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ABSTRACT

One of the seminal results in extremal combinatorics, due to Erdés, Ko and
Rado, states that if .% is an intersecting family of r-subsets of an n-element set,
i.e. forany A,B € .%,ANB # 0, then | 7| < (’::11) if r < n/2. Furthermore, when
r < n/2, the only structure which attains this extremal number is that of a star. A
major part of this dissertation considers extensions of the Erd6s—Ko—Rado theorem
motivated by a graph-theoretic generalization due to Holroyd, Spencer and Talbot.
A conjecture of Holroyd and Talbot is proved for a large class of graphs, namely
chordal graphs which contain at least one isolated vertex. A stronger result is also
shown to exist for a special class of chordal graphs obtained by blowing up edges
of a path into complete graphs.

Next, a well-known generalization of the EKR theorem due to Frankl is con-

sidered. For some k > 2, let .% be a k-wise intersecting family of r-subsets of

(k—1)n
k

an n-element set, i.e. for any Fy,...,F, € %, ﬂleF,- £0. If r < , then
|7 < (’;:}) A stability version of this theorem is proved using an analog of
Katona’s circle method. A graph-theoretic generalization of Frankl’s theorem anal-
ogous to a theorem of Bollobds and Leader is also formulated and proved.

A collection of families @7, ..., .27 is called cross-intersecting if for any i, j €
[k] with i # j, A € /; and B € «7; implies AN B # (. Hilton proved a best possible
upper bound on the sum of the cardinalities of uniform cross-intersecting subfam-
ilies. In this thesis, extensions of Hilton’s theorem are formulated and proved for
chordal graphs and cycles.

One of the motivations in formulating these graph-theoretic generalizations for
EKR theorems is a long-standing conjecture of Chvétal for hereditary set systems.
A set system .7 is said to be hereditary if for any F € %, it G C F, then G € .#.

Chvatal’s conjecture states that the set of maximum-sized intersecting subfamilies

of a hereditary set system contains a star. It can be observed that the family of
i



all independent sets in a graph is hereditary. A different class of hereditary vertex
families in a graph is studied, namely the family of all cycle-free vertex subsets
of a graph. Finally, a powerful tool of Erdds and Rado is used to prove Chvatal’s

conjecture for hereditary families with small rank.

iii



ACKNOWLEDGEMENTS

First, I would like to thank my academic advisor Prof. Glenn Hurlbert for teach-
ing me combinatorics and for introducing me to the fascinating and incredibly rich
field of extremal combinatorics. I also wish to thank him for his continued support
and encouragement, without which this dissertation would not have been possible.
Learning and doing mathematics under his guidance has been rewarding, invigorat-
ing and most importantly, a lot of fun.

I wish to thank Dr. Andrzej Czygrinow for teaching me graph theory and partic-
ularly for the several productive discussions on research problems in stability anal-
ysis that led to some of the work presented in this thesis. I would also like to thank
Dr. Susanna Fishel for teaching me algebraic combinatorics, Prof. Hal Kierstead
for introducing me to many interesting problems in graph and hypergraph theory
and Prof. Charles Colbourn for teaching me combinatorial designs and for asking
a lot of very interesting questions during the defense of my dissertation prospectus.

I wish to acknowledge the invaluable contribution of my parents, Mahendra and
Nutan Kamat, whose never ending support and encouragement has proved to be the
greatest source of inspiration and confidence. Needless to say, this dissertation
would not have been possible without their dedicated efforts.

Finally, I thank my partner Neha for her love and support throughout the seven
years that I have known her. Her presence, especially during the final two years,

often made the tough times easier to endure.

v



To my parents, Amar, Amit and Neha



Contents

Page

Contents . . . . . . . . ... vi
Listof Figures . . . . . . . . . . . viil
1 INTRODUCTION . . . . . . .. e 1
1.1 The Erd6s—Ko-Rado Theorem . . . . ... ... .......... 1
Generalization for f-intersecting families . . . . . . . ... ... .. 3

1.2 Chvétal’sConjecture . . . . . . . . . . .. v 4

1.3 Erddés-Ko-Rado For Graphs . . . . . ... ... .. ........ 5

1.4  k-wise Intersection Theorems . . . . . . . .. .. ... ... .... 7

1.5 Stability for Erdds—Ko—Rado theorems . . . . . . ... ... .. .. 9

1.6  Cross-intersection Theorems for Graphs . . . . . . . ... ... .. 10

1.7 Proof Techniques . . ... ... ... ... . ... ......... 12
Shifting . . . . . . ... 12

A Proof of the EKR theorem using shifting . . . .. .. .. 14

Proof of the Hilton-Milner theorem . . . .. ... ... .. 15
Katona’scirclemethod . . . . . . ... ... ... .. 17
Katona’s proof of the EKR theorem . .. ... .. ... .. 17

Cayley graphs and application to Stability analysis . . . . . 19

Application to Erd6s—Ko—-Rado graphs . . . . . . . ... .. 19

2 GRAPHS WITH ERDOS-KO-RADO PROPERTY . . . . ... ... .. 22
2.1 Chordal Graphs . . . . . .. ... ... .. 26
An Erd6s—Ko—Rado theorem for chordal graphs . . . . . . . .. .. 29

2.2 Graphs without isolated vertices . . . . .. ... ... ....... 34
Generalized compression techniques . . . . . . . ... ... .... 34

2.3 Bipartitegraphs . . . . . .. ... 39
Trees . . . . . o L 39

Vi



Chapter Page

Laddergraphs . . . . . . . . .. .. ... o 45

3 k-WISE INTERSECTION THEOREMS . . . . . ... ... ... .... 50
3.1 Structure and Stability of k-wise Intersecting Families . . . . . . . . 50
Proof of Stability . . . .. .. ... ... ... ... ... 53
Katona-type Lemmas for k-wise Intersecting Families . . . . 53

Cayley Graphs . . . . . . ... . ... ... ... ... . 57

Proof of Main Theorem . . . . . .. ... ... ... .... 57

3.2 k-wise Intersecting Vertex Families in Graphs . . . . . . ... ... 59

A k-wise Intersection Theorem for Perfect Matchings . . . . . . .. 60

4 CROSS-INTERSECTION THEOREMS FOR GRAPHS . .. ... ... 66
Cross-intersecting pairs . . . . . . . . . . ..ot 68

4.1 Disjoint union of complete graphs . . . . . .. ... ..o 69
42 Chordal graphs . . . . . . . . .. ... 71
43 Cycles . . . . . e 74

5 NEW DIRECTIONS AND GENERALIZATIONS . . ... ... .... 78
5.1 Chvétal’s conjecture for hereditary families of small rank . . . . . . 78
5.2 Families of Cycle-Free Subsets of Graphs . . . . . ... ... ... 84
Bibliography . . . . . . . ... 88

vil



List of Figures

Figure Page
2.1 TreeT on 10 vertices, ¥y =5. . . . . . . . o v v v v v i i i i 41
22 Gap oo 42
2.3 Tree T on 2n+ 1 vertices which satisfies Conjecture 2.3.1. . . .. . .. 43
2.4 Tree T} which does not satisfy Property 2.3.1 . . . .. ... ... ... 44
2.5 Tree T which does not satisfy Property 2.3.1 . . . . . ... ... ... 44

viii



Chapter 1

INTRODUCTION

The primary focus of this dissertation lies in the area of extremal combinatorics,
in particular intersection theorems in extremal set theory. A starting point in this
line of research is the following question. Consider a collection of subsets of an
n-element set X, such that no pair of subsets in the collection is disjoint. Call it
an intersecting family. How large can such an intersecting family be? As it turns
out, this question is surprisingly easy to answer. An intersecting family of subsets
can have size at most 2”1, because for any subset A, at most one out of the pair
(A,X \ A) can be in the family. Furthermore, one of the structures which attains
this extremal number is the family of all subsets which contain a specific element,
called a maximum star. In general, a family .% with Ngpc 2 F # 0 is called a star.

A related question is the following: Foraset X = [n] ={1,...,n},and r > 1, let
()f ) be the family of all subsets of X of size r, also called the complete r-uniform
hypergraph on n vertices, and let o7 C (}r( ) be intersecting. How large can o7 be? If
r > n/2, any pair of r-subsets have a non-empty intersection, but the case r < n/2
is non-trivial. In the paper that initiated the study of intersecting set systems, Erdds,

Ko and Rado [21] proved the following seminal result.
1.1 The Erdés—Ko—Rado Theorem

Theorem 1.1.1 (Erd6s—Ko—Rado). Fora set X = [n| and2 <r<n/2, if o C ()r()

is intersecting, then || < ("71).

r—1

Moreover, Hilton and Milner [32], as part of a stronger result, proved that if

r < n/2, then equality holds iff .o/ = (}f) {A:Ac ()f) ,x € A}; in other words,

X p—
</ is a maximum r-uniform star centered at x.
1



The original inductive proof in [21] used the so-called shifting (or compres-
sion) method, a widely used technique in extremal set theory. Frankl [26] gives
an excellent survey of the use of this technique. There have been other interesting
proofs too. Daykin [14] proved the theorem using the Kruskal-Katona theorem,
while Katona [39] gave what was probably the simplest proof, an elegant argument
using double counting. Later in the chapter we briefly review shifting and Katona’s
method, the two main techniques we extensively use in our arguments.

The Erdés—Ko—Rado theorem is one of the fundamental theorems in combina-
torics, and has inspired a large number of beautiful results, many of which have
found applications not only within combinatorics, but also in the fields of informa-
tion theory and probability. A particularly elegant application to probability was
by Liggett [43], who proved a result on sums of independent Bernoulli random
variables using the bound in Theorem 1.1.1.

The broader area of extremal combinatorics has applications to the theory of
computing. For instance, the fundamental lower bounds problem, which is to prove
that a given function cannot be computed within a certain amount of time or space,
is an extremal problem, and techniques from extremal set theory have been exten-
sively used to prove results of this type. A striking example was due to Razborov
[54], who used the Sunflower Lemma of Erdds and Rado [23] to prove a lower
bounds theorem for monotone circuits.

Many of the outstanding achievements in the field also have connections with
other areas of mathematics; for instance, Szemerédi’s regularity lemma [59] was
born out of a conjecture in number theory, while the Kruskal-Katona theorem, par-
ticularly the version due to Lovasz, led to seminal work of Bollobds and Thomason
[7] which proved the existence of thresholds for monotone properties.

A very fine survey of the the avenues of research, pursued as extensions of the
2



Erdés—Ko—Rado theorem, in the 1960’s, 70’s and 80’s, is presented by Deza and
Frankl [15]. In this chapter, we will present some of the most important directions,

and ones most relevant to the focus of this thesis.

Generalization for t-intersecting families

The most natural extension of the theorem is to ¢-intersecting r-uniform families,
1.e. r-uniform families in which every pair of subsets intersect in at least ¢ elements
for some r > 1. As with the case t = 1, the problem is interesting only when n >
2r —t, since otherwise, ([’ﬂ) is t-intersecting. This problem was first considered
by Erdds et al. in their seminal paper, who proved the z-intersecting version of the
EKR theorem for sufficiently large n (in terms of # and r). The following theorem
appears in Bollobas [5], with a slightly better bound on # than the one obtained by

Erdas et al.

Theorem 1.1.2. Let 2 <t < r, n > 2tr3, and suppose F C (['ﬂ) is t-intersecting.

Then,

F| < ("), and equality holds if and only if F is a t-star; i.e. F ={A €
() [ c A}

However, the ¢-star structure is not the only candidate for creating a large ¢-
intersecting family. For 0 < k < r—t, let L; = [t +2k|. Now, consider the following
families. Let %, = {A € (['rl]) :|[ANLg| > ¢+ k}. Tt is not hard to see that for each
0 <k <r—t, % is at-intersecting family.

The following proposition, about the sizes of the F;’s can be easily verified.
Proposition 1.1.3. 1. Ifn> (t+1)(r—t+1), then | Fo| > max |<x<,—¢|-Fl.
2. Ifn=(t+1)(r—t+1), then |%y| = |71|.

3. Ifn<(t+1)(r—t+1), then | %y| < |Z1|.

3



Frankl [25] conjectured that one of the families .%; (0 < i < r —[) has max-
imum cardinality among all z-intersecting families. In particular, by Proposition

1.1.3, he conjectured that if n > (1 + 1)(r —t + 1), then for any ¢-intersecting family

on [n], |7]| < (’::;) Frankl [25] proved this conjecture for all # > 15 and Wilson
[61] later proved this for all . Finally, Ahlswede and Khatchatrian [1] gave an
outstanding proof of what is now called the “complete intersection theorem”, by
finding the size and structure of the extremal families for all values of n, including
when n < (4 1)(r—t+1). One of the many remarkable achievements of this the-
orem was to highlight a deep connection between intersection theorems in finite set
theory and computational complexity theory. Indeed, the = 2 case of the theorem

was a crucial component in the work of Dinur and Safra [18] which proved that

approximating the Minimum Vertex Cover problem to within a factor of 1.3606 is

NP-hard.
1.2 Chvatal’s Conjecture

We’ve seen that the maximum size of an intersecting subset of the power set of a
set [n], denoted henceforth by 217 is at most 2"~ and that the maximum star is one
of the structures which achieves this size. It turns out that the star is not the only
extremal structure in this case. We can construct another extremal family when 7 is
odd and n > 3. Consider the family 4 = {G C [n] : |G| > n/2}. Clearly the family
is intersecting, since every set has size more than half the size of the ground set and
from every (A,X \ A) pair in 211 we have picked exactly one set, more precisely
the larger set so the size of the family is 2"~ !. Tt is also trivial to note that ¢ is
not a star of size 2" ! since it does not contain any singletons. We say that the set
system 2" is EKR since the set of maximum-sized intersecting subfamilies of 20"

contains a star. Similarly, we say that the family of r-subsets of [n], denoted by

4



([ﬁ}), is strictly EKR for n > 2r, since every member in the set of maximum-sized
intersecting subfamilies is a star. Note that by our preceding observations, 2l s not
strictly EKR. We also point out that when n = 2r, (['r’]) is EKR, but not strictly EKR.
The following simple construction demonstrates this. Let .77 = {H € (['ﬂ) 1 ¢H}.
Thus, ¢ consists of all r-subsets of [2r] \ {1}, and is intersecting. It also has size
) =G5

We turn our attention back to the power set 210, 2l s a special example of a
hereditary tamily, also referred to in the literature as an ideal or a downset. A family
Z is said to be hereditary if A € .% and A’ C A implies that A’ € .%. Chvital conjec-
tured that with regards to maximum intersecting subsets, all hereditary set systems

exhibit behavior similar to 2. More precisely, he conjectured the following.
Conjecture 1.2.1 (Chvétal). If .7 is a hereditary family, then % is EKR.

There are a few results which verify the conjecture for specific hereditary fami-
lies. Among the most important ones is a result of Chvatal himself [12]. Let .# be
a hereditary family on a set X, which has a total ordering of its elements induced
by a relation <. Chvatal proved the conjecture when .# is compressed. Snevily
[57] further extended Chvétal’s theorem and proved the conjecture when the family
i1s compressed with respect to a specific element x. In Chapter 5, we will discuss
these, and other related results in greater detail, and consider this conjecture for

hereditary families with small rank.
1.3 Erd6s—Ko—Rado For Graphs

Partially motivated by Chvatal’s conjecture, and earlier results of Berge [4] and
Bollobas-Leader [6], one of the recent generalizations of Theorem 1.1.2 considers
hereditary families of vertex sets of a graph G. It is not hard to observe that the

family of all independent vertex sets (subsets of vertices containing no edges) of
5



a graph G is hereditary. In particular, Holroyd, Spencer and Talbot [34] consider
uniform subfamilies of this family. For a graph G, vertex v € V(G) and some integer
r > 1, denote the family of independent sets of size r of V(G) by .#)(G) and
the star subfamily {A € .#")(G) : v € A} by A" (G). Call G (strictly) r-EKR if
F)(G) is (strictly) EKR.

Earlier results by Berge [4], Deza and Frankl [15], and Bollobas and Leader
[6], while not explicitly stated in graph-theoretic terms, hint in this direction. The
following interesting conjecture was posed by Holroyd and Talbot [35]. For graph

G, let u(G) be the minimum size of a maximal independent set.

Conjecture 1.3.1. Let G be any graph and let 1 <r < % u; then G is r-EKR(and is

strictly so if 2 <r < %,u).

One of the main contributions of this dissertation involves verifying this con-
jecture for a large class of graphs, in particular encompassing earlier results by
Borg-Holroyd [10] and Holroyd et al. [34]. Call a graph G chordal if every cycle
in G, of length at least 4, has a chord, 1.e. an edge between non-adjacent vertices of

the cycle.

Theorem 1.3.2 (Hurlbert, Kamat). If G is a disjoint union of chordal graphs, in-

cluding at least one isolated vertex, and if r < % W(G), then G is r-EKR.

The isolated vertex condition, in the hypothesis of the theorem, allows us to
determine the center of a maximum star in the graph (in a graph with an isolated
vertex, it 1S not hard to show that one of the maximum stars is centered at the
isolated vertex). More importantly, it makes it easy to extend Theorem 1.3.2 in the

direction of Chvétal’s conjecture in the form of the following corollary for a class



of hereditary families. Let .& (<r )(G) be the hereditary family of all independent

vertex sets of size at most r.

Corollary 1.3.3. If G is a disjoint union of chordal graphs, including at least one

isolated vertex, and if r < 31u(G), then .9 (<)(G) satisfies Conjecture 1.2.1.

In Chapter 2, we will give a proof of Theorem 1.3.2 and also consider similar

problems for trees and other classes of chordal graphs without isolated vertices.
1.4 k-wise Intersection Theorems

A natural extension of the notion of intersection is k-wise intersection, for k > 2.

Call 7 C ([2}) k-wise intersecting if for any Fy,...,F; € .7, ﬂleFi % (. One of

the main results for k-wise intersecting families is the following generalization of

the EKR theorem, due to Frankl [28].

k—1
Theorem 1.4.1 (Frankl). Let % C ([’r’]) be k-wise intersecting. If r < ( r )n’ then

17 < (12)).

It is trivial to note that the kK = 2 case of Theorem 1.4.1 is the Erd6s—Ko—Rado
theorem. This theorem of Frankl led to the following problem of Katona’s, for the
case k = 3. Suppose, for some s > 0, we require the condition F; NF> N F3 # 0,
only for those triples which satisfy |F; UF, U F3| < s. For which values of s does
this condition give the Erdgs—Ko-Rado bound, i.e. for which s values is |7 | <
(’;‘:i) Frankl and Furedi [29] proved, for large n, that for the range 2r < s < 3r,
the extremal number, as well as the extremal structures remain unchanged. More

precisely, they proved the following theorem.

Theorem 1.4.2. Let 7 C ([ﬁ}) be such that for any F\,F>,F3 € F satisfying |Fy U

F,UF| <2r, FNF,NF; # 0 holds. Then, || < ('rlj), with equality holding if

and only if F is a star.



In this thesis, we will be mostly interested in Theorem 1.4.1, and its general-
izations along the lines of the Erd6s—Ko—Rado property for graphs defined in the
previous section. More particularly, for a graph G and r > 1, let .#Z"(G) denote
the family of all vertex sets of size r containing a maximum independent set, and
let 7 (G) = #"(G)U.#"(G), where, as before, .#"(G) denotes the set of all in-
dependent vertex sets of size r in G. For a vertex x € V(G), let 7 (G) = {A €
H(G) :x € A}. Define #(G) and .#](G) in a similar manner. We restrict
our attention to the case when G = M,,, the perfect matching graph on 2n vertices
(and n edges). Note that |77 (M,)| = 2’*1(’Zj) when r < n and |7 (M,)| =
22”_r(rf;ll) + 22n—r=l ('r’:,ll), when r > n. We will consider k-wise intersecting

families in 7" (M,,), and prove the following analog of Frankl’s theorem.

(k—1)(2n)
k

Theorem 1.4.3. For k > 2, let r < , and let F C " (M,) be k-wise

intersecting. Then,

2r—1 (’::11) ifr<n, and

7] <
22n7r( n—1 ) + 22n7r*1(ﬁ:r11) otherwise.

r—n—1

k—1)(2
w, then equality holds if and only if F = " (M,) for some x €

X

It can be seen that the k = 2 case of Theorem 1.4.3 is the theorem of Bol-

lobas and Leader [6] we referred to in the earlier section. Note that when r < n,

HT(My) = 57 (My).

Theorem 1.4.4 (Bollobds-Leader). Let 1 < r <n, and let # C 9" (M,). Then,

|7 | < 2r_1(¢j). If r < n, equality holds if and only if F

FL(M,) for some

X

xeV(M,).



1.5 Stability for Erd6s—Ko—Rado theorems

One of the other interesting questions that is a natural extension in this line of
inquiry, is to ask what happens when the extremal family is excluded, i.e if we
suppose that there is no element contained in all sets of the family, i.e. N.% = 0.
This problem was solved by the result of Hilton and Milner [32], who gave an upper
bound on the size of non-star intersecting families, and discovered the structure of

these “second best” families.

Theorem 1.5.1. Suppose r < n/2, and F C (['r’]) is an intersecting family such that

Npeg = NF = 0. Then, | F| < (f:i) - ("_r_l) + 1. Equality holds if and only if

r—1

Foe{Fe(™:1eF{2,. .. ,r+ JNF#0}U{2,...,r+1}.

While the original proof of this theorem is complicated, simpler proofs exist,
one of them due to Frankl and Furedi, which uses shifting. In our brief introduction
to the shifting technique, we will present this proof.

Note that a different way of stating Theorem 1.5.1 is the following: For r <n/2,
if # C ([’ﬂ) is intersecting and |.%| > (’;:%) — (";ﬁl) +1, then N.Z # 0, in other
words, .# has the structure of a star, although possibly not of the maximum size.

The above form of the Hilton-Milner theorem leads nicely to the problem of
stability analysis of extremal theorems, an area that has attracted a lot of attention
in recent years. We will briefly present this line of investigation here, and discuss it
in more detail while discussing our main result in this area in Chapter 3.

The classical extremal problem is to determine the maximum size, and possi-
bly structure, of a family on a given ground set of size n, which avoids a given
forbidden configuration .#. For example, the Erd6s—Ko—Rado theorem finds the

maximum size and structure of a set system on the set [n], which does not have

a pair of disjoint subsets. Often, only a few trivial structures attain this extremal
9



number. In case of the EKR theorem, the only extremal structure, when r < %, 1S
that of a star in ([’r’}). A natural further step is to ask whether non-extremal fam-
ilies, which have size close to the extremal number, also have structure similar to
any of the extremal structures. This approach was first pioneered by Simonovits
[56], to answer a question in extremal graph theory, and a similar notion for set
systems was recently formulated by Mubayi [50]. The Hilton-Milner [32] theorem,
as we observed earlier, by giving an upper bound on the maximum size of non-
star intersecting families, proves a stability result for the Erd6s-Ko-Rado theorem.
Other stability results for the Erd6s—Ko—Rado theorem have been recently proved
by Dinur-Friedgut [17], Keevash [40], Keevash-Mubayi [41] and others.

In this thesis, we will be interested in stability analysis for k-wise Erd6s—Ko-

Rado theorems, in particular Theorem 1.4.1. Our main result will be the following.

Theorem 1.5.2. For some k > 2, let 1 < r < Y20 ang jer 7 C (") be a k-
wise intersecting family. Then for any 0 < € < 1, there exists a 0 < 6 < 1 such

that if |.7| > (1 —9) (ﬁ:ll) then there is an element v € |n| such that |7 (v)| >
(1-e)(0).

We note that if .7 is k-wise intersecting, for some k > 2, then it is intersecting.
Hence, if r < n/2, the results obtained in the papers mentioned above suffice, as
stability results for Theorem 1.4.1. Consequently, the main interest of our theorem

is in the structural information that it provides when n/2 <r < (k— 1)n/k.
1.6 Cross-intersection Theorems for Graphs

Consider a collection of k subfamilies of 2/, say ,...,%. Call this collec-
tion cross-intersecting if for any i, j € [k] with i # j, A € </; and B € /; implies
ANB # 0. Note that the individual families themselves do not need to be either non-

empty or intersecting, and a subset can lie in more than one family in the collection.
10



We will be interested in uniform cross-intersecting families, i.e. cross-intersecting
subfamilies of ([’r’]) for suitable values of r. There are two main kinds of prob-
lems concerning uniform cross-intersecting families that have been investigated, the
maximum product problem and the maximum sum problem. One of the main results
for the maximum product problem due to Matsumoto and Tokushige [45] states that
for r <n/2 and k > 2, the product of the cardinalities of k cross-intersecting sub-
families {7, ..., %%} of ([Yr‘}) is maximum if @ = --- = o, ={A C ([’;]) tx €A}
for some x € [n].

We will be more interested in the maximum sum problem, particularly the fol-
lowing theorem of Hilton [31], which establishes a best possible upper bound on
the sum of cardinalities of cross-intersecting families and also characterizes the

extremal structures.

Theorem 1.6.1 (Hilton). Let r <n/2 and k > 2. Let ..., be cross-intersecting

subfamilies of ([’:]), with <y # 0. Then,

Zk: o] < ) ifk<n/r, and
i=1 a k(’r‘j) ifk>n/r.

If equality holds, then
1. o = ([’Z]) and of; = 0, for each2 <i <k, ifk < r—l,
-
n—1 . . n
2. || = ("")) for eachi € [k] if k > - and
3. M,...,%areasincase10r2ifk:ﬁ>2.
r

It can be observed that Theorem 1.6.1 is a generalization of the Erd6s-Ko-Rado
theorem [21] in the following manner: put k > n/r, let o/} = --- = <, and we

obtain the EKR theorem.
11



There have been a few generalizations of Hilton’s cross-intersection theorem,
most recently for permutations by Borg ([8] and [9]) and for uniform cross-intersecting
subfamilies of independent sets in graph M,, which is the perfect matching on 2n
vertices, by Borg and Leader [11]. Borg and Leader proved an extension of Hilton’s

theorem for signed sets, which we will state in the language of graphs as follows.

Theorem 1.6.2 (Borg-Leader [11]). Letr <nandk > 2. Let </, ..., C #"(M,)

be cross-intersecting. Then

(M2 ifk <2n/r, and
i=1 k(’rl:]l)Zr_l ifk>2n/r.

Suppose equality holds and <71 # 0. Then,
1. Ifk<2n/r, then o) = 7" (M,) and o = --- = o) =0,
2. Ifk>2n/r, then for some x € V(My), oy =--- = o = ZI(M,), and
3. Ifk=2n/r>?2, then o,,..., % are as in either of the first two cases.

In Chapter 4, we will consider extensions of this result to any disjoint union of
complete graphs and further investigate this problems for other classes of graphs.
In particular, we restrict our attention to cross-intersecting pairs, i.e. we fix k =2
and prove cross-intersection theorems for larger classes of graphs, namely chordal

graphs and cycles.

1.7 Proof Techniques
Shifting

Set systems typically have little structure, so shifting is a technique that frequently
makes them easier to work with. More importantly, it preserves many of the prop-

erties of the set system, such as size and intersecting nature, so it proves useful
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when proving intersection theorems. The technique was first employed by Erdds et
al. in the original proof of the EKR theorem. In this section, we will first define
the operation, present some simple, yet useful properties of the operation, and then
present an inductive proof of the bound in the EKR theorem. We will also present
a proof of the Hilton-Milner theorem, due to Frankl and Furedi. In both cases, our
approach will be similar to the one of Frankl [26].

Let [n] be the ground set, and let .# C ([’:}) be an intersecting family. For

1 <i< j < n,define a shifting operation for a set F' € .% as follows:

(F={jpul{i} ifi¢FjeF (F-{j}u{i}¢.7, and

F otherwise.

Sij(F) =

Based on this definition, we can define the corresponding shifting operation for the
family .7 as follows.

Sij(F) ={Sij(F):F € F}.
We will now present the following well-known lemma about shifting.
Lemma 1.7.1. Suppose .7 C ([’r‘}) is intersecting. Then,
L 15(#)| = 7|
2. S;j(F) is r-uniform.
3. 8ij(F) is intersecting.

Proof. 1t is clear, from the definition of shifting itself, that the first two parts of
the lemma are trivial. So, we will only prove the final part of the lemma. Let
Fi,F €S;i(#), and suppose F1 N F> = 0. Now, let G, G be such that S;;(Gx) = F;,
for k € {1,2}. Since G NG, # 0 but F; N F, = 0, we have j € G| N G,. Moreover,

we also have j ¢ F|1 N F, and i ¢ F| N F,. Without loss of generality, suppose j ¢ Fj.
13



Then, F; = G \ {j} U{i}. However, we then have F, = G,. Now, since j € G,
but i ¢ G5, and G, was not changed by the shifting operation S;;, this means G =
G2\ {jtU{i} € . This gives [F| N F| = [(G \ {j}U{i}) N (Go\{i} U{j})| =

|G1 N G)| > 0, which completes the proof of the lemma. O

It is not hard to see that by carrying out the shifting operation on .# with all ij
pairs, with i < j, we end up with a shifted family ¢, i.e. a family with the following
nice structure. For all 1 <i < j <n, we have S;;(¥) = %. Before we proceed to a
proof of the bound in Theorem 1.1.1, we will prove another lemma, about shifted
families, which will prove that for a family that is shifted and intersecting, any two
elements in it will intersect on the first 2k — 1 elements of [n]. More precisely, we

prove the following.

Lemma 1.7.2. Suppose % is r-uniform, intersecting and shifted. Then, for all

ABc Z, ANBN[2r—1] #£0.

Proof. We will give a proof by contradiction. Pick a counterexample which maxi-
mizes AN[2r—1]. Let j > 2r—1 such that j € ANB. Since j >2r—1,AUBZ [2r—
1]. Now, pick an i ¢ AUB, such that i <2r—1, and replace Aby A’ = A\ {j} U{i}.
Since .% is shifted, A’ € %, and A’ NBN[2r — 1] = 0, and we obtain a counterexam-
ple, where A’ N [2r — 1] > AN [2r — 1]. This contradicts the maximality of original

counterexample, completing the proof. [

A Proof of the EKR theorem using shifting
We now proceed to prove the bound in Theorem 1.1.1, using shifting.

Proof of Theorem 1.1.1. Let n > 2r, and suppose % is an r-uniform, intersecting
family on [n]. We do induction on r. The statement is trivial when r = 1, so suppose

r > 2. We now do induction on n. Suppose n = 2r. Now, for any F € .#, its
14



complement which also has cardinality r, [n]\ F ¢ .%. This gives us the bound
|.7| < (2r) = (¥). So suppose n > 2r. Using Lemma 1.7.1, we can assume .7
to be shifted. We define the following families. For 0 <i <r, let % = {F N[2r] :
F € % FN[2r] =i}. By Lemma 1.7.2, % is empty and each .%; is intersecting.
By the induction hypothesis for r, for 1 <i<r—1, we get || < (¥7]'). When
i=r, we get|Z,| < (2r 1) by the induction hypothesis for n. Now, given F € F;,
at most (" 2:) sets G € .% have GN [2r] = F. This gives us the required bound, as

follows.
7| < Z ’L%’(n—Z'r)S Z (2'k—1)(n—2‘r>§(n—l)‘
1S5y r—i 1 Srer i—1 r—i r—1

Proof of the Hilton-Milner theorem

Proof of Theorem 1.5.1. Let .% be a family that satisfies the hypothesis of the theo-
rem, i.e. ¥ C (@), with r < n/2, and suppose Nge #F = NF = 0. We can assume
Z is of maximal size. Consider the effect of an arbitrary shift operation S;;, for
some i < j. By the properties of the shifting operation, S;;(.%) is intersecting, but
there are two possibilities: either NS;;(.#) = 0 or S;;(-#) has a star structure. If the
former is true, keep applying shift operations till be obtain a shifted family which
satisfies the hypothesis of the theorem. So, suppose the latter is true. To simplify,
we can assume (relabeling, if necessary) that the operation Sy, results in the family
attaining the star structure. It is not hard to observe that 1 € NS|2(.%#). This also
implies that {1,2} NF # @ for all F € .%. By maximality of .%, we can assume that
# ={Ge (") :{1,2} € G} C Z. Also, note that N.F = 0.

Now, apply all S;; operations for 3 <i < j <n. 5 C.% implies that NS;;(.% ) =
(0. Eventually, after all the above S;; operations, we get a family, which we denote

by .7, satistying S;;(.#) = % for 3 <i < j < n. This shifted property of .# implies
15



that {i,3,4,...,r+1} € F fori € {1,2}. This gives us (")) C.Z, because .7# C

[r+1]

. Now, applying any S;; operation, even with i = 1,2 will leave ( .

) unchanged,
and the property N.%# = 0 will be maintained. So, we have shown that in proving
Theorem 1.5.1, we can assume that the family is shifted. Now, .# being shifted
implies that ([rtl]) C Z.

We now proceed by induction on n. Define the families .%; as before, i.e. .#; =
{FN[2r]:F € #,|[FN[2r]| =i}. From Lemma 1.7.2, each .%; is intersecting. In
particular, .%y = 0, and using the fact that ([":1]) C .Z, we also get F; = 0. We

will now prove the following proposition.

Proposition 1.7.3. 1. |.%| < (2;:11), if2<i<r

2. \97\ < (2r—1) _ (r—l) +1.

r—1 r—1

Proof. Assume first that N.% % 0. Now, since ([”:1]) C %, no set of the form
{lu{A}:A € ({Hz’riﬁ"“’zr})} can be in .#, since it would have empty intersection
with some set from (I"*1)). This implies |. 7| < ('Y = (i~}), giving the required

bound. So suppose N.# = 0. Now, .%; satisfies the assumptions of the main the-
orem, so by the induction hypothesis (of the proof of the main theorem), we get

| Zi| < (%fll) - (2r :;l) + 1, which leads to the required bound. The case i = r is

. 1 _ . .
trivial, since, as seen before, . < 3 (er) = (zrrf 11), which gives us the bound. o

Now, for any S C [2r], there are at most (f:ﬁSr‘) sets F € .7 with FN[2r] = S.

This observation, with the above proposition gives us the required upper bound as
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follows.
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Katona’s circle method
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Arguably the most elegant, and certainly the simplest proof of the Erd6s—Ko—Rado
theorem was given by Katona [39], who devised what is now referred to as the
circle method. Moreover, for a number of suitably structured generalizations (see
Bollobas-Leader [6], for one example), this method can often be extended to give
short, simple proofs. In this small section, we will reproduce this proof, which
includes a proof of the bound in Theorem 1.1.1, and the characterization of the
extremal families. We will also discuss some applications of this method to other

settings.

Katona’s proof of the EKR theorem

Proof. We begin by defining a cyclic order on [n] to be a bijection from the set [n]
to itself. We say that a set F' of size r is an interval in a cyclic order f if there exists
an i € [n] such that F = {f(i),f(i+1),...,f(i+r—1)}. Note that in the proof,
addition will be carried out mod n, more precisely, i =i —n if i > n. We say that
F begins in i and ends in i 4+ r — 1, and contains the points i,i+1,...,i+r—1. As
before, let .7 be a r-uniform, intersecting family on [n], with r < n/2. The main

part of the proof will be the following lemma.
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Lemma 1.7.4. Let f be a cyclic order on [n]. Then, there are at most r elements in

F which are intervals in f.

Proof. Suppose A € .% is an interval in f. Let A = {f(i),...,f(i+r—1)}, for
some i € [n]. Now, fori < j <i+r—2,let A; be the set that ends in i and let B; be
the set that begins at i + 1. Since r < n/2, for each i, A; N B; = 0, so at most one out
of A; and B; can be an interval in f. Since there are r — 1 (A;, B;) pairs, this gives us

the required bound. o

Now, regarding two cyclic orders as identical if one can be obtained from the
other by rotation, there are (n— 1)! cyclic orders, and each F € % is an interval
in r!(n—r)! cyclic orders, we get the following inequality, using Lemma 1.7.4.
|-Z|r!(n—r)! < r(n—1)!, which simplifies to the required bound |.#| < (’Z:D
Next, let r < n/2 and suppose equality holds. Then, for each cyclic order f, there
are exactly r elements in .# that are intervals in f. It is not hard to see that in this
case, each of the r intervals will contain a common point. Now, let r < n/2 and sup-
pose there are exactly r elements in . that are intervals in a cyclic order f. With-
out loss of generality, suppose the common point is r. Let Ay = {f(1),...,f(r)}
be the set that ends in r and let Ay = {f(r),..., f(2r — 1)} be the set that begins in
r. Let b € [n] such that bN (A UA,) = 0. Now, A’ = A\ {f (i)} U{b} ¢ Z, since
A’NA, = 0. Consider a cyclic order g where g(n) = b, g(k) = f(k), when 1 <k <r,
and the rest of the bijection is defined arbitrarily. By Lemma 1.7.4, there are r sets
in .7 that are intervals in g. Now, since A’ ¢ .%, but A| € .%, this means that the r
sets in .% that are intervals in g also contain the same common point, i.e. r. This

clearly shows that {F : f(r) € F,|F| =r} C.%, completing the proof. O
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Cayley graphs and application to Stability analysis

In our proof of Theorem 1.5.2, we will use a special generalization of Katona’s cir-
cle method, first formulated by Keevash [40]. We will briefly describe the method
here, while a more detailed exposition will be presented while giving the actual
proof of the theorem in Chapter 3.

Keevash’s method considers the Cayley graph of the symmetric group S, with
the adjacent transpositions as the generating set. Using a result of Bacher [3], it was
shown by Keevash that this Cayley graph has desirable expansion properties. Ka-
tona’s lemma states that for an intersecting family .# C ([ﬁ}) , there are exactly r sets
which are intervals in a cyclic order (which can now be regarded as a permutation
on the set {1,2,...,n— 1}), then they all contain a common point. Call such cyclic
orders v-complete, with respect to .%, where v is the point common to all inter-
vals. If we take an intersecting family which has size close to the extremal number,
which is (’zj) , we can show that there are many complete cyclic orders. The rest of
this strategy involves consideration of the subgraph of the above-mentioned Cayley
graph (on S,_1) containing all the complete cyclic orders, and finding a large com-
ponent in this subgraph, using the expansion properties of this graph. An argument
similar to the one used to characterize the extremal structures in Katona’s proof can

then be used to conclude that this large component contains complete cyclic orders

which are v-complete, for some vertex v.

Application to Erd6s—Ko—Rado graphs

Graphs generally have complicated structure, and a generalization of Katona’s method
to any graph seems extremely hard to formulate. However, for certain vertex-
transitive graphs, in particular those where all the independent sets are “identical”,

it seems possible for Katona’s method to be generalized, by finding a suitable class
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of structures to average over. One of the classic examples of this is Theorem 1.4.4,
the result of Bollobds and Leader [6] which proves that if G = M,,, where M,, is a
perfect matching on 2n vertices (and n edges), G is r-EKR for all » < n. We present
the short proof of the bound in that theorem, which is very similar to Katona’s

method.

Proof of Theorem 1.4.4. LetV(M,) ={1,...,.2n}, EM,) ={ii+n:ic[n]}, 1 <
r < n and suppose .# C _#"(M,) is intersecting. We will consider cyclic orders
on this vertex set, but since we are interested in only those r sets which are in-
dependent sets, we consider only certain cyclic orders, which we call good cyclic
orders. Consider those cyclic orders on V (M,,) where for every i € [n], its neighbor
is exactly n vertices apart. To put more precisely, if we denote a cyclic order by a
function f : V(M,) — [2n], then for every i € [n], f(i+n) = f(i) +n, where addi-
tion is carried out mod n, i.e. f(i)+n is equal to f(i) +n or f(i) — n depending
on which lies in [2n]. It is not hard to observe that, considering two cyclic orders
equivalent under rotation, there are 2"~!(n —1)! good cyclic orderings on V (M,,).
Consider a set M € .%. In how many good cyclic orders is M an interval? The an-
sweris r!(n—r)!12"7". Since r <n=1/2(2n), we can use Lemma 1.7.4 to conclude
that for any fixed good cyclic order f, at most r sets from .% can be intervals in f.
This gives us the following inequality, r!(n — r)!2""|.#| < r(n—1)!12""!, which

simplifies to |.#| < 2r—1 ('rl:}), as required. O

Note that a few reasons why this method could be generalized was because
there exists at least one good cyclic ordering, i.e. one ordering where all intervals
are independent sets in M,. Secondly, not only is M,, vertex-transitive, it has an
even stronger property: every independent set in M, is identical, in the sense that

every independent set in M,, lies in the same number of good cyclic orderings. It

20



seems possible that this strategy can be generalized in other settings with similarly
desirable properties, for example the family of all perfect matchings in a complete
graph of even order. In this thesis, we will employ a generalization of this method

to prove an extension of Theorem 1.4.4 for k-wise intersecting families.
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Chapter 2

GRAPHS WITH ERDOS-KO-RADO PROPERTY
The Erd6s—Ko—Rado property for graphs is defined in the following manner.

For a graph G, vertex v € V(G) and some integer r > 1, denote the family of
independent r-sets of V(G) by .#(")(G) and the subfamily {A € .#(")(G) : v € A}
by fv(r) (G), called a star. Then, G is said to be r-EKR if no intersecting subfamily
of #)(G) is larger than the largest star in .#(")(G). If every maximum sized
intersecting subfamily of .# (r) (G) is a star, then G is said to be strictly r-EKR. This
can be viewed as the Erd6s—Ko—Rado property on a ground set, but with additional
structure on this ground set. In fact, the Erd6s—Ko—Rado theorem can be restated
in these terms as follows.

Theorem 1.1.1 (Erd6s—Ko—Rado). The graph on n vertices with no edges is r-EKR
if n > 2r and strictly r-EKR if n > 2r.

There are some results giving EKR-type theorems for different types of graphs.
The following theorem was originally proved by Berge [4], with Livingston [44]

characterizing the extremal case.

Theorem 2.0.5 (Berge [4], Livingston [44]). If r > 1, t > 2 and G is the disjoint

union of r copies of K;, then G is r-EKR and strictly so unless t = 2.

Other proofs of this result were given by Gronau [30] and Moon [49]. Berge [4]

proved a stronger result.

Theorem 2.0.6 (Berge [4]). If G is the disjoint union of r complete graphs each of

order at least 2, then G is r-EKR.



A generalization of Theorem 2.0.5 was first stated by Meyer [47] and proved by

Deza and Frankl [15].

Theorem 2.0.7 (Meyer [47], Deza and Frankl [15]). If r > 1, t > 2 and G is a
disjoint union of n > r copies of K;, then G is r-EKR and strictly so unless t =2

and r =n.

In the paper which introduced the notion of the r-EKR property for graphs,
Holroyd, Spencer and Talbot [34] prove a generalization of Theorems 2.0.6 and

2.0.7.

Theorem 2.0.8 (Holroyd et al. [34]). If G is a disjoint union of n > r complete

graphs each of order at least 2, then G is r-EKR.

The compression technique used in [34], which is equivalent to contracting an
edge in a graph, was employed by Talbot[60] to prove a theorem for the k" power

of a cycle.

Definition 2.0.9. The k'* power of a cycle Ct is a graph with vertex set [n] and

edges between a,b € [n] iff 1 <|a—bmodn| <k.

Theorem 2.0.10 (Talbot [60]). If r,k,n > 1, then C,’f is r-EKR and strictly so unless

n=2r+2andk=1.
An analogous theorem for the k' power of a path is also proved in [34].

Definition 2.0.11. The k" power of a path P,]l‘ is a graph with vertex set [n] and

edges between a,b € [n] iff 1 <|a—b| <k.

Theorem 2.0.12 (Holroyd et al. [34]). If r,k,n > 1, then P,’f is r-EKR.
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It can be observed here that the condition r < n/2 is not required for the graphs
Ck and P¥ because for each of the two graphs, there is no independent set of size
greater than n/2, so the r-EKR property holds vacuously if r > n/2.

The compression proof technique is also employed to prove a result for a larger

class of graphs.

Theorem 2.0.13 (Holroyd et al. [34]). If G is a disjoint union of n > 2r complete

graphs, cycles and paths, including an isolated singleton, then G is r-EKR.

The problem of finding if a graph G is 2-EKR is addressed by Holroyd and
Talbot in [35].

Theorem 2.0.14 (Holroyd-Talbot [35]). Let G be a non-complete graph of order n

with minimum degree & and independence number qQ.
1. If o« =2, then G is strictly 2-EKR.

2. If a > 3, then G is 2-EKR if and only if 6 < n—4 and strictly so if and only

if 6 < n—>5, the star centers being the vertices of minimum degree.

Holroyd and Talbot also present an interesting conjecture in [35], which we first

stated in Chapter 1 and recall here.

Definition 2.0.15. The minimum size of a maximal independent vertex set of a

graph G is the minimax independent number, denoted by [(G).

It can be noted here that u(G) = i(G), where i(G) is the independent domination
number of graph G. We now restate the conjecture of Holroyd and Talbot.
Conjecture 1.3.1. Let G be any graph and let 1 < r < % U, then G is r-EKR (and is

strictly so if 2 <r < %u).
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This conjecture seems hard to prove or disprove; however, restricting attention
to certain classes of graphs makes the problem easier to tackle. Borg and Holroyd
[10] prove the conjecture for a large class of graphs, which contain a singleton as a

component.

Definition 2.0.16 (Borg, Holroyd [10]). For a monotonic non-decreasing (mnd)
sequence d = {d;},cn of non-negative integers, let M = M(d) be the graph such that
V(M) = {x;:i € N} and for x,,x, € V(M) with a < b, x,x, € E(M) iff b < a+d,.
Let M,, = M,,(d) be the subgraph of M induced by the subset {x; :i € [n]} of V(M).

Call M,, an mnd graph.

Definition 2.0.17 (Borg, Holroyd [10]). Forn >2, 1 <k<n—1,0<qg <n, let
C%H be the graph with vertex set {v; : i € [n]} and edge set E(C*) U{viViiii1 modn:

1<i<gq} Ifqg>0,call Cg:ﬁ“ a modified k' power of a cycle.
Borg and Holroyd [10] prove the following theorem.

Theorem 2.0.18. Conjecture 1.3.1 is true if G is a disjoint union of complete multi-
partite graphs, copies of mnd graphs, powers of cycles, modified powers of cycles,

trees, and at least one singleton.

One of the main results in this dissertation extends the class of graphs which
satisfy Conjecture 1.3.1 by proving the conjecture for all chordal graphs which
contain a singleton. It can be noted that the mnd graphs in Theorem 2.0.18 are
chordal.

We also define a special class of chordal graphs, and prove a stronger EKR
result for these graphs. Finally, we consider similar problems for two classes of

bipartite graphs, trees and ladder graphs.
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2.1 Chordal Graphs

Definition 2.1.1. A graph G is a chordal graph if every cycle of length at least 4

has a chord.

It is easy to observe that if G is chordal, then every induced subgraph of G is

also chordal.

Definition 2.1.2. A vertex v is called simplicial in a graph G if its neighborhood is

a clique in G.

Consider a graph G on n vertices, and let 6 = [vy,...,v,] be an ordering of
the vertices of G. Let the graph G; be the subgraph obtained by removing the
vertex set {vy,...,v;_1 } from G. Then o is called a simplicial elimination ordering
if v; is simplicial in the graph G;, for each 1 <i < n. We state a well known

characterization of chordal graphs, due to Dirac [19].

Theorem 2.1.3. A graph G is a chordal graph if and only if it has a simplicial

elimination ordering.

It is easy to see, using this characterization of chordal graphs, that the mnd

graphs of Definition 2.0.16 are chordal.
Proposition 2.1.4. If M,, is an mnd graph on n vertices, My, is chordal.

Proof. It can be seen that ordering the vertices of M, according to the correspond-
ing degree sequence d, as stated in Definition 2.0.16, gives a simplicial elimination

ordering. [

Note that, with or without the non-decreasing condition on the sequence d, the
resulting graph is an interval graph — use the interval [a,a + d,] for vertex x, —

which is chordal regardless.
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We prove Theorem 1.3.2, which is the non-strict part of Conjecture 1.3.1 for
disjoint unions of chordal graphs, containing at least one singleton.

Theorem 1.3.2. If G is a disjoint union of chordal graphs, including at least one
singleton, and if r < %/,L(G), then G is r-EKR.

We also consider graphs which do not have singletons. Consider a class of
chordal graphs constructed as follows.

Let P, be a path on n edges with V(P,11) = {vi,...,vs11}. Label the edge
vivir1 as i, for each 1 <i < n. A chain of complete graphs, of length n, is obtained
from P, by replacing each edge of P, by a complete graph of order at least 2 in
the following manner: to convert edge i of P, | into Kj, introduce a complete graph
K;_> and connect v; and v;; to each of the s —2 vertices of the complete graph.
Call the resulting complete graph G;, and call each G; a link of the chain. We call
v; and v;1 | the connecting vertices of this complete graph, with the exception of G
and G,, which have only one connecting vertex each (the ones shared with G, and
G, respectively). In general, for each 2 <i < n, call v; the (i — 1)’h connecting
vertex of G. Unless otherwise specified, we will refer to a chain of complete graphs
as just a chain. We will call an isolated vertex a trivial chain (of length 0), while
a complete graph is simply a chain of length 1. Call a chain of length n special if

n € {0,1} or if n > 2 and the following conditions hold:
1. |Gi| > |Gi—1|+ 1 foreach2 <i<n-—1,and
2. |Gyl > |Gp-1]-

We prove the following results for special chains.

Theorem 2.1.5. If G is a special chain, then G is r-EKR for all r > 1.
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Theorem 2.1.6. If G is a disjoint union of 2 special chains, then G is r-EKR for all

r>1.

We will also consider similar problems for bipartite graphs. A basic observation
about complete bipartite graphs, along with an obvious generalization for complete

multipartite graphs, is mentioned below.
o If G= K, and m < n, then G is r-EKR for all r < 7.
o If G=Kp,,. . Withm; <mp < ... <my, then G is r-EKR for all r < %L,

It is easy to see why these hold. If 2 C _#"(G) is intersecting, then each A € #
lies in the same partite set. Clearly, if 2r < m < n, then G is r-EKR by Theorem
1.1.2. A similar argument works for complete multipartite graphs as well.

Holroyd and Talbot [35] proved Conjecture 1.3.1 for a disjoint union of two
complete multipartite graphs.

If we consider non-complete bipartite graphs with high minimum degree, it
seems that they usually have low u (always at most min{n — §,n/2}). Instead, in
this paper, we consider bipartite graphs with low maximum degree in order to have
higher values of u (always at least ALH). In particular, we look at trees and ladder
graphs, two such classes of sparse bipartite graphs.

One of the difficult problems in dealing with graphs without singletons is that
of finding centers of maximum stars. We consider this problem for trees, and con-

jecture that there is a maximum star in a tree that is centered at a leaf.

Conjecture 2.1.7. For any tree T on n vertices, there exists a leaf x such that for

anyv e V(T), | £;(T)| < |2/ (T)|.
We prove this conjecture for r < 4.
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Theorem 2.1.8. Let 1 <r <4. Then, a maximum sized star of r-independent vertex

sets of T is centered at a leaf.
We will also prove that the ladder graph is 3-EKR.

Definition 2.1.9. The ladder graph L, with n rungs can be defined as the cartesian

product of K> and P,.

It is not hard to see that, for L,, u(L,) < (%1} In fact, we show that equality

holds.

Proposition 2.1.10.

uit) = |57

Proof. The result is trivial if n < 2, so let n > 3. Suppose p(L,) < ["F1] and let
A be a maximal independent set of size @(L,). Then, there exist two consecutive
rungs, say the i’" and (i + 1) in L,, with endpoints {x;,y;} and {x;1,y;+1} re-
spectively, such that {x;,y;} NA =0 and {x;+1,yi+1}NA=0. Letu = x;, v=1x;_
and w = y; if i > 1, otherwise, let u = x;1, v=x;40 and w = y;11. AU{u} is
not independent, since A is maximal. Then, v € A and AU {w} is independent, a

contradiction. L]

Theorem 2.1.11. The graph L, is 3-EKR for alln > 1.

An Erdos—Ko—Rado theorem for chordal graphs

We begin by fixing some notation. For a graph G and a vertex v € V(G), let G—v
be the graph obtained from G by removing vertex v. Also, let G | v denote the
graph obtained by removing v and its set of neighbors from G. We note that if G is
a disjoint union of chordal graphs and if v € G, the graphs G —v and G | v are also

disjoint unions of chordal graphs.
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We state and prove a series of lemmas, which we will use in the proof of Theo-

rem 1.3.2.

Lemma 2.1.12. Let G be a graph containing an isolated vertex x. Then, for any

V(G <[ Z{(G)].

vertex v € V(G),

Proof. Letv € V(G), v # x. We define a function f: _#(G) — _#[(G) as follows.

A ifxe€A, and
f(A) =
A\ {v}U{x} otherwise.
It is easy to see that the function is injective, and this completes the proof. ]

Lemma 2.1.13. Let G be a graph, and let vi,v, € G be vertices such that N[v] C

N[vz]. Then, the following inequalities hold:
L (G —w) = u(G);
2. WG Lv)+1>p(G).

Proof. We begin by noting that the condition N[v;] C N[v,] implies that vjv, €

E(G).

1. We will show that if / is a maximal independent set in G — v, then [ is
maximally independent in G. Suppose / is not a maximal independent set in
G. Then, IU{v,} is an independent set in G. Thus, for any u € N[v,], u ¢ I.
In particular, for any u € N[v{], u ¢ I. Thus, IU{v;} is an independent set in

G — v;. This is a contradiction. Thus, / is a maximal independent set in G.

Taking [ to be the smallest maximal independent set in G — v, we get (G —

v2) = 1| = u(G).
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2. We will show that if / is a maximal independent set in G | v, then U {v,}
is a maximal independent set in G. Of course, I U {v,} is independent, so
suppose it is not maximal. Then, for some vertex u € G | vy and u ¢ IU{v,},
IU{u,v,} is an independent set. Thus, /U {u} is an independent set in G | vy,

a contradiction.

Taking I to be the smallest maximal independent set in G | v, we get (G |

v)+1=I]+1> pu(G).
O

Corollary 2.1.14. Let G be a graph, and let vy, v, € G be vertices such that N|[vi]| C

N[vz]. Then, the following statements hold:
1. Ifr < %/.L(G), then r < %M(G—vz);
2. Ifr < u(G), thenr—1 < L (G | vy).
Proof. 1. This follows trivially from the first part of Lemma 2.1.13.
2. To prove this part, we use the second part of Lemma 2.1.13 to show
wG) -2 _u(Glwn) 1

|
1< u(G)—1= < —
r=1<5u(0) 2 = 2 2

O

Let H be a component of G, so H is a chordal graph on m vertices, m > 2.
Let {vi,...,vu} be a simplicial elimination ordering of H and let viv; € E(H) for
some i > 2. Let &/ C _#"(G) be an intersecting family. We define a compression
operation f]; for the family .«7. Before we give the definition, we note that if A is

an independent set and if v; € A, then A\ {v;} U{v;} is also independent.

fd) = A\{itu{n} ifvieAv ¢A,A\{v}U{v} ¢ o, and

A otherwise.
31



Then, we define the family <7/ by
A = fii(d)={fii(A):Ae o}

It is not hard to see that |.«7/| = |.<7|. Next, we define the families

o ={A e v;eA},
o =o'\ o, and
B ={A\{vi}:Ae '}
Then we have
/| = |
= || +17]
= |#|+|)). 2.1)
We prove the following lemma about these families.
Lemma2.1.15. [ &/ C _77(G—w).
2. 8 C gr=0(G ).
3. o is intersecting.
4. B is intersecting.

Proof. 1t follows from the definitions of the families that %' C _¢#"(G — v;) and
# < _#=D(G | v;). So, we only prove that the two families are intersecting.
Consider A,B € esz_fi’. If vi € A and v| € B, we are done. If vi ¢ A and v ¢ B, then

A,B € o/ and hence ANB # 0. So, suppose v; ¢ A and v; € B. Then, A € /.
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Also, either B € <7, in which case we are done or B; = B\ {v{} U{v;} € &/. Then,
JANB|=|ANB\ {vi}U{vi}| =]ANB;| > 0.
Finally, consider A,B € #'. Since AU {v;} € /,, AU{vi} € & and AU{v;} €

/. A similar argument works for B. Thus,

(AU{vi})N(BU{vi})| > 0 and hence,
|ANB| > 0. O

The final lemma we prove is regarding the star family _#(G), where x is an

isolated vertex.

Lemma 2.1.16. Let G be a graph containing an isolated vertex x and let v € V(G),

v # x. Then, we have

| 2LG) =] 720G )|+ 7 (G L)),

Proof. Partition the family _#(G) into two parts. Let the first part contain all sets
containing v, say .%,, and let the second part contain all sets which do not contain
v, say .%,. Then

Fy= 76 Lv)and F, = _#1(G—v). O
We proceed to a proof of Theorem 1.3.2.

Proof. The theorem trivially holds for r = 1, so suppose r > 2. Let G be a disjoint
union of chordal graphs, including at least one singleton, and let u(G) > 2r. We
do induction on |G|. If |G| = u(G), then G = E|g|, and we are done by the Erd&s—
Ko-Rado theorem. So, suppose |G| > u(G), and there is one component, say H,
which is a chordal graph having m vertices, m > 2. Let {vy,...,v;,} be a simplicial
ordering of H and suppose vyv; € E(H) for some i > 2. Since the neighborhood of
vy is a clique, we have N[v{] C N[v;|. Also, let x be an isolated vertex in G. Let
o/ C _#7(G) be intersecting.
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Define the compression operation fi; and the families JZ_{/ and 4’ as before.
Using Equation 2.1, Lemmas 2.1.12, 2.1.13, 2.1.15, 2.1.16, Corollary 2.1.14 and

the induction hypothesis, we have

| = || +| 2|
< | FHG=v)|+| 2V (G L)
= | 71(G)]. 2.2)

2.2 Graphs without isolated vertices

The main technique we use to prove Theorem 2.1.5 is a compression operation that
is equivalent to compressing a clique to a single vertex. In a sense, it is a more
general version of the technique used in [34]. We begin by stating and proving a
technical lemma, similar to the one proved in [34]. We will then use it to prove

Theorem 2.1.5 by induction.

Generalized compression techniques

LetH C GwithV(H) = {vy,...,vs}. Let G/H be the graph obtained by contracting

the subgraph H to a single vertex. The contraction function c is defined as follows.

vi :x€H, and
c(x) =
x :x¢H.

When we contract H to vy, the edges which have both endpoints in H are lost and
if there is an edge xv; € E(G) such that x € V(G) \ V(H), then there is an edge
xvi € E(G/H). Duplicate edges are disregarded.

Also, let G — H be the (possibly disconnected) graph obtained from G by re-
moving all vertices in H.
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Lemma 2.2.1. Let G = (V,E) be a graph and let &/ C _7"(G) be an intersecting
family of maximum size. If H is a subgraph of G with vertex set {vi,...,vs}, and
if H is isomorphic to Ky, then there exist families B, {€;}_,, {Zi}_, {&i}i,

satisfying:

L || = |B|+ Lin |G+ Ui Zi + Lins 4

2. BC _Z7(G/H) is intersecting; and
3. foreach?2 <i<s,
a) €, C _#7Y(G—H) is intersecting,
b) Zi={Aec o :vieAand N(vi)N(A\{v1}) # 0}, and
c) i={Aecd :viecAand N(vi)N(A\{vi}) # 0}.
To prove Lemma 2.2.1, we will need a claim, which we state and prove below.

Claim 2.2.2. Let H C G be isomorphic to Ky, s > 3. Let o C _¢"(G) be an inter-
secting family of maximum size. Suppose AU{v;},AU{v;} € o for some i, j# 1
and c(AU{v;}) =AU{vi} € _#"(G/H). ThenAU{v} € .

Proof. Since we have c(AU{v;}) € #"(G/H),B=AU{v;} € #"(G). Suppose
B ¢ of. Since < is an intersecting family of maximum size, </ U {B} is not an
intersecting family. So, there exists a C € &/ such that BNC = (. So, we have
CN(AU{vi})=viandCN(AU{v;}) =v,. Thus, v;,v; € C. This is a contradiction

since v; and v; are adjacent to each other. ]
Proof. (Proof of Lemma 2.2.1) Define the following families:
1. Z={c(A):Ae  andc(A) € #"(G/H)}; and

2. foreach2 <i<s:
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a) ¢i={A\{vi}:vi€Aand A\ {vi}U{v} € &},
b) Zi={Ac:vicAand N(v;)N(A\{vi}) # 0}, and

c) &={Ac o :vie Aand N(vi)N(A\ {v;i}) #0}.

IfA,B € o/ and A # B, then ¢c(A) = ¢(B) iff AAB = {v;,v;} forsome 1 <i,j <

s. Using this and Claim 2.2.2 (if s > 3), we have
S
{Ae o :c(A) e 77(G/H)}| = |B|+ ) |6
i=2
Also,ifA € o7, thenc(A) ¢ #7(G/H)ift A € Uj_, Z;UU;_, &;. Thus, we have
|| =B+ Y, |6+ Uy Zi| + | U, &|. By the definition of the &;’s, U;_, &;
is a disjoint union, so we have

17| =12+ Y 161+ 21+ Y14
=2 i=2 =2

It is obvious to show that 4 is intersecting since . is.
Let 2 <i <s. To see that %; is intersecting, suppose C,D € %; and CND =
0. But CU{v;} and DU {v;} are in </ and hence, are intersecting. This is a

contradiction. ]

Before we move to the proof of Theorem 2.1.5, we will prove one final claim

regarding maximum sized star families in G.

Claim 2.2.3. If G is special chain of length n, then a maximum sized star is centered

at an internal vertex of G.

Proof. First note that for any i, there is a trivial injection from a star centered at a
connecting vertex of G; to a star centered at an internal vertex of G;, which replaces
the star center by that internal vertex in every set of the family. So suppose 2 is
a star centered at a internal vertex u of any of the graphs G;, i # 1. Let G| = K.

Consider the following cases.
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1. Suppose u is in G,. In this case, define an arbitrary bijection between the
m — 1 internal vertices of G| and any m — 1 internal vertices of G, containing
u, such that u corresponds to an internal vertex of Gy, say v (note that this can
always be done, since if n = 2, then |G»| > m, with one connecting vertex,

while if n > 3, then |G| > m+ 1, with two connecting vertices).

2. Suppose u is in some G; such that i > 3. Then, define an arbitrary bijection
between the m vertices of G| and any m internal vertices of G; including u

such that u corresponds to an internal vertex of G1, say v.

Next, consider any set in 2. If it contains a vertex w in Gy, replace that vertex by b
and replace u by the vertex in G; corresponding to w. If it does not contain a vertex

in Gy, replace u by v. This defines the injection from 2 to a star centered at v. []
We now give a proof of Theorem 2.1.5.

Proof. Let #(G) be a maximum sized star family in G, where 1 is an internal
vertex of Gy.

We do induction on r. The result is trivial for r = 1. Let » > 2. We do induction
on n (n is the number of links). For n = 1, result is vacuously true. If n = 2, then
for r = 2, we use Theorem 2.0.14 to conclude that G is 2-EKR while the result is
vacuously true for r > 3. So, letn > 3. Let &/ C _#"(G) be an intersecting family
of maximum cardinality. Let the vertices of G, = K be labeled from n; to ng (let
n; be the connecting vertex which also belongs to G,_1). Define the compression
operation ¢ on G and the clique Kj as before. Let the families %, {€;}i_,, {Zi}]_,,
{&i}:_, be defined as in Lemma 2.2.1.

Clearly, for G, ¥; = 0 for each 2 < i < 5. So, by Lemma 2.2.1,

s s
o =RB+) |%|+) |4

i=2 i=2
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Let G,,_1 = K;. Let the vertices of G,,_; be labeled from m; to m,(t < s), with

m; =ny. Forevery 1 <i<t—1and2 < j<s define a set 77, of families by
Hj={Ac o :mcAnjcA}.

We note that U?;i H;; = &; for each 2 < j < s, and since each of the JZ;’s are
also disjoint, we have

Ylal= Y 1A

i=2 1<i<t—12<j<s

Now, consider a complete bipartite graph K;_; ;. Label the vertices in part 1
from my to m;_; and vertices in part 2 from n; to ny.
Partition the edges of the bipartite graph K;_; ;_; into s — 1 matchings, each of
size t — 1. For each matching M; (1 <k < s— 1), define the family
Iu.= U hi—{n})
i,jmin; €My
where a family .77 — {a} is obtained from .7’ by removing a from all its sets. Then

of course

Y  Al= Y |[Ful

1<i<t—1,2< j<s 1<i<s—1

Foreach 1 <k <s—1, Fy, is a disjoint union and is intersecting. The intersect-
ing property is obvious if both sets are in the same .7; — {n;} since they contain
m;. If in different such sets, adding distinct elements which were removed (during
the above operation) gives sets in the original family which are intersecting.

Finally, if we consider families C,, U Fyy, | € /(’_1)(6 —Gy) for2 <i<sy,
each such family is a disjoint union. It is also intersecting since for C € C,, and

F € Fy, ,,CU{n}and FU{n;} for some j # 1 gives us sets in 7. So, we get
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l| = B+ 1G]+ Y A

i=2 1<i<s—1,2<j<s
s

= B+ Y6+ Y |Ful
i=2 1<i<s—1

N

= |%|+Z|(Cniug\%71)|
i=2

< J1(6/G)+(s—1) .7 (GG
= JZ1(G).
The last inequality is obtained by partitioning the star based on whether or not

it contains one of {ny,...,ng}. O
We now proceed to a proof of Theorem 2.1.6.

Proof. We do induction on r. Since the case r = 1 is trivial, let r > 2. Let G be a
disjoint union of 2 special chains G’ and G”, with lengths n; and n; respectively.
We will do induction on n = n| 4+ ny. If n = 0, the result holds trivially if r = 2 and
vacuously if r > 3. So,letn > 1. If n =1 or if nj = np = 1, then o(G) = 2. In this
case, G is vacuously r-EKR for r > 3. Also, if r = 2, then we are done by Theorem
2.0.14. So, without loss of generality, we assume that G has length at least 2. We

can now proceed as in the proof of Theorem 2.1.5. ]

2.3 Bipartite graphs
Trees

In this section, we give a proof of Theorem 2.1.8, which states that for a given tree

T and r < 4, there is a maximum star family centered at a leaf of 7'.

Proof. The statement is trivial for r = 1. If r = 2, we use the fact that for any vertex

v, | Z2(T)| =n—1-d(v), where d(v) is the degree of vertex v, and thus it will be

maximum when v is a leaf.
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Let3 <r <4.Letv be an internal vertex (d(v) > 2) and let &/ = ¢, (T) be the
star centered at v. Consider T as a tree rooted at v. We find an injection f from &7
to a star centered at some leaf. Let v; and v, be any two neighbors of v and let u be

a leaf with neighbor w. Let A € &7.
1. If u € A, then let f(A) = A.
2. If u ¢ A, then we consider two cases.

a) fwdéA let f(A) =A\{v}U{u}.

b) If w € A, then B=A\ {w}U{u} € o/. We consider the following two

cases separately.

e r=3
Let A = {v,w,x}. We know that x cannot be connected to both v,
and v, since that would result in a cycle. Without loss of generality,
suppose that xv; ¢ E(T). Then, let f(A) =A\ {v,w}U{u,v;}.

o r=4
Let A = {v,w,wy,w,}. We first note that if there is a leaf at distance
two from v, then by using 1 and 2(a) above, we can show that the
size of the star at this leaf is at least as much as the given star. We
again consider two cases.

— Suppose that {vi,va} Z N(w;) UN(w;). By symmetry, sup-
pose vi & N(w1) UN(wy). In this case, let f(A) =A\ {w,v} U
{u,v1}.

— Suppose that {vi,v2} C N(w;) UN(wy). Label so that v; €
N(w;) for 1 <i <2 (in particular, v; is the parent of w;). Since

neither wi nor wy is a leaf, they have at least one child, say
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x1 and xp, respectively. In this case, let f(A) = {u,x1,x2,v1}.
For this case, injection is less obvious. We show it by contra-
diction as follows. Let f({v,w,wi,w2}) = f{v,w,y1,2}) =
{u,x1,x2,v1}. We may assume that y; # wy and let y; be the
child of v; and x; be the child of y;; then certainly viwx;y|vy

gives a cycle in 7', a contradiction.

Figure 2.1: Tree T on 10 vertices, r = 5.

We believe that Conjecture 2.1.7 holds true for all ». However, it is harder to
prove because it is not true that every leaf centered star is bigger than every non-leaf
centered star; an example is illustrated in Figure 2.1.

For each vertex, the first number denotes the label, while the second number
denotes the size of the star centered at that vertex. We note that /85 (T) =9, while
A 15 (T) = 10. However, we note that the maximum sized stars are still centered at
leaves 9 and 10.

We also point out that this example satisfies an interesting property, first ob-

served by Colbourn [13].
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Property 2.3.1. Let G be a bipartite graph with bipartition V. = {V|,V»2} and let

r > 1. We say that G has the bipartite degree sort property if for all x,y € V; with

d(x) <d(y), Ji(T) = #y(T).

Not all bipartite graphs satisfy this property. Neiman [53] constructed the fol-
lowing counterexample, with r = 3.

Fix positive integers 7 and k with 1 > 2k > 4. Let G = G; ;. be the graph obtained
from the complete bipartite graph K5 ; and P by identifying one endpoint of Py to
be a vertex in K5 ; lying in the bipartition of size 2. Let x be the other endpoint of
the path, and let y be a vertex in K5, lying in the bipartition of size 7, of degree 2.

An example is shown in Figure 2.2.

X

Figure 2.2: G4
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LetY = /;(G) and let X = _¢3(G). We have, for t > 2k,

Y-X = JXGly)- 7%(Glx)

= (") sl (TR ) +EGL)

t+2k—2 t+2k—1
— — 2t —1
(570
= (t4+2k=2)(—-1)+2t—1
= t—2k+1

> 0. (2.3)

We show that a similar construction acts as a counterexample for all » > 3.
Given r > 3, consider the graph G = G; >, t > r. Let x and y be as defined before,
withd(x) = land d(y) =2. LetY = #/(G) and X = #/(G). We have X = (:*})
and Y = (iﬂ) + (i:;) It follows that, for¢t > r, Y > X.

If we consider trees, it can be seen that the tree in Figure 2.1 satisfies this prop-
erty. It is also not hard to show that the path P, satisfies this property, since for all
r>1, 27 (P)= 2, (Pn) > 7, (P;) holds foreach2 <i<n—1.

Another infinite family of trees that satisfy the property are the depth-two stars

shown in Figure 2.3 below.

X

Figure 2.3: Tree T on 2n + 1 vertices which satisfies Conjecture 2.3.1.
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LetY = ¢/(T)andletX = ¢/(T). Then, wehaveY = #"Y(T |y)=(,",)
and X = (’r‘:;) +2r-1 (’;‘:i) It is then easy to note that when r > 1, X —Y > 0.
However, it turns out that not all trees satisfy this property. A counterexample,

forn =10 and r =5, is shown in Figure 2.4. Observe that the vertex labeled 8, with

Figure 2.4: Tree 771 which does not satisfy Property 2.3.1

degree 2, and the vertex labeled 4, with degree 3, lie in the same partite set, but we
have 72(T1)={{2,3,4,8,9},{2,3,4,5,9}} and 73 (T1) = {{2,3,4,8,9}}. Note
that, in this example, r = % Another counterexample, with n = 12 and r = 5, is

shown in Figure 2.5.

Figure 2.5: Tree 75 which does not satisfy Property 2.3.1

We see that the vertices labeled 1 and 2, with degrees 3 and 2 respectively, lie

in the same partite set. It can be checked that |_#;(72)| =32 and | _#5(T»)| = 28.
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Ladder graphs

In this section, we give a proof of Theorem 2.1.11, which states that the ladder
graph L, is 3-EKR for all n > 1. First, we state and prove a claim about maximum
star families in L,,.

Let G = L, be aladder with n rungs. Let the rung edges be x;y;(1 <i < n). First,

we show that ¢ (G) is a maximum sized star for x € {x1,y1,%,,¥n}.

Claim 2.3.2. If G is a ladder with n rungs, #](G) is a maximum sized star for

x € {x1,¥1,Xn,Yn}-

Proof. We prove the claim for x = x,,. The claim is obvious if n < 2, so suppose
n > 3. Let o/ be a star centered at some x € V(G). Without loss of generality, we
assume that x = x; for some 1 < k < n. We now construct an injection from <7 to
7+ (G). Define functions f and g as follows.

Ximodn+1 if x=1x;, and

flx) =

Yimodn+1 1ifx=y;.

yi ifx=ux;, and
gx) =
x; ifx=y;.
Consider the function f"%. For every A € o7, define f* *(A) = { /" *(x) : x € A}

and similarly for g. We define a function h: &/ — 7! (G) as follows.

A if {x1,x,} CA,
h(A) =14 g(A) if {y1,y,} CA, and

f"K(A)  otherwise.

Clearly, x, € h(A) for every A € <. We will show that & is an injection. Suppose

A,B € o/ and A # B. We show that h(A) # h(B). If both A and B are in the same
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category(out of the three mentioned in the definition of %), then it is obvious. So,
suppose not. If {x;,x,} C A and {y,y,} C B, then x; € h(A), but x; ¢ h(B). Then,
let A be in either of the first two categories, and let B be in the third category. Then,
{x1,x,} Ch(A), but {x1,x,} € h(B). This holds because otherwise, we would have

{Xk,xr+1} € B, a contradiction. O
We give a proof of Theorem 2.1.11.

Proof. We do induction on the number of rungs. If n = 1, we have G = P>, which
is trivially -EKR for r = 1 and vacuously true for » = 2 and r = 3. Similarly,
for n =2, G = (Cy, so it is trivially -EKR for each 1 < r < 2 and vacuously true
for r =3. So, let n > 3. The case r = 1 is trivial. If r =2, since 6(G) = 2 and
|G| > 6, we can use Theorem 2.0.14 to conclude that G is 2-EKR. So consider G
such that n > 3 and r = 3. If n = 3, the maximum size of an intersecting family of
independent sets of size 3 is 1, so 3-EKR again holds trivially. So, suppose n > 4.
LetG' =L, 1,G" =L, 5. Also, let Z = {x,_2,Yn—2,Xn—1,Yn—1,%n,Yn}- Define a
function c as follows.

Xp_1 ifx=x,,

c(x)=4 y,_1 ifx=y,, and

X otherwise.

Let o/ C _#7(G) be intersecting.

Define the following families.
B={c(A):Ae€ o andc(A) € #7(G)}
61 ={A\{x} :xy€Aec g and A\ {x,} U{x,_1} € &}

¢ ={A\{ym} :meAec g and A\ {y,} U{yu_1} € &}
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P ={A€ o ANZ={xy_2,%2}}

D ={Ac ANZ="{yp2,91}}
Pi={A€ o :ANZ={xp_1,9n}}
Da={Aecd :ANZ={y,1,%n}}
Ds = {{xn—2,Yn—1,%n}}
D6 = {{yn—2:%n—1,¥n}}

Define the families & = 61U (21 — {x,}) and ¥ = 6, U (%, — {yn}). Then
both& C 77 1(G")and # C g 1(G").

Proposition 2.3.3. The family &( ) is a disjoint union of €1 and 2, — {x, }(¢>

and P, — {yn}) and is intersecting.

Proof. We prove the proposition for &. The proof for .# follows similarly. Each
D € 9, —{x,} contains x,_,. However, no member in %] contains x,_. Thus, & is
a disjoint union. To show that it is intersecting, observe that % is intersecting since
for any C,C; € 61, C1 U {x,—1} and C, U {x, } are intersecting. Also, 2| — {x,}
is intersecting since each member of the family contains x,_. So, suppose C € €]

and D € 7, — {x,}. Then, CU{x,_;} and DU {x, } are intersecting. O

Proposition 2.3.4. If G = L,, where n > 4, then we have

|LZ3(G) > | 723G +2] £2(G") +2.

Proof. Each A € /x31 (G') is also a member of /x31 (G), containing neither x,, nor

yn. BEachA € _#3(G") contributes two members to _#> (G), AU{x,} and AU {y,}.

Also, {x1,%—1,Yn}s{X1,Yn—1,%n} € /x31 (G). This completes the argument. O
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We have

2 6
| = B+ ) 6|+ ) 17
i=1 i=1

6
= |2B|+|&|+|Z|+ ) |2 (2.4)
i=3

We consider two cases.

e P34 0and Z4 # 0.

In this case, we must have 73 = {{a,x,_1,yn}} and Zs = {{a,yn—1,x,}} for
some a ¢ {y,—2,x,—2} and hence, |Z3| = |Z4| = 1. Also P5 = D = 0. So,

using Equation 2.4, Propositions 2.3.3 and 2.3.4 and the induction hypothesis,

we have
6
| = |BI+|E|+ ||+ ) %]
i=3
< |G +2] 7N G) +2
< |7 (G)].

e Without loss of generality, we suppose that Z4 = 0. If 25 =0, then Y'2_, | 2| <
1, so we are done by Proposition 2.3.4. So, suppose |Z4| > 0. We again con-

sider two cases.

1. Suppose 61 =0 and 7, = 0.
We note that at most one out of Zs and %4 can be nonempty. We also
note that | 23| <2(n—3) and _#2(G") =2(n—3) — 1. So, using Propo-
sition 2.3.4
|| = |B|+|F[+]|25] +1
< LALG)+ATHE ) +2(n=3) +1

< | ZL(G)l.
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2. Suppose that either €1 # 0 or 21 # 0. Let C = {a,b} € € and D € .
We have CU {x,} N D # 0. So, we have D\ {y,,x,—1} = {a} or D\
{Vnsxn—1} ={b}.So, |Z3| <2.1f | 23| =2, then y,_» ¢ {a,b}, so s =
0. Also, 5 = 0 since 23 is nonempty. If | 73| < 1, then |Zs| < 1. Thus,
in either case, Y'9 |2;| < 2. Thus, using Equation 2.4 and Proposition

2.3.4, we are done. A similar argument works if &; is nonempty.
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Chapter 3

k-WISE INTERSECTION THEOREMS
A family .7 C ([’;]) is called intersecting if for any A,B € .%, AN B # (. Similarly,
call ¥ C (@) k-wise intersecting if for any Fy, ..., F; € %, ﬂle F; # 0. Frankl [28]

proved the following theorem for k-wise intersecting families.

(k—1)n
k

Theorem 1.4.1. Let % C ([’;]) be k-wise intersecting. If r <
-1
().

We generalize Frankl’s theorem in two directions. First, we formulate and prove

, then |7 | <

a stability version, which shows that every k-wise intersecting family contains an ar-
bitrarily large star, provided that its size is sufficiently close to the extremal number
("~1). Next, we will formulate a graph-theoretic generalization of Frankl’s theorem
and prove an analog of the theorem for k-wise intersecting families of vertex sets of

a perfect matching graph which are either independent or contain a maximum-sized

independent set.
3.1 Structure and Stability of k-wise Intersecting Families

The classical extremal problem is to determine the maximum size and structure of a
family on a given ground set of size n which avoids a given forbidden configuration
# . For example, the Erd6s-Ko-Rado theorem finds the maximum size of a set
system on the set [n], which does not have a pair of disjoint subsets. Often only a
few trivial structures attain this extremal number. In case of the EKR theorem, the
only extremal structure when r < 7 is that of a star in ([’ﬂ). A natural further step is
to ask whether non-extremal families which have size close to the extremal number
also have structure similar to any of the extremal structures. This approach was

first pioneered by Simonovits [56] to answer a question in extremal graph theory



and a similar notion for set systems was recently formulated by Mubayi [50]. We
will adopt the definition of stability from Mubayi [50] to formulate the notions
of weak stability and strong stability for the properties of intersection and k-wise
intersection for set systems. We state the definitions for the intersection property

below.

Definition 3.1.1 (Weak Stability). Let r > 2. Then for every € > 0, there exists
no = no(€,r) and 8 > 0 such that the following holds for all n > ny: if F C (@)

n—1

is intersecting and |.F| > (1—8) (",

(1-e)(12)).

) then there exists a v € [n] such that |.F,| >

Definition 3.1.2 (Strong Stability). Let 1 < r < n/2. Then for every € > 0, there
exists 0 > 0 such that if F C ([Z]) has the intersecting property and |.%| > (1 —

5) (nfl)’ then there exists a v € [n] such that |.%,| > (1 —¢€) (n71>'

r—1 r—1

Typically, we ask questions of this nature for monotone properties of set sys-
tems. Informally, a property & is said to be monotone if for any .7, if o/ has
property & and & C of, then % has property & as well. Weak stability is true for
a monotone property of set systems if it can be proved for set systems where the
uniformity is a constant and the number of vertices is comparatively much larger.
Strong stability on the other hand holds for a property if it can be proved when the
uniformity of a set system/hypergraph is comparable to the size of ground set, and
results of this type are harder to prove.

For the k-wise intersection property, the definition of weak stability remains
unchanged. In fact, it is sufficient to prove weak stability for intersecting families,
as k-wise intersecting implies intersecting. For strong stability, the range of values r
can take is bigger for k-wise intersection, in particular we have 1 < r < (k— 1)n/k.

It turns out that proving weak stability for intersecting families (and as a result,
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k-intersecting families) is fairly easy. One possible approach involves invoking the

Hilton-Milner theorem, but we present an even simpler proof below.

Theorem 3.1.3. Let r > 2. Then there exists a ng = no(r) and 6 > 0 such that the
following holds for all n > ny: if F C ([ }) is intersecting and |.%| > (1 —0) (':j)

then % is a star.

Proof. Letr > 2. Choose ny and 8 > 0 such that :—3 >> nio >> 0. Now suppose .7
is a non-star intersecting family. We will show that |.Z| < (1—8) ("~ }) Since there
is no element which lies in all sets of .%#, there exist three sets A, B,C € .% which
are pairwise intersecting but with ANBNC = 0. This gives [AUBUC| < 3r— 3.
Now any other set in .% intersects AUBUC in at least 2 elements, since there is no
element which lies in all 3 sets. This gives us the following upper bound on the size
F | F| <3+ (3r 3)( ) It can be verified that since rl3 >> i >> 0, we get
3+ ( ) ("~ %) (1-6)("- ), which completes the proof of the theorem. O
Strong stability results for the Erd6s-Ko-Rado theorem are considerably harder
to prove, but results of this nature for intersecting families have recently appeared,

due to Dinur-Friedgut [17], Keevash [40], Keevash-Mubayi [41] and others. We

will prove the following strong stability result for k-wise intersecting families.

Theorem 1.5.2 For some k > 2, let 1 <r < (k= ) , and let F (["]) be a k-wise in-
tersecting family. Then for any 0 < € < 1, there exists a0 < & < 1 such that if |.%| >
(1-9) (’r’:ll) then there is an element v € |n| such that |.% (v)| > (1 —¢€) (f:})
We note that for k > 2, .# is k-wise intersecting implies that it is intersecting.
Hence if r < n/2, the results obtained in the papers mentioned above suffice as sta-

bility results for Theorem 1.4.1. Consequently, the main interest of our theorem is
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in the structural information about large k-wise intersecting families that it provides

when r is much closer to n, more specifically when n/2 < r < (k— 1)n/k.
Proof of Stability

Suppose .F C (['r’]) is a k-wise intersecting family, with r < @ Forany 0 < & <

l,let5:2

m and suppose |.Z | > (1 —9) (ﬁj) We will show that .% contains

a large star.

Katona-type Lemmas for k-wise Intersecting Families

In this section, we will prove some Katona-type lemmas which we will employ
later in the proof of the main theorem. We introduce some notation first. Consider a
permutation ¢ € S, as a sequence (6 (1),...,0(n)). We say that two permutations
i and 7 are equivalent if there is some i € [n] such that w(x) = pu(x+1i) for all
x € [n]. Note that addition is carried out modulo n; more precisely, x + i is either
x+1ior x+i—n, depending on which lies in [n]. Let P, be the set of equivalence
classes, called cyclic orders on [n]. For a cyclic order ¢ and some x € [n], call the set
{o(x),...,0(x+r—1)} a o-interval of length r starting at x, ending in x+r— 1,
and containing the points (x,x+ 1,...,x+r — 1) (addition again mod n). Denote
this interval by /5 ,(x). The following lemma is due to Frankl [26]. We include the

short proof below as we will build on these ideas in the proofs of the other lemmas.

Lemma 3.1.4 (Frankl). Let ¢ € P, be a cyclic order on [n], and .F be a k-wise

b
intersecting family of c-intervals of length r < (k — 1)n/k. Then, | 7| <r

Proof. Let #¢ ={[n|\F : F € Z}. Let |[Z#| = |#¢| =m. We will prove that
m < r. Since r < (k— 1)n/k, we have n < k(n—r). Suppose Gy,...,G € F¢.
Clearly U*_,G; # [n]; otherwise N*_,([n] \ G;) = 0, which is a contradiction. Let
G € Z°. Without loss of generality, suppose G ends in n. We now assign indices
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from [1,k(n—r)] to sets in .%#¢. For every set G’ € %\ {G}, assign the index x
to G’ if G’ ends in x. Assign all indices in [n,k(n — r)] for G. Consider the set of
indices [k(n — r)] and partition them into equivalence classes mod n — r. Suppose
there is an equivalence class such that all k indices in that class are assigned. Let
{Hi}ic| be the k sets in 7 which end at the k indices in the equivalence class. It
is easy to note that Uf.‘lei = [n], which is a contradiction. So for every equivalence
class, there exists an index which has not been assigned to any set in .. This
implies that there are at least n — r indices in [k(n — r)] which are unassigned. Each
set in .#¢\ {G} has one index assigned to it, and G has k(n —r) —n+ 1 indices
assigned to it. This givesus m —1+k(n—r) —n+1+n—r < k(n—r), which

simplifies to m < r, completing the proof.

We will now characterize the case when |.% | = r, in the following lemma.

Lemma 3.1.5. Let 6 € P, be a cyclic order on [n], and let & be a k-wise intersect-
ing family of intervals of length r < (k— 1)n/k. If |%| = r, then F consists of all

intervals which contain a point x.

Proof. As in the proof of Lemma 3.1.4, we consider .% ¢ and assume (without loss
of generality) that there exists F € .%#“ which ends in n. It is clear from the proof of
Lemma 3.1.4 that if |.%| = r, there are exactly n — r indices in [k(n — r)], one from
each equivalence class, which are not assigned to any set in .%¢. Since F ends in n,
all indices in [n,k(n — r)] (and there will be at least 2) will be assigned. It will be
sufficient to show that the set of unassigned indices is /5 ,—,(x) for some x € [r], as
this would imply that every set in .%# contains x.

Let x be the smallest unassigned index in [n — 1]. Clearly x < r. Let x =

jmodn —r. We will show that x 4 i is unassigned for each 0 <i <n—r—1.
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We argue by induction on i, with the base case being i = 0. Let y = x 4 i for some
1 <i<n—r—1. Suppose y is assigned and Y is the set in .7 that ends in y. We
know by the induction hypothesis that y — 1 is unassigned, so every other index in
the same equivalence class as y — 1 is assigned. Call this equivalence class E,_;.
Consider all indices in E,_; which lie in (y — 1,n] and let I; be the set of these
indices, all assigned. Similarly, consider all indices in E,_; which lie in [1,y — 1)
and call this set . Let I, = {j+ 1 : j € L }. I, contains indices in the same equiv-
alence class as y, and are assigned (as they are all less than x and x is the smallest
unassigned index). Let J = I} U}, and since J contains only assigned indices, let
A be the subfamily of .7 ¢ to which indices in J are assigned. Let p be the largest
index in /; and let ¢ be the smallest index in 7}. Since n < k(n —r), the set which
ends in g contains p+ 1. The family .7# U {Y } has at most & sets, and the union of

all sets in this family is [n]. This is a contradiction. Thus y is unassigned.

k—1
Now let & C (@) be a k-wise intersecting family for some r < Q For

each cyclic order o € P, let %4 be the subfamily of sets in .% that are intervals in
o. We say that o is saturated if |.%s| = r; otherwise call it unsaturated. By Lemma
3.1.5, if o is saturated, all sets in .% contain a common point, say v, so call o
v-saturated to identify the common point.

For i < n, define an adjacent transposition A; on a cyclic order ¢ as an operation
that swaps the elements in positions i and i+ 1 (i+ 1 =1 if i = n) of 0. We are now

ready to prove our next lemma.

(k—1)n
k

Lemma 3.1.6. For a k-wise intersecting family % C ([':]) with r < , let

O € P, be a v-saturated cyclic order. Let | be the cyclic order obtained from ¢ by
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an adjacent transposition A;, i € [n]\{v,v—1} (v—1=nifv=1). If U is saturated,

then it is v-saturated.

Proof. Without loss of generality (relabeling if necessary), assume o is n-saturated,
so 1 <i<n—2. Let u be saturated. As before, we consider the family of comple-
ments .%# ¢ and observe that the interval /5 ,—(n) contains all the n — r unassigned

indices.

e Supposei € (n—r—1,n—1). Let A=1,,_,(i+1) and let A end in index
j=i+n—r. Clearly, j #n—r— 1. Suppose first that j € (n—r— 1,n). Then
all indices in the interval I, ,—,(n) are still unassigned, so u is n-saturated.
Next we argue that if j € [I,n—r—1), j cannot be an assigned index. This is
because all the indices in the set {n} U[1,j) U (j,n—r— 1] are unassigned in
u, and by Lemma 3.1.5, all the unassigned indices in a saturated order occur
in an interval of length n —r. So assume j = n and suppose j is assigned.
By Lemma 3.1.5, the index n — r will be unassigned, which is only possible
if i =n—r (otherwise Iy, (1) = I ,—r(1)). This implies that n = 2(n —r)
and hence k£ > 3. Now consider the following intervals, all of which are sets
in 7 I n—r(1), Is y—r(n—r) and Iy ,_,(n —r+1). The union of these three

sets is [n], a contradiction.

e Suppose i =n—r— 1. As before, the only possibilities to consider are when
either n or n —r — 1 are assigned indices in . Suppose 7 is assigned in U.
This means that i + 1 = n — r is unassigned in i, by Lemma 3.1.5. However
this is not possible since I ,—r(1) =I5 ,—(1). So suppose n—r —1 is as-
signed in . By Lemma 3.1.5, n — 1 is unassigned in . This is only possible
if the interval ending in n — 1 starts at i 4+ 1. This means n = 2(n — r) and an

argument identical to Case 1 suffices.
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e Suppose i € [I,n—r—1). Now I ,_r(n) = Iy n—r(n), so n —r—1 is unas-
signed in it. Hence assume  is assigned in . Then the interval 7 ,(i+ 1)
ends in n and is a set in .#¢. Clearly, the union of this set with /5, (1),

which is also a set in .7, is [n], a contradiction.

Cayley Graphs

In this small section, we gather some facts about expansion properties of a specific
Cayley graph of the symmetric group. We will consider the Cayley graph G on
Su—1 generated by the set of adjacent transpositions A = {(12),...,(n—2n—1)}.
In particular, the vertex set of G is S,,—; and two permutations ¢ and u are adjacent
if 4 = o oa, for some a € A. We note that the transposition operates by exchanging
adjacent positions (as opposed to consecutive values). G is an n — 2-regular graph.
It was shown by Keevash [40], using a result of Bacher [3], that G is an a-expander
for some o > n%, i.e. forany H C V(G) with |H| < @, we have N(H) > a|H| >
‘f—J, where N(H) is the set of all vertices in V(G) \ H which are adjacent to some
vertex in H.

Proof of Main Theorem

Proof of Theorem 1.5.2. We will finish the proof of Theorem 1.5.2 in this section.
We can identify every cyclic order in P, with a permutation ¢ € S, having ¢ (n) = n.
Restricting ¢ to [n — 1] gives a bijection between P, and S,,_;. Let U be the set of

unsaturated cyclic orders in P,. We have

rin—r)l|Z| = Z|320|
och,
< ) Ul
och,
= r(n—1)!—|U|.
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This gives us [U| < r(n—1)! —rl(n—r)!(1— 5)(’::%) =rd(n—1)!, implying that

there are at least (1 —rd)(n — 1)! saturated orders in P,.
We now consider the Cayley graph G defined above, with the vertex set being P,
and the generating set being the set of adjacent transpositions A = {(12),...,(n—

2n—1)}. Suppose S is a subset of saturated cyclic orders. We can use the expansion

18|
(n—1)!

property of G to conclude that if n°r§ < < 3, we get N(S) > [S|/n > ré(n—
1)!. This means that there is a saturated cyclic order in N(S). We will use this
observation to show that the subgraph of G induced by the set of all saturated cyclic
orders, say H, has a large component. Consider the set of all components in H.
Now a component in H can be either small, i.e. have size at most n’r&(n—1)! or
be large, i.e. have size bigger than (n— 1)!/2. Clearly there can be at most one large
component. We argue that the total size of all small components is at most 7378 (n—
1)!. Suppose not. Let S’ be the union of (at least 2) small components such that
wré(n—1)! <|8'| <2n*r8(n—1)! < (n—1)!/2. Now using the above observation,
Ny (S') is non-empty, a contradiction. Thus there is a large component of size
at least (1 —n’r8)(n—1)!. Call this component H’. Suppose o is a v-saturated
cyclic order in H'. By Lemma 3.1.6, every cyclic order in H’ is v-saturated. Thus,
Pl (n—r)Z W) > Yoen | Fo| > r(1 —rd —n*rd)(n—1)!, which gives |.%# (v)| >

1 .
(1—£)(""]), since § = —2m(’f3+1). O

Remark: The proof of Theorem 1.5.2 also contains a proof of the structural
uniqueness of the extremal configurations for Theorem 1.4.1 when r < (k— 1)n/k.
This can be easily observed by putting € = 0 in the statement of the theorem, or by
just using Lemmas 3.1.4, 3.1.5 and 3.1.6. We note that the original proof by Frankl
in [28] did not include this structural information. However in [26], Frankl gave

another proof of Theorem 1.4.1 using the Kruskal-Katona theorem, which includes
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the characterization of the extremal structures for r < (k — 1)n/k when k > 3 and
r < (k—1)n/k when k = 2. An alternate proof of this characterization is also given

by Mubayi and Verstraete [52].
3.2 k-wise Intersecting Vertex Families in Graphs

Next, we consider a graph-theoretic generalization of Theorem 1.4.1. For a graph
G (with vertex set and edge set denoted by V(G) and E(G) respectively) and
r>1, let #7(G) denote the set of all independent vertex sets of size r. Let
A" (G) denote the family of all vertex sets of size r containing a maximum in-
dependent set and let J#"(G) = 7"(G)U.#"(G). For a vertex x € V(G), let
] (G) ={A € " (G) : x € A}. Define #](G) and .#](G) in a similar man-
ner. Henceforth we will consider the perfect matching graph on 2n vertices (and
n edges), and denote it by M,,. Note that |JZ(M,)| = 2! (’;:%) when r < n and
| (My,)| = 22”_r(rf;11) 4-22n—r-1 (:’:]i), when r > n. We will consider k-wise
intersecting families in ¢ (M, ), and prove the following analog of Frankl’s theo-
rem.

k—1)(2
Theorem 1.4.3 For k > 2, let r < (—k)(n)’ and let & C " (M,) be k-wise

intersecting. Then,

2r71 n—1 ifr <n, and
‘ngl < (r—l) f <
22n_r(rf;ll) + 22— (::]1) otherwise.
(k—1)(2n) ‘ ‘ o )
Ifr< T then equality holds if and only if % = A (M,) for some x €
V(Mp).

It 1s not hard to observe that the kK = 2 case of Theorem 1.4.3 is Theorem 1.4.4
of Bollobas and Leader [6].

Theorem 1.4.4 Let 1 <r <n, and let # C JZ"(M,) be an intersecting family.
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Then, || < 2! (’;j) If r < n, equality holds if and only if # = ¢! (M,) for

some x € V(M,).

Note that if » < n, then " (M,,) = #"(M,) and .#"(M,) = 0. Similarly if r >
n, A" M,) = A" (M,) and #"(M,) = 0. In the case r = n, we have 5" (M,) =
I (My) = 4" (M,). We also observe that the main interest of our theorem is in the
case r > n for the bound and r > n for the characterization of the extremal structures.
This is because of the previously fact that if a family .# is k-wise intersecting

(k > 2), it is also intersecting.

A k-wise Intersection Theorem for Perfect Matchings

Let V(M,) ={1,2,...,2n}, and let E(M,)) = {{1,n+ 1},{2,n+2},...,{n,2n}}.
Call two vertices which share an edge as partners. We consider cyclic orderings
of the set V(G), i.e. a bijection between V(G) and [2n]| with certain properties. In
particular, call a cyclic ordering of V(G) good if all partners are exactly n apart
in the cyclic order. More formally, if ¢ is a bijection from V(G) to [2n], ¢ is a
good cyclic ordering if for any i € [n], c(i+n) = c(i) +n (modulo 2n, so ¢(i+n) =
c(i) —n if ¢(i) > n). It is fairly simple to note that the total number of good cyclic
orderings, regarding cyclically equivalent orderings as identical, is 2"~ (n — 1)!.
Every interval in a good cyclic ordering will be either an independent set in M,, (if
r < n) or contain a maximum independent set (if » > n). Now let % C " (G) be
k-wise intersecting for r < (k;k)(zn) Using an argument identical to the proof of
Lemma 3.1.4, we can conclude that for any good cyclic ordering ¢, there can be
at most r sets in .# that are intervals in c¢. For a given set F € .%, in how many
good cyclic orderings is it an interval? The answer depends on the value of r.
Suppose r < n. In this case, F is an interval in r!(n—r)!2"~" good cyclic orderings.

Thus we have |.Z|rl(n—r)12""" < r(n—1)12""!, giving |#| < ("2])2"~'. Note
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that this bound also follows directly from Theorem 1.4.4, since r < n implies that
H"(My) = _#"(G). Now suppose r >n. Then 7" (G) =0 and 57" (G) = .#"(G).
We can think of each set in .% as containing both vertices from » — n edges, and
exactly 1 vertex each from the remaining 2n — r edges. Hence the number of good
cyclic orders in which a set F € .% is contained is (2n—r)!(r —n)!2"7". This gives

us the following inequality.
r(n—1)12""1
~ (2n—r)(r—n)l2r—n
n(n—1)122"=1  (r—p)(n—1)1227"1
(2n—r)!(r—n)! 2n—r)!(r—n)!

_ ( n )22n—r—1 + ( n—1 )22n—r—1
r—n r—n—1
n—1 2n—r—1 n—1 2n—r—1 n—1 2n—r—1
= | 2 + 2 + | 2
r—n— r—n r—n—
— 22n—r n—1 + 22n—r—1 n—1
r—n—1 r—n)’

This completes the proof of the bound. We will now prove that the extremal families

Ed

are essentially unique. Suppose that r < ]

(k— 2)(271) and |ﬁ| _ 22n—r( n—1 >+

22n7r71 (nfl

r_n). Then for each good cyclic ordering c, there are exactly r sets from

Z that are intervals in ¢. Using Lemma 3.1.5, we can conclude that each good
cyclic ordering is saturated. To simplify the argument, and because Theorem 1.4.4
suffices when r < n, we henceforth assume r > nso k>3 and 2n—r < n.

Consider the good cyclic ordering 7 defined by (i) =i for 1 <i < 2n and
assume without loss of generality that it is 2n-saturated. Since the number of good
cyclic orderings are 2"~ !(n — 1)!, we will identify all good cyclic orderings with
bijections o from [2n] to itself that satisfy o(n) =n and 6 (2n) = 2n.

For each permutation p € §,_1, define the following good cyclic ordering o
on 2n]: for 1 <i<n—1,leto(i)=p(i) and forn+1<i<2n—1, let (i) =

p(i—n)+n. Also let o(i) =i if i € {n,2n}. Denote the set of good cyclic orders
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obtained from permutations in S,,_1 in this manner by C,,_;. Now for 1 <i<n—2,
define an analogous adjacent transposition 7; for any good cyclic ordering ¢ as an
operation that swaps the elements in positions i and i+ 1 and also the elements in
positions i +n and i +n+ 1 of o, so the resulting cyclic ordering, say U, is also a
good cyclic ordering. Note also that if o € C,_1, then u € C,_;. We now prove
a lemma that is similar to Lemma 3.1.6. The proof will be very similar to that of
Lemma 3.1.6, so we will omit many of the details. As before, for x,/ € [2n], let
I 1(x) be the interval of length [ in the good cyclic ordering o that begins in x, ends
in x+/— 1 and contains the elements o (x),...,o(x+1—1).

(k—1)(2n)
k ’
let o be a 2n-saturated good cyclic ordering. Let [l be the good cyclic order ob-

Lemma 3.2.1. For a k-wise intersecting family F C " (M), withr <

tained from & by an adjacent transposition T;, i € [n—2|. If W is saturated, then it

is 2n-saturated.

Proof. As in Lemmas 3.1.4, 3.1.5 and 3.1.6, we again consider the family of com-
pliments of sets in .%, denoted by .#¢, that are intervals in 6. By Lemma 3.1.5,
we know that /5 5, -(2n) (wWhich ends in 2n — r — 1) contains all of the 2n — r unas-
signed indices. Now let 7; be an adjacent transposition for 1 < i <n—2. Recall that
T; swaps elements in position i and i+ 1, and also the elements in positions i +n
and i +n+ 1. Suppose U, obtained from o by 7; is saturated, but not 2n-saturated.

We consider the following cases.

e Suppose i =2n—r— 1. In this case, 2n cannot be an assigned index in U since
that would mean 2n — r is unassigned in . This would be a contradiction
because I52,—r(1) = I 24—r(1). So suppose 2n — r — 1 is assigned, implying
that 2n — 1 is unassigned in . This means that the interval /5 ,—,(3n — )

ends in 2n — 1, giving 3n = 2r (and hence, 2n — r = n/2). This yields k >
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5. Now consider the following sets: 1, ,,/2(2n), I5,/2(1), I n/2(n/2 + 1),
I5np(n+1) and I, 5 (3n/2). All of these are sets in . and their union is

[2n], a contradiction.

e Supposei € [1,2n—r—1). In this case we have I 2,—(2n) = I 2,—(2n) and
Ison—r(1) = Iy 24—r(1), s0 2n — r — 1 is an unassigned index in y and 2n —r
is assigned. This implies by Lemma 3.1.5 that the interval of unassigned

indices remains unchanged in u, as required.

e Suppose i € (2n—r—1,n—1). Here I52,—,(2n) = Iy 2,—(2n), so suppose
2n is assigned in y. This means that 2n — r is unassigned in u, implying
i =2n—r. Since 2n is assigned in i, we have (i+n+1)+(2n—r—1) =2n,
which yields i = r —n. Hence 3n = 2r and k > 5. Now consider the follow-
ing 5 intervals, all sets in 7 I, ,,n(3n/2+ 1), I 5/2(1), 15 n/2(n/2 4 1),
I5/2(n+1) and I5,/5(3n/2). The union of the 5 sets is [2n], a contradic-

tion.

Now for 1 <i <n, define a swap operation W; on a good cyclic ordering ¢ as an
operation that exchanges the elements in positions i and n + i of o, so the resulting
cyclic order is also good. We will now prove the following lemma about the swap

operation.

(k—1)(2n)
k ’

let o be a 2n-saturated good cyclic ordering. Let [l be the good cyclic order ob-

Lemma 3.2.2. For a k-wise intersecting family F C 7" (M) withn < r <

tained from o by the swap W,_1. If W is saturated, then it is 2n-saturated.

Proof. We first observe that n < r implies k > 3. We consider two cases for the

proof. As before, /5 2,—»(2n) contains all the unassigned indices.
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e Suppose r =n+1,502n—r=n—1. Now Is2,—,(2n) = I 2,—r(2n), s0
2n —r — 1 is still unassigned in u. This implies that 2n is assigned in u and
2n —r = n—1 is unassigned. Now consider the following three intervals:
Isn—1(1), Iy p—1(3) and I, ,—1 (n+2). All 3 sets lie in ., and their union is
[2n], a contradiction. We note here that the argument assumes n > 4. If n <3

and r =n+1, we have k > 4 and a trivial ad hoc argument suffices.

e Suppose n — 1 > 2n —r. Now the intervals of length 2n — r ending at the
points in the interval [2n —r — 1,n — 1) (which has length at least 2) are the
same in both ¢ and u. In other words, 2n —r — 1 is unassigned in 4 and
all the other indices in the interval are assigned. This means that the set of

unassigned indices remains unchanged in u, as required.

We are now ready to finish the proof of Theorem 1.4.3. We consider two cases,
r =n and r > n, since the proofs are slightly different. Suppose first that r > n.
Since every good cyclic ordering is saturated (and since we have assumed that 7 is
2n-saturated), we can use Lemmas 3.2.1 and 3.2.2 to infer that every good cyclic
ordering is 2n-saturated. To finish the proof of this case, we will show that each set
in s (M,) is an interval in some such good cyclic ordering. Let A € J7 (M,).
Then A contains r — n edges (i.e. both vertices in r — n edges) and 2n — r other ver-
tices, one each from the other 2n — r edges. Suppose first that n € A, so A contains
the edge {n,2n}. Let the other r —n— 1 edges be {{x1,y1},....{xr—n—1,Yr—n—1}}
with each x; € [n— 1] and each y; € [n+1,2n—1]. Let L= {ly,...,l»,_,} be the
set of the remaining 2n — r vertices in A. We now construct a good cyclic ordering
o in which A is an interval. To define o, it clearly suffices to define values of o (i)

for1<i<n—1.Soforl1 <i<r—n—1,letco(i)=x;andfor 1 <i<2n—r,let
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o(i+r—n—1) =1, Here the o-interval of length r, ending at index r — 1, is pre-
cisely A. Now suppose thatn ¢ A. Let the r—n edges be {{x1,y1 }, ..., {xr—n,yr—n}}
and let L = {ly,...,lp,—,—1} be the other 2n —r — 1 vertices (excluding 2n). A
good cyclic ordering ¢ in which A is an interval can be constructed as follows: for
1<i<2n—r—1,leto(i)=1andfor2n—r<i<n—1,let (i) = Xi—(2n—r—1)-
In this case, the o-interval of length r ending at index n — 1, is A.

For r = n, we observe by Lemma 3.2.1 that every good cyclic ordering in C,,_;
is 2n-saturated. Again, we will show that every set in % (M,) is an interval in
some 0 € C,_1. Let A € J& (M,). Note that A is a maximum independent set in
M, and contains no edges. Let V. =AN[n—1], |V| =3, for some s < r and let
W =A\{VUu{2n}}. LetV ={vy,...,vs} and W = {wy,...,w,_;_}. Construct a
good cyclic ordering 6 € C,,_; as follows: for 1 <i <, define 6(i) = v;, and for
s+1<i<r—1,seto(i) =w;_s—n. Then the o-interval of length r, ending at s,

is A. This completes the proof of the theorem. [

65



Chapter 4

CROSS-INTERSECTION THEOREMS FOR GRAPHS

Consider a collection of k subfamilies of 2/, say ,...,%. Call this collec-
tion cross-intersecting if for any i, j € [k] with i # j, A € </; and B € /; implies
ANB # 0. Note that the individual families themselves do not need to be either non-
empty or intersecting, and a subset can lie in more than one family in the collection.
We will be interested in uniform cross-intersecting families, i.e. cross-intersecting
subfamilies of ([’r’]) for suitable values of r. There are two main kinds of prob-
lems concerning uniform cross-intersecting families that have been investigated, the
maximum product problem and the maximum sum problem. One of the main results
for the maximum product problem due to Matsumoto and Tokushige [45] states that
for r <n/2 and k > 2, the product of the cardinalities of k cross-intersecting sub-
families {7, ..., %%} of (Vr‘}) is maximum if @] = --- = o, = {A C ([2]) tx €A}
for some x € [n].

We will be more interested in the maximum sum problem, particularly the fol-
lowing theorem of Hilton [31], which establishes a best possible upper bound on
the sum of cardinalities of cross-intersecting families and also characterizes the ex-
tremal structures.

Theorem 1.6.1. Let r <n/2 and k > 2. Let &,. .., be cross-intersecting sub-

families of ([ﬁ]), with @i # 0. Then,

(") ifk<n/r, and

|| 1
i k(")) ifk>n/r.

IN

-

1

If equality holds, then

1. o) = ([ﬁ]) and <; = 0, for each 2 < i <k, ifk<2,
-



2. || = (':le)for eachi € [k] if k > E, and
r
3. thl,-u,Jafkareasincase1or2ifk:2 > 2.
,

It is simple to observe that Theorem 1.6.1 is a generalization of the Erdds-Ko-
Rado theorem [21] in the following manner: put k > n/r and let @ = --- = 7,

There have been a few generalizations of Hilton’s cross-intersection theorem,
most recently for permutations by Borg ([8] and [9]) and for uniform cross-intersecting
subfamilies of independent sets in graph M,, which is the perfect matching on 2n
vertices, by Borg and Leader [11]. Borg and Leader proved an extension of Hilton’s
theorem for signed sets, which we will state in the language of graphs as we are
interested in formulating a graph-theoretic analogue of Theorem 1.6.1 similar to
the one developed in [34] for Theorem 1.1.1. For graph G, let ¢ (r )(G) be the
family of all independent sets of size r in G. Also for any vertex x € V(G), let
JIG)={A€ F7(G):xeA}.
Theorem 1.6.2 Let r <nandk > 2. Let o\, ..., % C _#"(M,) be cross-intersecting.

Then

k m2r fk <2 d
Z o < ™) ifk<2n/r, an
i=1 k('rlj)zr—l ifk>2n/r.

Suppose equality holds and <7y # 0. Then,
1. If k <2n/r, then oy = ¢"(M,) and otr = --- = o) =0,
2. Ifk>2n/r, then for some x € V(My,), oy =--- = o = ZI(M,), and
3. Ifk=2n/r>?2, then o,,..., % are as in either of the first two cases.

In fact, Borg and Leader proved a slightly more general result with the same
argument, for a disjoint union of complete graphs, all having the same number of

vertices s, for some s > 2. We consider extensions of this result to any disjoint
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union of complete graphs. Let G be a disjoint union of complete graphs, with each
component containing at least 2 vertices. We first prove a theorem which bounds
the sum of the cardinalities of cross-intersecting subfamilies 7, ..., o% of 7" (G)

when £ is sufficiently small.

Theorem 4.0.3. Let Gy,...,G, be n complete graphs with |G;| > 2 for each 1 <
i <n. Let G be the disjoint union of these n graphs and let r < n. For some 2 < k <

min}_{|G;

}olet o, ..., C _Z7(G) be cross-intersecting families. Then,

k
Yl <|.7G).
i=1
This bound is best possible, and can be obtained by letting <t1 = 7" (G) and <5 =
=ty = 0.

Cross-intersecting pairs

We now restrict our attention to cross-intersecting pairs in _7"(G), i.e. we fix

k = 2. The following Corollary of Theorem 1.6.2 is immediately apparent.

Corollary 4.0.4. Let r < n. Let (o/, %) be a cross-intersecting pair in 7" (Mp).
Then,
ot |+ |B| < 2" (”)
r

If r < n, then equality holds if and only if o = " (M,) and % = 0 (or vice-versa).

We give an alternate proof of Corollary 4.0.4. The bound in the statement of
Corollary 4.0.4 will follow immediately from Theorem 4.0.3, while the Theorem
1.4.4 of Bollobas and Leader [6] is used to characterize the extremal structures. The

following corollary can also be directly obtained from Theorem 4.0.3.

Corollary 4.0.5. Let r < n and suppose (/,9) is a cross-intersecting pair in

J"(G), where G is a disjoint union of n complete graphs, each having at least
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2 vertices. Then ||+ |#| < | _#"(G)|. This bound is best possible, and can be
attained by letting o = ¢"(G) and B = 0.

We now consider this problem for a larger class of graphs, namely chordal
graphs, but with a slightly stronger restriction on r. As defined before, let 4 = u(G)
be the minimum size of a maximal independent set in G. We prove the following

theorem for chordal graphs.

Theorem 4.0.6. Let G be a chordal graph and let r < u(G) /2. Then for any cross-

intersecting pair (<, A8) in _J7"(G), ||+ |%B| < | 7"(G)|.

We conjecture that the statement of Theorem 4.0.6 should hold for all graphs.

Conjecture 4.0.7. Let G be a graph and r < u(G)/2. If (o/,%) is a cross-
intersecting pair in 7" (G), then |/ |+ |B| < | Z"(G)|.

We end by proving Conjecture 4.0.7 when G = C,, the cycle on n > 2 vertices
(defining C,, to be a solitary edge when n = 2), which is non-chordal when n > 4.

In fact we prove the following stronger statement.

Theorem 4.0.8. Forr> 1, n> 2, and any cross-intersecting pair (<, #) in _7"(Cy),
|| +[B] <[ 77(G)|.

The main tool we use to prove Theorems 4.0.6 and 4.0.8 is the shifting tech-

nique, appropriately modified for the respective graphs.
4.1 Disjoint union of complete graphs

We start by giving a proof of Theorem 4.0.3. We will use a strategy of Borg [8] in
conjunction with Theorem 2.0.8. The strategy is to construct an intersecting family
from a collection of cross-intersecting families and obtain the cross-intersection

result by invoking Theorem 2.0.8, the full statement of which we recall below. We
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require Theorem 2.0.8 by Holroyd, Spencer and Talbot [34], the full statement of
which we recall below.
Theorem 2.0.8. Let G be a disjoint union of n > r complete graphs, each on at

least 2 vertices. If &/ C _#7(G) is intersecting, then |/ | < max,cy(g)| Zx (G)|-

Proof of Theorem 4.0.3. Let G be a disjoint union of n complete graphs Gy, ...,G,
with |G;| > 2 for each i € [n]. Let «7],..., 4 be cross-intersecting subfamilies of
J7(G),withr <nand 2 <k <min?_{|Gi|}.

We create an auxiliary graph G’ = GU G, where G, = K}, the complete
graph on k vertices and V(G,41) = {v1,...,w}. Let V(G') = V(G) UV (Gp41) and
E(G') =E(G)UE(Gy41). Foreach 1 <i<k,let o/ = {AU{v;}:A € o} Let

o' =\ . Cleatly, || =Y ||| =YK || and &' C _#™H(G'). We

now prove that .7’ is intersecting.

Claim 4.1.1. ./’ is intersecting.

Proof. Let A,B € o/'. If A,B € /! for some i € [k], then v; € AN B, so assume
A € o/ and B € o] for some i # j. For A=A\ {v;} and B’ = B\ {v;}, we have
A’ € o/ and B’ € «7;, which implies A’ "B’ # 0. This gives AN B # 0 as required.

o

Using Theorem 2.0.8 and Claim 4.1.1, we get || < | _#IT1(G')|, where x is
any vertex in a component with the smallest number of vertices. In particular we
canletx € V(G,41), since k <min’__, {|G;|}. This gives us | Z/"1(G)|=|_7"(G)|,

completing the proof of the theorem. O]

We can now use Theorem 4.0.3 to give the following short alternate proof of
Corollary 4.0.4. As mentioned before we require Theorem 1.4.4 to characterize the

extremal structures.
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Theorem 1.4.4 Let r < n and suppose o/ C " (M,) is intersecting. Then |.o/| <
2r—1 ('r’:}) If r < n, then equality holds if and only if o = #!(M,) for some
x €V (M,).

Proof of Corollary 4.0.4. 1t is clear that when k = 2, the bound in Corollary 4.0.4
follows immediately from Theorem 4.0.3. So suppose that r < n and | </ | + | %] =
2r ('rl) Assume o7’ is defined as in the proof of Theorem 4.0.3, so <7/ C /’“ (My11)
is intersecting. Let viv, be the edge added to M, to obtain M, ;. Now |&’| =
|| +|28| =2"("). By using the characterization of equality in Theorem 1.4.4,
we get &' = #I*t1(M, ) for some x € V(M,,1). But by the construction of .7’
every set in &/’ contains either vy or vy, so x € {vi,v2}. Without loss of generality,
let x = v;. This implies that no set in <7’ contains v,. Thus we get & = _#"(M,)

and # = 0. o
4.2 Chordal graphs

In this section, we prove Theorem 4.0.6. We begin by fixing some notation. For a
graph G and a vertex v € V(G), let G — v be the graph obtained from G by removing
vertex v. Also let G | v denote the graph obtained by removing v and its set of
neighbors from G. We now recall the characterization of chordal graphs, due to

Dirac [19].

Definition 4.2.1. A vertex v is called simplicial in a graph G if its neighborhood is

a cligue in G.

Consider a graph G on n vertices, and let 6 = [vy,...,Vv,] be an ordering of the
vertices of G. Let the graph G; be the subgraph obtained by removing the vertex

set {vy,...,vi_1} from G. Then o is called a simplicial elimination ordering if v; is
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simplicial in the graph G;, foreach 1 <i <n.
Theorem 2.1.3. A graph G is a chordal graph if and only if it has a simplicial
elimination ordering.

We state a lemma regarding the graph parameter . Note that the proof of this
fact appears in Chapter 2, so we present it here without proof.
Lemma 2.1.13. Let G be a graph, and let vi,v, € G be vertices such that N[v] C

N[vz]. Then the following inequalities hold:
1. u(G—v2) > u(G);
2 (G L) +1> u(G).

The following corollary is an easy consequence of Lemma 2.1.13.
Corollary 2.1.14 Let G be a graph, and let vi,v, € G be vertices such that N[v] C

N[vz]. Then the following statements hold:
L Ifr < 3u(G), then r < 3u(G —vy);
2. Ifr < Au(G), thenr—1 < L (G | vy).

We now proceed with the proof of Theorem 4.0.6. We do induction on r, the
base case being r = 1. Since u(G) > 2, G has at least two vertices so the bound
follows trivially. Let r > 2 and let G be a chordal graph with p(G) > 2r. We now
do induction on |V (G)|. If |V(G)| = u(G), G is the empty graph on |V (G)| vertices,
and we are done by Theorem 1.6.1. So let |V(G)| > u(G) > 2r. This implies that
there is a component of G, say H on at least 2 vertices. We know from the definition
of chordal graphs that any induced subgraph of a chordal graph is also chordal. So
by using Theorem 2.1.3 for H, we can find a simplicial elimination ordering in H.
Let this ordering be [vy,...,v;,| where m = |V (H)| and let viv; € E(H) for some

2 <i<m.Let o/ and 4 be a cross-intersecting pair in _#"(G).
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We define two compression operations fi; and g1 ; for sets in the families .«7
and % respectively. Before we give the definitions, we note that N[v;] C N|v;] and

that if A is an independent set with v; € A, then A\ {v;} U{v;} is also independent.

FLilA) = (A\{Vi}u{vl} ifvie AJ/A\{vi}U{v} ¢ &/, and
; A otherwise.
[ B\ () Un) i€ BB\ [} Ufn) ¢ 2, and
g1,i(B) =
B otherwise.

We define &’ = f1 (/) = {f1.i(A) : A € &/}. Also define %’ in an analogous
manner. Next, we define the following families for &7’ (the families for %’ are also

defined in an identical manner).

o ={Aed v €A},

o =o'\ o, and

o' ={A\{vi} : A€ o},

It is not hard to observe that || = |&'| = || + |<//| and |B| = |#'| =
| B!'| +|#!|. Consider the pair (<7, %!') and the pair (</, %}). We will prove the

following lemma about these pairs.
Lemmad.2.2. 1. (<", B") is a cross-intersecting pairin 7" 1(G | v).
2. (!, B) is a cross-intersecting pair in (G —v;).

Proof. 1. LetAc€ o/ and Be /. Then A =AU{v;} € & and B; = BU{v;} €
AB. Also, Ay = AU{v,} € o, otherwise A could have been shifted to A, by

f1,i. Since B NA; # 0, we get AN B # ( as required.
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2. LetA € ,Q_fi’ and B € ,%31’ If A€ o and B € 9B, we are done, so suppose
A ¢ /. Then we must have v| € o7. Assuming v| ¢ B, we get B € 4. Since
(A\{vi}U{vi}) € &, we have (A\ {vi} U{vi}) "B # 0, implying ANB # 0

as required.

We are now in a position to complete the proof of Theorem 4.0.6 as follows,
using Lemma 4.2.2. We can use Corollary 2.1.14 to infer that G — v; satisfies the

induction hypothesis for » and G | v; satisfies the induction hypothesis for r — 1.

| +12] = (|+|2])+ (1" | +]%])
< [ AG=v)+] G L)l
= [Z(G)].

The last equality can be explained by a simple partitioning of the family _#"(G)
based on whether or not a set in the family contains v;. There are exactly |_#" (Gl

v;)| sets which contain v; and |_#"(G — v;)| sets which do not contain v;. [J
4.3 Cycles

Proof of Theorem 4.0.8. As mentioned earlier, the main tool we use to prove Theo-
rem 4.0.8 is a shifting operation first employed by Talbot [60] to prove an EKR theo-
rem for the cycle. Proceeding by induction on r as before with r = 1 being the trivial
base case, we suppose r > 2 and do induction on n. The statement is vacuously true
when n € {2,3}, sosuppose n > 4. Let V(C,) ={1,...,n} and E(C,) = {{i,i+ 1} :
1 <i<n—1}U{{l,n}}. Suppose (=7, %) is a cross-intersecting pair in _#"(C,).
Consider the graph obtained by contracting the edge ¢; = {n— 1,n} in C,,. We will
identify this contraction by the function c¢ : [n] — [n — 1] defined by ¢(n) =n—1

(and c¢(x) = x elsewhere), so the resulting graph is C,_;. Similarly identify the
74



graph obtained from C,_; by contracting the edge e = {n—2,n— 1} as C,,_». We
define the following two subfamilies for «7. Let &/ = {A—{n}:n—2,n€Ac &}
and @5 ={A—{n—1}:n—1,1 € A€ &}. Define #; and %, similarly. Now no
set in either 7] or 4 contains 1. Similarly no set in either <% or %, contains n— 2.
Moreover, no set in any of the families <7, 2%, %), %, contains either n or n — 1.
This implies that <7, @4, 81, %, C 7" HCy—2). Let o] ={A € o/ :n—2,n € A}
and o) = {A e o/ :1,n—1¢€ A}, with | and HB) defined similarly. We consider
the families &* = & \ (& U o)) and B* = B\ (#B] U B)). Note that (7/*, B*)
is a cross-intersecting pair in _#"(C,). We will now define two shifting operations,

one for .o7* and one for Z* with respect to the vertices n and n — 1.

F(4) = (A\{n}U{n—l} ifneA,A\{n}U{n—1} ¢ &/* and
A otherwise.
(B\{n}U{n—l} ifne BB\ {n}U{n—1} ¢ #*, and
8(B) =
\ B otherwise.

Let f(&7*) ={f(A): A € &/*} and f(#*) = {f(B) : B€ #*}. As before, we
partition f(<7*) (and similarly, f(28*)) into two parts as follows. Let &' = {A €
f(*):n¢ A} and let o5 ={A—{n}:Ac f(*)\ &'}. We have &', B C
I (Cpo1). Also 73, %3 C /’*I(Cn,z) because for any set S € o3 U %3, SN
{1,n—1,n} =0. Let o/ = Uie3 # and B = Uiez) %i- We consider the pair
(o', %'") in _#"(Cy—1) and the pair (7, %) in _#"~1(C,_2). We first state and

prove some claims about these families.

Claim4.3.1. /. LetA € o3 Then AU{n—1} € &/*.

2. Let B€ $B3. ThenBU{n—1} € $*.
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Proof. Tt suffices to prove the claim for <7. We know that AU {n} € f(&/*). This
means that AU{n} € &/ and AU{n} was not shifted to AU{n— 1} by f, implying
AU{n—1} e & o

The next claim will show that .o/ = Uie3) #% and B = Uie[3 % are disjoint

unions.

Claim 4.3.2. 1. Foranyi,j€ 3| withi# j, @No;=0.
2. Foranyi,j€ [3] withi# j, BiNA;=0.

Proof. As before, it suffices to prove the claim for the .%’s. It is clear from the
definitions of 27| and % that 27| N.@% = 0. Since every (r— 1)-set in .27 is obtained
by removing n from an r-set, no set in .23 contains 1. So it remains to prove that
no set in 73 contains n — 2. By the previous claim we know that for any A € o7,

AU{n—1} € o/*. This gives n —2 ¢ A as required. o
Claim4.3.3. 1. (&', %) is a cross-intersecting pairin 7" (Cy_1).
2. (o, %) is a cross-intersecting pair in _#"1(Cp_2).

Proof. 1. Suppose A€ /' andBe #'. If A€ o/* and B€ %*,thenANB # 0
so suppose A ¢ 7. This givesn—1 € A. Assumen—1 ¢ Bso B € %#*. Since
A= (A\{n—1}U{n}) € &%, we have A| N B # 0, which gives ANB # 0.

2. Let A€ o/ and B€ %. So A € < and B € %; for some i, j € [3]. First
consider the case when i = j. Each set in .«7] and %, has n — 2, while each
set in @/ and %, has 1, so let A € o7 and B € #3. We have AU {n} € o7/
Also, BU{n—1} € #* by Claim 4.3.1, so (AU{n})N(BU{n—1}) # 0,
giving AN B # 0 as required. Next, let i # j. We only consider cases when

i < j, since the other cases follow identically. Suppose i =1 and j = 2. In
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this case we have (AU {n}) € o7, (BU{n—1}) € A, which gives ANB # 0.
If i =1 and j = 3, we again have AU {n} € &/ while Claim 4.3.1 implies
BU{n—1} € A, giving ANB # 0. Similarly for i =2 and j = 3 we have
AU{n—1} € o and BU{n} € .

The final claim we prove is regarding the size of 7" (C,).

Claim 4.34. |_77(C,)| = | Z"(Co1)|+| 27 HCo2)).

Proof. Consider all sets in _#"(C,) which contain neither n nor both n — 1 and
1. The number of these sets is clearly #"(C,_1). Now consider the subfamily
containing the remaining sets, i.e. those which either have n or both 1 and n — 1.
Call it .. We define the following correspondence between .%# and ¢ “(Cha).
ForA € .7, define f(A)=A—{n}ifn€Aand f(A)=A—{n—1}if l,n—1€A.
Clearly f(A) € #"!(C,—2) and f is bijective, giving |#| = | #"1(Cy-2)] as

required. o

We can now finish the proof of Theorem 4.0.8 as follows, using Claim 4.3.3 and

the inductive hypothesis. The final equality follows from Claim 4.3.4.
|| +[%] = W*!H%*HZ || +1%il)

= (412 _iwuwr

— (412 + ()41

< GG

= |27 (GC)l. 4.1)
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Chapter 5

NEW DIRECTIONS AND GENERALIZATIONS
The Erd6s—Ko—Rado theorem and its many generalizations continue to inspire a
tremendous amount of research in extremal set theory. In addition to the conjectures
and scope for strengthening the main theorems mentioned in the preceding sections,
there are other avenues for future research. A few of them are outlined in this

section.
5.1 Chvatal’s conjecture for hereditary families of small rank

As we mentioned in the introduction, Chvétal’s conjecture is one of the long-
standing open problems in the field. We recollect some definitions, before recall-
ing the conjecture itself. A family .% C 211 is called hereditary if A € Z and
B C A imply that B € .%. We say that a family .% C 2"l is EKR is the set of all
maximum-sized intersecting subfamilies of .%# contains a star, i.e. a subfamily .
with Ngc.#S # 0. We’ve seen that 207 s EKR, as is (['rl]), if r <n/2. Chvital’s
conjecture can now be stated as follows.

Conjecture 1.2.1 If . C 21" is hereditary, then F is EKR.

There are a few results which verify the conjecture for specific hereditary fam-
ilies. Among the most important ones is a result of Chvatal himself [12]. Let .#
be a hereditary family on a set X, which has a total ordering of its elements de-
fined by a relation <. Chvital proved the conjecture when .% is compressed, i.e. if
{x1,...,x} € Z and y; < x; foreach 1 <i<r,then {yy,...,y,} € %. Snevily [57]
further extended Chvétal’s theorem and proved the conjecture when the family is
compressed with respect to a specific element x, i.e. if F € .% such that y € F but

x ¢ F,then F\ {y}U{x} € .Z. There have been other results, which have involved



the maximal members of a hereditary family ..
We begin this section by mentioning an important lemma of Kleitman [42], on
hereditary families. We call & a reverse hereditary family if A € 4 and A C B

implies that B € ¢. Kleitman’s lemma can be now stated as follows:

Lemma 5.1.1 (Kleitman [42]). If .% is a hereditary family, and & is a reverse

hereditary family on [n], then |9||.%| > 2"|9 N .Z|.

An important consequence of Kleitman’s lemma is the following corollary. The
corollary appears as an exercise in Anderson [2] and can be proved as follows. Let

I(.F) denote the size of the maximum intersecting family in .%.

Corollary 5.1.2. If % is a hereditary family on [n|, then [(.F) < =|.Z|.

Proof. For a hereditary family ., suppose .# is a maximum intersecting family
in %, with |.Z| = I(#). Suppose A € .#, and let A C B € .. We must have
B € .7, otherwise by maximality, there exists some C € . with BNC = 0, giving
ANC = 0, a contradiction. Now, define a family ¢ as follows: let ¥ = .7 U{A :
B C A for some B € .#}. Itis easy to note that ¢ is a reverse hereditary family, and
J = .F NY. Moreover, ¢ is intersecting, giving |¢| < 2"~!. Using Kleitman’s

lemma, we get the required bound as follows:

9117 _ |7|

— < =1
Fl=gnF <= <2

]

Corollary 5.1.2 is an important observation that leads to further partial results
regarding Chvétal’s conjecture. Many of the partial results concerning the conjec-
ture have involved the maximum elements of a given hereditary family. We define

the maximal elements of a hereditary family in the obvious manner as follows.
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Definition 5.1.3. For any hereditary family F C 2", F € .7 is a maximal element

if F CGandG € % implies that F = G.

Schonheim [55] proved that if the maximal elements of a hereditary family
satisfy additional conditions, then equality holds in the conclusion of Corollary

5.1.2.

Theorem 5.1.4 (Schonheim [55]). If the maximal elements of a hereditary fam-
ily F have non-empty intersection, then Chvdtal’s conjecture is true for %, and

1
1(F)=5|7|

Further results have also been obtained in this direction by Stein [58] and Mikl6s
[48], among others. We will be interested in proving results for hereditary families
where the maximal elements have small cardinality, and all maximum intersecting
families are sufficiently large. Let (g{) ={A C [n]: |A| <k}. In our proof, we
will make use of the Sunflower Lemma of Erdés and Rado [23]. We first define
sunflowers, then state the lemma, before proceeding to a statement and proof of the

theorem.

Definition 5.1.5. A sunflower, with k petals and a core X is a family of k sets
S1,...,Sk such that for any i,j € [k] with i # j, we have S;NS; =X. Also, the

sets S;\ X, called the petals, should be nonempty.
We can now state the Sunflower Lemma as follows.

Lemma 5.1.6 (Erd6s—Rado [23]). Let % be a family of sets, each of cardinality s.

If |.7| > sl(k—1)°, then F contains a sunflower with k petals.

We now state and prove the following theorem for hereditary families in (@3)
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Theorem 5.1.7 (Hurlbert-Kamat-Mubayi [38]). Ler Z C (")) be a hereditary
family, and let .9 C ¥ be a maximum intersecting family. If |.7| > 166, then

& is a star.

Proof. Let ;= .7 N (['ﬂ), for i =1,2,3. We can assume .| = 0, since otherwise,
& is a star. Similarly, we can assume |.#;| < 3. Thus, we have |.#3| > 163. Since
163 =3!(4—1)3+1, we can use the Sunflower Lemma to conclude that .# contains
a sunflower with at least 4 petals. Let S be a sunflower with the maximum number
of petals, and let C be the core of S. If |C| = 1, we can conclude that [ is a star, since
I is intersecting, so suppose |C| =2. Let C = {a,b}. Let o/ ={A € S :ANC =
{a}}, and let B={B € %3 : BNC = {b}}. We have || = |S| + || + | Z|. Let
o'={A—{a}:Ac g}, and B ={B—{b} :Be B}. If /' =0 or ##' =0, we can
conclude that .#3, and hence, . is a star (centered at either a or b), so suppose both
are non-empty. Since .# is intersecting, /' and %’ are cross-intersecting families,
ie. foranyA € o' and B€ ', ANB#0.Let V(') and V(%A') be the vertex sets
of &' and %’ respectively, and let n(2") = |[V(Z")| for " € {/', #'}. We first

prove the following claims.

Claim 5.1.8. If both /' and %' are intersecting, or |</'| > 2 and |%'| > 2, then,
|\ 2| <24n(Z) for Z e {d' A}

Proof. If /' is intersecting, it is either a triangle, or a star. In either case, the
bound follows trivially. A similar argument works for %', so suppose, without loss
of generality that &7’ has two disjoint edges, say {xy,x'y'}. ' C {xy',y'y,yx',x'x},
giving the required bound for %’. Now, if %’ has two disjoint edges, we can use a
similar argument for <7/, so suppose %’ is intersecting. Without loss of generality,
suppose B’ = {xy',y'y}. Then &’ C {xy,x'y'} U{A € ([’24) :y € A}, giving the

bound |n(</")| > |.<7’|. This completes the proof of the claim. o
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Claim 5.1.9. If </ has a pair of disjoint edges, and |%'| = 1, then n(/") — || >
—(|S]+1).

Proof. Let {xy,x'y'} be a pair of disjoint edges in &/’, and, wlog, let ' = {xx'}.
Let 7/ ={Ac @/’ :xcA},and let &) ={Ac /' :x¥ €A}. LetX = {v e [n]:
vEX xwedt, X' ={ven:v#£xxve s} adR=XNX". Now, |&'| <
2|R|+ [X \R|+ [X'\R| + 1, and (/") = 2+ |R| + |X \ R| + [X'\ R|. So, n(/") —
|| > —(|R| +1). Since |R| < |S| (otherwise, R would be a bigger sunflower with
core {a,x} (or {a,x'}), contradicting the choice of S), we have n(&’) — |</'| >

—([SI+1). o
In the next claim, we give lower bounds on the sizes of .%, and .%},.

Claim 5.1.10. o | Zy| > 1+ (S| +n()+ 1)+ (|S|+]|]).
o | Fp| > 14+ (S| +n(L#)+1)+ (S| +|4]).

Proof. We will only give the proof for .%,, as the proof for .%;, follows identically.

We know that |.7,| = Y3, |.Zi|, where Z. = .Z,N ([’i’]) forie {1,2,3}. Itis trivial

to note that |.#)| = 1. Now, consider .#?2. First, {a,b} € .Z?2. Also, for every
{a,b,s} €S, {a,s} € F?2, as F is a downset. Similarly, for every s € V(=/’),
there exists a t € V(.«/') such that {a,s,t} € .#3, and hence, {a,s} € .#2. Thus,
|.Z2| > |S|+n(a") + 1. Also, it is not hard to see that |.#2| > |S| + |.</’|. This

completes the proof of the claim. o

We will now prove that either .%, or .%, is bigger than .#, which will complete

the proof of the theorem. It will be sufficient to prove the following claim.

Claim 5.1.11. |.%,|+ || > 2(|-73]| +3).
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Proof. We will consider two cases, depending on whether or not the hypothesis
of Claim 5.1.8 is true. Suppose the hypothesis of Claim 5.1.8 holds, so we have

n(Z)—|Z| > -2,for ' € {7, #'}. Thus, since |S| > 3, we have

| Za| + | Tyl > 4+4IS|+ || +|B | +n(d)+n(HB)
= (2IS|+2|"|+2|D'|+6)+ (n(") — | |) + (n(B') — | Z']) +2|S| -2
> 2(|#]+3) + (2|8 —6)

> 2(].#]+3).

Now, assume the hypothesis of Claim 5.1.8 is false, so, without loss of general-
ity, suppose .’ has a pair of disjoint edges, and |%#’| = 1. Clearly, n(%#') — |%'| = 1
and we can use Claim 5.1.9 to conclude that n(&/’) — |&/'| > —(|S| + 1). Thus, we

have

| Zul + | Tyl > 4+4IS|+ || +|B | +n(d)+n(HB)

> (2I8|+2| | +2|%'|+6)—(|S|+1)+1+2|S| -2

IV

2(].75) +3)+ S| -2

\%

2(|#] +3).

]

It would be nice to be able to prove a more general version of this theorem, for

any k, with sufficiently large n, along the following lines.

Conjecture 5.1.12 (Hurlbert-Kamat-Mubayi). Let Z C (")) be a hereditary fam-
ily, and let & C ¥ be a maximum intersecting family. Then, there exists an co(k)

such that if | .7 | > co(k), then .7 is a star.
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It is clear, though, that the mostly ad-hoc methods used in the proof of Theorem
5.1.7 would most likely not work for the general case, and some new ideas would

be needed.
5.2 Families of Cycle-Free Subsets of Graphs

Next, we aim to continue our investigation of the Erd6s—Ko—Rado properties of
hereditary families of vertex sets of certain graphs, along the lines of Chapter 2.
In Chapter 2, we considered the families of independent vertex sets of graphs, and
proved EKR-type theorems for certain classes. In this section, we consider a similar
problem, but for different types of vertex sets of a graph G, namely sets which
induce a forest in G; in other words, cycle-free vertex subsets of graph G. We begin
with some notation and definitions.

Let @/ = {A C V(G) : A induces a forest }, &7 = {A € o/ : |A| = r}, and for
any x € V(G), let &7/;(x) = {A € &/} : x € A}, called a star of .<7/;, centered at vertex
x. We say that <7/ is EKR if no intersecting subfamily of .27/ is larger than the
largest star of .27

In this preliminary work, we will prove a theorem which states that .27/ is EKR
when G is disjoint union of complete graphs satisfying some additional conditions.
Call a complete graph K trivial if s € {1,2}. If H is subgraph of G, we let G— H
denote the graph obtained by removing the vertex set V(H) from V(G). Finally, if
</ is a family of sets such that there is a set S which is a subset of every set in <7,

let o7 —S={A\S:A € &/} We are now ready to state and prove our result.

Theorem 5.2.1. Let G be a disjoint union of n complete graphs such that there is
at least one trivial component and each non-trivial component has order at least 5.

If r <n/2, then @/f, is EKR.

Before we proceed further, we note for the graphs G in Theorem 5.2.1, each
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A€ @76 contains at most 2 vertices from each component of G; in other words, A
can be represented as a union of an independent set and a matching. This is a key

property that we will exploit in the proof.

Proof. We do induction on r and |V (G)|. The statement is trivial when r = 1, so
assume r > 2. Suppose that r = 2. If G is a disjoint union of n complete graphs, with
n >4, then |V(G)| > 4 = 2r, and every vertex subset of size 2 in G will induce a
forest, so we are done by the Erd6s—Ko—Rado theorem. Consequently, we’ll assume
r > 3, and suppose G is a disjoint union of at least n > 2r > 6 complete graphs. If
G i1s the disjoint union of 7 trivial graphs, every vertex subset of size r will be a
member of .27/, so by the assumption n > 2r, we are again done by the Erd6s—Ko—
Rado theorem. So suppose there exists some non-trivial component K, with s > 5,
with V(K;) = [s]. Let &7 C <7/ be an intersecting family. Finally, choose a vertex
x € V(G) from any trivial component of G. Note that |27 (x)| will be the same for
any choice of x, since every trivial component is acyclic.

For 1 <i < j < n, we define the shift operator f; ; as follows.

A\{jYU{i} ifjeAi¢AA\{j}U{i} ¢ o/, and

A otherwise.

fij(A) =

Let fi j(«/) ={fi,j(A) :A € &/}. Note that | f; ;(«/)| = | <7 |. We also know from the
properties of shifting that if .o is r-uniform and intersecting, then f; ;(.7) is also
r-uniform and intersecting. Moreover, since we do shifting only on the vertices of
Ky, fi (o) C @/f. Hence we may assume that .o/ is shifted, i.e. for any i < j,
fi.j(#7) = o/. We now partition 7 as follows. Let o) = {A € &/ : AN|[s] = 0},
and foreach 1 <i<s, & ={A € o/ :ANJs| ={i}}. Also, foreach 1 <i< j<s,
let of; j ={A € &/ :AN|[s| = {i,j}}. Itis clear that the disjoint union 2% U </} C

- . .
2 2.5 and is intersecting.
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Now, we consider the families .27] 4 and 7 3 (recall that s > 5), and define the

following double shifting operation, with respect to these two families.

n A\{2,3}U{1,4} ifAeﬂfz,3,A\{2,3}U{l,4}§éd, and
g pr—y
A otherwise.

Let g(ah3) ={g(A): A € a3}, and let F = o7) 4 Ug(% 3). We now partition .7
into #14={Aec F:{1,4} €A} and F#, 3 =7 \ F 4. Clearly, %, 3 C % 3 and is
an intersecting family. Consider %, 3 = %53 — {2,3}. %, 3 is also an intersecting
family, since for Dy,Dy € 2,3, (D1 U{1,4}) N (D2U{2,3}) # 0. Hence Dy 3 C
AR

Foreach2 <j<s—1,j#4,1et€;= (o j—{j})U(Fj1—{j+1}). If j=s,
let 65 = () s—{s})U(A—{2}). If j=4, welet 64 = (F14—{4}) U (a5 —{5}).
It is clear that for each i, %; is a union of two disjoint families, and €; C Wé:[lz,s]'

We also claim that each %; is intersecting.

Claim 5.2.2. For each 2 <i<s, 6; is an intersecting family.

Proof. First consider the case when i # 4. The family .7} ; — {i} is intersecting,
since 1 lies in every set of the family. Consider the family <7 — {i+ 1} (Replace
i+1by2ifi=ys). Since .« is a shifted family, forany A € o7, —{i+1},AU{1} €
o/ . Thus, forA,B € oy —{i+1},AU{i+1},BU{1} € &/, s0 ANB#0,asi+1+#
1. Sosuppose A € @71 ;—{i} and B € @ —{i+1}. ThenAU{i},BU{i+1} € <,
giving AN B # 0.

We now turn our attention to the case i = 4. As before, the family .% 4 — {4}
is intersecting, so consider /5 — {5}. Since &7 is shifted, for any A € o5 — {5},
AU{1} € &/. Consequently, for A,B € o/s — {5}, AU{5},BU{1} € &7, giving
ANB #0. So assume A € F14 — {4}, and B € o5 — {5}. If A € o 4— {4},

then AU {4},BU{5} € o7, implying ANB # 0. So suppose not. Then we have
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A" =A\{1}U{2,3} € wh3. Thus A'N(BU{5}) # 0, giving A’ N B # 0, since

5¢ A’. This implies ANB # 0, as BN [s] = 0. o

We now consider the remaining <7 ;’s, for i # 1. For any i < j, i # 1, and
{i,j} #{2,3}, consider the families %, ; = < ; —{i, j}. Clearly, Z; ; C Mé:fs], for

every i, j pair. We now show that all these families are also intersecting.
Claim 5.2.3. , j is intersecting, for all i < j, i # 1 and {i, j} # {2,3}.

Proof. Suppose A,B € Z; ;. Since {i, j} # {2,3} and i # 1, there is some i’ < i and
j < jand {i,j}Nn{i,j/} #0=0. Since o/ is a shifted family, AU{/, '} € «.
Thus, since (AU{7,j'}),(BU{i,j}) € &/, ANB #0. o

Using the two claims, and the two induction hypotheses, we can complete the
argument as follows. Recall that we have fixed x € V(G) to be some vertex in a

trivial component of G.

| = Y lal+ ) |
i=0

i,jEls] i<

= |lpual+Y |6+ Y, 1%l
i=2 i, je2s)i<)

r r— s—1 r—
< Vel + = Dl g+ (7))

= |Gl

The last equality can be explained by partitioning <7/ (x) into three parts: all sets
containing no elements from [2,s], all sets containing exactly one element from

[2,5], and all sets containing exactly 2 elements from [2,s]. O
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