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ABSTRACT

Nonlinear dispersive equations model nonlinear waves in a wide range of
physical and mathematics contexts. They reinforce or dissipate effects of linear
dispersion and nonlinear interactions, and thus, may be of a focusing or defocus-
ing nature. The nonlinear Schrodinger equation or NLS is an example of such
equations. It appears as a model in hydrodynamics, nonlinear optics, quantum
condensates, heat pulses in solids and various other nonlinear instability phenom-
ena. In mathematics, one of the interests is to look at the wave interaction: waves
propagation with different speeds and/or different directions produces either small
perturbations comparable with linear behavior, or creates solitary waves, or even
leads to singular solutions.

This dissertation studies the global behavior of finite energy solutions to
the d-dimensional focusing NLS equation, i0,u + Au + |u|P~'u = 0, with initial
data ug € H', x € R? the nonlinearity power p and the dimension d are chosen
so that the scaling index s = %l — p%l is between 0 and 1, thus, the NLS is
mass-supercritical (s > 0) and energy-subcritical (s < 1).

For solutions with ME&[ug] < 1 (ME[uy] stands for an invariant and con-
served quantity in terms of the mass and energy of wug), a sharp threshold for
scattering and blowup is given. Namely, if the renormalized gradient G, of a so-
lution u to NLS is initially less than 1, i.e., G,(0) < 1, then the solution exists
globally in time and scatters in H! (approaches some linear Schrodinger evolution
as t — £o00); if the renormalized gradient G,(0) > 1, then the solution exhibits a
blowup behavior, that is, either a finite time blowup occurs, or there is a diver-
gence of H! norm in infinite time.

This work generalizes the results for the 3d cubic NLS obtained in a series
of papers by Holmer-Roudenko and Duyckaerts-Holmer-Roudenko with the key

ingredients, the concentration compactness and localized variance, developed in



the context of the energy-critical NLS and Nonlinear Wave equations by Kenig
and Merle.

One of the difficulties is fractional powers of nonlinearities which are over-
come by considering Besov-Strichartz estimates and various fractional differenti-

ation rules.
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Chapter 1

INTRODUCTION

In the past twenty years, the field of nonlinear dispersive PDEs has dramatically
grown and attracted the interest of Harmonic Analysis, Geometry and PDE audi-
ences. Most of the problems, originate within physics in subjects such as general
relativity, quantum mechanics, quantum condensates, water waves, hydrodynam-
ics, nonlinear optics, nonlinear acoustics, nonlinear elasticity, heat pulses in solids

and various other nonlinear instability phenomena.

In mathematics, the interest comes from understanding the wave interac-
tion and measuring dispersion since the waves do not obey to the superposition
principle, as in the linear theory. Consequently, new ideas and techniques such as
the use of dispersive or LP and Strichartz estimates for linear dispersive equations,
the vector fields method for the linear and nonlinear wave equation, estimates for
bilinear and multilinear wave interactions and the use of wave packet methods,
among others. The harmonic analysis ideas have become important for under-
standing the structure of nonlinearities, and even created a two way interaction
between harmonic analysis and the analysis of dispersive equations. In addition,
geometry plays an important role, for instance, the geometric properties of the
target spaces (manifolds) for the solutions may determine certain characteristics
of the equations, or involve obstacles or create compactly supported metric per-

turbations.

There are a large number of dispersive PDEs, the simplest ones include
nonlinear Schrodinger equation or NLS, nonlinear wave equation or NLW, Ko-
rteweg de Vries or KdV, some more advanced ones are Benjamin-Ono, Boussinesq
equations, and there are also systems like Zakharov system. A large part of re-

search is centered in understanding and developing techniques and principles to
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analyze the existence of solutions and long term behavior of solutions at either

high or low regularities.

In what follows, H*® and H* stand for (inhomogeneous or homogeneous)

Sobolev spaces, exact definition is given in Section 1.4.

1.1 Background

In this work, we study the global behavior of solutions to the d-dimensional
focusing critical NLS equation with finite energy initial data (i.e., ug € H*(R?)).
We consider the Cauchy problem for the nonlinear Schrodinger equation, denoted

by NLS (R?),

i0pu + Au + plulPlu =0
(1.1)
u(r,0) = up(z) € HY(R?),

where u = u(z,t) is a complex-valued function in space-time R% x R;, p > 1 and
= 1. The value ;1 = —1 denotes the defocusing® NLS equation or NLS (R?),

and p = +1 yields the focusing® NLS equation or NLS¥(R?).

Definition 1.1 (Solution). Let I C R such that 0 € I. A function v : R*x [ — C
is a strong solution to NLS (R%) if and only if it belongs to C'(I, H'(R?)) and for

all t € I satisfies the integral equation
. t .
u(t) = e ug + iu/ elt=mA (JulP~ u(r)) dr. (1.2)
0

A function u : R x I — C is a weak solution to NLS;E(R”Z) if and only if it belongs

to L°°(I, H'(R%)) and for all t € [ satisfies the integral equation (1.2).

Untuitively, an equation is defocusing if the nonlinearity dissipates the solution
when it is concentrated.

2The nonlinearity reinforces the solution when it is large and diminishes it
when it is small.



For a fixed A € (0, 00), the rescaled function uy(z,t) := )\%u(/\:v, A\t) is a
solution of NLS, (R?) in (1.1) if and only if u(z,t) is. This scaling property gives

rise to scale-invariant norms.

The scale-invariant Lebesgue norm is L™ (R?) with ¢. := @, ie.,
HU/\Hch(Rd) = HUHLQC(Rd)y where
fullte = [ Jute.t)da,
(R)
and the scale-invariant Sobolev norm is H*(R%) with s, := % — z%’ ie.,

|| wxl Froe (), Where

Hse(Rd) — [u]

Il = [ e tice e

If s, = 0, this means that p = % + 1, the problem is known as the mass-
critical or L?>—critical and examples of this are NLS7 (R') and NLS; (R?); when
= 1, this means that p = , it is called energy-critical or H'—critical, the

NLS;(R?’) and NLS] (R?) equations belong to this class.

The mass-supercritical and energy-subcritical problem is when 0 < s, < 1,

that is,
p>95 d=1
p>3 d=2
4+d<p<d+2 d>3,

examples in this category are NLS; (R?), NLS3 (R?), NLS%F(RU and NLS% (R10).

+2

Finally, the energy-supercritical equation is when s, > 1, so p = 42 and

examples of this type are NLS; (R*) and NLS (R?).

Definition 1.2 (Wellposedness). The problem NLS(R?) is locally wellposed in
HY(RY) if for any ug € H*(R?) there exist a time 7' > 0 and an open ball B in
H'(R?) containing ug, and a subset X of C([-T,T], H(R?)), such that for each

uy € B there exists a unique solution v € X to the integral equation (1.2), and
3



furthermore, the map uy — w is continuous from B to X. If T can be taken

arbitrarily large (T' = +00), the problem is globally wellposed.

Definition 1.3 (Interval of existence). The maximal interval of existence in time
of solutions to N LS;t(Rd) is denoted by the interval (7, 7*). We say a solution is
global in forward time if 7% = +o00. Similarly, if T, = —oo, the solution is global

in backward time. If we say solution is global, it means (7,,7*) = R.

Definition 1.4 (Scattering in H*). A global solution u(t) to NLS;(R%) scatters

in H*(R?) as t — +oo if there exists ¥+ € H*(R?) such that

lim [Ju(t) — "2y

t—+

HS(Rd) - 0 (]_3)

Similarly, we can define scattering in H*(R?) for ¢t — —o0.

A standard question about the initial value problem (1.1) is whether
it has a solution which is locally (globally) wellposed. Ginibre-Velo
[Ginibre and Velo, 1979a, Ginibre and Velo, 1979b] showed that the initial-value

problem NLS(R?) with initial data u(z,0) = ug(z) € H', where 1 < p < 2

d+4

for the defocusing case and 1 < p < 1= in the focusing case, is locally well-posed

in H*(R%) with s < 1. Further, Cazenave-Weissler [Cazenave and Weissler, 1990]

showed that for small initial data in HS(Rd), with 0 < s < %l and 0 < p < %,

there exists a unique solution to NLS;E(]Rd) defined for all times.

On their maximal interval of existence, solutions to NLSj(Rd), have three
conserved quantities: mass M[u|(t) = M|uy], energy E[ul(t) = Eluo] and momen-

tum Plu](t) = Plug|, where

ML) = [ e
1 2 H p+1
Elu|(t) == [ |Vu(z,t)|*dz — m/Rd |u(x, t)|P dz,

2 Jpa
Plu)(t) =Im [ a(x,t)Vu(zx,t)dz.

Rd
4



Moreover, since
HUAHLQ(Rd) = )\7$CHUHL2(R¢1), ||VUAHL2(R‘1) = )\78C+1||V'U/HL2(R¢1),

and

p+1

luall 7 gy = XD ull 7

Lrt+1(Rd)»

the below quantities are scaling invariant [Holmer and Roudenko, 2007]

lall g IVl and — Efu]Mlu]' .

L2(R4)

Considering the history of mathematical developments of NLS, we start
with the defocusing NLS equation NLS; (R?). Bourgain in 1999 [Bourgain, 1999],
for the energy critical NLS (i.e., s, = 1) with initial radial data in H'(R?), estab-
lished scattering in H® with s > 1 for radial functions using the “induction on en-
ergy”? argument, in dimensions d = 3, 4. Grillakis [Grillakis, 2000] showed preser-
vation of smoothness in H' with spherically symmetric initial data in 3 dimen-
sions. Tao [Tao, 2005] extended Bourgain’s result for radial data, to dimension 5
and higher with initial data in H'. Ginibre-Velo [Ginibre and Velo, 1985] estab-
lished scattering in H' for solutions to the energy critical NLS in 3d (NLS; (R?))
with initial data in H' using Morawetz inequality*. Colliander-Keel-Staffilani-
Takaoka-Tao [Colliander et al., 2008] simplified Ginibre-Velo argument using in-
teraction Morawetz estimate and used the induction analysis in both momentum
and configuration spaces. The interaction Morawetz estimate removes the local-

ization at the origin (as it is observed in the usual Morawetz estimate) making it

3 This technique allows to focus on the “minimal energy blowup solutions”
which are localized both in space and frequency.

4 Morawetz inequalities are monotonicity formula for nonlinear Schrodinger
and wave equations, where the monotone quantity is usually generated by inte-
grating the momentum density against a bounded vector field such as the outgoing
spatial normal = il They are particularly useful for obtaining scattering results in

Sobolev spaces such as in the energy class.



possible to handle the nonradial contributions of solutions. A further simplifica-
tion of this proof is done by Killip-Visan [Killip and Visan, 2011]. Ryckman-Visan
[Ryckman and Visan, 2007] extended scattering to NLS3 (R*) with uy € H'(R?),
and Visan [Visan, 2007] NLS%(Rd) and uy € H'(R?) for d > 5.

Recent further works in the case s. = 0 of NLS;t(Rd), ie., p = % +1,
are by: Killip-Tao-Visan [Killip et al., 2009], Tao-Visan-Zhang [Tao et al., 2008]
and Killip-Visan-Zhang [Killip et al., 2008], where they study scattering of glob-
ally existing solutions in the defocusing case (and also in the focusing un-
der the threshold Mu] < MJ[Q]) in dimensions d > 3 for large spheri-
cally symmetric L?(R?) initial data. The recent work of Dodson has resolved

the scattering question for the mass-critical NLS with L? initial data (see

[Dodson, 2009, Dodson, 2010a, Dodson, 2010b]).

The focusing case has a different story. The local wellposedness is similar to
the defocusing case, however, the global behavior of solutions in the focusing case
is a largely open question. Some of the challenging cases here are the mass-critical
(s. = 0) and the energy-critical (s, = 1) NLS equations when the initial data is
also taken in L? or H', correspondingly. For L2-critical NLS equation with initial
data ug € H'(RY), Weinstein in [Weinstein, 1982] established a sharp threshold
for global existence, namely, the condition |uol|z2me) < ||Q| r2(re), Where @ is
the ground state solution®, guarantees a global existence of evolution ug ~» u(t).
Solutions at the threshold mass, i.e., when |Jug||f2ga) = || Q|| 2(ray, may blowup in
finite time, such solutions are called the minimal mass blowup solutions. Merle in
[Merle, 1993] characterized the minimal mass blowup H' solutions showing that

all such solutions are pseudo-conformal transformations of the ground state (up

5See Section 2.4



to H! symmetries), that is,

/(1) gile?/(T—1)
e e x
up (1) = Tt Q(T—t)'

In the energy-critical case s, = 1, the known results are as follows.
Kenig-Merle [Kenig and Merle, 2006] studied global behavior of solutions for
the energy-critical NLSY(R?) with p = %2, and initial data in H'(R%) in
dimensionsd = 3,4, and 5. They showed that under a certain energy thresh-
old (namely, Efug] < FE[W], where W is the positive solution of AW +
WP = 0, decaying at o0), it is possible to characterize global existence ver-
sus finite blowup depending on the size of the L?-norm of gradient, and
also prove scattering for globally existing solutions. To obtain the last prop-
erty, they applied the concentration-compactness and rigidity technique. The
concentration-compactness method appears in the context of wave equation in
Gérard [Gérard, 1996] and NLS in Keraani [Keraani, 2001], and dates back to
works of P-L. Lions [Lions, 1984] and Brezis-Coron [Brezis and Coron, 1985]. The
rigidity argument (estimates on a localized variance) is the technique of F. Merle

from mid 1980’s. Killip-Visan [Killip and Visan, 2010] generalized the above re-

sult of Kenig-Merle [Kenig and Merle, 2006] for dimension d = 5 and higher.

The mass-supercritical and energy-subcritical case (0 < s. < 1) is discussed
in detail in the next section, and the energy-supercritical case (s. > 1) is largely

open.
1.2 The mass-supercritical and energy-subcritical problem

Another interesting critical focusing NLS problem is the mass- supercritical
and energy-subcritical NLS (0 < s. < 1), that is, the Cauchy problem (1.1) with
p>5 d=1
1= +1 (NLS;] (R?)) and p>3 d=2 .

4+d d+2
T <p<gm dz3
7



Recall the invariant norm H* (R?) with s, = ¢ — -2 s. € (0,1).
2 p—1

In physics, the 2d or 3d cubic NLS (a variant of Gross-Pitaevskii equation
with zero potential) is the most relevant equation of this range (0 < s. < 1)
and it appears in modeling of several physical phenomena (see, for example,
[Sulem and Sulem, 1999]). The NLS3(R?) appears as a model in nonlinear op-
tics, Laser propagation in a Kerr medium [Sulem and Sulem, 1999]. The equation
NLS; (R?) appears as a model for the Bose-Einstein condensate in condensed mat-
ter physics [Dalfovo et al., 1999] and together with nonlinear wave equation yields
Zakharov system in plasma physics, Langmuir turbulence in a weakly magnetized

plasma, [Zakharov, 1972].

The 3d cubic NLS equation with H'! data has been studied in a
series of papers [Holmer and Roudenko, 2008],  [Duyckaerts et al., 2008],
[Duyckaerts and Roudenko, 2010}, [Holmer and Roudenko, 2010c] and
[Holmer et al., 2010].  The authors obtained a sharp scattering threshold
for radial initial data in [Holmer and Roudenko, 2008], then extension of these
result to the nonradial data was obtained in [Duyckaerts et al., 2008]. This

results hold under a so called mass-energy threshold
M[u]Elu] < M[Q]EIQ],

where @ is the ground state solution (see description Section in 2.4). Behav-
ior of solutions and characterization of all solutions at the mass-energy thresh-
old M[u|E[u] = MI[Q]E[Q] was done in [Duyckaerts and Roudenko, 2010] us-
ing spectral techniques. Furthermore, for infinite variance nonradial solutions
Holmer-Roudenko in [Holmer and Roudenko, 2010c] introduced a first applica-
tion of concentration-compactness and rigidity arguments to prove the existence

of a “weak blowup”®. In addition, Holmer-Platte-Roudenko [Holmer et al., 2010]

6See Remark 1.7 and Chapter 4 for exact formulation and discussion.
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consider (both theoretically and numerically) solutions to the 3d cubic NLS above
the mass-energy threshold and give new blowup criteria in that region. They also
predict the asymptotic behavior of solutions for different classes of initial data
(Gaussian, super-Gaussian, off-centered Gaussian, and oscillatory Gaussian) and

provide several conjectures in relation to the threshold for scattering.

In the spirit of [Duyckaerts et al., 2008|, [Holmer and Roudenko, 2008],
[Holmer and Roudenko, 2010c|, Carreon-Guevara [Carreon and Guevara, 2011]
study the long-term behavior of solutions for the 2d quintic NLS equation with
H*' initial data, which corresponds to the mass-supercritical and energy-subcritical
NLS with s, = . Mainly, for the initial value problem NLS; (R?) scattering and
blowup was proven, including the existence of a “weak blowup”. This equation is
interesting since first of all, it has a higher power of nonlinearity (higher than cu-
bic), secondly, recently a nontrivial blowup result (on a standing ring) was exhib-
ited by Raphaél in [Raphaél, 2006], there are further extensions of [Raphaél, 2006]
to higher dimensions and different nonlinearities in [Raphaél and Szeftel, 2009],
also [Holmer and Roudenko, 2010b], and [Zwiers, 2010]; an H' control on the
outside of the blowup core is shown in [Holmer and Roudenko, 2010a], which im-

proves the result of [Raphaél and Szeftel, 2009].

As it was mentioned before, the key argument to obtain scattering and
“weak blowup” is the concentration compactness technique together with a rigid-
ity theorem. Note that for 2 < ¢ < 2% the embedding H*(R?) < L(R?) is not
compact”; however, a profile decomposition allows to manage this lack of com-
pactness and to produce a “critical element”. Then a localization principle proves

scattering or weak blowup, depending on the initial assumptions.

In fact, given any f € H'(R?), the sequence f,(z) = f(z — ,), where the
sequence x,, — oo in R?, is uniformly bounded in H'(R¢), but has no convergent
sequence on L9,



To conclude this section, we point out that the concentration compactness-
ridigity method can be used for various types of PDEs, not necessary dispersive
ones. For example, a recent work of Kenig-Koch [Kenig and Koch, 2009] presents
an alternative to study regularity of solutions to the Navier-Stokes equations in
a critical space [Escauriaza et al., 2003]; they proved that mild solutions which
remain bounded in L3 for all times do not become singular in finite time using

the concentration compactness and rigidity theorem.

1.3 Overview of the results

Throughout this document, unless otherwise specified, we will always as-

=Y andﬁ—l (d2p1) , and

sume that 0 < s < 1 and s =

NI

o 2
-1

let

u, (z,t) == ™' Q(ax). (1.4)
Then u,,(z,t) solves the equation (1.1), provided @ solves®

—BRQ+PAQ+Q*=0, Q=Q(), zcR% (1.5)

The theory of nonlinear elliptic equations (Berestycki-Lions
[Berestycki and Lions, 1983a, Berestycki and Lions, 1983b]) shows that (1.5) has
an infinite number of solutions in H(R?), but a unique solution of minimal
L?-norm, which we denote by Q(z). It is positive, radial, exponentially decaying

(for example, [Tao, 2006, Appendix B|) and is called the ground state solution.
As it was mentioned in Section 1.1 the quantities

lsc

and  Elu]® Mu]' %

)
8Here, in the equatlon (1.5) and definition of ), we use the notation from

Weinstein [Weinstein, 1982]. Rescaling Q(z) — (71 1Q<\/7 x) will solve a more
common version of the nonlinear elliptic equation —Q) + AQ + QP = 0.

10



are scaled invariant, therefore, we introduce the following notation:

ol 2 V)

e the renormalized gradient Gu(t) == (1.6)
H“ ||L2(Rd)||vu HL?(Rd)
Plufllull
e the renormalized momentum Plu) == LR . (L7)
oo Tt IVt
. M{u)' ™ Efu]®
th lized Mass-E Elu] = . 1.8
e the renormalized Mass-Energy ~ ME&[u] MTu " Elu ] (1.8)

Remark 1.5 (Negative energy). Note that the renormalized mass-energy ME[u| <
1 defined in (1.8) is not defined when Efu] < 0 and s is fractional. However, if
Elu] < 0, the blowup from the dichotomy in Theorem 1.6 Part II (a) applies. (It
follows from the standard convexity blow up argument and the work of Glangetas-
Merle [Glangetas and Merle, 1995]). Thus, we only consider positive energy in

what follows.

The main result of this dissertation is

Theorem 1.6. Consider NLS} (R?) with ug € H'(R?) with d > 1 and let u(t) be
the corresponding solution in its mazimal time interval of existence (T,,T*), and

s:=s5.€(0,1). Let u,(z,t) be as in (1.4), and assume

(MEJu])* - < 1. (1.9)

L If
— (Pl)* <1, (1.10)
then

(a) [Qu(t)]% - (73[u])2 <1 for allt € R, and thus, the solution is global in time

(i.e., T, = —o0, T* = +00) and
(b) u scatters in H*(RY), i.e., there exists ¢+ € HY(R?) such that

lim [fu(t) — ¢ ze) = 0.

t—+
11



I If

2

G.(0)]* — (Plu)* > 1, (1.11)

@ [N

then (G, ()]s — (P[u])% > 1 for allt € (T, T*) and

(a) if ug is radial (for d > 3 and in d = 2, 3 < p < 5) or ug is of finite
variance, i.e., |xlug € L*(R?), then the solution blows up in finite time (i.e.,

T < +o0, T, > —00).

(b) If ug is non-radial and of infinite variance, then either the solution blows
up in finite time (i.e., T* < +o0, T, > —o0) or there exists a sequence of

times t,, — +o0 (or t, — —o0) such that ||[Vu(t,)| r2re) — 0o.

Remark 1.7 (Weak blowup). We say there is a “weak blowup” if under the
ME[u] < 1, u(t) exists globally for all positive time and there exists a sequence
of times ¢, — +oo such that ||Vu(t,)||z: — oo. In other words, L? norm of the

gradient diverges in infinite time.

1.4 Notation

Throughout this dissertation we write X <Y whenever there exists some
constant C' independent of the parameters, so that X < C'Y. The abbreviation
O(X) denotes a finite linear combination of terms that “look like” X, but possibly
with some factors replaced by their complex conjugates. We use the ‘Japanese
bracket” convention: (z) := (14 |z|?)2 and (V) := (1 — A)z, where the derivative

operator V refers only to the space variable.

Define the Fourier transform on R4

fle) = [ ey,

12



and the inverse Fourier transform on R? is given by

fla) = [ =gy

We regularly refer to the space-time norms

1
g 27
HUHLng(Rde) = ||u||Lm s </ (/ |u(x,t)|’“dx> dt)
R \ JRd

with the corresponding changes when either ¢ = oo or r = oc.

We work with the fractional differentiation operators D® defined by

—
S

Dsf(€) == [€]* f(£).

The inhomogeneous Sobolev norm H?*(R?) is defined by (when s is an integer)

meeay = [ fllms =D 1109 fllraqea),

|a|=0

/]

when s is any real number as,

1

171 wei= ([ RO+ IePya)”

mo@dy = || f]

and the homogeneous Sobolev norm H*(R?) is defined as

= /R F©PIee)

Let e®f be the free Schrodinger propagator, i.e., a solution of the linear

1.f1

sy = |1

Schodinger equation iu; + Au = 0 with u(0,x) = f(z). In physical space, this is
given by

1

A f(x) = (Imit)i2 /Rd eVl /3 £ (y)dy,

and in frequency space

—

A f(€) = e T f(6).

In particular, the propagator preserves the homogeneous Sobolev norms

and obeys the dispersive inequality

i _d
€2 fll e ray S 1H72 1 Nl2sray (1.12)
13



for all times ¢ # 0, for example, see Cazenave [Cazenave, 2003, Proposition 2.2.3].

We employ some Littlewood-Paley operators theory. Specifically, let ¢ €
C> (RY) be such that

comp

1 <1
ol6) = €l <
0 €] > 2.

For each dyadic number N € 2% and a Schwartz function f, define the Littlewood-

Paley operators

Pt =o(5)f©,  Pxfle) = (1 - w(%))f(f),

roe = (#(5) - <(3)) 0

Thus, ]gN\f, EN\f, and EN\f are smooth out projections to the regions || ~ N,
|€] < 2N, and || > N, respectively. Note that for all Schwartz functions f, and
M e 7

PovF©) =Y Puf.  Pxf(© =Y Puf.  f=) Puf
M

M<N M>N

Similarly, Py, P>y, and Py<.<y 1= P<y — P<js can be defined whenever M and

N are dyadic numbers with M < N.

Note that Littlewood-Paley operators commute with derivative operators,
the free propagator, and complex conjugation. They are self-adjoint and bounded
on every LP and H 2 space for 1 < p < oo and s > 0. They also obey the following

Sobolev and Bernstein estimates:

HPEN]CHLQ Spsm N_S||DSP2NfHLg - N_SHPZNDSfHL’;’

|P<n D’ |

= IDPerflly Sen NP
HPNDisfHLg = HZ):l:SPN]EHLz;C ~p,s,n NiSHPNfHLga
1P<vfllyy Span N*74||Penfs

1Pofllss Soan N3P S
14



whenever s > 0 and 1 < p < ¢ < oo, for further discussion see Tao [Tao, 2006].

Let S’(R) be the space of tempered distributions on R%. For 1 < p,q < oo

d

and o > ¢, define the inhomogeneous Besov space B, RY) = {u e S'(R?Y) :

[ullBg, (ray < 0o}, where

1
o0 ' q q
el gy = = IP<svull g + (Z (2 1Poul 2 )

Jj=1

1
= IPevullr + (32 (Nl Pwullzg)") "

Ne2?
and the homogeneous Besov space B;Q(Rd) = {u € S'"(RY) : H'LLHng(Rd) < o0},

where

=

HuHBg’q(Rd) = ( Z (NU|’PN“HLZ)Q>E'

Ne2Z

Note that most of the L?, H*, H*, By, and ﬁg o, norms are defined on R4,

thus, we will omit the symbol R? unless we need a specific space dimension.

15



Chapter 2

PRELIMINARIES

In this chapter, we review the Strichartz estimates (e.g., see Cazenave
[Cazenave, 2003], Keel-Tao [Keel and Tao, 1998], Foschi [Foschi, 2005]), frac-
tional calculus tools and local theory; these are the instruments to treat the
nonlinearity F(u) = |u/P~!u. In addition, we survey the ground state properties
and the reduction to the zero momentum which allows us to restate Theorem 1.6

into a simpler version.

2.1 Fractional calculus tools

For Lemmas 2.1, 2.3, 2.2, assume p,p; € (1,00),

i=1,2,3.

Lemma 2.1 (Chain rule [Kenig et al., 1993]). Suppose F' € C*(C). Leto € (0,1),
then

ID7F (u)llze S I1F ()| pos [ D L2

Lemma 2.2 (Leibniz rule [Kenig et al., 1993]). Let o € (0,1), then

107 (Fo)llw < (Ilfllm 1D%gllzs2 + gl IID"fllm)-

Lemma 2.3 (Chain rule for Holder-continuous functions [Visan, 2007]). Let F
be a Holder-continuous function of order 0 < p < 1, then for every 0 < o < p,

and%<y<1wehcwe

107 P, < [l

|D”u

LP1 |

provided (1 — Z)p, > 1.

16



2.2 Strichartz type estimates

We say the pair (¢,r) is H*—Strichartz admissible if

2 d d
—+—:§—s, with 2<g,r<oo and (qrd)#(2,00,2);
q T

d

and the pair (¢, r) is §—acceptable if

1 1 1
1< ) < ’ _<d<___)a ) = 72'
< q,r < o0 . 57 or (g,r)=(c0,2)

As usual we denote by ¢’ and 7’ the Holder conjugates of ¢ and r, respec-

tively (ie., I+ & =1).
2.2.1 Strichartz estimates

The  Strichartz  estimates  (e.g., see  Cazenave  [Cazenave, 2003],

[Keel and Tao, 1998], Foschi [Foschi, 2005]) are

l

where (g,r) is an H*—Strichartz admissible pair. The retarded estimate (2.2)

it ¢)

S H¢||L§/LQ" (21)

LiL; >

< 19l H /e‘”Af(T)dT

S T I Vi (22)
T<t

LiLY,

d

have a wider range of admissibility and holds when the pair (¢, r) is §—acceptable

[Kato, 1994].

In order to include the appropriate (for our goals) admissible pairs for the
(2.2), define the Strichartz space S(H®) = S(H*(R% x I)) as the closure of all test

functions under the norm | - [[gg+) with

17



(¢,7) H® admissible with
sup HuHLgLT' n if d Z 3
“ 2 2d 2d_\~
(5) <a<o0, FZH<r<(i%)
lul Il (¢,7) H® admissible with N
u S(HS) == sup u LgL’I‘ 1 =
T2\t 2 2 \ty/
(Z5) << H<r<((%))
(¢,7) H® admissible with
sup 9 [|ullLagy ifd=1.
- <g<o0, 1 <r<o
Here, (a™)" is defined as (a™) := a“:f;, so that + = ﬁ + L for any positive

real value a, with a* being a fixed number slightly larger than a. Likewise, a™ is

a fixed number slightly smaller than a.

Remark 2.4. Note that 2% < (£%)" < 2%, if d > 3. Additionally, when d = 2

and s # %, the quantity r = dz—‘és might be very large, but dz—‘és < (( 2 )+)/.

1-s

Similarly, define the dual Strichartz space S'(H=%) = S'(H*(R% x I)) as

the closure of all test functions under the norm || - [|g ;) with

ifd>3

(q,7) H~% admissible with
<q

(F)" <a< (D) (%) <r< ()"

. (q,7) H—% admissible with ‘
lullgrigr-sy = § 10f § llul oy, o

() <a<(B) (FH) <r<((ZH)Y)

(q,7) H~* admissible with
ifd=1.

inf < [Jull

L'y _
An << () () sr<eo
Remark 2.5. Note that S(L?) = S(H°) and S"(L?) = S"(H~°). In this dissertation,

if (¢, 7) is H™° admissible we say a pair (¢,7') is L? dual admissible.

18



Under the above definitions, the Strichartz estimates (2.1) become

e ollsuwn < clole and || [ @3] <elflsan (23
s<t

S(L2)

and in this paper, we refer to them as the (standard) Strichartz estimates.
Combining (2.3) with the Sobolev embedding W2 (R?) — L (RY) for

s < ™ and interpolating yields the Sobolev Strichartz estimates

||€itA¢||S(Hs) < cl|¢|

t
o and || [ sy <D s, (20)
0 S(H*)
and in similar fashion (2.2) leads to the Kato’s Strichartz estimate [Kato, 1987,
Foschi, 2005]

t
i(t—s)A d H < , 925
e S)as C I(TT—38) -« .
| [etosssias . < el (25)

Kato’s Strichartz estimate along with the Sobolev embedding imply the
inhomogeneous estimate (second estimate in (2.4)) and it is the key estimate in

the long term perturbation argument (Proposition 2.17).
2.2.2 Besov Strichartz estimates

We will also address a question of non-integer nonlinearities for NLS} (R?). Thus,

the following remark is due

Remark 2.6. The complex derivative of the nonlinearity F'(u) = |ulP~ u is F,(z) =
2 zp~1 and Fi(z) = 21[z[P~12. They are Holder-continuous functions of order

p, and for any u,v € C, we have

F(u) — F(v) = /0 [FZ@ ot — o)) (u —v) + Falv + t(u—v))(u — v)] dt, (2.6)

|[F(u) = F()] < Ju—vl(jul”™" + o). (2.7)

Hence, the nonlinearity F'(u) satisfies
19



(a) FeC?*C),if2<d<5,ord=5wheni<s <1,

(b) F € CHC),ifd>6,or d=05 when 0 < s, <

1
3

When estimating the fractional derivatives of (2.6), in the case (b), there

is a lack of smoothness. This issue is resolved by using the Besov Spaces.

Define the Besov Strichartz space 5 R? x I) as the closure

S(H9) S(Hs)(

of all test functions under the semi-norm || - || with
S(F9)

(q,7) H* admissible with _
sup ”uHLgﬁ'g_2 - . oy o ifd>3
T () a0, 25 <r< ()

—S

(¢,7) H® admissible with
”“”Bgms) = sup § lullpog S , L e if d = 2.
(%) <a<oo, 5 <r<((:%)")

(¢,7) H® admissible with ]
sup HUHL,?B;Z,Q ifd=1.

4 2
=25 S4S00, 155, ST S0

Similary, define the dual Besov Strichartz space (37, () = 39 (RExT)

) S'(H™*)
as the closure of all test functions under the semi-norm || - [| - with
S/ (H—3)

(q,7) H—% admissible with
inf ¢ |lull, o ifd>3

LY go, . _
()T <a< ()7 (@ER)T << (2)
(¢,7) H=* admissible with
P 2 1 e o b
) == () (F) =r=((55))

(q,7) H~% admissible with
inf ¢ |lu|l, o ifd=1.

LY 3° _
f Z<a< (), (H) <r<o

20



Lemma 2.7. Ifu € Bg(ys) and o >0, s € R, then
1D7ull gy S llell e
Proof. Let (¢,r) be H® admissible pair, then

15%] 0, S H( S e 5|3 Ieenna
Lirr

1
2 2
Ly

Lq
Ne2? tLz Ne2Z t
1
o 2
~ (D2 wipalls, )| S el
Ne2Z t LiPla
Taking sup over all (g, ) H*—admissible pairs yields the claim. O

Lemma 2.8 (Embedding). For any compact time interval I, assume 0 < o < p,

1<rr,qg<o0o. Then

HDguHLfL; S ”DpuHLgL;lv (2‘8>

rd
(—o)r+d

where r, = and q, = q,.

Proof. The Sobolev embedding W2 (R%) — W27 (R%) yields the inequality (2.8).
[

Remark 2.9. If ¢, 7" and ! are the Holder’s conjugates of 7, ¢ and r, respectively,

then we have

I1D%ull o S D7l

/
T q /.
LILL ™ Ly Ly

Lemma 2.10 (Linear Besov-Strichartz). Let u € Bg(LQ) be a solution to the forced

Schrodinger equation

M
i+ Au=Y_F, (2.9)
m=1
for some functions Fy,...,Fa; and 0 =0 or 0 = s. Then on R? x I we have
M
. < . .
Il S ool + 32 1l (210)
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Proof. 1t suffices to prove the statement for M = 1, since combining Duhamel’s
formula (1.2) and the triangle inequality yield the proof for M > 1. Furthermore,
it is enough to prove for ¢ = 0 because applying D* to both sides of the equation
(2.9), and observing that D® and Littlewood-Paley operators commute with i0;+A

give that for all dyadic N
10, Pyu+ APyu = Py Fy.
Note that the standard Strichartz estimates (2.4) yield
[1Pyvullscgsy S [[Pvulto)llz + [Py Fills e, (2.11)

squaring (2.11), summing over all dyadic N, and combining with the Littlewood-

Paley inequality, the claim is obtained. O

Lemma 2.11 (Inhomogeneous Besov Strichartz estimate). If F' € 59, (i)’ then

S/ (H—

t
| [eemsrmar,  siFl, (2.12)
0 B;(HS)

Proof. The dispersive inequality (1.12) and interpolation with the L2 norm when-

ever t # 7 yield

H ez‘(t—T)AF<7_> ‘

t—T\_d( HF(T)|

/.

L'rr\./|

In particular, if (g,r) H* admissible, integration on R? x I combined with

Minkowski’s inequality imply

H/ i(t— TAF dT < H/ Hez(t T)AF ‘
LqLT
SVAES
to

Thus, Littlewood-Paley theory gives

HPN[ =2 [ (1) dr

Therefore, (2.12) is obtained by multiplying both sides of the above estimate by

dr’

q

[ ¢

L S IE
Ly~ Ly

SPwE gy

LiLy

N7, squaring and summing over all dyadic N's. ]
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Lemma 2.12 (Interpolation inequalities for Besov spaces [Triebel, 1978]). Let

1< pi,qi <00 and u € 55, (RY), where i = 1,2,3. Then

_ 1-0 0
lellggr o, ey = Mlullgze gy llelsgs o)
provided that
1 1—-60 40 1 1—-0 40
o1 = (1 —0)oz + o3, — = + — and ~ — = + —.
Dy D, Dy 4 4> 45

2.3 Local Theory

In this section the global existence and scattering in H!(R?) for small data
in H* (Propositions 2.13 and 2.21), and a long perturbation argument (Proposition
2.17) are examined. The proofs lie on paraproduct? techniques and Besov spaces
which allow us to treat the lack of smoothness of the nonlinearity F(u) = |ul[P~u

(see Remark 2.6).

Proposition 2.13 (Small data). Suppose |[uollgys S A. There exists s =

Y

0sa(A) > 0 such that if [|e"ugl|z < bea, then u(t) solving the NLS;(R?)
S(HS)
is global in H*(RY) and

_ < itA . . < .
||U||ﬁg(m) S 2ffe Uo“gg(m)a ||u||gg(L2) S 2cl|uol| gs-

Proof. Using a fixed point argument in a ball B, the existence of solutions to (1.1)

and continuous dependence on the initial data is proven as follows.

Let

o)

9Bilinear, non-commutative operator that satisfies product reconstruction and
linearization formulas (up to smooth errors), a Hoélder-type inequality, and a
Leibniz-type rule.

- . < 9l uall - . <
B={lully,, S2e ulz, , lulls,, S 2eluol
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Assume F(u) = |u|P~'u and the map u +— @, (u) defined via

t
D, (u) := e ug + 2/ ei(t’T)AF(u(T))dT.
0

Combining the triangle inequality and the Linear Besov Strichartz estimates (2.10)

and the fact that F(u) € C', we obtain

1Pug (Wlg0 . S le™uollzo 4+ [1F W)l
S(HS) S(HS)

(LQ)

. < .
[Pun)lae, S ol , -+ IF ()5,

s12)’
For each dyadic number N € 2% the fractional chain rule (Lemma 2.1) and

Holder’s inequality lead to

ID*F()lsz2y S 1D ()l sy

L a2 (p—
Lt2$ L;l (p—1)+16

SHall”,) ey I1D°ul 2o S Nl D ullsz2),
LTL 2(d+4) L25 Ld p—38s
thus, Littlewood-Paley theory yields
P~ e < p—1 ” . 2.1
Mol S Tl ol (213
Therefore,
. < it . p—l .
)l Sl Sl
. p—1
[P () B2, + HUHBE(HS) Bz

and choosing 6; = min{zpcff—llAp—Q’ " 55 ,, 1 } leads to ®,,(u) € B.

To complete the proof, we need to show that the map u — ®,,(u) is a
contraction. Take u,v € B, and note that triangle inequality and Besov Strichartz

estimates yield

) = sl % [ [ 2 (Fur) = Pt i -
S 1D (F@) = FO)ly, ,, ~ I1F@) = FO,

24



and

[[Pug (1) = Py (v)

o D7 (1) = By (0)) 0

S(H®) 5(L2)

< H /Ot elt=m)A s (F(u(r)) — F(v(7‘))>d7‘

30
S(L2)

SID*(F(u) = F@)lg, , = 1F(u) = F(v)

'(1?) Porz)”

For each dyadic number N € 2%, we estimate || D*(F(u) — F(v))|s/r2). Recall
that we are considering the mass-supercritical energy-subcritical NLS, ie., 0 <
s<landp=1+ ﬁ. Due to the lack of smoothness of the nonlinearity (Remark

2.6), we consider two (complementary) cases:
(a) The function F(u) is at least in C?*(C).
(b) The nonlinearity F(u) is at most in C'(C).

In the rest of the proof we examine these cases separately, and after the

proof we give specific examples to illustrate our approach.

Case (a). F(u)is at least in C?(C): this case occurs when 1 < d < 4+ 2s, i.e.,
dimensions 2, 3, and 4 for 0 < s < 1, or dimension 5 when % < s < 1. Combining

(2.7), chain rule (Lemma 2.1) and Holder’s inequality, gives

1D*(F(u)=F @) lls:w2) S N1D*(ulf " u = P o)l sa2mn

2 (p—
LE;LQ? (p—1)+16

< |ID®lu — v 2 (up_l + |lo)Pt )
S D7) Ht;%%ﬂﬁ | HL?;L:%L*)U | HLE’;L:%L;)

s -1 —1
S 1Dl = olllsn) (Il + 101504 )

Here, we used the Holder split

2d%(p— 1) d’p — 8s
- 1
Ep-D <16 2 @Y

2(d + 4)
p(p —1)

(2.14)

together with the fact that the pair (%, %) is L? dual admissible, the pair

(£, 222 is L? admissible and the pair (22, 5220 is f1* admissible.
25



Therefore, ||F(u) — F(v)llgs,
S/(L2)

+ o2 )
e (Il o+ Tol"

Letting 0o = min{ "V 5 M} implies that <I>u0 is a contraction.

Case (b). F(u)is at most in C'(C): this corresponds to dimensions higher than
4+2$,i.e.,d:5with0<s<%ord26with0<s<1. Let w = u — v,

therefore (2.6) and the triangle inequality imply

1D (F(w) = F(0)) sz S 1D (Jul" = P o)l sz

Py 2(n—
Lt25 L;l (p—1)+16

SID°E(v+wwl | a2y +IIDF(v+@)0] | se-n - (2.15)
F(-1)+16

d oy d
LtZS d (p—1)+16 LtZSLII?

To estimate (2.15), we consider the subcases s <p—1and s > p— 1.

(i) If dimensions 4 4+ 2s < d < #, then s < p — 1, thus,

(p—1)
| D°F, (u)wl| 2201 SID™ P(wuw| 1a2(p-1) (2.16)
LTLd (p—1)+16 LtzLz(d+4)<dfdp+8>+d2p(p71>
s(p—1)
SIDYT R, 8a2 lwll,, a2p-1) (2.17)
Lt23(p—1) L(p—1)2((d2—3ds+232)(d+4)+852) Lzé L. 2(d+4)
1 (P )
) gy ID75 0, e (2.18)
Lt s Lz( LSLQCH‘SQ(P 1)2
Shull = Y Lr-1) D) = L oy 1Dl 2 (2.19)
L2sL 2(d+4) L29Ld p—8s L2§Ld p—8s
-1
+ ||u||p d(p—1) d2(d—1) ”DSwH % (220>
Lt s L, 2(d—s) LsLd —4s
SID*wllsceey (el | Dl oy + Il )
here, Remark 2.9 vields (2.16) since Ad? (p—1) 2°(p=1)_ ore Holder
) y

(d+4)(d—dp+8)+d?p(p—1)° d?(p—1)+16

conjugates and # < s. Leibniz rule gives (2.17) and (2.18). Then applying

chain rule for Holder-continuous functions (Lemma 2.3) with p :== p—1, ¢ :=
242 d?(d—1)

@D and v := s to (2.17), we obtain (2.19). Noticing that Li"* < Ly’

Y

Lemma 2.8 implies (2.20). The last line comes from the fact that the pairs
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(%, d;ﬁ’éﬁ)l)), (d(pgl), d;((j::))) are H*® admissible, and the pairs (g—’s’, dfi’;s),

<§l, (122+‘l245> are L? admissible. In a similar fashion, we obtain the estimate for the

conjugate

| D*Fz(v + w)w| 242 (p—1)
L%Ld2<p 1)+16

p—
S HDsw||S(L2)(||u||S2 ull g, oy ully )

Thus, Littlewood-Paley theory implies that
p—1 p—1
F(u) — F(v ( S o |£77 | S >,
IF() = F)ly, . S el |+l

and letting 03 < 25 /W gives that ®,, is a contraction.
20+2)C'A

(i)

e

4+2s

If the dimensions d > , then s > p—1. Therefore, we make an estimate

for | D*F,(u)wl| 2a2(p-1) > as follows
Lfs L F-DHe

ID°E(w] | aen S 1DV Fwwll | swsayraps (2.21)
LQSL (P 1)+16 LthLl d2(l‘7*1)
SIDP )|, 2wl ee-n (2.22)
Lt2s(p—1) LW L25 L, 2(d+4)
! DY 2.23
+ Hu”Ld@sl) d;(sip:sl)) H wHLsLd2+2d(p 21%2 eREEey ( )
t
—1)(1+9— ) s (p—1)2 s
Slull e 1P%ull = s, D] 202 (2.24)
LTL 2(d+4) Lf—sLa,zﬁp,gs LQSLdZP 8s
1
) 1Dl e (2.25)
Lti 2(d—s) LSL s

2

(A+s—p) (p—1)
<D s (lll gy 1Dl + luls,).

as before in (i), Remark 2.9 yields (2.21) since 2(d+;2)(; f(f)_l)?’, df (d; _(’i)_i)m are Holder

conjugates and (p — 1)* < s. Leibniz rule gives (2.22) and (2.23). To obtain (2.24),
we use chain rule for Holder-continuous functions (Lemma 2.3) with p := (p —1)?

and v := s to (2.17). The line (2.20) follows from Lemma 2.8, and finally,
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dp d%@—l)) (d(p—l) d?(d—1)

257 2(d+4) — 2(d75)> are H* admissible, and the pairs

since the pairs <

<g—§, d?;i%g) ) <§l, (122+d245> are L? admissible, we obtain the last estimate. Similarly,

| D*Fz(v + w)w|| 242 (p—1)
LQ%LdQ(pflﬂ»lG

L n?
<ID%wllsws (lell ey 1Dl + llligh)-
Therefore, Littlewood-Paley theory produces
Flu)— F <9 W e
1F ) = POl S 2=l (g > Tl o+l ),

and taking §, < @=1Cts-p)/ " +1>011 - implies that ®,, is a contraction.
p s

From cases (a) and (b) choosing dsq < min {(51, 09, 03, 54} implies that the

map u — D, (u) is a contraction which concludes the proof. O

We next illustrate the above cases when considering the estimate
|D*(F(u) — F(v))]|s/(z2) in the above proof: we describe the Hz—critical cases
NLS?(R*), NLS?(R") and NLST; (R'?) corresponding to the cases (a), (b)(i) and

3 3 9

(b)(ii), respectively.

Example 2.14. Case (a): For NLS* (R*), the nonlinearity F(u) = |u|3u is C2(C).
3
The pairs (4, 2), (%, g—g), and (23—8, %8) are L? dual admissible, L? admissible and

H> admissible, respectively.

1 1 4 4
D% (F(u)=F (@) lsra £ 103 (ful = ol o), 5 (226)
tHx
ji
SUDHu— ol 3 g (el g+ Wl ) (220
4
< o 3 3
< 1D = vl s (uuusmé) ol ) (228)

8
Since L{L; C S'(L?), we have (2.26). Applying (2.7), chain rule (Lemma 2.1)
and Holder’s inequality, we obtain (2.26). Finally, (2.28) comes from the fact that

28 56 "1 28 28
S(L?) C L L® and S(H?) C L? L7 .
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Example 2.15. Case (b) (i): The NLST(R7) is H2 —critical so s = ;<2=p-1
3

The nonlinearity F(u) = |u|3u is C'(C). The pairs (2,53), (14,%) are L?

admissible; the pairs (2,22), (2, ) are H?2 admissible and the pair (7, 2 is
L? dual admissible. Bound ||D*(F(u) (v)) || s(z2) by looking at |DzF.(v +
)wH :73 and its conjugate || Dz Fs(v + w)wHLZL;%’ as follows
1
IDEE el 5 S 1D Feluull g (2.29)
1
S ||DGFz(U)HL§;L:fg9||W||L§§L§§ + IIFz(U)llLML%lI wllwﬁg% (2.30)

L 1oL 1 1 1
N HUH;;;L?%||D2U||2%L§%||D2w”L%?L%% + HUHZ%L;%HDQWHLFL% (2.31)

1 B ST
S \lDWHS(L2>(H“||;(H;)“D2“H§<L2 + “;(m))

where Remark 2.9 yields (2.29), Leibniz rule gives (2.30). Applying the chain rule

2 U':landy::%to

for Holder-continuous functions (Lemma 2.3) with p := 3, 0 := ¢

the first term of (2.30) and Lemma 2.8 to the second term, we get (2.31). In a

similar fashion, we obtain the estimate for the conjugate

s 1 i 11 1
1D*Fe(o + @yl , o5 S [DFwllsws (el 1030l ey + el )-

98
LiLD

Example 2.16. Case (b) (ii): Consider the Hz—critical NLS in dimension 10,
ie, NLSL(RY), s0 s = L > & = p — 1. Note that F(u) = |u[su is C*(C). The
9

130 @) (20 100

130 1300) (80 400
9 715877 749

9 2567 /0 90171 o) are

pairs ( ) are Hz admissible; the pairs (
L? admissible and the pair (10,22) is L? dual admissible. Estimate ||D*(F(u) —

: 1 : : 1
F(v))|ls/(r2) by looking at || D2 F.(v + w)wHL%OL% and its conjugate || D2 Fx(v +
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w)w| , as follows
IOL

1 16
IDA Pl S IDE P, (2.32)
SUDRE@I, g gl s o + g gl DFwl g 239
S Wl 105l gy g 1050l s g+l gy ID3 0l
(2.34)

1 4
< 1D w s (IllF g 1DFul 52y + 0l )

where as in case (b)(i) Remark 2.9 yields (2.32), Leibniz rule gives (2.33). Ap-

plying the chain rule for Hélder-continuous functions (Lemma 2.3) with p := g,

o:=22Land v:= 1 to the first term of (2.33) and Lemma 2.8 to the second term,

81

we obtain (2.34). In a similar fashion, we obtain the estimate for the conjugate

|1D*Fx(v + w)w|

4
# S ID%wlss (a3,

LlOL L2) + ||u||S(Hs )

Note that the difference between the treatment of the case (b) (i) and (ii) is
just the choice of the value p when applying the chain rule for Holder-continuous

functions (Lemma 2.3).

Proposition 2.17 (Long term perturbation). For each A > 0, there exist €
€0(A) > 0 and ¢ = ¢(A) > 0 such that the following holds. Let v = u(z,t) €
H'(RY) solve NLS}(R?). Let v = v(x,t) € H'(R?) for all t and satisfies & =

vy + Av + |[v[P~ .
. < S| - < (t—to)A — . <
Wy, <A ey, < o md [F092u(to) ~ o))y < co

then HUHBE(HS) <ec.

Proof. Let F(u) = |ulP™'u, w =u—v, and W(v,w) = F(u) — F(v) = Flv+w) —

F(v). Therefore, w solves the equation

iwg + Aw + W(v,w) +é = 0.
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Since ||v||50 ., § A, split the interval [ty, 00) into K = K4 intervals [; =

[t;,tj+1] such that for each j, [[v] 5 < § with 0 to be chosen later. Recall

S(HS,1;)

that the integral equation of w at time ¢; is given by

w(t) = D2 (t;) 4 /t AW+ ) (r)dr. (2.35)

tj

Applying Kato Besov Strichartz estimate (2.12) on (2.35) for each I;, we obtain

lwllzo S lle 2 w(

S(HS,1;)

+||/ DA 4 2)(r)dr |

S(H5,15)

M0

S(HS,1;)

SN DR w(t)ge W w)llgp o+ elléllp
S(HS,I;) SI(H=3,1;)

S/ (H— 8,15)

< Hei(t’tjmw(tj)Hs(Hs,Ij) + CHW(%U})H@, + ceéo.

(H=5,1;)
Thus, for each dyadic number N € 2%, the following estimate holds
W, w)llg 1) SIF@W+w) = FO)l 2@ 6d(d—2s)

(8+3d 65)(1— s)Ls(d2+2s2)+9d(1 s)—2(5s+4)
I

) (2.36)

N (oA 7 v
—sLSd—4s—

I' z x 1
7 Ij I

-1
~ ||w||S(HSJj)(||v||g( S+l )

< el sgrreyy (57 + ||w||g;2,,j)), (2.37)

6d
sL3d 4s—2

6 6d ) (4 2d
1—s? 3d—4s—2/7 \1—s? d—s—1

12(d—2s) 6d(d—2s) rr_s
8+3d—65)(1—s)’ 3(d2+2s2)+9d(1—s)—2(5s+4)) is H

where we first observed that the pairs ( ) are H® admis-

sible; the pair ( (

admissible. Thus, we

used (2.7) and Hélder’s inequality to obtain (2.36). Since [|v]| 50 < 0 for each

S(HS,1;)

dyadic interval, there exists dy = d(V), so we have (2.37). Therefore,

IF@+w) = F@)lz,  Slully, (el + el )
S(HS,I5) S(HS,1;) S(HSI)

S/(H=5,1))
<lolyy,,, (77 + iy’ )
Choosing 6 = > yeoz0n < min{l,ﬁ} and ||e!t—t)Aw(t )Hﬂg(mm + 6o <
min {1, 2;\,71471}, it follows
||w||50 < 2||6i(t_tj w(t )“ﬁo + 2¢4€9.

S(HS,I;) S(HS,I;)
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Taking ¢ = t;,1, applying ! "%+12 to both sides of (2.35) and repeating the Kato

estimates (2.5) , we obtain

et Bty < 2 R0l 20
kv
Iterating this process until j = 0, we obtain
et 8wt ) < P[0 Rwlto)llp -+ (2 - 1)2ei6
S(H9) S(H?,15)
S 2j+2C1€0.

These estimates must hold for all intervals I; for 0 < j < K — 1, therefore,

2K+201 60 < min{

1
17 P Y Yy }7
2 Y/ 401
which determines how small €y has to be taken in terms of K (as well as, in terms

of A). O

As an illustration of how the estimate |[W (v, w)| g/s-:;,) works for the
cases considered in the proof of Proposition 2.13, we again consider the Hz-
critical cases: NLSF (R?), NLS?(R") and NLST; (R1?), corresponding to the cases

3 9

(a), (b)(i) and (b)(ii), respectively.

Example 2.18. Case (a): For NLS] (R?), the nonlinearity F'(u) = |ul*>u is C?(C).

The pairs (8,4), (12, £) are H= admissible and the pair (%, 2 is H~2 admissible.

2 2
W0yt S IV 0N S Nl o (017 + Tl )
J J
(2.38)
< . 2 2
Sllwllggg (00 g, + 0l s, )

We get (2.38) combining (2.7) and Hélder’s inequality with the split § + 5 =

1,10 29
and ; + {3 = -
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Example 2.19. Case (b) (i): For NLSt(R"), the nonlinearity F(u) = |u|3u is
3
C*(C). The pairs (8,32), (12, 32) are H?2 admissible and the pair (13,22 is H2

admissible.

W (v, w)]| SW (v, w)|| 7 2

. 1
S/(H7§I L13L‘7

2
%@wv u+wwg%g) (2.39)
j x

<nmewq@|PH5_+nnﬂmlg

As before in Case (a), we get (2.39) combining (2.7) and Holder’s inequality with

s 1, 2 _ 11 34 _ 167
indices s tTag= and s T 156 = o53-

Example 2.20. Case (b) (ii): For NLSJr (R19), the nonlinearity F(u) = |ulsu
is C*(C). The pairs (8,12), (12,33) are H2 admissible and the pair (32, 180) is

H~3% admissible.

W (0, w)llg -1, S IW 0w 20 g
.7
9 9
%mr\ #+WwH?L%) (2.40)

J

5nwum%,0wmws_+mm;m@g.
We get (2.40) combining (2.7) and Hélder’s inequality with the split £ + 5= = 22

17 2% _ 667
and 5 + 135 = 10g0-

Proposition 2.21 (H! scattering). Assume uy € HY(R?). Let u(t) be a
global solution to NLS}(R?) with the initial condition ug, globally finite H¢
Besov Strichartz norm Huﬂgg(m) < +oo and uniformly bounded H'(R?) norm
SUDc(o.+o0) [U(t)ln < B. Then there exists ¢, € H'(R?) such that (1.3) holds,
i.e., u(t) scatters in H'(R?) as t — +oo. Similar statement holds for negative

time.

Proof. Suppose u(t) solves NLS'(R?) with the initial datum wug, and satisfies the

integral equation (1.2).
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The assumption [ufz < +oo implies that for each dyadic N € 27
S(HS)

. "~ np
there exists M = |jul| , w2,p-y < 00 and let M ~ M2 . Decompose [0, +00) =
LE [, 2D

Ujjzllj, such that for each j, [[ul| =) < 0. Hence, the triangle inequality
LZ°L,

and Strichartz estimates yield

ullscrey S ll€uollserzy + |1 F(w)|ls(r2),

[Vullszzy < “eitAVUOHS(L?) + [IVE ()| s(z2)-

Therefore, the integral equation (1.2) on /;, combined with the above in-

equalities, leads to

IVullsg2,) S B+ H|u|p_1VUHS,( S B+ ||[uf V| . aa2e-n  (2.41)

L215) d2(p—1)+16
L¥ Ly P
J

-1
SBHul” ) ey IVl 22 (2.42)
ng Lg;2<d+4> L??L‘g p—8s
J
5 B+5p_1HVu||S(L2;1j). (243)

The pairs (Q%,d;](”éiz)l)) and (%,%ﬁ%s) are L? admissible and the pair

( d _2d%(p-1)

o m) is L? dual admissible; we obtain (2.42) applying Holder’s inequality

to (2.41). Similarly, by dropping the gradient, it follows

lullszz) S B+ 6 ullscez - (2.44)

Combining (2.43) and (2.44) and using the fact that § can be chosen ap-
propiately small, gives that |[(1 + |V|)ulsz2,) S 2B. Summing over the M
intervals, leads to

1L+ IV Dullsz) S BM=.
Define the wave operator

+o0
Gy =ug+ 2/ e AR (u(T))dr,
0
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note that ¢, € H!, thus Strichartz estimates and hypothesis lead to

ol S Nwollzrr + [ [ul"~" V|

S/(L2) ~ ||U0||H1 + H|u’p lqu 2d2(p—1)
LQSLde 1)+16

p(d+2s)—2s s) 2s

S ol + ullP o VUl 22y S B+BM™ 2. (245)
LTL 2(d+4) LTLd p=8s
Additionally,
N +w .
u(t) — Byt = — / DA (7)) dr (2.46)
t

Therefore, estimating the L? norm of (2.46), Strichartz estimates and Holder’s

inequality give

Jutt) — ol S || [ e Pt

S(L2)

S | F(u(n)]

Sl V|| e (247)

S/ (L2%5[¢
(L2{tec) LzéLdE(p—lHle

and simillary, estimating the H' norm of (2.46), we obtain

+oo0
IV (u(t) — "¢y )12 S H/t AP (u(r dTH

S(L2)
SOy ST o 08
[t,00)

Using the Leibniz rule (Lemma 2.2) to estimate (2.47) and (2.48), yields

- 1
[lulP ="Vl eeeen SHul”) ey VUl o
L[%SOO)LCI (p—1)+16 ng)L 2(d+4) L[%soo)Ld p—8s
By (2.45) the term ||u|]p_di 2o VU], 2ap is bounded. Then as t —
L?oo L$2(d+4) L[%S )L;l p—8s
oo the term |lul| ,  s2,,-1 — 0, thus, summing over all dyadic N, (1.3) is
L2s L, “2(d+4)
[t,00)
obtained. ]

Combining Lemmas 2.7, 2.8 and Remark 2.9, we obtain the following ver-
sion for the local theory propositions, we add * to indicate to which proposition

it corresponds to.
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Proposition 2.13* (Small data). Suppose |lug]

s SOA. There exists dgq =
dsa(A) > 0 such that if ||eitAu0||s(Hs) < Osa, then u(t) solving the NLSS(RY) is

global in H*(R?) and [[ull g7+ < 2lle™uoll gy, [1D°ullsz2) S 2¢lluoll -

Y

Proposition 2.17* (Long term perturbation). For each A > 0, there exist ¢g =

€0(A) > 0 and ¢ = ¢(A) > 0 such that the following holds. Let v = u(z,t) €

HY(R?) solve NLS,(RY). Let v = v(z,t) € H'(RY) for all t and satisfies €

vy + Av + |[v[P~ .

If [ollsgsy < A llellg+) < o and % ulto) — v(to)) sy < €0,

then [lul|ggs) < c.

Proposition 2.21* (H! scattering). Assume uy € H'(RY), u(t) is a global
solution to NLS;(Rd) with the initial condition uy, globally finite H* norm
lull g¢rzsy < +00 and uniformly bounded HY(R) norm supe(g 4o lu(t)|| s < B.
Then there exists ¢, € H*(R?) such that (1.3) holds, i.e., u(t) scatters in H'(R?)

as t — 4o00. Similar statement holds for negative time.

2.4 Properties of the Ground State

Recall that @ = Q(x) is the ground state for the nonlinear elliptic equation

a?AQ — BQ +Q =0, (2.49)

where

_ Vdlp—1) L, d=2)(p-1)
a_T and ﬁ_l_f'

And u,,(z,t) = e?'Q(ax) is a soliton solution of NLS, (R?) 1°.

Weinstein [Weinstein, 1982] proved the Gagliardo-Nierberg inequality

d(p=1) 9_ (d*2)2(p*1)

lull7ts < ConlVull 2> llull 2 (2.50)

"Here, the elliptic equation (2.49) corresponds to (1.5) and u,, (x,t) as in (1.4).
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with the sharp constant

ptl

2@l

This inequality is optimized by @, i.e., ||Q||Izﬂ1 = pT||VQ||L2 ||Q||L2

Con =

Multiplying (1.5) by @ and integrating, gives

QI = *IVQIZ: + BIQIIZ.

thus,

p+1 2+d(P*1)
P VQlL QI - ?IVQILIQILT — slQlk T =o.

(2.51)

The trivial solution of the above equation is ||Q]|7. = 0, we exclude it and

denote z = ”FQCﬁ”LQ Thus obtaining
ptl ann dp-1) , (d=2-1 ,_,
2 4 4
The only real root of the above equation is z = 1, hence,
IVQ|[z2 = 1Q] 2,
and,
1 _p+1 + 1
I QI = —=—1I@QlI7-
In addition,
luglze = a™ QI [Vuglie = o VQIT2,  and lug |75 = o QI75,
(2.52)

therefore, the scale invariant quantity becomes

lug 21 Vugllie = a7 [1Ql 12, (2.53)

and the mass-energy scale invariant quantity is

Mlu ] Elu, | -

ot (p—-1)s\’
- 5 (252 e

S ’ —S S 2
= (3) Ol 19glz2)"
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)?2.54)
(2.55)

(2.56)



The energy definition yields (2.54), Pohozhaev identities (2.52) and (2.53) implies
(2.55) and (2.56).

Notice that

—s S —8 1 1 °
M =Bl = (lull = (519l - 1wl

—s s 1 CGN —s s -1 ’
> (Il (5 - 2 (a1 ul:) )
Lo (Il IVl VP
> Gl Ival? (1= o () )
gl Ve 5
therefore,
d 2 G. (O] 1 d 2
- s 1_— < S<— S, 2
s ool (1- B0 ) < Mt < 5 600 (257

Summarizing, the upper bound in (2.57) is obtained bounding the energy
E[u] above by the kinetic energy; and the lower bound is achieved using the
definition of energy and the sharp Gagliardo-Nirenberg inequality (2.50) to bound

the potential term.

2.5 Properties of the Momentum

Let u be a solution of NLSF(R?) and assume that Plu] # 0. Let & € R?

to be chosen later and w be the Galilean transformation of u
w(z, t) = e el y(x — 260t 1).
Then
Vw(z,t) =i - em'goe’i”&"zu(m — 2&ot, t) + eixfoe’mgo‘QVu(:v — 28t 1),
therefore,
Vw72 = &> M[u] + 26 - Plu] + [|Vul]7.. (2.58)
Observe that M[w] = M|u|, Plw] = {M|u] + Plu], and

Blu] = S1eoPMlu] + & - Plu] + B[] (2.59)
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Note that the value £, = —% minimizes the expressions (2.58) and (2.59),

with Plw] = 0, that is,

(Plu)?

and  [|Vwlz = [[VulZ. —

Thus, the conditions (1.9), (1.10) and (1.11) in Theorem 1.6 become

P (MEW) - LPupt <1 G0

2s

@ [N

(MEw]) = [Gu(0)]F =P

[u] <1
and [Qw(O)]g > 1, hence we restate Theorem 1.6 as

Theorem 1.6* (Zero momentum). Let ug € HY(RY) with d > 1 and u(t) be the
corresponding solution to (1.1) in H'(R?) with mazimal time interval of existence

(T., T*) and s := s. € (0,1). Assume MEJu] < 1.

I If G,(0) < 1, then
(a) Gu(t) < 1 for allt € R, thus, the solution is global in time (i.e., T, =
—00, T" = 400) and

(b) u scatters in H*(RY), this means, there exists ¢ € H(R?) such that

lim Hu(t) — GitAqﬁiHHl(Rd) = 0.

t—=o0

II. If G,(0) > 1, then G,(t) > 1 for all t € (T, T*) and if

(a) ug is radial (for d > 3 and in d = 2, 3 < p < 5) or ug is of finite
variance, i.e., |xlug € L2(RY), then the solution blows up in finite time
(i.e., T* < 400, T, > —00).

(b) ug non-radial and of infinite variance, then either the solution blows up
in finite time (i.e., T* < +o0, T, > —o0) or there exists a sequence of

times t,, — +00 (or t, — —o0) such that [|[Vu(t,)|| 2w — oo.
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Thus, in the rest of the paper, we will assume that Plu] = 0 and prove
only Theorem 1.6*. To illustrate the scenarios for global behavior of solutions

given by Theorem 1.6%we provide Figure 2.1.

1 2
We plot y = (ME[u])s vs. [G,(t)]5 using the (2.57) restriction in Figure
1.

2.6 Global versus Blowup Dichotomy

In this section we establish the sharp threshold for the global existence
and finite time blowup solutions of the NLS'(R?). Theorem 2.1 and Corollary
2.5 of Holmer-Roudenko [Holmer and Roudenko, 2007] proved the general case
for the mass-supercritical and energy-subcritical NLS equations with H?! initial
data, thus, establishing Theorem 1.6* I(a) and II(a) for finite variance data. We
only included the proof of the blow up in finite time when d = 2 and p =5 (i.e.,
Theorem 1.6* part II(a)) for the radial initial data, since it was not include in

[Holmer and Roudenko, 2007] (they considered p < 5).

Lemma  2.22  (Gagliardo-Nirenberg estimate for radial functions
[Ogawa and Tsutsumi, 1991]). Let d > 2 and u € HY(R?) be radially sym-

metric. Then for any R > 0, wu satisfies

lua) 2! <l e I Vull 2, (2.60)
Lrtl(R<|z]) — RW L2(R<|z]) L2(R<[z|)’ :

where ¢ depends only on d.

Proof of Theorem 1.6 part II. (for radial data in the case p="5 and d = 2).

Recall that the variance is given by

V(t) = / 22|z, ) 2dz.

The standard argument for finite variance data is to examine the derivative and
show that

OV (t) = 32E[uo] — 8||Vu(t)||2: <0,
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Strong or weak blowup
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| v= (G

Figure 2.1: Plot of plot y = (Mg[u])% VS. [gu(t)]%where Gu(t) and ME[u] are
defined by (1.6) and (1.8), respectively. The region above the line ABC and below
the curve ADF are forbidden regions by (2.57). Global existence of solutions and
scattering holds in the region ABD, which corresponds to Theorem 1.6* part I
and the region EDF explains Theorem 1.6* part II (a), and the “weak” blowup
Theorem 1.6 part II (b).
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which by convexity implies the finite time existence of solutions. To obtain
a wider range of blow up solutions, there are more delicate arguments (see

[Lushnikov, 1995], [Holmer et al., 2010]).

Here, for infinite variance radial data, the argument of localized variance

is used following Ogawa-Tsutsumi techniques [Ogawa and Tsutsumi, 1991].

Let x € C*°(R?) be radial,

r? 0<r<i
x(r) = smooth l<r<4
c 4<r

such that 9%y(r) < 2 for all r > 0. Now, for m > 0 large, let x,,(r) = m?x (L>
m

Define the localized variance

V(t) = / A(@)u(z, 1) Pda

and consider the second derivative of the localized variance
4
2V (1) :4/X"|vu|2 —/A2X|u|2 _ g/Ax|u|ff>+1. (2.61)

For r < m it follows that Ax,,(r) = 4 and A%y,,(r) = 0. Each of the

three terms in the inequality (2.61) are bounded as follows:
4/X;;\vu|2 < 8/ |vuP,
Rd
- [ ol < 2 <2
m= Jm<|z|<2m m= Jm<|a|

—/Axm]u\p“ < —4/ \u|P+1+c2/ L,
Rd m<|z|

Thus, rewriting (2.61), we obtain

0V (t) <32E[u] — 8[|Vul7» + Sllullzz + csllullZoqeizm

<32B[u] — 8||Vul7» + S llullZ + S ullze | VullZ, (2.62)
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where ||u]|1s(|z>m) Was estimated using (2.60).

1

Let ¢ > 0, to be chosen later, pick m; > <EEE ]>§ |ullgz, mo >
Q

N|=

()

|ul|7. and m = max{mi, ms}, we get

OV (t) < 32E[u] — (8 — €)||Vull72 + €E[u,)]

Furthermore, the assumptions ME[u| < 1 and G,(0) > 1 imply that there
exists 0; > 0 such that ME[u] < 1 — §; and there exists dy = d2(d1) such that

Gu(t) > (1 + 09) for all t € I. Multiplying both sides of (2.62) by M [u], leads to

M [uo]07 V(t) <32(1 — 01) Mlug | Eluy] — (8 = €)(1 + 02)lug |7 Vg |I7

+ eMu, | Elu,]
<[32(1 = 61) — 4(8 — €)(1 + 02) + €] M [u, | Elu,],
the last inequality follows since 4E[u,,] = ||Vu,,||7.. Choosing e < %4_;22) implies

that the second derivative of the variance is bounded by a negative constant
(—A <0) for all t € R, i.e., 02V (t) < —A, and integrating twice over t, we have
that V(t) < —At*> + Bt + C. Thus, there exists T such that V(T') < 0 which is
a contradiction. Therefore, radially symmetric solutions of the type described in

Theorem 1.6* part II (a) must blow up in finite time.

2.7 Energy bounds and Existence of the Wave Operator

Lemma 2.23 (Comparison of Energy and Gradient). Let ug € H'(R?) such that
Gu(0) < 1 and MEJu] < 1. Then

SIVu(e): < Blul < 3 IVud)] (2.63)

Proof. The energy definition combined with G(0) < 1 (and thus, by Theorem 1.6*

part I (a) G,(t) < 1), the Gagliardo-Nirenberg inequality (2.50) and Pohozhaev
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identities (2.52) and (2.53) yield

1 Cen W)y o (@2
Bl 2 Vel (5 - S vun sl )

p+1
1 Ca s —e)\P!
2 [[Vu(®)|: (§—p+N1 (IIugll5allug S5 ) )
1 Caon _ _1
— ITulE (5 - Sl
042—1 S
- (55) 1Vu0l = 2Ivuto- (2,60

where the equality (2.64) is obtained from combining (2.53), the sharp constant

d(p—1)

(2.51) and a = ¥—;

The second inequality of (2.63) follows directly from the definition of en-

ergy. 0

Lemma 2.24 (Lower bound on the convexity of the variance). Let ug € H*(R?)

satisfy G,(0) < 1 and ME[u] < 1. Then G,(t) < w for all t, and

4d(p — 1
16(1 — w? Y E[u] < 8(1 — w? )||Vul[2s < 8||Vul2. — %“ungﬁl, (2.65)

where w = \/ MEJu].

Proof. The first inequality in (2.63) yields | Vul2, < ¢E[u], multiplying it by
MP®[u], where § = =2, normalizing by [|[Vu,|3.||u, |75 and using the fact that

[V, |7, < %E[UQ] leads to
[G.(V)]? < ME[u), ie, Gu(t) < w.

Next, considering the right side of (2.65), applying Gagliardo-Nirenberg inequality

(2.50), then the relation (2.53) and recalling that o = d(Qp_l), we obtain
4d(p — 1) 2d(p—1) _
Sl - L=zt > vl (s - 222 Vig, 0
> 8[| VullZ2 (1 — o), (2.66)
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which gives the middle inequality in (2.65).

Finally, combining (2.66) with the second inequality in (2.63), completes

the proof. O

Proposition 2.25 (Existence of Wave Operators). Let ¢ € H'(R?).

I. Then there exists v, € H* such that for some —oo < T* < 400 it produces

a solution v(t) to NLST(R?) on time interval [T*, 00) such that
|v(t) — e[| g — 0 as t — +oo (2.67)

Similarly, there exists v_ € H' such that for some —oo < T, < 400 it

produces a solution v(t) to NLS} (R?) on time interval (—oo,Ty] such that

|v(=t) — e 24p|[gr — 0 as t — 400 (2.68)
I1. Suppose that for some 0 < o < (27;’)% <1
2(1—s) 2s 2 d ’ 1—s s
Il IVl <o | o) Mlug] ™ Elug]” . (2.69)

Then, there exists vo € H' such that v(t) solving NLS} (R?) with initial data

vo s global in H' with

1
Ml = [0lz=,  El]=5IVelLe  Gu()<o<1  (270)
and () — e*2ap|| g1 — 0 as t — oo. (2.71)
Moreover, if [|e"®llgo < dsq, then
S(F)
lwollzre < 201W0llg and  [lollge < 20"l g

S(HS$)

Proof. 1. This is essentially Theorem 2 part (a) of [Strauss, 1981a] adapted to the

case 0 < s < 1 (see his Remark (36) and [Strauss, 1981b, Theorem 17]).
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I1. For this part, we consider the integral equation
ot) = oo — i / B ([P (2.72)
t

We want to find a solution to (2.72) which exists for all t. Note that for 7" > 0

from the small data theory (Proposition 2.13) there exists ds;q > 0 such that

HeitAw”go - < 0gq- Thus, repeating the argument of Proposition 2.13, we
S([T,00),H®)

first show that we can solve the equation (2.72) in H* for t > T with T large. So

this solution will estimate ||Vv||g(r2,r,00)), Which will also show that v is in H'.

Observe that for any v € H*

IVl ol szzy S IV 0l a2y
L2 L;Ci?(p—l)+16

1 -1
STy o IV, sa S Bl [ Vlsany: (273
L??Lz2(d+4) Lt2s Lﬁ p—8s

Note that the pairs (£, d;‘z’éﬂ)l )) and (£, dfjﬁgs) are L? admissibles and the pair

(2%, %) is L? dual admissible. Thus, the Holder’s inequality yields (2.73).

Now, the Strichartz (2.3) and Kato Strichartz (2.5) estimates imply

IVUllsre0)22) S 1l V|| s(,00),2) + el V([0[P0) || 57(17,00),22)

-1
5 Cl||¢HH1 + CgHUl g([T,oo),HS) vv||5([T:00)7L2)'

Taking T' large enough, so that cs/[v]|gr.00) ) < 1, we obtain
IVlls(7.00),L2) < 21][¢0]| -

It now follows

IV (v = €"29) || s(r,00),22) < IV (0[P 0) |77 00,2)

< IVollsroo e 101 00 ey <l

hence, |V (v — eitA@/J)||S(L2([T’OO))) —0as T — .
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On the other hand, Proposition 2.21 (H' Scattering) implies v(t) — €~
in H' as t — oo, and the decay estimate (1.12) together with the embedding and
H'(RY) — L(R?) for ¢ < 2% when 3 < d, ¢ < 0o when d = 2 and ¢ < co when
d =1 imply

€2l per < 11367 [,
thus, [le”2¢| p+1 — 0 ast — oco. Since [|[Ve 2|2 = |[VY)|| 2, it follows

1 1
Elv] = 5[Vl - mﬂv\ T

= Jim (G190l = — eIzt ) = 51V
and
M) = Jim lo(t)|22 = lim [le#26]2: = ]2
From the hypothesis (2.69), we obtain

s 1 s : d\ st 18
MU ER) = I <07 (50 ) Mlug' "Bl

and thus,

2 S
ME] < 1, since o? < (—S) :

Furthermore,
. 2(1—s S . 7 2(1-s 7 s 2(1—s s
Tim [|o(0)[75 77 Vo)l = lim [958V ()7 = [l IV |z

d s s s 2(1—s s
< o? (g) M[UQ]l E[U’Q] :(72““@”1;(2 )HVUQ”%Q’

where, the inequality is due to (2.69) and the last equality is obtained using (2.56).
Hence,

tlgglo G,(t) <o <1
We can take T' > 0 large so that G,(7") < 1. Then applying Theorem 1.6* part
I (a) (global existence of solutions with ME[v] < 1 and G,(t) < 1), we evolve v
from time 7" back to time 0 (we automatically get G,(t) < 1 for all t € [0, +00).)
Thus, we obtain v with initial data vy € H' and properties (2.70) and (2.71) as

desired. O
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Chapter 3

SCATTERING VIA CONCENTRATION COMPACTNESS

The goal of this chapter is to prove scattering in H*(R?) of global solutions of
d
NLS, (R?) from Theorem 1.6* part I (a).

Definition 3.1. Suppose 1y € H'(RY) and let u be the corresponding H*(R?)
solution to (1.1) on [0,7™), the maximal (forward in time) interval of existence.

We say that SC(ug) holds if 7% = +o00 and [lufg < oo,

S(HS)

3.1  Outline of Scattering via Concentration Compactness

Notice that H'(R?) scattering of u(t) = NLS(#)ug is obtained when SC(uy)
holds by Proposition 2.21. Therefore, to establish Theorem 1.6* part I (b), it will
be enough to verify that the global-in-time H* Besov-Strichartz norm is finite, i.e.,
HUHBE(HS) < 00, since the hypotheses provides an a priori bound for ||Vu(t)||2 (by

Theorem 1.6* part I a), thus, the maximal forward time of existence is T' = 400.

In other words, it remains to show

Proposition 3.2. If G,(0) <1 and MEJu] < 1, then SC(ug) holds.

The technique to achieve the scattering property above (Propo-
sition 3.2) is the induction argument on the mass-energy threshold
as in [Holmer and Roudenko, 2008] and [Duyckaerts et al., 2008] (see also

[Kenig and Merle, 2006]), and we describe it in steps 1, 2, 3.
Step 1: Small Data.

The equivalence of energy with the gradient (Lemma 2.23) yields

p+1

—S8 S m d ’ —S8 S =
! < Quollz I Vanll)s < ((5) arta—ep)
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If G,(0) < 1 and M[u]'"*Efu]* < (£)°6%, then using the above inequality one

itA

obtains |lugl|gs < dsq and by Strichartz estimates [|e"2uol[z =~ < cdsq. Hence,
S(H3)

the small data (Proposition 2.13) yields SC(ug) property.
Observe that Step 1 gives the basis for induction:

Assume G, (0) < 1. Then for small § > 0 such that M{ue]'~*Efu]® < §, we have

that SC(up) holds.
Let (M E). be the supremum of all such ¢ for which SC(ug) holds, namely,

(MFE), = sup {(5 | up € H'(R?) with the property:

G.(0) <1 and Mu]'*E[u)® < § = SC(ug) holds}.

Thus, the goal is to show that (ME). = M[u,]'"*Elu,]*.

Remark 3.3. In the definition of (M E)., it should be considered G,(0) < 1 instead
of the strict inequality G,(0) < 1. However, G,(0)=1 only when MEJu] =1 (see
Figure 2.1 point D). In other words, uy = u,(z) is a soliton solution to (1.1) and

does not scatter, thus, it suffices to consider the strict inequality G, (0) < 1.

Step 2: Induction on the scattering threshold and construction of the “critical”

solution.

Assume that (M E), < M[u,]'"*E[u,]*. This means that, there exists a sequence
of initial data {u,o} in H'(R?) which will approach the threshold (MFE). from
above and produce solutions which do not scatter, i.e., there exists a sequence

Up,o € Hl(Rd) with

Gu,(0) <1 and M[un,o]l_sE[unvo]s N\ (ME),asn — oo (3.1)

and ||u||Bg(HS) = 400,

i.e., SC(uy0) does not hold (this is possible by definition of supremum of

(ME)e).
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Using a nonlinear profile decomposition on the sequence {u, ¢} it will allow
us to construct a “critical” solution of NLS¥(R?), denoted by w.(t), that will lie
exactly at the threshold (M E). and will not scatter, see Existence of the Critical

solution (Proposition 3.11).
Step 3: Localization properties of the critical solution.

The critical solution wu.(t) will have the property that K = {u.(t)|t € [0,+00)}
is precompact in H*(RY) (Lemma 3.12). Hence, its localization implies that for
given € > 0, there exists an R > 0 such that | Vu(z, t)H%Q('xﬂ(t)bR) < € uniformly

in ¢ (Corollary 3.13); this combined with the zero momentum will give control

on the growth of z(¢) (Lemma 3.14).

On the other hand, the rigidity theorem (Theorem 3.15) implies that such
compact in H'(R?) solutions with the control on z(t), can only be zero solutions,
which contradicts the fact that u. does not scatter. As a consequence, such u,

does not exist and the assumption that (M E). < M[u,]|E[u,] is not valid. This

ol
finishes the proof of scattering in Theorem 1.6*, Part 1(b).
In the rest of this chapter we proceed with the linear and nonlinear profile

decomposition and the proof of the existence and properties of the critical solution

described in Step 2 and Step 3.
3.2 Profile decomposition
This section contains the profile decomposition for linear and nonlinear

flows for NLS;)L (R%). The important point to make here is that these are general

profile decompositions for bounded sequences on H'.

Proposition 3.4 (Linear Profile decomposition). Let ¢,(z) be a uniformly
bounded sequence in H*(RY). Then for each M € N there exists a subsequence of

¢n (also denoted ¢,), such that, for each 1 < j < M, there exist, fized in n, a
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profile ¥’ in HY(R?), a sequence t, of time shifts, a sequence xJ of space shifts
and a sequence WM (x) of remainders't in H'(RY), such that

M

u(a) = e Az —ad) + WM (2)

j=1

with the properties:

o Pairwise divergence for the time and space sequences. For 1 <k # j < M,
lim [t/ — 5| + |27 — 2%| = +oo. (3.2)
o Asymptotic smallness for the remainder sequence

im (lim [|e"*WM |5 ) =0. (3.3)

1
M—oo * n—oo S(HS)

o Asymptotic Pythagorean expansion. For fixed M € N and any 0 < s < 1,

we have

M .
o= 1

i=1

| fn]

i T IR e + 0a(1). (3-4)

Proof. Let ¢, be uniformly bounded in H*, and ¢; > 0 such that [|¢, |z < c;.

For each dyadic N € 2V, given (¢,7) an H*® admissible pair, pick § =

4d(d+r)—2d%r

r2(d—2s)(d—2)—2dr(d+2s—4)’ so0 <0 <1
r(d—2)+2d 8(d—2)+4dr . rg .
Let r; = %, and ¢ = r(d723)(272)):;d(d+2374)7 so (q1,71) is H® admis-

sible pair, for 0 < s < 1 and d > 2. Interpolation and Strichartz estimates (2.4)

yield

HeimwaLgL; < HeitAWé\/[HngleL;l HeitAWr]LWHOOO e
t xT

e“AWT]L”H@OO o (3.5)
t T

< c||w)]

1-6
Hs

'Here, in Proposition 3.4 and Proposition 3.6, W (z) and W (z) represent
the remainders for the linear and nonlinear decompositions, respectively.
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The goal is to write the profile ¢,, as Zj\il e~ ith A (1 — 23) + WM (2) with

WM (x)|l s < c1, for some constant ¢;. By (3.5), it suffices to show
lim |limsup || 2WM || 20 | =0.
M—=+00 [ n—too LLi™™

We have d > 2s, since we are considering

(1) 0<s<1 in d>3
(i) 0<s<1 in d=2 (3.6)
(i) 0<s<g3 in d=1.

Construction of ¥} :

Let A; = limsup,, | Heim¢nHLoo 24

t x

2 . If A; = 0, taking 17 = 0 for all j finishes

the construction.

Suppose that A; > 0, and let ¢; = limsup,,_,, . ||¢n]|ar < 00. Passing to
a subsequence ¢,, we show that there exist sequences ¢! and x! and a function
¢! € H', such that
eitiA(ﬁn(. + CU:L) N wl in H1,
and a constant K > 0, independent of all parameters, with

d+257452 d+457452

Kep ||¢1|HSZA1 o (3.7)

Note that d + 2s — 4s* = d + 2s(1 — 2s) > 0 by (3.6).

Let x, be a radial Schwartz function such that supp x, C [%,27“] and
$-(6) =1 for 1 < |¢] < r. Note that |1 — x,| < 1 and H® — L% in R with

2s < d, then

“eitA¢n - Xr ¥ 6itA¢nH2 20 < / ’6‘(1 - XAr(g))Q‘é"(g)‘Zdé

?oLéifls

< ho|2dE + hn(€)[2d
/|s|<¢'§"¢'§ / El1du(©)Pde

|§|>r

I6ulis + ol _ 3

r r

<
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Take r = then A; = 261 Using the definition of A;, triangle inequality and

A2v

the previous calculation, for large n we have

A

21 < er*e”A@LH 2d . (3.8)

d—2s
t z

Therefore, interpolation implies

HXT * eitA(andL 224 < HXT * €ZtA¢n| Cth;Qz? HXT * eztA(anLOOLOO

t x

< Nnll 2™ e * €2 Pl Zoe 1 (3.9)

where the second inequality follows from the fact that |x,| < 1 and L? isometry
property of the linear Schrodinger operator.

Using the definition of ¢;, combining (3.8) and (3.9), we get

d

A \” ,
(ﬁ) < HXr * €ZtA¢nHL;>°Lg°-

d
2¢,

Thus, there exists a sequence of (z},¢:) € RY x RL satisfying

n’’n

d
A 2s )
( diZs) < |xr * €Zt7llA¢n(x7lz>"

d
2¢,

Since e is an H' isometry and translation invariant'?, it follows that {e"n® ¢, (-+
x1)} is uniformly bounded in H' (with the same constant as ¢,’s) and along a

subsequence
(86, + a)} = ! with 91 < e

Observe that

d
A 35
(“22)" =1 [ xelad = 00 ] < vl

d
2¢,

o

Hs»

since ||x,||%_. < 7% (by converting to radial coordinates) and the Holder’s in-

~Y

d+45

equality produces (3.7) with K =2~z

2| (A f(x + h))/\ ’ — |pith (eitAf(I))/\
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Define Wl(z) = ¢, () — e 29! (z — z!). Note that en®¢, (- +z1) — !

in H!, therefore, for any 0 < s < 1, we have

(D, e AP (- = 20)) o = (€020, 1 (- — 2)) e — |02

Hs?

and since [|[W,||%, = (én — em (- — xb), b, — e Bl (- — )%, We obtain

lim (W2 1%, = lim (e 6,15, — [1v']I3
n—oo n—oo

Taking s = 1 and s = 0, yields ||[W}||m < ¢.

Construction of ¥’ for j > 2 ( Inductively we assume that ¢/~! is known and

construct ¢7):

Let M > 2. Suppose that ¢7, 27, t/ and W7 are known for j € {1,--- , M — 1}.

Consider

itAWéM—l || dfcés )
L Ly

Ay = limsup ||e
If Ay =0, then taking ¢/ = 0 for j > M will end the construction.

Assume Ay; > 0, we apply the previous step to WML and let ¢y =

limsup,, [[WM=1]| 1, thus, obtaining sequences (or subsequences) zM tM and a
function ™ € H' such that
4 2
AWML My M iy H' and KcM ||¢M|HS>A
(3.10)
Define

W (@) = W () — e 8y (@ — ).

n

Then (3.2) and (3.4) follow from induction, i.e., we assume (3.4) holds at rank

M — 1, then expanding

Z'IW _
W @) = lle™ SWHH- 4 2 — M)

H Hs?
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the weak convergence yields (3.4) at rank M.

In the same fashion, we assume (3.2) is true for j,k € {1,..., M — 1} with
j # k, that is [t — t*| 4 |2J — 2%| — 400 as n — oco. Take k € {1,...,M — 1}
and show that

62—tk + |a) — 2| — +oo.

k

My
n L

Passing to a subsequence, assume t» — ¢tk — M and 2M —
finite, then as n — oo
e AWM (g g My =l —EA (AT (g 4 9 ) — o (3 + )
n n /) n n n
M-1

= Y etk (2 — o).
k=j+1

The orthogonality condition (3.2) implies that the right hand side goes to 0 weakly
in H', while the left side converges weakly to a nonzero 1", which is a contra-
diction. Note that the orthogonality condition (3.2) holds for £ = M, and since
(3.4) holds for all M, we have

M
2 =l

j=1

and ¢y < ¢;. Fix s. If for all M, Ay > 0, then (3.10) yields

1nl

2+ WM

2
Hs

2

Ad+4§f4s 2
5 (M—) <3

M>1 Kcl 2s n>1

?i[s S hmsup H(bn‘ %{s < 007
n

therefore, Ay — 0 as M — oo, and consequently, [|e" WM g0 — 0 as n — oc.

Finally, summing over all dyadic N, yields (3.3).
O

Proposition 3.5 (Energy Pythagorean expansion). Under the hypothesis of

Proposition 3.4, we have

El,] = Z Ele™™2y7] + E[WM] + 0,(1). (3.11)
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Proof. By definition of F[u| and (3.4) with s = 1, it suffices to prove that for all

M <1, we have

6nllTre = lee BAYTEL + 0a(1). (3.12)

Le+1 —

Step 1. Pythagorean expansion of a sum of orthogonal profiles. Fix M > 1. We

want to show that the condition (3.2) yields

ZIIWMW T+ on(1). (3.13)

fit%ij(. .

By rearranging and reindexing, we can find My < M such that

(a) tJ is bounded in n whenever 1 < j < M,,

(b) |ti| — 00 asn — oo if My+1<j < M.

For the case (a) take a subsequence and assume that for each 1 < j < M,,
tJ converges (in n), then adjust the profiles ¢’’s such that #/, = 0. From (3.2) we

have |2/ — x¥| — 400 as n — oo, which implies
n )

Z 1972, + 0u(1). (3.14)

—l’J

For the case (b), ie., for My < j < M, |t/| — oo as n — oo and for
v e H el LP%, thus, the Sobolev embedding and the LP space-time decay

estimate yield

C
WWH pi1,
|t |2(p+1>

le™™ 29 |y < cllg® =l 2y +

and approximating * by ¢ € C comp 111 H #, we have

(3.15)

He‘itﬁAwkHLgH — 0 as n — o0.

Thus, combining (3.14) and (3.15), we obtain (3.12).
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Step 2. Finishing the proof. Note that
HWM1HLp+1 < HWM HLooLp+1 < ||I/VMl||1/2 2 HWM1H1/2 2d(d+2—25)
Lge Lm LooLd(d 2)F4s(1—s)

1/2 1/2 1/2 1 2
SUWRRIT g W2 gy STWRRIT oy sup llénll
LeoLg—?s ¢ LeLg

By (3.3) it follows that

lim ( lim \|elmleuLp+l) —0. (3.16)

Mi—+o0o \ n——+oo

Let M > 1 and € > 0. The sequence of profiles {¢"} is uniformly bounded in H*!
and in LP*!. Hence, (3.16) implies that the sequence of remainders {W M} is also

uniformly bounded in Lffl. Pick M; > M and n, such that for n > n,, we have

[ = WL — Ngallph [+ (1WA — Wty — Wit (3.07)
€
< C (5D 16ullyes -+ up [WY ) I g + W22 ) < 2
Choose ng > ny such that n > ny. Then (3.13) yields
—itd €
[ — w22, - Z eyl < £ (3.18)

Since WM — WM = ijlMH e*”%Az/)j(- — 7)), by (3.13), there exist nz > ny such

that n > ngs,
M, _ .
—it] i
W2 —wtt, = 3 e | < < (3.19)
j=M+1
Thus for n > ns, (3.17), (3.18), and (3.19) yield
M .
[l9ullEty = S lle®au 2t — sty | < e (3.20)
j=1
which concludes the proof. O]

Proposition 3.6 (Nonlinear Profile decomposition). Let ¢, (z) be a uniformly

bounded sequence in H*(RY). Then for each M € N there exists a subsequence
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of ¢n, also denoted by ¢,, for each 1 < j < M, there exist a (same for all
n) nonlinear profile Jj in HY(RY), a sequence of time shifts t, and a sequence
of space shifts xJ and in addition, a sequence (in n) of remainders Wé”(x) in

HY(R?), such that
M ~
j=1

where (asn — 00)

(a) for each j, either tJ = 0,t) — 400 ort) — —oo,

(b) if ) — +oo, then HNLS(—t){/;jHﬁ-o < +oo and if ), — —oo, then

B 5([0,00);H)
INLS(-P g0 < oo,

00,0);H %)

c) for 7, then [t2 — tF| + |2d — 2F| — 400,
k#j, then [t], — ty] + |2}, — 2,

The remainder sequence has the following asymptotic smallness property:

lim (lim [|[NLS(OWM[z ) =0. (3.22)
)

M—o0 *n—o00 S(HS

For fizted M € N and any 0 < s < 1, we have the asymptotic Pythagorean

exrpansion

M
2= STINLS(—) . + W]

j=1

[ &n] 71+ 0n(1) (3.23)

and the energy Pythagorean decomposition (note that E[NLS(—t{Z)Jj] = E[))):

E[¢,] = ZE[JJ'] + E[WM] 4 0,(1). (3.24)

Proof. From Proposition 3.4, given that ¢,(x) is a uniformly bounded sequence

in H', we have

M

Gu(r) =Y Y (x — ad) + WM (x) (3.25)

Jj=1
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satisfying (3.2), (3.3), (3.4) and (3.11). We will choose M € N later. To prove

this proposition, the idea is to replace a linear flow 17 by some nonlinear flow.

Now for each 1/ we can apply the wave operator (Proposition 2.25) to
obtain a function {Eﬂ' € H', which we will refer to as the nonlinear profile (corre-

sponding to the linear profile ¥7) such that the following properties hold:

For a given j, there are two cases to consider: either #/ is bounded, or
|t7 ] — +o0.
Case |t} | — +oo:
If tJ — +o0, Proposition 2.25 Part I equation (2.67) implies that
INLS(—t2)g7 — e 89i || — 0 as  # — 400
and so

INLS(—t)4|| 0 < +00. (3.26)

S([0,+00),H?)

Similarly, if #/ — —oo, by (2.68) we obtain
HNLS(—t{l){/;j — e’it%Az/szHl —0 as t/ — —o0,
and hence,

INLS(—t)¢7|| a0, < +o00. (3.27)

—00,0],H)

Case ) is bounded (as n — 00): Adjusting the profiles 1Y we reduce it to the
case tJ = 0. Thus, (3.2) becomes |77 — z¥| — +00 as n — oo, and continuity of
the linear flow in H', leads to e*t%A@Dj — )7 strongly in H' as n — oo. In this

case, we simply let

B = NLS(0)e oo Ay — o108y — 4y,
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Thus, in either case of sequence {#/}, we have a new nonlinear profile ¢’

associated to each original linear profile 17 such that
INLS(—t2)g7 — e 897 ||n — 0 as 1 — +oo. (3.28)

Thus, we can substitute e~ 2 by NLS(—# )i in (3.25) to obtain

= iNLS(—tg;){/?j(a; —20) + WM(2), (3.29)
where 7
W (@) )+ Z {e7 89 (z — 2]) = NLS(~#])i (v — 23 }
M) + Z T (3.30)

The triangle inequality yields

H ztAWMHBO

S(H?)

< ||eztAWM||BO

S(HS)

+CZHe i Ay NLS(—#) Wﬂgo

S(HS)

By (3.28) we have that
M
AT M| < |eftAT M| .
ey, < NS0y, + e on(d)
and thus,

lim ( lim He’mWMHﬁo ) =0.

M—oo S(HS)

Now we are going to apply a nonlinear flow to ¢,(z) and approximate it by a
combination of “nonlinear bumps” NLS(¢ — t{b)@zj (x — i), ie.,

NLS(t)¢ ZNLS t— ) (x — 2).

7j=1

Obviously, this can not hold for any bounded in H! sequence {¢,}, since,
for a example, a nonlinear flow can introduce finite time blowup solutions. How-

ever, under the proper conditions we can use the long term perturbation theory
60



(Proposition 2.17) to guarantee that a nonlinear flow behaves basically similar to

the linear flow.

To simplify notation, introduce the nonlinear evolution of each separate
initial condition u, o = @y:
up(t, z) = NLS(t) o, (2),
the nonlinear evolution of each separate nonlinear profile (“bump”):

v (t, @) = NLS(t)¢ (),

and a linear sum of nonlinear evolutions of “bumps”:

M
Up(t, ) = Zvj(t —t) o —ad).
j=1

Intuitively, we think that ¢,, = u, ¢ is a sum of bumps Jj (appropriately
transformed) and u,(t) is a nonlinear evolution of their entire sum. On the other
hand, 1,(t) is a sum of nonlinear evolutions of each bump so we now want to

compare u,(t) with a,(t).

Note that if we had just the linear evolutions, then both w,(t) and ,(t)

would be the same.

Thus, wu,(t) satisfies
10ty + Ay, + |t [P 1y, = 0,

and 1,(t) satisfies

q o~ - ~ p—1~ M
104y, + Ay, + Uy P 0, = €,

where

M
o = [l iy = Y [t~ 8, — )Pt~ ], — ).
j=1
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Claim 3.7. There exists a constant A independent of M, and for every M, there

exists ng = no(M) such that if n > ng, then ||un||ﬁo < A

S(11%)
Claim 3.8. For each M and € > 0, there exists ny = ni(M,€) such that if n > nq,

then ||eM ||ﬁo < €.

S/ (H—

Note @, (0, ) — u,(0,x) = Wé”(:v) Then for any € > 0 there exists M; =

M, (€) large enough such that for each M > M; there exists ny = ny(M) with
n > ng implying

[€72(0(0) — un(O)) gy <

S(F9)

Therefore, for M large enough and n = max(ng, ny, ns), since

"B (i1, (0)) = € (Z v (—th,w — xi)) !

which are scattering by (3.28), Proposition 2.17 implies [Ju,|lg0 < o0, a
S(HS)

contradiction.

Coming back to the nonlinear remainder WM , we estimate its nonlinear

flow as follows (recall the notation of Wé\/l , WM and 77 in (3.30)):

By Besov Strichartz estimates (2.12) and by the triangle inequality, we get

—~ -1
INLSOT 1, < 1T, o+ |72 2
S(HS$) S(HS) 50
S/(H=S)
< AT M| ] J . )
< 2Ty +c2||7| T, B3

S P +c2||7“’1 T, 32

We used (2.13) to obtain (3.31) and since s < 1 we have H' < H®, so it yields

(3.32). Hence,

INLS(W 30 < €W, |0

S(HS)

M _ B
+e ) |le Ayl — NLS(—t0)e7 |7,
j=1
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and by (3.28) and then applying (3.3), we obtain

hm ||e’tAWM||ﬁo —0 a5 M — .
S(H)

Thus we proved (3.29), (3.22). This also gives (3.23).

Next, we substitute the linear flow in Lemma 3.5 by the nonlinear and

repeat the above long term perturbation argument to obtain
lénllfin = Z INLS(=)07 750 + IW 5 +ou(1), (333)

which yields the energy Pythagorean decomposition (3.24). The proof will be

concluded after we prove the Claims 3.7 and 3.8.

Proof of Claim 3.7. We show that for a large constant A independent of M and

if n > ng = no(M), then

1l sy < A. (3.34)

Let My be a large enough such that ||e*2 WMo sy < dsa- Then, by (3.30),

for each j > My, we have ||e?27|| s(rs) < Osa, thus, Proposition 2.25 yields

107 5oy < 2[1€™29 |50y for j > M.

Assume both s # 1 and d # 2, the pairs <2(d+2) 2(d+2)), (OO, dﬁd ),

2 d—2s 7 d—2s 2s
(1_5, 3d—43_2) and (1_8, d_s_l), are H*® admissible. Hence, we have
2(d+2)
~ d—2s _
|t | 2d42) 24y T
L d—2s L Td—2s
Mo o 2(d+2) 2 d+2
_ ] d—2s ] d
= E HU || 2dt2) 2Adt2) + E |U || d+2) 2at2) + cross terms
j=1 L% L j=Moy+1 L4728 472
S o s S s 4
J —4s (3 ] s
< || 20+2) 2042) + 27d=2 e || 2 la)  aasey + CTOSS terms,
j=1 L,47% 472 j=Mo+1 L9472 1,472

(3.35)
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note that by (3.25) we have

2(d+2)

it A —2
||ezt ¢n| d2(¢21-9+2) 2(d+2)
L d—2s L d—2s

M
2(d42) 2(d+2) . o 2(d+2)
_ itA ] d 2s = WA J|| d—2s
E :He w 2d+2) 2d+2) + 2742 E ||e (0 | 2(d+2) 2(d+2) T CrOSS terms.
L —2s L - ]:M0+1 Ltd72s L “d—2s

(3.36)
Observe that by (3.2) and taking ng = no(M) large enough, we can consider

{tn}n>n, and thus, make “the cross terms” < 1. Then (3.36) and

1€ 2 ull 2@in 2@in < cllonllgs < e
Ltd725 de72s

2(d+2)
imply ZJ Mo+1 A7 || 3% sz 1S bounded independent of M provided n >
L d—2s L, d—2s

no. If n > ngy then ||unH 20042) 2at2) 18 also bounded independent of M by (3.35).
L

In a similar fashion, one can prove that |[d,|| 24 is bounded inde-
oo

t T

pendent of M provided n > ng. Interpolation between these exponents gives

||| s and ||t,]| 24 are bounded independent of M for n > ny.
‘lide 45—2 ‘liLd s—

When s = = and d = 2, the previous argument takes the pair (2,00)

N |+

which is not an admissible pair in dimension 2, instead we estimate |||/ s s and
|%|| oo, 4, as previously done, and interpolate between them to get that ||a|| 112 16

is bounded independent of M provided n > ny.

To close the argument, we apply Kato estimate (2.5) to the integral equa-
tion of
104y, + Ally, + |t [P 0, = M.
Claiming [|€}"]] 50 <1 (see Claim 3.8) , as in Proposition 2.17, we obtain that
S/ (H—3)

[inl[go ~is as well bounded independent of M provided n > ng. Thus, Claim
S(H®)

3.7 is proved.

Proof of Claim 3.8. Note that the pairs ( ), (£, 2L) are H* admis-

6
1— ’3d452 —s? d—s—
(d—

12(d—2s) 6d(d—2s)
(8+3d—63)(1—s) 3(d2+232%29 (I=s)— 2(5s+4))

sible and the pair ( is H~* admissible. Recall




the elemental inequality: for a;,a; € C,

1M
Z Z’aﬂp ta; <CPMZZ‘ak’p a1,
k=1

jlkl

which combined with the Holder’s inequality, for each dyadic number N € 2%,

leads to

HeMHS/ S Héﬁ/ll‘ _12(d—2s) . 26d(d 2s)
L(8+3d 6s)(1— s)LB(d +252)+9d(1—s)—2(55+4)

M M

<> E o™t = 5,2 = M) 7y [0 (t = th,x —a/)|| 4 o
1 b LIs 30 = LI 3T
]_

= t

#J

Here, we used the following Holder split
p—1)(1—ys) N 1—s (843d—6s)(1—s)

6 4 12(d — 2s) ’
(p—1)(3d — 45 — 2) N d—s—1  3(d*+2s*)+9d(1—s)—2(bs+4)
6d 2d 6d(d — 2s) '

Note that either {t*} — 400 or {t*} is bounded.

If {t/} — +oo, without loss of generality assume [tF —#/| — oo as n —

oo and by adjusting the proﬁles that |[zF — 27| — 0 as n — oo. Since v* €

6 2d

L} Li=%=2 = and v72 € L1 *Li71 then

kiy 4k .. ky|p—1 J(+ 45 o d
R L LG e

If {t/} is bounded, without loss of generality, assume |2/ — z%| — oo as

n — oo, then

kry 4k .. ky|p—1 J(+ 49 o pd
O L I L A

Thus, in either case we obtain Claim 3.8.

This finishes the proof of Proposition 3.6 O]

Observe that (3.23) gives H' asymptotic orthogonality at ¢t = 0 and the

following lemma extends it to the bounded NLS flow for 0 <t < T.
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Lemma 3.9 (H ! Pythagorean decomposition along the bounded NLS flow).
Suppose ¢, is a bounded sequence in H'(RY). Let T € (0,00) be a fived
time. Assume that u,(t) = NLS(t)p, ezists up to time T for all n, and
lim,, oo ||Vun(t)||L‘[’&T]L?v < 00. Consider the nonlinear profile decomposition from
Proposition 3.6. Denote WM (t) = NLS(t)WM. Then for all j, the nonlinear

profiles v?(t) = NLS(t)sz exist up to time T and for all t € [0,T],
[V (t)]72 = ZHVW — 72 + VW (D172 + 0n(1), (3.37)

where 0,(1) — 0 uniformly on 0 <t <T.

Proof. We use Propositon 3.6 to obtain profiles {@ZJ } and the nonlinear profile
decomposition (3.21). Note that lim, . [[NLS#)W, [l  — 0as M — oo, so
S(HS$)

by choosing a large M we can make [|[NLS(t)W,"|| 0 small.
S(E9)

Let My be such that for M > M, (and for n large), we have
INLS(t)W, |0~ < daa (vecall dyq from Proposition 2.13). Reorder the first
S(HS)

M, profiles and let My, 0 < My < M, be such that

1. For each 1 < 5 < M,, we have tZL = 0. Observe that if My = 0, there are no

J in this case.

2. For each My + 1 < j < My, we have || — oo. If My = My, then it means

that there are no j in this case.

From Proposition 3.6 and the profile decomposition (3.21) we have that v/ (¢) for
j > My are scattering, and for My+1 < j < My we have |[v? (t —t,) || gs.10.27) — O

as n — —+o0.

In fact, taking ¢}, — 400 and [|v7(=1)]| g(s7s.(0, 400y < 00, dominated conver-

gence leads to ||v/(—t)||2 = 1. < 0o, for ¢ < co, where (7, ¢) is an H* admissible

[0,+00)
pair, and consequently, |[v’(t — ti;)lngmT]L; — 0 as n — oo. As v/(t) has been
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constructed via the existence of wave operators to converge in H! to a linear flow,

the L! decay of the linear flow

o7 (¢ _tj)”LﬁiT]Li — 0,

with
in 423
r=9{ & d=2 and s asin (3.6).
1325 d=1

Let B = max{1l,lim, ||Vu,(t )”Loo 2} < oo. Foreach 1 < j < M,

[0,T7]

let 77 < T be the maximal forward time such that HVUJHLFSTJ]LQ < 2B, and

T = miny<j<p, T9 or T = T if My = 0. It is sufficient to prove that (3.37) holds
for T = T, since for each 1 < j < M,, we have T9 = T, and therefore, T = T.

Thus, let’s consider [0,7]. For each 1 < j < M,, we have for d > 3:

107 ()| szzsso.7) S | 20 A+ ||| 24 (3.38)
[0,7)7 [OTlL
S HLOOIWII 24 +||vj||Loo Lz||v |® 2 (3.39)
[0,777°% [OT] [UT]
S(T77 +¢7°) |V |12 S (T77)B, (3.40)

[0,77]

note that (3.38) comes from the “end point” admissible S(H*®) Strichartz norms
(Ltl%s Lﬁ and L;’OL# ) since all the other S(H®) norms will be bounded by
interpolation; the Hélder’s inequality yields (3.39) and the Sobolev’s embedding
HY(RY) — La=x (RY) together with HUjHLFS,T’]L% = |||z < ||énll 12, from (3.23)
with s = 0, gives (3.40).
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For d = 2:

107 ()| sgzsso.7) S N0l 2 (3.41)
[O»T] ”” L[OT]L

< 7l|1—s Vi o - Jl||1—s Vi o N
S v HLFSJ,T]L%HU HL[OT]L + ||v HL[QO’T]LgOHU ”L[O,T”]Lz (3.42)
SIS, Vel e + 015" sl e (343)

[0, (0,7)"7%
(kum I, )kum p (3.44)

T (0,7 (0,7

S (T3 4+ 8)||WJ||LOO Lg,g(TlES)B, (3.45)

where r = ((ﬁ)Jr)/ Note that (3. 41) comes from the “end point” admissi-
ble Strichartz norms (L"OL1 ° and L1 °*L); Holder’s inequality yields (3.42);
the Sobolev’s embeddings H'(R?) — L®(R?) and H'~7(R?) < L7(R?) leads to
(3.43); since r is large we have the Sobolev’s embedding H*(R2) < H'~7 (R2),
which implies (3.44), and finally, since ij‘|Lf§,T"]L3 = [¥7lz2 < l|¢nllz2 by (3.23)

with s = 0 we get (3.45).

For d = 1:
IV Ol ST oz + 100 s (3.46)
[0,7] [0,7]
S T P g P (3.47)

[0,77]

(nvﬂniﬁs o+l Lm) 1901z,
T] [0,77°*

ST 4 2) V|l 12 ST

“\B, (3.48)

2
note that (3.46) comes from the “end point” admissible Strichartz norms (Lg°L; >

4
and L;7* L$°); Holder’s inequality yields (3.47); the Sobolev’s embeddings
H'(R') — L>(R') implies (3.47), and finally, ij|’L[°§ﬂL§ = ¥z < ||énllz2
leads to (3.48).

As in the proof of Proposition 3.6, set @,(t,x) = Z] V=t e — )

and, a linear sum of nonlinear flows of nonlinear profiles W eM = 0,1, + A, +
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|Gy, [P~ 0y, Thus, for M > My we have

Claim 3.7- There exist a constant A = A(T) independent of M, and for every

M, there exists ng = ng(M) such that if n > ng, then HunHBO < A.
s(fre)

Claim 3.8: For each M and e > 0, there exists n; = ny (M, €) such that if n > ny,
then )1,
Remark 3.10. Note since u(0) — u,(0) = WHM, there exists M’ = M'(e) large
enough so that for each M > M’ there exists ny = ng(M) such that n > ny

implies

J (u(0) — @, () <.

S(H5;0,T1)

We will next apply the long term perturbation argument (Proposition
2.17); note that in Proposition 2.17, T' = 400, while here, it is not necessary.
However, T" does not form part of the parameter dependence, since ¢y depends
only on A = A(T), not on T, that is, there will be dependence on T, but it is

only through A.

Thus, the long term perturbation argument (Proposition 2.17) gives us
€0 = €o(A). Selecting an arbitrary € < €y, and from Remark 3.10 take M’ = M’(e).
Now select an arbitrary M > M’ and take n’ = max(ng, n1, n2). Then combining
claims 3.7 - 3.8, Remark 3.10 and Proposition 3.6, we obtain that for n > n/(M¢)

with ¢ = ¢(A) = ¢(T") we have

[t = Unllgereo.77) < c(T)e (3.49)
We will next prove (3.37) for 0 < t < T. Recall that for each dyadic

number N € 2%, [[v/(t — ]|l 5(zs.f0.77) — 0 as n — oo and for each 1 < j < My,

we have ||[Vv?|| Lo 12 S 2B. Strichartz estimates imply

IVO7(t = ) lee 12 STV (=80 lleee 12,

[0,7])
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then
HVU()HLOO 2 —ZHVU] HLoo ozt Z Ve t_tJ>HL°° L2+0n(1)

j=1 Jj=M>z+1
M
SMB?+ > |[VNLS(—#)d7][7, + on(1)
j=M>+1

S MaB? + ||Vl + 0n(1) S M2B* + B* + 04(1).

Using (3.49), we obtain for d > 3:

d—2s
It = Tl e e St Ty — T, (3.50)
T] L>° Ld— Lo Ld—2
[OT] [0,77°%
d—2s
1272 IV (un = )HZ«?”EQ (3.51)

S ||un uan Hs [OT
d—2s 2

S C(T)#M(Mng +BQ +0(1))m€d—25+27

in this case, we used Holder’s inequality to get (3.50) and the Sobolev embedding

HY(RY) — L3 (RY) to obtain (3.51).

For d = 2:
1—s
[un — unHLOO et S S [lun _un”2 ) 2 [t — unHLOO L (3.52)
T] [0,7]7®
[0,7]
1-s
IV -l L, (359

S.J ||Un Un| Hs [OT

< o(T)7 (MyB® + B? + o(1)) =
here, we used Hélder’s inequality to get (3.52) and the Sobolev embedding

H'(R?) < L=(R?) to obtain (3.53).

For d = 1:
1—2s
s — unHLoc ot S llun —unH3 = i unl\io;"’s Lo (3.54)
T [OT] T]
Sl = Gallg 7o 7)1V (n = )| zofs]L; (3.55)
1—2s 2

Sc(T)S 23<M BQ+BQ+O<1))3 25 €3-2s
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here, we used Hélder’s inequality to get (3.54) and the Sobolev embedding
H'(R') < L=(R') to obtain (3.55).

Similar to the argument in the proof of (3.33), we establish that for 0 <

<T
1 1 1
lun @) = ZHU] — )t + W (O 754 + 0n(1). (3.56)
Energy conservation and (3.24) give us

ER7(t — )] + E[WM + 0,(1)

E[7] + E[WM] + 0,(1). (3.57)

M
M
Combining (3.56) and (3.57), completes the proof of (3.37). O

We now have all the profile decomposition tools to apply to our particular

situation in part I (a) of Theorem 1.6*.

—S

Proposition 3.11 (Existence of a critical solution.). Let § = 1=, with 0 < s < 1.
There exists a global (T = +o00) H' solution u.(t) € H*(RY) with initial datum

Ueo € HY(RY) such that

lteollze = 1, Elu] = (ME). < M[u,)’Elu,)],

Gu.(t) <1  forall 0<t<+oo,

uellgo = +oo. (3.58)

S(HS)

Proof. Consider a sequence of solutions u,(t) to NLSY(R?) with corresponding
initial data w,q such that G, (0) < 1 and M[u,)?Elu,] \, (ME). as n — +o0,

for which SC(u,) does not hold for any n.
Without lost of generality, rescale the solutions so that ||u,o||z2 = 1, thus,

[Vunollz < lluglzallVugllze  and  Elug] \, (ME)..
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By construction, [lu,|lz = +0o. Note that the sequence {un} is uniformly
S(HS)
bounded on H!. Thus, applying the nonlinear profile decomposition (Proposition

3.6), we have
M ~
tno(z) = > NLS(—t))0 (x — i) + W, (). (3.59)
j=1

Now we will refine the profile decomposition property (b) in Proposition 3.6 by us-
ing part II of Proposition 2.25 (wave operator), since it is specific to our particular

setting here.

Recall that in nonlinear profile decomposition we consider 2 cases when

[t7] — oo and || is bounded. In the first case, we can refine it to the following.

First note that we can obtain ¢/ (from linear 1) such that
INLS(—t/)¢’ — e’it%ijHHl —0 as n— 40
with properties (2.70), since the linear profiles 1)7’s satisfy

—S$ S d ’ —S S
I IVt < o (%) Mg~ Blug)

and since
M .
> Mle A+ lim M[WM] = lim M fuy,o] = 1.
j=1
M .
lim Ele 8] + lim E[W,"] = lim Elu,o] = (ME).,
j=1

we also have,

1 . )
SN0V 2 < (ME)..

The properties (2.70) for ¢ imply that (ME[¢])s < (ME)., and thus,
we get that
INLS(H) 07 (- — )| 0 < +o0. (3.60)

S(HS)
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This fact will be essential for case 1 below. Otherwise, in nonlinear decom-

position 3.59 we also have the Pythagorean decomposition for mass and energy:

M

lim E[7] + lim E[WM] = lim _Eluyo] = (ME)..
j=1

Since each energy is greater than 0 (Lemma 2.23), for all j we obtain

E[’] < (ME).. (3.61)

Furthermore, s = 0 in (3.23) imply

ZMW + lim M[WM] = lim Mun] = 1. (3.62)

We show that in the profile decomposition (3.59) either more than one
profiles ¢ are non-zero, or only one profile ¥/ is non-zero and the rest (M —1)
profiles are zero. The first case will give a contradiction to the fact that each
u,(t) does not scatter, consequently, only the second possibility holds. That non-
zero profile {/;j will be the initial data u.p and will produce the critical solutiton

uc(t) = NLS(#)uc,, such that |lucl[z = +o0.
S(H9)

Case 1: More than one 97 # 0. For each j, (3.62) gives M[)/] < 1 and for a large
enough n, (3.61) and (3.62) yield

MNLS(0) EINLS(8)37] = [ B[] < (ME)..
Recall (3.60), we have

INLS(t — t)) (- — 2 g < +oo, for large enough n,

S(HS)
and thus, the right hand side in (3.59) is finite in S(H®), since (3.22) holds for

the remainder WM (z). This contradicts the fact that INLS()tnollgo =~ = +o0.
S(F9)

Case 2: Thus, we have that only one profile QZj is non-zero, renamed to be {El,

Uno = NLS(—t1) ' (- — 21) + W, (3.63)
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MEY <1, BRY<(ME).  and I [INLS@W,llz =0.

S(HS)

Let uc be the solution to NLS¥(R?) with the initial condition ucq = oL
Applying NLS(¢) to both sides of (3.63) and estimating it in B?@(Hs)’ we obtain

(by the nonlinear profile decomposition Proposition 3.6) that

: — INLS( — t})o! | - — lim ||NL :
Hucugg(m) INLS(t —t,,)¢ Hﬁgmé_) Tim S(t)un,ngg(Hs)

= lim [lun(t)[lgo = 400,
n—oo S(HS)
since by construction |[un|[z = +o00, completing the proof. O
S(H9)

Lemma 3.12 ( Precompactness of the flow of the critical solution). Assume u.

as in Proposition 3.11. Then there exists a continuous path z(t) in R? such that
K = {u.(- —z(t),t)|t € [0,400)}

is precompact in H'(R?).

Proof. Let a sequence 7,, — +00 and ¢, = u.(7,) be a uniformly bounded se-

quence in H'; we want to show that u.(7,) has a convergent subsequence in H'.

The nonlinear profile decomposition (Proposition 3.6) implies the existence
of profiles 1, the time and space sequences{t/}, {7} and an error WM such

that
M

ue(ma) = ) NLS(—#)¢ (& — ) + W, (), (3.64)

j=1

with [t7 — %] + |2J — 2%| — +00 as n — +oo0 for fixed j # k. In addition,

> B[] + E[WM] = Elul] = (ME).,

J=1

since each energy is nonnegative, we have

lim BNLS(—#))¢" (z — x})] < (ME)..
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Taking s = 0 in (3.23)

M ~ —~

>~ M (@ = af)] + lim W] = Mu) = 1.

= n—00
Note that, in the decomposition (3.64) either have more than one i/;j # 0 or only
one ¢t £ 0 and ¢/ = 0 for all 2 < j < M. Following the argument of Proposition

3.11, we show that only the second case occurs:
Uo(70) = NLS(—th) ! (z — z1) + W) (x) (3.65)
such that

ME' =1, lim BNLS(—t)d/ (¢ — )] = (ME).,

n—oo

lim MWM =0 and  lim E[WM) =0.

Lemma 2.23 implies

Jim Wl = 0. (3.66)

The sequence 27 will create a path x(t) by continuity. We now show that ¢} has

a convergence subsequence t7.

Assume that 1:11 — —o0, apply NLS(¢) to (3.65) implies then triangle in-

equality yields

[INLS(#)we ()l 30

S(H‘S [0,+00))

<[INLS(t = £)¢" (& = )| 4o

S(H;[0,400))

+ [INLS(6) W, ()] g0

S(ES;[0,400))

Note
| NL D —
Jim INLS( = )0 =)l
= lim |NLS(t)¢'(z — 2, M go =0,
n—-00 S(E8;[th +00))
and
1
M —
IINLS(t)W,, HBE(HS) 5 Osd,

1)



thus, taking n sufficiently large, the small data scattering theory (Proposition

2.13) implies HUCHBE(HSA(_ ; < dsq a contradiction.

In a similar fashion, assuming that 25711 — +00, we obtain that for n large,
INLS(t)ue(7) |l go < 20s, and thus, the small data scattering theory

S(H$;(—00,0])

(Proposition 2.13) shows that

[[well o < 0 (3.67)

S(HS;(—00,7n]

Taking n — +oc implies 7, — 400, thus (3.67) becomes [[ucl|z0 < s,

S(HSj(—o0,4+00))

a contradiction. Thus, t1 must converge to some finite ¢!

Since (3.66) holds and NLS(t:lz){/;l — NLS(t!)y* in HY, (3.65) implies uc(7,)

converges in H*. O

Corollary 3.13. ( Precompactness of the flow implies uniform localization.) As-

sume u is a solution to (1.1) such that
K = {u(- —z(t),t)|t € [0, +00)}

is precompact in H'(R?). Then for each € > 0, there exists R > 0, so that for all

0<t<oo
/ (Vu(z, t)]? + |u(x, t)* + [u(z, t) [P de < e. (3.68)
|lz+z(t)|>R

Furthermore, ||u(t,- — x(t))||H1(|I‘>R) < €.

Proof. Assume (3.68) does not hold, i.e., there exists ¢ > 0 and a sequence of

times ¢,, such that for any R > 0, we have
/ IV, ) + e, )2 + [u(z, £) P de > e
lz4x(tn)|>R
Changing variables, we get

/|>R (Vu(z—z(tn), tn)|* +|u(z —z(t,), t)|? + |u(z —2(t,), t,) P dz > €. (3.69)
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Note that since K is precompact, there exists ¢ € H' such that, passing to a
subsequence of t,, we have u(- — z(¢,),t,) — ¢ in H'. For all R > 0, (3.69)
implies
VR0 [ V@@l ol 2 ¢
x|>

which is a contradiction with the fact that ¢ € H'. Thus, (3.68) and |lu(t,- —

x(t))HHl(\x\>R) < ¢ hold. ]
Lemma 3.14. Let u(t) be a solution of NLS;(R?) defined on [0,+00) such that
Plu] = 0 and either

(a) K = {u(- —z(t),t)|t € [0,4+00)} is precompact in H(R?), or

(b) for all 0 < t,

Ju(t) — e Duy (- — 2(t)||m < e (3.70)

for some continuous function 0(t) and z(t). Then

lim —- =0, (3.71)

Proof. Without loss of generality, suppose z(0) = 0.
(a) Assume K = {u(- — z(t),t)|t € [0,+00)} is precompact in H'(R?).

We proceed by contradiction assumming that (3.71) does not hold, i.e., there
exists a sequence t, — oo such that |z(t,)|/t, > € for some ¢, > 0. Given
R >0, let

to(R) =inf{t > 0: |x(t)| > R}.

Since x(t) is continuous, the value of to(R) is well-defined and satisfies
(1) to(R) > 0,

(ii) |xz(t)| < R for 0 <t < ty(R), and
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(iil) |z(to(R))| = .

Let R, = |2(t,)| and t, = to(R,), hence, t, > t,. The assumption ¢, — -+oc and
\z(tn)]/tn > €0 imply R, /t, > €0, Ry, = |2(t,)] — +oo and t, = to(R,) — +00;
allowing to forget about ¢,, and work on the time interval [0, ,,] with the properties:

1. for 0 <t < t,, we have |z(t)| < Ry;

2. |2(t,)] = Rp;

| =

3. =2 > ¢y and £, — +00.

n

R

The precompactness of K and Corollary 3.13 imply that for any ¢ > 0

there exists Ry(e) > 0 such that for any t > 0,

(Jul* + [Vul?) dz <. (3.72)
|z+2(t)|=Ro(e)
Let 0(x) € Cg,,,,(R) such that
T —1<z<1
0(x) =
0 |z > 21/d

0(2)] < |z, [0/l <4, and [[0]|o < 2.

Set ¢($) = (9(1‘1),9(332), 79(xd))a where z = (.2131,.1'2,--- ,$d) € Rd'
Then ¢(z) = z for |z| < 1 and ||¢]|e < 2. For R > 0, let ¢pr(z) = Rp(x/R). Let

2r : R — R? be the truncated center of mass given by
alt) = [ 6n(o) ula ) do.
Then 25(t) = ([2R(D]1, [2R(D]2, - -, [2k(1)]a), Where
(1)), = 2Tm / 0 (2;/R) Osu i de.
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Since ¢'(z;/R) = 1 for |z;| <1, the zero momentum property implies
Im Jjuu = —1Im djuu,
|lzj| <R |lzj1>R

and thus,

[2x(t)]; = —2Im dju udr + 2Im 0'(z;/R)0ju udz,

lz;1>R |z;|>R

and Cauchy-Schwarz yields

()] < 5/ (IVul2 + [uf?)dz (3.73)
|z|>R
Let R, = R, + Ro(e€). For |z| > R, and 0 < t < #,, we have |z +a(t)| > R,— R, =
Ry(€), therefore (3.73) and (3.72) yield
|25 ()] <5e. (3.74)

Note that

2. (0) = / 65, (@) luo ()| d + / o5, (@) uo(x) 2 dr.
jol<Ro(e) jo+2(0)|> Ro(e)
thus, (3.72) implies

25 (0)] < Ro(e)M[u] + 2R, €. (3.75)

For 0 <t < {,, we split z (t) as

(0= | op, @) lulw O s+ [ 8, o) lule. D do.
|z+a(t)|>Ro(€)

[z+a(t)|<Ro(e)

=1+1IL

To estimate I, observe that |¢5 (7)] < 2R,,, combining it with (3.72), yields

1 = ’/ O, (1) Julr, 1) do| < 2Ry
|z+2(t)|=Ro(e)
To estimate IT, note that |z| < |z + z(t)| + |z(t)| < Ro(e) + R, = R,, therefore,

¢z () = x, and we rewrite II as

II :/ (x + z(t)) |u($,t)|2dzx—x(t)/ |u($,t)|2d:v
|z+2(t)|<Ro(e) |z+2(t)|<Ro(e)

= / (z +2(t) |u(x, t)|* dov — z(t) M[u] —|—x(t)/ lu(z,t)* dx
lz+z ()| <Ro(e)

|z+(t)| > Ro(e)

= ITA +1IB + IIC.
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Note |IIA| < Ry(e)M[u], and (3.72) yields [IIC| < |z(t)|e < Rye. Thus,

|24, ()] = 1B — [T] — [TIA] — [IIC]|

> |x(t)|M[u] — Ro(e)M[u] — 3Rye.
Taking t = ¢,,, we get
|2, (£a)] = Ra(M][u] = 3¢) — Ro(e)M[u]. (3.76)

Combining (3.74), (3.75), and (3.76), we have

ln
5e£nz/ 2% (t)] dt >
O n

tn
/0 2 (b dt

Ry (M[u] — 5€) — 2Ro(€) M [u] .

> |24, () — 25, (0)]

v

Dividing by f,, and using that R, > R, (assume € < £ Mlul]), we obtain

2 M
be> &(M[u]—ﬁ)e)—m.
tn tn
Since R, /t, > ¢, we have
2 M
5e > eg(Mlu] —56)—M.

Take € = M[u]eg/11 (assume €y < 1), and then send n — +oo. Since #,, — +o00,

we get a contradiction.
(b) For allt >0,
lu(t) = e®@ug (- — ()|l < e

for some continuous function 6(t) and x(t).

Let R(T) = nax, |z(t)]. It suffices to prove that there exists an absolute constant
<t<

¢ > 0 such that for each T with R(T") = |z(T)| > 1, we have

(T < T (e 4 ) (3.77)
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Fix T' > 0, thus |z(t)| < R(T') for 0 <t < T, and by (3.73) there is an absolute

constant ¢; such that

e ()] < &1 / (IVult) + [u(t) ) de.

e[ >2R(T)

In addition, for all 0 < ¢ < T, (3.70) implies

2
2orer) ()] < ¢ (€ + 1Qlarr alzrery)) -

Due to the exponential decay at oo of Q(x), we have (upon integrating the above

inequality over [0,7]) the bound

|22r(r) () — 22m(1) (0)] < esT (e + €_R(T))2 : (3.78)
Since |z(T)| = R(T'), there exists an absolute constant ¢, such that
|22y (T)] = caR(T) . (3.79)
In addition, x(0) = 0 implies
|zor(m) (0)] < ¢5 (1 + R(T)€?). (3.80)
By combining (3.78), (3.79), and (3.80), we obtain (3.77).
[l

Theorem 3.15. (Rigidity Theorem.) Letug € H* satisfy Plug] = 0, MEug] < 1
and G,(0) < 1. Let u be the global H'(R?) solution of NLS} (R?) with initial data
ug and suppose that K = {u.(- — z(t),t)|t € [0,400)} is precompact in H', then

U()EO.

Proof. Let ¢ € C3° be radial, with

|z for |z <1
¢(r) =
0 for |z| > 2.
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For R > 0 define

r(t) = /R%(%)m(:@,t)ﬁdm (3.81)

Then

|

£) = 2Im / RV6(5) - Vu(tyult)dr, (3.82)

and Holder’s inequality yields

[2R(1)] < CR/{ oy Vu(®)|[u(t)|de < cR[[u(t)ll7e " IVa(®)|32.  (383)

Note that,

D*¢ ou ou 1 o 1]\, o
40 =13 [ (5 Va7 (7 )

—4 <% — ﬁ) /Agb(%) |ulPTE (3.84)

Since ¢ is radial, we have

)= [19up = 2 [jupst 4 Anu(o), (3.85)

where

ou

2
0*¢ (|x|>
- _|_4 / T | =
O; ; Rr<|e|<2r 0T;00, \ R

5015 () o o

Thus,

o, 1 2 1
At = [ (I900F + galuF + P e @0

Choosing R large enough, over a suitably chosen time interval [to, t;], with 0 <

to < t; < 0o, combining (3.85) and (2.65), we obtain

|25 ()] = 16(1 — ") Eu] — [Ag(u(t))|- (3.88)
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From Corollary 3.13 , letting € = 1_”:71, with ¢ as in (3.87), we can obtain Ry > 0
such that for all ¢,

1 —wpr !

/|+ R ([Vu(®)P + [u@®)]? + [u(t)P) < ————FE[ul. (3.89)

c
Thus combining (3.87), (3.88) and (3.89), and taking R > Ry + sup; <<, |7(t)],

gives that for all to <t <4,
|2(t)| > 8(1 — wP 1) Elu). (3.90)

By Lemma 3.14, there exists to > 0 such that for all ¢ > ¢y, we have |z(t)| < 7t.
Taking R = Ry+~t1, we have that (3.90) holds for all ¢ € [t,t;]. Thus, integrating

it over this interval, we obtain
|25(t1) — 2R (to)| = 8(1 — WP ) Elu](ts — to). (3.91)
In addition, for all ¢ € [tg,t;], combining (3.83), G,(0) < 1, and Lemma 2.24 we
have
|7 (8)] < cR|[u@)72 I Vu(b)llz: < 2eRllug |72 | Vug 7

< clfug 125 Vg 122 (Ro + 1) (3.92)

Combining (3.91) and (3.92) yields

8(1 — WP Y E[u](t: — to) < 2¢|lug |39V, | 2(Ro + 7t1). (3.93)

Observe that, w, and Ry are constants depending on MEJu|, S, and ty = (7).

Let v = “;;;’f_l)E[“} > 0, thus, (3.93) yields

clug 25~ 1Vug 125

6(1 — P V) Efulty < 2¢]uy |39 Vg |22 Ro + 8(1 — wP V) Elulty,  (3.94)

sending t; — +oo implies that the left hand side of (3.94) goes to oo and the
right hand side is bounded which is a contradiction unless E[u] = 0 which implies

u=0.
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Chapter 4

WEAK BLOWUP VIA CONCENTRATION COMPACTNESS

In this chapter, we complete the proof of Theorem 1.6* part II (b), i.e., if under
the mass-energy threshold Mé&[u] < 1, a solution u(t) to NLSS(R?) with the
initial condition ug € H* such that G,(0) > 1 exists globally for all positive time,
then there exists a sequence of times ¢, — +oo such that G, (¢,) — +o0o. We call

this solution a “weak blowup” solution.

Recall that ug(z,t) = e®'Q(ax) is a soliton solution of NLS;(RCZ), where
V=) o d g =1 @21

2 4 ’

=

Definition 4.1. Let A > 0. The horizontal line for which

M[u] = M[UQ] and EE[LUC!] - iAi (1 N )\(1;21>

is called the “ mass-energy” line for A.

Notice that in definition 4.1, the renormalized energy definition comes
naturally by expressing the energy in term of the gradient which is assumed to be

A. We illustrate the mass-energy line notion in Figure 4.1.

4.1  Owutline for Weak blowup via Concentration Compactness

Suppose that there is no finite time blowup for a nonradial and infinite
variance solution (from Theorem 1.6* part II), thus, the existence on time (say,
in forward direction) is infinite (7% = +o00). Now, under the assumption of global
existence, we study the behavior of G,(t) as t — 400, and use a concentration
compactness type argument for establishing the divergence of G,(t) in H!'—norm
as it was developed in [Holmer and Roudenko, 2010c], note that the concentration
compactness and rigidity argument is not used here for scattering but for a blowup

property. The description of this argument is in steps 1, 2 and 3.
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T | /Ay
mass-energy line 4, or 4,
N | Strong or weak blowup
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. Inaccessible |
|
| d 2 (1 4[G(n)
| U
X .\! = — [gl(f)]r‘ (1 —
| 2. | dlp-1)
| |
A I ‘ l 2
b : e 1= [G0)]
F

Figure 4.1: This is a graphical representation of restrictions on energy and gradi-
ent.For a given A > 0 the horizontal line GH is referred to as the “mass-energy”
line for this A. Observe that this horizontal line can intersect the parabola

y = £ [Qu(t)]% (1 — [g“((i—)f_l twice, i.e., it can be a “mass-energy” line for

0 <A <land 1 < Ay < o0, the first case produces solutions which are global
and are scattering (by Theorem 1.6* part I) and the second case produces solutions
which either blow up in finite time or diverge in infinite time (“weak blowup”) as
shown in Chapter 4.
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Step 1:  Near boundary behavior.

%

(ME[u])

."

1 A @D M EO(1+0,) L
X = [gu(t)]% F

Figure 4.2: Near boundary behavior of G(t). We investigate whether the solution
can remain close to the boundary (see the dash line KL) for all time

Theorem 1.6* II part (a) yields G, (t) > 1 for all ¢ € (T,,T*) whenever G,(0) > 1
on the “mass-energy” line for some A\ > 1. We illustrate this in Figure 4.1: given
up € H', we first determine M[ug] and FE[ug] which specifies the “mass-energy”
line GH. Then the gradient G,(¢) of a solution u(t) lives on the line GH. Note
that G,(t) > Ay > 1if G,(0) > 1. A natural question is whether G,(t) can be,
with time, much larger than 1 or A\y. Proposition 4.6 shows that it can not. Thus,
we prove that the renormalized gradient G, (t) can not forever remain near the
boundary if originally G,(0) is very close to it, that is, if A\g > 1, there exists

po(Ng) > 0 such that for all A > ) there is NO solution at the “mass-energy” line
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for X\ satisfying
A< Gu(t) < M1+ po).

Using the Figure 4.2, this means that the solution u(f) would have a gradient
G.(t) very close to the boundary DF (for all times), i.e., between the boundary
DF and the dashed line KL. We will show that G,(¢) on any “mass-energy” line
with ME[u] < 1 and G,(0) > 1 will escape to infinity (along this line). By
contradiction, assume that all solutions (starting from some mass-energy line cor-
responding to the initial renormalized gradient G,(0) = Ao > 1) are bounded in

renormalized gradient for all £ > 0.

Step 1 gives the basis for induction, giving that when A > 1, any solution
u(t) of NLS}(R?) at the “mass-energy” line for this A can not have a renormalized
gradient G, (t) bounded near the boundary DF for all time (see Figure 4.2). We
will show that G,(t), in fact, will tend to +oo (at least along an infinite time

sequence).

Definition 4.2. Let A\ > 1. We say the property GBG(\, o) holds'? if there exists

a solution u(t) of NLSY(R?) at the mass-energy line A (i.e., M[u] = Mlug] and

EE[Q[ZQ] - 2%)\% (1 — AZ;)) such that A < G,(t) < o for all ¢ > 0. Figure 4.3

illustrates this definition.

In other words, GBG(A, ¢) is not true if for every solution u(t) of NLS} (R?)
at the “mass-energy” line for A, such that A < G,(t) for all ¢ > 0, there exists
t* such that o < G,(t*). Iterating, we conclude that, there exists a sequence

{t,} — oo with o < G,(t,) for all n.

Note that, if GBG(\, o) does not hold, then for any o’ < o, GBG(\,o’)

does not hold either. This will allow us induct on the GBG notion.
1BGBG stands for globally bounded gradient.
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Figure 4.3: In the graph the statement “GBG(A, o) holds” implies G(t) only on
the segment GJ.

Definition 4.3. Let Ao > 1. We define the critical threshold o, by
o, = sup {o]|o > Ao and GBG(X, o) does NOT hold for all A with \g < XA <o}

Note that . = 0.(\g) stands for “o-critical”.

From the step 1 (Proposition 4.6) we have that GBG(A, A(1+ po(Ao)) does
not hold for all A > \g.

Step 2: Induction argument.

Let A\g > 1. We would like to show that o.(\g) = +00. Arguing by contradiction,

we assume o.(\) is finite.

Let u(t) be a solution to NLS' (R?) with initial data u, ¢ at the “mass-energy” line

for A > A, i.e.,EL?Lﬂ] = 2%)\% (1 - AZ—;), Mu] = Mlu,] and G,(0) > 1. We want
to show that there exists a sequence of times {¢,} — +oo such that G,(t,) — oo.

Suppose the opposite, that is, such sequence of times does not exist.
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Then there exists o0 < oo satisfying A < G,(t) < o for all t > 0, i.e., GBG(]A, o)
holds with o.()\g) < 0 < oo. At this point we can apply Proposition 3.6 (the

nonlinear profile decomposition).

The nonlinear profile decomposition of the sequence {u, o} and profile reordering
will allow us to construct a “critical threshold solution” u(t) = u.(t) to NLS¥(R)
at the “mass-energy” line \., where \g < A\, < g.(A\g) and A\, < G, (t) < g.( o)

for all £ > 0 (see Existence of threshold solution Lemma 4.8).
Step 3:  Localization properties of critical threshold solution.

By construction, the critical threshold solution wu.(t) will have the property that
the set K = {u(- — z(¢),t)|t € [0,+00)} has a compact closure in H' (Lemma
4.9). Thus, we will have uniform concentration of u.(t) in time, which together
with the localization property (Corollary 3.13) implies that for a given € > 0,

there exists an R > 0 such that HVU(:U,t)H%Q( < € uniformly in ¢ ; as

|+ (t)|>R)
a consequence, u.(t) blows up in finite time (Lemma (4.10)), that is, o, = +o0,
which contradicts the fact that u.(t) is bounded in H'. Thus, u.(t) can not exist

since our assumption that o.(A\g) < oo is false, and this ends the proof of the

“weak blowup”.

In the rest of this chapter we proceed with the proof of claims described

in Step 1, 2 and 3.

First, recall variational characterization of the ground state.
4.2  Variational Characterization of the Ground State

Propositon 4.4 is a restatement of Proposition 4.4
[Holmer and Roudenko, 2010c] adjusted for our general case, and shows

that if a solution u(¢,x) is close to ug(t,z) in mass and energy, then it is close

to ug in H'(R?), up to a phase and shift in space. The proof is identical so we
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omit it.

Proposition 4.4. There exists a function €(p) defined for small p > 0 with

lim, o €(p) = 0, such that for all u € H'(R?) with
|||UHLP+1 - HUQHLP+1| + ‘HUHL2 - HUQHLQ‘ + H|VUHL2 - ”quHL?‘ <p,
there is 6y € R and xo € R? such that
lu = e uq(- — o)l < €(p). (4.1)
The  Proposition 4.5 is a variant of  Proposition 4.1
[Holmer and Roudenko, 2010c|, rephrased for our case.

Proposition 4.5. There exists a function €(p) such that e(p) — 0 as p — 0

satisfying the following: Suppose there exists A > 0 such that

1d 2 AP1 2(0-1)
(MEu])* — 28/\s<1— - )‘ < p\*% (4.2)
and
A A if A<
[Gu(t)]s — Al <p . (4.3)

A if A>1

Then there exist 8y € R and xo € R? such that

Hu(x) _ eiGO/\IﬁliliisU,Q (/\(/i_d(f%@x — ) H S /QQ(%_S)G(p),
L

and

HV [u(x) — P AT T g ()\(,(d@’fs)x — l’o)} H s Ak 209 ¢( ),

L

1—s

where Kk = ( Mlu] )T

Mlug]

Proof. Set v(z) = miu(mliﬂx), hence M[v] = k™ 75 M][u]. Assume M[v] =

Mug]. Then there exists A > 0 such that (4.2) and (4.3) become

Ev] d 2 APt 2(p-1)
— —sl1= < s 4.4
’E[uQ] 25" ( o? >‘—W ’ @4




and

2 .
Vol Aif A<
‘nw PR ' (45)
QIlL? Aif A >1
2((p—1)(d—2)—ds) 2((p—1)(2—s)+2s)

Letting t(x) = A\~ @=-D@=2-9s y(\™ (-D=2-9= r), we have

Flifa<
- ’ < Po < Po- (4.6)

) | Va]| 2
| 1 ifa>1

[Vugl| 2

Combining Pohozhaev identities, (4.4) and (4.5), gives

I U‘i;:—&l-l 2(p-1) E[v] d)\g . APl
2502 |||ug|l7H, T | Elug]  \2s o’
d] IVollza s
25| [[Vugll7.
2(p—1) d )\20?1) ifaA<l1
< po A s +2— ,
5 AsifA>1
d 2 2(p—1
< + SPO)\ (- >.
2s
This yields
s, ‘ 02(d + 25)
T S T ro (4.7)
gl d

From (4.6) and (4.7) we have

@]l oot = Nugllzrer | + |llall 2 = lluellze

+ ‘IIWLIIL2 — IVugllz| < Cllugllz2)po

Let p = , then by Proposition 4.4 there exist # € R and z, € R?

PO
Cllluqllz2)
such that (4.1) holds for @. Rescaling to v and then to u, completes the proof. [J

Next proposition is “close to the boundary” behavior.

Proposition 4.6. Fiz \g > 1. There exists py = po(Xo) > 0 (with the property
that po — 0 as N\g \, 1) such that for any A > Ao, there is NO solution u(t) of
NLSY (R?) with Plu]=0 satisfying ||lul|r> = |lugl|2, and 2 E[u = 2%)\% (1 - ’\221)

(i.e., on any “mass-energy” line corresponding to A > N and ME < 1) with

A< Gu(t) <A1+ po) for allt > 0. A similar statement holds for t < 0.
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Proof. To the contrary, assume that there exists a solution wu(t) of (1.1) with
u 2 -
Jullze = ugllze, £ = £ (1 - —) and Gu(t) € [\ A(L+ po)].

By continuity of the flow w(¢) and Proposition 4.5, there are continuous

x(t) and 0(t) such that

< e(p), (4.8)

L2

J1uw) = e hug (A — 20))|

and

HV [u(m) — e \ug ()\(x - xo)} ’

< Aelp). (4.9)

L2

Define R(T') = max { maxo<;<7 |z(t)], log e(p)*l}. Consider the localized
variance (3.81). Note

d

S

A Blug) = A*

Vugllz: < [Vu(®)]z2,
then,

2p =4d(p — 1) E] — (2d(p — 1) = 8)||Vul|z: + Ar(u(t))
d

=16a°Eu] — 8(c® — 1)||Vul72 + Ar(u(t)) < —8;A§(AH — 1)Elug] + Ar(u(t)),

where Ag(u(t)) is given by (3.86).

Let T > 0 and for the local virial identity (3.84) assume R = 2R(T).

Therefore, (4.8) and (4.9) assure that there exists ¢; > 0 such that
[Ar(u(t)] < 1 (e(p) + e M) < @0 %e(p)”

Taking a suitable py small (i.e. A > 1 is taken closer to 1), such that for 0 <¢ < T,
€(p) is small enough, we get

d

21(t) < —8=AF (W' = 1)Elug).
S

Integrating 2% (t) in time over [0, 7] twice, we obtain
d. 2

ZRU ) ZR(O) Z,R(()) 2 1
< S P ]
T2 T2 + T 92— 8_8>\ ()\ - 1)E[UQ]




Note sup,cgas ¢(x) from (3.81), is bounded, say by co > 0. Then from
(3.81) we have

2r(0)] < 2 R¥[luoll2 = caR*|lugllZ2,

and by (3.83)
—s s —s sy L
|7 (0)] < eaRlluallze I Vuollz < esRlugllze [ VuglEA* (1 + po).
Taking T large enough so that by Lemma 3.14 we have @ < €(p), we estimate

AS(A\P = 1) Eug)

e (T) _ (R@P  RT) d
T2 SC‘*( ™ 7 >_4§

<C(e(p)? + e(p)) — 4°

AW = 1) Efug).

s

We can initially choose py small enough (and thus, €(pg)) such that C(e(p)* +
e(p)) < 4%/\%()\3’_1 — 1)E[ug]. We obtain 0 < zop¢r)(T") < 0, which is a contra-

diction, showing that our initial assumption about the existence of a solution to

(1.1) with bounded G,(t) does not hold. O

Before we exhibit the existence of a critical element /solution, we return to

the nonlinear profile decomposition (Proposition 3.6) and introduce reordering.

Lemma 4.7 (Profile reordering). Suppose ¢,, = ¢n(x) is a bounded sequence in

2 p—1
HY(R?). Let \g > 1. Assume that M[¢,] = Mug] and E[[fg}] =L (1 - 22)
such that 1 < Xg < X, and A\, < Gy, (t) for each n. Apply Proposition 3.6 to the
sequence {1, } and obtain nonlinear profiles {{/;]} Then, these profiles {Ej can be

reordered so that there exist 1 < My, < My < M and

1. For each 1 < j < My, we have t} = 0 and vi(t) = NLS(t)y? does not scatter

as t — +oo. (In particular, there is at least one such j)

2. For each My +1 < j < My, we have tJ = 0 and vI(t) scatters as t — +oo.
(If My = M, there are no j with this property.)
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3. For each My+1 < j < M, we have |t}| — oo and v’ (t) scatters ast — +oo.

(If My = M, there are no j with this property.)

Proof. Pohozhaev identities (2.52) and energy definition yield

p+1
| Pn || Lo+ d 2 2s  Elp,] 2(p—1) 2(p—1)
_ = s — > )\n s > )\ ¢ 1.
(HUQHLPH d—2s Gou ()] d—2s Elug] — =70 -

Notice that if j is such that [t/]| — oo, then |[NLS(—# )¢ || o+1 — 0 and by (3.33)

l¢nll Lo+

we have that
lull pp+1

— 0. Therefore, there exists at least one j such that t/,
converges. Without loss of generality, assume t/ = 0, and reorder the profiles such

that for 1 < j < My, we have #/, = 0 and for My + 1 < 7 < M, we have |[t/| — 0.

It is left to prove that there exists at least one j, 1 < j < M, such that
v/(t) is not scattering. Assume that for all 1 < j < M, we have that all v/
are scattering, and thus, |[v/(¢)|[ps+1 — 0 as t — +o00. Let € > 0 and ¢, large
enough such that for all 1 < j < M, we have ij(t)H’zﬁl < €¢/M,. Using LP*!

orthogonality (3.56) along the NLS flow, and letting n — +o00, we obtain
e P+l p+1
Ao luglfen < flun ()7
Mo
= > Il (to)llgats + Z 107 (t0 — &) 0s + W (D751 + 0n(1)
j= j=M2+1
< e+ W75 + oa(D).
The last line is obtained since Z] My 1V (to — P — 0 as n — oo, and
gives a contradiction. O]

Recall that we have a fixed A\g > 1.

Lemma 4.8 (Existence of threshold solution). There exists initial data u.o €

HYRY) and 1 < Xy < A\. < 0.(Ao) such that u.(t) = NLS(t)uc is a global solution

7 Elug] ~ 2

2 p—
with Mu.] = M[ug] Bluc] L\ (1 - A;;) and, moreover, \. < G, (t) < 0.

for allt > 0.
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Proof. Definition of o, implies the existence of sequences {\,} and {o,} with

Ao <\, <0, and 0, \ 0. such that GBG(\,, 0,,) is false. This means that there

exists g with M) = Miug), 5 = £33 (1 =252 ) ana 1. < (e =
L

[Gu(t)]> < oo, such that u,(t) = NLS(t)uy o is global.
Note that the sequence {\,} is bounded, thus we pass to a convergent

subsequence {\,, }. Assume \,, — X as ny — 00, thus A\g < X < o..

We apply the nonlinear profile decomposition (Proposition 3.6) and re-

ordering (Lemma 4.7).

In Lemma 4.7, let ¢, = u,o. Recall that v/(t) scatters as ¢ — oo for
M; +1 < j < M,, and by Proposition 3.6, v/(t) also scatter in one or the other
time direction for My +1 < j < M and E[J] = E[v/] > 0. Thus, by the

Pythagorean decomposition for the nonlinear flow (3.24) we have
M
Y E[Y’] < El$a] + 0a(1)
j=1

For at least one 1 < j < My, we have E[¢] < max{lim, E[¢,],0}. Without loss

of generality, we may assume j = 1. Since 1 = M[¢'] < lim,, M[¢,] = M[ug] = 1,

it follows

(/\45[1;1])i < max (117131 g[[fQD

thus, for some \; > )y, we have
- 1 d 2 /\p—l
1) _ (1
(Mg[w ]) — A (1 - )

Recall 9! is a nonscattering solution, thus [Gyi (1)) > X, otherwise it will

contradict Theorem 1.6* Part I (b). We have two cases: either A\; < g.or \; > o..

Case 1. A\ < o.. Since the statement “GBG(\;, 0. —0) is false” implies for each

0 > 0, there is a nondecreasing sequence t; of times such that



thus,

o2 —op(1) < lim[Gp (t)]5
V! (t) |7
| Vugll3.

S IVt = )22 + WM (8|12
- [Vugll3.

[V, ()17

=5 +oa(1)

[Vugll72

< o2 +o,(1).

IN

(4.10)

Taking k — oo, we obtain 02 — 0,(1) = 02 + o (1). Thus, [[WM(tx)||z» — 0 and
M[v'] = MJug]. Then, Lemma 3.9 yields that for all ¢,
AP 2
IV | Ol

IVugllz. = » [IVugllf. =

Take u.o = v'(0)(= ¢!), and A\, = A;.

Case 2. A\ > o.. Note that

2
s

A2 < lim[G, ()] (4.11)

Replacing the first line of (4.10) by (4.11), taking ¢, = 0 and sending n — 400,

we obtain

0! (t) 17211V (L) 172
lugl7:[IVugll?,
Vol (L) 172
Vugl|7,
S IVl (t, = )22 + WM (1) 12
Vugl|7,

A

Va2,
IVUAPNZ2 L (1
FuglE, )

< o2 +o,(1).

Thus, we have A\; < ., which is a contradiction. Thus, this case cannot happen.

[l
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Lemma 4.9. Assume u(t) = u.(t) to be the critical solution provided by Lemma

4.8. Then there exists a path x(t) in RY such that

K ={u(-—=z(t),t)|t > 0}

has a compact closure in H'(R?).

Proof. As we proved in Lemma 3.13, it suffices to show that for each sequence
of times t, — oo, passing to a subsequence, there exists a sequence x,, such that
u(- — x,,t,) converges in H'. Let ¢, = u(t,) as in Proposition 4.7, and apply the
proof of Lemma 4.8. It follows for j > 2 we have 1; = 0 and vay — 0in H! as

n — oo. And thus, u(- — z,, t,) — ¢! in HL. O

Lemma 4.10 (Blow up for a priori localized solutions). Suppose u is a solution
of the NLSY(R?) at the mass-energy line A > 1, with G,(0) > 1. Select k such
that 0 < k < min(\ — 1, ko), where kg is an absolute constant. Assume that there

is a radius R 2> k=2 such that for all t, we have

||U||L2 (lz|>R) ”VU(t)HSB(mzR)

Gup (t) =

~Y

g HL2 (lz|>R) HVUQ Hi2(|x\23)

Define 7(t) to be the scaled local variance:

ZR(t)

0= 3202 E|u,,] (2%)\% (1—27 — li)) .

Then blowup occurs in forward time before t, (i.e., T* < t;,), where

ty =7'(0) + /r'(0)% + 2r(0) .

Proof. By the local virial identity (3.85),
160° Efu] — 8(a” — 1)[|Vul|7, + Ar(u(t))

r(t) = :
1602 Eu,,] <2¥‘ls/\% (1- AZ;) — m)

where

[ Ar(u(®)] = 190 Baqusr + 700 s + 105 sy
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Note that, Efu,] = ¢||Vu, |2, and definition of the mass-energy line yield

1602E[u] — 8(a® — )| Vullle  E[u] _ d|[Vul,

1602 E|u,] ~ Elu,]  sElu,]

E Vul?

Elug]  [IVug7.

d 2 pua
< 21— (]2, 413
< (125 ) - mor. @

In addition, we have the following estimates
leOlzeozry _ llugllza
IVu®llZorzm) < 5 o Sk
ol < d(p—1) g (d=2)(p-1)
Hu( >||Lp+1 (lz|>R) ~ HVUHB (lz|>R) HUHL? |z\>R) (4'14>
S —S -1
S [Gun O (IVugllz2llug12%)" < k.

We used the Gagliardo-Nirenberg to obtain (4.14) and noticing that ||Vu,,||5. and

lug||12° are constants, the last expression is estimated by  (up to a constant). In

addition, G, (t) > 1, then x < x[G,(t)]>. Applying the above estimates, it follows

oy < 2V (1257) G0 -9
T = e

Since G, (t) > A, we obtain 7”(¢) < —1. which is a contradiction. Now integrating
in time twice gives

r(t) < —%ﬁ +1(0)t + 1(0).

The positive root of the polynomial on the right-hand side is

ty = 1'(0) + /r'(0)2 4 2r(0).

This concludes all the claims in steps 1, 2 and 3 in section 4.1 and finishes

the proof of Theorem 1.6* part II (b).

98



Chapter 5

FUTURE PROJECTS ON NONLINEAR SCHRODINGER EQUATION

Let’s return to Figure 2.1 to summarize our results and postulate future directions
of research. In this work we completely described the behavior of solutions under
the line BE. The behavior of solutions on the line BE (i.e. ME&Ju] = 1) is only
known in the case p = 3, N = 3 (s, = 3), see [Duyckaerts and Roudenko, 2010].
The behavior of solutions above the line BE is largely unknown, there are blow

up criteria for the case p = 3, N = 3 in [Holmer and Roudenko, 2007].

Thus, one could ask if further characterizations of solutions to NLS can be

investigated:

Questionl. If the mass-energy threshold is dropped and one analyzes the gra-
dient of the solution u of the Cauchy problem (1.1) with uy € H', is it possible
to find a bound on the gradient so that there is global existence and scattering?
Is there B > 0 if sup,e(r, 7+ Gu(t) < B, then T = +oo0 and scattering holds? It
seems that B = 1 will give a criterion, but could we go beyond 17 Is there any

relationship between B and the conserved quantities?

Question 2. Can we find C' > 0 such that if inf,c(r, 7+) Gu(t) < C, then T <
+00, i.e., a finite blowup occurs? Is it possible that C' = B or on the interval

[C, B] any behavior of solutions happen?

Question 3. In Figure 2.1, in the region DEF, it has been proven that there are

¢

“weak” blowup solutions. Could a “weak” blowup solution turn into a “strong”
blowup, i.e., is it true that for any sequence of times t,, the gradient | Vu(t,)||% — 0
as t, — o0o. In other words, the existence of solution is global in time but with

an exploding gradient along any time sequence?

Question 4. From the local H* theory, it is known that for small (in H®) initial
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data there is scattering (i.e., for § small, ||ug||zs. < J, then scattering holds, see
[Cazenave and Weissler, 1990]). One could ask, if it is possible to find a threshold

(i.e., the supremum of all such 0) that guarantees global existence and scattering?

Could supgesp, [Ju(t)] s be such a threshold? This question is in the

free < |lug]
spirit of Kenig-Merle [Kenig and Merle, 2010] work for for the defocusing cubic

NLS in 3 dimensions (NLS3 (R?)).

Question 5. Extend the characterization of solution behavior on line GH (as in

[Duyckaerts and Roudenko, 2010]) to other NLS equations with 0 < s < 1.

Question 6. If nonlinearity is combined-type (such as 2 different powers or some

14

potential is introduced), how does this influence the scattering or “weak blowup”

behavior.
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