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ABSTRACT

Analytical solution of the pressure field for water uptake through a composite root,
coupled with fully saturated soil is derived by using the slender body approximation. It is
shown that in general, the resistance of the root and soil are not additive. This result can
play a very important role in modelling water uptake through plant roots and determination
of hydraulic resistances of plant roots. Optimum plant root structure that minimizes a single
root’s hydraulic resistance is also studied in this work with the constraint of prescribed root
volume. Hydraulic resistances under the slender body approximation and without such a
limitation are considered. It is found that for large stele-to-cortex permeability ratio, there
exists an optimum root length-to-base-radius ratio that minimizes the hydraulic resistance.
A remarkable feature of the optimum root structure is that the optimum dimensionless stele
conductivity depends only on a single geometrical parameter, the stele-to-root base-radius
ratio. Once the stele-to-root base-radius ratio and the stele-to-cortex permeability ratio are
given, the optimum root length-to-radius ratio can be found. While these findings remain
to be verified by experiments for real plant roots, they offer theoretical guidance for the
design of bio-inspired structures that minimizes hydraulic resistance for fluid production

from porous media.



ACKNOWLEDGMENTS

I would like to sincerely thank Dr. Chen, my thesis advisor, for the encouragement
and support that he has provided at every step and for being a great teacher.

I would like to thank Dr. Konrad Rykaczewski for being part of my thesis committee
and the invaluable experience gained during my time as a research assistant in his
research group.

I would also like to thank Dr. Huei-Ping Huang for being part of my thesis committee
and for one of the best classes on Engineering Mathematics that has played an integral

part of my research work.

i



TABLE OF CONTENTS

Page

LIST OF FIGURES ...ttt ettt et ettt e e e e aa e ssaeensaesaeesasaennean A%
CHAPTER

1. INTRODUCTION ...ttt ettt sttt sae e e e e seaeeenaeesaaenne 1

2. MATHEMATICAL FORMULATION ....oooiiiiieieeeeeteeeeee ettt 6

3. THE DIFFERENTIAL EQUATIONS ...ttt 8

Differential Equation in the Soil (51 < g% < gi ) ettt 8

Differential Equation in the Cortex (50 < g% < 51) ............................................... 10

Differential Equation in the Stele (0 & <& ) oo 10

4. SOLUTIONS TO THE DIFFERENTIAL EQUATIONS .....cccoooeiiiiieeeieeeee, 14

Solution in the SOIl (& £ E S E Y oo 14

Solution in the Cortex (50 < g% < 51) .................................................................... 15

Solution in the Stele (0 & &) )i 15

5. DETERMINATION OF THE COEFFICIENTS .....ccoiiiiieeeeeeee e, 19

6. FLOW RATE AT THE STELE-CORTEX INTERFACE .......c..ccoveieiiiieeene. 28

7. RESISTANCE OFFERED BY SYSTEM OF ROOT AND SOIL .........ccueeuunee.. 31

8. DETERMINATION OF RESISTANCE OF SOIL ......oocoviiiiieieeeee e, 34

9. RESISTANCE OF THE ROOT ....oootiieeeeee ettt et 38

10. DIFFERENCE BETWEEN R~ AND R_ . et 41

total soil +root

111



CHAPTER Page
11. OPTIMUM ROOT SHAPE FOR MINIMUM HYD. RESISTANCE.................... 44

Dependence of Hydraulic Resistance on /, for Constant Conductivity C, ....... 46

Dependence of Hydraulic Resistance on /, for Constant Permeability Ratio A 49

12. GENERAL RESULTS FOR OPTIMUM ROOT SHAPE........ccccceoiiireeienee 54
Physical Justification for the Cylindrical Area Approximation ..............cecueeeeen. 54

Hydraulic Resistance Without Cylindrical Area Approximation........................ 57

13. CONCLUSIONS ...ttt ettt ettt sttt st e s ese e enens 60
REFERENCES. ... ..ottt sttt ns e 61

v



Figure

LIST OF FIGURES
Page
Prolate Spheroidal Modelling of Composite Root In a Saturated Region of Soil.. 6

Non-dimensionalised Total Resistance R

total

Versus ¢, for &, =1.00005

¢, =1.00125and Different Values of A as Marked. ........cccooeuevinieerenircneirinnnn. 32
(2) T T 0007 ettt 32
(D) T2 0.1 ettt ettt ne e ens 32
A Root Modeled as a Composite Structure of Two Ellipsoids..........cccceevenenenn. 39

R, vs A for & =1.00005 ,¢ =1.00125, &, =10 with Different Values of 7 .

AS SHOWIL .. ¢ttt 42
J(,,C,,B) vs 1,.C , Value is Shown in the Figure ........cccocoveveiiinnnnnennes 47
(2) 3= 0.25 cooereeeeeeeeeeeeeeeeeeeeseeeeeseeesseeeeseeeeeseeee e s e e eseesss e s e e e s e 47
(D) B o 0.5 ettt 48
(D) B o075 ettt 48
Log-Log Plot of J(I,,A,{) vs I, For different values of A ........cccccccccerereununnne. 49
(B) BT 025 e 49
(D) B o 0.5 e 50
(D) B o075 e 50
L, . V8 A for Different Values of B as ShOWN ........coovuiiiiiiiiniinninininens 51



Figure Page

8 C

sD,opt

Versus A for Different Values of B ......ccocevveveivieiinieeieeeeeeee 52

9 C

sD,opt

VEISUS [ oottt ettt ettt ettt ss et sn s enas 53

10 Schematics of Mathematical and Physical Root Geometries Used in the Slender

Body APProXimation.........ccceeieieieieieieieiieieeeeiteieere e ere e ese e ese e eseeseesessessene 56
11 c,,, Versus A for Different Values of /3 for R oo 58
12 C,,, Versus 3 for R oo 59

vi



1. Introduction

The need for a quantitative expression of water uptake through plant roots is a problem
of key importance to plant biology and ecology. Water-uptake from soil by a plant’s root
system has been studied extensively during the past seven decades (Philip, 1957; Gardner,
1960; Cowan, 1965; Landsberg & Fowkes, 1978; Molz, 1981; Passioura, 1988; Steudle &
Peterson, 1998; Doussan et al., 1998; Steudle, 2000; Raats, 2007; Roose & Schnepf, 2008;
Stroock et al., 2014). A single root has been historically modelled as an infinitely long
porous cylinder with a two dimensional radial flow around the cylindrical root (Gardner,
1960; Landsberg & Fowkes, 1978; Ratts, 2007). In this model, the flow inside the stele is
modelled to be one dimensional, along the root’s axial direction since the flow through the
stele and further onto the plant is dictated by xylem tubes that are aligned along the axis of
the stele. Outside the stele, the flow is modelled to be purely in the radial direction,
perpendicular to the axis of the stele.

It is important to consider the macroscopic root system and its relation to the water
uptake calculation of a single root. The differential equation at the macroscopic level that
governs the flow of water in the soil which is coupled to water-uptake by a root system,
known as the Richard’s equation (Raats, 2007), is given by

06 _ _
E—DEﬂKDp] S

where 6 is the volumetric water content (or relative water saturation; moisture content);

K = K (6)1s the conductivity in the soil which depends on the local water content; p is the

water pressure in the soil pores which is also linked to the local water content, p = p(6);



and S is a volumetric sink term representing root water-uptake. The term S is of extreme

importance as it represents the water uptake and one way to model it is

5 = N(n) 2020

where N (x) is the root density distribution (number of root per unit soil volume); R is the

single root hydraulic resistance; p(8)— p,(x) is the difference between the water pressure
in the soil and the water pressure in the root; and ( p(@)-p, (x)) / R is the water-uptake by

a single root. The term R represents the hydraulic resistance of a single root and is the
ratio of pressure drop across the root divided by the flow rate at the base of the stele. The
determination of this resistance requires knowledge of the flow field in a single root.
Raats (2007) has discussed the various models used for modelling plant roots and all
these models are variations of the basic model formulated by Gardner (1960). The above
mentioned model of a two-dimensional flow has serious limitations, because in reality, the
finite length of a root causes the flow around the root tip to be locally three-dimensional
and the large flux near the tip makes a significant contribution to the water-uptake rate
which the Gardner model fails to capture.
To account for this three dimensionality of the flow, Chen (2015) modelled the root as
a slender semi-prolate spheroid consisting of a single uniform structure, the stele. This
configuration yielded an analytical solution in terms of Legendre polynomials and the
resulting flow field is three-dimensional near the tip of the root and shows a converging
flow field close to the tip. This work also showed that by not considering the finite length

of the root and the resulting three dimensional flow, the Gardner (1960) model under-



predicts the flow rate in comparison to the model proposed by Chen (2015). The physics
of the resulting flow field is discussed in detail by Chen (2015).

The hydraulic resistance, which is a key part of the volumetric term S, is the ratio of
pressure drop across the root to the flow rate through the base of the stele. The under-
prediction by the cylindrical model results in a higher computed resistance of the root. In
view of this, a new formula for the computation of root resistance is offered by Chen
(2016), by considering a semi-prolate spheroidal geometry for the root and specifying a
constant pressure (labelled P; in this work) at the root-soil surface. The root is modelled to
consist of an inner stele in which the flow is assumed to be one-dimensional and an outer
cortex. The resistance is then calculated as the ratio of the pressure difference between the
root-soil surface pressure and the pressure at the base of the stele, to the volumetric flow
rate in the stele. In the composite root model of Chen (2016), the flux from the cortex to
the stele has a singularity close to the tip of the stele and this is due to the same physics
that cause the flow from the soil to a single root to have a singularity at the root tip, as
discussed by Chen (2015).

It is commonly believed in the plant biology community that the hydraulic resistance
is additive, using such analogy as electric resistance in serial, i.e. the resistance of the root
and soil system is the sum of the resistance of the root and the resistance of the soil.
However, we show in this study that, in general, the resistance of the combined root and
soil system does not equal the sum of individual resistances of the root and soil. This result
can play a key role in future modelling of water uptake in plants since, a flow governed by
a linear law does not necessarily give a linear relation for the resistances when the flow is

not one-dimensional.



This is shown by coupling the composite root system of stele and cortex with the soil

to form an extended domain and specifying a constant pressure P, at the outer edge of this
domain and a pressure P, at the base of the stele (P, < B, <P, ). Now, the resistance of the
combined soil and root system would be given by the difference between P and P, divided

by the flow rate at the base of the stele.
The soil resistance is computed by considering the region of soil bounded by the outer
ellipsoidal constant pressure boundary and the inner confocal soil-root boundary. A

constant pressure B is imposed on the root-soil interface. The flow rate through the soil

for this configuration is then computed and used to calculate the resistance of the soil.
The hydraulic resistance of the root is then calculated by computing the flow rate

through the composite root with the constant pressure £ imposed on the root soil surface.

This formula was derived by Chen (2016) as mentioned earlier and is adopted for the
computation of the hydraulic resistance.

It is then shown that the resistance of the coupled system is not equal to the sum of the
resistances of the soil and root. For the coupled composite root and soil system solved in
this work, we find that the pressure along the cortex soil interface is not a constant for finite
values of dimensionless root conductivity and therefore adding the separate resistances of
soil and the composite resistances yields wrong results, since the fluid flow in the soil is
not hydrodynamically coupled to the fluid flow in the root. As the dimensioneless root
conductivity becomes infinitely large however, we find that the pressure on the root-soil

interface becomes constant and under this limit, the resistances are additive.



The dependence the hydraulic resistance of the root, obtained by Chen (2016), on the
root shape is also studied by considering the dependence of resistance on the length-to-
base radius ratio of the root. At constant values of the dimensionless stele conductivity, the
resistance decreases continuously when the length to-base radius ratio of the root is
increased. It is also seen that for a given value of permeability ratio A , there exists an
optimum length-to-base radius ratio which minimizes the hydraulic resistance. This
optimum length-to-base radius ratio corresponds to a constant value of the stele
dimensionless conductivity which is independent of the cortex-to-stele permeability ratio.
The optimum stele dimensionless conductivity, however, depends on the volume fraction
of the stele.

For the purpose of this study, the soil is assumed to be completely saturated at all times
and a steady state problem is solved. At the moment, the discussion does not involve a time

varying problem.



2. Mathematical formulation

The system under consideration is a root with a composite structure of a stele and
cortex surrounded by completely saturated soil. The soil saturation is considered to be
independent of time for this analysis. The composite root is taken to consist of an outer
cortex and an inner stele (or xylem) with permeablities A, and & respectively. The stele
and the root are modelled as confocal spheroids and the soil outer boundary is also an
ellipsoid, confocal to the ellipsoidal surfaces representing the complex root. This surface

is taken to be at a constant pressure and the soil permeability represented by «, (Fig. 1).

Outer Boundary & =&,
Pressure p, = cons.

z Soil K,

Cortex-Soil Interface &=¢

Cortex K, Pressure P.(&,1) = p, (&,

Stele-cortex Interface& =&,

Stele K Pressure P, ($.1) = P, (77,
ele K,

FIGURE 1. Prolate spheroidal modelling of a composite root in a saturated region of

soil.



The flow along the stele is modelled as one-dimensional with the pressure being a

function of only one ellipsoidal co-ordinate (/7). The prolate ellipsoidal co-ordinates are

given by c% 7, . Here, surfaces corresponding to constant values of 5 represent confocal
ellipsoids, surfaces corresponding to constant values of /7 represent confocal
hyperboloids and ¢ represents the azimuthal angle. The prolate ellipsoidal co-ordinates
are related to the Cartesian co-ordinates by the following transformations

x =cosh & cos/f
y =sinh sinfsin @ (1)

z =sinh £sinAcos @
The stele-cortex interface is represented by the ellipsoidal surface corresponding to a
constant &, the cortex-soil surface is represented by ¢, and the outer boundary of the soil

is at &, . The problem is axisymmetric about the x axis. Therefore no changes take place

along the azimuthal direction ¢ and all dependence on this co-ordinate is neglected.

At the outer boundary in the soil corresponding to ¢, a constant pressure P, is specified
while at the base of the stele (which corresponds to/ :g ), a constant pressure of P, is

provided. In the following section, the differential equations for different sections of the

domain are derived.



3. The Differential equations
3.1 Differential Equation in the Soil (51 < Q%S qi)
The equation of continuity for a steady incompressible flow is
Ov=0

The flow of a fluid in a porous medium obeys Darcy’s law and is given by

v=——0P 2
1 ()

Where K represents the intrinsic permeability of the medium, g represents the dynamic

viscosity of the fluid, v represents the fluid velocity and P is the pressure at given point.

When written as the components in the respective prolate spheroidal co-ordinates, we get

K 1 OP
R 3
URTT: 3)

K 1 OP
V)= (4)

" uh,0f

and v, =0 since the problem is axisymmetric about the x-axis. Here hg and h,7

corresponds to the scale factors of these two co-ordinates and are given by

he = hy = LyJsinh?> & +sin’ 7 (5)

hy = Lsinh &sinfj (6)

And L represents the focal length. When Darcy’s law is substituted into the continuity

equation for constant K and 4 , the pressure equation becomes



0°P=0
If the pressure in the soil is denoted by p, , the above equation is expanded in prolate

ellipsoidal co-ordinates as

i hsh,
i %O_p: +i~ ﬂaif =0 (7)
0§\ h; 0¢ 07\ h, 01

When the expressions for the scaling factors are substituted, we get

G%(Lsinh Esin gl:;j+ai,7(Lsinh Esinﬁg—’j;j =0 (8)

Here, the problem is transformed to a new set of co-ordinates ¢,77,¢ and these are related

to the prolate spheroidal co-ordinates by the following relation
n=cosf] (9)

Substituting these relations and dividing by Lsinh &sin/i gives
a 2 ap a 2 ap
— D= |+—| (1—- —/s5 1=
06((5 )afj 0/7(( (RFY (10)

The solution for the above equation is discussed in Section 4.



3.2 Differential Equation in the Cortex (50 < g% < q%l)

The flow in the cortex is similar to the flow in a soil except that it has a different

permeability. Similar to the soil, the differential equation for the pressure in the cortex ( p,

0
~“la-
e €%

) is

2, 0D,
<=0 11
0’7) (

3.3 Differential Equation in the Stele (0< & < &)

The flow along the stele satisfies the continuity equation and in prolate ellipsoidal co-

ordinates, this is given by

0(hyhyv,) 0(h¢, ) o 12
aé 077

Multiply by 27 and integrate with respect to & from 0 to 50 to get

44, +2n(v hh )

=0 (13)

where

27T.|.V hyhd & (14)

10



is the volumetric flow rate across a hyperboloid cross section corresponding to a constant

value of /j .

The flow is symmetric along the axis. Therefore at E=0:v ¢ =0 and we get

f;f +211(v3h,7h¢)‘€0 =0 (15)

We can use Darcy’s law to write the flow rate as

¢ ¢ &
¢ = 2mk, thehiop, - 2mk. . .0 P . s %
q, =21\ v;h;h.dé =— L Ldé=- L Lsinfj— | p,sinh {dé
,([ 779 ¢ _([ h,; 0A U 0,7_([
(16)
A cross sectional averaged root pressure is written as
£ i
271 p,hyh,dE
p,=— 17)
Af
And
5() - -
A, =271[ hyh,d& = 2711 sin” /j (cosh &, ~1) (18)
0
Also
5{) - 5() - -
271[ p,hyh,d& = 27L* sin> j [ p, sinh Ed & (19)
0 0

And the averaged pressure is

11



&
[ p, sinhéaé
p.=t—F— 20
coshé, —1 20)
The volumetric flow rate (16) can therefore be expressed as
27K, = . ~dp
=———=L|cosh{, —1|sin/j]—- 21
Substituting (21) into (15) gives
d dp, _
(cosh é —1) a7 (sml] i j - (Vghqhgﬁ )LO =0 (22)

The velocity component Vgis continuous at the root surface 5 = 50 , and Ve from the cortex

side at the root surface is (after applying Darcy’s law),

_ Kk bhhyop Kk ., . _0p,
(vehyhy) |, == 25 Y |5°__ﬂLSIHh g‘osm/]¥|§0 , (23)
op, .
where we have used & = cosh ¢ to transform the derlvatlve f < to f . Thus, the equation.

for the average pressure inside the stele becomes

K z ~0p
—~ I(cosh¢, — )—(s1n/7 )+ "Lsmh2f sinf]—< |, =0, 24
H ' H "o -

which can be re-written as

d .
— (sm ,
¢ +1di af

(25)

12



K
where A =— is the ratio between the stele permeability and the cortex permeability.

(4

13



4. Solutions of the differential equations
4.1 Solution in the soil (§ <€ <€)

The technique of separation of variables is used to solve the differential equation (10)

in the soil.
Let
p(&:m) = F(G(7) (26)
This gives
d . dF _ o
d—f{(l—f)d_Q(}XF-o,lsK (27)
i{(l—qz)d_G}U(G:O,OSUSI (28)
dan dan

FandG satisfy the same differential equation but their arguments lie in different

ranges. This is the Legendre differential equation. For G(#7) , it has to be finite at 7 =1 ,
since p (¢,n) is finite at 7 =1 (/7 =0 ). Thus, the eigenvalue X has to be
X=n(n+l),n=0,1,2....
and
G(m) =F,(1)
where P (17) are the Legendre polynomials. The polynomials are odd functions for odd
values of n and even functions for even values of #n . Since p (£,/7) is also symmetric
about 7=1,0 (/7=0,77/2 ), G(n7)has to be an even function of /; .Thus, we have

n=2m,m=0,1,2.... . Therefore,

14



Gn)=P,,(n),m=0,12,...
The solution for F({) is a combination of the zeroth-order associated Legendre

function of the first kind and the second kind, ,, andQ, , respectively, of the even order

55 2m

(¢ has a different range, and Q,, are not polynomials):

F($)=4,,P,()*B8,,0,,() (29)

A particular solution for any value of m is given by
ps (57,7) = [A 2mP2m (5) + BZmQZm (5)]P2m (,7)
Since we have a linear differential equation for p (£,77), the general solution is a linear

combination of particular solutions and is given by

PAEM =T IA P, (6)+ B, Q, (DI, (1) 30)

4.2 Solution for the cortex (&, < < &)
Since the flow through the cortex satisfies the same differential equation as the soil,

with the same range of # but £ from &, to &, , we have
pc (59,7) = Z[CZmPZm (5) +D2m Q2m (f)]IDZm (,7) (31)
m=0
Which has the same form as (30) for the soil, with different co-efficients.

4.3 Solution in the stele (1< <€)

From (25) the pressure equation inside the stele is

15



A ( n/7 _Op,
§ t1df 05
Notice that
n =cosf]
d_dady__ 59
dfj dndn dr
B, ) = i d , dﬁ}
sinf]—= |=sinfl—| (1 -~ |—+
o= 0V
The pressure equn. can be transformed to
A d )\ dp Op
| 1-p*) = |+ X =0 32
fo+1df7{( § )dﬂ} .

From the pressure solution in the cortex, (31), we have

=)

Z[sz P, (&) + D,,0,,(&) P, ()

m=0

=DOQ;<50>+§[CMP;,H<EO>+DzmQ;m(fo>]fzmm>

m=1

6pc

P, (n7) satisties the Legendre differential equation
di{(l & (’7)} +2m2m+1)B, (7)=0,m=0,1,2,....
dan

Thus,

1 a M0)
P, (1) = 2m(2m+1)d0{( -y D }

Equation. (32) can be re-written as

16



=) e
n

50 +1 ' « C P '({O)+D2mQ2m '(C(o)i _n2 dpzm(”) —
{DyQ,(&) =2 Im(2m+ 1) an [A-7 )—dn 13=0
(33)
Integrate this equation once, to obtain
_ 50 (EV -
(-7 )d {DoQo(fo)ﬂ
: (34)
- (fo)+D2szm (fo) (/7) St
Zm ! 2m(2m+1) K ) “ap 0O /1
where c; is an integration constant. (34) can be re-arranged to
dap,
an
Gt 2 (60 +D,,0,, (&) dP,, (1) _ & +1(c, =DyQ (&)
A m=l 2m(2m+1) dn A 1-n?
35)

Notice that the symmetric condition

@
i |,
is always satisfied by virtue of
.| oD, sin/j|,_
dn 7=0 dan =1 !

as long as pressure gradient ? is finite at /7 =1. From (35), this latter requirement makes

it necessary that
=DQ,'(&,) (36)

17



such that (35) becomes

dﬁr — <(TO +1 Zm 2m 2m (5()) + QZm (50) d 2m(’7) éT() +1 DOQO (éT()) (37)
dp A - 2m(2m+1) dn A (d+n)
A further integration gives the pressure inside the stele as
- 5() f + @ 2m 2m (50) 2mQ2m (50)
pr - OQO (éT())ln(l +/7) + Z =1 2m(2 +1) 2m(’7)
(38)

¢, 1s an integration constant. The boundary condition at the base of the root can be used to

determine c,:

n=ml2(n=cosff=0):p =p,
Thus

—= _ﬂ Z‘” C.,.B '(Cto) +D,,0,,, ‘(Qto )sz (0) (39)

C —_
2T P T L 2m(2m+1)

The pressure inside the stele is then given by

o bt CouB () * D)0, (&)
=p - m” 2m e P, (0
p, = b, A Zm:l 2m(2m+1) 2m()

0 ! ! {0+1 @ C2m})2m'({())+D2mQ2m'({0)
F DG I+ 2o 2m(2m+1)

P, (1)

(40)

18



5. Determination of the Coefficients

Determination the coefficients 4, ,B, ,C, and D, requires the use of boundary
conditions. For the soil, these are
&=¢,:p, = p, (constant outer boundary pressure in the soil) (41)
§=¢:p,(¢,n) = p.(&,n) (equal pressure at the soil-cortex interface) (42)
_¢.. 0, __0p ) ) )
§=¢ K, PY; |51 =K. PY; |ci (equal velocity Vg at the soil-cortex interface ) (43)

Using the first boundary condition, (and noting that for any variable, £, (x) =1), gives

4,+B,0,(¢)=p, » (44)

4,5, () +B,,0,,(5,) =0 for m=1 (45)

The second boundary condition and using the solution for the pressure field in the cortex,

at £=¢, gives

(A2, Py, (6) +B,,Qu,, ($)IR, (7) = i[szl’zm () +D,, Q,,($)IB,, (D) . (46)

m

The third boundary condition gives

00

Ky 2142, P, (6) +B,,Qy, (€)1R,, (1) = K. i[szsz'(fl) +D,, Q,, ()15, (17)

(47)

The Legendre Polynomials are orthogonal to each other and satisfy the following relation:

19



2

1 —
[ BB dn={2k+1"
-l 0, k#l

Applying the orthogonal condition to (46) and (47) gives

AP, (6)+B,,Q,,(6) =C,, Py, (§) + D, Q,, ()

K[A,,P,,'(8) +B,,Q,,' ()] =4.[C,,P,,'(§) + D, Q,,'(§)]

The boundary condition at the stele-cortex interface is

§=& (&M =p,(1)

which gives (after using the orthogonal property of Legendre Polynomials)

dm+1 1 _
C2m})2m (50) +D2m Q2m (50) = T _lpr (H)I)Zn (,7)d,7 fOI’ m=nz2 0

Therefore, to determine the coefficients, the relations are

Form =0,
k.D, =K B,
4,+B,0,(&)=p,
Cy =4y +0y(&)ID,~ B, ] = 0
C,+D,0,(&) = . B.(mdn
For, m>1

4,7, (Ci) +B,,0,, (fe) =0

20

(48)

(49)

(50)

(D

(52)

(33)

(54)

(35)

(56)

(57)



4B, (§) + B, D, (6) = Cy,, B, () + Dy, 0,,(4) (58)

K[4,,P, ')+ B,,0,, ()= K[C,, B, (&) +D,, 0,, ()] (59)

dm+1

ConPon(€0) * D3y, 05, (60) =—

[ 5.(R, (man (60)

(53) is re-written as

D, =TB, (61)

K
where T :;S is the soil-to-cortex permeability ratio. Using this expression (54) is re-

c

written as

A= p 20,8 62)

(61) and (62) can be substituted into (55) to give

Cy= p.=20,(£) = 0, (£)ID, =] (©3)

Substituting (63) in (56) gives
P~ 20,(6) 0, (E)ID, =21+ D,OL(E) = [, 7, ()

which can then be re-arranged to read

1
oo lpmdn-r.

0~ (64)
Qo(fo)—Qo(fl)[l—;]—

Q&) -
r
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The integral in the numerator is evaluated as

1 1
[ipan=pnl,-Frt s Calul) POuu )y oy

2m(2 m+1)
+ 90D 0, (E)IA+ ) ndl +7) =1l (65)
rhliyy Cole PO O iy
It should be noted that for m =1,
[ B, =0 (66)

This results in

- —= 50 +1 @ szsz' 4(0 +D2m 2m' 50
Io p’dﬂ =Py~ A Zm:l ém22m+l)Q ( )sz (0)
+ 80D ()2 n 21 (67

Substituting (67) in (64) gives

p- Bty GBIEIDO )y (o) &t g _
= Y ey Bn(@ D22 1)

" 0,6)-0,6n-11-24)
(6%)
whete 4p = p, 7,
Eq (57) is now re-written as
B0E) )

AZm
£,(&)
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Substituting this in (58) and re-arranging gives

¢ =g (o) _0u@) 0 0

P,(&) B,&) TPR.(&)

Sub (69) and (70) in (59) and re-arranging gives

0,,'€) _0,,($)

Up ) P

]

= . 71
P =P 08 0, 0,(E)_ 0,0, 7
P &) P& P& B(&)
Eq (60) reads
dm+1 1 _
CouPon(€) 4D, 0,,(6) === [ B.UDE, (D)) for m=n =1
Which is re-arranged to
D., 0,,(&) = [ 5P, (dn=Co, Py (&)
Substituting (70) for Com gives
dmAlp 01, (&) _ 0011y 0an(&)
D = P dn—-{B - -D, =2—-1P
o0 (&) =5 [ B DB (= (B, [ 5= D 51=Da L2 SR ()
4m+1[ 5B, (n)dn
= (72)

D2m
I5(7,6y,6156.)

where

0,(&) 0., ,

P& P )

0, (€) 0, (E), (&) _0u(E) 1 s (1)
Lr@) @) @) paE)
0. @) _0.,(&),_ 0.&)_0,&)
P& @) LR P
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Now the integral in (72) is evaluated as

[ 7.2 () =
S 0! L1 CAE)*D,0, & 7Y
7 DoQuE) NP, (i + 2= =eie e

Substituting (74) in (72) gives

@m0 p Qe + %0 Conbon Co) D5, 05, (S0)

D, = A A 2m(2m+1) ) . (75)
AU ININD
where
1
L, =[ 1+, (.
Recall that (71) reads
_ [sz(fl)_sz(é)]_ 0,,(S)
TOR(E) RE)T T R,(E)
Substituting for B, gives
[sz '(5)_sz(<i)][sz(<ﬁ)_sz(rfe)]

¢ ip P& P& P,E) P& L 0@
e T[QZm '(51)_Qz,,z(fe)]_[sz(fl)_sz(fe) " P&

b,'¢) hB,(E)" B,4) sz(é)]

which can be re-written as

CZm :0-3(T’EO’<‘TI’Ee)D2m 2 (76)

with

0, (E) _ 01 (E); 00(E) _ 0.(E),
L@ P ) P 0.
P )= 06 0,8 0@ _ 0D P&
@) PuE) Pu@) )
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Substituting (76) in (75) and re-arranging gives

fo 10,(7,6,6,6)Dy, 55, (&) + Dy, 0,,, (&)

D,, 0,(1,¢,,¢,,¢,)—

2m(2m+1)
= @n+)D,Q (&,
which can be re-arranged into
D,4m+)* Q&)L
D. =
e 50+10(T 50 $:$)b, (€) *+ D, (&)
I(T, 605 6156.) ~ (2t )

1s the above can be written as

D,, =D, 0,(A,7,§,,4,.4.)
where
e @+ lQ 1,
0-( ’T’ b b )_
’ e <to+10'(T%aﬁ,f)f’zm'(%)’szm'(%)
Os(T-bopd1-6.) 2m(2m+1)
Equation (68) is0
— _4(0"'1 « szsz'(Eo)+D2szmv(Eo) E '
T T ey O 'D,Q,(&)[2In2-1
D= I Q(E)
0y (§) =G, ()1 - *] =
Substituting for C,, from (76) gives
Ay Sty 03B, '(6)+0,,' (&) 5 \
L Y ) D0+ 'D,Q,(&)12n2-1
" I Q(f)
Qo(fo)_Qo(é)[l_;]_%
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Now substituting for D, in terms of D, gives us

DO
_ppy_ St (0B, (6)*0,, (&) é +1
Ap /] Zle( 2m(2m+1) )DO JZ(/‘aragt()aglagtg)sz(O)‘F /‘

Q0<50)—Q0(5)[1-;]_Q0<T<2>

D,Q,'(&)2In2-1]

. This is re-arranged to give

DO = _AU 5
04 T.6.6.)

(80)

where

0AT.6,6.8)=10,(6) -0, (&) -1 -2y
Sty (035, 'E)+0,, () St _
e Y DA 8P, (02— Q) ()2 2 1]
(81)
To summarize, the expressions for the coefficients are
Form =0 :
D, = ~8p
0,(A,7,4,,41,4.)
¢,=p.-20,)-0,&)D,~ 2]
r T (82)
BO = &
T
4 =p,~20,&)
T
For, m=>1
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DZm :DO JZ(/"T’{O’er’Ee)
C2m :JS(T’£O’€(1’€)D2m

[sz '(é)_sz(ci)}

5 =D P, (&) P, (&)

" 2’”,[sz'@_sz(@}_[sz(é)_sz(@}
P& P(E)]| [P.(&) P,(&)

= B0, (&)

" B, (&)
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6. Flow rate at the stele-cortex interface
The flow rate at the cortex-stele interface is calculated as
qxc = _Vé' |50 (83)

which by Darcy’s law gives
K, 1 op,, _K sinh ¢, op.

qxc =— = =l =— = | (84)
H LyJsinh’ & +sin’j 06 © M L\[sinh> & +sin’f 0& °
— Kc V 502 _1 apc ‘
L& - 08
And
VI ot : :
af & Zm:O [C2m P2m (4(0) +D2mQ2m (4(0 )]PZm (,7) (85)
The flow rate at the cortex-stele interface is therefore
Qxc = EOJ‘qxcdlq}J 5 (86)
where dAgO is the area element on the stele-cortex interface and is given by
dd, = hh,d@drj =L’ \/sinhz &, +sin’ /j sinh &, sinfid pdii
= P\&} — &} — 1= dpdif
. e ) an .
Now 77 =cos/j = dn = —sin/fjd/j which gives — = dn
This gives
dd, ==L \& —n* & ~1dpdn (87)
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Under the slender body limit, the limit §, -1 is taken and the area element is
approximated to that of a perfect cylinder whose base radius is the same as that of the
ellipsoid corresponding to g?o . This approximation gives

dd, =-I\J& ~1dpdn (88)

The flow rate is then calculated as

0. = Jm 994z

_ K, 02_1 dp, 2 [z2 _
.= IL’O,ULF o5 lo P& ~1agdn

0, =2 (& N apc

Once again, the slender body limit,é, — 1 is employed, to re-write the above expression

as

(90)

=om X g2 -1
Qxc i # (EO )J.,7 1\/7

Now

f;l:t Z::o [C,, B, ' (&) *+ D, 0, (E)IB,, (17

=D, 0,'(&)+ 2., _[C,, B, (&) + Dy, 0, '(6)1R, (7)

m=1

Since any £, '(x) =0 , this results in
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ool
D,0,'(¢,)d
jﬂ NoXCALY

0, =—2mL% &7 -1
u

n

ol o
+ ,[ 1 ,72 Zmzl [C2m P2m '(50) +D2mQ2m '({0)]])2m (’7)d’7
L ,7:1 -

0, = ZHL%(EOZ —D{’{Do 0,'(&)
91)

+j 1: : > C,, B, (&) +D,,0,, (&)IR,, (m)dn}
n=0 1_,72

Q.. Which can be re-arranged using (82) as
K,
Qxc = anj(foz - l)(

A4 .,
Ul(ﬂafafo,fl,{,))% 0,'(&,)

I lim > 04166 E)P,, (€)+ 0., (EN0L(A.T.&,. &.E )P, (mdn}

(92)
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7. Resistance offered by the system of the root and the soil

The resistance offered by the entire system of the root and the soil is defined as

_b
Rrgta _Q_xc (93)
Substituting the expression for Q. gives
_0—1(/19 Tag(]aflafg)

R —

total ~—

2% &2 -n12 0, (&)
U 2

+ jﬂlw#zj;l [04(.4,. &, EDP,, (&) + s, (IO (A.T.6,.6.£)P,, (7))

(94)

Now, a non-dimensional resistance R

tota.

,1s defined as

Rtotal total *

=X R
U

Then,

]_2 — _Jl(A’Tafoaflafe)
(&’ —1){’{ 0,'(&)

total

+J‘/:=0\/117 zzzl [0-3(Ta 50’ fl’ Gte)sz v(ﬁto) + sz '(Gto )]02 (/], T, Gto: fl > Ci)sz (”)d”}
(95)
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total [
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(a)
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2 3 4 5 6 7 8
Se
(b)

FIGURE 2. Non-dimensionalised total resistance R, versus &, , for & =1.0005 ,

¢, =1.00125 A =10,100,500,1000 and (a) 7 =0.01 and (b) 7 =0.1

This non-dimensionalized resistance is plotted against ¢, for different parameters in Fig 2.

It can be seen that the resistance increases with increasing &, and reaches a constant value
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with increasing &, . This leveling-off occurs faster at a higher value of 7 . At higher values
of T, Fig. 2(b) shows that the resistance is lower when all the other parameters are fixed.
This is due to the fact that a higher T corresponds to a higher soil permeability K, , which
reduces resistance to water flow through the soil.

The next objective is to show that the resistance of the root and the soil system R, is

not equal to the sum of individual resistances of the soil R

SO1

, and the rootR_ .. In order to

root *
do this, the soil resistance is determined using the method prescribed by Chen (2016); and

this is discussed in detail in the following section.
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8. Determination of Resistance of the Soil
The resistance of the soil is determined in a manner similar to the thermal resistance as

discussed by Chen (2016). To achieve this, two constant pressure boundary conditions are
imposed on both the boundaries of the soil: at § =¢& and ¢ = ¢, . Once again, the pressure
in the soil satisfies the Laplace equation and it’s solution has a from similar to (30) which

1S

p(EM =S [E Py (E)+ Fyy Q. (E)IB, () 96)

m=0

However, due to different boundary conditions in comparison to the previous case, the co-

efficients £, and E, have to be re-determined for the new boundary conditions. The new

boundary conditions are

¢ :Qte; P =D, (constant) O7)

¢=&;P=D, (constant) (98)

This gives the equations for the co-efficients as

E, +F,0)(¢,)=p, for m=0 (99)
E2mP2m(<te)+F'2m Q2m(£e):0 fOl" mz1 (100)
E,+F0,()=p, for m=0 (101)
E,. P, ({)+F,Q,,(5)=0 for m=z1 (102)

Solving the equations (99) and (101) for m = 0yields
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F o= D.— D
*T0(E)-0,(&)

(103)

pP.~
E0: 1 0 1
P 0@ - QO@Q “) (109)

For, m =21 [from (100) and (102)]
{ 2m ({ ) QZm ({ )}|: :| — |:O:| (105)
2m (51) QZm (51) O
This a matrix equation of the form Ax = 0. Since the determinant of matrix Ais in general,

non- zero for & # &, the only possible solution is ¥ =0.

This gives the expression for the soil pressure as

_ P~
R R T IAryrwr yrotCC LD

The flux density entering the root through the cortex-soil interface is

_K, 1 Op, . _K, sinh & Op,
Dooir = - =" (107
H L\/smh & +sin’/j 0F ¢ u L\/smh & +sin’fj 0§
The flow rate is calculated as
vml J.qsozl ‘fl 1 (1 08)

Where dA ; is the area element on the cortex-soil interface and is given by
1

dA; = hgh,dpdij = I’ Jsinh? & +sin® /7 sinh & sinfd@dil = I*\[& - \J& =1y1-n* dgdr
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Now 77 =cosf] = dn =—sin/fjdfj which gives _dan_ =dn

Therefore

dd, = —Lz\/ff -n’ \/512 -1d@dn
Once again, under the slender body limit ¢, — 1 the area element is approximated to that

of a perfect cylinder whose base radius is the same as that of the ellipsoid corresponding

to 51 . This approximation, gives

= -12\&* ~1d@dn

And

aps —_ p '
4 |£1 Qo(f) Qo(fl)Q () (1%

The flow rate is therefore, calculated as

0= [t = [H—She 0, (&) JE ~1dgdn

papay \/smhzf +sin’ 7 Qo(f) Qo(f)

0 1
0' 1 —d
1 0 E)-0,8)° (5),);0«/521—/72 7

Under the slender body limit where & — 1

_ 2 K p.~
1_2 L ! — S e OV |
0 =2 D 0 <<‘>I \/

Which upon integration gives
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— 2 li b Zl ' 7
C=2mL(&° 1) < EN—
Qsml ( : ) H Qo(fe) Qo(@i)QO( 1)(2)

The Resistance of the soil is given by

—_ pe _pl
Rsoi - (1 1 0)
l Qsoil
Substituting the expression for Qsoil gives
R, = : (111)
soil K 1 T
2mL(&7 -1) > 0, '(¢))
1 H 0, (8,)=0,(S) )
Employing the relation
"o 1
QO (x) - xz -1
simplifies the above formula to
_ -1
Rsail - K 1 T (1 12)

)

], s i
H Qo(fe) _QO({I) 2
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9. Resistance of the Root

The prolate spheroidal model for the Hydraulic Resistance of a single root was derived
by Chen (2016). In this model, the root surface is geometrically modeled as one half of a
prolate-spheroid with the base of the root located at z =0 (Fig. 3). The problem is solved

in alternate prolate spheroidal coordinates (&,/7,¢)and the Cartesian coordinates (x, y, z)

are related to the prolate spheroidal coordinates by

x=L\E =1J1-n° cos @,y = L\/E —11-n* sing,z = LN, (113)
where 1£6<0,0<n<1,0<¢@<27T;Lis the focal distance.( Note that the alternate

prolate spheroidal co-ordinates mentioned here are related to the prolate spheroidal co-

ordinates mentioned in section 2 by (9) ) Here constant values of (&,/7, @) represent families
of confocal ellipsoids, confocal hyperbolae and two-dimensional flat planes respectively.

The ellipsoidal root surface is described by § =&, . The interface separating the stele from

the cortex vessels is modeled similarly as one half of a prolate-spheroid confocal with the

root surface, & =¢,(¢&, <¢) and the flow in the stele is assumed to be one dimensional,
along the z-axis towards the base of the root. z, = L¢, is the length of the stele, and z, = L¢

is the length of the root. At the base of the root,z =0, the radius of the stele is
1, = L\|& —1and the radius of the root is 7, =L./& —1The stele core and the cortex

annulus occupy the regions 1< < and§, < & < ¢, respectively.
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} Endodermis

Phloem

-
Apical Meristem

FIGURE 3. A root modeled as a composite structure of two ellipsoids. Gravity is

negligible at single root scale

Under the slender-body approximation (Batchelor, 1967), the hydraulic resistance of

the root is given by (Chen, 2016),

2In2-1-g(Cyp,$p»$))

00(§) ~9p(§) +(&, +1) C
Ry =5t —— : E T
‘ 2_(502_1);[‘1% W (&)t bzmgzm(fo):”\/zm—

where,

C,, =A(& —1) is known as the dimensionless root conductivity and

3 (4m+1)(&, + 1, P, (0)
g( SD:EO,EJ:Z 0 im 2m
= am(am +1)-Co_ ConC) P (6) = B0 (€0)00 (&) _ 5 4y
Cto -1 sz(EO)sz(El)_})Zm(EO)sz(é—l)

(115)
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2m(2m +D)(4m +1)(&, +D1,,00(§) P, (£)

me = ?
2m(2m + 1) 5 QZm(fo) #(E) =P, (£)0,, (6]~ (& + DD, (&)PR,, (&)~ B, (6)0,, (6)]
a,, ==b,, 2,4 ym=1.
£,,(4)

(116)

The simple sum of the resistance of the soil and the root is
Rsoil+root = Rsm'l + Rroot (1 17)
Rsail+mot = Rsail + Rraot
_ -1
L% 1 )
H Qo(fe) _Qo(é) 2
2In2-1-g(C,,,¢,,
QO(EO)_QO(éTI)_'_(EO_'_l) n g( sD 60 fl)
ﬂ CSD
2k L & , | P, (o
¢ 5_(502 _I)Z[QZm})Zm(EO)+b2mQ2m(EO) J.\/L
m=1

(118)

Now define a non-dimensional resistance R, as
Esoilﬂ’oot = 277L£Rsoil+ruot
U
Then,
Rmilﬂfoot = 1_1 T
)

L 0/E)-0,(&) 2
Qo(fo)—Qo(El)ﬂfo+1)21n2_1_§(csmfo,<i) (119)

z >[4, P, - P, @)
2

(8 1) S P& 0,00, 6] D [0

m=
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and R

soil+root

10. Difference between R

total

To check if the resistance of the soil-root system is the same as the sum of the resistance

of the soil and the resistance of the root, a quantity R, which represents the difference is

diff
defined:
Rd[ﬁ’ = Rtotal ~ Roit+root (120)
Once again, a non-dimensional resistance difference is defined as
— K
— C
Ry =27IL—=R
u
which gives
Rdijf = total _Rsoil+r00t N (121)
600
500
D 400
Rdiﬂ'
300
- 0.01
200 e . —
100
0.1
200 400 600 800 1000
A
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|

diff l
200 400 600 800 1000

FIGURE 4. R

ay VS A for & =1.00005 ,¢ =1.00125, &, =10 with different values of

T as shown

This difference is plotted in Fig. 4 for selected cases. These plots clearly show that, in
general, the difference in resistance is non-zero, and claiming that the resistance of the soil
and the root system is the simple sum of the resistances of the soil and the root can yield
erroneous results. Therefore, despite having a fluid flow problem that is governed by a
linear equation (Darcy’s law) and linear boundary conditions, the resistance does not have
a linear relationship.

This non-additivity of the resistance is due to the one-dimensional flow towards the
base of the stele. Recall that while calculating the resistance of the root, a constant pressure
was imposed on the cortex-soil interface. However, the solution for the complex root
structure showed that the pressure along the cortex-soil surface is not unifrom. While the
ellipsoids representing the stele, cortex and outer boundary are confocal, the flow field is
non-confocal, with a non-uniform pressure distribution on the cortex-soil surface. This is
contrast to the problem solved by Chen (2016) where a constant pressure is imposed on the

root soil interface.
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This non-additivity of resistance is in direct contrast to one-dimensional problems for
which the resistance is an additive quantity. For one-dimensional problems, the boundary
separating two different regions is a point, and the pressure, or the potential, only needs to
be specified on such a single point. Thus, the resistance is the sum of the resistance of each
segment. For two-dimensional problems, the boundary between two different regimes is a
surface; and there is no guarantee that the potential on the boundary surface can be
maintained as constant. In other words, despite of the linearity of the problem, the analogy
to electric network is only appropriate for one-dimensional problems. Unfortunately, this
limitation has not always been obeyed, as many work in the literature have abusively used
such an analogy based on the argument of the linearity of the problem. On the other hand,
this does not diminish the value of the resistance of a single root: in a macroscopic
approach, the single root can be treated as a point; as such, there is no issue about the
“uniform pressure” on the cortex-soil surface. Then the difference between the pressure of
the soil and the pressure of the root at the same spatial location and the single root resistance

can be used to compute the water-uptake of the single root at that location as

( p(@)-p, (x)) / R , as discussed in the Introduction section.
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11. Optimum root shape for minimum hydraulic resistance

The hydraulic resistance of a root represents an intrinsic property of the root that is
independent of the soil conditions. It is calculated as the ratio of pressure difference to the
flow rate when a constant pressure on the cortex-soil interface is imposed. The root

hydraulic resistance is given by

2In2-1-g(C,,,&,.&)
CsD

Qo(go)_Qo(fl)'*'(@(o +1)
(122)

RVOU[ =

U
2mCL 2 S ! ! l P2m
727_(4(0 _I)Z[aZmPZm(EO)+b2mQ2m(£0):|_([ \/%dO'

m=1

where,

C,, =A(& —1) is known as the dimensionless root conductivity and

-\ (4m+1)($, +11,,5,(0)
g(CsD’EO’EI) = Z 0 im 2m
m=1 2m(2m +1) E'SD Q?m (EO )sz (El) P2'm (E())sz (El) _
50 -1 QZm(EO)f)Zm(El)_PZm(EO)QZm(El)

(o +1)

2m(2m +D(dm +1)(& +D1,,00(§) P, (§)

me = b
2m(2m + 1);“31[% (&)P,,(§) =B, (80, (6)]1= (& +DIQ,,, (&) B, (&)~ B, ()0, ()]
a, ==b,, 2. (&) ,m=1.
£, ()

The volume of the entire root, given by the volume of the ellipsoid representing the cortex-

soil surface is

v =§7Txlzlz (123)

where x, is length of the semi-major axis of the ellipsoid and z, is the base radius or length

of semi-minor axis of the ellipsoid and are given by
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:LE1

(124)
Z = L(Cﬁz _1)1/2
Substituting (124) in (123) gives
V=2 D). (125)
Thus,
w, 1)
L= (—‘ > j . (126)
27 & 1)

Therefore, the expression for resistance can be re-written as

Qo(fo) _Qo(é) +(§(0 +1) 21n2_1_g(CvD9 50551)

H c,
Rr00t= 3 s,
CL— To(g - +b, O £,(9) 4
2mc(2ﬂ£1(£12_1)j 2 (EO )Z[aZm (Eo) 2szm(<ro):|j\/—
:#*J(CSD,%,&) (127)
3Vlj
27K, | —
2T
where
i Qo<<‘o>—Qo(<i>+<fo+1)21n2—1—§<6w,50,<i>
HCotnt)® 1 T < . P(9) ,
| &) @B () 45,0 (6 ]
(fmff—l)j > );[ IJ—

(128)

45



The ellipsoidal co-ordinate, , that represents the cortex-soil interface can also be

expressed as the length-to-base radius ratio of the entire composite root. First define a

length-to-base radius ratio as

Pt S (129)
2
Z & -1
Thus ¢, is given by
1
¢ = (130)
1
1——
ll

Next, a parameter £ is defined, that represents the ratio of base radius of the stele to the
base radius of the root:

5:Vﬁ_1<1 (131)

&-1

In the following section, the dependence of resistance on the shape of the root is
discussed.

11.1 Dependence of resistance on [, for constant C,,

From (123) to (131), it can be noted that by fixing the volume V] of the root and fixing
the parameters C,,, i4,K. and 3, allows the study of dependence of the resistance on the

geometric parameter /,, by studying the functionJ(/,,C,,, ).
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FIGURE 5. J({,,C,,, B) vs [, for different values of C,;, as shown in the figure

@) B=025 (b) B=0.5(c) B=0.75

From Fig. 5, it can be seen that for a fixed value of C , and f3, the resistance decreases
with increase in the root length-to-base radius ratio/;. This can be understood by equations
(130) and (131) and the definition of C,,, , which is

Cp=AE-1) . (132)
It can be seen from (130) and (131) that increasing/ causes a decrease in both ¢, and ¢
and therefore, an increase in A according to (132), since C,, is fixed. Therefore, increasing
[, leads to a thinner or more ‘slender’ root. This decrease of ¢ has two consequences for

the flow rate at the base of the stele. It increases the inverse square root singularity of the
pressure gradient at the tip of the stele (Chen, 2015 and Chen, 2016), which significantly

increases the velocity of the flow in stele. On the other hand, it also causes a reduction in
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the cross-sectional area at the base of the stele (represented by (&; —1)), which reduces the
area available for water uptake. However, the requirement of a constant C,;, requires that

A to increase as the inverse of (& —1)according to (132). Therefore any contribution of

the decreased base area in reducing the flow rate (or increasing resistance) is exactly

cancelled out by the increase in A . Therefore, the increase in velocity due to the increased

pressure gradient causes the resistance to decrease with increasing/, .

11.2 Dependence of resistance on I, for constant A

Further insights can be gained into the dependence of resistance on root shape by
substituting C,,in (132) in (128) to study the function J and therefore the resistance as a

function of A . This allows separation of the effect of A from the geometry of the root.

2000
2k 74
i
| / 5000
NN
o 7500
P 10000
0.5 // /
o /15000
0.2
‘; é 1I0 5I0 1 60

(a)

49



2000
0.50} ///
JU 2 ) / 5000
0.20 ////// 7500
: 10000
\\\\\\\\\ /////// ///;/15000
0.10} v ard
AN .
\: — P ///
1 é 1IO SIO 1(‘)0
ll
(b)
2000
0.20}
J( 4 5) 5000
0.10p 7500
10000
15000
i S
0.05 = S ////
N ol
\\\\ //// /
\‘\::*—' il //’ /
0.02F 1 5 10 50 100
]
(©)

FIGURE 6. Log-Log plot of J(/,,A,{) vs [, for different values of A as shown

()3=0.25 (b) B=0.5(c) B=0.75

It is observed from Fig. 6 that, in general, the resistance decreases when the stele-to-
cortex permeability ratio A is increased. Furthermore, for any given permeability ratio,

there is a minimum resistance at an optimum value of length-to-radius ratio /. As discussed
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previously, an increase in / causes a corresponding decrease in &, and ¢, which increases

the ‘slenderness’ of the spheroid and enhances the tip singularity (Chen, 2015 and Chen,
2016), while decreasing the area available for water uptake at the base. While the tip

singularity is present for all values of A, it is important to note that the limitation of a

constant A is imposed and not one of constant C ,, . Therefore the two effects of decreasing

¢, compete to alter the resistance, while A being constant, does not affect the behavior.

An optimum ‘slenderness’ or length-to-base radius ratio of the root exists, where the
resistance is minimum (see Fig. 6). This minimum is seen for both low and high values of

stele-to-cortex base radius ratio 3.
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FIGURE 7. [

Lo VS A at for different values of 3 as shown

Fig 7. shows the optimum length-to-base radius ratio /  againstA . The optimum

,opt

length-to-base radius ratio /,, increases with A. This can be understood from the

discussion above, where an increase in the stele-to-cortex permeability ratio A allows for

increased shrinking of the root size and therefore corresponds to a higher optimum value
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of /. It is possible to find a &, for a given value of /,,, given value of A and /3 from

(130) and (131). An optimum C, is defined as

— 2
CvD,opt - /] (EO,opt - 1) * (1 33)
15 0.9

C)D./l/}l10

0.75
5

0.5

0.25

— 0.1
4000 6000 8000 10000
A
FIGURE 8. C, , versus A for different values of Bas shown.

C

.o VEISUs A for different values of Bis plotted in Fig. 8. It is seen that for a fixed

value of 5,C,,, , . remains constant irrespective of the value of A . Therefore, the optimum

D ,opt

shape for minimum resistance can be collapsed down to a dependence of C,, ,, on a single

parameter . Fig 8 shows a plotof C,,  against3. C, increases with [ata very slow

D ,opt D,opt
rate at low values of [, while the rate of increase is much higher at higher #values. This

curve applies to any value of the stele-to-cortex permeability ratio A .
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Therefore, in order to minimize the resistance for a given value of the base radius ratio 3,

it has to be ensured that the value of C is appropriately chosen according to Fig 9.

sD,opt

Upon choosing this, any combination of A and¢, ,, that give the corresponding value of

C

0. Will minimize the resistance. Physically, increasing A decreases the resistance of the

stele; while decreasing é, has two effects: it increases the slenderness of the stele, thus

enhancing the pressure gradient singularity at the tip, leading to an increased velocity in

the stele; On the other hand, it decreases the base radius of the stele and therefore the area

available at the base for water uptake. The optimum value of &, for minimizing resistance

can be determined from (133).
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12. General Results for Optimal Root Shape

12.1 Physical Justification of the cylindrical area approximation
The formula for the hydraulic resistance of the composite root that was used in sections 11

and 12 was derived by Chen (2016) as

_DOp,, (134)

RVOO[ -
QI”OO[

Where Ap . is the difference between a constant pressure imposed on the cortex-soil

root

interface ( p,) and the pressure at the base of the stele (p, ), and the flow rate of the

composite root system is

ZZTLKC T, - \ (a)
Qraot_ (50 ){EBOQO(EO)-'_;[ 2m 2m(50) Bzszm(Eo):U‘\/— }
(135)
Where

B = 2m2m+1)Am+1)& +D5,0,(§)B,, (&) B
" 2m2m+DAQ,,(§)B, () =B, (&), (E)1-(& +DIC,(&)B, () B, (&0, &)

(136)
a,, ==, L) 5 (137)
£,,($)
& -1
By=-— 7l 138
0 HAE, &) Ap,,,, ( )

2In2-1-g(A.4,,$)

H(A,6,,6) = (& =D(Qy(§) = Q(§)) + (&, +1)

A
(139)
S (4m +1)(& +D1,, P, (0)
g(/]agoagl)zz 0 = 2m* 2m
"1 2m(2m +1)/] sz(go)sz(ﬁi) Pz,n(fo)ern(@i) _(EO +1)
0,,(&)P,,, () =P, ($)0,,,(4)
(140)
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Note that the formula for the flow rate of a composite root system given by (135) has the
same form as (91) for Q. with the only difference being the coefficients of the Legendre
Polynomials.

For the derivation of O

root 2

Chen (2016) employs the slender body approximation to replace
the surface area of the stele with the surface area of a cylinder of the same length and base
radius as the stele. (This is the same method employed in deriving (91) for QO ). The flow

rate is given by

1
O =[a DA, . dn (141)
0

where g (77)is the flux density at the stele cortex interface ( eq. (32) in the work of

Chen(2016)) given by
k.1 [&-1 , i , :
q,(7) :ICZ\/; {B'O 0,(&,) +;[A'2m P, (&)+B",, Q2m<fo)]@m<rz)}
(142)
And Ag‘g:‘(0 ip is the area per unit increment of /7 on the stele cortex interface, under the

slender body approximation of an equivalent cylinder ( eq. (33) in the work of Chen(2016)

) and is given by

Af\{zfo,dnzl L 2mmn L =27 -1 (143)

(142) and (143) are then substituted into (141) to obtain the flow rate O,

oot

which results

in the formula given in (135). The model for the composite root derived by Chen (2016)
assumes the existence of a hydraulic dead zone close to the tip of the root. As explained in

the work of Chen (2016), this is based on the findings of Frensch & Steudle (1989), who
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experimentally found that the axial conductivity of the xylem decreases from a constant
value to zero within a short distance to the tip. The cone-shaped tip region requires the
radius of all xylem vessels to shrink to zero in the region. Therefore, the anatomy of the
root makes the tip region not “functional” for water uptake; and a root’s water-uptake is
accomplished only by the portion of the root behind the tip region, which has nearly
constant radii for both the root outer surface and the stele. Therefore, the physical root is
replaced by an equivalent mathematical root of same base radius, but of shorter length,
whose surface is porous and allows for water to enter. Under the slender body limit, both
the physical and mathematical root become equivalent and this justifies the use of slender
body approximation for the surface area of the stele. This idea is illustrated in the figure

below.

Hydraulic Dead Zone

Physical Root ————— :.

Physical Root
(Region that allows for water transport) ‘_d_/_J
Equivalent Mathematical Root —— 4\

FIGURE 10. Schematics of Mathematical and Physical root geometries

56



Upon neglecting the hydraulic dead zone in the physical root, it can be seen that the
resultant shape can be closely approximated by a cylinder that has the same base radius as
the root. (The above figure is not to scale with the physical dimensions of the root, and is
only for illustration). As discussed by Chen (2016), despite the presence of a hydraulic
dead zone, there will always be a flux singularity as the flow converges close to the tip
region. The equivalent mathematical root that is modelled to solve for the flow field and
compute the resistance has the same base radius as the physical root but is of shorter length,
in comparison to the ellipsoid representing the physical root. However, it fails to capture
the actual area of the physical root. Thus, it seems reasonable to apply the slender body

approximation to approximate the area.

12.2. Hydraulic resistance without cylindrical area approximation

If the slender body approximation is not used and the flow rate entering the stele is
computed without approximating the surface area of the stele as that for a cylinder, a

different hydraulic resistance formula results (this result can also be inferred from Chen,

2015),
]A?: H H(/‘JfO’El) (144)
2mlk, & -1
H(/Lfoafl):(ff _1)(Q0(§(0)_Q0(<(1))+(60+1)(2ln2_1_g(/19609€1))//] . (145)
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For a specified root volume V] , the hydraulic resistance R can be written as

p = H(Cp. 6 E)

T (146)
&
27K,
21T
where
JA&.&)=(&8(& -D)" HLE.E) /(&) . (147)

The same optimization strategy can be used to minimize the hydraulic resistance R . The
results are similar to those discussed in the previous section. Once again, the optimum

stele conductivity CYD,UP,

depends only on the base-radius ratio S (Fig. 11). The values of

Cypop » hOwever, are smaller than those under slender body approximation. The curve
Cypop V8 Bis given in Fig. 12.
10t —— —
09
8
6
(‘V\/)ﬂp/
4 0.75
2 05
025
- 01
4000 6000 8000 10000

A

FIGURE 11. C, ,, versus A for different values of [ for R
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13. Conclusion

Analytical solution for flow-field in a composite root coupled with soil is presented and an
expression for the combined resistance of the soil and root system has been derived using
the slender body theory. It is shown that, in general, the individual resistances of the root
and soil are not linearly additive and this non-linearity was due to the non-confocal terms
in the problem. This result can play a key role in future modelling of water uptake, since
the resistance R is a key term that is used to calculate the volumetric sink term § in
Richard’s equation and this non-linearity has to be appropriately considered.

The dependence of hydraulic resistance of the root, on the shape of the root was studied.
At values of constant dimensionless root conductivity, it was found that the resistance
decreases continuously with increase in slenderness of the root. This intrinsic property of

the root was found to have a minimum at some optimum value of root length to base radius

ratio at values of constant permeability ratio A . And when translated in terms of C,;,, the

optimum value of C,, is independent of A , and depends on the ratio of stele radius to root
radius 3.

The physical justification for the slender body approximation of the stele surface by a
cylinder is discussed. The flow rate of the composite root system was also calculated

without the approximation. The slender body approximation always predicts a constant

enhancement of the flow rate. Upon avoiding this approximation, however, it is shown that
the enhancement of flow rate exists only at higher values of &, while at lower values, the

enhancement is close to zero.
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