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ABSTRACT

The chromatic number x(G) of a graph G = (V, E) is the minimum number of
colors needed to color V(G) such that no adjacent vertices receive the same color. The
coloring number col(G) of a graph G is the minimum number £ such that there exists
a linear ordering of V' (G) for which each vertex has at most & — 1 backward neighbors.
It is well known that the coloring number is an upper bound for the chromatic number.
The weak r-coloring number wcol,(G) is a generalization of the coloring number, and
it was first introduced by Kierstead and Yang [23|. The weak r-coloring number
weol,.(G) is the minimum integer k such that for some linear ordering L of V(G) each
vertex v can reach at most k — 1 other smaller vertices u (with respect to L) with a
path of length at most r and w is the smallest vertex in the path. This dissertation
proves that wecoly(G) < 23 for every planar graph G.

The exact distance-3 graph G of a graph G = (V, E) is a graph with V as its
set of vertices, and zy € E(GF) if and only if the distance between x and y in G is
3. This dissertation improves the best known upper bound of the chromatic number
of the exact distance-3 graphs G#! of planar graphs G, which is 105, to 95. It also
improves the best known lower bound, which is 7, to 9.

A class of graphs is nowhere dense if for every r > 1 there exists ¢ > 1 such that no
graph in the class contains a topological minor of the complete graph K; where every
edge is subdivided at most r times. This dissertation gives a new characterization of

nowhere dense classes using generalized notions of the domination number.
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Chapter 1

INTRODUCTION

In 1852, Francis Guthrie asked wether every map can be colored with four colors
so that no two adjacent regions have the same color. The answer is affirmative and
this very famous fact is known as the Four Color Theorem. The first accepted proof
was given by Appel and Haken in 1977. Thirty-seven years ago, Steven J. Brams
invented the Map-Coloring Game hoping to find a game-theoretic proof of the Four
Color Theorem. Even though his approach was not successful, we are left with an
interesting map-coloring game.

The Map-Coloring Problem is illustrated as follows. Suppose that Alice and Bob,
with Alice playing first, are coloring the regions of a map alternatively, using four
colors, so that no adjacent regions receive the same color. Alice wins the game if
every region receives a color, Bob wins the game otherwise, i.e., Bob wins the game if
at some point during the game there is an uncolored region and all the four colors
are used to color its neighbors. Steven J. Brams was trying to find a strategy for
Alice to win the game no matter how Bob plays. Unfortunately, such a strategy does
not exist. Scientists came up with several maps and strategies for Bob to win the
game no matter how Alice plays. It was then natural to ask what is the smallest
number of colors for which Alice has a winning strategy. In the context of general
graphs, this number is called the game chromatic number x,(G) of a graph G, as
every map can be viewed as a graph with the regions as its set of vertices and each

edge corresponds to adjacent regions. Since then the game chromatic number has



received special attention and several approaches have been developed to find this
number.

During the journey of attacking this problem a very useful tool came from an
unexpected source. Chan and Schelp [5] proved that the class of planar graphs
has a linear Ramsey number by bounding, for any vertex v, the number of smaller
vertices, with respect to a fixed linear ordering L, that can be reached from v by a
path of length two whose internal vertex is greater than v. This was the birth of
one of the generalized coloring numbers which was later called the strong 2-coloring
number scoly(G). Kierstead and Trotter [22| realized that this was the missing tool.
They proved that x,(G) < x(G)(1 + scoly(G)), and as the class of planar graphs
has bounded generalized coloring numbers, x,(G) is also bounded. Kierstead and
Trotter [21] gave the rise of the strong 4-coloring numbers scoly(G) and weak 4-coloring
numbers wcoly(G) by considering paths of length four with large internal vertices in
their study of oriented game chromatic numbers. The general notions of strong r-
coloring numbers scol,.(G) and weak r-coloring numbers wcol,.(G) were first introduced
by Kierstead and Yang [23]. Since then several applications have been found. Zhu [37]
proved that these invariants are strongly related to low tree depth decompositions and
they can be used to characterize both bounded expansion and nowhere dense classes
of graphs. The generalized coloring numbers can also be used to give a linear-time
constant-factor algorithm for approximation of the k-domination number in classes of
graphs with bounded expansion (Dvorak [§]).

In this dissertation, we focus on the weak 2-coloring number of planar graphs
since this number is an upper bound for the star list chromatic number chs(G). The
best known upper bound for chs(G) was 28 where G is any planar graph; in this

dissertation, we prove that the weak 2-coloring number for any planar graph is at



most 23. We also focus on the chromatic numbers of exact distance-3 graphs. We
prove that for any planar graph G, the chromatic number of the exact distance-3
graph G is at most 95.

This dissertation is organized as follows. This chapter contains the needed back-
ground and a brief history of each notion. In Chapter 2, we prove that for every
planar graph G, wcoly(G) < 23. In Chapter 3, we prove that for every planar graph
G, x(G¥l) < 95. We also give an example of a planar graph G with y(GUI) > 9. In
Chapter 4, we investigate a linear ordering L defined by Van den Heuvel et al. [14];
we show that weoly[G, L] < 26 and we show that, by giving an example, this result is

tight. In Chapter 5, we give a new characterization of nowhere dense class of graphs.

1.1  Generalized Coloring Numbers

All graphs in this paper are finite and simple. For a graph G = (V| F) and vertices
x,y € V, the distance between x and y in G is the number of edges in the shortest
path between = and y and it is denoted by distg(x,y). For v € G, we denote the set
of neighbors of v by N%(v), or briefly by N(v), and for r € N, we denote the set of
vertices within distance at most r from v by N,[v]. Note that v € N,[v]. We call N,[v]
the closed r-neighborhood of v.

Let II(G) be the set of all linear orders of the vertices V(G) of a graph G. For
L € II(G), we write u <p v if u is smaller than v with respect to L, and u < v if
u <pvoru=wv. Let X and Y be two disjoint sets of vertices of G. We write X <, Y
if every x € X and y € Y satisfy # < y. Let r be a positive integer and u,v € V(G).
We say that u is strongly r-reachable from v with respect to L if u <; v and there

is a path P = w...v in G with ||P| < r and v < w for all internal vertices w of



P. If we allow paths of any length we say that w is strongly reachable from v. We
denote the set of all vertices u such that u is strongly r-reachable (strongly reachable)
from v with respect to L by Scol,|G, L,v] (Scolw|G, L,v]). Let scol,[G, L,v] be the
cardinality of Scol,[G, L,v]. Let scol,[G, L] := max,cy(q)scol,[G, L,v]. The strong

r-coloring number scol,.(G) of G is defined by

scol,.(G) = Lnll]i?G) scol,.[G, L.
S

We write scol,.[L, u] and Scol,[L, u] instead of scol,[G, L, u] and Scol,[G, L, u] respec-
tively if G is known from the context.

We say that w is weakly r-reachable from v with respect to L if there is a path
P=uw...vin G with |P|| <rand u <j w for all vertices w of P. If we allow paths of
any length we say that u is weakly reachable from v. We denote the set of all vertices
u such that u is weakly r-reachable (weakly reachable) from v with respect to L by
Weol, |G, L, v] (Weolw|G, L, v]). Let weol, [G, L, v] be the cardinality of Wceol, |G, L, v].
Let wcol,[G, L] := max,cy () weol, |G, L, v]. The weak r-coloring number wcol,(G) of
G is defined by

weol,.(G) = er}]i(%) weol,[G, L.
€

Note that when r = 1, then scol,(G) = wcol,.(G) = col(G). We write wcol,[L, u]
and Wcol,[L, u| instead of weol,|G, L, u] and Wcol,[G, L, u] respectively if G is known
from the context.

As noticed in 23], the generalized coloring numbers are related; for every graph G

we have the following
scol,.(G) < weol,.(G) < (scol.(G))".

Thus if the weak r-coloring number is bounded for a particular class of graphs, then

the strong r-coloring number is also bounded and vice versa.



Let L be a linear ordering of the vertices of a graph GG. The fill-in of G with respect
to L is the graph G, obtained inductively by adding for every vertex v € G (starting
with the greatest vertex in the ordering L) an edge uw for all u,w € N(v),u # w
satisfying that v <; v and w <y v. The elimination-width of the ordering L is
w(Gr) — 1 where w(Gyp) is the size of the largest clique in G.

Observe that w(Gp) equals the maximum over all vertices v € G of the number of
vertices u such that u <j v and u can be reached from v in G by a path whose internal
vertices are greater than v with respect to L. So w(Gr) = max,cy (q)scols |G, L, v];
thus minze ) w(Gr) = scolo(G).

The generalized coloring numbers are gradations between the coloring number

col(G) and the tree-width tw(G) and the tree-depth td(G).
Proposition 1.1.1. Let G be a graph. Then

1. col(G) < scoly(G) < ... <scolyo(G) = tw(G) + 1, and
2. col(G) < weolp(G) < ... < weoloo (G) = td(G).

The equality scoly(G) = tw(G) + 1 is proved in [11] and the equality weoly (G) =
td(G) is proved in (Lemma 6.5, [31]).

There are several ways to define the tree-width tw(G) of G, we take this equality
as its definition, i.e., tw(G) = scols(G) — 1.

Determining the weak r-coloring numbers is N P-complete when r > 3 [11], while
the problem remains open for » = 2 and for the strong r-coloring numbers when r > 2.

It is natural to ask about the values of the generalized coloring numbers for a

particular class of graphs. Grohe et al. [11] proved that for every graph G, the weak

r+tw(G)

tw(G) ) In the same paper, they gave for

r-coloring number is bounded above by (

every positive integers r and k, a graph G such that tw(G) = k and wcol,.(G) > k + 1.



Theorem 1.1.2. Let r be a positive integer.

1. If G is a graph with tw(G) < k then wcol,(G) < (Hk'k)
2. For every positive integer k, there exists a graph G with tw(G) = k and
weol, (G) > k + 1.

Van den Heuvel et al. [14]| gave a creative proof that dramatically improved the
bounds of the generalized coloring numbers for the class of graphs that exclude K; as

a minor.

Theorem 1.1.3. Let G be a graph and r be a positive integer. If G excludes K; as a

minor then

1. scol,(G) < (1) - (2r + 1), and
2. weol,(G) < ("7 - (¢ —3)(2r + 1).

— t—2

Those results were huge improvements from the exponential bounds of Grohe et al.
[11] to linear bounds in r for the strong r-coloring numbers and to polynomial bounds
for the weak r-coloring numbers.

For graphs with bounded genus g, Van den Heuvel et al. [14] proved the following.
Theorem 1.1.4. Let G be a graph with genus g. Then

1. scol,(G) < (4g +5)r+2g+1, and

2. weol,(G) < (29 + ("3?)) - (2r + 1).

It is well known that every planar graph excludes K5 as a minor, so Theorem 1.1.3
bounds the generalized coloring numbers for planar graphs too. However, Theorem

1.1.4 gives better bounds for planar graphs (g = 0).



Theorem 1.1.5. (Van den Heuvel et al. [1}]) Let G be a planar graph and r be a

positive integer. Then

1. scol,(G) < 5r+1, and

2. weol,(G) < ("F?)(2r + 1).

For every r € N, there exists a planar graph G such that scol,(G) > § [14], so
the above upper bound for scol,(G) gives a constant-factor approximation. If r = 1,
the bound on col(G) = wcol; (G) = scoly (G) is tight where G is a planar graph. If G

excludes K; as a minor for ¢t = 2, 3, Van den Heuvel et al. [14] showed the following.
Theorem 1.1.6.

1. If G is a graph that excludes Ky as a minor, scol,(G) = wcol,.(G) = 1.

2. If G is a graph that excludes K3 as a minor, scol,.(G) < 2 and wcol,.(G) < r+1.

In Chapter 4, we will study the linear ordering L that Van den Heuvel et al. [14]
constructed to witness scol,(G) < 5r + 1.

The generalized coloring numbers when r = 2 have attracted special attention since
they play an important role on bounding other types of graph chromatic numbers,
namely, game coloring number gcol(G), star chromatic number xs(G) and degenerate
coloring number chqy(G). We state the best known bounds for scoly(G) and weoly(G)
where G is any planar graph, then we provide their relations with the other types of
graph colorings.

Researchers have succeeded in their mission of finding the strong 2-coloring number
scoly(G) for planar graphs. Chan and Schelp [5] proved that the strong 2-coloring
number for planar graphs is bounded above by 761. Kierstead and Trotter [22]
improved the bound to 10, then to 9 (Kierstead et al. [24]). On the other hand,

several planar graphs with strong 2-coloring number equal to 8 have been found |22,



24]. Eventually, Dvorak et al. [9] proved that the strong 2-coloring number of planar

graphs is at most 8.
Theorem 1.1.7.

1. For every planar graph G, scoly(G) < 8.

2. There exists a planar graph G such that scoly(G) = 8.

Unlike the strong 2-coloring number, researchers are still on the hunt for the weak
2-coloring number. Theorem 1.1.5 gives 30 as a bound for wcoly(G) for any planar
graph G. Kierstead and Yang [25] improved this bound to 28. On the other hand,
Albertson et al. [2| constructed a planar graph G with star chromatic number at least
10, as the star chromatic number is a lower bound for the weak 2-coloring number,
weoly(G) > 10.

In this dissertation, we prove that the weak 2-coloring number of any planar graph

1s at most 23.

1.1.1 Game Coloring Numbers

Let G be a graph. Assume that two players, Alice and Bob, with Alice playing
first, play a game by taking turns on choosing an unchosen vertex from V(G). The
game ends when all V(G) are chosen. For a vertex v of G, define b(v) to be the
number of neighbors of v chosen before v during the game. The score of the game is
s =1+ mazyeyc)b(v).

Alice goal is to minimize s, while Bob goal is to maximize s. The game coloring
number gcol(G) is the smallest s such that Alice has a strategy to make the score at

most s no matter how Bob plays.



Bartnicki et al. [3] showed the following.
Theorem 1.1.8. Every graph G satisfies that geol(G) < 3scoly(G) — 1.

Since scoly(G) < 8 for every planar graph G, we immediately get gcol(G) < 23.
However, this bound is not the best bound; Kierstead [19] proved that 18 colors are
always sufficient when G is a planar graph. Later, Zhu [38] improved the bound to 17.
On the other hand, Wu and Zhu [36] constructed a planar graph G and a strategy for

Bob to make the score at least 11 no matter how Alice plays.

1.1.2 Star chromatic Numbers

A star coloring of a graph G is a proper coloring of GG such that any subgraph
of G that is induced by two colors has no Py, i.e. every path of length three in G is
colored with at least three colors. The least number r such that G has a star coloring
using 7 colors is called the star chromatic number of G, and it is denoted by xs(G).
If we assign for every v € G a list of colors L(v) and we ask to color each vertex using
a color from its list such that we get a star coloring, the coloring is called star list
coloring. The smallest integer k such that for any set of lists {L(v) : v € G} satisfying
|L(v)| = k there exists a star list coloring of G is called the star list chromatic number
of G, and it is denoted by chs(G). Clearly, xs(G) < chs(G) for every graph G.

The problem of finding the star chromatic numbers was first suggested in 1973 by
Griinbaum [13], and has been investigated recently by other authors.

For planar graphs, Albertson et al. [2]| proved the following.

Theorem 1.1.9. If G is a planar graph then xs(G) < 20.



In the same paper, Albertson et al. constructed a planar graph G with x(G) > 10.
Unfortunately, the proof of Theorem 1.1.9 did not improve the star list chromatic
number chs(G). The following theorem is a well known relation between the star list

chromatic number and the weak 2-coloring number.
Theorem 1.1.10. For every graph G, chy(G) < weoly(G).

As weoly(G) < 23 for planar graphs, this number is the new upper bound for
chs(G) too.

For planar bipartite graph, a better bound is found.

Theorem 1.1.11. (Kirestead et al. [20]) If G is planar bipartite graph then chs(G) <

14.

In the same paper, Kierstead et al. constructed a planar bipartite graph G such

that xs(G) > 8.

1.1.3 Degenerate Coloring Numbers

Assume that a graph G is vertex colored. Let S be a set of color classes of G. We
denote the subgraph of GG that is induced by the set of all vertices v such that v is in
a color class in S by G[S]. A proper coloring of a graph G is a degenerate coloring if
for every set S of color classes, every subgraph H of G[S] has a vertex w such that
dy(w) < |S]. In other words, a proper coloring of a graph G is a degenerate coloring
if for every subgraph H of (G, there is a vertex w in H such that the degree of w in H
is less than the number of colors appearing in H. The least number r such that G has
a degenerate coloring using r colors is called the degenerate number of GG, and it is

denoted by x4(G). The degenerate coloring was first introduced by Borodin [4]. The

10



degenerate coloring is a strengthening of the acyclic coloring number x.(G) which is
the least number of colors needed to properly color the graph G such that the union
of any two color classes induces a forest.

There is another version of coloring called the list degenerate coloring. In this
coloring, for each vertex v € G, a list L(v) of colors is assigned, and we are asked to
color each vertex v of G from its list L(v) such that the coloring is degenerate. The
least k such that for any set of color lists {L(v) : v € G} with |L(v)| = k the graph G
has a list degenerate coloring is called the list degenerate number, and it is denoted by
chq(G). Clearly, for every graph G, we have x4(G) < chq(G).

The strong 2-coloring number is related to the list degenerate coloring number as

the following theorem shows.
Theorem 1.1.12. (Kierstead et al. [24]) For every graph G, chy(G) < scoly(G).

As scoly(G) < 8 for every planar graph G, chy(G) < 8 too. On the other hand,
there are infinity many planar graphs where each vertex is either of degree 5 or 6.

Clearly, those graphs cannot have degenerate coloring with less than 6 colors.

1.2 Path Decomposition for Planar Graphs

Let H; and Hs be vertex-disjoint subgraphs of G. We say that H; is adjacent to

H, if there is an edge uv € F(G) such that v € Hy and u € Hs.

Definition 1.2.1. A sequence H = (Hi,...,H,) of none-empty subgraphs of a
graph G is a decomposition of G if the sets V(H,), ...,V (H,) partition V(G). The

decomposition is connected if each H; is connected.

11



Assume that a decomposition H = (Hj, ..., Hy) of a graph G is given. We denote
the subgraph of G induced by |J V(H,) by G[Hx;].

1<j<s
Definition 1.2.2. Let H = (Hy,..., H;) be a decomposition of a graph G. Let C be
a component of G[H>;| where 1 < i < s. The separating number of C' is the number
t of graphs H' € {Hy,...,H; 1} such that H' is adjacent to C. The width of H is
the maximum separating number of a component C' of G[H>;], maximized over all

1,1 <1 <s.

Lemma 1.2.3. (Van den Heuwvel et al. [1}]) Let H = (Hy, ..., Hs) be a connected
decomposition of a graph G of width at most k. By contracting each connected subgraph
H; to a single vertex h;, we obtain a graph H = G/H with s vertices and tree-width
at most k. More precisely, the elimination-width of the ordering L = hq, ..., hs is at

most k.

There is a relation between the elimination-width and weak reachability as next

theorem states.

Theorem 1.2.4. (Grohe et al. [11]) Let G be a graph and let L be a linear order of

V(G) with elimination-width at most k. For all v € N and all v € V(G),

weol,[G, L,v] < (r —; k)

From Theorem 1.2.4 and Lemma 1.2.3 we have the following.

Lemma 1.2.5. Let H = (Hy,..., Hs) be a connected decomposition of a graph G of
width at most k. Let H be the graph obtained from G by contracting each H; € H to a

single vertex h; where 1 < i <s. For allr € N and all h; € V(H),

k
weol,.[H, L, h;] < (r—lk—: )

where L is the ordering of V(H) that arises naturally from H, i.e., L = hy, ..., hs.

12



A path in a graph G is isometric if it is the shortest path in G between its endpoints.

Observe that if a path is isometric then all its subpaths are also isometric.

Lemma 1.2.6. Let P = z1 ...z, be an isometric path in G, and let v € G. Then

IN,[o] N P| < 2r +1.

Proof. Suppose N,[v] N P # 0, and let z,y € N,.[v] N P such that distp(z,y) is
maximum. Since z,y € N,[v], distg(x,y) < 2r. As P is isometric, distp(z,y) =

distg(z,y). Thus |N,[v] N P| <2r+ 1. O

A decomposition H = (Hy,...,H,) of a graph G is called an isometric-path
decomposition if for every 4,1 <1i < s, H; is an isometric path in G[H>].

Van den Heuvel et al. [14| showed that every maximal planar graph G has an
isometric-path decomposition & = (P, ..., P;) of width at most 2. This decomposi-
tion is a very useful tool and it is the base of our work. For completeness, we include

their proof.

Lemma 1.2.7. (Van den Heuvel et al. [14]) Every maximal planar graph G has an

1sometric-path decomposition of width at most 2.

Proof. Fix a plane drawing G of G. For simplicity, we write G for G. The lemma is
trivial if |G| = 3, so assume that |G| > 4. We inductively construct an isometric-path

decomposition P, ..., P, k > 2 such that

(x) for any component C' of G[Psty1], the boundary of the region of R* \ G[P; U
... U P;] containing C'is a cycle in G that has its vertices in exactly two paths

from P, ..., P.

Let P, be any edge of the outer face and let P, be the vertex of the outer face that is

not contained in P;. Then G[P>3] has only one component and the boundary of the
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Figure 1.1. Paths Decomposition of Width at Most 2

region of R? \ G[P; U P] containing this component is the cycle forming the outer
face.

Now assume that P, ..., P,_; are constructed as described above. Let C} be a
component of G[Psg]. Let Dy be the cycle forming the boundary of the region of
R*\ G[P,U...U P,_4] in which Cy lies. Let P, and P, where 1 <a <b<k—1
be the paths such that V(D) C V(P, U B,). Since any cycle contains at least three
vertices, one of the paths, say P,, has more than one vertex.

Since P, is an isometric, any edge vu € Dy where u,v € V(P,) is also an edge in P,.
The same is true for P,. Since P, and P, are vertex-disjoint, Dj, has exactly two edges
e and e}, such that eg, e}, ¢ P, U B,. Say e = Uz, €}, = U2, Uk, Uy € P, 2k, 2, € P,
It is possible that v, = v}, or 2z, = z;, but not both as G does not have multiple edges.
Note that there could be lots of edges between P, and P, but only two of them are in
Dy.. Since every face in G is triangulated, each one of those two edges belongs to the
boundary of a triangle face contained in the interior of Dy, see Figure 1.1 on page 14.

Let fi and f] be those triangle faces, say e, € G[fi] and e} € G[f]] where G|f] denotes
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the boundary of the face f. Let wy € G[fx] — {vk, 2zx} and w), € G[f]] — {v}, 2.} (it is
possible that wy, = wy,). From the definition of Dy, both wy, and wj, are in Cj. Choose
Py, to be the shortest path between wy, and wy, in Cj.

Let C” be a component of G[P>g1] such that C" C C. From the way P is defined,
(" is adjacent to at most two paths among P,,P, and P, and no such component is
adjacent to both P, and P,. Now we just need to show that C’ is adjacent to exactly
two paths among P,, P, and Py,. Let D” be the cycle forming the boundary of the
region of R? \ G[P, U...U P containing C’. Assume that V(D") C V(FP;) for some
i € {a,b,k}. Then there exists an edge e = uv € D” such that u,v € V(F;) but

e ¢ P;; this is in contradiction to the fact that P; is an isometric path. O

Let & = (Py,...,Ps) be the resulting decomposition. Let L be any ordering
of V(G) satistying that V(P;) < V(P;) if i < j (i.e., if x € P, and y € P; where
i < j then z < y). Contract each P; to a single vertex p;, and call the resulting

graph H, i.e., H = G/2. Let v € G and let P; be the path containing v. From

r+2

5 ) vertices in H that are weakly r-reachable from

Lemma 1.2.5, there are at most (
p; with respect to the ordering L' = py,...,p,. Those vertices correspond to the
only paths in & that may contain vertices that are weakly r-reachable from v in G.

Since each one of those paths P; is isometric in G[Ps;], Lemma 1.2.6 tells us that

weol, [G, L,v] < ("3?) - (2r +1).

Theorem 1.2.8. (Van den Heuvel et al. [14]) Let G be a planar graph and r € N.
Then weol,(G) < ("5?) - (2r +1).

For r = 2, we immediately get wcoly(G) < 30. Note that the restriction of L on
V(P;),i € [s] was arbitrary. If we fix any endpoint of P; and order the vertices toward

this end then we easily get wecol,(G) < (T;Q) - (2r 4+ 1) — r. This gives weoly(G) < 28.
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In Chapter 2, we will modify the technique used in the proof of Lemma 1.2.7 to

prove that weoly(G) < 23 for every planar graph G.
1.3 Distance-r-coloring Numbers

Van den Heuvel et al. [15] defined another variant of the generalized coloring
numbers called distance-r-coloring number dcol,(G). Let L € II(G). For every
v € V(G), let Dcol,[G, L,v] be the set of all vertices u such that there is a path

P=uxy...25 in G with o = u, x, = v satistying:

o [|Pll=s<m;
e v is the minimum vertex in P with respect to L;

o v < x; for {§J+1§¢§s.
We denote the cardinality of Dcol,[G, L,v] by dcol,[G, L,v]. Let

dcol, |G, L] := max dcol,|G, L,v].
veV(G)

The distance-r-coloring number dcol,(G) is defined as follows.

dcol,(G) := min dcol, |G, L].

LEI(G)
We write Dcol,.[L, v] and dcol,.[L, v] instead of Dcol,[G, L,v] and dcol,[G, L, v] respec-
tively if G is known from the context.

It is not hard to see that Scol,[L,v] C Dcol,[L,v] € Wcol,[L,v], so
scol,.(G) < dcol,.(G) < weol, . (G). (1.3.1)

Also as WcolL%JH[L,v] C Dcol,[L, v], WCOIL%J_H(G) < dcol, (G).
Van den Heuvel et al. [15] gave explicit upper bounds of dcol,(G) for some classes

of graphs. They proved the following.
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Theorem 1.3.1. Letr € N.

1. If G is a planar graph then dcol,.(G) < (L%H) (2r+1)—r

2. Lett € N and G a graph with tree-width at most t. Then dcol,.(G) < (HL%JH).

The motivation behind defining the distance-r-coloring number dcol,.(G) is to
bound the chromatic number of the exact distance graphs as we see in the following

section.
1.4 Exact Distance Graphs

Let p € N and G = (V, E) is a graph. The p-th power graph G of G is a graph
with V' as its set of vertices, and zy € E(GP) if and only if distg(z,y) < p. Problems
related to the chromatic number of G? were first considered by Kramer and Kramer
[27, 26]. If G is a star then G? is a clique, so x(G?) = |V(G)|. Thus there are not
many graphs G for which y(GP?) is bounded by a constant. It is not hard to show that

for a graph G with maximum degree A(G) > 3,
p—1
X(GP) ST+ A(G?) <1+ A(G)-) (A(G) - 1)' € O(AG)).
=0
There are some classes of graphs for which the upper bound is better. Recall that a

graph G is k-degenerate if for every subgraph H C GG, H contains a vertex of degree

at most k.

Theorem 1.4.1. (Agnarsson and Halldorsson [1]) Let k,p € N. Let G be a k-
degenerate graph. Then there exists a constant ¢ = c¢(k,p) such that x(GP) < c-
A(g)tp/%,

The exponent ng is best possible. In particular, for planar graphs G, x(G?) has a

linear bound in A(G). In 1977, Wegner [35] conjectured that if G is a planar graph and
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A(G) > 8 then x(G?) < |2A(G)| + 1, and he gave examples showing that this bound
would be best possible. Since then this conjecture has attracted special attention.

Nesettil and Ossona de Mendez (Section 11.9, [31]) introduced the notions of exact
power and ezxact distance graphs. Let p € N and G = (V, FE) a graph. The ezact
p-power graph G* of G is a graph with V' as its set of vertices, and 2y € E(G") if and
only if there is a path of length p between x and y in G (the path need not be a shortest
path). While the exact distance-p graph G is a graph with V as its set of vertices,
and xy € E(G™) if and only if distg(z,y) = p. Clearly, x(G*)) < x(G®) < x(GP)
as BE(GI™)) C B(G™) C E(GP).

Every planar graph is 5-degenerate, so Theorem 1.4.1 gives that y(G%) €
O(A(G)P/2) for every planar graph G. This bound is optimal even for outerpla-
nar graphs [15]. The situation is different for exact distance-p graphs. For every
planar graph G and an odd integer p, x(G*)) € O(1), and when p is even we have
x(G)) € O(A(G)). Indeed, those results are special cases from more general results.

Let K be a class of graphs with bounded expansion (the definition will be given
next section). Nesetfil and Ossona de Mendez (Theorem 11.8, [31]) proved that for
G € K and an odd integer p we have x(G"!) € O(1). Van den Heuvel et al. [15]
proved that for G € K and an even integer p we have x(GI!) € O(A(G)). Since every
class of planar graphs is a class with bounded expansion, their results hold for planar

graphs too.
Theorem 1.4.2. Let IC be a class of graphs with bounded expansion.

1. Let p be an odd positive integer. Then there exists a constant C' = C(IC,p) such
that for every G € K we have x(G¥) < C.
2. Let p be an even positive integer. Then there exists a constant C" = C'(IC, p)

such that for every G € K we have x(GFF) < C".A(G).
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We have seen that in general we cannot bound x(G*) without involving A(G)
even if p is an odd integer and G is a planar graph. However, if we require that G has
large enough odd girth then we can bound x(G*) without involving A(G) where p is
odd.

Theorem 1.4.3. (Nesetril and Ossona de Mendez (Theorem 11.7, [31])) Let K be a
class of graphs with bounded expansion, and p an odd integer. If G € IC with odd girth

at least p + 1 then there exists a constant C = C(K,p) such that x(G) < C.

A class of graphs with bounded expansion can be characterized in many different

ways, one of them is in terms of generalized coloring numbers.

Theorem 1.4.4. (Zhu [37]) A class of graphs K has bounded expansion if and only

if for every r € N there exists a constant ¢, such that wcol,.(G) < ¢, for all G € K.

Van den Heuvel et al. [15] proved Theorem 1.4.2(2) and gave two different proofs
with better bounds for Theorem 1.4.2(1) using this characterization. They proved the

following.
Theorem 1.4.5. Let G be a graph.

1. If p is an odd positive integer then x(GU)) < deoly, 1(G).

2. If p is an even positive integer then x(GI™!) < dcoly,(G) - A(G).

This theorem together with (1.3.1) and Theorem 1.4.4 give Theorem 1.4.2. They

also proved the following.
Theorem 1.4.6. Let G be a graph and p an odd integer. Set ¢ = wcol,(G).

1. We have x(GF)) < (2] + 2)7.
2. If G has odd girth at least p+ 1 then x(G%) < (LgJ + 2)1.
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Clearly, Theorem 1.4.6(1) leads to Theorem 1.4.2(1).
For the class of planar graphs, the class of bounded tree-width graphs and other
classes, Van den Heuvel et al. [15] give explicit upper bounds of x(GU) by finding

upper bounds of dcol,(G).
Theorem 1.4.7. Let p € N.

1. If G is a planar graph then dcol,(G) < (L%H) -(2p+1)—p.
If G is a graph with genus g then dcol,(G) < (2g9 + (L%Jr?’)) (2p+1) —p.
<

Lett € N and G is a graph with tree-width at most t. Then dcol,(G)

If G is a graph that excludes K; as a minor then dcol,(G) < (+£ﬂ 1) - (t —

3)(2p + 1).

Since every outerplanar graph G has tree-width at most 2, Theorem 1.4.7(3) and
Theorem 1.4.5 together give y(GF) < 10.

From the proof of Theorem 11.8 [31], it follows that for any planar graph G,
x(GB) < 5220971522 Op the other hand, Exercise 11.4 [31] gives an example of
planar graph G with x(G®¥!) = 6. From Theorem 1.4.5 together with Theorem
1.4.7(1), Van den Heuvel et al. [14] improved the upper bound to 105. In the same

paper, they gave an example for planar graph G with y(GUl) = 7.

In this dissertation, we tighten the range of y(G); we prove that y(GF) <95

for every planar graph G and we give an example for planar graph G such that

x(GE) > 9.
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1.5 Nowhere Dense Classes and Classes with Bounded Expansion

The class of nowhere dense graphs was first introduced by Nesetfil and Ossona de
Mendez [30, 31|. It generalizes and includes other types of sparse graph classes such
as classes that exclude minors and classes with bounded expansion. Nowhere dense
graph classes have useful algorithmic properties [6, 31, 12|; some algorithmic hard
problems can be solved efficiently when they are restricted to nowhere dense classes.
Nowhere dense classes are a limit for the efficient solvability of a wide class of problems
[10, 28]. Grohe et al. [12] proved that for every graph in a fixed nowhere dense class,
every first-order property can be decided in almost linear time. Nowhere dense classes
can be characterized in several seemingly different ways. They can be characterized
in terms of shallow minor densities [30], consequently in terms of generalized coloring
numbers (by a result from [37]), sparse neighborhood covers [12, 11], just to name a

few.

Definition 1.5.1. Let C be a class of graphs. We say that C is nowhere dense if for
every r > 1 there exists £ > 1 such that no graph in the class contains a topological
minor of the complete graph K; where every edge is subdivided at most r times. A

class of graphs C is somewhere dense if it is not nowhere dense.

Nowhere dense classes can also be defined in terms of ordinary minors. Denote the
average degree of G by d(G). A class of graphs C is nowhere dense if for every positive
integer r and every € > 0, there exists a positive integer ngy such that if H is a graph

with |V(H)| > ng and H is depth-r minor of some G € C, then d(H) < |V(H)|".

Theorem 1.5.2. (by a result from [30]) A class of graphs C is nowhere dense if and

only if for every r € N and € > 0 there exists an integer ng such that for every graph
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G € C with |V(G)| > ng we have
weol,(G) < |V(G)|“.

There are more restrictive sparse classes which are also characterized in terms of

the generalized coloring numbers.

Definition 1.5.3. Let C be a class of graphs. We say that C has bounded expansion if
for every r > 1 there exists ¢ > 1 such that no graph in the class contains a topological

minor of a graph H where every edge is subdivided at most r times and d(H) > t.

Theorem 1.5.4. (Zhu [37]) A class of graphs C is a class with bounded expansion
of and only if for every positive integer r there exists a constant number ¢ such that

weol,(G) < ¢ for every G € C.

Next we consider other characterizations of nowhere dense classes; the generalized
coloring numbers were used to prove the forward implication of Theorem 1.5.10 and

Lemma 1.5.13.

1.5.1 Poset Dimension

Nowhere dense classes can also be characterized in terms of poset dimension. Joret
et al. [16] showed that the property of being nowhere dense class can be captured by
looking at the dimension of posets whose order diagrams are in the class when seen as
graphs.

Let P be a poset. The dimension dim(P) is the least number of total orders such
that the intersection of those orders gives rise to P. The standard way of representing
a poset is by drawing it’s diagram: if v <p u we draw v below u and we draw a curve

from v up to w if the relation v <p u is not implied by transitivity. Any relation
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v <p u not implied by transitivity is called cover relation. The height of a poset is
the maximum number of vertices in a chain in the poset. The diagram corresponds in
a natural way to undirected graph G, where V(@) are the elements of the poset and
E(G) correspond to the pairs of elements in a cover relation. The graph G is called
the cover graph of P.

Recall that a monotone class means a class closed under taking subgraphs.

Theorem 1.5.5. (Joret et al. [16]) Let C be a monotone class of graphs. Then C is
nowhere dense if and only if for every h € N and € > 1, n-element posets of height at

most h whose cover graphs are in C have dimension O(n).

It is conjectured that classes with bounded expansion can be characterized in

terms of poset dimension, where the dimension is bounded by a function of the height.

Conjecture 1.5.6. (Joret et al. [17]) A monotone class of graphs C has bounded
expansion if and only if for every fixed h > 1, posets of height at most h whose cover

graphs are in C have bounded dimension.

The forward implication of the conjecture is shown in the same paper, but the

backward direction is still open.

1.5.2 Sparse Neighborhood Covers

Another characterization of nowhere dense graphs is in terms of sparse neighbor-
hood covers. Neighborhood covers with small size and radius play an important role
in the design of many data structures for distributed systems [33, 32].

For a positive integer r, an r-neighborhood cover X of a graph G is a set of

connected subgraphs of G called clusters such that for every vertex v in G there is a
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cluster X € X with N, (v) C X. The radius of the cover X is max{rad(X): X € X'}
and it is denoted by rad(X). The degree d*(v) of v in X is the number of clusters

containing v. The degree of X is max{d*(v) : v € G}.

Definition 1.5.7. A class C admits sparse neighborhood covers if for every positive
integer r, there exists a positive integer ¢ such that for all ¢ > 0 there exists ng € N
such that for all G € C with |G| > ng, there exists an r-neighborhood cover X’ with

rad(X) < ¢r at degree at most |G|°.

The generalized coloring numbers are useful tools in finding neighborhood covers

with small radius.

Theorem 1.5.8. (Grohe et al. [12]) Let G be a graph. If weols,(G) = d then G admits
an r-neighborhood cover X of radius at most 2r and degree at most d. Therefore, if C

1s nowhere dense class then C admits sparse neighborhood covers.

Theorem 1.5.9. (Grohe et al. [11]) Let C be a monotone class of graphs. If C admits

sparse neighborhood covers then C is nowhere dense.
From Theorem 1.5.8 and Theorem 1.5.9, we have the following.

Theorem 1.5.10. A monotone class of graphs C is nowhere dense if and only if it

admits sparse neighborhood covers.

1.5.3 The k-domination Numbers

A set D C V(G) is a dominating set if for every v € V(G), either v € D or

N(v)ND # ¢. The minimum size of a dominating set is called the domination number

of G, and it is denoted by dom(G). Determining the domination number is a famous
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problem in algorithmic graph theory and it is known to be NP-complete in general
(Karp [18]). Even approximating dom(G) within a factor better than O(log(|V (G)])
is NP-complete (Raz and Safra [34]). However, when restricted to some sparse classes,
the problem becomes more manageable. For example, for every G with degeneracy at
most ¢, there exists a linear-time algorithm approximating dom(G) within a factor
O(c?) (Lenzen and Wattenhofer [29]).

The k-domination number generalizes the notion of the domination number. The
k-domination number of a graph G is the minimum size of a set D C V(G) such that
for every v € G, distg(v,u) < k for some u € D. The k-domination number of a
graph G is denoted by domy(G).

The generalized coloring numbers can be used to give a linear-time constant-factor
algorithm approximating the k-domination number in classes of graphs with bounded

expansion.

Definition 1.5.11. Let G be a graph and A C V(G). The subset A is d-independent if
for every two vertices z,y € A, distg(x,y) > d. The maximum size of a d-independent

set in G is denoted by ay(G).

It is easy to see that for any graph G, ag(G) < domy(G). When we restrict the

problem to the classes with bounded expansion, then domy(G) = O(aqg(G)).

Theorem 1.5.12. (Dvorak [8]) If k > 1 and 1 < m < 2k + 1 are integers and G is a

graph satisfying that weol,,(G) < ¢, then domy(G) < a,, (G).
From Theorem 1.5.12 and Theorem 1.5.2 we have the following.

Lemma 1.5.13. Let C be a nowhere dense class of graphs. Then for every r € N and

€ > 0 there exists an integer ng such that for every graph G € C with |V (G)| > ng we
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have

dom,(G) < |V(GQ)|*a,(G).

In Chapter 5, we prove that the converse of Lemma 1.5.13 is also true for every

monotone class of graphs C.
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Chapter 2

ON THE WEAK 2-COLORING NUMBER OF PLANAR GRAPHS

In this chapter, we prove the following.
Theorem 2.0.1. For every planar graph G, weoly(G) < 23.

We first give an isometric-path decomposition & = (P, ..., Ps) for G. After that
we use Z to define a linear ordering L of V(G). Then we prove that wecolp[G, L] < 23.
We also give an example of a planar graph G such that wcoly|G, L] = 23. This shows

that the upper bound 23 is optimal in terms of our method.

2.1 Isometric-path Decomposition &

We may assume without loss of generality that GG is a maximal planar graph
since removing edges does not increase the weak coloring numbers. We refine the
isometric-path decomposition that is defined by Van den Heuvel et al. [14]. We gave
the construction of their decomposition in the proof of Lemma 1.2.7. Here we add an
extra condition when we choose the shortest path P, between wy and wy,. If there are

more than one isometric paths then break ties as follows.

(#x) Choose Py so that the interior of the cycle D’ := v, P,vjw;, Pywyvy has as few

vertices as possible.

Let & = (Py,..., Ps) be the resulting isometric-path decomposition. We give
now some notations. For each i € [s], denote the endpoints of P; by w; and w;. Let

i € [s]~{1,2}, then P; is adjacent to exactly two paths P,, B, € {Py,...,Pi_1},a <b.
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We call P, the strong parent and P, the weak parent of P,. We say that P;,j € [s] is a
parent of P; if P; is either the strong or the weak parent of P,. For each i € [s] \ {1, 2},
denote the component of G[P5;| containing P; by C;, the cycle forming the boundary
of the region of R2\ G[P,U...UP, ;] in which C; lies by D;, and the two edges e € D;
such that e ¢ P, U P, by e; and e}. Denote the unique vertex in V(P,) Ne; by v;, and
the unique vertex in V' (P,) Ne; by v}. Denote the unique vertex in V(F,) Ne; by z;,
and the unique vertex in V' (FP,)Neé; by zi. The edges e;, e, each belong to the boundary
of a triangle face contained in the interior of D;. Let f; and f; be those triangle faces
with e; € G[f;] and ¢, € G[f]]. Denote the unique vertex in G[f;] — {v;, z;} by w;,
v

z!} by w!. Denote the cycle v; P,viw}Pw;v; by

17 7

and the unique vertex in G|[f/] — {v
D, and the cycle w; Pyw;z; Pyz;w; by D; 5. Denote the interior of D, ; by O; 1, and the
interior of DZ"Q by Oi’Q.

The following four lemmas follow directly from the construction of &.

Lemma 2.1.1. Let P, € &,i > 3. If v is a vertex in the interior of D;, then

ve P e for some j>i.

Lemma 2.1.2. Let v € P;,i > 3. Let P, and P, be the strong and weak parents of
P; respectively. If P is a path between v and a vertexu € V(P U...U P,_y) then P

intersects with P, U By, more precisely, P intersects with either v; Pyv. or z;Pyz;.

Lemma 2.1.3. Let P, € &2,i > 3. Let P, be the strong parent, and P, the weak
parent of P;. Then P, is a parent of Py, i.e., if b > 3, P, is either the strong parent

or the weak parent of P.
Lemma 2.1.4. Let P, P; € &,1 > 3. If P; is a parent of P; then C; C C;.

We will use the next lemma often in the remainder of this chapter.
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Lemma 2.1.5. Let P, € Z,i € [s] ~ {1,2} and let x,y € P,. Assume that there
exists a path @ between x and y in O;1 U P; such that ) contains at least one vertex

in O;; (i.e., Q is not a subpath of P;). Then ||xPy| < ||Q| — 1.

Proof. We may assume without loss of generality that distp, (z, w;) < distp,(y, w;). The
path P; is isometric in Cj, so x Py is also isometric in C;. Both xFP;y and () are paths
between = and y in C;. Thus [|[zPy|| < ||Q]|. Assume that |zPy| = ||Q]|. Starting
from the xz-end of Q find the last vertex a2’ € ) such that =’ € w; P;x. Starting from
the y-end of 2’Qy find the last vertex ¢y’ € 2’Qy such that ' € yPw!.. The vertices «’
and 1/ exist because x and y respectively are candidates. Assume that 2’ = z and
Y =vy. As Q C 0;; UP, and @) contains a vertex in O;, the number of vertices in
the interior of the cycle v; Pvjw,PiyQz Paw;v; is less than the number of vertices in
0,1, a contradiction to (xx). Thus ||[xPy|| < ||Q|| as desired. Assume now that either
' # xory #y. Clearly, ||xPyl| < ||'Pyy'||. The path 2/ Py’ is isometric in C;, and
both /Py’ and 2'Qy’ are paths between 2’ and ¢’ in C;. Then |2’ By/|| < ||2'QY/||.

Since either 2’ # x or ¢ # v, [|2'QY|| < ||Q||. Hence ||zPy| < ||Q] — 2. O

Now we are ready to define the ordering L that witnesses wcoly |G, L] < 23.

2.2 The ordering L

Let x € P,y € P;,i # j. Then x < y if and only if ¢ < j. We inductively give
the restriction of L on V(F;),i € [s|. Fix any endpoint 7 of P, and make it the first
vertex in P; (the first vertex in L too), then order V(P;) toward ry. The path P; is a
single vertex ry, so 7y is the third vertex in L.

Let P, € Z,i € [s] ~ {1,2}. If v; = v} (recall that v; and v} are vertices in the

strong parent of P;) then denote arbitrary the endpoints of P; by w; and w/} and set
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Figure 2.1. P, the Strong Parent of P; and P, the Weak Parent of P,

r; = w,. If v; # v, then choose notations so that v; < v}. Let r; € P, N N(v;) such
that distp, (w;, ;) is maximum over all the vertices in P, N N(v;), see Figure 2.1 on
page 30. Let r; be the first vertex in P; with respect to L, then order V(F;) toward
T;, 1.€., choose any linear ordering of V' (P;) satisfying that for any z,y € V(F;) with
distp, (r;, x) < distp, (15, y) then <, y. Note that if distp, (r;,x) = distp,(r;,y), we
arbitrary choose the vertex that comes first. The ordering L is now completed.

Let v € P; such that v # r;. If they exist, let v=, 0" € P, N N(v) such that
v™ <p v <pov'. If the vertices v~ and v™ exist then they are unique.

Each vertex y € P; gives a rise to two subpaths of P;, they are w; Py and yPw;.

The next lemma follows from the definition of L.

Lemma 2.2.1. Let z,y € P,,i € [s] with x <p y. Let Q € {w; Py, yPw,} such that

x&Q, andlet z € Q —y. Theny <y z.

Proof. As x© <y y, distp,(r;,x) < distp (r;,y). Thus r; € P, — Q. So distp, (15,y) <

distp, (1, 2). O
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Before we prove weoly[G, L] < 23 for every planar graph G, we illustrate the
construction of & and the ordering L by giving an example of a maximal planar

graph G such that weoly[G, L] = 23.

2.3 Example

The graph G is given in Figure 2.2 on page 32. It is easy to see that GG is a planar
graph and every face is triangulated. We illustrate the decomposition & together with
the ordering L. The first path P; is the edge u;us which is an edge incident to the
outer face. Let uy, uy be the first and second vertices with respect to L respectively.
The ordering L is represented by purple numerals next to the vertices. The second
path P, is the vertex us which is the vertex of the outer face that is not in P;. The
vertex us is the third vertex in L.

Now there is only one component C3 in G[P>3]. The edge ujus belongs to the
boundary of a triangle face incident to a unique vertex (which is u4) in C3. Similar is
true for uous, and the vertex associated with usus is ug. Now we pick an isometric
path between wuy and ug in Cj satisfying (%), so this path is P3 := ujusugurugty.
The path P is adjacent to P; and P,, and as 1 < 2, P; is the strong parent of Ps.
Since uy <r, ug, U3 = Uy, V5 = Uz, W3 = Uy, Wy = ug. As N(vs) N Py = {uy, us, ug, ur}
and wu; is the farthest of these from ws, r3 = wu;. There are more than one way
to order V(P3), for example the second vertex could be wug or ug. Order V(P3) as
Uy < Ug <p Us <p Us <p Ug <[ Ug.

There is only one component Cy in G[P>4]. The next path in & has to be
an isometric path between u;q and w4 in Cy satisfying (xx). This path is P, :=

UoU11U12U13U4. The strong parent of Py is P, and as P; is the single vertex us
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Figure 2.2. A Planar Graph G and an Ordering L Satisfying wcoly[G, L] = 23. The
Ordering L is Represented by the Purple Numbers
then vy = vy = uz. Any endpoint of P, is a candidate for wy. Let wy = w4, so
ry = w) = ujp and the order of V/(Py) is uyg <p u11 < w12 <p U1z <p, U14.

Denote the unique component in G[P>5] by Cs. The next path in & has to be
an isometric path between u;5 and wu;g in Cs satisfying (xx). This path is P5 :=
U1sUi6U17U1s. The strong parent of P is Ps, as ug <p, u4, V5 = ug and vy = uy. As

N(vs) N Ps = {us}, r5 = uis and the order of V(Ps) is uig <p uir <p uig <p Uss.
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Denote the unique component in G[Psg] by Cg. The next path in & is an isometric
path between ujg9 and ugy in Cy satisfying (xx). This path is Ps := ujgugouio) ugs.
The strong parent of P is P, and vg = v§ = uy2. So any endpoint of Py is a
candidate for wg. Choose ugs to be wg, s0 176 = wj = u19 and the order of V(FP) is
Urg <p U0 <p U21 <L U22-

Denote the unique component in G[P>7] by C7. The next path is Pr := ugzugqtiassg
since it is an isometric path between g3 and ugg satisfying (xx). The strong parent of
P; is Ps and as uyy <p uys, v7 = w7 and vh = uys. As N(v7) N Pr = {uge}, 17 = ugg
and so the order of V(Pr) is ugg <p ugs <p ugy <p Ussz. The next path Py in &
has to be a path between usr; and us; in G[Psg); since there is only one such path,
Py := usgrusguoguszguz;. The strong parent of Py is Ps, as ui7 <p 15, vg = w17 and
Vg = u5. S0 wg = ugz; and w§ = ugr. As N(vs) N Py = {uag, uz0, uz1} and ugg is the
farthest of these from wg, g = ug9. There are more than way to order the V(FP)
toward rg, we choose the order uqg <j usg <r, uUsg <r Uy <, us;. The decomposition

& and the ordering L are now completed.

Claim 2.3.1. wcola[L, usg| = 23.

For simplicity we write v for usg, and we denote the set of vertices Weols[G, L, v]
and the number wcoly|G,L,v] by W(v) and w(v) respectively. Let A :=
{Ps, Py, Ps, B, P;, Pg}. Observe that W(v) C |J P as v is with distance greater than
two from any vertex in P, U P». The vertex v i§ iﬁe smallest in Py, so | W(v) N FPs| = 1.
Now we find | W(v) N P;|. Both uay, uss € N(v) and the paths vusguss, vusgugs are
witnessing wugs, ugs € W(v) respectively. Thus | W(v) N P;| = 4. The four paths
VUg4Ug, VllasUog, Vigslal, Vlgslze are Witnessing wuig, usg, Uz, gz € W(U) respectively.
Thus |W(v) N Ps| = 4. The vertices uys, u1g, u17 are neighbors of v and the path

vuruyg is witnessing uig € W(v). Thus | W(v) N Ps| = 4. The vertex w5 is a common
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neighbor of v, uyg, 11, u12, s0 {uig, ui1, u12} € W(v). Similarly, the vertex ui7 is a
common neighbor of v, uy3, u14, so {u13, w14} € W(v). Thus |W(v) N Py| = 5. The
five paths vuysuy, vuisus, VuieUs, VUIeUT, VUITUs are Witnessing ug, us, Ug, U7, usg € W (v)
respectively. Observe that dist(v, ug) > 2, so ug ¢ W(v), thus | W(v) N P3| = 5. Hence

all in all w(v) = 23.

2.4  Proof of Theorem 2.0.1

Theorem 2.4.1. weoly[G, L] < 23.

Proof. Let v € G; then v € Py for some k € [s]. Recall that W(v) denotes the set of

vertices Weoly |G, L, v], and w(v) denotes the number wcoly[G, L, v].

Claim 2.4.2. | W(v) N Py| < 3.
Proof. Follows from Lemma 2.1.5 and Lemma 2.2.1. [

If £ <2 then W(v) € P, UP,. So w(v) < 3 and we are done. So assume k > 3.
Then Py is adjacent to exactly two paths Py, Pj € {Py,...,Py,_1},h < j. So P is the
strong parent of Py, and P; is the weak parent of P,. Observe that P, is a parent
of P; too. If j <2then h=1,j =2 and W(v) C P, U U P; from Lemma 1.2.6,
w(v) <2%5+3 = 13. So assume j > 3, then P; is adjacent to exactly two paths
in {P,...,Pj_1}, one of them is P, and the other one is P, say. Note that P; is
adjacent to Py, so either P, is a parent of P; or P; is a parent of P,. If h < 2 then
W(v) C PAUP,UP,UP;UP; sow(v) <4x543=23. So assume h > 3; then P,
is adjacent to exactly two paths P, P, € {Pi,...,P_1}. If i < h then i € {f, g}, so
W(v) C PyUP,UP,UP;U P, and thus w(v) < 4%5+3 = 23. So assume h < i. See

Figure 2.3 on page 35.
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Figure 2.3. V(D) C PfUDP,

Let A := {Ps, Py, Py, P,, P;, P,}. Let u € W(v). Then u € P for some P € A.
Therefore w(v) = >~ | W(v)NPJ. In the remainder of this proof we estimate | W(v)NP)|

PecA
for each P € A.

Claim 2.4.3. |W(v) N P;| < 4.

Proof. Recall that V(D;) C P, U P, as P, and P, are the strong and weak parents
of P;. Let u,u’ € W(v) N P; such that distp,(u,u’) is maximum. There exist two
paths each of length at most two in O, U P; (as v € O;) witnessing that v € W(v)
and v/ € W(v). Those two paths combined contain a path @ of length at most

four between v and v’ in O;; U P;. If v ¢ Q then ||[uP/|| < [|Q| < 2,ifv € @
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then @) contains a vertex in Oj;1; from Lemma 2.1.5, ||[uPju/|| < ||Q] — 1 < 3. Thus

|W(v)Nn Pl <4 O
Claim 2.4.4. If x,y € N(v) N Pj,x # y then xy € P;.

Proof. The path zvy is a path in O;; U P; and v € O;;. From Lemma 2.1.5,

|lzPy|| < ||lzvy|| —1 = 1. Thus zy € P;. O
Claim 2.4.5. |W(v) N P < 4.

Proof. Let y1,yo € W(v) N P; such that distp, (y1,y2) is maximum. Let @); be a path
witnessing y; € W(v) and @), a path witnessing y, € W(v). As Py is not adjacent to P;,
both @1 and Q5 are of length two, say Q1 = vy'y1, Q2 = vy"ys. Note that Q1, Q2 C C;
and y',y" € P;UP,. As h < 1, every vertex in P, is smaller with respect to L than
every vertex in P;. From the definition of weak reachability, v/, v" € P;. If y' = ¢"
then |ly1 Pyl < ||ly1y'ya| < 2. Assume that v’ # y”, then v/, y” € N(v) N P;. From

Claim 2.4.4, y'y" € P;, so [|ly1 Pya|l < [ly1y/y"y2|| = 3. Thus | W(v) N F;| < 4. O

Let C be the component of G[P>p, 1] containing v. Let D be the cycle forming
the boundary of the region of R* \ G[P, U...U P,] in which C lies. Then either
V(D) € PyU P, or V(D) C P, U P,. Assume without loss of generality that

V(D) C Py U Py, see the example in Figure 2.3 on page 35. Set
R:=|W(v)N P+ |W(v) NPyl + | W(v) N Pyl
Claim 2.4.6. If v = ry then R < 10.

Proof. Clearly, | W(v) N Py| = 1. Note that v € N(vy).
Case 1: v ¢ N(v},) or vy = ).
Note that vy, v, € P, as P, is the strong parent of P;. Let 2 € W(v) N Py, and let @

be a path witnessing z € W(v). As Py is not adjacent to Py, @ has to be of length
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exactly two. So Q = vz'z where 2’ € P, U P;. The path P; is not adjacent to Py, so
2" € Py. Thus either 2/ = v;, or 2/ = v},. Since v ¢ N(v},) or vy = v}, 2’ = vi. The
vertex vy has at most three neighbors in Py as Py is an isometric path in Cy. Thus
| W(v) N Pf| < 3. From Lemma 1.2.6, | W(v) N P,| <5. So R <9.
Case 2: v € N(v},) and vg # vy,

If [W(v)NP,| <4then R <10 as | W(v) N Pf| <5. So assume that | W(v) N P| = 5.
Let P € {w, Py, v, Pyw;} such that vy € P. Assume that W(v) N P, C P. Let
u € W(v) N P, such that distp, (u, v}) is maximum, and let () be a path witnessing
u € W(v). Since | W(v) N B,| =5, distp, (u,v,,) > 4. On the other hand, v, vQu is
a path in ), of length at most three, a contradiction. Thus there exists a vertex
w € W(v) N P, such that w € P, — P. From Lemma 2.2.1, V(v Pyv;,) <p w. As
w ¢ v Ppuj, w is not a neighbor of v. So any path U witnessing w € W(v) has to be
of length two, say U = vw'w where w' € v Pyv;, or w' € 2, Pjz,.. As V(v Pyuy,) <p w,
w' ¢ v Py, Thus w' € 2, P;z;,. It means that N(v;,) N Pr = ¢ as G is planar graph.

So |W(v) N Pf| < 3 (v; has at most three neighbors in Py). Thus R < 9. O

Claim 2.4.7. If v # 1}, and vy = v}, then R < 10.

Proof. Recall that |W(v) N Py| < 3. If v ¢ N(vg) then |W(v) N Py| = 0. With
| W(v) N P,| <5 we have R < 8. So assume v € N(vg). The vertex v has at most
three neighbors in Py, so | W(v) N P¢| < 3. If also | W(v) N P,| < 4 then R < 10
and we are done. So assume |W(v) N B,| = 5. If they exist, let ¢; and t| be the
neighbors of vy in P,. Let D) be the cycle wy Pyw;vywy, and O} be the interior of
D}, see Figure 2.4 on page 38. Observe that N(v) N P, C {v}. If vv'z is a path
witnessing z € W(v) N B, where v/ € O}y U{v™,v", v} then z € {vg,t1,t}}. Since
| W(v) N P,| = 5, there exist two vertices z € W(v) N Py, \ {v, t1, 1]} such that the

witnessing path is of the form vv’'z where v/ € {z, z;,}. Call those two vertices to
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2k

Figure 2.4. v, = vy, D} is the Brown Cycle in Claim 2.4.7

and t). Clearly, distp, (vi,t2),distp, (vg, t5) > 2. Assume without loss of generality
that vzyts is the path witnessing to € W(v). Since vy, Pyto is isometric and vgzxts is a
path in Cy, ||vgPrta| = 2, fix notation so that vyt ty C P,. Thus vz, ¢, must be the
path witnessing t;, € W(v) and vy, P,t, = vitt,. Since G is planar, v, cannot have

neighbors in P;. Thus | W(v) N Py| =0 and R < 8. O

If it exists, let 1 € N(ry) NwgPyry, and if it exists, let o € N(ry) NrPywy. If

x;, 0 € [2] exists then it is unique as Py is isometric.

Claim 2.4.8. If v # ry, v, # v, and v € o Pyw), then R < 10.

Proof. Observe that v ¢ N(vg). If also v ¢ N(vy) then |W(v) N Pf| = 0. As
|W(v)N Py <5 and | W(v) N Pyl <3 weget R<8. So assume that v € N(v},). The

vertex v;, has at most three neighbors in Py, so | W(v)NPy| < 3. If also | W(v)NF,| < 4

then R < 10. So assume that | W(v) N P| = 5. Let P € {wy, Pyvy, v}, Pyw) } such that
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Figure 2.5. D) is the Brown Cycle in the First Drawing, the Second Drawing
[llustrates the Possible Neighbors of v~ if v~ = 1y,

v € P. As in Case 2 of Claim 2.4.6, there exists a vertex w € W(v) N P, such that
w € P, — P, v;, < w and any path witnessing w € W(v) is of the form vw'w where
w' € z,P;z;,. The graph G is a planar, so N(v,) N Py = ¢. This gives | W(v) N Py| =0,
so R <8. O]

Claim 2.4.9. If v # ry, v, # v, and v € wiPyxy then R+ |W(v) N P;| < 14.

Proof. Recall that |W(v) N Pj| < 4 (Claim 2.4.3). So if we show that R < 10
then we are done. As G is planar and riv, € G, v ¢ N(vy,). If also v ¢ N(v) then
|W(@w)NPs| =0. As [W(v)NP,| < 5and | W(v)NFP;| <3 weget R <8. Assume that

v € N(vi). The vertex v;, has at most three neighbors in Py, so | W(v) N Py| < 3. If
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|W(w)NP,| <4or|W(w)NPs| <2then R < 10. So assume that | W(v)NP,| =5 and
| W(v)N Py| =3. Clearly, R < 5423 = 11. It suffices to prove that | W(v) N P;| < 3.

In this paragraph, we prove that v and zj, are neighbors. Let D) be the cycle
wi Pyrivgwy and O) be the interior of D)), see Figure 2.5 on page 39. Then v € D)
and N(v) N D) = {v~,v", v;}; note that in this case v~ exists and if v # wy, then v
exists too. Let z € W(v) N P, and let @ be a path witnessing that z € W(v). Then
{vg, v7, 0T, 2k, 2.} N (Q — v) # @. If it exists, let t € N(vy) such that ¢ € Py, — vg Py,
Let t' € N(vg) NvpPruy, and if it exists, let ¢ € N(t') N (P, — vg). If v € @ then
z € {up, t,t'}. If v~ € Q and v~ # 1y then z = v, If v~ € Q and v~ = ry then
z € {ug, ', t"}. If ot € Q then z = vy , see Figure 2.5 on page 39. As |[W(v)N P =5
and |[{vg,t,t',t"}| = 4, there exists a vertex z € W(v) N P, \ {vg, t,t',t"} and a path
() witnessing z € W(v) such that {z;, 2} N Q # ¢. Since v, has three neighbors in P
and G is planar, () = vz,z. So v and z, are neighbors.

If 2z, = 2, then directly | W(v) N P;| < 3 (2; and the two unique neighbors of z; in

P.

;, if they exist). So assume that z; # 2.

We show in this paragraph that z; <p z;. The strong parent of P; is Py, so
{v;,v;} € V(F). From the construction of &, vy Pyvy, C v; P Let y € {v;,v}}
such that distp, (y, vx) < distp, (y,v},) and let v € {v;,vj} ~ {y}. So distp, (v, v}) <
distp, (v', vg). See the example in Figure 2.6 on page 41. As vy, has three neighbors in
P; and G is planar, y = vy. Since y = vy <y, v}, Lemma 2.2.1 tells us that v, <p /.
Soy <ry,y=v =uwvand y = vj. Since zvp € E(G), 2 € N(v;) N P; and
dist p, (wj, z) is maximum over all vertices in N(v;) N P;. So 2, = 75, i.e., 2 is the
minimum vertex in P; with respect to L. Hence 2, <, 2.

Assume that there exists u € W(v) N P; such that u € 2, Pjw} — 2. Then w is not

a neighbor of v as u ¢ z,P;z,. Let U be a path witnessing u € W(v), then U = vu'u
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where v € 2z, Pz, UvpPyu. As h < j, v € z,Pjz,. The path P; is isometric so
v’ = z;. From Lemma 2.2.1, 2 <, w which is in contradiction to the definition of
weak reachability. Thus W(v) N P; C w; P;z,.

Let [ € W(v) Nw;P;z, such that distp, (z;,() is maximum. Since z;, € N(v) and
| € W(v), there exists a path U of length at most three between 2} and [ in O;; U P;.
If v ¢ U then U is of length less than three; if v € U then from Lemma 2.1.5 we have

|1P;z|| < ||U]| =1 < 2. Thus distp, ([, z;,) <2 which means that | W(v)NF;| <3. O
Claim 2.4.10. R+ |W(v) N F;| < 14.
Proof. Follows from Claims 2.4.3, 2.4.6, 2.4.7, 2.4.8 and 2.4.9. O

From Lemma 1.2.6, Claims 2.4.5 and 2.4.10, w(v) <4+ 14 4+ 5 = 23. O
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Chapter 3

ON THE CHROMATIC NUMBER OF THE EXACT DISTANCE-3 GRAPHS OF
PLANAR GRAPHS

In this chapter, we improve the best known upper bound of the chromatic numbers
of the exact distance-3 graphs GU® of planar graphs G, which is 105, to 95. We also

improve the best known lower bound, which is 7, to 9.
Theorem 3.0.1. Let G be a planar graph. Then x(G) < 95.

Recall that x(G¥)) < dcols(G) (Theorem 1.4.5), so it suffices to prove that
decol;(G) < 95 for every planar graph G.

We may assume that G is a maximal planar graph as dcol,.(G) does not increase
by removing edges.

Recall the isometric-path decomposition & = (P, ..., Ps) constructed in Section
1.2. We define a liner ordering L of V(G) as follows. For each = € P,,y € P; with
i < j,put x <p y. For every i € [s], fix any end point r; of P, and make it the
L-smallest vertex in V(P;), then order V' (F;) toward this end, i.e., if z,y € P; such
that distp, (r;, z) < distp,(r;, y) then put x <p y.

Let v € G. We denote the number dcol;[G, L, v] and the set Dcols[G, L, v] by de(v)

and Dc(v) respectively.

Lemma 3.0.2. Let u € P; and v € Py, i1 < k. Assume that Q, := uu'u" ... v is a path

witnessing that w € Dc(v). Then u”"Quv — v C Cy.

Proof. The definition of Dc(v) tells us that v <; V(u”Qu0) (if V(u"Qu0) # ¢). As
V(Dg) <p v, Dp N uo”Qui} =¢,and as v € Oy, u"Q,v —u" C C}. O
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3.1 Proof of Theorem 3.0.1

Theorem 3.1.1. dcols|G, L] < 95.

First we prove an easy case. Then we name and count the number of paths P € &
such that Dc(v) NP # ¢ where v is a fixed vertex in G. We will see that the number
of such paths is at most ten. After that, throughout a series of claims, we bound
| De(v) N P| for each one of those paths. The proof will be a direct result from the

claims and the fact that dc(v) = >~ pc 4 | De(v) N P.

Claim 3.1.2. Let v e G. If [{P € & : Dc(v) N P # ¢}| <9 then de(v) < 94.

Proof. Let P, € & such that Dc(v) N P, # ¢. From the construction of &, P, is
isometric in G’ := G[Ps,), and from the definition of Dc(v), De(v) NP, € N [v] N P,
From Lemma 1.2.6, |Dc(v) N P,| < 11. Let Py be the path containing v. From
the restriction of L on V(Py), Dc(v) N Py C 1 Prv; let uw € De(v) N Py such that
distp, (u,v) is maximum. Then distp (u,v) < 5, and so | Dc(v) N Py| < 6. Thus

de(v) < 8% 11+ 6 = 94. O
Claim 3.1.3. For every v € G, [{P € & : Dc(v) N P # ¢}| < 10.

Proof. Let k € [s] such that v € P;. Assume that k > 3. Let u € Dc(v) \ {v}, as
De(v) N {v} <pv,ue V(P U...UP). Let Q, :=uyg...u, be a path witnessing that
u € Dc(v) where up = u and u, = v. Let ¢ = max{j € [¢ — 1] U {0} : u; <y v}, then ¢

exists because uy <y v, and from the definition of Dc(v), i < 2.

Case 1: i = 0.
As k > 3, P, has a strong parent, call it P, and a weak parent, call it P, (so h < [ < k).

Assume that u ¢ Py,. From Lemma 2.1.2, uQ,v intersects with P, U P,. Since u is
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the only vertex in u@,v satisfying that v <p v, w € P, U P,. Thus if © = 0 then

ue P,UPUDP,.

Case 2: i = 1.

By replacing v with u; in Case 1, we get uy € P, U P, U P,. From the definition
of De(v), u(= up) <p uy. If uy € Py then again v € P, U P, U P, (Lemma 2.1.2).
Assume that u; € P, and h > 3. Denote the strong parent of P, by P,, and the
weak parent by Py. Then either u € P, or else from Lemma 2.1.2, u € Py U P,.
Assume that u; € P, and [ > 3. Recall that P, and P, are the parents of P, and h < [.
From Lemma 2.1.3, P, is a parent of P,. Denote the other parent of P, by P,,. Then
either u € P, or , u € P, U P, (Lemma 2.1.2). Thus if ¢ = 1 then u € P; for some
jeA:={k1l,mh,f g}

We need the following observation for the next case:

(x) If m < h then P, is a parent of P, (Lemma 2.1.3). As P, and Py are the strong

and weak parents of P,, m € {f,g}.

Case 3: 1 = 2.
By replacing v with uy in Case 1, we get us € P, U P, U P,. From the definition of
Dc(v), u <p {ui,us}. Assume that us < uy. By replacing u; with uy in Case 2,
we get u € P; for some j € A. Assume now that u; < us, so u <p u; <p us. By
replacing u; with uy and replacing v with u; in Case 2, we get u; € P; for some
jeA If wy € P,UP UDP, then again u € P, for some j € A. Assume that u; € P,
and g > 3. Denote the strong parent of P, by P,, and the weak parent by P.. From
Lemma 2.1.2, u € P, U P, U F,. Assume that u; € P; and f > 3. Recall that P; and
P, are the parents of P, and g < f, so P, is a parent of P;. Denote the other parent

of Py by P;. From Lemma 2.1.2, u € Py U P; U P,.
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Figure 3.1. p;,j € B

Assume that uy € P,, and m ¢ {f, g}, so h < m (observation (x)). Recall that P,
and P, are the parents of P, so P, is a parent of P,,. Denote the other parent of P,
by P,. From Lemma 2.1.2, v € P, U P, U P,. Thus if ¢ = 2 then u € P; for some
j€ B :={kl,m,n,h,fdg,cb}

We end this proof with the following observation:

(x%) if j < 2 for some j € {k,l,m, h, f, g} then the number of paths P € & satistying
that Dc(v) N P # ¢ is at most nine since P; has at most one parent instead of

two. O

Remark 3.1.4. Recall that P, and P, are the parents of P;. If d < g then Py is a
parent of P,; since B, and P, are the parents of P,, d € {b,c}. Recall that P, and
P, are the parents of P,,. If n < h then P, is a parent of P,; since P, and Py are
the parents of Py, n € {g, f}. Thus if m < h,d < g or n < h (recall observation (%)),
then the number of paths P € & satisfying that Dc(v) N P # ¢ is at most nine, and

we are done (Claim 3.1.2).

In the remainder of this proof, we assume that h < m,g < d and h < n. We
will estimate | Dc(v) N P;| for every j € B. Before we proceed, we provide a simple
drawing to give a quick reference showing how the paths in & are related.

In Figure 3.1 on page 45, we contracted each path P;,j € B to a single vertex p;.

The vertex p; is to the left of p; if and only if j < j'.

Claim 3.1.5. | Dc(v) N Py| < 6.
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Proof. Follows from the restriction of L on V(P) and from the fact that Py is isometric

n G[sz] ]
Claim 3.1.6. | Dc(v) N B, | De(v) N Pyl < 10.

Proof. We first show that v € 01 N Oy (recall the definition of O;; from Section
1.2). The paths P, and P,, are the parents of P, and as h < m, P, is the strong
parent of F,. Thus D;; = v Pyvjw;Pawvy; as Py, and P, are the parents of Py, Py is
in the interior of Dy, i.e., Py is in Oy, see Figure 3.2 on page 47. Similarly, the
paths P, and P, are the parents of Pr, and as g < d, P, is the strong parent of Pj.
Thus Dy, = vy Pyvw’, Prwgvy. The paths Py and Py are the parents of P, so P, is
in Oy, as P, and Py, are adjacent and G is planar, P is also in Of;. As v € Py,
v e 01 NOy; too.

Let j € {l, f}, and let z,y € Dc(v) N P; such that distp, (z,y) is maximum. To
prove the claim, it suffices to show that ||[zPy|| < 9. Let @, and @, be paths
witnessing that x,y € Dc(v) respectively. Then ||Q,]],|@Qy]| < 5 and Q,,Q, C C;.
Starting from the v-end, let 2’ be the first vertex in @), contained in P;, and starting
from the v-end, let ¥ be the first vertex in @), contained in P;.

Now the walk W := 2'Q,vQ,y" is in P; UO;; since v € O;;, and W # 2’ Py as

veW —2'Py. From Lemma 2.1.5, ||2'P;y/|| < ||[W]| — 1. Therefore
lzPiyll < [l Pyl + " Pyl + [ly Py
<z P’ + W + lly Pyl — 1
<@ [2Qa"| + W + llyQuy'll — 1

= [[2Qav@Qyyl| — 1

<9

Y
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Figure 3.2. v € Op1, Oy, is the Interior of Dy 1 = vy, Pyvjwy, Pywyvy,

where (1) follows from the fact that P; is isometric in C; and both paths @), and @,

are in Cj. ]

Claim 3.1.7. | De(v) N Py| < 9.

Proof. Let z,y € Dc(v) N By,. If we show that ||z P,y| < 8, we are done. Let @, be
a path witnessing that x € Dc(v), and @), a path witnessing that y € Dc(v). Then
|Qxl], [|Qy]| <5 and Q,,Qy, C Cp,. As m < k, any path from v € P to a vertex
in P,, must intersect with a parent of Py, i.e., either P, or P, (Lemma 2.1.2). As

h<m,Q,N Py, QyNP,=¢. SoQ,NPF,Q,NF # ¢. Starting from the v-end, let
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2’ be the first vertex in @), contained in FP,. Starting from the v-end, let ¥’ be the
first vertex in ), contained in P;. Then the walk W := 2'Q,vQ,y" is in P, U O, as
Qs NPy, Q,N P, =¢and v € O (see Claim 3.1.6), and W # 2’ Py’. From Lemma
2.15, ||l="Py/|| < [[W]| - 1.

Starting from the 2’-end, let z” be the first vertex in 2’Q,r contained in P,,.
Starting from the y'-end, let y” be the first vertex in y'Q),y contained in P,,. We show
that the walk W' := 2"Q,2'Py'Quy" is in P, U O,,1. As P, is the strong parent of
P, Dy = vy Ppvl w), P, vy,. As P, and P, are the parents of P}, P, is in Oy, 1,
and as Q; N Py, Qy NPy, =¢, Wisin P, UO,, ;.

Clearly, W' #£ 2" P,,y". From Lemma 2.1.5,

2" Pry”[| < [[W]] — 1
= [|2"Qu"[| + 12" Py | + [ly'Quy”"|l — 1
(3.1.1)
< 2" Qu| + W + NIy Quy”ll — 2
= [2"Quv@Qyy"|| — 2.
Since P, is isometric in C), and @, Qy C Cy,, ||2Pn2”|| < ||zQ.2”|| and ||y" Pyl <

ly"Qyyll- Thus

l2Payll <l Bna”|| + 12" Py || + (1" Py
< e Qo[ + 2" Quo@yy” || + lly"Quull — 2
= [l2QzvQyyll — 2

<. O

Claim 3.1.8. | Dc(v) N P,| < 9.

Proof. The proof is similar to the proof of Claim 3.1.7. Let x,y € Dc(v) N P,. Let Q,

be a path witnessing that « € Dc(v), and @), a path witnessing that y € Dc(v). Then
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|Q], [|Qy]| <5 and Q.,Q, C C,. Any path from a vertex in P to a vertex in P,
intersects with either P, or P. As h <n, Q,NPy,, QNP = ¢, 50 Q.NFP, Q,NF, # ¢.
Starting from the v-end, let 2’ be the first vertex in (), contained in F;. Starting from
the v-end, let ¢’ be the first vertex in @, contained in F,. Let W := 2/Q,vQ,y’. Recall
that D1 = v Pyvjw;Pwy; and v € Oy (see Claim 3.1.6), and as Q, NPy, Q, NP, = ¢,
W is awalk in PUQO, ;. Clearly, W # /Py, so from Lemma 2.1.5, ||z’ Py'|| < ||W]—1.

Now both 2'Q,z and y'Q),y are paths between a vertex in F, and a vertex in
P,. Since n < [ (P, is a parent of P, and P, is a parent of P}), both 2’Q,z and
y'Qyy each intersect with a parent of P, i.e., either P, or P,,. We have just seen that
Qs NPy, QyN Py, = ¢, 50 2’Qux N P, y'Quy N Py, # ¢. Starting from the 2’-end, let
x” be the first vertex in 2'Q,x that is in P,,. Starting from the y’-end, let y” be the
first vertex in y'Q,y that is in P,,. We show that the walk W' := 2"Q,2' Py’ Q,y"
is in P, U Oy, 1. As P, is the strong parent of P,,, then D,, 1 = v, Pyv;,w;, Pt U,
The parents of P, are P, and P,,, so P, is in O, 1. As Q, NP, Q, NP, = ¢, W is
in P, UOy, . From Lemma 2.1.5, ||2"P,,y"|| < [|[W'|| — 1. As in Inequality (3.1.1),
2" Ppy"|| < ||2"QrvQyy"|| — 2. Both @, Q, C C,,, and as n < m, C,, C C,, (Lemma

2.1.4). So Q2" Py "Q,y is a walk in C,,. As xP,y is isometric in C,,

[Pyl < 2Qza"| + 2" Py || + [ly" Quuyll
< |2Qea” || + 112" Qrv@yy” || + Iy Quyll — 2
= [[2QavQyyll — 2

<. O

Claim 3.1.9. Let u € Dc(v) N P; and assume that @, = wouiuy...u, is a path

witnessing that u € Dc(v) where ug = u and u, = v. Then u; € Py and uy € v, Pyvy.

Proof. Let 1 = max{j € [¢ — 1] U{0} : u; < v}. We recall some facts from the proof
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of Claim 3.1.3: If ¢ = 0, then u € P; for some j € {k,l,h}, if i = 1 then u € F;
for some j € A, if i = 2 and uy < u; then u € P; for some j € A, and if i = 2 and
u1 < ug then u € P; for some j € B. Thus i = 2 and u; < uy as u € P;. Also from
the proof of Claim 3.1.3, u; € Pf. From Lemma 2.1.2, the path u;Q,v intersects with
either v, Pyvj, or P. So either uy € v, Pyvy, or ug € Fj. As Py and F; are not adjacent,

U € 'UkPhU;Q- OJ
Claim 3.1.10. | De(v) N Py| < 10.

Proof. Let z,y € Dc(v) N P;. Let @, be a path witnessing that x € Dc(v), and let
(), be a path witnessing that y € Dc(v). Then ||Q.], |Qyll < 5 and Q,,Q, C Cy.
Observe also that @), and ), each have to be of length at least three. From Claim
3.1.9, Qp = z2'2" ... v,Q, = yy'y"...v where o',y € Py and 2”,y" € v Pyv,. We
show that the walk W := 2'Q,vQ,y" is in Py U Os;. As P, is the strong parent
of Py, Dy = vy PpwiPrwpvy. As Py and Py are the parents of P, C, C Oy.
From Lemma 3.0.2, 2"Q,v — 2", y"Quv — y" C Cy, and from Lemma 2.1.4, C}, C C,.
So 2"Q.vQ,y" C Cy, and as 2’y € Py, W C P; U Oy;. From Lemma 2.1.5,
|2’ Pry'|| < W] — 1.

Now the walk za'Pry'y is in Cy since z,y € Py and ' Pry’ C Cf C Cy (Lemma

2.1.4). As z P,y is an isometric path in Cy,

lzPayll < [z’ Pry'y||
= [lz’ll + l="Pry/ll + lly'y
<zl + W+ [ly'yll =1
< [l2QvQyyl — 1

<9. O
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Figure 3.3. v € Oy, Oy, 2 is the Interior of Dy, o = 2, Prz,w), Pywpzy,

Recall that P, is the strong parent of FP,, and F. is the weak parent. Then
Dy = vy Pyojw, Pywgvy and Dy o = 2, Pezjw, Pywgz,. As Py is a parent of Py, and P,
is a parent of P, Cy C C), C C,; (Lemma 2.1.4). So Cj, (and then v) is either in O,

or Oyo. In both figures, Figure 3.2 on page 47 and Figure 3.3 on page 51, v C O, ;.

Claim 3.1.11. Assume that v € O,;. Let u € Dc(v) N P, and assume that @, =
Upuy . ..U, is a path witnessing that u € Dc(v) where vy = w and u, = v. Then

uy € {vp, v}, } and ug € vy Py,

Proof. Let i = max{j € [¢ — 1] U{0} : u; < v}. From the proof of Claim 3.1.3: If
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Figure 3.4. The Brown Cycle is C’ in Claim 3.1.11 and the Cyan Cycle is C” in
Claim 3.1.13

i =0, then u € P; for some j € {k,[,h}, if i = 1 then u € P; for some j € A, if i =2
and up < u; then u € P; for some j € A, and if ¢ = 2 and u; < uy then u € P; for
some j € B. Thus i = 2, u; < up and u; € P,. From Lemma 2.1.2, u;Q),v intersects
with either v, P,v;, or Fj. So either uy € vy Pyvy, or ug € Fj. Since P, and P, are not a
adjacent, uy € vy Pyu).

It is left to show that uy € {vp, v} }. As uy € Py, uy is in the interior of Dy, while
P, — v, Pyv;, is in the exterior of Dy. As uy € N(ug) N Py, uy € v, Pyvy,. Let the cycle
C":=Dp1UD,, — v"thJ;L, see Figure 3.4 on page 52; we assumed in the figure that

distp, (v, wy) < distp, (v}, wy). The inner vertices of vy, Pyvj, are in the interior of C’,
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while w is in the exterior (u € B,). As w and w; are neighbors, u; ¢ thPgUO;l, and

therefore uy € {vp, v}, }. O

Claim 3.1.12. Assume that v € Oy5. Let v € Dc(v) N P, and assume that @, =
Upuy . ..U, is a path witnessing that u € Dc(v) where vy = w and u, = v. Then

uy € {vp,vy,} and uy € v Py

Proof. Replace the cycle Dy U D, o — ﬁthUZl in the proof of Claim 3.1.11 with the

cycle Dy U Dyq — 0, Pyv). O
Claim 3.1.13. Assume that v € O, ;. If | Dc(v) N By| > 4 then | De(v) N Py| < 10.

Proof. Let x,y € Dc(v) N P, such that distp, (z,y) is maximum. Let @), be a path
witnessing that © € Dc(v), and @), a path witnessing that y € Dc(v). Then
QI 1Qy]l < 5 and Q,,Q, C C,. Observe that both @, and @, each have to
be of length at least three. From Claim 3.1.11, @, = z2’2” ... v and Q, = yy'y" ... v
where 2/, y' € {vp,v},} and 2", y" € vy Pyv). Assume that 2’ = y'. The path P, is
isometric in Cj, and zz'y is a path in Gy, so ||[xPy|| < [|z2’y|| < 2, which is a contradic-
tion to the assumption | De(v) N Py| > 4. Thus 2’ # 3. We may assume that 2/ = vy,
y' = v, and v, <g v;,. We may also assume that distp, (vs, w,y) < distp, (v}, w,), see
Figure 3.4 on page 52. As v, <p, vy, V(vnPyvy,) <p V (v, Pywy, — v;,). To finish the
proof, it suffices to show that | De(v) Nw, Pyvy| < 10 and | De(v) N (v, Pyw, —vy,)| = 0.
Let z € Dc(v) NwyPyvy,. Let @, be a path witnessing that z € Dc(v). Then
Q.|| <5 and @, C Cy. From Lemma 3.0.2, vQ,y" —y" C Cy, and as g < h < k,
Cy C C), C C,. Therefore the walk 2Q),vQ,vj, is in C, and of length at most nine. As
P, is isometric in Cy, |[z2P,v;]| < [|2Q.vQyv;]| < 9. Thus | De(v) NwyPyvy,| < 10.
Assume that Dc(v) N (v, Pyw, — v,) # ¢. Let w € Dc(v) N (v, Pyw;, — vj,) and

assume that @, is a path witnessing w € Dc(v). The vertex v is in the interior of the

93



cycle C" := xPyyv;, Pyupx, while w is in the exterior, see Figure 3.4 on page 52. As
G is a planar graph, @, intersects with C”. Note that b < g, so @),, intersects with
vp Pyvy,. But V(v Pyvy,) <p V (v}, Pywy, —v},), a contradiction to the definition of De(v).

Thus | De(v) N (v, Pyw;, — vy,)| = 0. O
Claim 3.1.14. Assume that v € Oyo. If | Dc(v) N P.| > 4 then | De(v) N P,| < 10.

Proof. Replace each b by ¢, and use Claim 3.1.12 instead of Claim 3.1.11 in the proof

of Claim 3.1.13. O
Claim 3.1.15. | Dc(v) N (P, U P. U B,)| < 32.

Proof. Assume that v € Oy;. From Claim 3.1.13, |Dc(v) N (P, U B)| < 21. As
| De(v) N P.| <11, | De(v) N (P, U P.U By)| < 32. Assume that v € O, 5. From Claim

3.1.14, | Dc(v) N (P, U P.)| < 21. As | Dc(v) N By| < 11, the statement holds. O

Recall that v € C, C Cj, so v € Oy 1 or v € Oy 9, see the examples in Figure 3.2

on page 47 and Figure 3.3 on page 51.

Claim 3.1.16. If v € O, ; then | Dc(v) N By| < 10.

Proof. Let x,y € Dc(v) N Py. Let @, be a path witnessing that € Dc(v), and let
(), be a path witnessing that y € Dc(v). Then [|Q.]], [|Qy]] < 5 and Q,, Q, C C}.
Starting from the v-end, let 2’ be the first vertex in @), that is also in P,. Starting
from the v-end, let y' be the first vertex in @), that is also in P,. Recall that
Dy, 1 = vy Pyvjwy, Pywpoy, so V(Dp1) € P,U P, As g < h, Q,NP,,Q, NP, = ¢.
Thus the walk W := 2'Q,vQ,y" is in P, U Oy, as v € Op;. From Lemma 2.1.5,
" Poy'|| < W] — 1.
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The path zP,y is isometric in C), and W' = 2Q,2'P,y'Q,y is a walk in C},
(Qsz,Qy € Cy). Thus

Byl < W]
= [l2Qa2|| + [l="Puy/ | + [l Quyll
< 2@l + W + [y Quyll — 1
< [[2QavQyyl — 1

<0. O

Claim 3.1.17. If v € Oy ; then | Dc(v) N Pyl < 9.

Proof. Let x,y € Dc(v) N Py, let @, be a path witnessing that = € Dc(v), and let
(), be a path witnessing that y € Dc(v). Then [|Q.]], [|Q,]] < 5 and Q,,Q, C Cf.
Note that v is in the interior of Dy, ; (assumption) while Py is in the exterior of Dy i,
so @, and @, each intersect with Dy ;. Recall that V(D) C P, U Py; as g < f,
Q: NP, QyN P, =¢,50 QN Py, QyN Py # .

Starting from the v-end, let 2’ be the first vertex in (), that is also in P,. Starting
from the v-end, let ¥ be the first vertex in @), that is also in P,. Then the walk
W :=2'QuQuy isin P, UOy; as v € Op; and Q, N P, Q, N P, = ¢. From Lemma
2.1.5, |2’ Py'|| < ||W]|—1. Starting from the 2’-end, let 2" be the first vertex in 2'Q,x
that is also in Py. Staring from the y’-end, let y” be the first vertex in y'Q),y that is
also in Py. We show that the walk W’ := 2"Q,2' P,y'Q,y" is in Py UOy;. Since P, is
the strong parent of P¢, Dy = vagv}w}wafvf. As P, and P; are the parents of
Py, Py is in the interior of Dy;. To see that also 2”Q,2",y'Qyy" C Py U Oy, observe

that V(Dy1) C P, U Py and recall that Q, N Py, Q, N P, = ¢. Thus W' C Py U Oy ;.

55



From Lemma 2.1.5,
=" Py < W] =1
= [|2" Qo[ + l2" P/ + [y’ Quy" |l — 1
< [l2"Qaa'll + W + [ly'Qyy”ll — 2
= [|2"QavQyy" || — 2.

The path xPyy is isometric in Cy and the walk W := Q2" Pry”Qyy is clearly in C.

Therefore

lzPryll < [[W7]]
= l2Qa”|| + lz" Pry”|| + ly" Quyll
< [J2Qaa” || + (|2 Qav@yy/ || + lly" Qyyll — 2

= [[2Qav@yyl| — 2

<3s. O

Claim 3.1.18. If v € Op, 1 then | De(v) N Py < 9.

Proof. Let x,y € Dc(v)NPy, let Q) be a path witnessing that € Dc(v), and @, a path
witnessing that y € Dc(v). Then [|Q.]], [|Qyll <5 and @, Q, € Cy. From Claim 3.1.9,
Qr =2x2'2" ... v,Q, =yy'y"...vwhere2',y" € P;and 2", y" € vy P,v;,. We show that
the walk W := 2"Q,vQy,y" is in P, U Op ;. From Lemma 3.0.2, W — {z",y"} C Cj.
As Cj, C Oy, either Cy, € Oy or Cf, € O 2. From assumption, v € Oy 1, so Cy, € Op, ;.
Thus W C B, U Op ;. From Lemma 2.1.5, ||2” Py"|| < ||W]| — 1.

Recall that Dy, = v Ppoiws Prwsvp. As Py and Py are the parents of P, P, is in
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the interior of Dyy. Thus the walk W' := 2’2" P,y"y’ € Py UOy,. From Lemma 2.1.5,

l="Pry/l| < W' =1
= [l"2"|| + =" Pay”"[| + 1ly"y'l| — 1
< 22"+ W+ lly"y'l| -2
= [|2'Qav@yy/l| — 2.

Now W" := za'Pry'y is a walk in Cy as x,y € Py and 2’ Py’ C Cy C Cy (Lemma

2.1.4). Since xPyy is isometric in Cy,

[Pyl < [IW"]]
= llza’ll + =" Pry/[| + 'yl
< a2’ + 12" Quv@yy/ | + ly'yll — 2
= [l2QavQyyl| =2

<8. [l

Claim 3.1.19. Assume that v € Ops. Let u € Dc(v) N P; and assume that Q, =

UpUiUsz . . . U, 18 a path witnessing that u € Dc(v) where vy = w and u, = v. Then
ug € {vg, v}

Proof. From Claim 3.1.9, u; € Py and uy € vpPyv;,. We just need to show that
Uy ¢ szthO;C. If ﬁkPhQ;; = ¢, we are done, so assume that szthO;c # ¢. Clearly, ﬁkth;;
is in the interior of the cycle C" := Dy U Dy 1 — szthO;C, see Figure 3.5 on page 58.
Both the interior of Dy ; and the interior of Dj,; are in Cj, and as f < h, Lemma
2.1.1 tells us that PN Cy, = ¢. As Py N\ Dy1, Py N Dy = ¢, Py (and then u,) is in

the exterior of C". As uy is a neighbor of u; € Py, uy ¢ ﬁkPhJ,g. O

Claim 3.1.20. Assume that v € Op . If | De(v) N Py| > 6 then | De(v) N By,| < 9.
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Figure 3.5. The Cyan Cycle is C” in Claim 3.1.19 and the Brown Cycle is C” in
Claim 3.1.20

Proof. Let x,y € Dc(v) N Py such that distp,(x,y) is maximum. Let @), be a path
witnessing that * € Dc(v), and @, a path witnessing that y € Dc(v). Then
Q=1 1Qyll < 5 and Q,,Q, C C4. Observe that @), and @, each have to be
of length at least three. From Claim 3.1.19, @, = z2'2"...v,Q, = yy'y"...v
where o',y € Py, 2",y" € {vg,v,}. Assume that 2” = y”. Then za2'z"y'y is
a walk of length four in Cy. As zP,y is an isometric path in Cy, ||[zPy| < 4,
and so | Dc(v) N Pyl < 5, which contradicts the assumption. Thus z” # y”. We
may assume without loss of generality that 2” = v, and 3y’ = v,. We also
may assume that v, <, v, and distp, (vg, wp) < distp, (vy, w,). From the defini-
tion of L, V(vpPyvy,) <p V(v,Pyw;, — v;). We finish the proof by showing that
| De(v) Nwy, Pyvg| <9 and | De(v) N (v, Pawy, — vy,)| = 0.

Let z € Dc(v) N wyPrvy, and let @, be a path witnessing that z € Dc(v). Then

|Q:|| <5 and Q, C Cy. The path v,Q,v—1v} is in C} (Lemma 3.0.2), as C}, C C}, and
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Dc P, .= |DC<U) N R| v E Oh,l v E Oh’g v E Oh,l v E Oh’g
Dc P 6 6 Dc Py + Dc P, 19 19
Dc B, 10 10 Dc Py +Dc P, + Dc B, 32 32
Dc P, 9 9
Dc P, 9 9
Dc P, 10 11
De Py 9 10
Dc Py, 9 10

Table 1. Upper Bounds for | De(v) N B

vy, € P, C Cy, v,Qyu € Cy,. From the definition of Dc(v), ||v,Qyv|| < 3, so 2Q,vQ, v},
is a walk of length at most eight between z and v}, in C}, and zP,v;, is an isometric
path in Cy. Thus ||zPyv;|| < [|2Q.vQyv;| < 8, so |De(v) NwyPyuy| < 9.

Assume that Dc(v) N (v, Pyw), —vy) # ¢. Let w € De(v) N (vy, Pyw), —v),) and assume
that @, is a path witnessing that w € Dc¢(v). From Lemma 2.1.2, @, intersects
with either vy Pyu, or 2Pz As V(v Pyuy) <p V(v Powy, — v.), Qu N Prv), = ¢,
50 Qu N 2Pz, # ¢. Let the cycle C" := v Py Pra'vy, see Figure 3.5 on page 58.
Clearly, w is in the exterior of C”, we show that 2z, Pz, is in the interior of C”. The
path z, Pz, is adjacent to Py, and Py is in Oy 2 (assumption); as G is planar, 2z, Pz},
is in Op 2 too. The cycle Dy, » and the two edges via’ v,y make up three cycles, one
of them is C”. Observe that C” is the only cycle among those three that contains
{v,v}.}. As z Pz, is adjacent to v and v}, 2Pz}, is in the interior of C”. Thus Q,,
intersects with C”. As V/(C") C PrU v, Py, and Q. N v Prvy, = ¢, Qu N Py # ¢, but
this is not possible since V(Py) <y, V(P,). Thus Dc(v) N (v, Pywy, — vy,) = ¢. O

We sum up Claims 3.1.5-3.1.20 in Table 1 on page 59. As dc(v) = >

JjE

5| De(v)N
P;| <95, Theorem 3.1.1 holds.
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3.2 Lower Bound

An example of a planar graph G with y(GF?) = 6 is given in Exercise 11.4 [31].
Later, Van den Heuvel et al. [14] gave an example of an outerplanar graph G’ with
x(G"#)) = 5 and a planar graph G with x(G®)) = 7. Here we give an outerplanar

graph G’ with yx(G'¥) > 6, and a planar graph G with y(G') > 9.
Theorem 3.2.1.

1. There exists an outerplanar G such that x(G%!) > 6.

2. There exists a planar graph G such that x(GF) > 9.

Proof. (a) Draw a path P of length six, say P = w; ... w;. Add a new vertex z, then
for every i € {1,...,7}, add an edge between z and w;. For every i € {1,...,6}, add
a new vertex z; such that z; is a neighbor for w; and w; ;. For every w;, add a new
neighbor y; where i € {1,...,7}, see Figure 3.7 on page 62. Let F' be the graph shown
in Figure 3.6 on page 61. We call the vertex w the center of F. We finish constructing
G by making each w; a center of a copy F; of F' where i € {1,...,7}. Let x%, 2, %, x',
and x{ be the vertices in F; corresponding respectively to the vertices z1,xs, z3, 74
and 5 in .

In the graph G we have the odd cycle C; := xiataiziziat for eachi € {1,...,7}.
So the vertices of C; received at least three different colors. Moreover for each
i€{2,3,...,6}, the vertices z;_1, z;, y; and z are neighbors for each vertex of C, in
G#l. So we cannot use a color appearing in V' (C;) to color any vertex in {21, 2, yi, 2}
Similarly, we cannot use a color appearing in V(C}) (or in V(C7)) to color a vertex in
{1, 21, 2} (or in {z6,y7, 2}). Assume without loss of generality that the color given to

y4 1s the color 1. Then we have two cases.
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T ) €3 Xyg X5

Figure 3.6. The Graph F

Case 1: z4 is colored with color 1.
Since both y5 and z5 are at distance 3 from yy4, neither y5 nor z5 is colored with color
1. Assume without loss of generality y5 is colored with color 2. If z5 is colored with a
color different than color 2 then the set {z4,ys, 25} received 3 different colors and we
are done since there are six colors appeared in V(C5) U {z4, y5, 25}. So assume z5 is
colored with 2. Since yg and zg are at distance 3 from both z; and y5, none of them
can be colored with 1 or 2. Say yg is colored with color 3. If zg is colored with a
color different than 3 then the set {zs, ys, 26} received 3 colors and we are done. So
assume zg is colored with 3. Since y7 is at distance 3 from both z5 and yg, it cannot
be colored with 2 or 3. Thus y; has to be colored with either 1 or a new color, say 4.
If z is colored with a color different than 2 and 3 then the set {z, z5, ys} received 3
different colors and we are done. If z is colored with 2 then the set {z, z6, y7} received
3 different colors. Similarly, if z is colored with 3 then the set {z, z4,y5} received 3
different colors.

Case 2: z is not colored with 1, say color 2.

If z3 is colored with a color different than 1 and 2 then {z3, y4, 24} received 3 colors.
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Figure 3.7. The Outerplanar Graph G

If 23 is colored with 1, we have a case similar to Case 1 since G has a vertical line of
symmetry and z3 is facing z4. So assume zj3 is colored with 2. Since both z, and y3
are at distance 3 from both y, and z4, they cannot be colored with 1 or 2. If 25 and
ys received different colors then {zs,ys, 23} received 3 colors. So assume zy and y3
received the same color, say 3. Since y, and z; are at distance 3 from both y3 and z3,
they cannot be colored with 2 or 3. If y, and z; received different colors then {z5,y2,21 }
received three colors and we are done. Assume both z; and y, are colored with 1, or
both are colored with a new color, say 4. If z is colored with a color different than
2 and 3 then the set {z, 23, y3} received 3 colors. If z is colored with 2 then the set
{z, 22, Y2} received 3 colors. If z is colored with 3 then the set {z, z4, y4} received 3
colors.

(b) As in part (a) we start with a path P of length six, say P = w}...w}. Add a
new vertex z’, then add an edge between z’ and w] for every i € {1,...,7}. Add a
new vertex z;,1 <14 < 6 such that z; is a neighbor for w; and wj,,. Then for every
w; add a new neighbor y; where i € {1,...,7}, see Figure 3.8 on page 63. Let G’ be
the outerplanar graph constructed in part (a). For each i € {1,...,7}, add a copy
G of G', then add an edge between w] and every vertex in (. This is possible to

do without losing planarity because GG} is an outerplanar. Now subdivide each edge
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Z/

Figure 3.8. Part of the Construction of G in (b)

between V(G?) and w;, so the distance between w; and any vertex in G is two. The
resulting graph is the desired planar graph G.

From part (a), there are six different colors appearing in the coloring of the subgraph
of G induced by V(G}). Using the same argument used in part (a) we find that
for any proper coloring of G, one of the sets {{z/_,, 2}, y}, 2" icq2,.61: {01, 21, 2’}
{24, 9%, 2'}} received 3 different colors. Assume without loss of generality that the
set {21, 25, yh, 2’} received 3 colors. In the graph G, each vertex in {21, 25, y5, 2’} is at

distance 3 from each vertex in GY. Thus at least 9 colors are needed to properly color

Q31 [
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Chapter 4

GENERALIZED COLORING NUMBERS OF PLANAR GRAPHS

In this chapter, we recall a linear ordering L defined by Van den Heuvel et al. [14]
to prove that scol,(G) < 5r 4+ 1 for planar graphs (Theorem 1.1.5). Then we show
that for any planar graph G, wcols[G, L, v] < 26. We end this chapter by giving an

example for planar graph G such that wcoly |G, L, v] = 26 for some v € G.

4.1 Breadth-first Trees

A breadth-first search is an algorithm for searching trees, it starts at the tree root
or at an arbitrary vertex, and explores all the neighbor vertices at the present depth
prior to moving to the vertices at the next depth level. The resulted tree is called a
breadth-first tree.

Let T be a breadth-first spanning tree. Let x, 2’ € T. We write x <r 2’ if x was
found by T before 2’; and we write © <; 2’ if x = 2/ or x <p 2’.

Let T be a tree rooted at a vertex v. We define the level of a vertex x € T to be

I, := distp(v, z), and we denote the set of vertices x € T such that [, = d by D,.

Lemma 4.1.1. Let G be a graph, and let T C G be a breadth-first spanning tree with

root r. Then:

1. the path rTx s isometric for all vertices x;
2. ifxx’ € E(T), yy' € E(GQ) and v <r 2’ <7y then x <py;
3. if P, = xox1 -+ -1 18 a path in T where x = xg and r = x; and Q = yo- -y 1S a

path in G where o <t yo then x; <r y; for all i € [t].

64



Proof. We argue by induction on |T| to prove (1). The statement is trivial if |T'| = 1.
Assume that the statement holds for every breadth-first spanning tree 7" with |T'| < k
where k is a positive integer.

Assume now that |T| = k + 1. Let u be the last vertex added to T. Clearly, u is a
leaf and T" := T — u is a breadth-first spanning tree with root r in G’ := G — u. By
induction hypothesis, the path r7"z(= rTx) is isometric in G’ for all vertices z € G’.
Assume for contradiction that r7T'x is not isometric in G for some x € G'. Let P be an
isometric path in G between r and . Then u € P and || P|| < ||rTz||. This contradicts
the fact that x is found by T before u. Assume that rTu is not isometric in G. Let
Q := vy ...v; be an isometric path in G where vg = r and v; = u, so ||Q|| < ||rTul|. Let
u’ be the unique neighbor of u in T, then ||vgQu;_1|| < ||rTw'||. This is in contradiction
to the fact that r7"u/(= rT') is isometric in G’ as voQu;—1 C G'.

For (2), observe that if y <7 x then T" would have explored every leftover neighbor
of y before adding 2’ to T'. This is in contradiction to the fact that 2’ <r 3’ and
xa' € E(T). Thus z <r y.

We prove (3) by induction on |P,|. The statement is trivial if | P,| = 1. Assume that
the statement holds for every path P, with |P,| < k. Assume now that |P,| =k + 1.
Since rPpx C T, r <p x; 1 <p -+ <p a1 <p x. Soz; <pr x <r yo. From (2),
1 <7 y1. By induction hypothesis, statement (3) holds for the paths z; P,z; and

y1Qy;. Hence x; <p y; for all i € [t]. O

4.2 Bounds on the Strong r-coloring Numbers of Planar Graphs

Let G be a planar graph, and fix a plane drawing G of G. For simplicity, we write
G for G. Let F = F(G) denote the set of faces of G, G[f] denote the boundary of the
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face f, V(f) denote the set of vertices of G[f] and G* = (F, E*) denote the dual of G.
Set F* := F(G*). It is well known that every connected plane graph has a connected

plane dual.

Lemma 4.2.1. (Proposition 4.6.1, Diestel [7]) For any connected planar graph G, an
edge set D C E(G) is the edge set of a cycle in G if and only if D* := {e* : e € D} is

a minimal cut in G*.

Here we present the linear ordering L that witnesses the bound in the following

theorem.

Theorem 4.2.2. (Van den Heuvel et al. [14]) Let G be a planar graph and r be a

positive integer. Then scol,(G) < br + 1.

Without loss of generality, assume G is maximal with |G| > 4. Then G is not a

cycle, and so no two faces have the same boundary.

4.2.1 Counstruction of L

Fix a vertex v, and a breadth-first spanning tree 7' C G rooted at v. Let H be
the spanning subgraph of G* with E(H) = {e* : e € E(G) \ E(T)}.

Lemma 4.2.3. H is a spanning tree of G*.

Proof. 1t suffices to show that |H|| = |H| — 1 and H is acyclic. As |H| = |F(G)|,

Euler’s Formula yields
IH| =Gl =Tl = (Gl + [F(G)| = 2) = (IG] = 1) = |[F(G)] =1 = |[H] - 1.

Since T is a spanning tree in G, every cut in G must have an edge in 7. So E(G)\ E(T)

does not contain a cut. By Lemma 4.2.1, H is acyclic. O]
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Order the vertices of H (faces of G) as fo, ..., fn using a depth-first search of H,
starting with the outer face fy of G. For all i € [h] U {0}, let V(f;) = {as, b;, ¢;}. For
all ¢ € [h], there is a unique index j(i) < i with f;f) € E(H), a;b; € E(G —T) and
a;b; = G[fi] N G[f;»]. Then V(fi) NV (fiw) = {ai}-

Treating paths vT'x as sequences of vertices starting with v, define a sequence o

(with repeated vertices) by:
o =vTayThyvTcy ...  vTa,vTbyvTcy.

Finally, define an ordering L by x < y if the first occurrence of z in o comes before
the first occurrence of y in 0. Set Xy, = vT'a; UvTbh; UvT'c;. We sometimes write X;

instead of X,.

4.2.2 Properties of L

Consider any u € V(G). Set f(u) = f;, where i = min{j : v € X;}. If i > 1 then
u € vT'¢; since u & Xj;) and a;,b; € V(fj(i)) C Xji)- Next we define a cycle C,. Let
Cy, = G[fo] if f(u) = fo; else f(u) = f; for some i > 0; put e, = a;b; and let C, be
the unique cycle in 7'+ e,. Then C, = a;Tz,Tb;a; where z, =< -max(vTa; NvTY;).
Let O, be the face of C, not containing f(u) if f(u) is the outer face; else let O,
be the face of C, containing f(u). Finally, set P, = vTu,a(u) = a;,b(u) = b; and

c(u) = ¢;. See Figure 4.1 on page 68; the black edges are in T.

Lemma 4.2.4. (Van den Heuwvel et al. [14]) Let uw € V(G) and f(u) = f;. Then

Proof. If f(u) = fo then X; = Xy = vT'ag UvThy UvTcy. as vTalvTbhivTcy is the

initial segment of the sequence o, the conclusion holds. Suppose f(u) = f; for some
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Figure 4.1. f(u),eu,Paqu), Powy and P,

i>0. Let z € V(O,\X;); say f(2) = fr. Then z € vTa, UvTb,UvTcy, say z € vT¢y.
As z € X~ X;, k # 1. It suffices to show that ¢ < k. Observe that v € X; NvTz
and z € vTz \ X;; as T is acyclic, X; N 2T¢;, = 0. Recall that C, C X; U a;b;, so
z2Tc, € O, ~ X;. Since G is planar, aybycrar € O, U C,, and so fr € O,. Since

ey = a;b; is the only edge of C,, in G — T, f; € foH fr. Thus i < k. O

Lemma 4.2.5. Let z € V(G) and 2/, 2" € Scoly[L, z] \ P, with 2’ <, 2" and 2’ ¢ P,».
If f(z) # fo then (a) 2 € O.n \ P.v and (b) 2/ € Xyomy.

Proof. Assume that f(z") # fo, then 2" € O, and 2" € Pyny — Pyry U Pyory. As
Pyry and Py.ny appear before P . in the sequence o, V(P,n U Py.ry) <p 2"
The vertices z and z” are adjacent and G is planar, so z € O,» U C,». Recall that
C.r = a(2")TxTh(2")a(2"). As V(P U Pyny) < 2" <p 2z, 2 ¢ Con U P
Thus z € O,» ~ P,». The vertices z and 2’ are adjacent in the planar graph G, so
7' € O, UC.n. From the assumption 2’ <, 2” and Lemma 4.2.4, 2’ ¢ O, \ X0,
As Cv C Xyony, 2 € Xy, Assume now that f(2") = fo, then C.» = G|fy]. From
the assumption f(2) # fo, 2 ¢ C,», and so z € O,». Since 2" <p z, z € O,n ~\vT2".

As 2 < 2" and f(Z”) = fo, f(Z/> = fo. Thus Xf(zu) = Xf(zl), and so 2’ € Xf(zll). ]
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Proof of Theorem 4.2.2

Theorem 4.2.6. scol,.[G, L] <5r+1

Proof. Fix a vertex v € V(G) with f(u) = f;. To avoid double subscripts, let
a=a;,b="0b;,c=c.

By Lemma 4.2.4, any path from u to an L-smaller vertex must contain a vertex
in X;. Assume that f; is the outer face and fix notations so that u € P.. Then
any vertex w that is strongly r-reachable from u must be in P, U P, U P,. If f;
is an inner face, then any vertex w that is strongly r-reachable from u must be in
C,UP, asu € O,. So in both cases w € P, U P,U P,. By Lemma 4.1.1, the paths
P,, B, and P, are all isometric. As Scol,[L,u] C N,[u], Lemma 1.2.6 tells us that
| Scol,.[L,u] N P,|,|Scol.[L,ul N By| < 2r + 1 and |Scol,[L,u] N P,| < r+ 1. Thus

scol,[L,u] < 5r + 3. To finish the proof, we improve this bound to 5r + 1 by showing:

if vy, v9 € Scol,.[L,u| N P, (also P,) with dist(vy,v9) > 2r and v; <, vy, then vy € P,.
(4.2.1)

Consider vy, vy satisfying the hypothesis. As |, —l,,| < r and |l, — L,,| <7, this
yields l,, =1, — r and l,, = [, + r. Let Q; be the path that witnesses v; € Scol,.[L, u]
for i € [2]. Since l,, =1, + (=1)r, [|Qi]| = 7. Let R=uq...u, C P, with ug = u. By
Lemma 4.1.1(3) applied to v,Tv; and QauR, v; <7 u,. By Lemma 4.1.1(3) applied

to R and @1, we have vy > u,. Thus v; = u,, and so v; € P,, proving (4.2.1). O

Corollary 4.2.7. Let u € V(G) with f(u) = f;. Then u has at most five L-smaller

neighbors and they are all in X;.

Proof. Take r = 1 in the previous theorem. m
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4.3  Bounds on weoly[G, L]

In this section, we prove that wcoly[G, L] < 26. We also give an example for a

planar graph G such that weoly |G, L, u] = 26 for some u € G.
4.3.1 Upper Bound

Theorem 4.3.1. wcoly[G, L] < 26.

Proof. Consider any vertex u € G; set | = [,,. Assume first that f(u) is the outer face.
As u € Xj, all the vertices that are L-smaller than u are in X = P,y U Pyu) U Pegu)-
As Wcoly[L, u] € Ny[u|, Lemma 1.2.6 tells us that | Wecoly[L, u] N Py |, | Weola[L, u] N
Py, | Weoly[ L, u] N Py | < 5. Thus weoly[L,u] < 5+545=15.

Assume that f(u) is an inner face. By Lemma 4.2.4,
Scoly[L,u] € (C, UP,) N (Di—1 UD,U Dyyq)
We will use the estimate
wcola[L, u] = scola[L, u] + | Weols[L, u] N Scoly[L, ul|
< scoly[L, u] + [(Uwescon [1,u] Scoli [L, w']) N Scola[L, ul|

< scoly[L, u] + Z | Scoly [L, u'] . Scoly[L, ul|

u/€Scoly [L,u]

< scoly[L, u] + Z | Scoly [L, u'] . Scoly [L, u]|.

u/€Scol [L,u]

By Lemma 1.2.6 and (4.2.1),
| Scoly [L, u| NV (Pay — Pu)|, | Scoly [L, u]NV (Pywy— Py)| < 2 and | Scoly [L, u]NP,| < 2.

We consider three cases. In each case, we first suppose | Scoly [L, u] \ {u}| = 5, and

then make easy modifications for the subcase | Scol;[L, u] \ {u}| < 5. Choose notation
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Figure 4.2. The Three Major Cases of Theorem 4.3.1

so that ux € P, and w,w" € Scoly[L,u] NV (Pyw — P,) with w <z w" and z,2" €
Scoly [L, u) NV (Pyuy — P,) with z <p 2. By (4.2.1), ww’, 22" € E(T), if x € P,y then
rw € E(T), and if x € Py then 2z € E(T). Let w® € P,y with l,e =1, — 1,
2° € Py with Io =1, —1 and let y € P, with [, = [, — 1. If they exist, let w” € P,y
with [ = 1, +2 and 2" € Py, with L.» = [, + 2.

Case 1: © € Py N Py, see the first drawing of Figure 4.2 on page 71.

Then wzz C T. Sol, =1, = I, and v = w® = 2°. If ' € Scoly[L,u] then
ln—2 < ly <l,+2. Thus Scols[L, u] C {u,z,y, w,w',w”", z, 7 2"}, and so scoly[L, u] <
9. Since z,w € Scoly[L,u], | Scoly[L,w] \ Scoly[L,u]| < 4, and as y € Scoly[L, z],
scola[L,u] + | Scoly[L, z] \ Scoly[L, u]| <9+ 4 = 13.

Throughout the rest of the proof when we write v; < v; we mean that v; is
L-smaller than v;.

Assume without loss of generality that w < z; so w < z < z/. We have three
possibilities regarding the L-order of w’. Assume first that w < v’ < z < 2/. The
L-smaller neighbor of w’ in P, is w. Since {w,w'} C Scoly[L,u], | Scoli[L,w'] ~
Scoly[L, u]| < 4.

Now we estimate the size of Scoly[L, z] \ Scol;[L,u]. Note that Scoly[L,z] C

(Pa(z) U Pyzy U Pezy) N (D=1 U Dy U Dyyyq). Since w' < z, Lemma 4.2.5 tells us that
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Py C Xj). Since w' ¢ P, C Py and w' < z, either P,y C P,y or Py C Py,
say Py C Pyu). Since [, = [, all the possible L-smaller neighbors of z in P,
(x, w and w') are in Scoly[L,u]. The L-smaller neighbor of z in P, is . Thus
| Scoly[L, 2] N Scoly [L, u]| < 2. By Lemma 4.2.5, P,y C Xy, say Py C Py). The
L-smaller neighbor of 2’ in P,/ is z. The vertices at levels [, — 1 and ., in P,
are w and w'. As {w,w’, z,2'} C Scoly[L,u|, | Scoly[L, 2] \ Scoly[L,u]| < 3. Thus
weolp[L,u] <13+ 2%4+2+ 3 = 26.

Now assume that w < z < w’ < 2/, the second possibility. By Lemma 4.2.5,
P, C Xy, say P, C Pyuy). If they exist, let ¢,7 € Py with iy =1, + 1,1, = 1. + 2.
The possible L-smaller neighbors of w’ in P, are z, t and r. Since w,w’ € Scoly[L, u],
| Scoly [L, w'] \ Scoly [L,u]| < 4. Since w < z, P, C Xy, say P, C Py.). If it exists,
let s € Py with [, = [, + 1. The possible L-smaller neighbors of z in F,,) are z,w
and s. Thus | Scoly[L, z] . Scoly[L, u]| < 3.

By Lemma 4.2.5, Py C Xy, say Py C Py If it exists, let s’ € Py
with Iy = l + 1. Since [,y = [/, the possible L-smaller neighbors of 2’ in P,
are w,w’ and s'. The L-smaller neighbor of 2z’ in P, is z; since {w,w’, z,2'} C
Scoly[L, u], | Scoly[L, 2] \ Scoly[L, u]| < 3. In the rest of this paragraph, we show that
| Scoly [ L, w'] \ Scoly[L,u]| = 4 and |Scoly[L, 2] \ Scoly[L, u]| = 3 cannot occur at the
same time. If | Scol;[L, w'] \ Scoli[L,u]| = 4 then w'r € E(G); by Lemma 4.1.1(3)
applied to ztr C T and ww'r C G, z <p w. If |Scoly[L, 2] \ Scoly[L,u]| = 3 then
Z's" € E(G). By Lemma 4.1.1(3) applied to ww's’ C T and z2's’ C G, w <r z. So
either w'r € E(G) or 2's" € E(G) but not both. Thus | Scol;[L,w'] \ Scoly[L, u]| +
| Scoly [ L, 2'] \ Scoly[L, u]| < 6. Therefore weoly[L,u] < 1344+ 3 4+ 6 = 26.

Lastly, assume that w < z < 2/ < w’. Since 2’ < w', P,y C Xy(,; assume that

P, C Pywy. If it exists, let s € Py with [y = [, + 1. Since [, = [/, the possible
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L-smaller neighbors of w'" in Py are z,2" and s. So | Scol;[L, w'] . Scoly [L, u]| < 3.
Also as w < z, P, € Xj(;); assume that P, C P,;). If it exists, let ¢t € F,(.) with
Iy =1, + 1. Since [,, = [, the possible L-smaller neighbors of z in P,,) are x, w and
t. So |Scoly[L, z] ~\ Scoly[L,u]| < 3. We show that |Scoly[L,w'] \ Scoly[L,u]| = 3
and | Scoly[L, z] \ Scoly[L, u]| = 3 cannot occur at the same time. If | Scoly [L, w'] \
Scoly [L, u]| = 3 then w's € F(G). By Lemma 4.1.1(3) applied to zz's C T and ww's C
G, z <p w. If |Scol;[L, z] \ Scoly[L,u]| = 3 then 2t € E(G). By Lemma 4.1.1(2)
applied to wt € E(T') and zt € E(G), w <r z. So either w's € E(G) or zt € E(G)
but not both. Thus |Scoly[L, w'] N\ Scoly[L, u]| + | Scoly[L, z] \ Scoly[L, u]| < 5. With
| Scoly [ L, 2'] N Scoly[L, u]| < 4 we get weoly[L,u] < 1345+ 2% 4 = 26.

Case 2: Without loss of generality z € Py) — Pyw)-

So x = w°. See the second drawing of Figure 4.2 on page 71. First we bound
scoly[L,u]. By (4.2.1), | Scolo[L,u] NV (Pywy — Pu)| < 4 and | Scoly[L, u] N Pyyy| <
3. Every «' € Scoly[L,u] N V(Pyu — P,) satisfies that I, < I, < I, +2. So
| Scolo[L, u] NV (Pyy — P)| < 3. Thus scoly[L, u] < 443+ 3 = 10.

Assume that w < z, so w < z < 2. There are three possibilities regarding the
L-order of w'; they are w < w' < z < Z,w<z<w <z and w < z < 2 <w'. In all
those possibilities, | Scol;[L, w] \ Scol;[L, u]| < 4 as {x,w} C Scol;[L,u]. Assume first
that w < w’ < z < 2. The L-smaller neighbor of x in P, is y. Since w,w’ € Scol;[L, u],
| Scoly [L, w'] \ Scoli [L, u]| < 4. Since w' < z, Lemma 4.2.5 tells us that P, C X,
say Py C Py). By Lemma 4.2.5, Py C Xy, say Py C Py If it exists, let
5 € Py with [y = 1y + 1.

Assume first that [, = [, — 1. From Lemma 4.1.1(2) applied to zu € E(T)
and zu € E(G), x <r z. The possible L-smaller neighbors of z in P,.) are

y,x and w. The L-smaller neighbor of z in P, is 2°. If y,2° € Scoly[L,u]
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then y,z° ¢ Scoly[L,z] \ Scolo[L,u] and y ¢ Scoli[L,z] ~\ Scols[L,u]. Thus
| Scoly [ L, z] . Scoly[L,u]| < 4 and |Scoly[L, z] \ Scols[L,u]| < 2. Assume that
y € Scoly[L,u] and 2° ¢ Scoly[L,u]. Then |Scoly[L,z] ~\ Scoly[L,u]] < 4 and
| Scoly[L, z] ~ Scolp[L,u]| < 3. We show that scoly[L,u] < 9. If it exists, let
t € Py with Iy = [, + 2. Assume that ¢t € Scoly[L,u]. Let P := wu't be the
witnessing path. From Lemma 4.1.1(3) applied to 222"t C T and zuu't C G we
get z <p x, a contradiction. So t ¢ Scoly[L, u]. Thus Scoly[L,u] N Py C {2, 2, 2"},
proving that scols[L,u] < 9. Assume that 2° € Scols[L,u] and y ¢ Scols[L, u).
Clearly, scoly[L, u] < 9 and |(Scoly[L, z] U Scoly[L, 2]) \ Scoly[L, u]| < 7. Assume that
y,2° ¢ Scoly|[L, u]. Then scoly[L,u] < 8 and |(Scol;[L, x]UScol;[L, z])\Scols[L, u]| < 8.
So in all cases scola[L, u]+|(Scoly [L, x|UScol; [L, z]) \Scoly[L, u]| < 16. The possible L-
smaller neighbors of 2" in P,./) are x,w and w’. Thus | Scol; [L, 2’| \Scoly [L, u]| < 2. So
weoly[L, u| < scoly[L, u| + [(Uwescon [Lu) Scoli [ L, w']) N Scoly[L, ul| = 16 +2%4 42 = 26.

Now assume that [, = [,. By Lemma 4.1.1(3) applied to 2°2z’ €C T and
ruz’ C G, 2° <p x. The possible L-smaller neighbors of z in F,(,) are x,w and w/,
and the L-smaller neighbor of z in P, is 2°. If y, 2° € Scoly|L, u] then | Scoly[L, z] \
Scoly[L, u]| < 4 and |Scoly[L, z] \ Scoly[L, u]| < 2. Assume that y € Scoly[L, u] and
2° ¢ Scoly| L, u]. Then | Scoly[L, z] \Scolp[L, u]| < 4 and | Scoly [L, z] \ Scoly[ L, u]| < 3.
We show that scolp[L,u] < 9. Let 2°° € Py with l.ee = [, — 2. Assume that
2°° € Scoly[L,u| and 2°° # y. Let P := uu'z°° be the witnessing path. From
Lemma 4.1.1(3) applied to yzu C T and z*°u'u C G we get y <p 2°°, and so
x <7 2°, a contradiction. So 2°° ¢ Scoly[L,u]. Thus Scols[L,u] N Py C {2, 7', 2"},
proving that scols[L,u] < 9. Assume that 2° € Scols[L,u] and y ¢ Scoly[L, u).
Clearly, scoly[L, u] <9 and |(Scol[L, x] U Scoli[L, z]) \ Scoly[L, u]| < 7. Assume that

y, 2° & Scols|[L, u]. Then scoly[L, u] < 8 and |(Scoly[L, ] UScoly[L, z]) \ Scols[L, u)| <
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8. So in all cases scoly[L, u] + |(Scoly[L, x] U Scoly[L, z]) ~\ Scola[L,u]| < 16. The
possible L-smaller neighbors of 2’ in P, ./ are w,w’ and s. Assume that 2's € E(G);
by Lemma 4.1.1(3) applied to zww's C T and 2°zz's C G we have x <y 2° a
contradiction. Therefore |Scoly [L, z']\Scoly [L, u]| < 2. Thus wcoly[L, u] < scoly[L, u]+
| (Uwescol [£,u] Scoli[L, u']) N Scolp[L, ul| <16 + 2% 4 4 2 = 26.

Now assume that w < z < w’ < 2’. The L-smaller neighbor of x in P, is y. Since
w,w" € Scoly[L,ul, | Scoly [L, w'|\Scol; [L, u]| < 4. By Lemma 4.2.5 we get P, C X,
say P, C Pyuy. If they exist, let s1,sy € Py with Iy, =1, + 1,1, = . +2. By
Lemma 4.2.5 we have P, C Xy(,), say P, C Py). If it exists, let s € P,;) with
ls = 1, + 1. By Lemma 4.2.5 we have P,y C Xy, say Py C Py.y. If it exist, let
s € Py with [y =1,y + 1.

Assume that [, = [, — 1. From Lemma 4.1.1(2) applied to zu € E(T) and
zu € E(G) we get © <p z. The possible L-smaller neighbors of z in P,
are y,x and w. If y,2° € Scoly[L,u] then |Scoly[L,z] \ Scols[L,u]| < 4 and
| Scoly[L, z] . Scolp[L,u]| < 2. Assume that y € Scoly[L,u] and z° ¢ Scoly[L, u).
Then |Scol;[L, z] \ Scoly[L, u]| < 4 and |Scol;[L, z] \ Scoly[L,ul| < 3. Let t € Py,
with l; = [, + 2. We showed before that ¢ ¢ Scoly[L,u] and that scols[L,u] < 9.
Assume that y ¢ Scols[L,u] and 2° € Scoly[L, u| then clearly, scols[L,u] < 9 and
|(Scoly[L, x] U Scoly [L, z]) . Scola[L, u]| < 7. If y, 2° ¢ Scoly|L, u] then scola[L, u] < 8
and |(Scoly[L,z] U Scoly[L, z]) ~\ Scolo[L,u]| < 8. Thus in all cases we have
scoly[L, u] 4+ |(Scoly[L, x] U Scoly[L, z]) ~ Scoly[L,u]| < 16. The possible L-smaller
neighbors of 2’ in P,/ are x,w and w’. So |Scol;[L,2'] \ Scoly[L,u]| < 2. Thus
weoly[L, u] < scoly[L, u] + [(Uwescon (L) Scoli [L, w']) N\ Scoly[L, u]| < 16 +2%4+2 = 26.

Assume that [, = [,,. From Lemma 4.1.1(2) applied to zz’' € E(T) and uz’ € E(G)

we get z <p u. The possible L-smaller neighbors of w' in P,y are z,s; and s,.
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Assume that w'sy € F(G). By Lemma 4.1.1(3) applied to zs1sy € T and ww'sy C G
we get z <p w. The possible L-smaller neighbors of z in P,,) are x,w and s. Assume
that zs € F(G); by Lemma 4.1.1(2) applied to ws € E(T) and zs € E(G) we get
w <p z. So either zs € E(G) or w'sy € E(G) but not both. Assume without loss of
generality that zs € F(G) and w'sy ¢ E(G). Then | Scoly [L, w'] \ Scoly[L,u] < 3. If
y, 2° € Scoly[L, u] then | Scoly [L, x] \Scoly[L, u]| < 4 and | Scol;[L, z] \Scoly[L, u]| < 3.
Assume that y € Scols[L, u] and z° ¢ Scoly[L, u]. Then | Scoly[L, z] \ Scoly[L, ul| < 4
and | Scoly[L, z] . Scoly[L, u]| < 4. We showed before that in this case scoly|L,u] < 9.
Assume that z° € Scolp[L,u] and y ¢ Scoly[L,u]. Clearly, scolo[L,u] < 9 and
|(Scoli[L, x] U Scoly[L, z]) ~\ Scolp[L, u]| < 8. Assume that y, 2° ¢ Scoly[L,u|. Then
scoly[L,u] < 8 and |(Scoly[L,z] U Scoly[L, z]) ~ Scoly[L,u]| < 9. So in all cases
scola[L, u] 4+ |(Scoly[L, z] U Scoly[L, z]) ~ Scola[L,u]| < 17. The possible L-smaller
neighbors of 2’ in P,y are w,w’ and s’. Assume that 2's’ € E(G), by Lemma
4.1.1(3) applied to zww's’ C T and 2°22's’ C G we get z <r 2°, and so u <r 2, a
contradiction. Thus 2's’ ¢ E(G), and so |Scoly[L, '] \ Scoly[L,u]| < 2. Therefore
weolp[L,u] < 17+4+ 342 = 26.

Now assume that w < z < 2’ < w’. Lemma 4.2.5 tells us that P, C Xy, say
P, C Py If they exist, let s1, 50 € Pyy with [y, = 1 + 1,1, = 1 +2. As w < z,
P, C Xj(z), say P, C Py.). If it exists, let t € P,y with [y = [, + 1. Since w < 2/,
Lemma 4.2.5 tells us that P, C Xy, say P, C Py If it exists, let 11,15 € Py
with ly, = 1, + 1,1, = 1, + 2.

Assume first that I, = [, — 1. By Lemma 4.1.1(2) applied to zu € E(T) and
zu € E(G) we get © < z. The possible L-smaller neighbors of w’ in Pouwy are 2, s
and so. Assume that w'sy € E(G); by Lemma 4.1.1(3) applied to z2's;s9 C E(T)

and zww'sy C E(G) we get z <r x, a contradiction. So w'sy ¢ FE(G). Thus
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| Scoly [L, w'] \ Scoly[L,u]| < 3. The L-smaller neighbor of z in P, is y. The pos-
sible L-smaller neighbors of z in P,;) are y,z and w, and the L-smaller neigh-
bor of z in P, is 2°. Note that z,w,z € Scoly[L,u|. If y,2° € Scoly[L,u| then
| Scoly [L, x] . Scoly[L,u]| < 4 and |Scoly[L, z] ~\ Scoly[L,u]| < 2. If y € Scoly[L, u]
and z° ¢ Scoly[L,u] then scoly[L,u] < 9, |Scoly[L,z] ~\ Scoly[L,u]| < 4 and
| Scoly [ L, z] \Scoly[L, u]| < 3. If y ¢ Scoly[L, u] and 2° € Scols[L, u], then scoly[L, u] <
9, |(Scoly[L, x]UScoli[L, z]) \Scoly[L, u]| < 7. If y, 2° ¢ Scoly[L, u] then scoly|L, u] < 8
and |(Scoly[L, z] U Scoly[L, z]) ~\ Scolo[L,u]| < 8. Thus in all cases scoly[L,u| +
|(Scoly [L, ] UScoly [L, z]) \ Scols[L, u]| < 16. The possible L-smaller neighbors of 2" in
Py(y are x,w and t;. Since z,w, 2’ € Scoli[L,u], | Scoly[L, '] \ Scol; [L, u]| < 3. Thus
weoly[L, u| < scoly[L, u| + [(Uwescon [£,u) Scoli [ L, v']) N\ Scoly[L, u]| < 16 +442%3 = 26.

Now assume that [, = [,. By Lemma 4.1.1(3) applied to 2°zz" C T and zuz’ C G
we get 2° <p x. The possible L-smaller neighbors of w’ in P, are z,z" and s;.
Since w,w', z, 2" € Scoly[L,u], | Scol;[L, w'] \ Scoly[L, u]| < 3. The possible L-smaller
neighbors of z in P,(,) are z,w and ¢. Assume that 2t € E(G); by Lemma 4.1.1(3)
applied to zwt C T and 2°2t C G we get © <r 2°, a contradiction. Thus 2zt ¢ E(G). If
y, 2° € Scolp[L, u] then | Scoly [L, x|\ Scoly[L, u]| < 4 and | Scol;[L, z] \Scoly[L, u]| < 2.
If y € Scoly|L, u] and 2° ¢ Scols[L, u] then scola[L, u] <9, | Scoly[L, ] \ Scoly[L, u]| <
4 and |Scoly[L, z] \ Scoly[L,u)| < 3. If 2° € Scoly[L,u] and y ¢ Scoly[L,u] then
scolo[L,u] <9, | Scoly[L, z] \ Scols[L, u]| < 5 and |Scoly[L, z] \ Scols[L, u]| < 2. If
y,2° & Scoly| L, u] then scoly[L, u] < 8, | Scoly[L, 2] \Scols[L, u]| < 5 and |Scoly[L, 2]\
Scoly[L, u]| < 3. So in all cases scoly|[L, u] + | Scoly[L, 2] \ Scola[L, u]| + | Scoly [L, 2]
Scoly[L, u]| < 16. So The possible L-smaller neighbors of 2’ in Py, are w,t; and t,.
Assume that z't; € E(G); by Lemma 4.1.1(3) applied to zwtits C T and 2°22't; C G

we get that x <p 2°, a contradiction. Thus 2ty ¢ E(G), and so |Scoli[L, 2]
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Scoly[L,u]| < 3. Therefore weolp[L,u] < scoly[L,u] + > (L | Scoli[L, w']

u/€Scoly
Scolo[L,u]| <16+ 4 + 2% 3 = 26.

Assume that z < w; so z < w < w'. We have three possibilities regarding the
L-order of 2. They are z < 2/ <w < w', z<w< 2z <w and z < w < w < 2. We
discuss each possibility.

Assume that z < 2/ < w < w'. Since z, 2’ € Scoly[L, u], | Scoly[L, 2’| \Scoly [L, u]| <
4. Since 2’ < w, Lemma 4.2.5 tells us that P,y C Xy, say P.r C Py,). If it exists,
let t € Py with [, = 1., + 1. Since 2’ < w', P,y C Xy, say P C Pyy. If they
exist, let s1, 59 € Pyguy with Iy, = 1/ + 1,15, = 1 + 2.

Assume first that [, = [, — 1. By Lemma 4.1.1(2) applied to zu € E(T) and
zu € E(G) we get * <p z. The possible L-smaller neighbors of w in P, are z, 2’
and t. Assume that wt € F(G). By Lemma 4.1.1(3) applied to zz't C T and zwt C G
we get z <r x, a contradiction. Thus wt ¢ E(G), so | Scol;[L,w] \ Scoly [L, u]| < 2.
The possible L-smaller neighbors of w’ in Py are 7' s1 and sy. Assume that
w'sy € E(G). By Lemma 4.1.1(3) applied to zz's1s9 C T and zww'ss C G we get
z <p x, a contradiction. Thus |Scoly L, w'] \ Scol;[L, u]| < 3.

Assume that 2z < x; then P, C Xy, say P, C Py(y). If it exists, let s € F,(,) with
lg =1, + 1. The possible L-smaller neighbors of = in Pa(x) are z°,z and s. Assume
that s € F(G); by Lemma 4.1.1(2) applied to zs € E(T) and zs € E(G) we get
z <r x, a contradiction. So zs ¢ E(G). Thus the possible L-smaller neighbors of
x in Xy, are 2°, 2,y and two more vertices in Py,) — P,. The possible L-smaller
vertices of z in X ;) are 2°, two vertices in P,y — P, and two vertices in Py, — P,. If
y,2° € Scoly| L, u] then |(Scoly[L, x] U Scoly[L, z]) \ Scols[L, u]| < 6. If y € Scoly[L, u]
and z° ¢ Scols[L, u] then scoly[L, u] < 9 and |(Scoly [L, x]UScoly [L, z])\Scols[L, u]| <7

(same result is true if y ¢ Scola[L, u] and 2° € Scoly[L,u]). If y, 2° ¢ Scoly[L, u] then
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scolo[L,u] < 8 and |(Scoly[L,x] U Scoly[L, z]) \ Scoly[L,u]| < 8. So in all cases
scoly[L, u] + |(Scoly[L, z] U Scoly [, 2]) ~\ Scoly[L, u]| < 16.

Now assume that x < z; then P, C Xy, say P, C Fy). If it exists, let
x' € Py with Iy = [, + 1. The possible L-smaller neighbors of z in P, are
y,z and z’. So the possible L-smaller neighbors of z in Xy, are y,x,2’,2° and
two vertices in P,y — P,. The possible L-smaller neighbors of z in Xy are y,
two vertices in Py, — P, and two vertices in Py, — P,. If y,2° € Scoly[L, u] then
|(Scoly [L, z]UScoly[L, z]) \Scoly[L, u)| < 7. If y € Scoly[L, u] and 2° ¢ Scoly[L, u] then
scolo[L,u] <9 and |(Scoly[L,x] U Scoly[L, z]) . Scoly[L, u]| < 8 (same result is true
if y ¢ Scols[L,u] and z° € Scoly[L, ul). If y, 2° ¢ Scoly|L, u] then scoly[L, u] < 8 and
|(Scoly[L, z] UScoly [L, z]) \ Scoly[L, u]| < 9. So in all cases scols[L, u] + |(Scoly [ L, x] U
Scoly[L, z]) N Scoly[L, u]| < 17. Thus in both cases (i.e., z < x and x < z) we have
weoly[L, u| < scoly[L, u|+ |(Uwescol [1,u] ScOli [L, u']) N Scoly[L, u]| < 17+2+3+4 = 26.

Assume that [, = [,. By Lemma 4.1.1(3) applied to 2°z2' C T and zuz’ C G
we get 2° <p x. The possible L-smaller neighbors of w’ in P, are z,z" and s;.
Since w,w', z, 2" € Scoly[L,u], | Scoly [L, w'] \ Scoly[L,u]| < 3. The possible L-smaller
neighbors of w in P,,) are z°, z and z’. So the possible L-smaller neighbors of w in
Xyw) are 2°, 2z, 2/, x and two vertices in P,y — P

Assume that z < . By Lemma 4.2.5 we get P, C Xy(,), say P, C FP,,). Let
2°° € Py(z) with [;ec = [, — 1. The possible L-smaller neighbors of x in P, are
2°°,z° and z. Assume that z°° # y and z2°° € F(G). By Lemma 4.1.1(2) we get
y <r z°°, and so x <p 2°, a contradiction. So either z°° = y or z2°° ¢ E(G). Thus
the possible L-smaller neighbors of x in Xy, are y, 2°, z and two vertices in Py, — P,.
The possible L-smaller neighbors of z in Xy,) are 2°, two vertices in P,y — P,

and two vertices in Py.y — P,. Therefore if y,2° € Scoly[L,u] then |(Scol;[L, w] U
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Scoly[L, z] U Scoly [L, z]) ~ Scolp[L,u]| < 8. If y € Scoly[L,u] and z° ¢ Scols[L, u]
then scoly[L,u] < 9 and |(Scoly[L, w] U Scoly[L, z] U Scoly [L, x]) ~ Scoly[L,u]| < 9
(same result is true if y ¢ Scoly[L, u] and z° € Scoly[L, u)). If y, 2° ¢ Scoly[L, u| then
scoly[L,u] < 8 and |(Scoly[L,w] U Scoly[L, z] U Scoly[L, x]) ~ Scola[L, u]| < 10. So in
all cases scoly|L, u] + |(Scoly [L, w] U Scoly [ L, z] U Scol; [L, x]) \ Scoly[L, u]| < 18.

Assume that z < z. By Lemma 4.2.5 we get P, C Xy, say P, C P,;). If they
exist, let vy, vy € Py with [, = I, + 1,1, = [, + 2. Assume that 20, € E(G); by
Lemma 4.1.1(3) applied to zvivy C T and 2°zv, C G we get x <7 2°, a contradiction.
So zvy ¢ E(G). Thus the possible L-smaller neighbors of z in Xy are 2°,x,v; and
two vertices in FPy,) — P,. The possible L-smaller vertices of x in Xy, are y, two
vertices in P,;) — P, and two vertices in Py,) — P,. Therefore if y, 2° € Scoly[L, u]
then |(Scoly[L,w] U Scoly[L, z] U Scoly [L, x]) \ Scoly[L, u]| < 9. If y € Scoly[L, u] and
2° ¢ Scoly[L,u] then scoly[L,u] < 9 and |(Scoly[L,w] U Scoly[L, z] U Scoly[L, x]) ~
Scoly[L,u]| < 10 (same result is true if y ¢ Scoly[L,u] and 2° € Scoly[L,u]) . If
y,2° ¢ Scoly| L, u] then scols[L,u] < 8 and |(Scol;[L,w] U Scoly [L, z] U Scoly [ L, z]) ~
Scolp[L, u]| < 11. Thus in all cases scols[L, u|+|(Scoly [ L, w]UScoly [L, z]UScoly [L, x]) \
Scoly[L, u]| < 19. Thus in both cases (i.e., x < z or z < x) we have wcoly[L, u] <
scola[L, u] + [(Uwescoly[1,u] Scoli [L, u']) \ Scoly[L, u]| <1943 + 4 = 26.

Assume that 2 < w < 2/ < w'. Since z < w, P, C Xy, say P. C Pyu). If
they exist, let vi,vy € Py with I, = I, + 1,1, = [, + 2. Since 2’ < w’, Lemma
4.2.5 tells us that P.r C Xy, say Py C Pyy. If they exist, let s, s5 € Pyur) with
ls, =1+ 1,1, =l +2. Since w < 2/, Lemma 4.2.5 tells us that P, C Xy, say
P, C Pyry. Let ty,ty € Pyoy with Iy, =1, + 1,1, =1, + 2.

Assume first that [, = [, — 1. By Lemma 4.1.1(2) applied to xu € E(T) and zu €

E(G) we find that  <p z. The possible L-smaller neighbors of w in F,,) are z, v, and
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v9. Assume that wvy € E(G). By Lemma 4.1.1(3) applied to zv,v, € T and zwvy C G
we get z <r x, a contradiction. So wvy ¢ E(G). Thus | Scol;[L, w] \ Scol;[L, u]| < 3.
The possible L-smaller neighbors of w’ in P, are 2’,s; and s,. Assume that w's, €
E(G). By Lemma 4.1.1(3) applied to zz's1sy C T and zww'sy C G we get z <r z,
a contradiction. So w'sy ¢ E(G). Thus | Scoly [L, w'] \ Scol;[L, u]| < 3. The possible
L-smaller neighbors of 2’ in P,.,y are x,w and t;. So | Scoly[L, 2] \ Scol; [L, u]| < 3.

Assume that z < x. Then P, C Xy, say P. C FP,). If it exists, let ¢ € Py
with [, = [, + 1. The possible L-smaller neighbors of z in Xy, are 2°,2,t,y and
two vertices in P,y — P,. The possible L-smaller neighbors of z in Xy, are 2°, two
vertices in P,..y — P. and two vertices in P,y — P.. Therefore if y, 2° € Scoly[L, u] then
|(Scoly [L, z] U Scoly[L, x]) \ Scolp[L,ul| < 7. If y € Scoly[L,u] and z° ¢ Scols[L, u]
then scols[L, u] < 9 and |(Scol[L, z] UScoly[L, x]) \ Scoly[L, u]| < 8 (same result is true
if y ¢ Scolp[L,u] and z° € Scoly[L, ul). If y, 2° ¢ Scoly|L, u] then scoly[L,u] < 8 and
|(Scoly[L, z] U Scoly[L, z]) \ Scola[L, u]| <9. So in all cases scols[L, u] + |(Scoly [L, z] U
Scoli[L, x]) \ Scolp[L, u]| < 17.

Assume that x < 2. Then P, C Xy, say P, C P,(;). If it exists, let s € Py,
with I, = [, + 1. The possible L-smaller neighbors of z in Xy, are y,z, s, 2° and
two vertices in P,y — P,. The possible L-smaller neighbors of z in Xy, are y, two
vertices in Py, — PP, and two vertices in Py,) — P,. Therefore if , 2° € Scol, [L, u] then
|(Scoli[L, z] U Scoly[L, z]) N Scoly[L,u]| < 7. If y € Scols[L,u] and z° ¢ Scoly[L, u]
then scoly[L, u] < 9 and |(Scol[L, z] UScoly[L, z|) \ Scoly| L, u|| < 8 (same result is true
if y ¢ Scola[L,u] and z° € Scolp[L, u]). If y, 2° ¢ Scoly[L, u] then scoly[L,u] < 8 and
|(Scoly[L, 2] U Scoly [L, x]) \ Scols[L, u]| < 9. So in all cases scoly[L, u] + |(Scoly[L, 2] U
Scoly[L, z]) ~ Scoly[L,u]| < 17. Thus in both cases (i.e., * < z or z < x) we have

weoly[L, u] < scoly[L, u] + |(Uwescol [, Scoli[L, w']) N Scoly[L, u]| < 17 + 3 % 3 = 26.
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Assume that [, = [,. By Lemma 4.1.1(3) applied to z°z2' C T and zuz’ C G
we get 2° <p x. The possible L-smaller neighbors of w’ in P, are z,z" and s;.
As z, 2, w,w" € Scoly[L,u|, |Scol;[L,w'] \ Scoly[L,u]| < 3. The possible L-smaller
neighbors of 2’ in P,/ are w,t; and t;. Assume that 2't, € E(G). By Lemma
4.1.1(3) applied to zwt to C T and 2°zz"ty C G we get © <r z°, a contradiction. So
2ty ¢ E(G). Thus |Scoly[L, 2'] \ Scoly[L, u]| < 3. The possible L-smaller neighbors
of w in Py, are 2°,z and v;. Thus the possible L-smaller neighbors of w in Xy,
are 2°, z, vy, and two vertices in Py,) — Py.

Assume that z < z. By Lemma 4.2.5 we get P, C Xy(,), say P, C P,;). Let
2°° € Py(yy with l,eo = [, — 2. Assume that 2°° # y and z2°° € E(G). By Lemma
4.1.1(2) applied to yx € E(T) and z2°° € E(G) we get y <r z°°, and so = <r 2°,
a contradiction. So either z°° = y or x2°° ¢ E(G). Thus the possible L-smaller
neighbors of x in Xy, are 2°, 2,y and two vertices in Py,) — P,. The possible L-
smaller neighbors of z in Xj,) are 2°, two vertices in F,;) — P, and two vertices in
Pyzy — P.. Therefore if y, 2° € Scoly[L, u] then |(Scoly [L, w]UScol[L, z] UScoly [L, z]) ~
Scolo[L,u]| < 9. If y € Scoly[L,u] and 2° ¢ Scoly|L,u] then scoly[L,u] < 9 and
|(Scoly [L, w] U Scol[L, z] U Scoly[L, x]) \ Scolp[L, u]| < 10 (same result is true if y ¢
Scolp[L,u] and z° € Scoly[L,u]). If y,2° ¢ Scols[L,u] then scol;[L,u] < 8 and
|(Scoly [L, w] U Scoly[L, z] U Scoly [L, z]) \ Scola[L, u]| < 11. So in all cases scoly[L, u] +
|(Scoly [L, w] U Scoly[L, z] U Scoly [L, x]) . Scoly[L, u]| < 19.

Assume that v < 2. By Lemma 4.2.5 we get P, C Xy, say P, C P,(;). If they
exist, let x1, 29 € Py with I, = I, + 1,1, = I, + 2. Assume that zz, € E(G). By
Lemma 4.1.1(3) applied to xzx1ze C T and 2°zx9 C G we get o <r 2°, a contradiction.
So zxy ¢ E(G). Thus the possible L-smaller neighbors of z in Xj(.) are x, 21, 2° and

two vertices in Py,) — P,. The possible L-smaller neighbors of x in Xy, are y, two
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vertices in P,(;) — P, and two vertices in Py, — P,. Therefore if y, 2° € Scoly[L, u]
then |(Scoly[L,w] U Scol[L, z] U Scoly[L, z]) ~\ Scoly[L,u]| < 10. If y € Scoly[L,u]
and z° ¢ Scoly[L, u] then scoly[L,u] <9 and |(Scoly [L, w] U Scol[L, z] U Scoly[L, x]) ~
Scoly[L,u]| < 11 (same result is true if y ¢ Scoly[L,u] and 2° € Scoly[L,u]). If
y,2° ¢ Scoly| L, u] then scoli[L,u] < 8 and |(Scoly[L,w] U Scoly[L, z] U Scoly [L, z]) ~
Scoly[L, u]| < 12. So in all cases scols[L, u] + |(Scoly [L, w] U Scoly [L, z] U Scoly [ L, z])
Scols[L, u]| < 20. Thus in both cases (i.e., z < z or z < x) we have wecoly[L, u] <
scola[L, u] + [(Uwescol [L,u] Scoli[L, u']) N Scoly[L, u]| <20 4 3 * 2 = 26.

Assume now that z < w < w’ < 2/. Lemma 4.2.5 tells us that P, C Xy, say
P, C Py). If they exist, let 51,59 € Py with Iy, =1, +1,1,, = [, + 2. Lemma 4.2.5
tells us that P, C Xy(.r), say Py C© Py, If it exists, let s € Py with [, = [, + 1.

Assume first that [, = [, — 1. By Lemma 4.1.1(2) applied to zu € E(T) and
zu € E(G) we get © <p z. The possible L-smaller neighbors of w in P, are z,s; and
So. Assume that wsy € E(G). By Lemma 4.1.1(3) applied to zs189 C T and zwss C G
we get z <r x, a contradiction. So wss ¢ E(G). Thus | Scol;[L, w] \ Scol;[L, u]| < 3.
Since w,w’ € Scoly[L,u|, |Scoly[L,w'] \ Scoly[L,u]| < 4. The possible L-smaller
neighbors of 2 in Py, are z,w and w’. Thus | Scol;[L, '] \ Scoly[L, u]| < 2.

Assume that z < x. So P, C Xj(,), say P, C Pyy). If it exists, let v' € Py, with
lyy = 1. + 1. So the possible L-smaller neighbors of z in Py, are 2°, z and v'. Assume
that xv" € E(G). By Lemma 4.1.1(2) applied to zv" € E(T) and xv' € E(G) we get
z <r z, a contradiction. So zv’ ¢ F(G). Thus the possible L-smaller neighbors of x
in Xy, are 2°, 2,y and two vertices in Py,) — P,. The possible L-smaller neighbors of
zin Xy, are 2°, two vertices in P,y — P, and two vertices in Py,) — P.. Therefore if
y, z° € Scoly[L, u] then |(Scoly[L, z] U Scoly[L, z]) ~\ Scoly[L, u]| < 6. If y € Scoly[L, u
and 2° ¢ Scola[L, u] then scoly[L, u] < 9 and |(Scoly[L, z]UScoly [L, x])\Scoly[L, u]| <7
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(same result is true if y ¢ Scola[L, u] and z° € Scoly[L,u]). If y, 2° ¢ Scoly[L, u] then
scoly [L,u] < 8 and |[(Scoly[L, z] U Scoli[L, x]) ~ Scoly[L,u]| < 8. So in all cases
scoly|L, u] + |(Scoly [L, z] U Scoly [L, x]) \ Scols[L, u]| < 16.

Assume that * < z. So P, C Xy(,), say P, C FPy). If it exists, let t € Py,
with [, = [, + 1. The possible L-smaller neighbors of z in P,y are y,z and t.
So the possible L-smaller neighbors of z in Xy, are y,z,t,2° and two vertices
in Py — P,. The possible L-smaller neighbors of z in Xy, are y, two vertices
in P,;) — P, and two vertices in Py, — P,. Therefore if y, 2° € Scoly[L,u] then
|(Scoly[L, z] U Scoly[L, x]) \ Scola[L,u]| < 7. If y € Scoly[L,u] and 2° ¢ Scoly[L, u]
then scoly[L, u] <9 and |(Scoly [L, z]UScoly [L, z]) \Scoly[ L, u]| < 8 (same result is true
if y ¢ Scolp[L, u] and 2° € Scoly[L, u]). If y, 2° ¢ Scoly|L, u] then scoly[L,u] < 8 and
|(Scoly[L, z] U Scoly[L, z]) N Scola[L, u]| < 9. So in all cases scols[L, u] + |(Scoly [L, z] U
Scoli[L, x]) ~\ Scola[L, u]| < 17. Thus in both cases (i.e., x < z or z < x) we have
weola[L, u] < scolo[L, u] + |(Uwescol [L,u) Scoli [L, w']) \Scoly[L, u]| < 17+3+4+2 = 26.

Assume that [, = [,. By Lemma 4.1.1(3) applied to 2°zz" C T and zuz’ C G
we get z° <p x. The possible L-smaller neighbors of w in Py, are 2°,z and s;.
Assume that z°w € E(G). By Lemma 4.1.1(2) applied to zw € E(T) and z°w € E(G)
we get © <p z2°, a contradiction. Thus |Scol;[L,w] \ Scoly[L, u]| < 3. The possible
L-smaller neighbors of w' in X, are w, two vertices in Py, — P,y and two vertices
in Pyuwy — Py Thus | Scol; [L, w'] \ Scoly [L, u]| < 4. The possible L-smaller neighbors
of 2" in P,y are w,w’ and s. Assume that z's € E(G). By Lemma 4.1.1(3) applied
to zww's C T and 2°22's C G we get x <p 2°, a contradiction. So z's ¢ F(G). Thus
| Scoly[L, 2] \ Scoly [L, u]| < 2.

Assume that z < . By Lemma 4.2.5 we get P, C Xy(,), say P, C FP,,). Let

2°° € Py(y) with oo = [, — 2. The possible L-smaller neighbors of x in P, are

84



2°°,2° and z. Assume that 2°° # y and z°°x € E(G). By Lemma 4.1.1(3) applied
to yr € E(T) and 2°°x € E(G) we get y < z°°. So x <7 z°, a contradiction. Thus
either 2°° = y or 2°°z ¢ E(G). So the possible L-smaller neighbors of x in Xy,
are 2°, z,y and two vertices in Py,) — . The possible L-smaller neighbors of z in
Xy are z°, two vertices in P,y — P, and two vertices in Py;) — P,. Therefore if
y, 2° € Scoly[L, u] then |(Scoli[L, z] U Scoly [L, z]) \ Scoly[L, u]| < 6. If y € Scoly[L, u]
and 2° ¢ Scola[L, u] then scoly[L, u] < 9 and |(Scoly[L, z]UScoly [L, x])\Scoly[L, u]| <7
(same result is true if y ¢ Scols[L, u] and 2° € Scoly[L, u]). If y, 2° ¢ Scoly[L, u] then
scol[L,u] < 8 and |(Scoly[L, z] U Scoly[L,z]) \ Scoly[L,u]| < 8. So in all cases
scoly[ L, u] + |(Scoly [ L, z] U Scoly [L, x]) ~ Scoly[L, u]| < 16.

Assume that z < 2. By Lemma 4.2.5 we get P, C Xy(.), say P, C F,). If
they exist, let t1,to € P, with [;, = [, + 1,1, = [, + 2. Assume that zt, €
E(G). By Lemma 4.1.1(3) applied to ztity C T and 2°2zty € G we get @ <p 2°,
a contradiction. So the possible L-smaller neighbors of z in Xy, are z,?;, 2° and
two vertices in P,y — P,. The possible L-smaller neighbors of z in Xy, are y, two
vertices in Py, — P, and two vertices in Py, — P,. Therefore if y, 2° € Scoly[L, u] then
|(Scoly[L, z|UScoly [L, z]) \Scola[L, u]| < 7. If y € Scoly|L, u| and 2° ¢ Scols[L, u] then
scoly[L,u] <9 and |(Scoly[L, z] U Scoly [L, z]) N Scoly[L, u]| < 8 (same result is true
if y ¢ Scoly[L,u] and z° € Scolp[L, u]). If y, 2° ¢ Scoly[L, u] then scoly [L,u] < 8 and
|(Scoly[L, z] U Scoly[L, z]) \ Scola[L, u]| <9. So in all cases scols|[L, u] + |(Scoly[L, z] U
Scoli[L, x]) ~ Scola[L,u]| < 17. Thus in both cases (i.e., x < z or z < x) we have
weola[L, u] < scolo[L, u] +|(Uwescon (1,4 Scoli [L, u']) \Scoly[L, u]| < 17+34+4+2 = 26.

Case 3: © ¢ Py U Py). See the third drawing of Figure 4.2 on page 71.

By Theorem 4.2.6, scoly[L, u] < 11. Assume without loss of generality that w < z.

So w < z < 2. There are three possibilities regarding the L-order of w’. They are
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w<w <z<Z, w<z<w <Zandw <z <2 <w. If they exist, let s € Py
with I, = I, + 3 and ¢ € Py with [, = I, + 3.

Assume that w < w' < z < Z/. Since w,w’ € Scoli[L,u], |Scol;[L,w'] ~
Scoly[L,u)| < 4. Since w' < 2/, Lemma 4.2.5 tells us that P, C Xy, say
Py C P,.y. If they exist, let s',s" € P,y with ly = Ly + 11y = Ly + 2.
Assume first that [, = [, = [,. By Lemma 4.1.1(2) applied to zu € FE(T)
and wu € FE(G) we get © <y w. Similarly, we get © <p z. Assume that
s € Scolp[L,u]. Let P := uu's be the witnessing path. By Lemma 4.1.1(3) applied
to ww'w”s C T and zuu's C G we get w < x, a contradiction. So s ¢ Scoly[L, u],
analogously we get t ¢ Scoly[L,u]. Let A = {y,x,u,w®, w,w' w", 2° 2 2" 2"}.
Clearly, Scols[L,u] € A. Also Scoly[L,z] C {y,z,w°,w,w', 2° 2,2} C A. There-
fore scola[L, u] + | Scoly [L, x] \ Scoly|L, u]| < 11. The unique neighbor of w in P, is w®,
the unique neighbor of z in P, is 2° and w°, 2° € A. Thus scoly[L, u] + |(Scol;[L, z] U
Scoly [L, w] U Scoly [L, z]) ~\ Scolg[L,u]| < 11 4+ 2 x4 = 19. The possible L-smaller
neighbors of 2" in P,y are w,w’ and s’. So |Scoli[L, 2'] \ Scoly[L,u]| < 3. Thus
weoly[L, u] < scoly[L, u] + [(Uwescol [, Scoli[L, u']) N Scoly[L, u]| < 19 44 + 3 = 26.

Assume that [, = [, = [.. Let w* € P, with l,ec = [, — 2 and 2°° € Py,
with l,ee = [, — 2. By Lemma 4.1.1(2) applied to ww’ € E(T) and uw’ € E(G) we
get w < u, analogously we get z <p u. Assume that w*® # y and w*® € Scoly[L, u).
Let P := w°°uu be the witnessing path. By Lemma 4.1.1(3) applied to yzu C T
and w*u'u C G we get y <r w®°. So x <7 w° and then u <7 w, a contradiction.
Thus w®® ¢ Scoly[L,u], analogously we get z°° ¢ Scoly[L,u] if 2°° # y. Then
Scolp[L,u] € A. Assume that w* # y and w*°zx € F(G). By Lemma 4.1.1(2) applied
to yr € E(T) and w*°z € E(G) we get y <p w°® which leads to a contradiction

as we have just seen. Thus w°z ¢ E(G), similarly, we get 2°°x ¢ E(G) if 2°° # v.
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So Scoly[L, x| C {y,z,w°, w, 2° 2z} C A. The unique neighbor of w in P, is w°, the
unique neighbor of z in P, is 2° and w®,2° € A. Thus scoly[L, u] + |(Scoly[L, z] U
Scoly[L, w] U Scoly[L, z]) \ Scoly[L,u]| < 11 4+ 2 %4 = 19. The possible L-smaller
neighbors of 2" in P,/ are w,w’ and s’. So |Scol[L, 2'] \ Scola[L,u]| < 3. Thus
weoly[L, u] < scoly[L, u] + [(Uwescoly [L,u] Scoli[L, u']) N Scoly[L, u]| < 19 4+ 4 + 3 = 26.

Assume that [, # [,.. In this case either l,, =1, =1, —1orl,—1=1,=1,. By
the two previous paragraphs we get Scols[L,u] € A and Scol[L, z] C A. The unique
neighbor of w in P, is w® and the unique neighbor of z in P, is z°. Thus scoly[L, u| +
|(Scoly[L, x] U Scoly [ L, w] U Scoly [L, z]) N Scoly[L, u]| < 11 4 2% 4 = 19. Assume that
Ly =1, =1, — 1. By Lemma 4.1.1(2) applied to zu € E(T') and wu € E(G) we get
x <7 w. By Lemma 4.1.1(3) applied to 2°zz" C E(T) and zuz’ C E(G) we get 2° <p z.
So 2° <p w. The possible L-smaller neighbors of 2’ in P,(, are w’, s and s”. Assume
that 2's” € E(T). By Lemma 4.1.1(3) applied to ww's's” C T and 2°z7's" C G we
get w <7 2°, a contradiction. So the possible L-smaller neighbors of 2’ in P,/ are
w' and ', and then |Scoly[L, 2] \ Scoly[L,u]| < 3. Assume that l,, — 1 =1, = L.
By Lemma 4.1.1(2) applied to zu € E(T) and zu € E(G) we get x <r z. By
Lemma 4.1.1(3) applied to w°ww’ € E(T) and zuw’ € E(G) we get w® <p z. So
w® <7 z. The possible L-smaller neighbors of 2’ in F,(.,) are w°, w,w" € A. Therefore
weolg[L, u] < scolo[L, u] + |(Uwescol [L,u) Scoli [L, u']) N\ Scoly[L, u]| < 11+3%443 = 26.

Assume that w < z < w' < 2. Note that the facts that Scoly[L, u], Scoly[L, z] C A
were independent from the L-order of w,w’,z,2’. So even in this case we have
Scols[L, u], Scoly[L, ] C A. In the previous case we used only the inequality w’ < 2/
to show that |Scoli[L, z'] \ Scoly[L,u]| < 3. Since the inequality w’ < 2’ is still
valid in this case, we get |Scoly[L, 2] \ Scoly[L,u|| < 3. Therefore wcoly[L, u] <

scola[L, u] + |(Uwescoly [L,u) Scoli [L, u']) N Scoly[L, u]| < 11 + 3 x4 4+ 3 = 26.
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Assume that w < z < 2/ < w'. Again Scols[L, u], Scoly[L, x] C A. By interchanging
the roles of w’ and 2z’ in the previous cases we get the same result.

The proof above was for the case | Scoly[L,u] \ {u}| = 5. Assume now that
|Scoly [L,u] ~ {u}| < 4. Let x € P, with I, = I, — 1, and if it exists, let y € P, with
ly = I, — 2. Assume that x € P,y N Py,y. If they exist, let w,w’,w" € Py, at
levels 1,1, + 1,1, + 2 respectively, and let z, 2", 2" € Py at levels I, 1, + 1,1, + 2
respectively. Let B := {u,z,y, w,w',w”, z, 2/ 2"}. Then Scoly[L,u] C B. Note that
| Scoly [L, z] ~ {z}] < 5. Let w' € Scoly[L,u] \ {z,u}. The unique neighbor of ' in
P, is in B. Therefore weolg[L,u] <9+ 5+ 3 x4 = 26.

Assume without loss of generality that € Py, —Fy). If they exist, let w, w', w" €
Py at levels [, [, + 1,1, + 2 respectively. If they exist, let 21, 22, 23, 24, 25 € Py(y) at
levels 1, —2,1,—1,1,,l,+1,1,+2 respectively. Let C; := {y, z,u,w,w',w", 21, 29, 23, 24 }
and Cy = {y,z,u,w,w',w”, 29, 23,24, 25}. Note that either Scoly[L,u] C C} or
Scols[L,u] € Cy. Assume that Scoly[L,u] C Cy. For each ' € Scoly[L,u], the
unique neighbor of ' in P, is in C;. Thus weoly[L,u] < 10 +4 x4 = 26. As-
sume that Scoly[L,u] C Cy. Assume that z5 ¢ Scoly[L,u], then scoly[L,u] < 9.
For each v’ € Scoly[L,u] \ {#2}, the unique neighbor of «’ in P, is in Cy. Thus
weola[L,u] <945+ 3 %4 = 26. Assume that z5 € Scoly[L, u]. Let P := uzz; be the
witnessing path. By Lemma 4.1.1(3) applied to 29232425 C T and zuzzs C G we get
29 <p x. Assume that zpu € E(G); by Lemma 4.1.1(2) applied to zu € E(T)
and zu € E(G) we get © <p 29, a contradiction. So zy ¢ Scoli[L,u]. Thus
for every u' € Scoli[L,u], the unique neighbor of u' in P, is in Cy. Therefore
weola[L,u] < 10 +4 % 4 = 26.

Assume that © ¢ P, U Pyy). If they exist, let wy,..., w5 € Py with [, =

ly + (i —3) and let z1,..., 25 € Py with [, = [, + (i — 3). Assume that ws, z5 ¢

88



Scolo[L,u]. Let Dy := {y,z,u,wy,...,wq,21,...,24}, then Scols[L,u] € D; and
Scoli[L, x] € D;. For each u' € Scoly[L, u|, the unique neighbor of v’ in P, is in D;.
Since |Dy| < 11, weolo[L, u] < 11 4 3 %4 = 23. Assume without loss of generality that
ws ¢ Scoly[L,u] and z5 € Scoly[L, u]; then as we showed in the previous paragraph,
2o <p x and z ¢ Scoly[L,u]. Let Dy := {y,z,u,wy, ..., wy, 22,...,25}. By (4.2.1)
if both 21,25 € Scoly[L,u] then 2, € P, (i.e., z1 = y). Thus Scols[L,u] C Ds.
Assume that z; # y and z;x € E(G). By Lemma 4.1.1(2) applied to yz € E(T') and
zz € E(G) we get y <r z1, and so  <r z, a contradiction. Thus z; ¢ Scol;[L, z]
and so Scoly[L, x] C Dy. For every u’' € Scoly[L, u], the unique neighbor of v’ in P, is
in Dy. Therefore weoly[L, u] < 1143 %4 = 23. Assume that ws, 25 € Scols[L, u], then
wy < x, 25 <p x and ws, 29 & Scoly[L,u]. Let D3 := {y,x,u,ws, ..., ws,22,...,25}
By (4.2.1) if wy, w5 € Scoly[L, u] then wy = y, similarly, if 2y, z5 € Scoly[L, u] then
21 = y. Thus Scoly[L, u] C D3. We have seen that assuming z; # y and z; € Scol;[L, x]
led to a contradiction. Analogously we also have w; ¢ Scoly[L, z] if w; # y. Thus
Scoli[L, x] € Ds. Since wy, 29 ¢ Scoli[L,u], for every u' € Scoli[L,u], the unique

neighbor of w’ in P, is in Dj3. Therefore weolp[L, u] < 11+ 3 x4 = 23. O

4.3.2 Example

In the above technic of defining the ordering L, choosing the drawing of G and the
vertex v are arbitrary. When a drawing of G' and a vertex v are fixed, we perform a
breadth-first search of G starting from v. The graph GG could have several breadth-first
trees rooted at v. Any one of those trees is a candidate for T. When 7' is fixed, the
spanning tree H of G* is determined in a unique way. Then we perform a depth-first

search F' of H starting from the outer face fy. This could be done in several ways
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Figure 4.3. G'[A' U {c, w1, wy}]

(i.e., F' is not unique). We give an example of a maximal planar graph G’ with a fixed
drawing, a vertex v, a breadth-first tree 7" rooted at v and a depth-first search F’ of
H' rooted at the outer face fy such that wcoly[G’, L] = 26 where L is a linear order
constructed using the above technic.

We use Figure 4.3 on page 90 to illustrate the drawing G’ of the graph G’. For
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simplicity, we write G’ for G'. The boundary of the outer face fj is the cycle C' := abca.
Let P, := vz120a, Py := vz324b and P53 := vwiwyc. The paths union P UP, U P5 divides
the internal region of R? \. C into three identical regions: A (the region bounded
by aPivPyba), B (the region bounded by bP,vPscb) and C' (the region bounded by
aPyvPsca). Let A’ be the set of vertices of G’ in region A or it’s boundary (i.e.,
aPivPyba). Define the sets B’ and €’ in a similar way. We give in Figure 4.3 on
page 90 the drawing of G’ that is induced by A’ U {¢, w1, ws}, we denote the drawing
induced by A’ by G'[A’]. The drawings G'[B’] and G'[C’] are each identical to G'[A’].
Choose a breadth-first tree T" of G’ such that T” satisfies the following. 7" is rooted
at v, it satisfies that z; <+ 2o <p x <7v wy, the subtree T'[A’] and the ordering <7
induced by A’ coincide with Figure 4.4 on page 92. In Figure 4.3 on page 90 the edges
E(T") are colored black (the thin edges) and E(G’) \ E(T") are colored green (the
thick edges).

Let H' be the spanning subgraph of the dual graph (G')* of G’ with E(H') = {e* :
e € E(G')\ E(T")}. Lemma 4.2.3 tells us that H' is a spanning tree of (G’)*. We
will construct a depth-first search tree of H' starting from f,. This tree is presented
by an ordering F” of V(H') (faces of G'). We write f <@ f’if f appears before f’ in
the ordering F”.

The root v is the first vertex in the ordering L. The vertices 21, 29, 23,24 € X9 =
P, U P, U P,.. It is not important which one of those four vertices comes first in L,
so assume without loss of generality that z; <p 2o <p 23 <p 24. Let f; € V(H') be
the face that is bounded by abzga. Note that ab € G'[fo] N G'[f1] and ab ¢ E(T"), so
fofi € E(H'). Add f; to the ordering F” (i.e., fo, f1 is the first segment of F").

The vertices x, 25,26 € X1 N~ Xo = V(P, U P, U P,;) \ Xo and z is the closer

vertex to v along P, then zs, zg in this order. Thus f; = f(z) = f(25) = f(z6) and
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Figure 4.4. The Subtree T"[A] and the Ordering <g

2y <p * <r, 75 <1 %. Let fy be the face of the cycle bzgzsb, so Xy = P, U P,, U P,,.
Since bzg € (G'[fi] N G'[f2]) = T', fif: € E(H'). Add f» to F'. The vertices
27,28 € Py — (Xo U Xy). Thus fo = f(27) = f(2s) and z6 <, 27 <p, 2s.

Let f3 be the face of the cycle zgzgv126. The edge z28 € (G'[fo] N G'[f3]) — T7,
so fofs € E(H'). Add f5 to F'. As z € P,, — (XoU X, UXy), f3 = f(2) and
zg <1, z. Let fy be the face of the cycle zzgvyz. Since zgvy € (G'[f3] N G'[f4]) — T7,
fafs € E(H'). Add f; to F'. Let f5 be the face of the cycle zz525z. The edge
2z € (G'[fA]| NG'[f5]) =T, s0 fafs € E(H'). Add f;5 to F'. Let fs be the face of the
cycle zzsz10z. Since zz5 € (G'[fs| NG fs]) — T, fsfs € E(H'). Add fs to F'. The
vertices zg, 210 € Poy, — (Xo U ... U X5). So fo = f(z9) = f(z10) and z <y, z9 <p, 210.

Now we proceed in the same fashion with less details. Let f; be the face of the
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Figure 4.5. f(z) and Scoly[L, z]

Figure 4.6. f(z) and Scol;[L, ]

cycle zz19z112. Add f7 to F’, this is possible because fgf; € E(H'). Then f; = f(z11)
and 219 <p 211 Let fs be the face of the cycle voz19211v2, fo9 the face of the cycle
VaU3211V2, f1o the face of the cycle vyvsvsvye. Add the segment fs, fo, fi0 to F’, this
is possible because f7fsfofio € H'. Then fio = f(w) and z1; <p w. Let fi; be the
face of the cycle vsv vsvs, fio the face of the cycle vsvyz11vs, fi3 the face of the cycle
wvugzw, fi4 the face of the cycle wzi1z10w. Add the segment fi1, fi2, fi3, f1a to F’

(note that fiofi1fi2fisfia € H'). Then fi4 = f(212) and w <p, z12.
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Figure 4.7.  f(w) and Scoly [L, w]
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Figure 4.9. f(2'), f(u), Scoly[L, 2] and Scoly[L, u]

94



Let fi5 be the face of the cycle 211212214211, fie the face of 219214215212, fi7 the
face of vgz14215v6. Add the segment fi5, fi6, fir to F'. Then fi5 = f(z13) = f(z14),
fie = f(z15), fir = f(w') and 212 <p 213 <1 214 <p 215 <p w'. Let fig be the
face of w'vgziaw’, fig9 the face of w'zi3z14w’, foo the face of w'z13z17w’, for the face
of w'z17z18w’. Add the segment fis, fi9, f20, fa1 to F'. Then foo = f(z16) = f(z17),
for = f(z18) and w' <p 216 <p 217 <L 218

Let fos be the face of 217218219217, fo3 the face of vgzi32z19vs3. Add the segment
f22, fag to I, Then fo = f(2') = f(219), foz = f(u) and 218 <1 2’ <, 219 <p u. Now
F' = fo,... fo3. Extend F’ to a depth-first search tree of H'.

Now we are ready to show that wcols[L,u] = 26. Theorem 4.3.1 tells us that
weolo[L,u] < 26. For each s € {x,w,vw' 2,2}, s <, v and su € E(G'). So
{u,z,w,w', z, 2’} C Scoly[L,u]. For each s € {zs,219}, s < u and there is a
path of length two stu C G’ with u < t. So {215,219} C Scoly[L,u|, see Fig-
ure 4.9 on page 94. For each s € {v,z1,29,23,24}, s <; = and sz € E(G'). So
{v, 21, 22, 23, 24} C Scoli[L,x] € Weoly[L, u], see Figure 4.5 on page 93. For each
s € {z5,26,27,28}, $ <r z and sz € E(G'). So {zs, 2, 27,28} C Scoly[L,z] C
Weols[L,u], see Figure 4.6 on page 93. For each s € {z9,210,211}, s <p w
and sw € E(G'). So {z9, 210,211} € Scoly[L,w] C Wecols[L,u], see Figure 4.7
on page 94. For each s € {z19, 213,214,215}, § < w and sw’ € E(G'). So
{z12, 213, 214, 215} C Scoli[L,w'] € Weols[L, u], see Figure 4.8 on page 94. For each
s € {z16, 217}, s <g 2’ and sz’ € E(G"). So {z16, 217} C Scoli[L, 2'] € Wcols[L, u], see
Figure 4.9 on page 94.

Thus {u, z,w,w', 2,2, v, 21, ... 210} € Wcoly[L,u], those vertices are colored blue

in Figure 4.3 on page 90. This shows that wcols[L, u| = 26.
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Chapter 5

A NEW CHARACTERIZATION OF NOWHERE DENSE CLASSES

We give a new characterization of monotone nowhere dense classes by proving that
the converse of Lemma 1.5.13 is also true. We will use a technique similar to the one

used in Theorem 1.5.9.

Lemma. (Lemma 1.5.13) Let C be a nowhere dense class of graphs. Then for every
r € N and € > 0 there exists an integer nyg such that for every graph G € C with
\V(G)| > ny we have

dom,.(G) < |V(G)|[*aqa(G).

We first construct a somewhere dense class of graphs C": For every positive integers
n >4 and s > 1, let G, 9.1 be the graph obtained from K, by subdividing each
edge 25 — 1 times. Let Y be the set of vertices with degree n — 1 in G}, 25_1; and let
X be the set of the middle vertices of the paths corresponding to the edges of K,
in G 9s—1. Let @Qp2:—1 be the graph obtained from G, 251 by adding a new vertex
v adjacent to all the vertices in X. Dvorak [8] showed that domy(Qn2s—1) > § and
Q25 (Qn2s—1) < 2.

Let G and H be graphs. We write H <! G if G contains a topological minor of
H where each edge is subdivided at most r times. From Definition 1.5.1 and since
every graph H is a subgraph of K|p|, we have the following equivalent definition of
somewhere dense class. A class of graphs C is somewhere dense if there exists r > 1
such that for all graphs H there exists a graph G € C such that H <! G.

Now we are ready to prove the result.
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Theorem 5.0.1. Let C be a monotone class of graphs. The class C is nowhere dense
if and only if (*) for every k € N and € > 0 there exists ng € N such that for every

graph G € C with |G| > ny we have
domy(G) < |G[*au(G).

Proof. The forward implication is Lemma 1.5.13. We prove the backward implication.
Assume for a contradiction that (*) holds, but C is somewhere dense. Then there
exists s € N such that for all graphs H there exists a graph G € C such that H < G.

Let A={r(r+2):r € [s]} U{s}. For every k € A and € = 5, (*) returns ny. Let
no = maxyea{ny, 25,64} and let n’ = (') - (25 — 1) + ng + 1; from Ramsey Theorem,
there exists an n” > 2 such that every n”-set X has a monochromatic n’-subset with
respect to any (s + 1)-coloring of [X]?. Let G € C such that K,» <! G. Let G’ be the
depth-s topological minor of K, contained in G. Since C is monotone, G’ is also in C.

Let P,, denote the path corresponding to the edge uv € K,» in GG'. Define the
coloring ¢ : E(K,») — [s] U{0} such that ¢(uv) = || Py| — 1. Ramsey Theorem tells
us that K~ contains a clique of size n’ (i.e., K,) such that c(e) = s’ for every e € K,
where s' € [s] U{0}.

Case 1: s =0.
Then K,y C G’ € C; as C is monotone, K, € C too. Since |Qng2s—1] = (W) - (25 — 1) +
no+1=n", Qnyas—1 C K. Thus Qpnyas—1 € C. As |Qny2s—1] > 1o, Qny2s—1 satisfies
(*). So

domy(Qnp25-1) < |Qng2s—1] Qas(Qng,25-1)
< (ng)* s (Qno,25-1)
< Vnoags(Qng,2s—1)-

This contradicts the fact that ag(Qng2s—1) < 2 and dom,(Qpg2s—1) > 2

Case 2: ¢ is a positive integer.
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Since |Qpp2s—1] = (%) - (28 = 1) +no+1 <0/, Quyoy—1 C K. Let H' be the graph
obtained from K, by subdividing each edge s’ times, and let () be the graph obtained
from @, 2+—1 by subdividing each edge s’ times. Then @)’ C H' C G'; since C is
monotone, ()’ is a graph in C.

From assumption we have

doms’(s’+2) (Q,) S ’Q/|2Ea25’(s’+2) (Q,)

Note that
|Q/| = |Qn0728’—1| + |E(Qn072s/—1)| -8

< (20) (28— 1) 4+ 1+ (7”;0) (25 +1)s

< 2s'ng + 3s*n
< ng + ng
< 2n§
< ng
So Q2 < g < .
In the rest of the proof, we will show that aoy(s42)(Q') < 2. and domy (Qpg25—1) <
2 domy (y42)(Q') which gives a contradiction with the fact that domgy(Qpy2s-1) > 5.
Denote the set of vertices of degree ng — 1 in Q" by I; and let I, be the set of
vertices in ) within distance at most s’ from some vertex in I. The distance between
any two vertices in Iy in the graph @’ is at most 2s'(s’ 4+ 2). In addition, the distance
between any two vertices in V(Q')\Iy is at most 25'(s" 4+ 1). Thus aoy(s42)(Q’) < 2.
Let B C Q' such that |B| = domy (y42)(Q") and every vertex v € @' is within
distance at most s'(s’ + 2) from some vertex u € B in ('. Let C be the set of
vertices obtained from B by replacing each subdividing vertex w with the closest two

branch vertices in Q. Then C' C Q) 25—1 and |C| < 2|B|. In addition, every vertex
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U € Qpg2s—1 is within distance at most s’ from some vertex v € C. Hence,

doms/ (Qno,2s’71) <2 doms’(s’+2) (QI)
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