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ABSTRACT

This dissertation will cover two topics. For the first, let K be a number field. A K-

derived polynomial f(x) ∈ K[x] is a polynomial that factors into linear factors over

K, as do all of its derivatives. Such a polynomial is said to be proper if its roots are dis-

tinct. An unresolved question in the literature is whether or not there exists a proper

Q-derived polynomial of degree 4. Some examples are known of proper K-derived

quartics for a quadratic number field K, although other than Q(
√

3), these fields have

quite large discriminant. (The second known field is Q(
√

3441).) We will describe a

search for quadratic fields K over which there exist proper K-derived quartics. The

search finds examples for K = Q(
√
D) with D = ...,−95,−41,−19, 21, 31, 89, ....

For the second topic, we know by Krasner’s lemma there exist a finite number of

degree n extensions of Qp. Jones and Roberts have developed a database recording

invariants of p-adic extensions for low degree n. We will contribute data to this

database by computing the Galois slope content, inertia subgroup, and Galois mean

slope for a variety of wildly ramified extensions of composite degree using the idea of

global splitting models.
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Part I

On K-derived quartics
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Introduction

Let K be a number field, i.e. a finite extension of Q. A K-derived polynomial

is a polynomial f(x) ∈ K[x] that factors into linear factors over K, as do all of its

derivatives. Here is an example of a Q-derived cubic:

f(x) = x3 − 39x2 + 360x = x(x− 15)(x− 24)

f ′(x) = 3x2 − 78x+ 360 = 3(x− 6)(x− 20)

f ′′(x) = 6(x− 13).

There has been much interest in the case K = Q, see Buchholz and Kelly (1995),

Buchholz and MacDougall (2000), Carroll (1989), Chapple (1960), Flynn (2001),

Galvin (1990), Galvin and MacDougall (1994). It is straightforward to describe all

Q-derived polynomials of degrees two and three. Quartic Q-derived polynomials are

known to exist when the quartic has a multiple root, for example f(x) = x2(x −

1)(77x − 90), and such polynomials have been fully characterized; see Buchholz &

MacDougall Buchholz and MacDougall (2000). But it seems that no example is

known of a Q-derived polynomial of degree four (or greater) with distinct roots. We

shall refer to a K-derived polynomial with distinct roots as proper. There seem to be

very few results in this area regarding polynomials with distinct roots of degree five

or more, whose derivatives factor with distinct roots. Choudhry Choudhry (2015)

gives the examples of polynomials

f1(x) =x(x− 180)(x− 285)(x− 460)(x− 780)

f2(x) =(x2 − 15652)(x2 − 17952)(x2 − 51612)

where just the first derivatives factor into linear factors. Stroeker Stroeker (2006)

investigates Q-derived quartics, and also finds examples of proper derived quartics
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defined over the fields Q(
√
D) for D = 3, 3441, 3811, 9931. We found it surpris-

ing that other than the field Q(
√

3) there were apparently no examples known over

quadratic fields Q(
√
D) for D relatively small (less than 103 in absolute value).

We will describe various attempts to find examples of proper K-derived quartics

over quadratic number fields K. We find examples for K = Q(
√
D) with D =

. . . ,−95,−41,−19, 21, 31, 89, . . ..

The first approach taken is to find polynomials f(x) ∈ Q[x], such that f(x) and

f ′(x) factor completely over Q and then to define K to be the field over which f ′′(x)

splits. We term this the ”Top Down Approach”. It is essentially the approach taken

by Stroeker Stroeker (2006), and we rediscover the same fields K as given in his paper.

The second approach will find polynomials f(x) ∈ Q[x] such that f ′(x) and f ′′(x) fac-

tor completely over Q; we then demand that f(x) factor completely over a quadratic

field K. This method we shall term the ”Bottom Up Approach”.

The third approach will find polynomials f(x) ∈ Q[x] such that f(x) and f ′′(x) fac-

tor completely over Q; we then demand that f ′(x) factor completely over a quadratic

field K. This method will be termed the ”Sandwich Approach”.

Note that if f(x) ∈ K[x] is of degree 4, then f ′′′(x) is linear, and trivially factors

over K. So in discussing K-derived polynomials of degree 4, it is only necessary to

consider the complete factorization of f(x), f ′(x), and f ′′(x).
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0.1 The Top Down Approach

In this section we assume that f(x) and f ′(x) factor completely in Q and force

f ′′(x) to factor over a quadratic extension. By horizontal shift we can let

f(x) = x(x− p)(x− q)(x− r) with 0 < p < q < r and p, q, r ∈ Q

f ′(x) = 4(x− s)(x− t)(x− u) with 0 < s < t < u and s, t, u ∈ Q.

Then f ′′(x) = 12x2 − 8(s + t + u)x + 4(st + tu + us), so f ′′(x) splits over the field

Q(
√
D) where D = s2 + t2 +u2−st− tu−us by the quadratic formula. Note, because

the roots of f(x) are distinct then any extrema of f(x) will fall in between two roots

therefore 0 < s < p < t < q < u < r.

Now

f ′(x) = 4x3 + (−3p+−3q − 3r)x2 + (2qp+ 2rp+ 2rq)x− rqp

= 4x3 + (−4s− 4t− 4u)x2 + (4st+ 4su+ 4tu)x− 4stu

Therefore

−3p− 3q − 3r + 4s+ 4t+ 4u = 0 (1)

2qp+ 2rp+ 2rq − 4ts− 4us− 4ut = 0 (2)

−rqp+ 4uts = 0 (3)

Solving for u in equation (3):

u =
pqr

4st
.

Substituting for u in equation (2):

−srqp+ trqp

ts
+ 2qp+ 2rp+ 2rq − 4ts = 0 .
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From this expression we can solve for r:

r =
2pqst− 4s2t2

pqs+ pqt− 2pst− 2qst
.

Once we substitute the expressions for r and u into equation (1) we have:

−(2p2q2 − 3p2qs− 3pq2s+ 4pqs2 − 3p2qt− 3pq2t+ 6p2st+ 10pqst+ 6q2st− 8ps2t

−8qs2t+ 4pqt2 − 8pst2 − 8qst2 + 12s2t2)/(−pqs− pqt+ 2pst+ 2qst) = 0

We can set the previous expression’s numerator equal to 0:

2q2p2 − 3sqp2 − 3tqp2 + 6tsp2 − 3sq2p− 3tq2p+ 4s2qp+ 10tsqp+ 4t2qp− 8ts2p

−8t2sp+ 6tsq2 − 8ts2q − 8t2sq + 12t2s2 = 0 (4)

Viewing equation (4) as a quadratic polynomial where p is a rational root, its dis-

criminant with respect to p must be a square:

9s2q4 − 30tsq4 + 9t2q4 − 24s3q3 + 52ts2q3 + 52t2sq3 − 24t3q3 + 16s4q2 + 32ts3q2

−204t2s2q2 + 32t3sq2 + 16t4q2 − 64ts4q + 112t2s3q + 112t3s2q − 64t4sq + 64t2s4

−160t3s3 + 64t4s2 = � (5)

So given rational values of s, t, and q that satisfies equation (5), we can determine

p and r. Thus we will have f(x) such that f(x) and f ′(x) factor completely over Q,

and we can then check if D is a square.

By scaling we can assume that t and q are integers. We treat equation (5) as a

hyperelliptic curve H in terms of s, for given values of t and q. Using the computer

algebra system Magma we find an elliptic curve E that corresponds to the H and

a map that translates a point on H to a point on E. We then find the generators

of the Mordell-Weil group of E(Q). Calculating various linear combinations of the
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generators, where the coefficients are within some bound, we compute points on E

and pull back to the hyperelliptic curve. With this new point on the H, s will be

the x-coordinate. We can organize values for t and q by their sum and ran a search

where the sum of t and q ranged from 3 to 120.

From our search we found 3 quadratic fields Q(
√
D) with |D| ≤ 5000. There were

many quartics where f ′′(x) factors completely over Q(
√

3); a interesting note is that

all of these quartics belong to the parametrized family described below. There were

also examples of quartics where f ′′(x) factors over Q(
√

3441) and Q(
√

3811).

Theorem 0.1.1. Consider the quartic f(x) = x(x−1)(x−p)(x−p−1), where p2 +1

is a square number. Then f(x) and f ′(x) will factor completely over Q and f ′′(x)

will factor completely over Q(
√

3).

Proof. By construction f(x) factors completely over Q. And

f ′(x) = 4x3 + (−6p− 6)x2 + (2p2 + 6p+ 2)x− p2 − p

= (2x− p− 1)
(
2x2 + (−2p− 2)x+ p

)
.

The discriminant of the quadratic with respect to x is 4(p2 + 1) and since p2 + 1 is a

square, f ′(x) will factor completely over Q.

Lastly

f ′′(x) = 12x2 + (−12p− 12)x+ (2p2 + 6p+ 2).

The discriminant of f ′′(x) with respect to x is 48(p2 + 1). Again since p2 + 1 is a

square and 48 = 3 · 42, f ′′(x) will factor completely over Q(
√

3) .
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0.2 The Bottom Up Approach

For this approach we require that f ′(x) and f ′′(x) factor over Q and force f(x) to

factor over a quadratic extension. Again by both horizontal shift and scaling suppose

that

f ′′(x) = 12x(x− 2)

f ′(x) = 4(x− t)(x− u)(x− v) with 0 < t < u < v and t, u, v ∈ Q,

and thus

f ′′(x) = 12x2 − 8(t+ u+ v)x+ 4(tu+ tv + uv)

= 12x2 − 24x .

Therefore

t+ u+ v = 3 and tu+ tv + uv = 0.

So v = 3− t− u, and substituting for v into the second equation:

t2 + tu+ u2 − 3t− 3u = 0.

A parametrization of solutions of this conic is

(t, u) =

(
3a(a+ 1)

a2 + a+ 1
,

3(a+ 1)

a2 + a+ 1

)
.

Thus

(t, u, v) =

(
3a(a+ 1)

a2 + a+ 1
,

3(a+ 1)

a2 + a+ 1
,
−3a

a2 + a+ 1

)
.
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Finally, we require f(x) = (x− p)(x− q)(x− r)(x− s), therefore

f(x) = x4 − 4x3 − 4tuvx+ pqrs

= x4 − (p+ q + r + s)x3 + (pq + pr + ps+ qr + qs+ rs)x2

− (pqr + pqs+ prs+ qrs)x+ pqrs.

So

p+ q + r + s = 4, pq + pr + ps+ qr + qs+ rs = 0, pqr + pqs+ prs+ qrs = 4tuv.

We write

(p, q, r, s) =
6

a2 + a+ 1
(P,Q,R, S),

so that

P +Q+R + S =
2

3
(a2 + a+ 1) (6)

PQ+ PR +QR + PS +QS +RS = 0 (7)

PQR + PQS + PRS +QRS = −1

2
a2(a+ 1)2. (8)

Solving for S in equation (6) we will have S = 2
3
(a2 +a+1)−P −Q−R. Substituting

for S into equation (7) and (8):

3a2(a+ 1)2 + 4(a2 + a+ 1)PQ− 6PQ(P +Q) + 2(P +Q)(2(a2 + a+ 1)

− 3(P +Q))R− 6(P +Q)R2 = 0 (9)

(2(a2 + a+ 1)(P +Q)− 3(P 2 + PQ+Q2)) + (2(a2 + a+ 1)− 3(P +Q))R

− 3R2 = 0.

(10)
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The difference of equation (9) and 2(P +Q) times equation (10) is:

3a2(a+ 1)2 − 4(a2 + a+ 1)(P 2 + PQ+Q2) + 6(P +Q)(P 2 +Q2) = 0. (11)

Equation (11) is that of a cubic curve with point at infinity (1,−1, 0). A cubic model

of equation (11) is

E : y2 = x(x− 3a(2 + a)(−2− 2a+ a2))(x+ 3(1 + 2a)(−1 + 2a+ 2a2)),

with mapping

(x, y) =

(−3(−2− 2a+ a2)(−1 + 2a+ 2a2)(P +Q+ a)/(−3(P +Q) + (1 + a+ a2)),

− 3(−2− 2a+ a2)(1 + 4a+ a2)(−1 + 2a+ 2a2)(P −Q)/(−3(P +Q) + (1 + a+ a2))

and inverse

(P,Q) =

((3a(2− 2a− 9a2 − 2a3 + 2a4) + (1 + a+ a2)x+ y)/(−6(2− 2a− 9a2 − 2a3 + 2a4 − x)),

(3a(2− 2a− 9a2 − 2a3 + 2a4) + (1 + a+ a2)x− y)/(−6(2− 2a− 9a2 − 2a3 + 2a4 − x))).

Also, taking the discriminant with respect to R of equation (10)

4(a2 + a+ 1)2 + 12(a2 + a+ 1)(P +Q)− 9(3P 2 + 2PQ+ 3Q2) = �

Under the above transformation on P and Q the discriminant translates into:

H := ((−2−2a+a2)2−x)(2(−2−2a+a2)(−1+2a+2a2)−x)((−1+2a+2a2)2−x) = �.

Note that this is equivalent not only to x being an x-coordinate of a point on E,

but also 2(−2− 2a+ a2)(−1 + 2a+ 2a2)− x being an x-coordinate of a point on E.
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Therefore on putting X = (−2− 2a+ a2)(−1 + 2a+ 2a2)− x, the elliptic curve E is

translated to:

E1 : Y 2 = ((−2− 2a+ a2)(−1 + 2a+ 2a2)−X)((1 + 4a+ a2)(−1 + 2a+ 2a2)−X)·

((2 + 2a− a2)(1 + 4a+ a2)−X)

Applying the same substitution on H:

E2 : Y 2 = ((−2− 2a+ a2)(−1 + 2a+ 2a2) +X)((1 + 4a+ a2)(−1 + 2a+ 2a2) +X)·

((2 + 2a− a2)(1 + 4a+ a2) +X)

If there is a point that is on both E1 and E2, we can use the inverse map and

determine p, q, r and s. Now f(x) will be a polynomial that has at least 2 rational

root (since R and S are solution to equation (10), r and s may not be rational),

with f ′(x) and f ′′(x) factoring completely over Q, we can then check whether f(x)

will have 4 rational roots. Note that we can also use E or H instead of E1 or E2

respectively.

For a value of a we find points on E2 with a bound of 105 on the height of the

point. With a point on E2 found, if the y-coordinate is non-zero (if y = 0, then p = q),

then the x-coordinate will be X. If the point is also E1, then we compute p, q, r, s

and check that all the roots of f(x) are rational. In the search we used values of a

where the sum of the absolute value of the numerator and denominator of a ranged

from 2 to 250.

For certain values of a, Magma finds a large number of points on E2. For these

a values, we try to find the set of generators for the points E2. Then we compute

linear combinations of the torsion-free generators where the range of the coefficient of
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the generators is −6 to 6. Once computing the point, we continue the same procedure.

When finding quadratic fields, Q(
√
D), we limited to the range |D| < 103. Using

this approach we found the following:

D = −759,−391,−249,−183,−159,−155,−134,−106,−95,−41,−19, 3, 21, 31, 89,

102, 114, 141, 159, 190, 209, 217, 229, 269, 309, 321, 346, 491, 565, 601, 606, 665, 849, 989.

As in the first approach we identified an infinite family of Q(
√

3)-derived quartics.

Theorem 0.2.1. Let f(x) = (x − p)(x − 3
p
)(x −

√
3)(x +

√
3) with p = λ(λ2−9)

3(λ2−1)
for

λ ∈ Q \ {0,±1,±3}. Then f(x) is a proper Q(
√

3)-derived quartic, with

f ′(x) = 4

(
x− λ2 + 3

4λ

)(
x− λ2 + 3

(λ+ 1)(λ− 3)

)(
x+

λ2 + 3

(λ− 1)(λ+ 3)

)
,

f ′′(x) = 12x

(
x− p2 + 3

2p

)
.

Proof. By construction f(x) factors completely over Q(
√

3). Now

f ′(x) = 4x3 +

(
−3p2 − 9

p

)
x2 +

3p2 + 9

p

= 4x3 − (λ2 + 3)
3

λ(λ2 − 1)(λ2 − 9)
x2 +

(λ2 + 3)
3

λ(λ2 − 1)(λ2 − 9)

= 4

(
x− λ2 + 3

4λ

)(
x− λ2 + 3

(λ+ 1)(λ− 3)

)(
x+

λ2 + 3

(λ− 1)(λ+ 3)

)
.

Additionally,

f ′′(x) = 12x2 − 6p2 + 18

p
x

= 12x

(
x− p2 + 3

2p

)
.
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0.3 The Sandwich Approach

For this last approach we require that both f(x) and f ′′(x) factor over Q, and

f ′(x) to factor over a quadratic extension. By horizontal shift assume that

f(x) = x(x− p)(x− q)(x− r) with 0 < p < q < r and p, q, r ∈ Q

f ′′(x) = 12(x− v)(x− w) with 0 < v < w and v, w ∈ Q.

Therefore

f ′′(x) = 12(x− v)(x− w)

= 12x2 − 12(v + w)x+ 12vw

= 12x2 − 6(p+ q + r)x+ (pq + pr + qr).

Thus

−12(v + w) = −6(p+ q + r) (12)

12vw = pq + pr + qr. (13)

Solving for w in equation (12):

w = (p+ q + r)/2− v (14)

Substituting for w into equation (13):

pq + pr + qr − 3pv − 3qv − 3rv + 6v2 = 0.

Then solving for r

r =
(pq − 3pv − 3qv + 6v2)

3v − p− q
. (15)
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Substituting for r into equation (14):

w =
p2 + pq + q2 − 2(p+ q)v

2(p+ q − 3v)
.

Note that from p + q = 3v it follows that p2 − 3pv + 3v2 = 0, so the quadratic field

has to be Q(
√
−3), but the first derivative cannot factor over this field. So without

loss of generality p+ q − 3v 6= 0. Let the first derivative equal 4(x− s)(x2 + tx+ u),

so that

f ′(x) = 4(x− s)(x2 + tx+ u)

= 4x3 + (4t− 4s)x2 + (4u− 4st)x− 4su

= 4x3 + (−3p− 3q − 3r)x2 + (2pq + 2pr + 2qr)x− pqr.

Therefore

−3p− 3q − 3r = 4t− 4s (16)

2pq + 2pr + 2qr = 4u− 4st (17)

−pqr = −4su. (18)

Solving for s in equation (16), and then using equation (15) to eliminate r:

s =
3p2 + 3pq + 3q2 + 4pt+ 4qt− 12tv − 18v2

4(p+ q − 3v)
.

Solving for u and eliminating r and s from equation (17)

u =
1

4(p+ q − 3v)
(3p2t+ 3pqt+ 3q2t+ 4pt2 + 4qt2 + 6p2v + 6pqv + 6q2v − 12t2v

− 12pv2 − 12qv2 − 18tv2).

Finally eliminating r, s, and u from equation (18) and setting it equal to 0, we get a

rational function with denominator 4(p + q − 3v)2, which will be nonzero, therefore
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we can set the numerator equal to 0.

4p3q2 + 4p2q3 + 9p4t+ 18p3qt+ 27p2q2t+ 18pq3t+ 9q4t+ 24p3t2 + 48p2qt2 + 48pq2t2

+ 24q3t2 + 16p2t3 + 32pqt3 + 16q2t3 + 18p4v + 24p3qv + 18p2q2v + 24pq3v + 18q4v

+ 24p3tv + 48p2qtv + 48pq2tv + 24q3tv − 72p2t2v − 72pqt2v − 72q2t2v − 96pt3v

− 96qt3v − 36p3v2 − 12p2qv2 − 12pq2v2 − 36q3v2 − 228p2tv2 − 276pqtv2 − 228q2tv2

− 144pt2v2 − 144qt2v2 + 144t3v2 − 108p2v3 − 180pqv3 − 108q2v3 + 144ptv3 + 144qtv3

+ 432t2v3 + 216pv4 + 216qv4 + 324tv4 = 0 (19)

Given a rational point (p, q, t, v) on this surface of degree 5, we can recover

r, s, u, w. We searched the surface for rational points up to a height bound of 104.

Now f(x) will be a polynomial such that f(x) and f ′′(x) factor completely and f ′(x)

has at least 1 rational root, and we can check if f ′(x) completely factors over Q. The

following fields Q(
√
D) arise in the range |D| < 103:

D = 3, 97, 141, 177, 185, 345, 553, 601, 793, 849.

In this case too we find an infinite family of proper Q(
√

3)-derived quartics.

Theorem 0.3.1. Let f(x) = x(x − 1)(x − 1
p
)(x − 1

2−p), with p = (t+1)(t2−4t+1)
1−3t2

for

t ∈ Q \ {±1}. Then f(x) is a proper Q(
√

3)-derived quartic, with

f ′(x) = 4

(
x− 3t2 − 1

4(−1 + t2)

)(
x− 1− 7t2 − t(1 + t2)

√
3

t4 − 14t2 + 1

)(
x− 1− 7t2 + t(1 + t2)

√
3

t4 − 14t2 + 1

)
,

f ′′(x) = 12

(
x− 1

2

)(
x− 1

p(2− p)

)
.

14



Proof. By construction f(x) factors completely over Q. And

f ′(x)

= 4x3 +

(
3p2 − 6p− 6

2p− p2

)
x2 +

(
6

2p− p2

)
x− 1

2p− p2

= 4x3 − 3 (t6 − 33t4 + 27t2 − 3)

(t2 − 1)(t4 − 14t2 + 1)
x2 − 6 (3t2 − 1)

2

(t2 − 1)(t4 − 14t2 + 1)
x+

(3t2 − 1)
2

(t2 − 1)(t4 − 14t2 + 1)

= 4

(
x− 3t2 − 1

4 (t2 − 1)

)(
x2 +

(14t2 − 7)

t4 − 14t2 + 1
x− 3t2 − 1

t4 − 14t2 + 1

)
= 4

(
x− 3t2 − 1

4 (t2 − 1)

)(
x− 1− 7t2 − t(t2 + 1)

√
3

t4 − 14t2 + 1

)(
x− 1− 7t2 + t(t2 + 1)

√
3

t4 − 14t2 + 1

)

Finally

f ′′(x) = 12x2 +

(
6p2 − 12p− 12

2p− p2

)
x+

(
6

2p− p2

)
= 12

(
x− 1

2

)(
x− 1

p(2− p)

)

0.4 Table of solutions

Collecting together the quadratic fields K from the above sections, we compile

the following list of proper K-derived quartics for K = Q(
√
D), |D| < 103, D 6= 3.

For given D = a2, the row entry comprises (r, s), (t, u, v), and (m,n), corresponding

to the proper K-derived quartic given by f(x) = x(x− 1)(x− r)(x− s), with f ′(x) =

4(x− t)(x− u)(x− v), and f ′′(x) = 12(x−m)(x− n). For each (r, s), we computed

the 12 equivalent quartics obtained by translation and scaling in order to keep two of

the roots 0 and 1. We then chose a representative quartic with “small” coefficients.

But we have not focused on any canonical way of representing the equivalence class.
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D r s t u v m n

−759 17(1915−9a)
14924

17(1915+9a)
14924

17
8

812
533

34
91

6919
3731

43
52

−391 43−a
140

43+a
140

4
5

2
7

1
8

17
28

1
5

−249 6(24−a)
275

6(24+a)
275

3
4

6
11

6
25

33
50

4
11

−183 279(32−a)
42245

279(32+a)
42245

279
355

93
476

3
35

341
595

687
4970

−159 3(−57−2a)
175

3(−57+2a)
175

111
175

−3
5

−3
4

1
5
−237

350

−155 5(41−a)
432

5(41+a)
432

5
6

17
36

5
32

295
432

7
24

−134 −2290−49a
5508

−2290+49a
5508

47
68

−1
6

− 43
108

121
324

− 59
204

−106 13(407−36a)
10925

13(407+36a)
10925

13
19

31
76

221
575

559
950

173
437

−95 5(11−a)
108

5(11+a)
108

5
8

5
9

1
3

16
27

5
12

−41 2(−20−a)
63

2(−20+a)
63

2
3

−2
7

− 7
12

13
42

−4
9

−19 9(32−7a)
575

9(32+7a)
575

3
5

51
100

9
23

129
230

11
25

21 21(3−2a)
425

21(3+2a)
425

21
25

21
68

− 3
17

21
34

13
425

31 7(11−a)
90

7(11+a)
90

7
6

7
10

1
6

29
30

7
18

89 45(−2−a)
119

45(−2+a)
119

15
7

225
476

−3 165
119

−23
14

97 −53
9

13
109

−13
3

989+85a
2616

989−85a
2616

7
18
−907

327

102 40(257−6a)
7049

40(257+6a)
7049

335
212

56
53

40
133

1360
1007

451
742

114 9(93−4a)
595

9(93+4a)
595

117
68

15
17

9
35

1639
1190

9
17

141 27(1−a)
560

27(1+a)
560

27
32

3
10

− 9
28

171
280

− 1
16

159 27(−11−a)
238

27(−11+a)
238

171
238

3
34

−27
14

101
238

−279
238

177 −3
4

8
21

3
16

3+a
21

3−a
21

11
21

− 5
24

185 − 3519
10764

5408
10764

13
16

31+15a
897

31−15a
897

121
207

1
312

190 5(67−4a)
189

5(67+4a)
189

23
9

5
7

5
36

235
126

11
27

209 18(163−5a)
1679

18(163+5a)
1679

48
23

72
73

87
292

5523
3358

44
73

217 7(107−a)
585

7(107+a)
585

4
3

21
20

56
195

469
390

26
45
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229 5(89−13a)
3591

5(89+13a)
3591

50
63

30
133

− 1
12

215
378

22
399

241 2(−4+a)
9

43+13a
81

7+a
8

−37+3a
24

31+a
27

−7+a
9

178+13a
162

269 9(73−a)
115

9(73+a)
115

6 66
23

9
20

542
115

3
2

309 5(74−3a)
847

5(74+3a)
847

25
28

5
11

7
121

601
847

5
22

321 9(44−a)
275

9(44+a)
275

171
100

51
55

3
11

381
275

61
110

345 −72
49

387
728

516
637

−171+15a
448

−171−15a
448

27
49

− 757
1456

346 13(74−a)
2700

13(74+a)
2700

247
300

13
36

1
10

1727
2700

13
60

491 27(349−34a)
40075

27(349+34a)
40075

813
916

423
1145

− 27
175

26783
40075

153
2290

553 − 6
85

2
9

2
15

149+7a
408

149−7a
408

8
15

13
306

565 27(194−5a)
323

27(194+5a)
323

1383
68

81
19

9
19

549
38

733
323

601 95(41−a)
7452

95(41+a)
7452

25
27

95
184

19
207

5605
7452

56
207

606 3(480−23a)
392

3(480+23a)
392

339
56

57
98

−3
8

229
56

33
392

665 7(149−5a)
2788

7(149+5a)
2788

7
8

7
17

1
41

28
41

13
68

793 217
9

49
10

7
15

529+13a
48

529−13a
48

473
36

28
15

849 9(53−a)
140

9(53+a)
140

21
5

9
7

3
8

87
28

4
5

989 27(−157−6a)
1015

27(−157+6a)
1015

939
1015

9
29

−27
4

181
290

−873
203
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Part II

Invariants of local fields
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Introduction

For a number field K, i.e. a finite extension of Q, and for each prime p, we have

an associated p-adic algebra K⊗Qp
∼=
∏g

i=1 Kp,i, where each Kp,i is a finite extension

of Qp.

We can answer a variety of questions about K using basic invariants of the Kp,i,

such as ramification index and residue field degree. For more advanced questions,

there is a need for more detailed information about the p-adic extensions, such as the

Galois group and ramification groups, which allows us to measure the wild ramifica-

tion of the extension.

Let K(p, n) be the set of isomorphism classes of degree n extensions of Qp. The

sets K(p, n) are finite, as a consequence of Krasner’s Lemma, see for example Lang

(2013). Our goal is to record information that encapsulates the filtration of the Galois

group by its ramification groups for each extension for particular K(p, n), as well as

some companion results.

To easily compute the data relating to the ramification groups for an extension K

of Qp, we introduce the idea of a global splitting model. A global splitting model, in

short, is an irreducible polynomial in Z[x] such that the field generated by a root of

this polynomial whether over Q or Qp will have the same Galois group.

For a given p-adic extension we use techniques coming from inverse Galois theory

such as generic polynomials, three point covers, and class field theory to find a global

splitting model. In particular, I developed an original technique to find our desired
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number fields using generic polynomials and Panayi’s root finding algorithm, which

is an algorithm that finds the roots of a polynomial in a local field. Pauli and Roblot

(2001)

In keeping with the philosophy of Jones and Roberts Jones and Roberts (2014),

all data will be available at http://math.asu.edu/~jj/localfields as well as

http://www.lmfdb.org/LocalNumberField/ so that all computations are recorded

once and is freely available for those who are interested.

The cases in which the filtration of a Galois group by its ramification groups are

interesting and most difficult are the wild extensions of composite degree. For wildly

ramified extensions of degree 11 and lower, Jones and Roberts have computed all data

relating to their ramification groups. The next interesting cases that we investigating

are K(2, 12), K(3, 12), K(2, 14), K(7, 14), K(3, 15) and K(5, 15). Note the invariants

for these field extensions that we will make use of such as a defining polynomial,

Galois group, and subfields have been calculated by Chad Awtrey and others Awtrey

(2010); Awtrey et al. (2015b); Awtrey and Strosnider (2015); Awtrey et al. (2015a).
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Chapter 1

PRELIMINARIES

1.1 Local fields

1.1.1 p-adic fields

In this section we will give a brief survey of results found in the study of p-adic

fields. The content of this section comes from Gouvêa (1997), Koblitz (1977), and

Milne (2017) with some small changes for clarity and consistency.

Definition 1.1.1. Let K be a field. A function ν : K → Z ∪ {∞} is a discrete

valuation of K if it satisfies the following properties for any x, y ∈ K.

1. ν(x) =∞ if and only if x = 0

2. ν(xy) = ν(x) + ν(y)

3. ν(x+ y) ≥ min{ν(x), ν(y)}

For a field K with discrete valuation ν define

OK := {x ∈ K | ν(x) ≥ 0}

along with the subset

PK := {x ∈ K | ν(x) > 0}.
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The set OK is known as a discrete valuation ring of K, and PK is the valuation ideal

of K.

A discrete valuation ring is a local principal ideal domain that is not a field. Equiv-

alently, it is ring that is Noetherian, integrally closed, and has exactly one nonzero

prime ideal. Note the unique maximal ideal of OK is PK and elements are contained

in OK − PK if and only if they are units of OK . Since PK is a maximal ideal, then

k := OK/PK is a field known as the residue field of OK .

Since OK is a principal ideal domain, then PK = 〈π〉 for some π ∈ OK . The

element π is known as a uniformizer of K. Because OK is a discrete valuation ring it

will also be a Dedekind domain. Therefore we have prime factorization of ideals and

thus any ideal of OK will be of the form PeK = 〈πe〉 for some e ∈ Z.

Definition 1.1.2. A function | · | : K → R≥0 is an absolute value on K if it satisfies

the following properties for any x, y ∈ K

1. |x| = 0 if and only if x = 0

2. |xy| = |x| · |y|

3. |x+ y| ≤ |x|+ |y|

Property 3 is known as the the Archimedean Property, and if |·| satisfies the additional
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property |x+y| ≤ max{|x|, |y|} for any x, y ∈ K, we say that |·| is a non-Archimedean

absolute value on K, otherwise | · | is an Archimedean absolute value on K.

With different possible absolute values on the field K, we want a way to compare

any two absolute values.

Proposition 1.1.3. Let | · | and | · |′ be absolute values on K, with | · | non-trivial. It

is said that | · | and | · |′ are equivalent if one of the following conditions are satisfied:

1. | · | and | · |′ define the same topology on K.

2. |x| < 1 implies |x|′ < 1 for all x ∈ K

3. | · |′ = | · |a for some a > 0

Let K be a field with absolute value |·|. Recall that a sequence {an}∞n=1 is a Cauchy

sequence, if for every ε > 0 there exists a positive integer N such |am − an| < ε for

all m,n > N . The field K is complete if every Cauchy sequence in K has a limit in

K. In the case where K is not complete with respect to an absolute value | · |, we

will denote K̂ as the completion of K with respect to this absolute value. We can

construct K̂ by the usual method of Cauchy sequences modulo constant sequences.

Let K be a number field and for any prime ideal p of OK and element x ∈ K×,

the principal fractional ideal 〈x〉 can be uniquely written as peqe11 . . . qenn where p - qi

for all i. We define a function νp : K× → Z, the p-adic valuation of K such that

〈x〉 = pνp(x)qe11 . . . qenn and p - qi for all i. It is simple to check that νp is a discrete

valuation of K based on Definition 1.1.1.
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With the discrete valuation νp, we can define a p-adic absolute value on K as

the function | · |p : K → R≤0 where |x|p = NK/Q(p)−νp(x) for x 6= 0 and |0|p = 0.

From Property 2 of Definition 1.1.1, the absolute value | · |p will in fact be a non-

Archimedean absolute value. Since | · |p is defined using the p-adic valuation νp, then

we can define a discrete valuation ring and valuation ideal of K using | · |p. Thus

OK = {x ∈ K | |x|p ≤ 1} and PK = {x ∈ K | |x|p < 1} = p.

If K is complete with respect to the p-adic absolute value | · |p we say that K is

a p-adic field. Consider the example where K = Q and p be a prime number. The

completion of Q with respect to the p-adic absolute value |·|p, is the field Qp known as

the set of p-adic numbers. The valuation ring of Qp is Zp the ring of p-adic integers.

The maximal ideal of Zp is pZp = 〈p〉.

The next propositions illustrate some properties of p-adic fields.

Proposition 1.1.4. Let K be a complete field with respect to a p-adic absolute value

| · |p. Letting π be a uniformizer of PK and choosing a set S of representatives for

the residue field OK/PK, where 0 is one of the representatives. Then every element

of K can be uniquely written as:

a−nπ
−n + · · ·+ a0 + a1π + · · ·+ amπ

m + · · ·

where ai ∈ S and n ∈ Z and a−n is non-zero.

In the case of the field Qp, every element can be uniquely written as a−np
−n +

. . .+ a0 + a1p+ . . . amp
m + . . ., where ai ∈ {0, 1, . . . p− 1}.
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Proposition 1.1.5. (Hensel’s Lemma) Let K be a complete field with respect to a p-

adic absolute value | · |p. Let k be the reside field of OK. Consider a monic polynomial

f(x) ∈ OK [x] and write f(x) for the image of f in k[x]. If f(x) factors as f = g0h0

with g0 and h0 monic and relatively prime then f factors as f = gh with g and h in

OK [x], monic, and g = g0 and h = h0 where g and h are uniquely determined.

With Hensel’s Lemma we can determine a partial factorization of a polynomial in

OK up to an arbitrary power of the uniformizer. In the case where the polynomial

is irreducible we can consider a field extension by adjoining a root of this polynomial

to K.

1.1.2 Field Extensions of p-adic Fields

In this section we will examine field extensions of fields that are complete with

respect to a non-Archimedean absolute value which includes p-adic absolute values.

Theorem 1.1.6. Let L/K be a finite separable extension of degree n, where K is

complete with respect to the non-Archimedean absolute value | · |K. The function

| · | : L→ R≥0 defined by |x| = n
√
|NL/K(x)|K is a non-Archimedean absolute value of

L which unique extends | · |K.

Now consider the case where K is not complete with respect to the absolute value

| · |. Let L/K be a finite separable extension, then L = K[α] and let f(x) be the

minimal polynomial of α over K. Let | · |′ be an extension of | · | to L and let K̂ and

L̂ be completion of K and L with respect to their absolute values.

Note L̂ = K̂[α], and let g(x) be the minimal polynomial of α over K̂, thus we
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have g(x) | f(x). But for every irreducible factor gi(x) of f(x) in K̂[x], we have

L̂i = K̂[x]/gi(x) a finite extension of K̂. Since K̂ is complete we know there is a

unique extension of | · | to L̂i by Theorem 1.1.6. This induces an extension of | · | to

L. Therefore we have the following proposition:

Proposition 1.1.7. Let L = K[α] be a finite separable extension of K, and let f(X)

be the minimal polynomial of α over K. Then there is a one-to-one correspondence

between the irreducible factors of f(x) over K̂ and extensions of | · | to L.

In the case of a p-adic absolute value | · |p on K. The absolute value | · |p is induced

from νp, the p-adic valuation, and it can be shown that for any extension of | · |p to

L it is induced from a P-adic valuation for a prime P in L above p. So the factors

gi(x) are in one-to-one correspondence with the primes above p in OL. Hence the ex-

tensions of |·|p to L are in one-to-one correspondence with the primes Pi above p in L.

We will describe some invariants of p-adic extensions. Let L/K be a separable

extension of complete fields where | · |p is the absolute value of K and | · |P is the

absolute value of L. Now pOL = Pe for some positive integer e. The integer e is the

ramification index and f = n/e is the residue field degree. Additionally, when l and

k are the residue fields of L and K respectively, we have f = [l : k].

If e > 1 we say L is ramified over K. In particular when n = e, we say L is totally

ramified over K. When an extension is ramified and p | e, the extension is wildly

ramified, otherwise the extension is tamely ramified. When n = f we say that L is

unramified over K. In the case of unramified extensions of Qp there exist a unique

extension up to isomorphism for each degree f .
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Proposition 1.1.8. For each positive integer f there exist a unique unramified ex-

tension of Qp of degree f and it can be obtained by adjoining a primitive pf − 1 root

of unity.

Let K be a complete non-Archimedean field with uniformizer π. A polynomial

f(x) = anx
n + an−1x

n−1 + . . . + a1x + a0 is an Eisenstein polynomial if |an| = 1,

|ai| < 1 for i = 1, . . . , n− 1 and |a0| = |π|.

Proposition 1.1.9. Let L be a finite extension of K. The extension L/K is totally

ramified if and only if L = K(α) where α is a root of an Eisenstein polynomial.

The next proposition, Kranser’s Lemma, is useful in showing there only exist

finitely many extensions of degree n for Qp and these extensions can be obtained by

adjoining a root for some polynomial f(x) ∈ Z[x].

Proposition 1.1.10 (Kranser’s lemma). Let K be a non-Archimedean complete field

of characteristic zero, and let α and β be elements of the algebraic closure of K. Let

α1, α2, . . . , αn be the Galois conjugates of α over K. Suppose that β is closer to α

than any of the conjugates of α, i.e.,

|β − α| < |α− αi|

for i = 1, . . . , n. Then K(α) ⊆ K(β).

Corollary 1.1.11. Let K be a non-Archimedean complete field of characteristic zero.

Let f(x) = xn + an−1x
n−1 + . . .+ a1x+ a0 ∈ K[x] be a monic irreducible polynomial.
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Let α be a root of f(x) and let L = K(α). Then there exists a real number ε > 0 such

that following holds:

If g(x) = xn + bn−1x
n−1 + . . . + b1x + b0 is any monic polynomial of degree n for

which we have |bi − ai| < ε for all i = 0, . . . , n − 1. Then g(x) is irreducible over K

and has a root in L

In the case where K = Qp, we can use Corollary 1.1.11 to get the following:

Corollary 1.1.12. Let L be a finite extension of Qp. Then there is a finite extension

F of Q contained in L such that [F : Q] = [L : Qp] and F ·Qp = L.

Thus by Corollary 1.1.12 every extension L/Qp will have a defining polynomial in

Z[x].

Corollary 1.1.13. Let K be non-Archimedean complete field of characteristics zero.

Then up to isomorphism there are only finitely many totally ramified extension of K

of a given degree.

Corollary 1.1.14. For a fixed n each extension L of K of degree n can be realized as

a totally ramified extension of degree n/f of the unique unramified extension (denoted

Lunram) of degree f . Thus up to isomorphism there exist only finitely many L.

For our needs we would want a defining polynomial for each extension over Z[x].

Pauli and Roblot Pauli and Roblot (2001) give an algorithm that will produce a finite

set of polynomials that include the defining polynomials for all extensions in K(p, n)

for a fixed prime p and degree n.

Given a polynomial f(x) that is the defining polynomial of a p-adic field exten-

sion K, Panayi’s root finding algorithm determines the roots (if any) of a polynomial
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g(x) ∈ OK in K. Thus given a set of defining polynomials we can remove any redun-

dant polynomials with Panayi’s root finding algorithm.

We will now describe Panayi’s root finding algorithm, let ϕ(x) ∈ OK [x] in K,

where K is a finite p-adic extension with uniformizer π. Pauli and Roblot (2001)

Panayi (1995).

• Let ϕ(x) = cnx
n + cn−1x

n−1 + . . . + c1x + c0 ∈ OK [x] and define the valuation

νK(ϕ) := min{νK(cn), . . . , νK(c0)} and ϕ#(x) := ϕ(x)/πνK(ϕ). For α ∈ OK

denote its representative in the residue field k by α, and for β ∈ k, denote a lift

of β to OK by β̂.

• To find a root of ϕ(x) in K we define two sequences (ϕi(x))i and (δi)i.

• Set ϕ0(x) := ϕ#(x) and let δ0 ∈ OK be the lift of a root of ϕ0(x).

• If ϕ#
i (x) has a root βi then define ϕi+1(x) := ϕ#

i (xπ+β̂i) with δi+1 := β̂iπ
i+1+δi.

At some point, one of the following cases must occur:

1. deg(ϕ#
i ) = 1 then δi−1 is an approximation of one root of ϕ(x)

2. deg(ϕ#
i ) = 0 then δi−1 is not an approximation of a root of ϕ(x)

3. ϕ#
i has no roots and thus δi−1 is not an approximation of a root of ϕ(x)
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If at any step of the process there exist multiple roots βi for ϕi(x), we split the se-

quence and proceed.

1.1.3 Galois Theory of p-adic Fields

Galois Groups

Let K/F be a separable degree n field extension, and f(x) ∈ F [x], be a polynomial

with ordered roots α1, α2, . . . , αn ∈ F be a defining polynomial for this extension. De-

note the splitting field of K/F as Kgal = F (α1, α2, . . . , αn) and let G = Gal(Kgal/F )

be its Galois group. The group G acts on the αi and since Kgal is the splitting field of

f(x), then the only element of G that fixes all of the αi is the identity. So this action

is faithful and because f(x) is irreducible then this action is also transitive. Therefore

G can be identified as a transitive subgroup of Sn. When referring to Galois groups

we will use standard notation (Sn, An, Cn, Dn) as well as T-numbering that was in-

troduced in Butler and McKay (1983), writing nTj for a degree n field whose Galois

closure has Galois group Tj of Sn. Note the groups Tj are ordered by their cardinality.

We will be also interested in the Galois group for towers of extensions. We can

partially categorized these Galois groups using wreath products. Let G and H be

groups acting faithfully and transitively on the finite sets X and Y respectively.

Let GY be the set of functions f : Y → G. The set GY is a group with the following

operation, for f, g ∈ GY we can define fg, by (fg)(y) = f(y)g(y). Define the follow-

ing action of H on GY , for f ∈ GY the group H acts on GY by (f · h)(y) = f(yh−1).

For each h ∈ H we define ψh ∈ Aut(GY ) by f 7→ (f · h).
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Definition 1.1.15. Let G and H be groups acting faithfully and transitively on the

finite sets X and Y . Let ϕ : H → Aut(GY ) be defined by ϕ(h) = ψh as defined above.

Then the wreath product of G and H, denoted by G o H, is the semidirect product

GY oH.

The wreath product G o H acts on the set X × Y . The actions can best be de-

scribed if we consider X × Y as
⋃
y∈Y X × {y}. An element of the wreath product

can be thought of as first permuting the element of y as the group H does and then

permuting the copy of X in X × {y} in the way the group G does. For a tower of

separable extensions we can describe partially its Galois group using wreath products.

Theorem 1.1.16. Let F ⊆ K ⊆ L be finite separable field extensions. The Galois

group Gal(Lgal/F ) can be embedded into the wreath product Gal(Lgal/K) o Gal(Kgal/F ).

Proof. See De Smit (2007) for details.

Resolvents

We will briefly introduce the idea of resolvents that follows Jones and Roberts (2008).

If f(x) ∈ F [x] is a separable polynomial of degree n with ordered roots α1, α2, . . . , αn ∈

F , we know G = Gal(f) ≤ Sn. A resolvent is associated to the pair of subgroups H

and Γ of Sn, where H ≤ Γ and G ≤ Γ.

The elements σ ∈ Sn give ring automorphisms of F [x1, x2, . . . , xn] induced by

σ(xi) = xσ(i). From the two groups H and Γ, we can construct a form A(x1, . . . , xn) ∈

F [x1, . . . , xn] such that the stabilizer subgroup of A in Γ is H. The resolvent is the

product over coset representatives:
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fA(x) =
∏

σ∈Γ/H

x− A(ασ(1), . . . , ασ(n))

When Γ = Sn we say that the resolvent is absolute, and the resolvent is indepen-

dent of the ordering of the roots of f(x). Note that even if f(x) is irreducible, the

resolvent fA(x) may not be separable over F , but there exist an irreducible g(x) ∈ F [x]

such that F [x]/f(x) ∼= F [x]/g(x) and gA(x) is separable. So we may assume for a

given field K extension of F there exists a resolvent gA(x) that is separable and

K ∼= F [x]/g(x).

Note that most algorithms that compute Galois groups and subfields of the Galois

closure of algebraic extensions heavily use resolvents see Soicher and McKay (1985)

Stauduhar (1973) Fieker and Klüners (2014) .

Ramification groups

Let L be a finite Galois extension of a number field K and let G = Gal(L/K). The

group G acts on the primes P above a fixed prime p of K. We define the decomposition

group of P to be the set D(P/p) = {s ∈ G | s(P) = P}.

Proposition 1.1.17. Let Kp and LP be the completion of K and L with respect to

| · |p and | · |P. Then LP/Kp is Galois and its Galois group Gal(LP/Kp) is isomorphic

to the decomposition group D(P/p)

If F/Q is a finite Galois extension with Galois group G and we have a completion

F̂ of F with respect to an extension of | · |p, corresponding to the prime p above p,

then F̂ /Qp is Galois and Gal(F̂ /Qp) = D(P/p), where D(P/p) is the decomposition
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group of P. Note the fixed field of F with respect to D(P/p) is known as the decom-

position field of P and [G : D(P/p)] = g, where g is the number of distinct prime

above p in OF . Therefore if we can show that the prime p does not split in OF , then

Gal(F̂ /Qp) = G.

Given a p-adic extension K/Qp, a global splitting model of K/Qp is a polynomial

f(x) ∈ Z[x] that is irreducible in Zp[x] with Qp(α) ∼= K and Gal(Qp(α)gal/Qp) =

Gal(Q(α)gal/Q) where α is a root of f(x). We use global splitting models because

there does not exist efficient procedures to compute subfields of the Galois closure

of p-adic field extensions, but there are efficient methods to computing subfields of

the Galois closure of number fields. Namely, we can use resolvents to compute the

subfields of the Galois closure and it is easier to approximate roots in C and iden-

tify resolvents over Z, rather than Cp and Zp. For a global splitting model we have

Gal(F̂ gal/Qp) = Gal(F gal/Q) for a prime p, therefore there is a bijection between sub-

fields of their Galois closures, so identifying subfields and their invariants on the global

side will be easier in this case rather than the case where Gal(F̂ gal/Qp) ( Gal(F gal/Q).

Let L/K be a Galois extension of p-adic fields with Galois group G. Let OL be

the ring of integers of L over K. For i ∈ Z≥−1, let

Gi = {s ∈ G | vL(s(a)− a) ≥ i+ 1 for all a ∈ OL}.

We will call Gi the ith ramification group of L/K. The next proposition describes

some properties of ramification groups along with the quotients Gi/Gi+1.

Proposition 1.1.18. Let L/K be a Galois extension with Galois group G. Let Gi be

the ramification groups of L/K. Then

33



1. Let i ∈ Zi≥−1, then the Gi form a decreasing sequence of normal subgroups of

G with G−1 = G and G0 the inertia subgroup of G, and for sufficiently large i,

Gi = {1}.

2. The group G0/G1 is cyclic and isomorphic to a subgroup of the group of roots

of unity contained in residue field of K. Its order is prime to p.

3. The quotients Gi/Gi+1 for i ≥ 1 are abelian groups and are direct products of

cyclic groups of order p (elementary abelian group). Thus the group G1 is a

p-group.

4. The inertia group G0 is the semi-direct product of a cyclic group of order prime

to p with a normal subgroup whose order is a power of p.

5. The groups G and G0 are solvable groups.

Proof. (Serre, 1968, §4.2)

Given a transitive subgroup G ≤ Sn and a prime p, the following procedure gives

all the possible filtrations of G by its ramification groups if it appears as the Galois

group for an extension of Qp using Proposition 1.1.18. Additionally, the algorithm

can also give a list of all possible filtrations of G by its ramification groups.

Procedure 1

Given a solvable group G, define N to be the set of normal subgroups of G and P

to be the set of normal p-subgroups of G. This process will give all sequences of

normal subgroups (gi)i which will correspond to a possible sequence of ramification

groups. If at any point of the process there exists multiple subgroups that satisfies
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the conditions for gi, we split the sequence and proceed. We start by letting G = g−1.

Next we choose all subgroups g0 in N such that G/g0 is a cyclic group. The next

term in the sequence g1 is chosen from P such that g0/g1 is a cyclic group with order

that divides p[G:g0] − 1.

The terms gi are again chosen from P for i > 1. We choose gi such that gi−1/gi is

an elementary abelian p-group. We terminate the sequence when gi = {1} for some

i.

Note that since the Galois group of p-adic extensions are solvable it is easy to

check that any ramified extension of degree p of a p-adic field will have Galois group

isomorphic to Cp or Cp o Cd where d | p− 1.

Now we will develop the idea of upper numbering for the ramification groups that

follows from Serre (1968). Let L/K be a Galois extension of p-adic fields with Galois

groups G. Let OL be the ring of integers of L over K. If u is a real number and

u ≥ −1, let Gu be the ramification group Gi where i = due. Therefore s ∈ Gu if and

only if vK(s(x)− x) ≥ u+ 1 for all x ∈ OL.

Let

ϕ(u) =

∫ u

0

dt

[G0 : Gt]

Where ϕ(u) is known as the Hasse-Herbrand ϕ-function.

Note when t = −1 we let [G0 : Gt] = [G−1 : G0], and [G0 : Gt] = [G0 : G0] = 1

whenever −1 < t ≤ 0. An alternate way to define ϕ(u), is to let ϕ(u) = 1
g0

(g1 + . . .+
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gm + (u−m)gm+1) where m ∈ Z+ such that m ≤ u ≤ m+ 1 and gi = |Gi|.

Proposition 1.1.19. The function ϕ is continuous, piecewise linear, increasing, con-

cave, and ϕ(0) = 0.

Since ϕ is continuous and increasing there exist an inverse and therefore denote

ψ as the inverse map of ϕ.

Proposition 1.1.20. The function ψ is continuous, piecewise linear, increasing, con-

vex, and ψ(0) = 0.

We will now define the upper numbering of the ramification groups. Denote

Gv = Gψ(v), or equivalently Gϕ(u) = Gu. Denote Gv+ = ∪ε>0G
v+ε, and if there is

a value of v such that Gv 6= Gv+ we say there is a ”ramification jump” or ”ramifi-

cation break” at v. Notice unlike in the case of lower numbering of the ramification

groups, the jumps in upper numbering do not necessarily occur at integer values.

Using properties of ramification groups in lower numbering and converting it into

upper numbering we have the following facts:

Observe G−1 = G, G0 = G0, and Gv = {1} for sufficiently large v. G0+ is a p-

group and G0/G0+ is cyclic of order prime to p. If there is a jump at v > 0 then

[Gv : Gv+] = pmv .

The reason we choose the upper numbering for the ramification groups rather than

the lowering numbering is because upper numbering is compatible with quotients.
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Proposition 1.1.21 (Herbrand’s Theorem). If H is a normal subgroup of G, then

(G/H)v = GvH/H.

Proof. (Serre, 1968, §4.3)

The previous proposition allows us to find the ramification jumps in a Galois ex-

tension by finding jumps in Galois subextensions.

Note that the discriminant ideal of K/Qp is of the form (pc(K)) for some c(K) ≥ 0.

Proposition 1.1.22. Let K be a finite extension of Qp and L be a Galois extension

with Galois group G such that K is contained in L. Given H = Gal(L/K), we have

c(K) =
∑
i≥−1

(
[G : HGi+]− [G : HGi]

)
(i+ 1)

Note by Herbrand’s Theorem this result does not depend on the choice Galois

extension containing K.

Proof. See Chapter 4 of Serre (1968).

1.2 Calculating the slope content for a given p-adic field

In this section we will introduce and describe how to compute the slope content

of an extension K/Qp.

For a given extension K/Qp, for each subfield L of K, let n(L) = [L : Qp] and c(L)

be the discriminant exponent, and consider the point (n(L), c(L)) on the n-c plane.

Furthermore let S(K) be the lower convex hull of all the points on the n-c plane, so
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S(K) runs from (1, 0) to (n(K), c(K)).

For an illustration of this process consider extension Q3(α) where α is the root

of x12 − 9x9 + 9x8 − 9x5 − 9x4 − 9x3 + 9. This field has 3 quadratic subfields (2

subfields with the same discriminant exponent), 1 cubic subfield, 1 quartic subfield,

and 3 sextic subfields (2 subfields with the same discriminant exponent).

Figure 1.1: The lower convex hull as illustrated by Q3(α)

The slopes of the lower convex hull have a connection to the jumps of ramification

groups in upper numbering.

Theorem 1.2.1. Suppose that K/Qp is a finite extension and let L be a Galois

extension that contains K with Galois group G and H = Gal(L/K). Let v be the

slope of a line segment of S(K) with endpoints (x1, y1) and (x2, y2). Then there will

be ramification jump in the ramification groups in upper numbering of L/Qp at v + 1

and x2
x1

= [HGv+1 : HG(v+1)+].

Proof. The right endpoint of S(K) is (n(K), c(K)) and denote (n(F ), c(F )) as the

turning point on S(K) whose line segment connects to (n(K), c(K)). This means
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that F is the smallest subfield of K such that

c(K)− c(F )

[K : Qp]− [F : Qp]

is as large as possible. Let H = Gal(L/K) and H ′ = Gal(L/F ) therefore H ⊆ H ′

and by Proposition 1.1.22 we have

c(K)− c(F )

[K : Qp]− [F : Qp]
=[∑

i≥−1

(
[G : HGi+]− [G : HGi]

)
−
∑

i≥−1

(
[G : H ′Gi+]− [G : H ′Gi]

)]
(i+ 1)

[G : H]− [G : H ′]

=
∑
i≥−1

(
[G : HGi+]− [G : HGi]

[G : H]− [G : H ′]
− [G : H ′Gi+]− [G : H ′Gi]

[G : H]− [G : H ′]

)
(i+ 1)

=
∑
i≥−1

(
[G : HGi+]− [G : H ′Gi+]

[G : H]− [G : H ′]
− [G : HGi]− [G : H ′Gi]

[G : H]− [G : H ′]

)
(i+ 1)

is as large as possible.

Note that

[G : HGi+]− [G : HGi+]

[G : H]− [G : H ′]
− [G : H ′Gi]− [G : H ′Gi]

[G : H]− [G : H ′]

is nonzero only at ramification jumps of L/Qp. Let di be the ramification jumps of

L/Qp, where dk is the largest value. In particular denote the ramification jump dj,

where Gdj+ is the largest ramification group that is contained H. In other words

Gdj+ ⊆ H and Gdj 6⊆ H. Also note

[G : HGdi+]− [G : H ′Gdi+]

[G : H]− [G : H ′]
=

[G : HGdi+1 ]− [G : H ′Gdi+1 ]

[G : H]− [G : H ′]

for di < dk.
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Therefore we can rewrite the sum as:

c(K)− c(F )

[K : Qp]− [F : Qp]
= (dk + 1) +

k∑
i=1

(
[G : HGdi ]− [G : H ′Gdi ]

[G : H]− [G : H ′]

)
(di−1 − di)

Now di−1 − di is negative, so we want to minimize the value

[G : HGdi ]− [G : H ′Gdi ]

[G : H]− [G : H ′]

The expression will have a minimal value of 0. We reach this value if we have

HGdi = H ′Gdi . But H ′ cannot be a subset of Gdj+, so we want the largest sub-

group H such that H ⊆ H ′ and HGdi = H ′Gdi for di ≤ dj and this will gives us the

largest value for the summation. There exists at least one subgroup that will satisfy

the last two condition: HGdj .

Also note for di > dj,

[G : HGdi ]− [G : H ′Gdi ]

[G : H]− [G : H ′]
= 1

Therefore

c(K)− c(F )

[K : Qp]− [F : Qp]
= (dk + 1) +

k∑
i=1

(
[G : HGdi ]− [G : H ′Gdi ]

[G : H]− [G : H ′]

)
(di−1 − di)

= (dk + 1) +
k∑

i=j+1

(
[G : HGdi ]− [G : H ′Gdi ]

[G : H]− [G : H ′]

)
(di−1 − di)

= (dk + 1) +
k∑

i=j+1

(di−1 − di)

= dj + 1

Thus the slope connecting (n(F ), c(F )) to (n(K), c(K)) is equal to dj + 1. We

can continue by induction and see that all of the slopes in S(K) corresponds to

ramification jumps plus 1.
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Corollary 1.2.2. Let K/Qp be a finite extension. The largest ramification jump of

Kgal/Qp plus one will appear as the largest slope of S(K).

Proof. Let d be the largest ramification jump of Kgal/Qp and H be the subgroup of

G whose fixed field is K. Now {1} will be the largest normal subgroup contained in

H, otherwise this will contradict that Kgal is the Galois closure of K.

Therefore where Gd+ is the largest ramification group contained in H. By the

proof of the previous theorem the largest slope of S(K) will be d+ 1

If we let G(s) = Gs−1, a shift in the upper numbering by 1, then the slopes of

S(K) will exactly match the jumps in G(s).

We will now introduce the concept of slope content and its connection with ram-

ification groups. Suppose K/Qp is a finite extension and L/Qp is a Galois extension

with Galois group G containing K. Let H = Gal(L/K) the slope content of K can

be described as a vector of the form [s1, s2, . . . , sn]tu where u = [G : HG(0+)] is the

degree of maximal unramified extension, t = [HG(0+) : HG(1+)] the degree of the

tame extension, and si > 1, which we will call wild slopes that are the jumps at si

appearing with multiplicity n in increasing order, where [HG(si) : HG(si+)] = pn. By

Theorem 1.2.1 the degree of the maximal unramified extension, degree of the maxi-

mal tame extension, and wild slopes will correspond to the line segments of slope 0,

1, and si of S(K) respectively and tells us ramification jumps of L/Qp. Note that

given an extension K/Qp with slope content [s1, s2, . . . , sn]tu, we have [K : Qp] = utpn.

Now the slope content of the Galois closure of an extension, is called the Galois
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slope content. The Galois slope content of an extension will give us all the informa-

tion about the ramification groups. If we can find the slope content of subfields of

the Galois closure this will give us some information about the Galois slope content.

Given a subfield of the Galois closure with slope content [v1, v2, . . . , vn]t1u1 , then by

Theorem 1.2.1, then the wild slopes vi will appear in the Galois slope content and

u1 and t1 will divide the degree of the maximal unramified extension and the de-

gree of the tame extension respectively. If we can piece together a slope content of

[s1, s2, . . . , sn]tu from subfields of the Galois closure and [Kgal : Qp] = utpn, this means

this slope content is truly the Galois Slope content.

We can easily find the subfields of the Galois closure of an extension of Qp by us-

ing its global splitting model and resolvents. Additionally the slope content of lower

degree subfields are easily computable. So once we have a global splitting model for

an extension of Qp, we can then find its Galois slope content without much issue from

the slope content of a variety of subfields of the Galois closure.

1.2.1 Finding the Galois slope content using Procedure 1

Using the output from Procedure 1, if the list of all possible vectors for the Galois

slope content from a Galois group G is desired, we can convert each sequence into a

vector of the form [a, . . . , a, b, . . . , b, . . .]ut , with u = [g−1 : g0], t = [g0 : g1], a appearing

m1 times where [g1 : g2] = pm1 , b appearing m2 times where [g2 : g3] = pm2 and some

forth.

For a given p-adic extension K/Qp with Galois group G, as we calculate the slope

content of various subfields of the Galois closure of K to find the Galois slope content,
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we can make use of the list of all possible vectors for the Galois slope content of K/Qp

given by Procedure 1.

For example consider an extension K/Q2 with Galois group 12T254, by Proce-

dure 1 the only possible vector for the Galois slope content for a extension with this

particular Galois group is [a, a, a, a, a, a]69. So in this case we can calculate the Galois

slope content just from the slope content of K/Q2 and avoiding the need to compute

the slope content of a degree 64 extension.

In another example consider the non-Galois field extension K/Q7 with defining

polynomial x14−441x10+35721x6−166698x4+250047x2−107163 and Gal(Kgal/Q7) =

14T29. The slope content of K/Q7 is [2]12, therefore the largest wild slope is 2. Ad-

ditionally, from the Galois group of Kgal/Q7 we see there exist a unique degree 64

extension of Kgal/Q7 and we can compute its slope content as [2, 2, 2, 2, 2, 2]11. Using

the list of possible vectors for the Galois slope content, the only options that remain

are [a, 2, 2, 2, 2, 2, 2]71,[2, 2, 2, 2, 2]14
1 , and [2, 2, 2, 2, 2, 2, 2]71 where a < 2. If either of the

first two cases were true, then by Proposition 1.1.21 the second biggest slope will

appear in the slope content of the fixed field of G(2) which will be a degree 14 Galois

extension of Q7.

Therefore we can check the slope content of all degree 14 extensions of Q7 in

the Galois closure and we can then determine the Galois slope content. Using this

approach we can avoid computing a slope content of a 128 degree extension if the

Galois slope content of K/Qp is the third option. This includes finding all subfields

and discriminant exponents which is computationally more intensive than in the case

of a degree 64 extension.
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In general, as we are computing the slope content for an increasing number of

subfields of the Galois closure we compare the number of jumps as well as their mul-

tiplicity with the list provided by Procedure 1, and eliminate any impossible choices

until one vector remains. Once one vector remains and enough information is pro-

vided (i.e all wild slopes) we can then determine the Galois slope content.

An indirect check of the Galois slope content is to determine the Galois slope

content without the use of Procedure 1 and verifying if the form we computed matches

any of the possibilities from Procedure 1.

1.3 Calculating companion results

Inerita subgroup

Once we have computed the Galois slope content of K/Qp with Galois group G

with global splitting model f , it is quite simple to compute the inertia subgroup of

G. Since we know that the fixed field of the inertia subgroup gives us the maximal

unramified subextension of Kgal and by the Galois slope content we know the degree

of the maximal unramified subextension. Using the global splitting model f and

the degree of the maximal unramified extension u, we can compute every subgroup

of index u of G as well as its fixed fields. We then determine which of the fixed

fields is unramified at p, thus its corresponding subgroup is the inertia subgroup of

Kgal/Qp. Since we identify G as a transitive permutation subgroup of some symmetric

group, then the inertia subgroup can also be identified as a permutation subgroup.

So using Magma if the inertia subgroup is a transitive permutation group then we

label the group with its corresponding T-number. If the subgroup is an intransitive
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permutation group then we label it by its GAP identification number.

Galois mean slope

Another value that can be easily calculated using the Galois slope content is

the Galois mean slope which is c(Kgal)
[Kgal:Qp]

, and can be viewed as the single number best

measuring the ramification in Kgal. If the Galois slope content of K is [s1, s2, . . . , sk]
t
u,

then the Galois mean slope will be

c(Kgal)

[Kgal : Qp]
=

1

pk
t− 1

t
+

k∑
j=1

p− 1

pj
sk+1−j

Once we compute the Galois mean slope for our extension we can use Montes’ al-

gorithm Guàrdia et al. (2011, 2010) to compute the p-part of the number field dis-

criminant of the splitting field of our extension and compare it with the Galois mean

slope. If the values agree then that gives an indirect verification that the Galois slope

content of our extension is indeed correct.

1.4 Parametric/Generic polynomials

The Inverse Problem of Galois Theory asks if for a finite group G and a field K,

does there exist a finite Galois extension L such that G = Gal(L/K). An additional

question is if G can be realized as the Galois group of a field extension of K, can we

construct a family of polynomials over K such that the Galois group of the polyno-

mials over K is G.

The idea of parametric polynomials is an attempt to answer the second ques-

tion. Following Jensen, Ledet, and Yui, consider the polynomial P (t, x) ∈ K(t)[x],

where t = (t1, . . . , tn) and the ti are indeterminants. Let L be the splitting field of

P (t, x) over K(t). We say that P (t, x) parametrizes G-extensions and is a parametric

45



polynomial if P satisfies the following two properties:

1. L/K(t) is Galois with Galois group G

2. Every Galois extension L/K with Galois group G is the splitting field of a poly-

nomial P (a, x) for some a ∈ Kn.

If P (t, x) has the additional property of parametrizing G-extensions for any field

containing K then we say P (t, x) is a generic polynomial. Discussion on generic

polynomials up to degree 7 is readily available, for example, see Jensen et al. (2002).

Finding Parametric/Generic Polynomials

We will describe the variety of methods used to find the parametric/generic poly-

nomials which in turn will be used to find global splitting models. Additionally, we

will also describe processes for finding polynomials in Q[t][x] that come from regular

covers, i.e. three point covers.

The first approach is simply using polynomials constructed by others. In partic-

ular use the tables of polynomials over Q[t] constructed in Smith (2000) and Malle

and Matzat (1999). And for generic polynomials we used Jensen et al. (2002) and

Tsunogai and Hashimoto (2003).

The first class of generic polynomials we are interested in are Cp-extensions for an

odd prime p, we follow the strategy used in Jensen et al. (2002) and Saltman (1982).

A small overview of the process is as follows.
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Given an odd prime p and a field of characteristic 0 K. Let ζ be a primitive pth root

of unity and consider the field extension K(ζ)/K and let d = [K(ζ) : K]. We know

Gal(K(ζ)/K) = Cd, so let ϕ be the generator of Gal(K(ζ)/K). Therefore ϕ(ζ) = ζe,

for some e ∈ Z that has order d mod p, we can pick e such that e has order pd mod p2.

Next define a map Φ : K(ζ) → K(ζ) by Φ(x) = xe
d−1
ϕ(xe

d−2
)ϕ2(xe

d−3
) · . . . ·

ϕd−1(x). Let y = (y1, . . . , yd) be a set of indeterminants and x1 = y1+y2ζ+· · ·+ydζd−1

will be generic element of K(ζ). Define xi+1 = ϕi(x1) for i = 1, . . . , d − 1 and

x = x1 · · · · · xd.

Let S = K[y, 1/x], Sp = K(ζ)[y, 1/x], and Tp = Sp[θ] where θp = Φ(x1). Now

the automorphism ϕ can be extended to Tp by ϕ(θ) = x
−(ed−1)/q
1 θe. Thus the Galois

group of Tp/S will be Cd × Cp. Let T = TCd
p now by Theorem 5.3.2 in Jensen et al.

(2002) the extension T/S is a generic Cp-extension over K.

Tq = Sp[θ]

Cp

Cd

T = TCd
p

Cp Sp
Cd

S

K(ζ)
Cd

K

Figure 1.2: Diagram to construct generic Cp-extensions
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Although T/S is a generic Cp extension we would like to find a explicit defining

polynomial of this extension. Let α =
∑d−1

i=0 ϕ
i(θ) = TrSq/S(θ). Clearly, ϕ is the only

automorphism that fixes α. Therefore the minimal polynomial of α over K(y1, . . . , yd)

has degree p and is a generic polynomial for Cp-extensions. Using this method we

produce generic polynomials for C3, C5, and C7 extensions.

A natural continuation from finding generic Cp extensions is to find generic Cp o

Cp−1 and CpoC(p−1)/2 extensions. Jambor Jambor (2009) generalizes the method by

Saltman detailed above.

Let S/R be a generic Cp−1 (or C(p−1)/2) extension over K with free basis (s1, s2,

. . . , sp−1) and let Gal(S/R) = 〈κ〉. We would like to construct a generic Cp-extension

T of over S such that T/R is a Cp o Cp−1-extension. We can do this by modifying a

couple of things. First a generic element of Sp will be

(

p∑
j=1

yj,1sj) + (

p∑
j=1

yj,2sj)ζ + · · ·+ (

p∑
j=1

yj,dsj)ζ
d,

which has p(p− 1) indeterminants. Define the element x =
∏l−1

i=0

∏d−1
j=0 ϕ

j(κi(x1)).

Additionally, for some positive integer k define the map Ψ(x) = xk
p−1
κ(xk

p−2
) ·

. . . · κk−1(x). And let θp = Ψ(Φ(x1)). By Lemma 8 in Jambor (2009) there exist a

value of k such that TCd
p /S is a Cp-extension and TCd

p /R is a Cp o Cp−1-extension.

We can find the defining polynomial for TrSp/S(θ) as before, but this will give us

a polynomial of degree p(p− 1). But if we instead taking the defining polynomial of

TrSp/S(θs) then this will be a generic polynomial of degree p for CpoCp−1 extensions
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where s the generator of a normal basis for S/F [y, 1/x].

This construction has the advantage of specifying the Cp−1 or C(p−1)/2 extension.

Unfortunately, it is difficult to produce an explicit generic polynomial due to the

number of indeterminants involved. What we do instead is numerically approximate

roots of all polynomials involved up to some precision, give values from K to all

indeterminants and then use a CAS to the determine the coefficients in K of our

defining polynomial. Using this numerical approach we are able produce Cp o Cp−1

and Cp o C(p−1)/2 extensions for p = 5 and 7.

We will illustrate Jambor’s process with the following example. Let p = 7 and

K/Q be a C3 extension with defining polynomial x3 − 3x − 1. Using small integer

values for yi,j we have the extension L/Q with defining polynomial

x7−157492587x5−110034820784x4 +3239364384239907x3 +4249494429767946912x2

−12088454264348533185401x− 15071612656682433535161456.

The extension L/Q will have Galois group C7 o C3 and Lgal/Q will contain K.

For the rest of this section we will describe the variety of ways to find polynomials

over Q(t) with a specified Galois group. Although the polynomials may not be truly

generic or parametric, they do have the advantage of only using one indeterminate

and the degree of the coefficient with respect to t is usually smaller than with true

generic/parametric polynomials which will help in computations.

The first approach is an ad hoc approach. The database created by Klüners and
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Malle Klüners and Malle (2001) uses regular covers to find examples of number fields

with a specified Galois group. Note that these Galois groups that are not necessarily

just Cp or Cp o Cp−1. Although we do not have access to the explicit polynomials

over Q(t) we can investigate examples from the database to guess a polynomial over

Q(t). Specifically, we want to find a polynomial that will specialize to the examples

that we are currently observing from the database for some value of t. We can then

check if the resulting polynomial will give the correct Galois group in Magma.

With a library of polynomials over Q(t) with various Galois groups we can pro-

duce other polynomials that will be the direct product or wreath product of these

Galois groups using resultants.

Let F be a field. Let f ∈ F (t)[x] with Galois group G1 and g ∈ F (t)[x] with Galois

group G2 then there will exist k ∈ Z such that Gal(resy(f(y), g(x− ky)) = G1 ×G2,

unless there exists a common subfield in both Galois closures of f and g. Also

if f ∈ F (t)[z] has Galois group G1 and g ∈ F (z)[x] has Galois group G2, then

resz(f(z), g(x)) ∈ F (t)[x] will in general have Galois group G2 oG1.

We can also use resolvents to find defining polynomials for subextensions from the

Galois groups G1 o G2 and G1 × G2. For example, we can find Cp o Cp−1 extensions

over Q(t) by first finding a polynomial over Q(t) with Galois group Cp oCp−1 and then

using resolvents to recover the Cp o Cp−1 extension.

In general this strategy can produce polynomials over Q(t) whose Galois group is

contained in the wreath product of two other groups. But as the order of the wreath

product increases it becomes difficult to use resolvents to find a defining polynomial
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of the subextension. A possible work around is to use relative resolvents since we

know the Galois group is a wreath product of two groups that we specified.
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Chapter 2

CONSTRUCTING GLOBAL SPLITTING MODELS

In this chapter, we describe four strategies we used to find candidates for global split-

ting models. Recall a global splitting model of a p-adic extension K/Qp, is a polyno-

mial f(x) ∈ Z[x] that is irreducible in Zp[x] with Qp(α) ∼= K and Gal(Qp(α)gal/Qp) =

Gal(Q(α)gal/Q) where α is a root of f(x).

2.1 Confirming global splitting models

As we produce potential global splitting models, we naturally need to confirm if

the polynomials are truly global splitting models and which p-adic extensions these

polynomials are isomorphic to.

So using a defining polynomial f(x) of a degree n extension F over Qp and Panayi’s

algorithm, we can check if a root of f(x) is contained in the field generated by a

potential global splitting model, g(x), the degree n extension K̂/Qp which is the

completion of K/Q. If this is true this means that F gal is contained in K̂gal. If

we have the case where Gal(F gal/Qp) and Gal(Kgal/Q) are isomorphic, this tells us

our candidate g(x) is actually global splitting model for F/Qp. If there is a root of

f(x) contained in K̂ and since Gal(F gal/Qp) and Gal(Kgal/Q) are isomorphic, this

means that Gal(K̂gal/Qp) must have at least order |Gal(F gal/Qp)| = |Gal(Kgal/Q)|

but the order Gal(K̂gal/Qp) is at most |Gal(Kgal/Q)| by Proposition 1.1.17, therefore

Gal(Kgal/Q) = Gal(K̂gal/Qp) and g(x) is the global splitting model of F/Qp.

Another way we can verify that our candidate g(x) is a global splitting model is
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to first compute a defining polynomial for the Galois closure of g(x) over Q and then

factor this polynomial p-adically with a high precision. If the polynomial does not

factor with a precision based on the p-adic valuation of the polynomial discriminant,

then this is evidence that g(x) is actually a global splitting model, as the prime p did

not split in the Galois closure of g(x). For quicker factorization p-adically we used

the implementation of Montes algorithm Guàrdia et al. (2011) in the ideals+ package

Guàrdia et al. (2010).

2.2 Using a Database Search

Our initial attempt to find global splitting models is to use the various databases of

number fields, namely the databases of Jones and Roberts Jones and Roberts (2006),

Klüners and Malle Klüners and Malle (2001), and the LMFDB (L-function and Mod-

ular Forms Database) LMFDB Collaboration (2013) to find any initial matches. We

can quickly filter out number fields when the prime p splits within the number field

and with the remaining polynomials we can check if any are global splitting models

for some p-adic extension. This strategy is useful for finding quick matches when

we initially are searching for global splitting models for p-adic extensions of a given

degree.

2.3 Using Galois Theory

The next strategy for finding global splitting models is to use group theoretic facts

about the Galois group of a p-adic extension to construct a potential global splitting

model using composita of smaller fields.

Given a field extension K/F with Galois group G and [K : F ] = n we want
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to determine if there exist a subfield L of Kgal such that Lgal = Kgal and L is the

compositum of two smaller subfields. This can be easily found using group theoretic

arguments. Namely, we are searching for two non-trivial subgroups of the Galois

group of index less than n such that their intersection is trivial. In the case of mul-

tiple pairs of non-trivial subgroups that satisfies the previous statement, we pick the

pair that generates the largest group (in order), as this will correspond to a common

subfield for the fixed fields of the pair of subgroups and we want to minimize this

degree.

We will show an example of this process using a field extension K/F with Galois

group 14T9. Using Magma we find that there exist a pair of subgroups H and K

(of index 2 and 8 respectively) whose intersection is trivial and 〈H,K〉 is the group

14T9. Their corresponding fixed fields will have Galois group 2T1 and 8T25.

This means there exists a degree 16 extension of Kgal that is the compostium of a

degree 2 and degree 8 extension with no common subfield. The Galois closure of this

degree 16 extension has the Galois group isomorphic 14T9. We can then use Magma

to recover the 14T9 extension as a resolvent.

Once we identify a suitable pair of subgroups for a particular Galois group for an

extension of Qp, we need to find a global splitting model for the fixed field for each

subgroup. To find these global splitting model with isomorphic common subfield, we

again refer back to the global splitting models already found, the various number

field databases, or use the other methods which will be described below. Finding

a global splitting model for the lower degree extensions could be potentially easier

due to a greater number of lower degree number fields in the various databases and
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computationally could be quicker with the methods that will be described next.

2.4 Using Class Field Theory

This strategy uses class field theory to find global splitting models. We know that

solvable Galois extension can be constructed by a chain of extensions such that we

have an abelian extension at each step of the chain. We use this idea to create a

global splitting model.

For a number field K we can use class field theory to construct a cyclic extension

of K with prime order and conductor that divides an ideal of Z that we will specify.

There are two implementations that construct cyclic extension of prime order, one

in Pari/GP PAR (2015) implementing algorithms in Cohen (2012) and the other in

Magma Fieker (2001).

Here is an example with a field extension K/Q with Galois group 15T26. We

cannot find a global splitting model for this type of extension using composita of

proper subfields of Kgal. It can be calculated that |AutQ(K)| = 3. So using standard

Galois Theory there exist a unique degree 5 subfield F of K, and it can be shown

that Gal(F/Q) ∼= C5. Now K over F is a Galois extension of degree 3, therefore

Gal(K/F ) ∼= C3. So finding a C3 extension of F , will give us a degree 15 extension

over Q that may include or be a 15T26 extension.

Another more complicated example is a 15T33 extension of Q. Now |AutQ(K)| = 1

and there exist a degree 5 subfield F with Galois group C5 over Q. So K/F is a degree

3 extension that is not Galois, this means that the Galois group of K/F must be S3.
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K

C3

15T26 F

Q

C5

Figure 2.1: Example using 15T26

The Galois closure K ′ of K over F has degree 6, so there exists a degree 2 extension

L1 over F , which is always cyclic. Additionally, since K ′ over F is obviously Galois,

then K ′ over L1 is a degree 3 Galois extension, which means it must also be cyclic.

So we can use our process in two steps. The first step is the find quadratic ex-

tensions of F and then find C3 extensions of the resulting fields. This will give us

degree 30 extensions that could possibly contain a 15T33 extension. From a degree

30 extension we can use Pari/GP or Magma to try to find a 15T33 extension. A

way to optimize this process is to identify that Gal(L1/Q) ∼= C10, and then find C3

extensions of L1 in one iteration rather than two iterations.

Using group theory we can tell if a number field with particular Galois group G is

the subfield of an extension whose Galois group is the wreath product of two groups

with the first group cyclic of prime order, i.e. it provides the base extension and order

of cyclic extension from the base extension. Klüner and Malle’s database provides us

an easy way to find this information so we can to apply our technique to find a global

splitting model.
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Figure 2.2: Example using 15T33

2.5 Using Generic Polynomials

We will describe our strategy to find global splitting models for non-primitive ex-

tensions. Given a non-primitive extension K/Qp, there will exist a subfield F , such

that Qp ⊆ F ⊆ K and F unram = Kunram. If we know Gal(Kgal/Qp), then we can

also determine G′ = Gal(Kgal/F ). If [K : F ] is of low degree, say less than 7, and we

can find a generic polynomial P (t, x) that parametrises G′-extensions. If there exists

multiple subfields of K, we simply pick the subfield F such that [K : F ] is the minimal.

Given a global splitting model f(x) for F/Qp let L = Q[x]/(f(x)). If we calcu-

late P (a, x) for a ∈ Ln. This will give us a relative field extension over L which

we can then view as an extension over Q. Once we calculate a defining polynomial

for the absolute extension, we then determine if it is a global splitting model of K/Qp.

There exist three possible issues with this approach, the first is finding a global

splitting model for F/Qp, the second is finding the generic polynomial P (t, x), and

the third is having the correct Galois group of the absolute extension. For the first

issue, since we are finding global splitting models in order by degree of the extension
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for a given prime p, it is likely there is at least one global splitting model for the

extension F/Qp available. For the second issue, we can refer to Jensen et al. (2002)

or other resources for examples or algorithms to get the necessary generic polynomials

of small degree. For the third issue, we try to mitigate it by finding several values

of a ∈ Ln or by focusing on extensions whose Galois group is a wreath product and

then using resolvents.

To find suitable values of a ∈ Ln we developed an algorithm that uses Panayi’s

root finding algorithm to find global splitting models if we have an explicit parametric

or generic polynomial. The idea of this algorithm is to ”zero” in to correct values of

the indeterminants of P (t, x) by using Panayi’s algorithm and the appropriate sub-

stitutions. We will describe the algorithm now:

Algorithm 1

We keep the above notation. From the global splitting model f(x) with number

field L/Q we can construct a relative extension M over L such that M̂ = K, by

following the algorithm outlined in Pauli (2006). Let g(x) be the defining polynomial

of M/Q.

Since f(x) is a global splitting model of F/Qp, then pOL = Pe for some prime ideal

P. Let πF be a non-trivial generator of P. Then πF is a uniformizer of L̂/Qp
∼= F/Qp

and let πK be a uniformizer of K/Qp. Note we can represent πF in terms of πK and

we can calculate πK from M/Q.
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• Let b = (a1, . . . , an−1, t) with ai ∈ L and define

ϕ(x, t) := P (b, x) = cnx
n + cn−1x

n−1 + . . .+ c1x+ c0 ∈ (OL[t]) [x]

where ci = ai,0 + ai,1t+ . . .+ ai,mi
tmi .

• Define νK(ϕ) := min{νK(a0,0), . . . , νK(an,mn)} and ϕ#(x, t) := ϕ(x, t)/π
νK(ϕ)
K .

For α ∈ OK denote its representative in the residue field k by α, and for β ∈ k,

denote a lift of β to OK by β̂. Note that since L̂unram = F unram = Kunram, then

the set of representatives for each residue field will be the same and we can find

the representatives from L.

• We initially create a set S = {{0, ϕ#(x, t)}} and for {a, φ(x, t)} ∈ S, if degt(φ(x, t))

> 0, then we replace {a, φ(x)} with
⋃
β∈k{{a+ πF β̂, φ(x, β̂ + πF t)}}

• If degt(φ(x, t)) = 0 and if φ(x, t) has a root β then define φ′(x, t) := φ(xπK+β̂, t)

and we replace {a, φ(x, t)} with {a, φ′(x, t)}.

When one of the following cases occur:

1. degt(φ(x, t)) = 0 and degx(φ) = 1 then P (a, x) with a = (a1, . . . , an−1, a) has a

root of in K.

2. degt(φ(x, t)) = 0 and degx(φ) = 0 then P (a, x) with a = (a1, . . . , an−1, a) does

not have root of in K.

3. degt(φ(x, t)) = 0 and φ(x, t) has no roots then P (a, x) with a = (a1, . . . , an−1, a)

does not have root of in K.

We continue this process until either S = {} or we reach a specified bound. Once

a list of polynomials P (a, x) is produced from Algorithm 1, we produce a list of poly-

nomials over Q. From this list of polynomials we search for a global splitting model
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for the extension K/Qp. Note we choose to give values to all but one indeterminant,

this is not necessary as we can modify this algorithm to solve for multiple indetermi-

nants. In general only having one indeterminant does make the computations easier.

2.6 14T23 and 14T32 Extensions

When trying to find global splitting models for 14T23 and 14T32 extensions of

Q7, the method that uses class field theory was not computationally viable. In par-

ticular Magma was running for 11 days trying to produce one potential candidate of

a global splitting model for a 14T23 extension before the process was stopped. In

particular Magma will trying the construct a C7 extension from a degree 72 exten-

sion. In this section we will outline a process that uses resolvents to find the Galois

slope content and companion information without the need of a global splitting model.

For both of these Galois groups, there exist one only filtration for each possible

vector for the Galois slope content that was found using Procedure 1. So we can find

the inertia subgroup by knowing the degree of the maximal unramified extension of

the Galois closure of the p-adic extension.

Additionally, for both Galois groups, G(1+) ∼= C7 × C7, and the next ramification

group is the trivial subgroup. Therefore in the Galois slope content for all 14T23 and

14T32 extensions of Q7 there will be one wild slope appearing with multiplicity two.

We can find the slope content of our given p-adic extension this will give us the one

wild slope, and we will only need to know what is u and t in the Galois slope content.

From the possible vectors for the Galois slope content for 14T23 extensions, we
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determine (u, t) = (12, 1), (6, 2), (4, 3) or (2, 6). And for 14T32 extensions, we deter-

mine (u, t) = (6, 4) or (2, 12), so in this case we will know u and t if we determine

which of the two is divisible by 3.

A standard absolute resolvent for S12 × S2 is

f91(x) =
∏
i<j

(x− αi − αj).

A standard absolute resolvent for S11 × S3 is

f364(x) =
∏
i<j<k

(x− αi − αj − αk).

Given a polynomial f(x) that generates a 14T23 extension over Q7. The poly-

nomial f91(x) factors into degree 42 and 49 polynomials. The field generated by a

root of the degree 42 factor has a unique sextic subfield that is also a unique sextic

subfield in the splitting field of f(x). The polynomial f364(x) factors into degree 28,

42, and 294 polynomials. The field generated by a root of the degree 28 factor has

a unique quartic subfield that is also a unique quartic subfield in splitting field of f(x).

Therefore if we can find the ramification index and residue field degree of the

degree 42 factor of f91(x) and the degree 28 factor of f364(x), that will be sufficient

enough to know the values of u and t.

Given a polynomial f(x) that generates a 14T32 extension over Q7. The polyno-

mial f91(x) factors into degree 42 and 49 polynomials. The field generated by a root

of the degree 42 factor has a unique cubic subfield that is also a unique cubic subfield

in the splitting field of f(x). So if we can find the ramification index and residue field

degree of the degree 42 factor of f91(x), we will know which of u or t is divisible by 3
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which is sufficient enough to know the values of u and t.

Once we know the Galois slope content for each 14T23 and 14T32 extension we

can determine the companion information as well.
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Chapter 3

TABLES

The following tables gives for each degree n extension of Qp a defining polynomial,

a global splitting model, its Galois slope content, inertia subgroup, and Galois mean

slope. Inertia subgroups of the form T: n, d represents the transitive subgroup Td of

Sn. Inertia subgroups of the form I: a, b represents the intransitive subgroup 〈a, b〉

under the ordering used in GAP.

Table 3.1: Degree 12 extensions of Q2

Table 3.2: Degree 12 extensions of Q3

Table 3.3: Degree 14 extensions of Q2

Table 3.4: Degree 14 extensions of Q7

Table 3.5: Degree 15 extensions of Q3

Table 3.6: Degree 15 extensions of Q5
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