 — t73) +

a3g(Mmg; — tg3))(sinasiny — cosasin B cosy) +

(231 (myy — ty1) + 2z (Myy — tp1) +az3(mgy —t3) +

a3 (Myy — t4y) + azs(ms; — tsq) + az(mg; — te1) +
az;(My1 — t;1) + azg(mg; — tg;)) cos fcosy + (az(myz —
t12+a32m22—t22+a33m32—t32+a34m42—t42+a35m52
—t52+a36m62—t62+a37m72—t72+a38m82—t82)(cosasi
ny+sinasinfcosy)+x31-m31—-471

X3z — Mgy — dip + (a31(Myp — t1p) + a3 My — 25) +
az3(M3p — t3z) + a3a(Myy — tg) +azs(Mms, — ts) +
aze(Mgz — tez) + a3z, (Myp — t72) +

asg(mg, — tg,)) (cosacosy — sinasin Bsiny) — (ag, (my; —
t11+a32m21—t21+a33m31—¢31+a34m41—t41+a35m51
—t51+a36m61—t61+a37m71—¢t71+a38m81—¢81 )cosSsin
y+(@31mi13—¢13+a32m23—t23+a33m33—t33+a34m43—
t43+a35m53—t53+a36m63—t63+a37 m73—t73+a38m83
—£83)(sinacosy+cosasinfBsiny)

X33 — Mgz — di3 — (A31(Myp — t12) + @32 (M — L) +
a3377:32—1324+a347242— t42+a35m52—52+a367262— 162
+a3777272—¢£72+a38782—£82sinacosf+(a31711—11+a3
2m21—2£214+a33731—31+a34741—41+a35751—-,51+a
36m61—161+a377:71—£71+a38781—81)sinf+(a31713
—#13+4+a327723—¢23+a337233—¢33+a347243— t43+a35m5
3—¢53+a3677263—¢63+a37 7773~ ¢73+a38783— £83)cosaco

s

(@41(my3 — t13) + a4 (Mys — ty3) +as3(mas — t33) +
a44(My3 — tas) + a45(Ms3 — ts3) + a46(Mez — tes) +
a,4,(Mys — tz3) +

a 45(Mg3 — tg3))(sinasiny — cosasin B cosy) +

(@410myy — t11) +as(myy — 1) Hays(mg; — t3) +
a44(myy — tgy) +a45(Mmsy — tsg) +a46(Mmey —te1) +
a,47(Myy — t71) + a,5(Mgy — tg1)) cOs B cosy + (as(my, —
t12+a 4A2m22—t22+a 43m32—-(32+a 4A4m42—t42+a
45m52—t52+a 46m62—t62+a 47m72—t72+a
48m82—¢t82)(cosasiny+sinasinfcosy)+x 41-m 41411

X4z —Myp —dip + (@a1(Myp — ) +a4(Myy —2) +
a43(M3z — t32) + @ 4a (M — 42) + a4s5(Msy — ts2) +
a46(Mez — tg2) + a47(Myy — t75) +

a,5(mg, — tg,)) (cosacosy — sinasinBsiny) — (a4, (my; —
tl11+a 42m21-t21+a 43m31—-t31+a 44m41—r41+a
45m51—t51+a 46m61—t61+a 47m71—¢71+a
48m81—t81)cospsiny+(a 41mi13—t13+a 42m23—t23+a
43m33—t33+a 44m43—t43+a 45m53—t53+a
46m63—t63+a 47m73—t73+a
48m83—¢83) (sinacosy+cosasinfsiny)

X4z —Myz — diz — (@4 (M —t13) +ag, My — 1) +

a 43m32—232+a 44m42—42+a 45m52—£52+a
46m62—162+a 47m72—(72+a 48782—82sinacosf+(a
41711-£11+a 42m21—221+a 43m31-231+a
44m41—A1+a 45m51—251+a 46m61—r61+a
47m71—£71+a  48781-81)sing+(@  41m13—713+a
42m23—1£23+a 43m33—233+a 44m43—43+a
45m53—453+a 46m63—r63+a 47m73—¢73+a

487283—183)cosacosf

(as1 (M3 — t13) +asy(My3 — ths) +agz(Mmas — t33) +
a5, (M43 — t43) + ass(Ms3 — ts3) + ase(Mg3 — te3) +
a5, (mys —t73) +

Xs2 — Mgy — dip + (a51(Myp — t1p) + a5, (Mg — 25) +
as3(M3p — tsz) + asa(Myp — tg) +ass(Mms, — ts) +
ase(Mgp — tsp) +as,(Myp —t5) +

Xs3 — Mgz — dy3 — (@51 (Myz — t12) + a5, (Mpp — £32) +
a53(M3y — t3p) + asa(Myp — ty) + ass(Mmsy — ts) +
a56(Mgy — tgp) + a5, (Myp —t75) +
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agg(mgs — tg3))(sinasiny — cosasin B cosy) +

(@s1(myg — t11) +asa(myy — t31) +agz(my; — t31) +

a5 (My1 — t41) +ags(ms; — t5) +ase(Mey — ter) +

as; (M — t;1) + asg(mg; — tg1)) cos fcosy + (as(my; —
ti2) + a5y (Myy — tp) + as3 M3y — tsp) +asa(Myy — t4) +
ass(ms; — tsp) + ase (Mg — toz) +as7(Myp — t75) +

asg (Mg, — tg;)) (cosasiny + sinasin cosy) + X5, — Mgy —
diq

agg(mg, — tg,)) (cosacosy — sinasinBsiny) — (as; (my; —
t11) +asy(Myy — ty1) + as3 (Mg — t31) + asa(myy — tyy) +
ass(Mms; — ts1) + asg(Mgy — te1) +as,(Myy — t51) +
asg(mg; — tg;))(cos B siny) + (as; (my3 — ty3) +

a5y (My3 — t3) + as3(Ma3 — ta3) +aga(my; — tys) +
ass(Ms3 — ts3) + ase(Mg3 — te3) +as,(My3 — ty3) +
agg(Mmgs — tg3) )(sinacosy + cos asin B siny)

asg(Mg, — tgz)) sina cos f + (asy(myy — t14) +agy(myy —
t21) +ag3(May — t31) + asa (Mg — t4y) + ass(ms; — ts1) +
a5 (Mg — te1) + as;(Myy — t71) +asg(Mgy — tg1))sinf +
(as1 (M3 — t13) +asy(My3 — ths) +agz(Mas — t33) +

a5, (M43 — t43) + ass(Ms3 — ts3) + ase(Mg3 — te3) +

as; (M3 — t73) + asg(Mgz — tg3)) cosa cos

(@61 (M3 — t13) + g2 (My3 — t3) + a6 (Ma3 — t33) +

A4 (M43 — t43) + 265 (Ms3 — ts3) + a5 (Me3 — te3) +

a7 (M3 — t73) +

agg(Mgs — tg3))(sinasiny — cosasin B cosy) +

(@61 (My1 — t11) + a6 Moy — t51) + ag3(Myy — t31) +

A4 (Ma1 — t41) + 265 (Msy — t51) + 66 (Me1 — Le1) +
ag7(My1 — t71) + agg(Mgy — tg1)) cos fcosy + (a1 (myz —
t12+a62m22—t22+a63m32—t32+ab4m42—t42+a65m52
—2524a66m62—t62+a67 m72—t72+a68m82—t82)(cosasi
ny+sinasinfcosy)+x61-mé61—411

Xez = Moz — A1 + (A1 (M2 — t12) + A6 (M — t52) +

A3 (M3z — t3z) + A6a(Maz — t42) + 65 (Mg — t52) +
a66(Mez — tez) + a5y M7y — t72) +

agg(mg, — tg,)) (cosacosy — sinasinBsiny) — (ag,(my; —
t11+a62m21—t21+a63m31—t31+a64m41—t41+a65m51
—t51+a66m61—t61+a67m71—t71+a68m81—t81)cosSsin
y+(@61m13—2t13+a62m23—t23+a63m33—1t33+ab4m43—
t43+a65m53—t53+a66m63—t63+a67m73—t73+a68m83
—£83) (sinacosy+cosasinBsiny)

Xe3 — Moz — d13 — (A61(Myz — t12) + Q62 (M — t32) +
a6377:32—£32+a647242— t42+a65m52—52+a6677262— 162
+a67m72—¢724+a6877282— 82sinacosf+(a617211—£11+a6
2m21—£21+a63731—£31+a64741—41+a657251—¢51+a
667761—161+a67 7771—£71+a68781—£81)sinf+(a61713
—#134+a6277:23—£23+a6377233—£334+a647243— t43+a65 75
3—253+a66m63—163+a67 7773—£73+a68 783 — £83)cosaco

sp

(a71(my3 — t13) + a7 (My3 — tr3) +az3(Maz — t33) +
a74(Myz — t43) +a75(Ms3 — ts3) + a76(Me3 — te3) +
az7(My3 — t73) +

a,5(mgs — tg3))(sinasiny — cosasin B cosy) +

(@71(myy — t1y) + a7 (Myy — t51) + az3(myy — t31) +
a74(My1 — t41) + a75(Msy — t51) + a76(Mey — Le1) +
a77(My1 — t71) + az5(Mmgy — tg1)) cos fcosy + (az1(my, —
t12+4a72m22—t22+a73m32—t32+a74m42—t42+a75m52
—t52+4a76m62—t62+a77m72—¢t72+a78m82—t82)(cosasi
ny+sinasinfcosy)+x71-m71-411

X7z — Mgy — diz + (Q71(Myz — 1) + a7(Mpp — t25) +
a73(Maz — t3z) + a7, (Myy — tap) + az5(msy — ts2) +
a76(Mgz — tez) + a77,(Myp — t72) +

a,g(mg, — tg,)) (cosacosy — sinasin Bsiny) — (a;, (my; —
t11+a72m21—t21+a73m31—¢31+a74m41—t41+a75m51
—t51+a76m61—t61+a77m71—¢t71+a78m81—t81)cosSsin
y+@71m13—¢13+a72m23—t23+a73m33—1t33+a74m43—
t43+a75m53—t53+a76m63—t63+a77m73—t73+a78m83
—£83) (sinacosy+cosasinBsiny)

X73 — Mgz — di3 — (@71(Myz — t1p) + a5 (Myp — t55) +
a73m32—¢32+a74m42— t42+a75m52—¢52+a76m62— 162
+a77m72—£72+a78782—£82sinacosf+(a71m11—11+a7
2m21—21+a73m31-231+a74m41—41+a75m51—¢51+a
76m61—161+a77771—¢71+a78781—81)sing+(a71713
—£13+a72m23—¢23+a73733—£33+a74m43—43+a75m5
3—253+a76m63—163+a77 m73—£73+a78783—£83)cosaco

sp

(ag1(My3 — t13) + aga (My3 — t33) + agz(myz — ta3) +

ags (M43 — t43) + ags(Ms3 — ts3) + age(Mg3 — te3) +

ag; (My3 — t73) +

agg(Mg; — tg3))(sinasiny — cosasin B cosy) +

(ag1 (Mg — t11) +agy(Myy — tp1) +agz(mgy — t34) +

agy (M4 — t4y) + ags(ms; — ts1) + age(me; — te1) +

ag; (M7 — t71) + agg(mg; — tg1)) cosfcosy + (ag(my, —
t12+4a82m22—t22+a83m32—t32+a84m42—t42+a85m52
—t52+a86m62—162+a87m72—t72+a88m82—t82)(cosasi
ny+sinasinfcosy)+x81-m81—411

Xgz — Mgy — dip + (Ag1 (Myz — t12) + Aga (M — t52) +
ag3(Maz — t3z) + aga(Myy — t42) + ags (M5, — ts2) +
age(Me2 — to2) +ag7 (M7y — t72) +

agg(mg, — tg,)) (cosacosy — sinasin Bsiny) — (ag, (my; —
t11+a82m21—¢t21+a83m31—t31+a84m41—141+a85m51
—t51+a86/m61—t61+a87m71—¢t71+a88m81—¢81 )cosSsin
y+(a8lm13—¢13+a82m23—t23+a83m33—1t33+a84m43—
t43+a85m53—t53+a86m63—163+a87m73—t73+a88m83
—¢83)(sinacosy+cosasinfBsiny)

Xg3 — Mgz — d13 — (g1 (Myz — t12) + Aga(Myp — t32) +
a8377232—£32+a84 742 — tA2+a85752—¢52+a86 762 — 162
+a8777272—£72+a88782— £82sinacosf+(a817211—711+a8
2721—221+a83731—£31+a84741—41+a85751—¢51+a
867761—161+a87 771—£71+a88781—£81)sinf+(a81713
—¢13+a8277223—¢23+a8377233—£33+a84 7243 —43+a8525
3—253+a86763—£63+a87 77273—£73+a88 783 — £83)cosaco

s
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5 GRAPH THEORETIC APPROACH TO RELATIONSHIP
REPRESENTATION AND TOLERANCE ANALYSIS AND

SYNTHESIS FOR MANUFACTURING PROCESS PLANNING

5.1 Introduction to graph theoretic approach

After a close look at all the key aspects of tolerance asatysi synthesis, it is
clear that the whole world of tolerance analysis and synthesives around the
following:-

a. Geometric features

b. Geometric constraints

c. Geometric tolerances

d. Manufacturing worst case limits

These aspects and their relationship can be explained in a baitdrywusing
pictorial graphs for visualization purposes and by using graph datduses for
automating the process of tolerance analysis and synthesithislrsection,
pictorial graphs are used to explain the process and then the gsapbfdata
structures and object oriented programming is touched upon to explaithbow
process of automation of tolerance analysis and synthesiedaoilitated by the

use of these programming techniques.

5.2 Relationship between geometric features

Relationships between the geometric features can be represgmtéstdpraph. G-

graph is the most basic graph to which other graphs are attachedi¢ve other
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detailed graphs as explained later. The G-graph can consisesf &ges, wires,
bodies or lumps etc as recognized in detail in the publication docsirattie
geometric kernels. However, interest will be limited to thessaties which are
required for manufacturing tolerance analysis and synthesis.

The part under consideration and its associated G-graph are showrfiguithe

below.

f13

fo-f4

f10-f5

fl1

Figure 5-1 The planar part and the identified faces
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Figure 5-2 The associated G-graph for the part above. Face numis are

boxed while the associated edges are represented by the continuousdin

5.3 Geometric constraints as applicable to geometric features

Geometric constraints such as parallel, perpendicular etclateme that relate
the geometric features. In a Constraint Feature graph or Fhegfph, the
geometric features are the vertices of the graph whilgdloenetric constraints
are represented by the edges that link the vertices. For pigoaphs such as the
one shown in the next figure, the different types of the constrantbe shown
by different line type such as dashed, dotted etc. Further redfirtsrof the line

type could be the weight of the line type or the color of the (for color graphs

only).
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Figure 5-3 CF graph for the part under consideration.

5.4 Tolerances applied to geometric constraints existing between geometri
features

Geometric tolerances can be regarded as the refinements ajethmetric

constraints that exist between the geometric entities. Thesbecanade part of
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the graph by defining them as attributes so that they areciatsb to the

constraint that exists between the geometric entities.

Figure 5-4 A sample TCF graph shows how certain tolerances @adefined as

the attributes of the constraint that exists between the geometrieétures.

5.5 Use of data structures

The data structure is a particular way of storing and organittiegdata or
information in the computer so that it can be used efficiently aioalysis
purposes. From the previous figures, it is evident that all this iafitomneeds to

be organized in an efficient way so that it can be used feffeent analysis in

the least amount of time. The most important information from #@eufacturing
tolerance transfer analysis and synthesis point of view is ldwgoreship between

the target and datum for both the design blue prints and manufacturinggroce
plans. Other pieces of information that are relevant to the aaythe shape of

the geometric feature(applicability of the tolerance typéhe geometric feature
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type), material condition of the target feature and primaggregary and tertiary
datums, tolerance chain,(consisting of stack direction, far aadsxge normal,

reference point) etc.

5.6 Selection of data structure

Based upon the understanding of the mechanics of the manufactugrantal
transfer analysis and synthesis, the doubly linked list is the suitsible data
structure to store the information of the geometric constraimisthe geometric
tolerances as far as the target and datum features are cedsioeth from the
designer and manufacturing supervisor point of view. In a doubly linke@dish
node has two link fields, one linking in the forward direction and the titiieéng

in the backward direction. This is especially useful for tolerance chainidatect

5.7 Exploitation of the object oriented programming (OOP)

There is no need to introduce or explain the benefits of objechtedie
programming over here. The intent is to explain how these speaiaatéristics
of the OOP can be utilized for manufacturing tolerance transfaelygis and
synthesis. The basic features such as abstraction and encapsnésd not be
mentioned. The pointers could be used for relating target featutée tdatum
features both for design and manufacturing. The concept of inheritarc be
used for deriving classes from the base class such as thielRamastraint class
from the base geometric constraint class. Operator overloadmdge used to

utilize same functions for design and manufacturing whenever the need arises.
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5.8 Use of Microsoft Foundation Classes (MFC)

In a graphic user interface environment, it is all the messhgeare crucial to its
working. These messages include the location of the mouse whibk i®ost

basic information passed through a message. Basic message handliras this

is a feature of the visual C++ IDE. MFC is a collection ef+Cclasses that
provide an object oriented framework that can be utilized to creetgows
applications. MFC helps you create dialog boxes, text boxes, cadtmls, and
check boxes and helps you in working with icons, cursors and bitmaps. One of the
other most important use of the MFC is the creation of theuieg controls

along with the status bars, mouse hover messages etc.

5.9 Use of ACIS geometry kernel

ACIS is the object oriented (written in C++) three dimensionabngetric
modeling engine which is the product of Spatial Technology InctigdpaAll
information relevant to the geometric features such as thapestdimensions
(height, width, length etc as applicable) are provided by the A€iBel. Hence,
it is used in the construction of the CF graph and all other graph®budp of it
such as the TCF graph and Manufacturing Worst Case Tolerant@gd-&raph

(MWCTCF).

5.10 Validation of the manufacturing process plans

For the purpose of the validation of the manufacturing process plans, first the TCF
graph for the designer blue print is to be constructed. It widsgched for any

geometric feature that has been differently dimensioned in #eufacturing
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process plan as compared to the designer blue print. The nerd Sjows the
specific dimensions with the target feature and the datum éemidentified (red

line).

-

4—-——’:"—-“g
B

=g

Figure 5-5 TCF graph for the sample design blue print. Fac& is the target

feature and face § is the design datum feature.

Another graph is then created which is called the Manufacturing tV@ase
Tolerance Feature Graph (MWCTCF). This is based upon the manufgctur
process plan which is in need of verification. With the targetifeatame as the
one identified earlier, the tolerance chain is traversed th teaithe design datum
feature. This portion of the tolerance chain is highlighted in gneghe next
figure.

Finally, based upon the stack calculations and tolerance accumulatidivépas

negative) as applicable, the validity of the relations (as memtianethe
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theoretical portions of the model) will determine the validityh&f manufacturing

process plans.

7
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Figure 5-6 Manufacturing Worst Case Tolerance Constraint Featue
(MWCTCF) graph for the given manufacturing process plan whichis in

need of validation.
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6 THEORETICAL EXTENSIONS OF THE 3-D MODEL FOR
TOLERANCE TRANSFER IN MANUFACTURING PROCESS

PLANNING

6.1 Introduction

In this chapter, various reasons for the requirement of toleranosfdr in
manufacturing process planning are discussed. Various options fantmeypes
for a given geometric variation are explained. More than one intatiore of the
tolerance type is forwarded as an example to justify tipdacement of the
tolerance type with another geometric tolerance. This is follomedfew case
studies for tolerance transfer with datum reference chawvgéved. Lastly, as an
example, it is shown how parallelism tolerance can be used txeetble flatness
tolerance mentioned in the design blue print. This is backed up hystifecation
of the legality of such a change in the tolerance type usednalytical formula

is derived and presented for this case at the end.

6.2 Background

For the purpose of this research, it is assumed that the mamurfggirocess plan
is provided. It means that the details of the different processescluded. Each
process description will contain the features involved in the machoperation,
the locating features, the fixtures used, associated dimensiortslenashces etc.
The overall process plan will also enlist the sequence in whichvdaheus

processes proceed.

109



The utility of this three dimensional tolerance transfer modsésufrom the fact
that not all features are dimensioned and toleranced from thedsdnme as given

by the Design Blue print. The manufacturing supervisors when makiag t
process plan change datums for GD&T details of a particudsurke for their ease

of use, efficient use of machine, availability of jigs anduiies, minimization of
part wastes and overall cost reduction. Thus, with the datum changkesihed
dimension and tolerance on a feature of interest might not be giesecilable on

the Manufacturing Process Plan as it is on the Design Binoe Phe new model,

as presented in this research, will enable tolerance anallygib will determine

if the dimensions and tolerances mentioned in the Manufacturing BrBtas

will be able to meet the Design Blue Print dimensions and tolerances dlyentua
An important question in this regard is about the domain of the types of tolerances
involved in the creation of this model for tolerance transfer. Mot industry,
manufacturing tolerance charts are in use even in these dayse. difeess deal
with conventional plus / minus tolerances mostly. Some variations of the
manufacturing tolerance charts use geometric tolerances. Notymds of
geometric tolerances are directly dealt with. However, ia ti@w approach of
manufacturing tolerance transfer, all geometric toleranckdevidealt with. For

the feature of interest, it can be shown that if different gedmtelierances are
applied in the Design Blue Print, these can be resolved, represadtedauated

in the Manufacturing Process Plan.
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6.3 Applicability of the manufacturing tolerance transfer model

On considering the tolerances minutely and looking at how the madicih of
the different tolerances affects the tolerance analysigjlli be clear that all
tolerances specified do have an associated tolerance zone orfféntytlze
tolerance zone of another geometric tolerance for which st acta refinement.
Based upon the above observation, the case of a specific geometaadel zone
can be resolved in two different ways:-
a. the specified geometrics tolerance might have been replatedhei
same type of geometric tolerance but with a different datwould be
primary, secondary or tertiary as applicable).
b. the specified geometric tolerance might have been replacbedawit
different type of tolerance which covers the same worst case limit.
In second case, a special consideration is to be given to the typéemince
specified by the Designer in the Designer Blue Print. Fomele if the position
tolerance is replaced by the worst case size limit, itemtail that two separate
interpretation of tolerance zones need to be satisfied,;
a. as a boundary limiting the movement of the surface oftaréeaf size
(FOS)
b. as a three dimensional volume in space coordinates representtag lim
of the movement of the axis of a feature
As can be seen, in the first case, the surface is involvdd ihihe second case,
it is the axis which is being considered. This axis could be ttsecdthe hole or

pin for cylindrical features and is the Central Theoreticah®IeCTP) for the
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planar features such as tab and slot. Both the concepts could be shben to
equivalent. However, the boundary concept is more commonly used as it
represents functional requirements of the mating parts andoisnaése flexible
of the two concepts discussed here.
In dealing with manufacturing process plans, the major reason fteese for
this model of tolerance transfer is the datum reference ch@megending upon
the type of the geometric tolerance, there could be two cases:-
1. It could be the change in the sole datum required for the geometric
tolerance specification or
2. Change in the role of the datum for the specification of the gdomet
tolerance
While case # 1 has been discussed earlier, case # 2 ishddskdre for better
understanding.
If multiple datums are required for the specification of thengetric tolerance,
then two different types of situations can be visualized:-
1. Change in the order of the datums i.e. the order of precedentte for
datums
2. Replacement of the datum reference frame with datums not idalude
the design datum reference frame for the feature of interest.
However, it remains to be specified that reason for existenteeakquirement
for tolerance transfer is not limited to datum(s). Other reasons arebest@w:-
1. Change in the tolerance type for representing the geometratioari
from Design Blue Print to the Manufacturing Process Plan.
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2. Change in the Material condition for the datum.

6.4 Different types of tolerances used for same geometric variation

An important point to consider is multiple geometric toleranceshi® feature of
interest. If multiple geometric tolerances are specifiedhferfeature of interest in
the design blue print, it seems appropriate that same or isigpka of geometric
tolerances be specified in the Manufacturing Process plan. A good juistififat
this is based upon the ASME Y14.5 GD&T standard which specificadjyires
that each tolerance specified on the feature should be individugpigated for
the part to be usable. In the above lines, the words ‘same oarsihdve been
intentionally used. Same, here refers to exactly the same dfpgeometric
tolerance while similar, here refers to a different typegebmetric tolerance
which serves the same purpose as the original geometric t@drattee Design
Blue print.
For similar types of tolerances, the example of location coritnolcoaxial
features of size can be cited. Coaxial features of Size are two (Oy feaiges of
size, normally diameters, whose axes are coincident. In e@ises, it is desirable
to permit the feature of size to depart from the coaxial comdithree types of
geometric controls can be effectively used. These are:-

1. Tolerance of position

2. Run out

3. Concentricity

113



Out of the above three, tolerance of position is the most liberdl |@ast
expensive coaxial control. This is the reason for it being mialy used in such
situations. Run out is a compromise between tolerance of position and
concentricity in such situations as it is a tighter and mordycoettrol than
position tolerance. Of all, concentricity is the most stringent expensive

control. It is also most difficult to verify.

6.5 Case studies for manufacturing tolerance transfer arising from datum

reference change

Before discussing these cases one by one, let's make certain things clear

6.5.1 Dimensionality of the problem
The model for tolerance transfer in manufacturing process plansing a
presented in this research is three dimensional. This is thenrdzs all
figures show 3-D view of the parts involved. Every machining cut is
assumed to have some amount of error in accuracy which will ctuse
dimensions to be affected which are not intended as far as tienng
cut is concerned. Hence, every machining cut will entail tot&s to be
affected three dimensionally. This model considers the effe¢hexfe
errors in machining and hence, apart from affect on toleramcekei
direction of the cut, projections as determined mathematicallyther

directions are included in the other associated dimensions.
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6.5.2 Not limited to planar features
Although, planar features have been used to demonstrate the detads of t
three dimensional tolerance transfer model, the model itselfllis a

encompassing and can be applied to all types of features.

6.5.3 Interest in manufacturing process planning limited to tokrance

analysis only
This research’s focus is on tolerance analysis and only thisdetavant

to this aspect of the manufacturing process planning are presented.

Let’'s consider the case of the Design blue print for the part sirowre figure

below:-

Figure 6-1 Planar part with feature of interest f, dimensioned with face § as

the design datum in the design blue print.
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All unnecessary details that are not relevant to the discussionheverare
omitted. This means that although a complete Design blue print is being reviewed,
the feature of interest has been identified and only the informgievant to that
feature is being displayed. Here the feature of interegtasd is toleranced with
feature § as the datum. The concerning mean dimension is ‘A’ and assbciate
design tolerance is st This means that although other features have their
dimensions and tolerances specified, they have been ignored togsere tThe
feature of interest has been selected based upon the criteribefdolerance
transfer in manufacturing process planning which is listed below:-

1. Different datum has been used for the specified tolerance igmesi

blue print as compared to the Manufacturing process plan.

Other reasons for the selection of the feature of intereshéototerance transfer

in manufacturing process planning have been identified earlier angssigtin
detail and will not be repeated over here. Although, they would be mentioned
summarily once the relevant case is under discussion.

The manufacturing plan should have the tolerance for the featureeodsntess
than or equal to A; otherwise the manufacturing plan needs a review.

Four different situations have been envisaged for the case discussedmtbave
represented by four different Manufacturing Process plandisasissed in the

following paragraphs.

6.5.4 Sample Manufacturing Process plan extract #1

Let's consider the first case which is depicted in figure 6-2 below.
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Figure 6-2 tolerance analysis related details for the manufacting plan #1

for the feature of interest.

The arrows show the individual machining cuts made during the prec@dse
arrow head represents the target feature while the aribrepgeesents the datum
feature or the reference feature.

Considering the manufacturing process plan with the associated @eome
Dimensioning and Tolerancing reveals that feature of interesth is { (fi= f4 in
this case) has been dimensioned with facasfthe reference in Designer blue
print. However the same feature of interest has been dimensionedisi
manufacturing process plan with respect to fa@sfthe reference. This reference
face & has been in turn dimensioned with fage as the reference. The
corresponding tolerances are respectivelyand ‘t,’. The rules of manufacturing

imply that the accumulated tolerance in the manufacturing gsogkan for the
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feature of interest should be less than or equal to the desiganiderThis is
mathematically expressed as follows:-

Equation 6-1

Ta+TbStA

6.5.5 Sample Manufacturing Process plan extract #2

T

Ty

Figure 6-3 Tolerance analysis related details for the manufaating plan #2

for the feature of interest.

The second manufacturing process plan is depicted in the figave.aAgain the
design tolerance for the feature of intere$i=# again) for this case ig with the
associated mean dimension A. However, in this process plan, theefedtur
interest § is being dimensioned withfas the manufacturing datum. This means
that the target featurq fvill be machined with 1t as the datum. However, this

feature {, is also being used as a datum for featysgHich is the design datum.
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In this case, if the mean dimensions will be maintained, therfall@ving
relation should hold:-

Equation 6-2

Td—TCStA

6.5.6 Sample Manufacturing Process plan extract #3

T4

Figure 6-4 tolerance analysis related details for the manufageting plan #3

for the feature of interest.

In this manufacturing plan, the feature of interqshds been dimensioned with
face o as the manufacturing datum. This featwgHas also been used as a
manufacturing datum for face.fThe face § has been dimensioned in this
manufacturing plan with face fis the manufacturing datum. This fagesfthe

design datum which has been used for the dimensioning of the feaget (f in
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this case). For this manufacturing process plan to be accefalitee specific
case of the feature of interegtthe following relation should be valid:-

Equation 6-3

Tag—Te—Tr <1y

6.5.7 Sample Manufacturing Process plan extract #4

AITAN

Figure 6-5 tolerance analysis related details for the manufaating plan #4

for the feature of interest.

In this depiction of manufacturing process plan, target fedjuse dimensioned
with feature § as the datum which in turn acts as a target feature withffase
the datum. This featurg is in turn dimensioned with facgfas the target feature.
Face fo serves as a manufacturing datum for the featuwehich is the design

datum for the feature of interest in the design blue print. Thelialof the
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manufacturing process plan as far as the target feature of interestéesreed will
be governed by the following relation:-

Equation 6-4

g+t + T — TSty
Before moving to the next section, there are certain pointséeat to be cleared.
First of all, these figures do not show the complete details omtdneufacturing
plan. Instead, they only show the details for the feature of inté@st the
tolerance analysis point of view. Also, it is to be kept in mint dhae it is stated
that this feature X’ is dimensioned with feature 'y’ as thenofacturing datum,
then that means that machining supervisors are instructing the shapoopéo
use feature 'y’ as the operational datum for machining the tergetre. For more
clarity, please refer to the details about the meaning of riloev dhead and the

arrow tail viz-a-viz manufacturing process plan.

6.6 Case study for manufacturing tolerance transfer arising from different
type of tolerance used in manufacturing process plan as compared to

Design blue print.

6.6.1 Form controls

In general, form controls refine (reduce ) or expand the shape dbldrance
zone for a feature-of-size in the event that functionality requérgs are not met ,
satisfied or applicable as set out by Rule #1. This GD&T rule which is also known
as the Envelope rule or the Taylor’s rule, says that fourfeatof size, where only

a size dimension is specified, the surfaces shall not extend baybodndary
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(envelope) of perfect form at Maximum Material Condition (MMQ)isl to be
kept in mind that Rule # 1 applies to all features-of-size onwilyalt is like an
invisible control that always applies to all features-of-siakess there is another
geometric tolerance that overrides it. Rule #1 applies todiNidual features-of-
size only and there are only two exceptions to this rule: -

a. non rigid parts

b. stock sizes.
It is to be kept in mind that Rule #1 and its associated sizendiore are
interrelated.
When the form of an object is under consideration; it could be ttreedis of its
surface, the roundness of its circular section, or the degreeamfhstress of the
line elements of the object. Form control is used to define the shapeature in
relation to itself. Hence form controls never use a datum.
So, if no datums are involved, could manufacturing tolerance anakysiarried
out for parts in which feature of interest have form control appliedtis
mentioned previously, the justification of the creation of this model for
manufacturing tolerance transfer could be based upon the folloeamgugo i.e.
specified geometric tolerance might have been replaced witheaedhtftype of
tolerance which covers the same worst case limit.
Now, within the form tolerance control, let's see which types adrémices are

there and what are the alternate tolerance specifications for each.
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6.6.1.1 Flatness

A flat surface from the tolerance point of view means thatfdts elements lie in

a single true plane. The amount by which the surface elemen{seanitted to

vary from this true plane gives us the flatness tolerance valfliatn&ss tolerance
zone is generated by the distance between two parallel pl@hestheoretical
plane is established by the three high points of the considerageufihe second
plane is parallel to this theoretical plane and is offset leyamount of the
tolerance value. All points of the considered surface must be fouredlietlyeen
these two planes.

An important point to consider is the refinement of the impliatniéss control
based upon Rule #1 by the explicit flatness tolerance control guedi the

geometric tolerance. Whenever Rule #1 applies to a planar feditsize, an

automatic flatness control is created for both the involved surfaeeshe target
surface and the reference surface. This implicit flathessaastihe result of the
interrelationship of Rule # 1 (perfect form at MMC) and the simeension. As
the feature of size departs from MMC to LMC, a flatness grequal to the
amount of the departure is permitted.

However, when this implicit flatness control is not sufficient #dissy the

functional requirement of the part surface, an explicit flateessrol in the form

of flatness tolerance needs to be added. Although, it is to be keptdrtimat this

flatness tolerance will never over ride Rule # 1 but it refieduces) the

maximum allowable flatness error of the surface.
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In addition to the implicit flatness control of Rule # 1, thereaher geometric
controls that can affect flatness of a surface indirectly. These are:-

1. Parallelism

2. Perpendicularity

3. Angularity

4. Profile

5. Total Run out

Let's take the case of flatness tolerance as applied in the figure below:

r flatness tolerance
Zone

AR \

/ ~ |

Figure 6-6 The part under consideration and the relevant feature is shawon

the left side. Top right shows the top view. Bottom right sbws the tolerance

zones involved.

Implicit flatness tolerance zone as given by the Rule # hhesght of ‘d’ (= p-
g) as given by the difference of the boundary envelope and Ledstridlla

Condition (LMC) limit. On the top of that, ‘r' (unit) flatness takaice has been
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specified by the designer. This flatness tolerance spaiific gives a tolerance
zone which floats within Rule # 1 limit.
This is the part of the specification as given in a sample Designer Bhielyat's
now consider the same situation as covered by the manufactupegvisors in
the manufacturing Process plan. Leaving aside other GD&Tedelatormation
on the part which is not directly related to the featurantdrest and is not
contributing to the tolerance analysis that is intended to beed¢aut based upon
manufacturing process plan ‘A’, it is observed that the manufagtsupervisors
have specified a parallelism tolerance on the feature of interest.
Before the modalities of the tolerance analysis based upon d@hefacturing
process plan are discussed, it needs to be seen that such aajmercifclegal,
practical and common or not? As far as legality is concerned1@0% legal as it
meets the legal specification criteria of parallelisnerahce. The criteria cannot
be fully discussed but it mainly emphasizes that
1. A datum reference should be used in the feature control frame.
2. The parallelism control should be mainly specified on a featusz®f
In some cases, if it is not specified on the feature z=, st is still legal
specification if no modifiers such as Regardless of Feature(BE8) ,
LMC or MMC, are used.
3. Tolerance value should be a refinement of the other geometric
tolerance. In this case, parallelism tolerance is the reénemf the

tolerance zone set out by Rule #1
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There is no doubt that the replacement of the flatness tolergnoaréllelism is
practical as both of the tolerances in this case could beegkfith almost the
same ease. The last thing to look for is that whether tpis ¢y replacement
tolerance common in the industry or not. No perfect comments could be
forwarded on this as no one person or agency can claim that het /sae the
knowledge of all types of cases for parallelism or flatnpssification; whatever
be his/her /their area of specialization and tenure of experience.

There is a major difference between the tolerance zones dlepsina tolerance
and flatness tolerance for the same feature of size for edénalue of tolerance.
It is that flatness tolerance zone is composed of two papddlees which are not
necessarily parallel to the reference plane for the siezeatade, while in the case
of parallelism tolerance, the two parallel planes are todwessarily parallel to
the reference plane for the size tolerance. So once the replatcehthe flatness
tolerance by parallelism tolerance is under consideration, amesting case
arises which is discussed below.

In the figure above, size tolerance zone along with the flatoé=since zone is
shown. The parallelism tolerance should always be greater thaguaf to the
flatness tolerance. This is determined by the angle of titheflatness tolerance
zone parallel planes. This tilt of the flathess tolerance zonenbasbeen
individually considered anywhere till now. This tilt is importasd it also
determines the maximum flatness tolerance refinement thdtecapplied to size
tolerance. It can be seen that if this tilt is minimalntHatness tolerance as close
to the size tolerance could be applied. However, if this tiligisifccant, then the
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amount of flatness tolerance that could be applied as a refinemdiné tsize
tolerance will be greatly reduced. This idea is not discusselktail as to how
much this reduction is dependent on the amount of tilt but this id@dremely
helpful in understanding how much should be the value of the parallelism
tolerance once it is applied as a replacement to the flatness tolerance.

In the figure below, a 2-D cross section of the tolerarmae for parallelism
tolerance is shown. IB' is the angle of the tilt of the parallel planes for flagmes
tolerance, and (dis the length of the tolerance zone in this view, and the
amount of flatness tolerance, then the amount of the parallelisnartoéet,’
required for the replacement of the flatness tolerance is given by :-

Equation 6-5
T, = tané (dy + tfsin 9) + ty cos 6
To verify the relationship, it can be seen that for the caseroftit of the planes

of the flatness tolerance, the parallelism tolerance valuesonteto be equal to

the flatness tolerance value.
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Figure 6-7 Calculation of the parallelism tolerance limit as a eplacement to

flatness tolerance limit.
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7 USE OF THREE DIMENSIONAL TOLERANCE TRANSFER MODEL
(3DTT) FOR DETERMINING THE MEAN DIMENSIONS AND

TOLERANCES FOR THE MANUFACTURING PROCESS PLAN

7.1 Introduction: Various Utilities based upon Three Dimensional

Tolerance Transfer (3DTT) concept

This paper is based on the research that shows how 3DTT is wtérnmine the
dimensions and tolerances for the process plan. This is in seliesvdhe 3DTT
could be used for various purposes related to manufacturing operatoins
manufacturing tolerances. The use of 3DTT can be summarized as following:-
a. For determining manufacturing tolerances for Non inline datum
reference change.
b. For working out tolerances and dimensions for implied cases
between features which are specifically toleranced in DesHgjiner Print
and not in Manufacturing Process Plan.
C. For checking the validity of the manufacturing process plan
d. For determining the dimensions and tolerances of the
manufacturing process plan
e. Finally, graph theoretic approach to model the manufacturing
process plan to be used for tolerance analysis and synthesis.
Here the intent is to discuss the details involved for the taskioned as ‘d’

above.
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7.2 Preliminary Information (required to start)

Before beginning to work upon the manufacturing process plan, thengesig
Blue print is to be fully read and understood. Any special stipnlstas

mentioned by the designer are to fully borne in mind.

7.2.1 Number of stack directions

Next thing is to see in how many dimensions (spatial), thegueshas specified
dimensions and tolerances. This may initially seem to be alttihrreg in most
circumstances but the approach presented here is intended tebeoatipassing
as much as possible based upon knowledge of the manufacturing myseeatd
the manufacturing environment. If a certain series of dimensionsoserdnces
have been specified in such a way that they are forming a sgadiut this
direction does not coincide with the three primary dimensions of thevbach
roughly define its width, length and height, then this dimension is toeb&d
separately. This could be a case in comparatively complexiparis mentioned
here for completeness.

Here the researchers would like to take the opportunity tofyclimat only the
details of the process plan which are relevant to the toleraredgsenand
synthesis will be dealt over here. This means that factots asiclegree of cut,
material of the part, etc which do not have direct bearing otokbance analysis
and synthesis will not be discussed. However, factors such as the minabes
of the machine, the tool type, whether stops are used or not etorsiglered

relevant and will be included in discussion.
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7.2.2 Types and accuracies of the tools and machines

Every manufacturing supervisor is (or is supposed to be) welleawfithe

accuracies of the tools and machines in the inventory he/she holdssimoghand
thus, he/she lays down the process plan according to these tolerames ival

mind.

7.2.3 Design tolerances
An important premise on which the new technique which is being presareed
here is based is the viability of the Design tolerances.nfdneufacturing process
planner before starting to work on the details of the proceashplsto comment
or give verdict to the viability of the design tolerances spatifif any of the
tolerances needs to be reworked out, the process planner is arelagsned in
the industry to discuss and sort the things out.
In the first step of working on the actual manufacturing proqeas, the
supervisor is to determine what tolerances he would be able toamaagainst
the tolerances given by the Designer.
For each final manufacturing tolerance (or the Designer blug twierance),
factors such as the following are to be kept in mind:-

1. Industry standard for those types of operations

2. Machine capability and the process capability

3. History based data to support

4. The variation between the actual feature and the idealized fdatuitee

features in concern for the specific operation.

131



So, to reiterate, the manufacturing supervisor will use the simensions as the
ones used by the designer and for tolerances, based upon the fastosset
above, the manufacturing tolerances will be less than or equal tdegign

tolerances.

7.3 Beyond the final operation

For all the operations between the final operation and the firsatope the
following philosophy will be the guiding factor for determining thenension
and tolerances for each individual operation.

‘Each previous operation will have the mean dimension that will reprabe
sum/difference of the mean dimensions of all the features riatalved in the
dimension loop in that particular direction with an addition or subtnacif the
tolerance accumulation.’

The above philosophy has two main issues of concern:-

7.3.1 Mean dimensions.

For every dimension of interest, there will be two features indol@me is called
the datum and the other is called target. The definition of tfieaseres is as per
the GD&T standard Y14.5 and will not be explained here any further.

For every dimension of interest, the dimension loop will be tradevehich will
start from the target feature on a previous step and wib gjoetlast feature in the
direction opposite to in which the datum feature is located (et.g.assume this
is Left Hand Side (LHS)). From the last feature, the loop eufitinue to the first

feature on the right hand side and from there, the loop will agaimaent the
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left direction and will end at the datum feature. As can be saen ln this
technique, there are no charts involved, and no balance dimensions need to be
calculated. This technique is logically based upon mathemattation and

bears all relevant rules in this regard. All dimensions will hevettached sense

of direction depending upon their direction of travel and the logical dfuimese

values with their symbols will provide for a resultant value.

7.3.2 Tolerances involved for the operation concerned
While catering for all types of tolerances involved for the opmratoncerned,
there are several factors that need to be taken into consideration such as:

a. Tool holder

b. Work piece holder

There could be several sources of variations introduced which can irgsul
broader range of tolerances to be satisfied. These are listed below:-
I. Variations due to the part holder deviating from its nominal position
for the concerned setup within the operation under consideration
il. Variations due to the varying location of the surface operatelein t
machining operation with regard to its nominal position on the part
holder for the concerned setup
ii. Variations introduced due the varying interface between the work
piece and the work holder for the concerned setup within the

manufacturing operation
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Iv. Variations due to work piece offset from its nominal positiontifigr

concerned setup within the manufacturing operation

All such variations that are relevant to the setup within the metunfiag plan for

a certain manufacturing operation will be three dimensional anel toabe first
calculated as accurately as possible and then catered calthdation for the
dimension and tolerances of the previous step within the manufacturing operation.
In order to calculate and include these three dimensional variations, the intent is
use the screw concept. The screw concept is not new in genérdideadetails of

the screw theory could be found in the following references. (44, 45)

As can be seen, the screws could be of at least three types namely sgeandwi
wrench. However, for tolerance analysis purposes, attention wikkdigcted to

screws only.

7.4 Use of screw concept for representation of geometric variation

The screw concept lets us model the variation in space based upertEthee
angles and three lateral translations along the three orthagasal An important
point to note is that it is just the variation and no original ouacentity is
involved. The reader and the user of the screw concept has to keepgihal or
type of feature and its location and other parameters relevdus/ter work in
his/her mind and then apply the screw parameters to arrihe aetv position or
location of the feature involved. An easier way to tackle this situation istonas
that the nominal position is at the origin of the axis systemgaivhich the screw

coordinates are identified.
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Other researchers have used concepts like Small Displac@&orsior (SDT) etc
for such purposes. However, these approaches are still in theopbtsal and far
from being ‘practicable and applied’ in nature. The major drakhcthese
approaches is that although they delve into such depth but eventualiyaréhe
specifying these angles and lateral translations manuallytt@derrors and
variations involved in the calculation of these parameters otalriinterest are
not taken into account.

The novelty of the research presented here is that it does nott steplavel at
which other researchers gave up but came up with a technique which wifbcater
the uncertainty and inaccurateness at this level also.

Euler angles and lateral translations are calculated hagsadtwo point clouds
for two features between which the variation is to be calculatesd.d general
technique and can be applied in various situations within varyingoemvents.
Values of these parameters which give the least value foriteean selected are
used for all calculations. In this research, the standardized in@dmalue of the
sum of the squares of the errors has been used. For details, relfieas® the
chapter 4 in this regard.

The variations from nominal geometry for different cases willdpeesented as a
screw. This will give us three tolerances in three orthogonattiins and hence,
the contribution of the variations in all the relevant directions kellaccounted

for.
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7.5 Dimensionality of the geometric variation

Why is there a need to account for tolerances in all the threetions? This is
explained in the following.

Every normal and common machining cut involves a surface which is most
commonly a planar surface. Exceptions to the planar curves could beasuc
cylindrical surface. In turning of the rotational parts, depth of the and
longitudinal travel of the cut is involved. However, in milling of thEnar
surfaces, three dimensions may be simultaneously involved such as wiiejtith

and length of the slot. While in all of these cases, one or diorension may be

the driving or the critical dimension while the other may or matybe relevant in

certain cases. However, the above is justifiable in general.

7.6 Information required to proceed with the development of the

manufacturing process plan for tolerance analysis

The previous section discussed how to calculate the various variattuob

result due to setup and manufacturing operations that are presereiehe
current step and the theoretical previous step. Once, all thartoésr have been
calculated, it is time to determine the mean dimension for the previous step.

The general methodology based upon the philosophy mentioned above is
presented here. The overall dimensional loop relations have to be ita&en
account. In addition to the tolerances that are to be catered fovatiagions

caused by the setup and manufacturing operations will also be involvee
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calculation of the mean dimension. Some other role playing enhiige been
determined to be:-

a. Stock removal

b. Direction of cut

c. Type of machining cut such as end milling, facing, edging, shounlgleri

etc.

Stock removal is the amount of material that is removed dependinipeon
dimensions of the tool tip which plays the critical role in machiropgration.
When the direction of the cut remains unchanged and the cut ishirfmicut,
stock removal is not to be exclusively included in the mean dimension
calculation. However, when the cut is physically reducing the dwera of the
work piece, then for all prior operations, stock removal values wilideel in the
calculation of the mean dimensions of the prior operations.
Another important rule which has been dealt with by other researchehe
concept of the increasing operation and the decreasing operatioheHmait of
features of interest, an operation which increases the latenahdion between
them is an increasing operation. The converse is true for the decreasingpoperat
Hence, there are three main types of entities that will méter the mean
dimension of the previous operation:-

a. Mean dimensions of the features involved in the dimension loop

b. Tolerances of the features involved in the dimension loop. This \wdl al

include the tolerances because of setup and location datum changes.

137



c. Stock removal between the current operation and the previous operation.

The role of this entity will be determined as per the rule mentioned above.

The overall sum of these entities (with direction of cut accouiagdwill give
the mean dimension of the previous operation. The process will beae pidat

is time to do calculations for the first operation.

7.7 Case Study

To demonstrate the theory explained in the previous sections, the ntanaéac
process plan for the part shown in the figure will be constructed. th be
recalled that interest in the manufacturing process plan mgetl to the
manufacturing tolerances and their analysis and synthesis, and thetads, such

as planning for a specific process, type of tool, setup configaratc will not be
discussed in detail. It will be assumed that the manufacturingsspes have
already taken decisions about which operation will follow which operathe
machine involved and the required setup and this information will be used in
conjunction with the designer blue print to determine the mean diamsnand
tolerances from the final operation to the first operation.

For the part chosen, it is clear that this is a planar fegareand hence will
require milling operations to create it. In most publicationstioytal parts have
been used. In rotational parts, machining operation involves only one surface
while in milling, it could be anything between one and three sesfgsuch as for
creating a slot through grooving, three surfaces are involved.

Relevant details from Designer Blue Print are shown in the folpvigure. It
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can be seen that geometric tolerances such as position, form anthtmne
tolerances are applied to different features. In addition, sleeahces are also

applied to Features of Size (FOS).

{5+ 0.007 | »

Figure 7-1 Relevant details from Designer Blue print for thepart for case

study

First of all, let’s identify the geometric features involved. Tdees of the part are

identified and marked in the figure below.
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f13

f11

Figure 7-2 The part used for case study; the different faseare shown as

identified

Before proceeding any further, all geometric tolerances have tconverted to
equivalent worst case limits expressed in symmetric bilatena. The position
tolerance has been specifed for the tab consisting of two pdeaaks i.e. f and
f4 alongwith the intermediate prependicular fage Tihe position tolernace is
specifed to CTP (Central Theoretical Plane) and is a measetcise control on
the physical features that define the CTP. The worst casts lequivalent to
position tolerance will give the location of the facgarid f, with respect to face
fo and this will also determine the width of the fage f

Similarly, position tolernace has been specified for the slttdea consisting of
two parallel facesgfand § alongwith the intermediate prependicular fageThe
worst case limits equivalent to position tolerance will give ldwtion of the

faces § and § with respect to face fand this will also determine the width of the
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face t.

In addition, form tolerance has also been specified. Also, orientatEnance can

also be seen in the designer blue print. However, these toleraneesot
specifically catered for in the manufactuirng process planbgnehsuring worst

case limits for other geometric tolerances, these wikltematically taken care

of.

As mentioned earlier, the manufacturing supervisors alwaysfstartthe final
operation and then traverse their way back (on the manufagfunacess plan) to

the first operation in sequential steps. Also, based upon the knowledge of the
working environment which includes the accuracy of the machinesptidition

of the tools etc, manufacturing supervisors start with an ingiedss of the
tolerances that they think are such that these could be maintaineédssfully.
However, they might need to make some adjustments based upon the overall
stack-up results as the values have to be chosen in such a wineyhsdtisfy not

only the tolerances for the step but also ensure that toleranttes stack-up are

also within the designer limit. As far as mean dimensions @ieecned, there is

no variation permitted and these values are adopted as theyatbe Fpart, the
worst case limits for the Designer blue print and the finaledsons and
tolerances as given by the manufacturing process planner foasleein hand is

shown in the table below:-
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S. No Target Datum Designer Blue Print Manufacturing  Process
feature feature Plan

Mean Tolerance | Mean Tolerance
Dimension Dimension

1 fio fy 5.0000 0.0012 5.0000 0.0010

2 fs fo 4.0000 0.0042 4.0000 0.0040

3 fs fy 3.0000 0.0090 3.0000 0.0080

4 fy fy 2.0000 0.0110 2.0000 0.0100

5 f fo 1.0000 0.0320 1.0000 0.0300

Table 7-1 Worst case limits as derived from geometric toleransespecified in
Designer blue print. Finishing operation dimension and tolemnces as

specified in Manufacturing Process plan is also shown.

As can be seen from the above table, all manufacturing toleramckss (could
be equal to, at the best) than design tolerances. Before procebdand; #t's
define some of the terms for easy identification and later usageands for
tolerance for the step i and similary for the mean dimension for the step1s;
stands for tolerance accumulation for the step ji.abd T stand for mean
dimension and tolerance as given in the manufacturing process plde fiomal
finishing operations. Also, the geometric feature before the arrew (es read
from left to right) in the figures is the datum entity whilee other one is the
target entity.

Now let’s turn attention to the final finishing operation (ste@d)casted out by

the manufacturing process planner. The figure below lays dowstripelayout
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for the finishing (grinding) operation for the features involved.

Figure 7-3 The features involved and the direction of cut irthe finishing

operation of step 1

Let's consider the operation as shown in the figure above. It igitigirgy of the
face § and dimensions and tolerances controlled from faceEhe dimensions and
tolerances are adopted from the table above as it is extaetsame operation as

given in the designer blue print except that the datum and taegeirés are

switched.
Equation 7-1

T = Ts
Equation 7-2

551 = Ds

Hence mean dimension and tolerance for this step is 1.0000 £ 0.0300 units.
Let's move to the next (previous machining) step (step 2) as showe figtire

below:-
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pa:

f4~>f 2

A

Figure 7-4 The features involved and the direction of cut irthe finishing

operation of step 2

This is a finishing (grinding) operation with &s target and,fused as a datum.
The mean dimension is calculated by forward differencecérial b where D

and B, are the mean dimensions in fourth and fifth row from manufacturing
Process plan columns in table 7-1 above.

Equation 7-3

852 = Dy — D5
This gives the mean dimension for this step as 1.0000. The manufacturing
tolerance for this step is calculated by the backward difference aflénarices of
the above mentioned rows in the table 7-1.

Equation 7-4

T2 =T5 =T,
Thus, for this step, the manufacturing dimension and tolerance are 10000

0.0200 units.
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For the next step (step 3), please refer to the figure below:-

Y

D

f6~>f4

Figure 7-5 The features involved and the direction of cut irthe finishing

operation of step 3

This is a finishing (grinding) operation with faceals target andsfas datum. The
mean dimension for this step is the forward difference of meamdiorein rows
3 and 4 as given by the manufacturing process planner.

Equation 7-5

853 = D3 — Dy
This gives the mean dimension for this step as 1.0000. The manufacturing
tolerance for this step is calculated by the backward difference aflénarices of
the above mentioned rows in the table 7-1.

Equation 7-6
T3 =Ty — T3

Hence, manufacturing tolerance for this step is 0.0100 — 0.0800 = 0.020@, Henc

mean dimension and manufacturing tolerance for step 3 comes out @068 +
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0.0200.

In the same footsteps, the mean dimension and tolerances &iepiseshown in
the figures below are computed and come to be 1.0000 £ 0.0040 (step 4) and

1.0000 £ 0.0030 (step 5) respectively.

Figure 7-6 The features involved and the direction of cutni the finishing

operation of step 4

Figure 7-7 The features involved and the direction of cut irthe finishing

operation of step 5

The next (previous machining) step (step 6) is shown in the figeloav which is
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face milling of the facesg/ff;, fs ,f3 and f respectively.

Figure 7-8 The features involved and the direction of cut irthe finishing

operation of step 6

The next (previous machining ) step (step 7) is importarttragjuires change in
setup. Here, the research team would like to clarify that teedgvays(or mostly)
more than one way of creating the part and in this publication, interestristeglst
to one process plan which is assumed to be provided by the manufzac
supervisor. All calculations are dependent on the details of this planthe

values for the same final dimensions and tolerances will chaniipe iplan is

changed.

The next (previous machining) step (step 7) as shown in the figure lielan

end milling operation of the faceyfwith fg as the manufactuirng datum.
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Figure 7-9 End milling operation of face {, with face fs as manufacturing

datum (step 7)

First of all, tolerance for this step needs to be assignedtdlbrsince value will
depend upon how much the material is removed during this end millingioperat
Also, it is be noticed that direction of machining is changed. Theatade based
upon the manufacturing supervisor advice is assumed tg;l3e 0.0040 units.
(inches, millimeters etc). Hence, the mean dimesnion for tipsistealculated as
the mean dimension of the previous step plus tolerance accumulatios sfefhi
and the previous step.

Equation 7-7

557 = 556 + ZTS7
Where

Equation 7-8

ZTS7 = Ts¢ + Tsy

Thus, mean dimension for this step is 1.0000+0.0030+0.0040= 1.0070 units.
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’ A7
% fo->f10

Figure 7-10 Edge milling of face #, with face f, as the manufacturing datum

NS

(step 8)

The above figure shows the next (previous machining) step (stepBjhétedge
milling of face o with face § as the datum. Comparing this step and the previous
step, the same target face i.g i involved. The mean dimesnions cannot be
calculated at this point and this step will be considered later. The tadorabis

step is however, assigned as 0.0030 units. The next figure shows the next

(previous machining) step (step 9) in the manufacturing process plan.
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fO-» 9

Figure 7-11 Shoulder milling of face § with face f, as manufacturing datum

(step 9)

In this step, § is the manufacturing datum whilg is the target feature. The
tolerance for this step is assigned as 0.0050 units. Tolerance actomigathis
step (step 9) is given by the following equation:-

Equation 7-9

DTs9 =Tso+Ts7 + T
This comes out to be 1.0000 units. The mean dimesnion of this stepulsieslc
as follows:-

Equation 7-10

859 = D1 — 856 + XTs9
This comes out to be 5.0000-1.0070+(0.0010+0.0040+0.0050) = 4.0030 units.
Tolerance accumulation for step 8 is now calculated as the tadefansteps 9
and 7 and ofcourse step 8.

This is given mathematically as following:-
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Equation 7-11

XTsg = Ts9 + To7 + Tsg
This comes out to be 0.0050+0.0040+0.0030 (assigned) = 0.0120 units . The
mean dimesnions for step 8 is the mean dimension of step 7 +dineamsion of
step 9 + tolerance accumulation calculated earlier as giyethé following
equation:-

Equation 7-12

Osg = 857 + 859 + XTsg
This comes out to be 1.0070+4.0030+0.0120 = 5.0220 units.
The face milling involved in step 10 for the slot geometry is showthe figure

below.

Figure 7-12 Face milling of face#(step 10)

The shoulder machining involved in step 11 is shown in the figuer below.
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&

Figure 7-13 Shoulder milling of face § with face f, as the manufacturing

datum (step 11)

The tolerance accumulation for this step involves the tolerancstepsd 9, 7, 5
and 4 along with ofcourse step 11 i.e.

Equation 7-13

2Ts11 = Tg9 + Tg7 + Tgs + Ty
This comes out to be 0.0050+0.0040+0.0030+0.0040+0.0050 (assigned) = 0.0210
units. The mean dimension for this step is calculated as shown below:-

Equation 7-14

8511 = 857 + G50 — (855 + 854) — XTs11
This is calculated as 4.0030 + 1.0070 - (1.0000 + 1.0000) — 0.0210 = 2.9890 units.

The shoulder machining involved in step 12 is shown in the figure below.
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fO->f4

N/

Figure 7-14 Shoulder machining of face 4f with face f as manufacturing

datum (step 12)

The assigned tolerance for this step is assumed to be sareviasis step and is
equal to 0.0050 units. The tolerance accumulation is given by the fofowi
expression=

Equation 7-15

2Ts12 = Ts12 + Ts9 + To7 + Tss + Tsq + Ts3
Once calculated, it comes out to be 0.0050 + 0.0050 + 0.0040 + 0.0030 + 0.0040
+0.0020 = 0.0230 units.
The mean dimension for this step is calculated as follows:-

Equation 7-16

8512 = g7 + 059 — (855 + 854 + Os3) — XTs12
The above expression gives the mean dimension for this step as 4.0030 + 1.0070

— (1.0000 + 1.0000 + 1.0000) — 0.0230 = 1.9870 units.
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The shoulder machining involved in the actual first step of the manufagt

process plan (step 13) is shown in the figure below:-

Figure 7-15 Shoulder machining of face,fwith face f, as the manufacturing

datum (step 13)

The tolerance accumulation for this step is given by the expression:-

Equation 7-17

VTo13 = Tg13 + T2 + Too + Ty + Tgs + Ty + Ty3
This is calculated as follows: - 0.0050 + 0.0050 + 0.0050 + 0.0040 + 0.0030 +
0.0040 + 0.0020 + 0.02= 0.0430 units.
The mean dimension for this step is given by the expression as follows:-

Equation 7-18

0513 = 857 + 059 — (855 + 054 + 853+ 852) — 2Ts13

The mean dimension for the step 13 comes out to be 4.0030 + 1.0070 — (1.0000 +

1.0000 + 1.0000 + 1.0000) — 0.0430 = 0.9670 units.

154



This leads to the starting point of the manufacturing process ptatolerance

analysis and synthesis purposes which is a blank as shown in the figure below.

Figure 7-16 Geometry of the blank used for the case study (step 14)
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8 STATISTICAL TOLERANCE ANALYSIS

8.1 Types of tolerance analysis

There are mainly two types of analyses [50] for assembérantes which are
explained below:-

a. Worst case

A worst-case analysis is usually conducted by maximizing oinmzing the
chain of dimensions in the stack up equations. For one dimensional case,

Equation 8-1

Ty:ZTi

While in the multi dimensional case,

Equation 8-2

1= 2, (b5l

where ‘f' is the assembly function that is a function of’,'’Xhe nominal
component dimensions. The partial derivatives represent the sensifivitg
assembly tolerance to variations in individual component dimensions.

b. Statistical tolerance analysis

In statistical tolerance analysis, a relationship like the balow is normally
used:-
Equation 8-3

Y = f(X)
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Where ‘Y’ is the response (a characteristic such as a gajfurmtional
characteristic or clearance) of the assembly and X; =X, Xs... Xn} gives the
values of the characteristics (situation deviations or the intraestiation) of the
parts that make the assembly. Thesg afe continuous random variables and
could be mutually dependent. The function f is the assembly respangeifu
This function could be an implicit analytic function or explicit analytic fuorcor
could require complex engineering calculations or experimergalpsor

simulation.

8.2 Methods for Statistical Toleranéaalysis: Broad classification

Several methods exist for solving the above computational problem. darese
broadly classified into the following main classes:-

a. Linear Propagation

b. Non-linear propagation

c. Linearized form for non linear propagation

d. Numerical Integration

e. Monte Carlo simulation

If the assembly response function is a linear analytic functio@ailipropagation
could be used. However, application of liner propagation to a non linediofunc
could be disastrous. In that case, use of non- linear propagation hly hig
recommended and may be the only resort in certain cases. kateariof the

non linear propagation is only recommended once it is applicable andllpgic
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viable and acceptable within its domain. Within the non-linear propagetes,
if the extended Taylor series is used, then the function ‘f' shioeildvailable in
analytic form.

If the function is not available in analytical form, then theahlé@ options are
numerical integration and Monte Carlo simulation. Within the numerical
integration class, if the quadrature technique is utilized thafutifodion needs to
be defined in an approximate form. However, Monte Carlo is thd wiogly
used technique for statistical tolerancing. The best part aboueMarto is that
it can be applied under very general settings and there is nddithi amount of
precision that can be achieved. In general, Monte Carlo simulation loeulded
in any situation in which the remaining three could be used and can @rovie
precise results.

The variance reduction techniquescofrelation and importance samplingcan

greatly reduce the number of samples required for achieving a particalaacy.

8.3 Methods for Statistical Tolerance Analysis: Individual methods /
approaches

The main problem in statistical tolerance analysis is tonesti the moments of

the assembly function based upon the moments of the component functions. In

other words, the distribution of the independent component functions is known

but the distribution of the assembly function is unknown. The Assemgppnse

function Y is expressed as a function of component dimensign,X:--, Xn as

below:-
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Equation 8-4

Y = f(X1, X5, ..., Xn)
There are several methods that will be discussed here. Howeser are several
assumptions that are common to each. Each method assumes tlgghaixamge
of each component distribution covers its tolerance range. Anothertanpor
assumption is that each distribution is assumed to be symmetric ithowan
which in turn is the nominal value of this parameter. However, undeyuga
situations, these assumptions are relaxed which is covered lsy afdftdrifts of

the distribution as explained in the following paragraphs.

8.3.1 Root Sum Squares Method (RSS)

This method is also known as the linear stack-up method. Its aplificabteria
are simple; use it when the assembly function is expressibla é&sear
combination of the component parameters as given below:-

Equation 8-5

Y=apt+ta 1 X1 +ta, X, ++a, X,
Where 'Y’ is the assembly response function,sXare the component response
functions and ‘gs’ are the constants.
According to this method, the first two moments that is the mednhee variance
of the assembly response function are dependent on the component parameter

shown below:-
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Equation 8-6

Uy = Qg +aq Uq + Az Uy + -+ ay Uy

Equation 8-7

of = ajo? + ato? + abo% + -+ a’o?
Here, ‘i’ represents mean and”‘ = variance. All component functions are
independent. The assembly function is assumed normal. That is suppdeed to
universally true if the component functions are all normal. Howenetase of
some or all non normal component functions, the assembly response funation ca
be assumed approximately normal in case of large number of component
parameters. The above decision is a direct consequence of Ceimmnal L
Theorem.
What happens if the function as given by equation 8-4 is just mdygiimedar?
The solution suggested by Evans [51] is to expand the assembly reRpurism
into a Taylor series and neglecting all terms except theamnsnd linear terms.
However, this formulation will only work within the range within whithe
linearization is a good approximation of the actual response functions Elso
proposed a slight modification of the above for the assembly respangens
that are not available in analytical form. ( See [51] for details)
What to do in case the assembly response function is neither Inogar
approximately linear; however, it is available in analyticaht? The answer is to
use the extended Taylor series approximation as suggestedudkeyT and

presented by Evans. This method is tedious largely due to the coimpaita
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effort required for the partial derivatives of the Taylor eeréxpansion of the
response function, which requires nontrivial algebraic manipulation. In tyder
reduce the computational complications and at the same time, mpgvidi
reasonable results, Cox (1979) proposed a modification suggesting Sayikes
expansion only up to"2order terms.

Another question arises: what if the component distribution has a spdarthan
its tolerance limit? This would result into a truncated normstridution due to
the rejection of the out of tolerance components. Croft [52] approxinthte
truncated normal distribution with a rectangular distribution. Tleree three
things worth mentioning: first; rectangular distribution assumesl eligteibution

in the range, second; the rectangular distribution has greatemt@tics on the
extremes as compared to truncated normal and hence, will gdessamistic
value. Lastly, rectangular distribution ignores any skewngssthe real
distribution which will give an optimistic value.

Croft hoped that this blend of optimism and the pessimism will ngfortraying
the true real situation. Based on the results, it can be see@rbfis method
gives better results for smaller number of components (less2a However,
for larger number of components, the values are identical for i€<Omethod

and the linear stack up.

8.4 Estimated Mean Shift Method

This method [53] goes by this name since it is required thatiésgner must

estimate the bias for each component in an assembly. It is done by defmoing a
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that contains the probable location of the mean of a typical batphrts. This

zone is called the midpoint tolerance zone. It is expressedfrasten of the

specified tolerance range for the part dimension. This valueebat@.1 and 1 is
known as the mean shift factor and is represented, ligrrthe I" component. The
assembly tolerance is given by the relation:-

Equation 8-8

of of of
Ty=m (a_Xl) hiovm, (a_Xz) e (m)

+J(1 —my)? (;—)’;)2 T, 2+ (1 - my)? (:—)2)2 T, 24t (1 — my)? (%) Ty ?
This method keeps the estimate of the mean of the component distributi
flexible. By defining the zone for the mean, it accounts for théssim the
distribution which are so common in actual manufacturing.
Stefano [54] provided a systematic approach to evaluate the meariastoft
after taking principal factors such as mean shift ratio, coméieldevel, tolerance

assortment between the component dimensions and the number of dimensions of

the assembly, into consideration.

8.5 Spotts’ modified approach

Spotts [55] suggested the equation below which is based upon practical
experience. He suggested taking the average of the worst casen(®i®d of
extremes) and RSS. It was based upon the idea that since WI@ gegsimistic

and RSS is too optimistic, there is a lot more chance thataheiage is going to

be closer to reality.
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Equation 8-9

WhereAY is the variation in assembly dimension andsxthe variation in the"

component dimension.

8.6 Bender’s correction factor approach

Normally the observed assembly tolerance is more than whaggested by RSS
method. In order to rectify the situation, Bender [56] (1962, 1968) camathip w
the idea of having a corrective multiplication factor. Bender ssiggl a value of

a = 1.5 and later, Gladman suggested a value between 1.4 and 1.8. ‘Z’ is the
number of standard deviationg\Y’ is the variation in assembly dimension and

‘i’ is the variation in thé"icomponent dimension in the equation below:-

Equation 8-10

n n
Z 2,2
AY=2al-xi+§ 2(1 — ;)2 X
i=1 i=1

1

8.7 Mansoor’s static mean shift model
For this model of tolerance analysis [57], following are the assumptions:-

a. The processes are always able to meet the specified tokeramcthe specified
design tolerance is always greater than or equal to the natural procestmle

b. Components are normally distributed.
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This model assumes the worst possibility of mean shift, whichc@naervative
assumption. Theoretically, the spread of the distribution is edémilas +/- 3.09
times or 6.18 times the standard deviation of the distribution. Mansoode!

assumes that there is a shift in all or some component distnsuaind he
suggests the spread of the assembly distribution by giving anvaddtirection
factor which is equal to the sum of the shifts for component distributions.

So

Equation 8-11

AY =1+3.090
Or

Equation 8-12

Y=6.18¢
In case of shifts in component distributions, the above formulae amedachéy
adding a corrective factor,

Equation 8-13

n n 1,
AY = z x; +3.09 [Z oﬁ]
i=1 1

i:
Or

Equation 8-14



8.8 Gladman’s dynamic mean shift model

The assumptions for this model [58] are:-
. The component distributions are uniformly spread over the entire &rigesign

tolerance

. The component distributions are approximately normal.

Additionally, the process standard deviation is given by

Equation 8-15

Oy = pv(Zt)
Wherep = design factor for each component tolerance.
And the natural process tolerance is represented by

Equation 8-16

2t = 60,
The above two equations result in:-

Equation 8-17

Pv=1/6
This model calculates the variability of the assembly response in thpse ste
It calculates the design factor for each component dimensiatl@asd (p, = 1/6

as from above) :

Equation 8-18

po=+1c [0t + Y56, -1)]
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Where G is the Process capability index.
. It determines the standard deviation for each component dimension using the

following formula:-

Equation 8-19

o; = p;(2t;)

It estimates the variability of the assembly dimension using the RSSoeguat

Equation 8-20

8.9 Desmond’s probabilistic mean shift model

This model [59] uses the in-between approach to Mansoor’s (worst gosshh
shift) and Gladman’s model (uniformly distributed mean shift). Fégation in
the assembly dimension is given by:-

Equation 8-21

5

i=1

n
AY = Z((Sl - tl')z +
i=1

This is a slight modification to the expression as given by Mansoor.
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8.10 Chase and Greenwood'’s iterative mean shift method

Chase and Greenwood [53] came up with this iterative method wiéshto
match the desired assembly limits by making small adjussrierihe component

mid points which in turn are obtained from component tolerances usshgrier
approximation. This method is applicable to assemblies involving onkirtiyde
dimension chains.

This method is based upon the expectation that in case the telénaife:up on
assembly dimension is approximately correct, then both desireds liafi
assembly dimension can be obtained by shifting the midpoint value of the
components. The required shift in the assembly dimension is given by the
following expression:-

Equation 8-22

_ (Yhigh - Ylow) (Yhigh - Ylow)
AYspife = B — B E—

Desired Iteration 1

As per Chase and Greenwood, the shift in assembly dimensioratedréb the
shifts in component midpoint as per the following equation:-
Equation 8-23
AYgpipe = 5—YAX01 + S—YAXOZ, ot 5—YAX0N
6Xo1 65Xy, 6Xon
The component midpoint shift can be proportional to each component tolerance.
Thus each component midpoint shift can be a certain percentageaéitsce

as shown in the following equation:-
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Equation 8-24

sY
AXy; = SGN(AY)SGN [—] £5;
5Xo;

Thus finally, an expression for the shift in assembly dimension caxpressed
as a function of component tolerance as shown below:-

Equation 8-25

oY

n

Y

AYp; :Z SGN(AY SGN[ ] 0;

shift . 16X0i ( ) SXOl f l
=

The sensitivities are updated by using the new component mid-ptueisvand
the method proceeds iteratively until there is a satisfaetgryement between the

desired and the actual limits of the assembly dimension.
8.11 Taguchi’'s method

A ‘3-level factorial experiment’ is used where the mearapd p&\/g o; are the

three levels [60]. The assembly response function is evaluateall &"
combination of the levels of each component. Once thés@lBes of Y have
been obtained, all the required moments of the assembly responsenfuractibe
found using standard statistical formulae.

The great benefit of this method is that it works even if you do not khew
assembly response function. However, it requires that all the comganetibns
be statistically independent. Further it assumes a normalbdigdtn for the

component functions.
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D’errico and Zaino [61] compared the results for the calculationarhemts for

the assembly response function with the results from a simulatiogisting of
250,000 observations and found that this method needs to be modified in order to
get better results for the fourth moment as well. The methaanmmended by
them is known a8viodified Taguchi method’ and it uses weights of 1/6, 4/6 and
1/6 to the high, center, and low levels respectively.

D’errico and Zaino further observed that with increasing value of n, the number of
evaluations required by the ‘3- level factorial experiment besome
unmanageable. For this, they recommend a threshold value of 10 to ewetch
from ‘3 — level factorial experiment’ to ‘fractional faciair experiment’ (or
orthogonal arrays).

The best thing about the modified Taguchi method is that it is naednto
normal distributions only; rather different values of the weiglais be used to
simulate any non-normal distribution. Additionally, the number of levafsalso

be increased.

8.12 Hasofer- Lind reliability index method

In this method, the probability of successful assembly or e y8 based upon

the Hasofer — Lind reliability index [62]. The main steps involirethis method

are given below:-

a. Each of the random variables is transformed into the standard normal

variable using the moments of the component distributions.
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b. Each design requirement can be represented by a failure surféice

space of the individual variables. Certain coordinate transfamaperations( as
many as required) are carried out such that a new coordinag ispzbtained in
which the above mentioned standard normal random variable are independent

with zero means and unit variances.

C. The minimum distance beta between the origin and the failureceuda
used to estimate the failure probability. Limits of this probabdgite found by
using a hyper plane at distance beta from the origin and the $pipere of radius

beta with its center at the origin.

d. Yield probability is unity minus the above mentioned failure probability.

8.13 Evan’s numerical integration approach

For any assembly function Y = fXX,...,Xn) with each component function
having a known distribution M63], the expected value of the function f is given
by the integral [{f} as below:-

Equation 8-26

I{f}
= f PR f f(Xll Xz, "'IXTL) Wl(Xl)WZ(XZ) ...Wn(Xn)XmdXz ......... an

This integral can be approximated by the quadrature expression Q{f} aatautli

by the following expression:-
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Equation 8-27

+
a;

h(p; + ai’o;))  h(u + a; o
Q{f}=G.f(ul,uz....,umZHi[ Ut aio) R Zi_“ ‘”]

+ Z P lh(”i +afo,u +af o) h(w+aio,u t+af o)
ij -

+ + -+
ala; a;a;
i<j vt vt

~ h(p; + aif oy, 1 + a; o) ~ h(w; + aj oy, 1 + aj_aj)l

+ -_— - -_—
a; a; a; &;

Where the first four moments of the component functions have beeredititr
calculating the constants G, R, a;",a;, ;" and o .

The above formulation is specifically applicable to the case \iecomponent
functions are assumed to be normally distributed. Evans [64] condideissue

of error formulation resulting in due to approximation of the inteim@ugh the
guadrature formula.

Evans [65] considered the case when the above stipulation was not valid.

However, it is not very important for current research althougmight be

important for people working in pure statistics or other fields.

8.14 Monte Carlo simulation method

It is the simplest and the most popular method for non lineartstlitlerance
analysis. [66]

The general and simplified description of the method is given below:-

Random values are generated for each component using the specified admpone

statistical distribution. These values are used for calculahiegvalue of the
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response function for each set of component values. In this way, sarhjgs va
are generated for the response function which can be further ussaldaliating
the moments of this population using the standard statistical fornitdagreater
accuracy, it should be ensured that a non-repeating sequence lfaséheandom
number generator is used.

The advantages of using Monte Carlo simulation is that it can be used fqeall ty
of distributions for the components i.e. it is not restricted to onlymabr
distributions. Also, since the response function is calculated hylaion, it can
easily handle both the linear and non linear cases.

The main disadvantage is that a varying sample size willdjiferent values of
the assembly rejects. This means that the result will vach ¢éime with the
change in sample size. Also, since the random number generatoresequir

starting or a seed value, the results may vary depending on different seeds.

8.15 Method of Moments
This method is based upon the first four moments of the statidigtabution.

So, before explaining the method, a small explanation of these moingnien

below:-

8.15.1 First Four Moments of Statistical Distribution
1. The first moment of a statistical distribution is commonly kn@agnmean or
average and is an indicator of the central tendency of the daaiven by the

following equation:-
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Equation 8-28

p = E (x)
Where pu; is the mean, ‘E’ represents the expected value, and the variable
concerned is ‘X’.
2. The second moment of a statistical distribution is commonly knowtheas
variance and is an indicator of the scatter or dispersion of theltls given by

the following equation:-
Equation 8-29

py = E (x —x)*
Wherey, is the variance anddenotes the sample mean for the variable ‘x’.
3. The third moment of a statistical distribution is the skewoésie distribution
and is an indicator of the symmetry or otherwise of a distributimutaany

value. It is given by the following formula:-
Equation 8-30

pz = E(x —x)3
Wherep; represents the skewness.
4. The fourth moment of a statistical distribution is the Kurtosia alistribution
and is an indication of the nature of flatness of the distributias gitven by the

following equation:-
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Equation 8-31

te = E(x —x)*

Wherepu, represents the kurtosis.
It is to be kept in mind that all these are the central moments.
There could be ‘n’ number of moments.
All these moments are independent of origin as these are funafotise
differences

X—Xx
However, they all depend upon scalar parameter such as unit of @afibbk for
the same variable such asqr [, there will be different values depending upon
units used.
To cater to different units used, there are indices of skewndgastosis, which
are not discussed or defined here as these are beyond the scope of this.researc
Now, coming back to the ‘Method of Moments’; in this method, the statis
moments of the component distributions and the first and second partial
derivatives of the assembly function are used to find the &itstrhoments of the
assembly distribution. These four moments are subsequently utidiz@attthe
parameters of a general distribution e.g. Pearson system, Johntan syshe

Lambda distribution.
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COMPOMENTS

ASSEMBLY FUNCTION
y = g[x1,12.....xn]

¥

ASSEMBLY

Figure 8-1 Different distribution types for the various compnents contribute

to the assembly distribution

Eventually, the number of rejects is found by using the standard,tablesrical
integration or algebraic equations. The computational process involvesicalme

derivatives and series summation.

8.16 Mixed Moment + Monte Carlo Simulation method

This method is a mixture of the two methods mentioned above. The benefit of it is
that it requires a moderately complicated program and has a reodera
computation time as compared to the above two methods. In the firsif pae
method, Monte Carlo simulations are used to generate a smalldrenwh
assembly values with sample sizes ranging from 1000 to 5000. Tiwticsth
moments of the assembly distribution are calculated from these resultanblysse

dimensions which in turn are used for estimation of the fractiolneofgjects. The
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main advantage of this method is that it bypasses the numericalties and
series summation. Also, since the sample size is small, thputation time is
reduced as compared to standard Monte Carlo Simulation.

In the following, requirement of statistical tolerance analysiong with the

concept of convolution is discussed.

8.17 Need for Statistical tolerance analysis

The worst case analysis for 100% interchangeability withinatbsgembly has
already been discussed. As opposed, in the statistical tedeasatysis, interest
resides in a certain success rate of assembly rather the#b 0@cess rate that
was used in the worst case analysis.

Consider an assembly of two parts with two dimensions of interespdft A’'s
dimension of interest (likewise for part B dimension of intg¢rekere will be an
associated frequency distribution and the corresponding probabilitipdisin.
Initially, consider that both parts (A’'s and B’s) dimensions have aaoor
Gaussian distribution. Later on, other types of distribution as welstification
of their use based upon some established reasoning will be considesedit Al
will be the desire to find out and present the error of fit forhestandard
distribution that is fitted to a particular distribution (in thetistecal validation
portion of proposed research plan).

Once an assembly C that is a combination of the parts A armlcBeated, then
the question arises what will be the distribution of the size mbioa for

assembly C.
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If parts A and B are randomly chosen, then it will ensue thatk tieerno
covariance. Covariance can exist if every assembly C is ehsuo®nsist of part

A made from the same machine as that for part B etc. Absehcovariance
leads to the conclusion about their independence.

In the absence of covariance, whenever two parts combine togethen (
dimension of interest having their own probability distribution), then the assembly
will have a probability distribution that is the convolution of th® wonstituent

probability distributions.

8.18 Types of Convolutions

Speaking of convolution, there could be two cases:-

8.18.1 Convolution of two discrete random variables
Suppose X and Y are two independent discrete random variables wilihudiistr
functions d(x) and d(x) respectively. The convolution of these results into a

distribution function
ds= di;*d, and is given by

Equation 8-32
dyy = ) dy (). dyi = k)
k

For i=...,-2,-1,0,1,2,....and K i The resulting function 4x) is the distribution

function of the random variable Z=X+Y.
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8.18.2 Convolution of two continuous random variables
Suppose X and Y are two independent continuous random variables with
distribution functions gx) and d(y) respectively. The convolution of these

results into a distribution function
ds= di;*d, and is given by

Equation 8-33

WH%X@=f dy(z = y)dy () dy

Or

Equation 8-34
400
ww@xa=f dy (2 — x)d; (x) dx

8.19 Sum of two independent uniform random variables
Take the case of two uniformly distributed variables. i.e.

Equation 8-35

ifo<x <1

_ !
di(x) = d(x) = { 0 otherwise

For the sum Z= X +Y, the density function for the sum is given by

Equation 8-36

Wﬁ%ﬂ@=%@=f dy(z - y)dy () dy
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Since,
Equation 8-37

1 ifo<y <1
d =
2(¥) {0 otherwise

Thus Equation 8.36 becomes,

Equation 8-38

1
ds(2) =f dy(z — y) dy

The above integral is equal to 1 only when
Equation 8-39
0<z-y <1

Which can be reduced to the following thru steps

I. by subtracting z everywhere,
Equation 8-40

—z<-y<1l-z

And finally,

il. multiplying by -1 everywhere, which changes the inequalities

direction, and gives
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Equation 8-41
z—1<y <z
This leaves with two scenarios (for non zero value)
Case 1
For

Equation 8-42

Equation 8.38 becomes

Equation 8-43

d;(2) = j:dy =2z

Case 2
For
Equation 8-44
1<z<2

Equation 8.38 becomes
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Equation 8-45

1
d3(z)=f dy=2—-z
Z

-1
To conclude, all the results are listed below:-

Equation 8-46

Z ifo<z <1
d3(z)={2—z if0<z <1
0 otherwise

The result of the convolution of two uniformly distributed densiteshown

below:-

1z

. /N
R4 AN

0 010203040506070805 1 111213514151617 16819 2

Figure 8-2 Convolution of two uniform densities
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9 PROBABILITY MAPS: A NEW STATISTICAL MODEL FOR NON
LINEAR TOLERANCE ANALYSIS APPLIED TO RECTANGULAR

FACES

9.1 Introduction

A new statistical model for the tolerance analysis based upoh pgoobability
distribution of the trivariate normal distributed variables involved tle
construction of Tolerance-maps (T-Maps) for rectangular faceresented.
Central to the new model is a Tolerance-MagMap). It is the range of points
resulting from a one-to-one mapping from all the variational podbilof a
perfect-form feature, within its tolerance-zone, to a specikbigned Euclidean
point-space. The model is fully compatible with the ASME/ANSYIStandard
for geometric tolerances. In this research, 4-D probabilap$Aprob Maps) have
been developed in which the probability value of a point in space issegped
by the size of the marker and the associated color. Addityorg&ID prob Maps
(3-D cross sections of the 4-D prob Maps at pre specified vaaresyised to
represent the probability values of two variables at a time émnatant value of
the third variable on a plane. Superposition of the probability point cloindthat
T-Map clearly identifies which points are inside and which are outside MapT-
This represents the pass percentage for parts manufacturedhevistatistical
parameters such as mean and standard deviation as of the assuaredet
probability distribution. The effect of refinement with form andentation

tolerance is highlighted by calculating the change in pasepige with the pass
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percentage for size only. Delaunay triangulation and ray gadgorithms have
been used to automate the process of identifying the points insideitntk the
T-Map. Proof of concept software has been implemented to demonstste
model and to determine pass percentages for various cases. Thdasrfodber
extended to assemblies by employing convolution algorithms on tvwaridte
statistical distributions to arrive at the statistical distiion of the assembly.
Accumulation T-Maps generated by using Minkowski Sum techniques oftthe
Maps of the individual parts is superimposed on the probability point cloud
resulting from convolution. Delaunay triangulation and ray traciggrahms are

employed to determine the assembleability percentages for the assembly.

9.2 Purpose

Traditional tolerance analysis techniques refer to the peactitat help in how
tolerances are developed in most of the western countries. In ¢ontras
experimental techniques are most widely used in Japan. Standardcases
approach is used to add or subtract all the extreme (maximum aivthumm)
tolerances that are associated with the nominal set point forceatponent. The
worst-case tolerance stack up results in the assembly hatr éis largest or
smallest allowable dimension. The worst-case method does nontakaccount

the laws of probability---at least not in a realistic sensger@he period, it has
been proved that worst-case methods should be used sparingly bedwoause t
tolerance stack up process used is not representative of the emantels build

up in the probabilistic environment in which the parts are madassembled. It
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is because it is very unlikely that all the components manufactane at their
maximum or minimum tolerance levels at the same time. Theistignce when
such an analysis is unavoidable when the assembly is made up offew@arts
that have a critical (safety or customer preference)faderwith some other
product feature that cannot be allowed to interfere or be spacéal tapart. The
real world of component manufacturing is highly influenced by thes laf
probability, random chance and special causes. In other words, it is nbig@tssi
create component exactly on target every time. All parts raatwurfng processes
result in a distribution of output that is spread around the targetout
specification. It is because every process contains an inhergabiiy. In
addition, special cause variability could also be present. Thisyi®xdernal or
deteriorative source that moves the process from a state of rafal@tion to a
new non-random state of variability that is beyond what is causetbchegural
(random) events. Examples could be batch-to-batch variability, gkdnar worn
tools, contaminated raw material, and numerous other noises.

The Root Sum of Squares (RSS) approach is used to account foowhe |
likelihood of all dimensions occurring at their extreme limitsudtameously. In
processes where mean shift is suspected, Motorola’s DynamicSRootSquare
approach could be efficiently employed. There is a static ve(aonompared to
the dynamic version) of the method also available, which is mefelus cases
involving sustained process mean shift. All the methods mentioned abové do no
use the distributions as such and are more dependent on the moments of the
distribution. For example, two distributions could have same first aconde
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moments but one distribution may belong to four parameter fardgrdinuous
probability distribution while other is only a two parameter distrdsutOverall
probability as given by the two distributions will be quite différgenerally and
significantly different in certain regions of the range of #aeiables involved.
Another example could be the difference in standard and non standard
distributions for same mean and variance values.

In this publication, a new approach is used to carry out statigblerance
analysis. This approach uses the entire distribution and not dependepntosolel
the moments of the distribution. The model presented here determenegettall
distributions based upon the distributions of the involved variables. Joint
probability distributions are used to generate point clouds for panite
convolution algorithms have been used for generating probability pourdsifor
assemblies. Also, it is the first time in mechanical tolezaacalysis that such
techniques as Delaunay triangulation and ray tracing techniques have betn used
determine the pass percentages for the parts and assembleahbdéntages for

the assemblies.

Section 3 provides the review of those publications in which relatszhneh
work had been carried out. Section 4 explains briefly the twthods for
visualizing the probability point cloud. It also has a brief theoretnteoduction

of Joint probability distribution concept. Section 5 walks the reddeugh the
Re-D (Reduced Dimension) method of visualization and also cover tlwabreti
background for bivariate normal distributions. Section 6 explains thB Hi-
(Higher Dimension) method of visualization along with details owatiate
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normal distributions. Section 7 discusses the viability of the messnt of the
variables involved in the analysis. Use of the prob Maps forxtnaation of pass
percentages is detailed in section 8. Section 9 tackles the effethe pass
percentage when form refinement is additionally specified. @edi® does the
same for orientation refinement. Use of convolution techniques tee aatithe
assembly statistical distributions using trivariate normaridigions of the parts
is explained in section 11. Section 12 explains the extraction ahbkssbility

percentages for stack up of two parts along with overview ofdutwork and
work in progress research activities which is followed by conclusioisgction

13.

9.3 Background

Rules for specifying and interpreting geometric tolerancesbeafound in the
ASME Y14.5M standard [2] and its counterpart the ISO 1101 Standard(Qaé]

of the earlier researchers in the field of statisticabrtoicing is undoubtedly
Mansoor [57]. Mansoor’'s method assumes component dimensions follow normal
distribution and obtains the resultant assembly tolerance by i&ngat sum of
squares (RSS) method. The most simple and widely used methodtisticala
tolerance analysis is the root sum squares (RSS) method. Parf@@dater
generalized the technique and used it for optimization of dimengioleahnces.
Bjorke [67] developed a similar model based on beta distribution, althoeigh
assumed that the resultant dimension based on the linear stackup wiowdafol

normal distribution. This leads to serious inaccuracies espeifi#iily part count
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in the assembly is low. O’Connor and Srinivasan [68] developed the concept of
Distributed Function Zone (DFZ) as an aid to statistical anleing. In this
approach, the pass percentage of a population of parts is determiresglising
that a pair of specified non-standard distribution functions bound théaudigin
function of relevant values of the parts.

Many researchers have widely used Monte Carlo simulation fdiststal
tolerance analysis such as [69]. In this method, a random number gengrat
used to simulate the geometric variations for the components. bsragsembly
function, these values are combined to determine the resulting infloars@me
clearance or gap dimension. Many of the commercial systemsT@m Centre
VisVSA (Visual Variance Simulation Analysis)) [70, 71] utiliddonte Carlo
simulations for statistical tolerance analysis. However, tverperiod of time,
simulation has been found to be very slow and computationally expensive. It
appears that these could be regarded as analysis tool but #hdar uslerance
synthesis is economically limited.

Fitting of a multidimensional Gaussian probability density function the
multidimensional variational possibilities was investigated bytidéy et al. [72].
Using transformation matrices as proposed in above referred pidrljdaee and
Yi[73] applied these results to obtain a statistical representaf tolerances for
evaluating clearances in assemblies.

Ameta G., Davidson J. and Shah J. used tolerance maps (T-Mapshéoatagey
frequency distribution of 1-D clearance and allocate tolerafitésand 75].
Multivariate statistical analysis was used to rapidly explpotential chemical
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markers for the discrimination between raw and processed radixK@ksal G.
and Fathi Y. used statistical tolerancing in designed experimengs noisy
environment [77]. Choudhary A. suggested a statistical tolerancingasgbpfor
design of synchronized supply chains [78]. Gonzalez |. and Sancheazkdutil
statistical tolerancing to come up with an innovative methodologgllbcate
optimal statistical tolerances to dependent variables, in ceadese the
dependence structure could be estimated from the manufacturingpiacs.
Dantan J. and Qureshi A. presented a new mathematical formulatiorsifcase
and statistical tolerance analysis based on quantified conssatrgfaction
problems utilizing Monte Carlo simulations [80]. Bruyere J., etapplied
statistical tolerance analysis on a bevel gear emplogioitp ttontact analysis and
Monte Carlo simulation [81]. Ramaswami H. and Acharya et agmezed the
need for multivariate statistical tolerance analysis fongeng uncertainties in
geometric and dimensional errors for circular features [82]. Thegd
Exploratory Factor Analysis to arrive at six dimensional peréorce metric
vectors to quantify the difference between the true value of toeseand the

value evaluated using the sample.

9.4 Prob Map for size tolerance on rectangular face

As mentioned earlier in the previous paragraphs, the simplest Twiiap is the
T-Map for size tolerance specified on the rectangular facethras variables;
namely size tolerance t, plane tilt along x axis and planealtiiig the y axis. To

visualize, interpret and analyze the statistical probabilityridigion for all the
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design points that are represented inside the T-Map, one has tdecmtatistical
probability distribution for each of the variables involved in the constniof
the T-Map. In other words, if there is statistical probabdistribution associated
with each of these variables, then the simultaneous behavior ef ¢bastituent
statistical probability distributions will be necessary fore thisualization,
interpretation and analysis of the probabilities associated to epeimyt
represented inside the T-Map.

In this regard, this research uses and incorporates the congeioit girobability
distribution to arrive at the statistical probability distributi@n all the design
points represented inside the T-Map. Joint probability distribution gikes
simultaneous behavior of two or more variables that have a stdtigtabability
distribution of their own.

The explanation of the theory behind the joint probability distribution fallow
the coming paragraphs.

In the study of probability, for two continuous random variables ABnohder
consideration, the probability distribution of both random variables coesider
simultaneously is given by the Joint probability distribution of A Bnd'his can
be written ag, z(a, b) .For any region R in tspace,

Equation 9-1

P((A,B)€eR) = ff fas(a,b) dx dy
R
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In the case of only two variables involved in the Joint probabilisgribution,
then it is called bivariate distribution. It is called multivegidistribution in case
of three or more variables involved.

Conditional probability is the probability of one variable when the proibaloif
the other variable is known. Marginal probability distribution is theividual
probability distribution of a random variable whose joint probabilityrithstion
with one or more random variable exists. The joint probability distribution for two
variables can also be written in terms of conditional distributions

( felabla)fawy and fap(alb)fzp) represent the conditional distribution of
B given A=a and of A given B=b respectively) and marginal distiobst (f,,)
and fz) represent the marginal distribution for A and B respectively) as

Equation 9-2

fB|A(b|a)fA(a) = fA|B(a|b)fB(b) = fA,B(a: b)

As already explained, out of the assortment of T-Maps that e discovered
so far, the most simple is the T-Map for size tolerance specified onctaegalar

face. However, even the simplest T-Map uses three varialés construction
and the probability value will be the fourth entity in the proposed Rrap. So

let’'s consider the joint probability concept for three or more variables.

The joint probability distribution for two random variables could be extknde
three variables (infact n variables) by adding them with the itgesgquentially

as
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Equation 9-3

..........

Thus, in actuality, the simplest Prob Map will be 4 dimensional. Tethods for
the display of these Prob Maps have been proposed in this reseagds. caled
the Re-D Prob map and the other is called Hi-D Prob map. Thesg@agned in
the following paragraphs.

In Re-D (Reduced Dimension) Prob maps, only three out of the fotiegrre
catered. In other words, one needs to select two variables out ofviriaklles
(size, plane tilt along x axis and plane tilt along y aX®). example, if plane tilt
along x axis equal to a certain constant value suchiassalected, then one can
achieve a 3-D view of the 4-D statistical probability dsttion plot. However,
this will only be the state for one particular instance wienpiane tilt along x
axis is equal to@ To get the complete picture, one needs to have a series of such
3-D probability plots. In the Re-D Prob Maps, the color of the poirttimvithe
plot shows the value of the probability for that combination of the two variables.
In Hi-D (Higher Dimension) Prob Maps, for every combination of theed
variables i.e. size tolerance, plane tilt along x axis aadeptilt along y axis, the
probability value is shown by the Prob Map. In such a case, theafoihe point
within the plot and the size of the point reflect the value optbeability for the

combination of the three variables involved.
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9.5 Re-D Prob map for size tolerance specified on rectangular face

The T-map for the size tolerance specified on rectangularwasedeveloped in
Shah et al [48,49]. Here three variables are involved i.e. sizarnokerplane tilt
along x axis and plane tilt along y axis. The two approacheshthat been
described earlier in this publication will now be applied to the situation in hand.
For the Re-D method, in the series of plots shown below, the thibleahas
been used for sectioning the 4-D plot to get a 3-D plot. All the Pragts above
are generated for the bivariate normal distribution (reduced) ae only
applicable for the points in the plane of size tolerance and the plaalong Y
axis. The bivariate normal probability distribution has the followdensity
function
Equation 9-4

1 VA
Znalazmexp |_ 2(1-p?)

Where z (a convenience variable) gn¢correlation of x and % and Vi, is the

p (xl’xz) =

covariance) are given respectively by :-

Equation 9-5

_ (o pp)? 2 p (x1-p1) (xa-3) (X2 pt2)?
z= 4 etrer

of 0102 o3

And

Equation 9-6

Vl 2

010,

p = cor (x; — x)
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For Re-D prob Maps, a series of plots were generated for thre eatige of
variables (size tolerance and plane tilt along y axis) eértain fixed value of
third variable (plane tilt along x axis). A selected lot outhef series of such Re-

D prob Maps is shown in figure 9-1.

Figure 9-1 Re-D Prob maps for sections taken at intervals with the range
of total variation in plane tilt along x- axis (This figure highlights the bell
shaped variation of the Gaussian distribution for the entirerange of the

variation in plane tilt along x-axis.

The plots have two active variables i.e. size tolerance and filaal®ng y axis.

Equation 9-4 could have been used for generating the probability pointimgyol
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two variables. However, instead, equation 9-7 has been used fnatyeg the
probability point cloud. The difference between the Re-D and Hi-D rdathtnat
although the same expression of trivariate normal distributioned, us Re-D,
the expression given by equation 9-7 is evaluated several gaes times with a
different constant value of the third variable ( plane tilt along x axissrctse).

In constructing these prob Maps, the range of variation for sieeahce was
assumed to be from -0.04 to 0.04 (e.g. mm), for plane tilt along xiawsas -
0.02 to 0.02 (e.g. radians) and for plane tilt along y axis, it was -0.09%¢e.qg.
radians). These values were selected from a set of viabldatedreange of
values for the variables. Any other value could also have sufficechbl@ble line
depicts the boundary of the T-Map for the size tolerance spedafedhe
rectangular face. The Prob Map is symmetric in all dmastas it is expected

(because of the symmetric nature of the T-Map).
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4-D Probability T-map sectioned at Flane Tilt along x axis =0

Prohahility Density

plane tilt along ¥ axis

size tolerance

Figure 9-2 Re-D Prob Map for section taken at Plane Tilt along x-axis =0

The size of all the plots in figure 9-1 is kept intentionally kteasave on space.
Figure 9-2 is a full size Re-D prob Map for plane tilt alongxis equal to zero. It
is to be made clear that Re-D method gives a 3-D probabilityyhlich is a cross
section (or series of cross sections) of the full 4-D probghiliit once the size
tolerance on a rectangular face is under consideration. Re-D Rapb ¢4n be
used for calculating pass or reject percentages for those warth are

represented within the plane of the two variables used for constralcgngrob

Map.
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9.6 4-D Prob Maps

4-D prob Maps are created using Hi-D method of visualization asierpl
earlier. For the Hi-D method, the probability distribution for eachhef three
variables, i.e. size tolerance, plane tilt along x axis and pikredoing y axis is
given by their joint probability distribution which is given below:

Equation 9-7
P (xy,x5,%3)

e_w/ 2 2 2
[2 {pi, + piz + P33 — 2p1z2 P13 P23 — 1}]
3
22 2 \/1 — (pfy + pis + p33) + 2p1z P13 P23

Where ‘W’ is a convenience variable and is given by:-

Equation 9-8

w = xi (p55 — 1) + x3(pfs — 1) + x3(pi, — 1)
+2[ x1 x5 (P12 — P13 P23) + X1 X3 (P13 — P12 P23)
+ x5 x3 (P23

= P12 P13)]
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And ‘p;’ is the correlation between the three variables.

Prabability t-map for size tolerance specified on a rectangular face;
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Figure 9-3 Prob Map for size tolerance specified on rectangulatace. The
variables involved are the size tolerance, plane tilt along x ax&d plane tilt

along y axis.

In figure 9-3, the 4-D Prob Map for the size tolerance speaiiiethe rectangular
face is shown. The three variables involved are the size tolegalace tilt along

x axis and plane tilt along y axis. The fourth parameter whidhe probability
density function value is depicted by the size of the dot and itsatized density
value is shown with the color of the det. — o, is the axis along which the size
varies. Similarly,cs — o7 shows the variation for the plane tilt along x axis while

o4p — Ogp Caters to the plane tilt along the y axis. The range of i@r&for each
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of the three variables is shown in the plots. Again, size tolefan@ying from -
0.04 to 0.04 units (e.g. mm) and plane tilt along x axis varies from -0.022o0
units (e.g. radians) while plane tilt along y axis varies in betw-0.05 to 0.05
units (e.g. radians). Figure 9-4 is just another view of tBeptob Map and it is
revealing a totally new picture of how the probability valuesdastributed along

the three axes.

Probability t-map for size tolerance specified on a rectangular face;

sigmabp

plane titt along Y axis

size tolerance

1828 B plane tilt alang X axis

Figure 9-4 Another view of the 4-D prob Map as given in fig . (Point to
note is the difference between the two views for additiah information and

pattern recognition

The three different orientations of the Prob Map are depicted ifigimes 9-5a,

9-5b and 9-5c. These figures show the utility of the Prob Maps to #mew
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probability distribution from any desired point of view. Figure 9-Bavgs the
orthographic view of the Prob Map looking frasp side. As can been seen, the
probability values have a greater bias alongoth&; axis which is the axis along
which the plane tilt along the x-axis varies. The differendevéen the figure 9-
5b and 9-5c is that although, both the views contain only the sizenodesand
the plane tilt along x axis, figure 9-5b is the top view wity axis coming
towards the viewer and figure 9-5c is the bottom view wighcoming towards
the viewer.

Figure 9-5b shows8p coming out of the plane of the paper. It clearly shows that
the trend of the bias of the probability values is not uniformlyidigied along
theo, —o7 axis. In fact, it is only restricted to the zero value of thréabée only.

It also confirms that this trend is uniformly distributed not aaibput theos - o7
axis but extends well beyond the accepted range also. In 36 o4, is
coming out of the plane of the paper. It shows that the trend isynanetric
along theoy, - ogp axis. Also, it can be seen that in addition, these Prob Maps can
also be used to observe the pattern for two dimensional cross sefctiothe
probability distribution as shown in figure 9-5b and figure 9-5c.tiAdl different
views presented here are meant to show the range of maneuvetabiithe
viewer/user can achieve while having access to the 4-D Prob Map.

Now the question arises: Are these really 4 dimensional? B#freuestion is
answered, let's answer this question: are these 4 dimensionakigesm The

answer is simply ‘No’. The answer
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Figure 9-5 Different views of the 4-D prob Maps (a,b,c fronieft to Right ) (
a). Looking from o, side (b). Looking from ogp side  (c). Looking fromoap

side

to the first question is that these are representation ofndata has a dimension
equal to 4. 4-D prob Maps are in actuality 3-D solids which areesepting 4
data variables at a time. This is also to differentiate thiem 3-D surfaces such
as Re-D probability Maps. The coining of this term is fully cdesiswith the
present trend in exploratory data analysis. Another similarlifioited in utility)

example of visualizing high-dimensional data is by using a glyph.

9.7 Measurement of three variables involved in the construction of T-map

As mentioned earlier, the simplest T-map which is the one fer telerance
specified on the rectangular face has three variables of inte@sely, size
tolerance, plane tilt along x-axis and plane tilt along y-akiee question now
arises: are these variables separately measurable? Wer anyes. The size of
the part is measured by the point farthest away from theereferplane; if only
one measurement is being made. However, if a bunch of points is dbbairtiee

target surface using the Coordinate Measuring Machine (CMMiy, #éhelane

could be fitted to those points, based upon the different criteria sutleast
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Square Fit, Chebychev fit, or one sided fit. Whatever be the methating the
plane to the point cloud obtained at the target face, a single pldinde
achieved. In highly improbable cases, that plane will be patall#ie reference
plane which is used for the calibration of the CMM. In all other iptssgases,
that plane will be at a certain orientation with respect taxtheis and a certain
orientation with respect to the y-axis. The largest measureat@ng the third
dimension will be used for size determination. So once, the size gfatthas
concluded using point cloud thru plane fitting, for every size value opding
there will be an associated value of the plane tilt along x-@xd plane tilt along

y-axis.

9.8 Extraction of the pass percentage of parts using prob Maps

Every point represented in the 4-D prob Map has a probability vakigned to
it. This final probability value is the Joint probability density fumctvalue based
upon the simultaneous probabilities of three variables that are involvdte

construction of the T-Map for size tolerance specified on reuatangace.

However, as can be seen from the figures 9-3, 9-4 and 9-5 ¢a-d}D prob

Map, not all the points reside inside the T-Map. Only those pointshwdrie

inside the T-Map, will contribute to the pass percentage of the frat will be

accepted based upon the probability distribution of each of the threéoabnty

variables including size tolerance.

In order to determine if a point is inside any surface, the corza®d ray

tracing, which is quite frequently used in computer science hasubiéizad for
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the prob Maps. In ray tracing, a directed ray (one whose direatidnstarting
point is known) is theoretically fired towards the point of interd#ten the ray
intersects the point, the location of the point inside or outside thacsur$
determined, by how many times the ray has already enteredted through the
bounding surface. For this to be useful, the entire surface is treaadubr in
other words, the entire surface is decomposed into numerous triangles. F
volumes in 3-D, tetrahedrons are used. When volumes are involved, the method
becomes more complicated as normals of tetrahedrons are also d@volve
Breaking up of the surface or volumes requires Delaunay triainguol The
method of Delaunay triangulation assumes that any surface or valamée
represented fully by a series of triangles or tetrahedrons respectively.

The 4-D prob Map and the associated code developed in this regealih to
give the pass percentage for any value of mean , standard deviation , anfdirange
all three variables. For the purpose of this research, normabaussian
distribution has been used. However, method can be easily adapteg fathar
type of assumed distribution for three variables. Although this nesdaam
thinks that the assumption of Gaussian distribution is fully justiéspecially
basing the premise on central limit theorem in theory of probability.

Breakdown of the algorithm used for the software developed is shovgure B-

6. Initially, type of the statistical distribution is to be sfied for each of the
involved variables. This can be assumed on the basis of empiribatorical
knowledge or it can be estimated from the sample drawn from the popub&

the parts. If the first option is pursued, then the assumption of thactdastic
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parameters for that distribution is also to be assumed. The segpraheh will
give estimates of the characteristic parameters which delbend on the
confidence level also.

The next step is to clarify that whether the involved variablesralependent or
not. Specific tests can be carried out (as specified in booksatability and
statistics) to test how much is the degree of correlation etwee variables.
Depending on the values of covariance estimated, it is up to theoudecide
whether to declare them as independent or dependent variables. i&riables
are dependent, the software requires the specification of thdatedrastandard
deviations. These standard deviations could be set to zero in chees the
involved variables are independent.

Next step is to determine the probability values using the ssipres for joint
probability distributions as given by equation 9-7. These valwedigplayed as a
probability point cloud. This is followed by generating the 3-D geamenodel
of the T-Map which is superimposed on the probability point cloud. Nenggeitls
to be determined that which points of the point cloud are inside thapl-Mhese
are the points which represent parts acceptable to the desigtier vser after
manufacturing. This requires that the bounding surface of the T-Map be
triangulated. For this, Delaunay triangulation is used. The ngxtistine use of
ray tracing algorithms to find out which points of the probability paioud
represent acceptable parts. The probability value of the aceemalit is used

finally to arrive at the pass percentage of the parts acceptable aftdaatanng.
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The code, as already mentioned, is fully adaptable (the numberriablea
involved can be increased to beyond three) and can be easily used to study various
parameters of interest. In conventional statistical toleranabysis, for example,

the interest is to find out the sensitivities of the various paesewvolved. This

could be a matter of less than a second with this code for 4-D prob Map.

For example, the pass percentage for the given case of sizntelepecified on
rectangular face with zero means for each of the threeblesiajives a pass
percentage of 87.19%. However, if the mean is changed slightyyb{s 0.001)

for each of the three variables one at a time while keepinghdan and other
parameters such as standard deviation, range of variation etc constant foethe ot
variables gives the pass percentages of 87.10% , 86.96% and 87.11% respectively.
Similarly, for the same amount of change in the standard deviafidhree
variables , one at a time, while keeping the mean, standard deviatioarage of
variation etc unchanged for the other variables gives the pasentzgye of

95.65%, 96.90% and 94.49% respectively.

9.9 Effect on the pass percentage with the specification of form toleraac

A flatness control tolerance zone is two parallel planes sepabgt the flatness
tolerance value. A flatness control is always applied to plaméces. Hence, it
can never use an MMC or LMC modifier. Flatness is a sepaggtérement if

placed by the designer and is verified separately from teeaierance and Rule
#1 requirement. Rule # 1 of the standard implies that for featur®zefin cases

where only a size tolerance is specified, the surfaces sbiakxtend beyond a
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boundary (envelope) of perfect form at MMC. Hence, it can be the¢ Rule # 1
is an indirect flatness control. In fact, flatness effectRaofe # 1 are never

inspected as they are a result of the boundary and size limitations.

)
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probability standard on plotof
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the.mvolved Jero.
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Using
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Figure 9-6Algorithm break down of the software developed for th creation

of prob Maps

For round faces, the effect of form tolerance on the T-Map fertsierance has
been explained in [48]. Effect of form tolerances on T-Map ifog ®lerance on a
rectangular face will be discussed here for the verytfirgt. It can be seen that
form tolerance will have a smaller T-Map that will residside the overall T-

Map for size tolerance. In other words, although, form tolerancéaxk its own
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unique tolerance zone and hence corresponding T-Map, it will not Hfeeetorst
case boundary and hence the overall T-Map for size tolerancé appticable.
Still, since the feature on which form tolerance has been gmbaéeds to satisfy
both requirements for size and form, there could be a separateepesstage for
parts in such a situation.

T-Map for form tolerance will float inside the T-Map for siziecan be anywhere
inside the T-Map for size but its orientation with respect tootientation of the

size T-Map will remain same. This has been shown in figure 9-7.

Figure 9-7 (a to e from left to right) Floating of the form siset within the
size T-map for rectangular face (the size of the figure®duced to save space;

62, 61, 6gp and o4, are on top, bottom, left and right respectively)

There could be several possibilities for the location of the faripset inside the
T-Map for size. The final pass percentage for each of the adseewdifferent.

However, if the symmetry between two locations of the form T-kbapts, then
the pass percentages can also be same. It is because df/ahaté normal
distribution which is symmetric about the means. Figure 9-7ar®mmage of
figure 9-7c and hence, the effect of the form toleranceifsgagion on the pass
percentage will almost be same. Same is the case as ghéigures 9-7b and 9-

7d. In figure 9-7e, the form subset is exactly located in #mere of the T-Map
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for size tolerance. However, the effect of the form tolerapeegification between
figure 9-7a (or 9-7c), 9-7b (or 9-7d) and 9-7e will be totallyedéht and will
depend on the statistical parameters used for the selectisticstiatlistribution
for the three variables involved in the construction of the size T-Map.

Using the code developed in this research, one can find out how antiaby
amount the pass percentage will be affected when form tolerafinement is
used in addition to the size tolerance. Five sample cases aressdidcand
evaluated using the code and reproduced below: For one such sampleittase
trivariate normal distribution, the size tolerance T-Map wdstrict the pass
percentage to 91.71 % for a given range of three variables involiked -Map
for size tolerance for rectangular face. However, if fawterance equal to
83.33% of size tolerance is additionally specified, then the passnpege will be
restricted to 81.06% (figure 9-8a). However, if the form tolerancrade finer
and it is now set to 50% of the size tolerance, the pass percenlialge reduced
to 41.55% (figure 9-8b). Also, if the amount of form tolerance is kaptesalong
with other parameters constant, but the form tolerance subgettézi by a unit
amount(unit amount remains constant for the next three cases) thlorgize
tolerance axis within the size T-Map, it was observed that theppassntage was
changed to 37.81% (figure 9-8c). For form tolerance of 50% size totestt
unit offset along plane tilt (along x-axis) axis, the passqreage reduces to
33.94% (figure 9-8d). For the fifth case, form tolerance is 50% ofsthe
tolerance and unit offset is now along the plane tilt (alongig}aXhis results
into pass percentage of 39.34% (figure 9-8e)
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It is to be remembered again that the percentage calculatioescaried out
with almost 69000 points within the probability point cloud. However, the plots
below were generated with a less dense formulation to illastred change

depicted in each of these figures.

Figure 9-8 Effect of form refinement on size tolerance fopass percentage of
the parts manufactured (a to e from left to right top to botton) (a). Form
tolerance specification of exactly 83.33% of size and no offset atpany axis
(b). Form tolerance specification of exactly 50% of size and noffset along

any axis (c). Form tolerance specification of exactly 50% of siz&nd unit
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offset along size tolerance axis only (d). Form tolerance spigeation of
exactly 50% of size and unit offset along Plane tilt (along x-axis)is only (e).
Form tolerance specification of exactly 50% of size and unit ofé$ along

Plane tilt (along y-axis) axis only

9.10 Effect on the pass percentage with the specification of orientation

tolerance

In order to demonstrate the effect of orientation toleranceleopdss percentage
of the parts which already have size tolerance specified,ntieeest will be
limited to perpendicularity tolerance refinement only. The T-Miapssize and
the floating subsets for orientation for polygonal faces have beenssiégtun
detail in [48,49]. The refinement by orientation tolerances furtbstricts the
pass percentage of the parts. The code developed in this reseatmeh used to
calculate the effect for the case given in the figures 9-9 and 9-10.

The pass percentage for only the size tolerance specified oectaaegular face
for a given set of parameters has been calculated by theandde found out to
be 95.75%. However, when orientation tolerance (perpendicularity) of value equal
to 20% of the size tolerance is specified, the pass percestegpuced to 71.71%
(refer figure 9-9). If the orientation tolerance refinement is dmdjithen the pass

percentage is reduced to 44.75 % (refer figure 9-10).
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Figure 9-9 Effect of orientation refinement to size tolerane for size T-map

(orientation tolerance is 20% of the plane tilt along y axis)
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Figure 9-10 Effect of tighter orientation tolerance on a sizel-Map as
compared to scenario depicted in fig 9-12. (Orientation tolerase is 40% of

the plane tilt along y axis)

For the 4-D prob Maps as shown in the figures above, a convenieatotetaite
decomposition of the entire domain was suggested. These values have been
calculated with 68921 points. However, to exactly show which poietsnarde
and which are outside the T-Map, a lesser dense formulation has keddonuhe

figures above.

9.11 Use of convolution for probability estimation of assembly statistical

distribution from statistical distribution for the parts

Let us consider two parts that are in linear stack up as shotke figure 9-11.

Both the parts have size tolerance specified on the rectarfga&s. For the T-
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map for each individual part, there will be a dipyramid, the cortgdruof which
is covered in detail in [49]. For the construction of each dipyrarhig,tiiree
variables involved will be size tolerance, plane tilt along x-axid plane tilt
along y-axis. So in all, there are six variables involved. EynpdoMinkowski
sums, the two T-Maps will be used to arrive at the accumulatiblag for the
assembly. A brief discussion of the Minkowski sum is given infthlewing

paragraph.

Functional
dy, Target face

t

Lyt /2

ts

Lott,/2

dzy
Figure 9-11 Two parts in stackup forming an assembly. The twoashed lines
show the extreme positions for part 1. Same does the dottedds for part 2.
L, and L, are the characteristic lengths or dimensions for the tar parts

respectively.

Minkowski sum of two sets A and B is the sum of every elementsdtaA to
every other element of set B. It is also known adilation’ or the binary

dilation of A by B. Symbolically,

Equation 9-9

A+B={a+bla€eA,beB}
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If the set A and set B have only one member, then it reducetir \asldition.
For details, refer to previous chapters.

Now from statistical analysis point of view, the first partblerance zone has
three variables involved and each of them have an assumedcstiafisbbability
distribution. Same is true for the second part in the assembly.eX®ps, use of
joint probability distribution concept is used to determine the probabili
distribution of a point represented inside the T-Map. For the twe parthe
assembly, now this means that there are two joint probabilitiyodisons, with a
total of six variables. To arrive at the statistical distitiutof the assembly, in
this research, the concept of convolution of the probability distributisrbban
used. Convolution is a well know concept and the details of the mathamatic
process could be found in [83, 84]. A brief introduction of the concepes gn
the following paragraph.

Convolution, in layman terms, is an operation in mathematics, @¢araeon two
functions which results into a third function. More technicallys idéfined as the
integral of the product of the two functions after one is reversedlaftdd. For
details, refer to previous chapters.

Convolution is a mathematical process and will involve two integgalations.
This is an idea applied in mechanical tolerance analysis fofirdteime. The
result of the operation will be a set of probability values thifit dictate the

chances that an assembly with certain value of the variables will be manedact
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A separate code has been developed for determining assembly pipbahies
based upon the probability distributions for parts in the assembly. |gbetlam
for the code is shown in figure 9-12.

First of all, all the parts in the stackup (for this examples dnly two. However,
the code has been designed in such a way that it can cateofferparts in the
stackup), the type of statistical probability distribution is to bsumed. This
assumption could be based upon empirical knowledge or based upon the results of
a sample out of the population. Next step is the specificationticht parameters
for the assumed statistical probability distribution. The number dicadr
parameters could be different for each of the assumed probabilitipution.
These are also commonly known as the moments of the distribution. Esaofpl
these moments of distribution are mean, variance (or instead, standarcdesiati
commonly used), kurtosis and skewness. The values of these mayinedss
estimated in various ways. For example, mean could be the desirethheatue
or the population mean estimated from the sample mean.

The analysis will give noticeably different results depending upbather the
variables involved are dependent or independent. Software catetsidoby
having correlated standard deviations specified. Once all above itifmnsafed
in, the software calculates the Joint probability distribution vahssed upon
equation 9-7 as mentioned eatrlier in the publication.

The same process is repeated for the second part in the stackumpoTjoint
probability distributions are then convoluted to arrive at the probabili
distribution for the assembly. The final values are then displayed as a point cloud.
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On the other hand, a size T-Map is constructed for each part degpendin the
amount of size tolerance and the geometry of the target feRturthe assembly,
Minkowski sum is used to arrive at the accumulation T-Map. The plohisf
accumulation map is then superimposed upon the point cloud. The next step is to
determine how many points out of the probability point cloud are inkeldl't

Map. The points inside the accumulation T-Map represent those assewmbich

will be acceptable to the designer after being manufactured.

In order to judge numerically whether a point is inside the boundareof
accumulation T-Map, Delaunay triangulation for the accumulation P-Na
desired. The philosophy behind the above mentioned process and why it is
required theoretically has been mentioned in the earlier patagr&inally ray
tracing algorithm will exactly identify which points out of tkeatire point cloud

are inside the boundary of the accumulation T-Map.
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Figure 9-12 Algorithm for the code developed for determining he pass
percentages for the assembly whose calculated statistical pedblity

distribution is a convolution of the part statistical distributions.

After the points have been sorted out to which are in and whichuésale the
accumulation T-Map, percentage values of (not the number of poimts) t
aggregated probability values will determine the statisticsd parcentage for the
points that will be functionally fit. It needs to be reemphasibhati¢onvolution of

part distribution functions to arrive at the assembly distributiontioms will

only work if the involved functions are independent. The software has the

flexibility for catering for dependent functions and variablesitarder to arrive
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at the assembly distribution function in such cases, certain changhe code

will need to be made to make it mathematically and logically viable.

9.12 Extraction of assembleability percentages for stack up of two parts

For each of the two parts involved in the stack up as shown irefigjd1, there

will be a separate T-Map similar to the one shown in figué& B should be
recalled that these T-Maps are for size tolerance spedfiecectangular face.
When the two parts are involved in a stack up, then Minkowski sum is aised t
arrive at the accumulated T-Map based upon the individual T-Maps. Téits det
of Minkowski sum have been covered in the previous section. Accumulated T-
Map is the result of the Minkowski sum followed by the convex hulé détails

are shown in the figure below.
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Figure 9-13 (top) Half of the conformable " s sections of thE-maps (on the
left) with its associated half section of the accumulation-fmap (on the right)
for parts in stack up in fig 9-11. (Bottom) Half of the conformalke p* s
sections of the T-maps (on the left) with its associatedali section of the

accumulation T-map (on the right) for parts in stack up in fig 9-11 .

The detail of the figure above is given in the following paragraple.a; is the
half of the conformable q's-sections of the T-Map for part 1 wkidlds,bs is the
half of the conformable g s-sections of the T-Map for part 2. The Miskbsum
followed by the convex hull of these triangles gives the balftion of the
accumulation map which is given by the polygon with vertices ABCDike
vertices of the polygon are given in the three dimensional coordinstEnsyor

the three variables of interest, i.e. size tolerance, plaradily x-axis and plane
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tilt along y-axis. In the half section of the accumulation T-Ntapg's —section, a
=t; + b while b= t+d t whereas d = (@d,,). In a similar manner, the bottom
three polygons refer to the p's —sectida.aa, is the half of the conformable p's-
sections of the T-Map for part 1 whid,b,b, is the half of the conformable p’s-
sections of the T-Map for part 2. The Minkowski sum followed by the conve
hull of these triangles gives the half section of the accumulatigm which is
given by the polygon with vertices AFGHE. The vertices of the polygergiven

in the three dimensional coordinate system for the three variableterest, i.e.
size tolerance, plane tilt along x-axis and plane tilt alongiy-aHere, e =
(diy/day) and f = (dy/dy). The determination of the vertices of the half sections of

the accumulation T-Map is necessarily required for input to the code developed.
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plane tilt along y axis

plane tilt along x axis

size tolerance

Figure 9-14 Assembly Probability plot resulting from the convoluibn of part
probability distribution achieved for Minkowski sum of part t-map for size

tolerance specified on a rectangular face

As can be seen from the figure above, the accumulation map whiehrissult of

the Minkowski sum of the individual part T-Maps has additional vertines
addition to a larger enclosed volume. These additional verticesdureséo the
conformance of the larger T-Map as per the ratios of the sidego parts d =
(diy/dzy). Also, it needs to be mentioned that for all values of the Jasakhe
constraint ¢ dy has been maintained. Also, the values are calculated for almost
69000 points. However, the plots have been generated with lesser dense point
cloud for visualization purposes. For a specific case of parizé;telerance
varying from -0.4 to +0.4, plane tilt along x axis varying from -0.06.@6, and

plane tilt along y axis varying from -0.15 to 0.15, and for part Z ®ierance
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varying from -0.08 to 0.08, plane tilt along x axis varying from -0.10 to &ntD
plane tilt along y axis varying from -0.25 to 0.25, the pass perceritagthe
assembly distribution as arrived from the convolution of the two pdritdisons
estimated based upon the points within the accumulation T-Map arrosectiie
Minkowski sum is 85.72%. For all other values remaining same, and cigethg
mean size tolerance by one hundredth of the unit (e.g. mm) fo2,pgistes us a

pass percentage of 85.42%. Similarly, if all other values renaaire svhile the

standard deviation for size tolerance is increased by 10 time=s gs a pass

percentage of 84.39%.

Until now, some initial results have been found by use of the aboveideel.

Future work may involve evaluating the pass percentages for oioentat

tolerances specified on the two parts along with multiple orientdablerances
using different datums and evaluation of the effect of the formatoterss on the

parts for assembly pass percentages.

9.13 Conclusions

A new statistical model for non-linear tolerance analysis esgted in this
research. This model has the flexibility of catering to joinbgbility distribution
of any dimension. In this chapter, the model has been applied to tevaoanal
statistical distribution. The model is not limited to any paréictype of statistical
distribution. Even, it is not limited to use of standard distributions dhljest
case has been adopted from the ASU Tolerance Maps model to hedgads

percentages of the manufactured parts. Other means of judging $lse
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percentages could also be employed. The three variables of tinter¢ise
tolerance maps are not independent. However, the method proposed in this
publication, in its current state, can be used for independent eaialslo. The
model is capable of not only aiding in the determination of the pasentages

but a reverse approach could also be employed such as for a given pas
percentages, what are the characteristics of the stalidistribution that should

be maintained during the manufacturing process. The model has bektouse
arrive at the pass percentage of parts in stack up using convolutibe phrt
distributions and accumulation T-Maps arrived at Minkowski sums of thelpa
Maps. The model uses Delaunay triangulation and ray tracingithlger to
determine the percentage of points within the point cloud that adeiastertain
volume. The model, as presented, could be used for determining peestages

even for non-regular or curved volumes. The process of triangulationl coul
become very cumbersome when the volume for determining the passitpge

is irregular. The method presented and the code developed in thixheseald

be directly used for identifying the points (generated from a mbintd using a
Coordinate Measuring Machine) which are inside a Tolerance Mapa(l) or

Inspection Map (i-Map).
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10 CLOSURE

This research has presented new approaches in manufacturiagdeléransfer
and statistical tolerance analysis. The non inline three dimensiodél for
tolerance transfer caters for all geometric tolerances. dapable of predicting
manufacturing tolerances in highly advanced manufacturing enviroarsecii as
five axis milling. In other lesser advanced machines, as wels, always the
desire of the manufacturing supervisors that the work piece bemowed from
the machine if at all possible. This model is based upon Coordinatsuhten
Machine readings and hence can be used to check for tolerances, erowhatt
be the orientation of the work piece is.

Graph theoretic approach presented in this research is not toéalyout once
based upon the mathematical model, it will highly efficient tosi@e a three
dimensional variation into its projection along the designated @kesapproach
is novel to the manufacturing tolerance transfer field in padicWse of the
geometric kernel ACIS in a C++ Object Oriented environmehthgia building
block for this approach. Use of Microsoft Foundation Class will tyreatpedite
the implementation process for this technique.

The approach to determining the manufacturing tolerances in eseevaler in
the manufacturing process plan is based upon determining the matiaémat
relationships and is more easily adaptable to the three dimengjeaaietric
tolerances.

The new statistical model for tolerance analysis uses tlige estatistical

distribution and not only the moments of the statistical distribution. tisaaily,
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the use of the concept of joint probability for the multivariate itigtion is
totally new for mechanical tolerance analysis purposes. Thidems further
raised to higher level by incorporating the convolution of the muisitear
distributions to arrive at the statistical distribution of theeasblies. Graphical
presentation of the point cloud in three dimensional space is higidieef in
determining the pass percentages of the parts as well as assemblies.

This research can be extended to various types of probabilitypdigins such as
Weibull, Rayleigh etc will be considered. This is closer to dbtual state of
manufacturing and hence, the results obtained will be more reliBidesuccess
rates of the assembly will be more accurately forecastddwvill eventually result
into lesser failure rates. This will cause lesser scraprieand waste of efforts
which will eventually drive the costs lower. The ultimate result be greater
quality at reduced cost.

This task of the research is totally new and immenselyeasigilig. None of the
researchers in the field of tolerancing have pursued the propasitibie extent
as mentioned here. The results of this research will be highlyakle for
industries who sublet lot of parts for manufacturing to smaller am@ focused
manufacturers (focus from the point of manufacturing only). These tiehis
normally assemble these parts after receiving them from the werfloch an
analysis as suggested in this research task will aid thege@nand top executive
bosses to make small changes in the tolerancing area to eshialier material

waste and item returns.
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APPENDIX A

COMPUTER AIDED TOLERANCING
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A.1l  Software based tolerance analysis

These days, there are many commercial and non-commercial software package

that are available to ease out the process of tolerance design practice.

A.2  Evaluation criteria for commercial tolerancing software

The different characteristics that can be used for comparingahmenercially
available tolerancing software are listed below:

1. Ease of Use

The software should be easy to use and user friendly.

2. Compatibility with CAD

The software should work directly with the CAD geometry.

3. Number of inputs required

The number of additional inputs for tolerance analysis should be minimal after
the CAD geometry has been realized within the software.

4. 3-D capability

In addition to 1-D and 2-D tolerances, it will be nice to see hmasbftware
handles 3-D problems.

5. Geometric Tolerance handling

In addition to plus and minus tolerances, the software should handle geometric
tolerances as well. Ideally, ASME Y14.5 should be fully applicalmid a

implementable within the software.
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6. Restriction on number of tolerances specified

There should not be any limit on the maximum or minimum number of
tolerances specified.

7. Efficiency in modeling

The software should efficiently model all assembly level relationships.

8. Assumptions made

The software should not make too much simplifying assumptions thatiican r

the analysis and result in inaccurate results.

A.3 Commercial Tolerance Analysis Software Packages

The following is the list of Tolerance Analysis capable pgekathat have been

around for some time:-

1) I-Deas.(Geometric and Dimensional parametric analysisatized
and non-linear 2-D only), Pro/Engineer, 2) VSA (3-D Monte Carlo),
3) Mechanical Advantage), 4) Analytix), 5) Design View, 6)
Mechanical Engineering Workbench, 7) VarTran, 8) CeTol sixajgm
9) ToleranceCalc, 10) MechTOL, 11)VALISYS or eM-TolMate, 12)
MITCalc, 13) Tolerance Stackup software toolset from Advanced
Dimensional Management LLC, 14) CRYSTAL BALL, 15) 3-DCS
and 1-DCS, 16) TOLTECH, 17) TOLCON, 18) CATS, 19) CATIA 3-
D FDT (Functional Dimensioning and Tolerancing), 20) Unigraphics/

Quick Stack.
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The detail about the capabilities of some of these softwarg®r(imnes only) is

discussed in the following paragraphs.

A.4  Areview of Software packages for Tolerance Analysis

There are two key aspects of CAT systems: how the matleinatiodel i s
created, and how it is solved. VisVSA follows the parametric approa
building models of geometric variations. Also, VisVSA imports geoynfom
CAD system [70, 71] via its own proprietary file format *.jt. Mher Geometric
Dimensioning & Tolerancing information nor mating conditions can be
transferred from CAD files into *.jt files. Also, constraint anfnation is lost
while importing.

VisVSA uses an abstraction of the geometry and selected dimenaiahs
tolerances for analysis. For example, a cylinder is represdmtegoint (for
center) + vector (for axis) + radius (dimension) + length (dsi@). Similarly, a
planar feature is represented by ‘point (for a point on the planacter (for
normal to the plane) + width (dimension) + length (dimension). Thesmetes!
objects are termed ‘features’ by VisVSA. The various featusepported by
VisVSA are point, plane, pin, hole, tab, and slot. The measurements inasbk/ed
point to point, point to line, point to plane, Gap/Flush, angle, Maximum or
Minimum virtual clearance.

The type of results that VisVSA output include statistical ithgtron (nominal,
mean, standard deviation), contributors and corresponding contribution

percentage, etc. VisVSA predicts the amount of variation on the foadonte
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Carlo simulation. Statistical distributions available are normal Gaussian
(default), uniform, extreme or Pearson distribution.

VisVSA handles geometric tolerances by actually moving/defana feature
according to tolerances specified with the help of geometric solver. $wihtais
defined on pin surface and that pin has a size and location toletzetd/isVSA
will actually vary size and location of that pin ( within the bouafiolerances),
and determine (via its geometric solver) where the user-depoed lies in
model space for that particular simulation.

Tolerance validation involves the following items [85 ]:-

1. The tolerance specified should commensurate with the target entity type.

2. A DRF should be capable of controlling the desired variation.

3. The datum members in a datum reference frame (DRF) shouldtiave
correct entity type.

4. A material modifier can only be specified to a feature ak dior a
straightness tolerance, a positional tolerance, an angulalésance, a
parallelism tolerance, or a perpendicularity tolerance.

5. Tolerance refinement relation must be maintained for the tolesanc
specified on the same target entity e.g. size toleranoeatidn tolerance

> grientation tolerance > form tolerance.

VisVSA provides support for validating the completeness, approprigtenes
legality of tolerance specifications etc. It does check forrdale refinement
relationship but it does not check for DRF validation. Some ASME tulesa

classes are not available in VisVSA such as concentradiéyance, or composite
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tolerance, or datum target points, or pattern tolerance. To incorglmsasional

and geometric tolerances, VisVSA applies transformations to tiesihe perfect
feature within the zones which are simulated by putting limitsodation and
translation parts of the transformation matrix based on featurendions and
tolerance values. Additionally, bonus and shift tolerances are prdpkdy care

of by VisVSA.

VisVSA depends on the constraint solver Conjoin [86] for aligning 3+ fzand
modeling assembly operations. However it is important that aessembly
sequence should be used when building up the model. If the parts don'tirarrive
proper locations on import, then VisMockup 3-D alignment should be used to
align correctly. However, when specifying alignment constramisySA does

not give explicit feedback regarding the constraint conditions, over
constraint/under-constraint condition or constraint/unconstraint degree of
freedom.

To conclude, VisVSA permits the user to develop a 3-D procegorat model

by defining one point at a time. It has been integrated with @A& systems.
However VisVSA performs some validation but not completely. In V&Val
tolerances are classified into four classes i.e. size, docatrientation and form.
However, only one tolerance from amongst the tolerances belomgthg same
tolerance class can be applied to one target.

VALISYS (or eM-TolMate) [87]is another commercial computer —aidéerémce
analysis tool which is embedded in four major CAD systems, CASHA[
UG[89], Pro/E[90], and SDRCJ[91]. The basic features supported are, piemne
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(cylindrical, tapered, and threaded), hole (cylindrical, taperad, tareaded),
point, tab, slot, constant profile surface, constant cross section, spinéaee of
revolution, general 3-D surface etc. Edge features for thitedvagarts is also
available. Also derived features such as line of intersection betaglane and
parallel cylinder, centroid of several points, or best fit beéveen several points
etc.

In VALISYS, there are three proprietary parametric comdtraolvers: Least
Square Method, Datum Method and High Point Method. The User is unable to
choose, instead, the system chooses on the basis of the pecofidréyproblem,
(e.g. isostatic or hyper static constraint scheme). The discusf the type of
constraint scheme is beyond the scope of this research.

Various types of measurements are supported in VALISYS suchnear |
distance, angle, clearance, virtual size and also user —defieadurement.
VALISYS features an internal programming language, the VCaligys Control
Language), to create user —defined assembly operations or measurements).
The inferred limits of each measurement can be set to $sdban one of the
following statistical estimate: Normal (upper and lower lgmif variation
symmetrically inferred from simulated mean against a eéeésinterval of
confidence of a Gaussian distribution fitting the simulated histogrRBearson
(upper and lower limits inferred based on a Pearson distributiongfithe
simulated histogram) or Actual ( the lowest and highest humbaulated by

VALISYS, no statistical extrapolation is made).
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In VALISYS, the system warns the user about any lack of cetepess or
ambiguity in tolerancing scheme (e.g. loop, unreferenced datymTétere are
two kinds of results: the variation analysis, which computes tstatiparameters
and reports the overall variation range of each measurement, acdnthiéutor
analysis, which determines the sources of variation and preseimifdnmation in
a sorted list. With this information the user can conduct comparathat —if’
studies, optimize tolerances and assembly methods and elimasdiie ‘tial and
error’ studies on the shop floor.

3-DCS™ - is a tolerance simulation tool that permits modeling of theceff

variations on an assembly and testing of alternative tolerancurgndoTolerance
analysis using Monte Carlo simulation, the user has the optiorieatiag from
the following distribution types: Normal, Weibull, Uniform or Useipplied. The
software is capable of Pareto Analysis to identify the altitfeatures and the
sensitivity analysis as well. However, the software does not take careréygie
tolerances fully.

Mechanical Advantage and the Analytix are declarative modeldbaéerance
analysis software packages and they perform the tolerankysiargy varying the
individual dimensions as input. Both packages support the use of normal
distributions only for their Linearized statistical analysis.ch@nical Advantage
uses the Newton Raphson iterative solver for the solution of theraomst
eqguations. Analytix on the other hand, solves the equations analytickgly,a a
time, by deriving a sequence of construction operations for congpukie

geometry. This procedure has proved more robust than the itesativer.
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However, both these packages use zero default tolerances whem tdéfaamhces
are not specified. This can cause significant sources oftiearithat can be
overlooked.

CATS (Computer Aided Tolerancing System) developed by ADCATS
(Association for Development of computer Aided Tolerance Systemjigham
Young University (BYU) and Texas Instruments (TI) carries ouh lioterance
analysis and tolerance synthesis. Actually, most of the toleramalysis
softwares can be customized to give tolerance synthesis results byrthsalise
CE/TOL models the assembly mating relationships with kinemjatids. A
vector loop is detected and a transformation matrix of smalladiepients is
constructed for tolerance analysis. Certain GD&T validations hbhgen
implemented such as validating a DRF and the type of tolerance Genmetric
tolerances are accounted by means of zero length vectorsleranice whose
orientations depend on the type of kinematic joint, introduced into the vector loop.
Three types of tolerance analysis are available: Worst Q&€2, Root Sum
Square (RSS) and Motorola Six Sigma. No option for automatic halie is
available. It also does not have an automated optimization methods & gs¢ of
weight factors, which the user chooses manually for every comptoierdance.
Later, the inbuilt tolerance synthesis algorithm automagicaddistributes the
tolerances according to the selected weight factors.

CATIA 3-D FDT (Functional Dimensioning & Tolerancing) is basgabn the
TTRS (Topologically and Technologically Related Surfaces) mdtgrovides
for automatic tolerancing but this option is not available whemaonéng within
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a part. Based upon the seven classes of elementary surfdcemssble
associations have been analyzed which reveals 28 cases of sssfaaateon and
44 cases of tolerancing. Thus there are a finite number ofiokeases, and the
model can provide a tolerancing scheme for each type for surface associati
This system is capable of only doing worst case analysis. gpecification of
the tolerances, the software automatically creates the eqsgstem and solves
it, with respect to the constraints. The results can be the rmiaha stack
dimension or the feasibility of an assembly. For inspection, DHsSgstems
have developed a partnership program called Component Application
Architecture (CAA) V5. [88]
Unigraphics / Quick Stack is a simple tolerance stack up anabd providing
the minimum and maximum variation in an assembly and identifying key
contributions to out of tolerance conditions. Maple has the capabilityp tb-D
worst case tolerance analysis.

After going through the relevant literature, it has become evttlahhone
of the above mentioned tolerancing softwares do any type of toieteansfer.
Also, it is unknown if any of these softwares do statisticalrémice analysis with

multivariate distributions.
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