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ABSTRACT  

   

Analytical solution of the pressure field for water uptake through a composite root, 

coupled with fully saturated soil is derived by using the slender body approximation. It is 

shown that in general, the resistance of the root and soil are not additive. This result can 

play a very important role in modelling water uptake through plant roots and determination 

of hydraulic resistances of plant roots. Optimum plant root structure that minimizes a single 

root’s hydraulic resistance is also studied in this work with the constraint of prescribed root 

volume. Hydraulic resistances under the slender body approximation and without such a 

limitation are considered. It is found that for large stele-to-cortex permeability ratio, there 

exists an optimum root length-to-base-radius ratio that minimizes the hydraulic resistance.  

A remarkable feature of the optimum root structure is that the optimum dimensionless stele 

conductivity depends only on a single geometrical parameter, the stele-to-root base-radius 

ratio.  Once the stele-to-root base-radius ratio and the stele-to-cortex permeability ratio are 

given, the optimum root length-to-radius ratio can be found.  While these findings remain 

to be verified by experiments for real plant roots, they offer theoretical guidance for the 

design of bio-inspired structures that minimizes hydraulic resistance for fluid production 

from porous media.   
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1. Introduction 

The need for a quantitative expression of water uptake through plant roots is a problem 

of key importance to plant biology and ecology. Water-uptake from soil by a plant’s root 

system has been studied extensively during the past seven decades (Philip, 1957; Gardner, 

1960; Cowan, 1965; Landsberg & Fowkes, 1978; Molz, 1981; Passioura, 1988; Steudle & 

Peterson, 1998; Doussan et al., 1998; Steudle, 2000; Raats, 2007; Roose & Schnepf, 2008; 

Stroock et al., 2014). A single root has been historically modelled as an infinitely long 

porous cylinder with a two dimensional radial flow around the cylindrical root (Gardner, 

1960; Landsberg & Fowkes, 1978; Ratts, 2007). In this model, the flow inside the stele is 

modelled to be one dimensional, along the root’s axial direction since the flow through the 

stele and further onto the plant is dictated by xylem tubes that are aligned along the axis of 

the stele. Outside the stele, the flow is modelled to be purely in the radial direction, 

perpendicular to the axis of the stele.  

It is important to consider the macroscopic root system and its relation to the water 

uptake calculation of a single root. The differential equation at the macroscopic level that 

governs the flow of water in the soil which is coupled to water-uptake by a root system, 

known as the Richard’s equation (Raats, 2007), is given by 

[ ]K p S
t

θ∂ = ∇ ⋅ ∇ −
∂

 

where θ is the volumetric water content (or relative water saturation; moisture content);

( )K K θ= is the conductivity in the soil which depends on the local water content; p is the 

water pressure in the soil pores which is also linked to the local water content, ( )p p θ= ; 
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and S is a volumetric sink term representing root water-uptake. The term S is of extreme 

importance as it represents the water uptake and one way to model it is  

( ) ( )
( ) rp p

S N
R

θ −= x
x  

where ( )N x is the root density distribution (number of root per unit soil volume); R is the 

single root hydraulic resistance; ( ) ( )rp pθ − x  is the difference between the water pressure 

in the soil and the water pressure in the root; and ( )( ) ( ) /rp p Rθ − x   is the water-uptake by 

a single root.  The term R  represents the hydraulic resistance of a single root and is the 

ratio of pressure drop across the root divided by the flow rate at the base of the stele. The 

determination of this resistance requires knowledge of the flow field in a single root.  

  Raats (2007) has discussed the various models used for modelling plant roots and all 

these models are variations of the basic model formulated by Gardner (1960). The above 

mentioned model of a two-dimensional flow has serious limitations, because in reality, the 

finite length of a root causes the flow around the root tip to be locally three-dimensional 

and the large flux near the tip makes a significant contribution to the water-uptake rate 

which the Gardner model fails to capture. 

To account for this three dimensionality of the flow, Chen (2015) modelled the root as 

a slender semi-prolate spheroid consisting of a single uniform structure, the stele. This 

configuration yielded an analytical solution in terms of Legendre polynomials and the 

resulting flow field is three-dimensional near the tip of the root and shows a converging 

flow field close to the tip. This work also showed that by not considering the finite length 

of the root and the resulting three dimensional flow, the Gardner (1960) model under-
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predicts the flow rate in comparison to the model proposed by Chen (2015). The physics 

of the resulting flow field is discussed in detail by Chen (2015). 

 The hydraulic resistance, which is a key part of the volumetric term S, is the ratio of 

pressure drop across the root to the flow rate through the base of the stele. The under-

prediction by the cylindrical model results in a higher computed resistance of the root. In 

view of this, a new formula for the computation of root resistance is offered by Chen 

(2016), by considering a semi-prolate spheroidal geometry for the root and specifying a 

constant pressure (labelled P1 in this work) at the root-soil surface. The root is modelled to 

consist of an inner stele in which the flow is assumed to be one-dimensional and an outer 

cortex. The resistance is then calculated as the ratio of the pressure difference between the 

root-soil surface pressure and the pressure at the base of the stele, to the volumetric flow 

rate in the stele. In the composite root model of Chen (2016), the flux from the cortex to 

the stele has a singularity close to the tip of the stele and this is due to the same physics 

that cause the flow from the soil to a single root to have a singularity at the root tip, as 

discussed by Chen (2015).   

It is commonly believed in the plant biology community that the hydraulic resistance 

is additive, using such analogy as electric resistance in serial, i.e. the resistance of the root 

and soil system is the sum of the resistance of the root and the resistance of the soil. 

However, we show in this study that, in general, the resistance of the combined root and 

soil system does not equal the sum of individual resistances of the root and soil. This result 

can play a key role in future modelling of water uptake in plants since, a flow governed by 

a linear law does not necessarily give a linear relation for the resistances when the flow is 

not one-dimensional. 
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This is shown by coupling the composite root system of stele and cortex with the soil 

to form an extended domain and specifying a constant pressure eP  at the outer edge of this 

domain and a pressure wP  at the base of the stele ( 1w eP P P< <  ). Now, the resistance of the 

combined soil and root system would be given by the difference between eP and wP  divided 

by the flow rate at the base of the stele.  

The soil resistance is computed by considering the region of soil bounded by the outer 

ellipsoidal constant pressure boundary and the inner confocal soil-root boundary. A 

constant pressure 1P  is imposed on the root-soil interface. The flow rate through the soil 

for this configuration is then computed and used to calculate the resistance of the soil. 

The hydraulic resistance of the root is then calculated by computing the flow rate 

through the composite root with the constant pressure 1P imposed on the root soil surface. 

This formula was derived by Chen (2016) as mentioned earlier and is adopted for the 

computation of the hydraulic resistance.  

It is then shown that the resistance of the coupled system is not equal to the sum of the 

resistances of the soil and root. For the coupled composite root and soil system solved in 

this work, we find that the pressure along the cortex soil interface is not a constant for finite 

values of dimensionless root conductivity and therefore adding the separate resistances of 

soil and the composite resistances yields wrong results, since the fluid flow in the soil is 

not hydrodynamically coupled to the fluid flow in the root. As the dimensioneless root 

conductivity becomes infinitely large however, we find that the pressure on the root-soil 

interface becomes constant and under this limit, the resistances are additive.    
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The dependence the hydraulic resistance of the root, obtained by Chen (2016), on the 

root shape is also studied by considering the dependence of resistance on the length-to-

base radius ratio of the root. At constant values of the dimensionless stele conductivity, the 

resistance decreases continuously when the length to-base radius ratio of the root is 

increased. It is also seen that for a given value of permeability ratio λ , there exists an 

optimum length-to-base radius ratio which minimizes the hydraulic resistance. This 

optimum length-to-base radius ratio corresponds to a constant value of the stele 

dimensionless conductivity which is independent of the cortex-to-stele permeability ratio.  

The optimum stele dimensionless conductivity, however, depends on the volume fraction 

of the stele.  

For the purpose of this study, the soil is assumed to be completely saturated at all times 

and a steady state problem is solved. At the moment, the discussion does not involve a time 

varying problem. 
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2. Mathematical formulation 

The system under consideration is a root with a composite structure of a stele and 

cortex surrounded by completely saturated soil. The soil saturation is considered to be 

independent of time for this analysis. The composite root is taken to consist of an outer 

cortex and an inner stele (or xylem) with permeablities cκ  and xκ respectively. The stele 

and the root are modelled as confocal spheroids and the soil outer boundary is also an 

ellipsoid, confocal to the ellipsoidal surfaces representing the complex root. This surface 

is taken to be at a constant pressure and the soil permeability represented by sκ  (Fig. 1). 

 

FIGURE 1. Prolate spheroidal modelling of a composite root in a saturated region of 

soil. 

 



  7 

The flow along the stele is modelled as one-dimensional with the pressure being a 

function of only one ellipsoidal co-ordinate (η% ). The prolate ellipsoidal co-ordinates are 

given by , ,ξ η ϕ% % %  . Here, surfaces corresponding to constant values of ξ%  represent confocal 

ellipsoids, surfaces corresponding to constant values of η%    represent confocal 

hyperboloids and ϕ% represents the azimuthal angle. The prolate ellipsoidal co-ordinates 

are related to the Cartesian co-ordinates by the following transformations 

 

cosh cos

sinh sin sin

sinh sin cos

x

y

z

ξ η
ξ η ϕ
ξ η ϕ

=

=

=

% %

% % %

% % %

   (1) 

The stele-cortex interface is represented by the ellipsoidal surface corresponding to a 

constant 0ξ% , the cortex-soil surface is represented by 1ξ%  and the outer boundary of the soil 

is at eξ% . The problem is axisymmetric about the x  axis. Therefore no changes take place 

along the azimuthal direction ϕ% and all dependence on this co-ordinate is neglected. 

At the outer boundary in the soil corresponding to eξ%  a constant pressure eP  is specified 

while at the base of the stele (which corresponds to
2

πη =% ), a constant pressure of wP  is 

provided. In the following section, the differential equations for different sections of the 

domain are derived. 
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3. The Differential equations 

3.1 Differential Equation in the Soil ( 1 eξ ξ ξ≤ ≤% % % ) 

The equation of continuity for a steady incompressible flow is 

 . v 0∇ =r
   

The flow of a fluid in a porous medium obeys Darcy’s law and is given by   

 v P
κ
µ

= − ∇r
  (2) 

Where κ  represents the intrinsic permeability of the medium, µ  represents the dynamic 

viscosity of the fluid, v
r

 represents the fluid velocity and P  is the pressure at given point. 

When written as the components in the respective prolate spheroidal co-ordinates, we get 

 
1

v
P

hξ
ξ

κ
µ ξ

∂= −
∂%

%
%

  (3) 

 
1

v
P

h
η

η

κ
µ η

∂= −
∂%

%
%

  (4) 

and v 0ϕ =
%

 since the problem is axisymmetric about the x-axis. Here hξ%  and hη%  

corresponds to the scale factors of these two co-ordinates and are given by 

 2 2sinh sinh h Lηξ ξ η= = +% %
% %   (5) 

 sinh sinh Lϕ ξ η=
%

% %   (6) 

And L  represents the focal length. When Darcy’s law is substituted into the continuity 

equation for constant κ  and µ  , the pressure equation becomes 
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2 0P∇ =  

 If the pressure in the soil is denoted by sp  , the above equation is expanded in prolate 

ellipsoidal co-ordinates as 

 0s s
h hh h p p

h h

ϕη ϕ ξ

ηξ η ηξ ξ
   ∂ ∂∂ ∂+ =      ∂ ∂∂ ∂   

%%% %

% %
% % % %

  (7) 

When the expressions for the scaling factors are substituted, we get 

 sinh sin sinh sin 0s sp p
L Lξ η ξ η

η ηξ ξ
 ∂  ∂ ∂ ∂+ =   ∂ ∂∂ ∂   

% %% %
% % % %

  (8) 

Here, the problem is transformed to a new set of co-ordinates , ,ξ η ϕ   and these are related 

to the prolate spheroidal co-ordinates by the following relation 

 

cosh

cos

ξ ξ
η η
ϕ ϕ

=
=
=

%

%

%

  (9) 

Substituting these relations and dividing by sinh sinL ξ η% %  gives  

 
2 2

( 1) (1 ) 0s sp pξ η
ξ ξ η η
 ∂   ∂ ∂ ∂− + − =   ∂ ∂ ∂ ∂   %   (10) 

The solution for the above equation is discussed in Section 4. 
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3.2 Differential Equation in the Cortex ( 0 1ξ ξ ξ≤ ≤% % % ) 

 

The flow in the cortex is similar to the flow in a soil except that it has a different 

permeability. Similar to the soil, the differential equation for the pressure in the cortex ( cp

) is  

 2 2( 1) (1 ) 0c cp pξ η
ξ ξ η η
 ∂   ∂ ∂ ∂− + − =   ∂ ∂ ∂ ∂   

  (11) 

 

3.3 Differential Equation in the Stele ( 00 ξ ξ≤ ≤% % ) 

 

The flow along the stele satisfies the continuity equation and in prolate ellipsoidal co-

ordinates, this is given by  

 
( ) ( )

0
h h v h h vη ϕ ϕ ηξ ξ

ηξ
∂ ∂

+ =
∂∂

% %% % % %

% %
  (12) 

Multiply by 2π and integrate with respect to ξ%  from 0 to 0ξ%  to get 

 ( ) 0

0

2 v 0rdq
h h

d

ξ

η ϕξπ
η

+ =
%

% % %
%

  (13) 

where  

 
0

0

2 vrq h h d

ξ

η ϕ ξπ ξ= ∫
%

%% %
%   (14) 
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is the volumetric flow rate across a hyperboloid cross section corresponding to a constant 

value ofη%  . 

The flow is symmetric along the axis. Therefore at = 0: v 0ξξ =%
%  and we get 

 ( )
0

2 v 0rdq
h h

d
η ϕξ ξ

π
η

+ =% % %
%%

  (15) 

We can use Darcy’s law to write the flow rate as 

 
0 0 0

0 0 0

2 2
2 v sin sinhx xr

r r

h h p
q h h d d L p d

h

ξ ξ ξ
ϕ ξ

η ϕ ξ
η

πκ πκπ ξ ξ η ξ ξ
µ η µ η

∂ ∂= = − = −
∂ ∂∫ ∫ ∫

% % %

%%

%% %

%

% % % %%
% %

 

 (16) 

A cross sectional averaged root pressure is written as 

 

0

0

2 r

r

p h h d

p
A

ξ

ϕ ξ

ξ

π ξ
=

∫
%

%%

%

%

  (17) 

And 

 ( )
0

2 2

0

0

2 2 sin cosh 1A h h d L

ξ

ϕξ ξπ ξ π η ξ= = −∫
%

% %%
% %%   (18) 

Also 

 
0 0

2 2

0 0

2 2 sin sinhr rp h h d L p d

ξ ξ

ϕ ξπ ξ π η ξ ξ=∫ ∫
% %

%%
% % %%   (19) 

And the averaged pressure is 
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0

0

0

sinh

cosh 1

r

r

p d

p

ξ

ξ ξ

ξ
=

−

∫
%

% %

%
  (20) 

The volumetric flow rate (16) can therefore be expressed as 

 ( )0

2
cosh 1 sinx r

r

dp
q L

d

πκ ξ η
µ η

= − −% %
%

  (21) 

Substituting (21) into (15) gives 

 ( ) ( )
0

0cosh 1 sin v 0r rdpd
L h h

d d
η ϕξ ξ

κ ξ η
µ η η

 − − = 
 

% % %
%

% %
% %

  (22) 

The velocity component vξ% is continuous at the root surface 0ξ ξ=% %  , and vξ%  from the cortex 

side at the root surface is (after applying Darcy’s law),   

 
00 0

2

0

h h
(v h h ) | | sinh sin |c c c c

p p
L

h

η ϕ
η ϕ ξξ ξ ξ

ξ

κ κ ξ η
µ µ ξξ

∂ ∂= − = −
∂∂

% %

% % %% %

%

% %
%

 , (23) 

where we have used to transform the derivative 
cp

ξ
∂
∂ %

to 
cp

ξ
∂
∂

. Thus, the equation. 

for the average pressure inside the stele becomes 

 
0

2

0 0(cosh 1) (sin ) sinh sin | 0x c cr
pdpd

L L
d d

ξ
κ κξ η ξ η
µ η η µ ξ

∂− + =
∂

% %% %
% %

,  (24) 

which can be re-written as  

 
0

0

(sin ) sin | 0
1

cr
pdpd

d d
ξ

λ η η
ξ η η ξ

∂+ =
+ ∂

% %
% %

 , (25) 

coshξ ξ= %
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where 
x

c

κλ
κ

=  is the ratio between the stele permeability and the cortex permeability. 
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4. Solutions of the differential equations 

4.1 Solution in the soil ( 1 eξ ξ ξ≤ ≤ ) 

The technique of separation of variables is used to solve the differential equation (10) 

in the soil. 

Let 

 ( , ) ( ) ( )sp F Gξ η ξ η=   (26) 

This gives 

 2(1 ) 0,1
d dF

F
d d

ξ χ ξ
ξ ξ
 − + = ≤ < ∞ 
 

  (27) 

 2(1 ) 0, 0 1
d dG

G
d d

η χ η
η η
 − + = ≤ ≤ 
 

  (28) 

F andG  satisfy the same differential equation but their arguments lie in different 

ranges. This is the Legendre differential equation. For ( )G η  , it has to be finite at 1η =   , 

since
 

( , )sp ξ η  is finite at 1η =   ( 0η =%  ). Thus, the eigenvalue χ  has to be 

( 1), 0,1, 2....n n nχ = + =   

and  

( ) ( )nG Pη η=  
 

where ( )nP η   are the Legendre polynomials. The polynomials are odd functions for odd 

values of n  and even functions for even values of n  . Since ( , )sp ξ η   is also symmetric 

about 1,0η =  ( 0, / 2η π=%  ), ( )G η has to be an even function of η .Thus, we have

2 , 0,1, 2....n m m= =  . Therefore, 
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2( ) ( ), 0,1,2,....mG P mη η= =   

The solution for ( )F ξ   is a combination of the zeroth-order associated Legendre 

function of the first kind and the second kind, 2mP   and 2mQ  , respectively, of the even order 

(ξ  has a different range, and 2mQ  are not polynomials): 

 2 2 2 2( ) ( ) ( )m m m mF A P B Qξ ξ ξ= +   (29) 

A particular solution for any value of m   is given by  

2 2 2 2 2( , ) [A P ( ) B Q ( )] ( )s m m m m mp Pξ η ξ ξ η= +  

Since we have a linear differential equation for ( , )sp ξ η , the general solution is a linear 

combination of particular solutions and is given by  

 2 2 2 2 2

0

( , ) [A P ( ) B Q ( )] ( )s m m m m m

m

p Pξ η ξ ξ η
∞

=

= +∑   (30) 

4.2 Solution for the cortex ( 0 1ξ ξ ξ≤ ≤ ) 

Since the flow through the cortex satisfies the same differential equation as the soil, 

with the same range of η but ξ from 0ξ  to 1ξ  , we have 

 2 2 2 2 2

0

( , ) [C P ( ) Q ( )] ( )c m m m m m

m

p D Pξ η ξ ξ η
∞

=

= +∑   (31) 

Which has the same form as (30) for the soil, with different co-efficients. 

 

 

4.3 Solution in the stele ( 01 ξ ξ≤ ≤ ) 

 

From (25) the pressure equation inside the stele is 
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0

0

(sin ) sin | 0
1

cr
pdpd

d d
ξ

λ η η
ξ η η ξ

∂+ =
+ ∂

% %
% %

 

Notice that  

cosη η= %   

sin
d d d d

d d d d

η η
η η η η

= = − %
% %

  

( )2sin sin 1r rd dp d dp

d d d d
η η η

η η η η
   = −   
   

% %
% %

 

The pressure equn. can be transformed to 

( )
0

2

0

1 0
1

cr
pdpd

d d ξ

λ η
ξ η η ξ

  ∂− + = + ∂ 
     (32)  

From the pressure solution in the cortex, (31), we have 

0

' '

2 2 0 2 2 0 2

0

' ' '

0 0 0 2 2 0 2 2 0 2

1

( ) ( ) ( )

( ) ( ) ( ) ( )

c
m m m m m

m

m m m m m

m

p
C P D Q P

D Q C P D Q P

ξ

ξ ξ η
ξ

ξ ξ ξ η

∞

=

∞

=

∂
 = + ∂

 = + + 

∑

∑

   

2 ( )mP η  satisfies the Legendre differential equation 

2 2
2

( )
(1 ) 2 (2 1) ( ) 0, 0,1,2,....m

m

d dP
m m P m

d d

ηη η
η η
 − + + = = 
 

 

Thus,  

2 2
2

1 ( )
( ) (1 ) , 1

2 (2 1)

m
m

d dP
P m

m m d d

ηη η
η η
 = − − ≥ +  

 

Equation. (32) can be re-written as 
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2

20 2 2 0 2 2 0 2
0 0 0 1

[(1 ) ]

1 '( ) '( ) ( )
{D Q '( ) [(1 ) ]} 0

2 (2 m 1)

r

m m m m m

m

dpd

d d

C P D Q dPd

m d d

η
η η

ξ ξ ξ ηξ η
λ η η

∞

=

− +

+ +− − =
+∑

 

 (33) 

Integrate this equation once, to obtain 

 

2 0
0 0 0

22 2 0 2 2 0 2 0
11

1
(1 ) {D Q '( )

'( ) '( ) ( ) 1
(1 ) }

2 (2 m 1)

r

m m m m m

m

dp

d

C P D Q dP
c

m d

ξη ξ η
η λ

ξ ξ η ξη
η λ

∞

=

+− + −

+ +− =
+∑

 , (34) 

where c1 is an integration constant. (34) can be re-arranged to  

0 2 2 0 2 2 0 2 0 1 0 0 0

21

1 '( ) '( ) ( ) 1 ( D Q '( ) )

2 (2 m 1) (1 )

r

m m m m m

m

dp

d

C P D Q dP c

m d

η
ξ ξ ξ η ξ ξ η

λ η λ η
∞

=

+ + + −− =
+ −∑

 .

 (35) 

Notice that the symmetric condition 

     

is always satisfied by virtue of  

 

as long as pressure gradient  is finite at .  From (35), this latter requirement makes 

it necessary that 

 1 0 0 0D Q '( )c ξ=   (36) 

0

0rdp

d ηη =

=
%

%

0

0 1

sin 0r rdp dp

d d η
η η

η
η η =

= =

= − =
%

%

%
%

rdp

dη
1η =
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such that (35) becomes 

  

 
0 2 2 0 2 2 0 2 0 0 0 0

1

1 '( ) '( ) ( ) 1 D Q '( )

2 (2m 1) (1 )

m m m m mr

m

C P D Q dPdp

d m d

ξ ξ ξ η ξ ξ
η λ η λ η

∞

=

+ + +− =
+ +∑  . (37) 

A further integration gives the pressure inside the stele as 

 
0 0 2 2 0 2 2 0

2 0 0 0 21

1 1 '( ) '( )
D Q '( )ln(1 ) ( )

2 (2m 1)

m m m m
r mm

C P D Q
p c P

m

ξ ξ ξ ξξ η η
λ λ

∞

=

+ + += + + +
+∑  

. (38) 

2c  is an integration constant. The boundary condition at the base of the root can be used to 

determine 2c : 

    

Thus 

 
0 2 2 0 2 2 0

2 21

1 '( ) '( )
(0)

2 (2m 1)

m m m m
w mm

C P D Q
c p P

m

ξ ξ ξ
λ

∞

=

+ += −
+∑   (39) 

The pressure inside the stele is then given by 

 

0 2 2 0 2 2 0
21

0 0 2 2 0 2 2 0
0 0 0 21

1 '( ) '( )
(0)

2 (2 m 1)

1 1 '( ) '( )
D Q '( ) ln(1 ) ( )

2 (2 m 1)

m m m m
r w mm

m m m m
mm

C P D Q
p p P

m

C P D Q
P

m

ξ ξ ξ
λ

ξ ξ ξ ξξ η η
λ λ

∞

=

∞

=

+ += −
+

+ + ++ + +
+

∑

∑
 

 (40) 

 

 

 

/ 2( cos 0) : r wp pη π η η= = = =% %
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5. Determination of the Coefficients 

Determination the coefficients 2 2 2, ,m m mA B C  and 2mD  requires the use of boundary 

conditions. For the soil, these are 

 :e s ep pξ ξ= =   (constant outer boundary pressure in the soil) (41) 

1 1 1: ( , ) ( , )s cp pξ ξ ξ η ξ η= =  (equal pressure at the soil-cortex interface) (42) 

1 11 : | |s c
s c

p p
ξ ξξ ξ κ κ

ξ ξ
∂ ∂= =
∂ ∂

 (equal velocity vξ% at the soil-cortex interface ) (43) 

Using the first boundary condition, (and noting that for any variable, 0 ( ) 1P x = ), gives  

 0 0 0 ( )e eA B Q pξ+ =  , (44) 

 2 2 2 2( ) ( ) 0m m e m m eA P B Qξ ξ+ = for  1m ≥   (45) 

The second boundary condition and using the solution for the pressure field in the cortex, 

at 1ξ ξ=   gives 

2 2 1 2 2 1 2 2 2 1 2 2 1 2

0 0

[A P ( ) B Q ( )] ( ) [C P ( ) Q ( )] ( )m m m m m m m m m m

m m

P D Pξ ξ η ξ ξ η
∞ ∞

= =

+ = +∑ ∑  . (46) 

The third boundary condition gives 

 2 2 1 2 2 1 2 2 2 1 2 2 1 2

0 0

[A P '( ) B Q '( )] ( ) [C P '( ) Q '( )] ( )s m m m m m c m m m m m

m m

P D Pκ ξ ξ η κ ξ ξ η
∞ ∞

= =

+ = +∑ ∑  

. (47) 

The Legendre Polynomials are orthogonal to each other and satisfy the following relation: 
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1

1

2
,

( ) ( )d 2 1

0,
k l

k l
P P k

k l

η η η
−

 == +
 ≠

∫   (48) 

Applying the orthogonal condition to (46) and (47) gives 

 2 2 1 2 2 1 2 2 1 2 2 1A P ( ) B Q ( ) C P ( ) Q ( )m m m m m m m mDξ ξ ξ ξ+ = +   (49) 

 2 2 1 2 2 1 2 2 1 2 2 1[A P '( ) B Q '( )] [C P '( ) Q '( )]s m m m m c m m m mDκ ξ ξ κ ξ ξ+ = +   (50) 

The boundary condition at the stele-cortex interface is 

 0 0: ( , ) ( )c rp pξ ξ ξ η η= =  , (51) 

which gives (after using the orthogonal property of Legendre Polynomials) 

 
1

2 2 0 2 2 0 2
1

4 1
( ) D ( ) ( ) ( )

2
m m m m r n

m
C P Q p P dξ ξ η η η

−

++ = ∫ for  0m n= ≥   (52) 

Therefore, to determine the coefficients, the relations are 

For 0m =  , 

 0 0c sD Bκ κ=   (53) 

 0 0 0 ( )e eA B Q pξ+ =   (54) 

 0 0 0 1 0 0( )[D B ] 0C A Q ξ− + − =   (55) 

 
1

0 0 0 0
0

( ) ( )
r

C D Q p dξ η η+ = ∫   (56) 

For, 1m ≥   

 2 2 2 2( ) ( ) 0m m e m m eA P B Qξ ξ+ =   (57) 
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 2 2 1 2 2 1 2 2 1 2 2 1( ) ( ) C ( ) D ( )m m m m m m m mA P B Q P Qξ ξ ξ ξ+ = +   (58) 

                                  2 2 1 2 2 1 2 2 1 2 2 1[ '( ) '( )] [C '( ) D '( )]s m m m m c m m m mA P B Q P Qκ ξ ξ κ ξ ξ+ = +  (59)

   

 
1

2 2 0 2 2 0 2
1

4 1
( ) D ( ) ( ) ( )

2
m m m m r n

m
C P Q p P dξ ξ η η η

−

++ = ∫   (60) 

 

(53) is re-written as 

 0 0D Bτ=   (61) 

  where 
s

c

κτ
κ

= is the soil-to-cortex permeability ratio. Using this expression (54) is re-

written as 

 0
0 0 ( )e e

D
A p Q ξ

τ
= −   (62) 

(61) and (62) can be substituted into (55) to give 

 0 0
0 0 0 1 0( ) ( )[D ]e e

D D
C p Q Qξ ξ

τ τ
= − − −   (63) 

Substituting (63) in (56) gives  

1
0 0

0 0 1 0 0 0 0
0

( ) ( )[D ] ( ) ( )e e r

D D
p Q Q D Q p dξ ξ ξ η η

τ τ
− − − + = ∫  

which can then be re-arranged to read 

 

1

0
0

0
0 0 0 1

( )

( )1
( ) ( )[1 ]

r e

e

p d p
D

Q
Q Q

η η
ξξ ξ

τ τ

−
=

− − −

∫
 . (64) 
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The integral in the numerator is evaluated as  

 

1
1 10 2 2 0 2 2 0
0 2 010

10
0 0 0 0

1
0 2 2 0 2 2 0

21 0

1 '( ) '( )
| [ (0)] |

2 (2 m 1)

1
D Q '( )[(1 ) ln(1 ) ] |

1 '( ) '( )
( )

2 (2 m 1)

m m m m
r w mm

m m m m
mm

C P D Q
p d p P

m

C P D Q
P d

m

ξ ξ ξη η η
λ

ξ ξ η η η
λ

ξ ξ ξ η η
λ

∞

=

∞

=

+ += −
+

++ + + −

+ ++
+

∑∫

∑ ∫

  (65) 

It should be noted that for 1m ≥ ,  

 
1

2
0

( ) 0mP dη η =∫   (66) 

This results in 

 

1
0 2 2 0 2 2 0

210

0
0 0 0

1 '( ) '( )
(0)

2 (2 m 1)

1
D Q '( )[2 ln 2 1]

m m m m
r w mm

C P D Q
p d p P

m

ξ ξ ξη
λ

ξ ξ
λ

∞

=

+ += −
+

++ −

∑∫

  (67) 

Substituting (67) in (64) gives 

 

0 2 2 0 2 2 0 0
2 0 0 01

0
0

0 0 0 1

1 '( ) '( ) 1
(0) D Q '( )[2ln 2 1]

2 (2m 1)

( )1
( ) ( )[1 ]

m m m m
mm

e

C P D Q
p P

m
D

Q
Q Q

ξ ξ ξ ξ ξ
λ λ

ξξ ξ
τ τ

∞

=

+ + +−∆ − + −
+=

− − −

∑
 

 (68) 

where e wp p p∆ = −   

Eq (57) is now re-written as 

 
2 2

2

2

( )

( )

m m e
m

m e

B Q
A

P

ξ
ξ

−=  . (69) 
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Substituting this in (58) and re-arranging gives 

 
2 1 2 2 1

2 2 2

2 1 2 2 1

( ) ( ) ( )
C [ ] D

( ) ( ) ( )

m m e m
m m m

m m e m

Q Q Q
B

P P P

ξ ξ ξ
ξ ξ ξ

= − −  . (70) 

Sub (69) and (70) in (59) and re-arranging gives  

 

2 1 2 1

2 1 2 1
2 2

2 1 2 2 1 2

2 1 2 2 1 2

'( ) ( )
[ ]

'( ) ( )
D

'( ) ( ) ( ) ( )
[ ] [ ]

'( ) ( ) ( ) ( )

m m

m m
m m

m m e m m e

m m e m m e

Q Q

P P
B

Q Q Q Q

P P P P

ξ ξ
ξ ξ

ξ ξ ξ ξτ
ξ ξ ξ ξ

−
=

− − −
 . (71) 

Eq (60) reads 

1

2 2 0 2 2 0 2
1

4 1
( ) D ( ) ( ) ( )

2
m m m m r n

m
C P Q p P dξ ξ η η η

−

++ = ∫  for 1m n= ≥   

Which is re-arranged to 

1

2 2 0 2 2 2 0
1

4 1
D ( ) ( ) ( ) ( )

2
m m r n m m

m
Q p P d C Pξ η η η ξ

−

+= −∫   

Substituting (70) for C2m gives 

1
2 1 2 2 1

2 2 0 2 2 2 2 0
1

2 1 2 2 1

( ) ( ) ( )4 1
D ( ) ( ) ( ) { [ ] D } ( )

2 ( ) ( ) ( )

m m e m
m m r n m m m

m m e m

Q Q Qm
Q p P d B P

P P P

ξ ξ ξξ η η η ξ
ξ ξ ξ−

+= − − −∫  

 

1

2
0

2

5 0 1

4 1 ( )
D

( , , , )

r n

m

e

m p P dη η
σ τ ξ ξ ξ
+

= ∫
  (72) 

where 

 

2 0 2 1
5 0 1 2 0

2 0 2 1

2 1 2 1 2 1 2
2 0

2 1 2 1 2 1 2

2 1 2 2 1 2

2 1 2 2 1 2

( ) ( )
( , , , ) { } ( )

( ) ( )

'( ) ( ) ( ) ( )
[ ][ ] ( )

'( ) ( ) ( ) ( )

'( ) ( ) ( ) ( )
[ ] [ ]

'( ) ( ) ( ) ( )

m m
e m

m m

m m m m e
m

m m m m e

m m e m m e

m m e m m e

Q Q
P

P P

Q Q Q Q
P

P P P P

Q Q Q Q

P P P P

ξ ξσ τ ξ ξ ξ ξ
ξ ξ

ξ ξ ξ ξ ξ
ξ ξ ξ ξ

ξ ξ ξ ξτ
ξ ξ ξ ξ

= −

− −
+

− − −

     (73) 
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Now the integral in (72) is evaluated as 

1

2
0

1
0 0 2 2 0 2 2 0

0 0 0 2
0

( )

1 1 '( ) '( )1
D Q '( ) ln(1 ) ( )

4 1 2 (2 m 1)

r n

m m m m
n

p P d

C P D Q
P d

m m

η η

ξ ξ ξ ξξ η η η
λ λ

=

+ + ++ +
+ +

∫

∫
 . (74) 

Substituting (74) in (72) gives 

 

0 0 2 2 0 2 2 0
0 0 0 2

2

5 0 1

1 1 '( ) '( )
(4 1) D Q '( ) )

2 (2 m 1)
D

( , , , )

m m m m
m

m

e

C P D Q
m I

m

ξ ξ ξ ξξ
λ λ

σ τ ξ ξ ξ

+ + ++ +
+=  , (75) 

where  

1

2 2
0
ln(1 ) ( )m nI P dη η η= +∫ . 

Recall that (71) reads  

2 1 2 2 1
2 2 2

2 1 2 2 1

( ) ( ) ( )
C [ ] D

( ) ( ) ( )

m m e m
m m m

m m e m

Q Q Q
B

P P P

ξ ξ ξ
ξ ξ ξ

= − −  . 

Substituting for 2mB  gives 

2 1 2 1 2 1 2

2 1 2 1 2 1 2 2 1
2 2 2

2 1 2 2 1 2 2 1

2 1 2 2 1 2

'( ) ( ) ( ) ( )
[ ][ ]

'( ) ( ) ( ) ( ) ( )
C D D

'( ) ( ) ( ) ( ) ( )
[ ] [ ]

'( ) ( ) ( ) ( )

m m m m e

m m m m e m
m m m

m m e m m e m

m m e m m e

Q Q Q Q

P P P P Q

Q Q Q Q P

P P P P

ξ ξ ξ ξ
ξ ξ ξ ξ ξ
ξ ξ ξ ξ ξτ
ξ ξ ξ ξ

− −
= −

− − −
 , 

which can be re-written as  

 2 3 0 1 2( , , , )m e mC Dσ τ ξ ξ ξ=  , (76) 

with 

 

2 1 2 1 2 1 2

2 1 2 1 2 1 2 2 1
3 0 1

2 1 2 2 1 2 2 1

2 1 2 2 1 2

'( ) ( ) ( ) ( )
[ ][ ]

'( ) ( ) ( ) ( ) ( )
( , , , )

'( ) ( ) ( ) ( ) ( )
[ ] [ ]

'( ) ( ) ( ) ( )

m m m m e

m m m m e m
e

m m e m m e m

m m e m m e

Q Q Q Q

P P P P Q

Q Q Q Q P

P P P P

ξ ξ ξ ξ
ξ ξ ξ ξ ξσ τ ξ ξ ξ ξ ξ ξ ξ ξτ
ξ ξ ξ ξ

− −
= −

− − −
 . (77) 
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Substituting (76) in (75) and re-arranging gives 

0 3 0 1 2 2 0 2 2 0
2 5 0 1

1 ( , , , ) '( ) '( )
D ( , , , )

2 (2m 1)

e m m m m
m e

D P D Q

m

ξ σ τ ξ ξ ξ ξ ξσ τ ξ ξ ξ
λ
+ +−

+  

0
0 0 0 2

1
(4 1) D Q '( ) mm I

ξ ξ
λ
+= +  

which can be re-arranged into 

0
0 0 0 2

2
0 3 0 1 2 0 2 0

5 0 1

1
D (4 1) Q '( )

D
1 ( , , , ) '( ) '( )

( , , , )
2 (2m 1)

m

m
e m m

e

m I

P Q

m

ξ ξ
λ

ξ σ τ ξ ξ ξ ξ ξσ τ ξ ξ ξ
λ

++
= + +−

+

. 

is the above can be written as 

 2 0 2 0 1D D ( , , , , )m eσ λ τ ξ ξ ξ=  , (78) 

where 

0
0 0 2

2 0 1
0 3 0 1 2 0 2 0

5 0 1

1
(4 1) Q '( )

( , , , , )
1 ( , , , ) '( ) '( )

( , , , )
2 (2m 1)

m

e
e m m

e

m I

P Q

m

ξ ξ
λσ λ τ ξ ξ ξ ξ σ τ ξ ξ ξ ξ ξσ τ ξ ξ ξ

λ

++
= + +−

+

 . (79) 

Equation (68) is0 

0 2 2 0 2 2 0 0
2 0 0 01

0
0

0 0 0 1

1 '( ) '( ) 1
(0) D Q '( )[2ln 2 1]

2 (2m 1)

( )1
( ) ( )[1 ]

m m m m
mm

e

C P D Q
p P

m
D

Q
Q Q

ξ ξ ξ ξ ξ
λ λ

ξξ ξ
τ τ

∞

=

+ + +−∆ − + −
+=

− − −

∑
 

Substituting for 2mC  from (76) gives 

0 3 2 0 2 0 0
2 2 0 0 01

0
0

0 0 0 1

1 '( ) '( ) 1
( ) (0) D Q '( )[2ln 2 1]

2 (2m 1)

( )1
( ) ( )[1 ]

m m
m mm

e

P Q
p D P

m
D

Q
Q Q

ξ σ ξ ξ ξ ξ
λ λ

ξξ ξ
τ τ

∞

=

+ + +−∆ − + −
+=
− − −

∑
 . 
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Now substituting for 2mD  in terms of 0D   gives us 

0

0 3 2 0 2 0 0
0 2 0 1 2 0 0 01

0
0 0 0 1

1 '( ) '( ) 1
( )D ( , , , , ) (0) D Q '( )[2ln 2 1]

2 (2m 1)

( )1
( ) ( )[1 ]

m m
e mm

e

D

P Q
p P

m

Q
Q Q

ξ σ ξ ξ ξσ λ τ ξ ξ ξ ξ
λ λ

ξξ ξ
τ τ

∞

=

+ + +−∆ − + −
+=

− − −

∑

. This is re-arranged to give 

 0

1 0 1

D
( , , , , )

e

p

σ λ τ ξ ξ ξ
−∆=  , (80) 

where 

0
1 0 1 0 0 0 1

0 3 2 0 2 0 0
2 0 1 2 0 01

( )1
( , , , , ) [ ( ) ( )[1 ] ]

1 '( ) '( ) 1
( ) ( , , , , ) (0) Q '( )[2 ln 2 1]

2 (2 m 1)

e
e

m m
e mm

Q
Q Q

P Q
P

m

ξσ λ τ ξ ξ ξ ξ ξ
τ τ

ξ σ ξ ξ ξσ λ τ ξ ξ ξ ξ
λ λ

∞

=

= − − −

+ + ++ − −
+∑

 

. (81) 

To summarize, the expressions for the coefficients are 

For 0m =  : 

 

0

1 0 1

0 0
0 0 0 1 0

0
0

0
0 0

D
( , , , , )

( ) ( )[D ]

( )

e

e e

e e

p

D D
C p Q Q

D
B

D
A p Q

σ λ τ ξ ξ ξ

ξ ξ
τ τ

τ

ξ
τ

−∆=

= − − −

=

= −

 ; (82) 

 For, 1m ≥   
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2 0 2 0 1

2 3 0 1 2

2 1 2 1

2 1 2 1

2 2

2 1 2 2 1 2

2 1 2 2 1 2

2 2
2

2

D D ( , , , , )

( , , , )

'( ) ( )

'( ) ( )
D

'( ) ( ) ( ) ( )

'( ) ( ) ( ) ( )

( )

( )

m e

m e m

m m

m m

m m

m m e m m e

m m e m m e

m m e
m

m e

C D

Q Q

P P
B

Q Q Q Q

P P P P

B Q
A

P

σ λ τ ξ ξ ξ
σ τ ξ ξ ξ

ξ ξ
ξ ξ

ξ ξ ξ ξτ
ξ ξ ξ ξ

ξ
ξ

=
=

 
− 

 =
   

− − −   
   

= −
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6. Flow rate at the stele-cortex interface 

The flow rate at the cortex-stele interface is calculated as    

 
0

v |xcq ξ ξ= − % %
  (83) 

which by Darcy’s law gives 

 
00

0

2 2 2 2

0 0

sinh1
| |

sinh sin sinh sin

c c c c
xc

p p
q

L L
ξξ

κ κ ξ
µ µ ξξξ η ξ η

∂ ∂= =
∂∂+ +

%

%

%% %% %

  (84) 

0

2

0

2 2

0

1
|c cp

L
ξ

ξκ
µ ξξ η

− ∂=
∂−

. 

And  

 
0

2 2 0 2 2 0 20
| [C '( ) '( )] ( )c

m m m m mm

p
P D Q Pξ ξ ξ η

ξ
∞

=

∂ = +
∂ ∑%   (85) 

The flow rate at the cortex-stele interface is therefore 

 
0

0
xc xcQ q dAξξ

= ∫ %%
 , (86) 

where 
0

dAξ% is the area element on the stele-cortex interface and is given by  

0

2 2 2

0 0sinh sin sinh sindA h h d d L d dϕ ηξ ϕ η ξ η ξ η ϕ η= = +)
% %

% %% % % % % %  

2 2 2 2 2

0 0 1 1L d dξ η ξ η ϕ η= − − − % %  

Now cos sind dη η η η η= ⇒ = −% % %  which gives 
21

d
d

η η
η

=
− −

%  

This gives 

 
0

2 2 2 2

0 0 1dA L d dξ ξ η ξ ϕ η= − − −%
%   (87) 
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Under the slender body limit, the limit 0 1ξ →  is taken and the area element is 

approximated to that of a perfect cylinder whose base radius is the same as that of the 

ellipsoid corresponding to 0ξ% . This approximation gives  

 
0

2 2

0 1dA L d dξ ξ ϕ η= − −%
%   (88) 

The flow rate is then calculated as 

0

/2 2

0 0
xc xcQ q dA

π π

ξη ϕ= =
= ∫ ∫ %

% %
 

0

2
0 2

0 2 2

0
2 21 0

0

1
| 1c c

xc

p
Q L d d

L

π

ξη ϕ

ξκ ξ ϕ η
µ ξξ η= =

− ∂= − −
∂−∫ ∫ % %  

 
0

0
2

0
2 21

0

1
2 ( 1) |c c

xc

p
Q L dξη

κπ ξ η
µ ξξ η=

∂= − −
∂−∫   (89) 

Once again, the slender body limit, 0 1ξ →  is employed, to re-write the above expression 

as 

 
0

0
2

0
21

1
2 ( 1) |

1

c c
xc

p
Q L dξη

κπ ξ η
µ ξη=

∂= − −
∂−∫   (90) 

Now 

0
2 2 0 2 2 0 20

| [C '( ) '( )] ( )c
m m m m mm

p
P D Q Pξ ξ ξ η

ξ
∞

=

∂ = +
∂ ∑%  

                                  
0 0 0 2 2 0 2 2 0 21
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Since any 0 '( ) 0P x =  , this results in 
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xcQ Which can be re-arranged using (82) as 
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7. Resistance offered by the system of the root and the soil 

The resistance offered by the entire system of the root and the soil is defined as 

 total

xc

p
R

Q

∆=   (93) 

Substituting the expression for xcQ  gives 

 

1 0 1

2

0 0 0

1

3 0 1 2 0 2 0 2 0 1 2120

( , , , , )

2 ( 1)[ '( )
2

1
[ ( , , , ) '( ) '( )] ( , , , , ) ( ) ]

1

e
total

c

e m m e mm

R

L Q

P Q P d
η

σ λ τ ξ ξ ξ
κ ππ ξ ξ
µ

σ τ ξ ξ ξ ξ ξ σ λ τ ξ ξ ξ η η
η

∞

==

−=
−

+ +
−

∑∫

 

 (94) 

Now, a non-dimensional resistance 
totalR is defined as  

2 c
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= . 

Then, 
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(a) 

 

(b) 

FIGURE 2. Non-dimensionalised total resistance 
totalR versus eξ , for 0 1.0005ξ =  ,

0 1.00125ξ =  10,100,500,1000λ = and (a) 0.01τ =  and (b) 0.1τ =  

 

This non-dimensionalized resistance is plotted against eξ for different parameters in Fig 2. 

It can be seen that the resistance increases with increasing eξ  and reaches a constant value 
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with increasing eξ . This leveling-off occurs faster at a higher value of τ . At higher values 

ofτ , Fig. 2(b) shows that the resistance is lower when all the other parameters are fixed. 

This is due to the fact that a higher τ corresponds to a higher soil permeability sκ  , which 

reduces resistance to water flow through the soil.     

The next objective is to show that the resistance of the root and the soil system totalR  is 

not equal to the sum of individual resistances of the soil soilR  and the root rootR . In order to 

do this, the soil resistance is determined using the method prescribed by Chen (2016); and 

this is discussed in detail in the following section.  
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8. Determination of Resistance of the Soil 

The resistance of the soil is determined in a manner similar to the thermal resistance as 

discussed by Chen (2016). To achieve this, two constant pressure boundary conditions are 

imposed on both the boundaries of the soil: at eξ ξ= and 1ξ ξ= . Once again, the pressure 

in the soil satisfies the Laplace equation and it’s solution has a from similar to (30) which 

is 

 2 2 2 2 2

0

( , ) [E P ( ) Q ( )] ( )s m m m m m

m

p F Pξ η ξ ξ η
∞

=

= +∑   (96) 

However, due to different boundary conditions in comparison to the previous case, the co-

efficients 2mE  and 2mE have to be re-determined for the new boundary conditions. The new 

boundary conditions are 

 ;
e e

p pξ ξ= =  (constant) (97) 

 1 1
; p pξ ξ= =  (constant) (98) 

This gives the equations for the co-efficients as 

0 0 0 ( ) pe eE F Q ξ+ =  for 0m =  (99) 

 2 2 2 2E P ( ) Q ( ) 0m m e m m eFξ ξ+ =  for  1m ≥  (100) 

                 0 0 0 1 1( ) pE F Q ξ+ =  for 0m =  (101) 

 2 2 1 2 2 1E P ( ) Q ( ) 0m m m mFξ ξ+ =  for   1m ≥  (102) 

Solving the equations (99) and (101) for 0m = yields 
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  (104) 

For, 1m ≥  [from (100) and (102)] 
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                                     (105) 

This a matrix equation of the form 0Ax =
rr

. Since the determinant of matrix A is in general, 

non- zero for 1 eξ ξ≠ , the only possible solution is 0x =
rr

. 

This gives the expression for the soil pressure as  
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  (106) 

The flux density entering the root through the cortex-soil interface is 
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  (107) 

The flow rate is calculated as 

 
1 1

1
,soil soil

Q q dAξ ξξ
= ∫ % %%

  (108) 

Where 
1

dAξ% is the area element on the cortex-soil interface and is given by  

1

2 2 2 2 2 2 2 2

1 1 1 1sinh sin sinh sin 1 1dA h h d d L d d L d dϕ ηξ ϕ η ξ η ξ η ϕ η ξ η ξ η ϕ η= = + = − − −)
% %

% %% % % % % % % %
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Now cos sind dη η η η η= ⇒ = −% % %  which gives 
21

d
d

η η
η

=
− −

%  

Therefore  

1

2 2 2 2

1 1 1dA L d dξ ξ η ξ ϕ η= − − −%
%  

Once again, under the slender body limit 1 1ξ →  the area element is approximated to that 

of a perfect cylinder whose base radius is the same as that of the ellipsoid corresponding 

to 1ξ% . This approximation, gives  

1

2 2

1 1dA L d dξ ξ ϕ η= − −%
%  
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  (109) 

The flow rate is therefore, calculated as 
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Under the slender body limit where 1 1ξ →  
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Which upon integration gives 
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The Resistance of the soil is given by 
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Substituting the expression for Qsoil gives 
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Employing the relation 
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simplifies the above formula to 
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9. Resistance of the Root 

The prolate spheroidal model for the Hydraulic Resistance of a single root was derived 

by Chen (2016). In this model, the root surface is geometrically modeled as one half of a 

prolate-spheroid with the base of the root located at 0z =  (Fig. 3). The problem is solved 

in alternate prolate spheroidal coordinates ( , , )ξ η ϕ and the Cartesian coordinates ( , , )x y z

are related to the prolate spheroidal coordinates by 

 2 2 2 2
1 1 cos , 1 1 sin , ,x L y L z Lξ η ϕ ξ η ϕ ξη= − − = − − =   (113) 

where 1 ,0 1,0 2ξ η ϕ π≤ < ∞ ≤ ≤ ≤ ≤ ; L is the focal distance.( Note that  the alternate 

prolate spheroidal co-ordinates mentioned here are related to the prolate spheroidal co-

ordinates mentioned in section 2 by (9) ) Here constant values of ( , , )ξ η ϕ represent families 

of confocal ellipsoids, confocal hyperbolae and two-dimensional flat planes respectively. 

The ellipsoidal root surface is described by 1ξ ξ= .  The interface separating the stele from 

the cortex vessels is modeled similarly as one half of a prolate-spheroid confocal with the 

root surface, 0ξ ξ= ( 0 1ξ ξ< ) and the flow in the stele is assumed to be one dimensional, 

along the z-axis towards the base of the root. 0 0z Lξ=  is the length of the stele, and 1 1z Lξ=  

is the length of the root.  At the base of the root, 0z = , the radius of the stele is 

2

0 0 1r L ξ= − and the radius of the root is 
2

1 1er L ξ= − The stele core and the cortex 

annulus occupy the regions 01 ξ ξ≤ ≤  and 0 1ξ ξ ξ≤ ≤ , respectively.   
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FIGURE 3. A root modeled as a composite structure of two ellipsoids.  Gravity is 

negligible at single root scale 

 

Under the slender-body approximation (Batchelor, 1967), the hydraulic resistance of 

the root is given by (Chen, 2016), 
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where, 

2

0( 1)sDC λ ξ= −  is known as the dimensionless root conductivity and 
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(116) 

   

The simple sum of the  resistance of the soil and the root is 

 soil root soil rootR R R+ = +   (117) 
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Now define a non-dimensional resistance 
soil rootR + as 

2 c
soil root soil rootR L R

κπ
µ+ +=  

Then,  

 

 . 

( )

0 0 1

0 1
0 0 0 1 0

1

2 ' ' 2
0 2 2 0 2 2 0 2

1 0

1

1
( )

( ) ( ) 2

2 ln 2 1 g( , , )
( ) ( ) ( 1)

( )
1 ( ) ( )

2 1

soil root

e

sD

sD

m
m m m m

m

R

Q Q

C
Q Q

C

P
a P b Q d

πτ
ξ ξ

ξ ξξ ξ ξ

σπ ξ ξ ξ σ
σ

+

∞

=

−=

−
− −− + +

+
 − − +  −

∑ ∫

 (119) 

 



  41 

10. Difference between totalR and soil rootR +  

To check if the resistance of the soil-root system is the same as the sum of the resistance 

of the soil and the resistance of the root, a quantity 
diffR which represents the difference is 

defined: 

 
diff total soil rootR R R += −  . (120) 

Once again, a non-dimensional resistance difference is defined as 

2 c
diff diffR L R

κπ
µ

=  

which gives 

 diff total soil rootR R R += −  . (121) 
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FIGURE 4.

diff
R vs λ  for 0 1.00005ξ =  , 1 1.00125ξ = , 10eξ =  with different values of

τ  as shown 

 

 

This difference is plotted in Fig. 4 for selected cases. These plots clearly show that, in 

general, the difference in resistance is non-zero, and claiming that the resistance of the soil 

and the root system is the simple sum of the resistances of the soil and the root can yield 

erroneous results. Therefore, despite having a fluid flow problem that is governed by a 

linear equation (Darcy’s law) and linear boundary conditions, the resistance does not have 

a linear relationship.  

This non-additivity of the resistance is due to the one-dimensional flow towards the 

base of the stele. Recall that while calculating the resistance of the root, a constant pressure 

was imposed on the cortex-soil interface.  However, the solution for the complex root 

structure showed that the pressure along the cortex-soil surface is not unifrom.  While the 

ellipsoids representing the stele, cortex and outer boundary are confocal, the flow field is 

non-confocal, with a non-uniform pressure distribution on the cortex-soil surface.  This is 

contrast to the problem solved by Chen (2016) where a constant pressure is imposed on the 

root soil interface. 



  43 

  This non-additivity of resistance is in direct contrast to one-dimensional problems for 

which the resistance is an additive quantity.  For one-dimensional problems, the boundary 

separating two different regions is a point, and the pressure, or the potential, only needs to 

be specified on such a single point.  Thus, the resistance is the sum of the resistance of each 

segment.  For two-dimensional problems, the boundary between two different regimes is a 

surface; and there is no guarantee that the potential on the boundary surface can be 

maintained as constant.  In other words, despite of the linearity of the problem, the analogy 

to electric network is only appropriate for one-dimensional problems.  Unfortunately, this 

limitation has not always been obeyed, as many work in the literature have abusively used 

such an analogy based on the argument of the linearity of the problem.  On the other hand, 

this does not diminish the value of the resistance of a single root: in a macroscopic 

approach, the single root can be treated as a point; as such, there is no issue about the 

“uniform pressure” on the cortex-soil surface. Then the difference between the pressure of 

the soil and the pressure of the root at the same spatial location and the single root resistance 

can be used to compute the water-uptake of the single root at that location as

( )( ) ( ) /rp p Rθ − x  , as discussed in the Introduction section.  
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11. Optimum root shape for minimum hydraulic resistance 

The hydraulic resistance of a root represents an intrinsic property of the root that is 

independent of the soil conditions. It is calculated as the ratio of pressure difference to the 

flow rate when a constant pressure on the cortex-soil interface is imposed.  The root 

hydraulic resistance is given by 
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where, 

2

0( 1)sDC λ ξ= −  is known as the dimensionless root conductivity and 
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The volume of the entire root, given by the volume of the ellipsoid representing the cortex-

soil surface is 

 2

1 1 1

2

3
V x zπ=   (123) 

where 1x  is length of the semi-major axis of the ellipsoid and 1z  is the base radius or length 

of semi-minor axis of the ellipsoid and are given by 
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Substituting (124) in (123) gives 
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Thus,  
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Therefore, the expression for resistance can be re-written as 

( )

0 1
0 0 0 1 0

1/3 1

2 ' ' 21
0 2 2 0 2 2 0 22

1 01 1

2ln 2 1 g( , , )
( ) ( ) ( 1)

( )3 1 1 ( ) ( )2
2 12 ( 1)

sD

sD
root

m
m m m mC

m

C
Q Q

C
R

PV a P b Q d

ξ ξξ ξ ξ
µ

σπ ξ ξ ξ σπκ
σπ ξ ξ

∞

=

− −− + +
=

   − − +   −− 
∑ ∫

 

 0 11/3

1

* ( , , )
3

2
2

sD

C

J C
V

µ ξ ξ
πκ

π

=
 
 
 

  (127) 

where 
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The ellipsoidal co-ordinate, 1ξ that represents the cortex-soil interface can also be 

expressed as the length-to-base radius ratio of the entire composite root. First define a 

length-to-base radius ratio as 

 1 1
1

2
1 1 1

x
l

z

ξ
ξ

= =
−

 . (129) 

Thus 1ξ  is given by 

 
1

2

1

1

1
1

l

ξ =
−

  (130) 

Next, a parameter β  is defined, that represents the ratio of base radius of the stele to the 

base radius of the root:   

 
2
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2
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1
1

1
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β

ξ
−
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  (131) 

  

In the following section, the dependence of resistance on the shape of the root is 

discussed.  

 

 

11.1 Dependence of resistance on 1l  for constant sDC  

 

 

From (123) to (131), it can be noted that by fixing the volume 1V  of the root and fixing 

the parameters , ,sD cC µ κ  and β , allows the study of dependence of the resistance on the 

geometric parameter 1l , by studying the function 1( , , )sDJ l C β . 
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(a) 

 

(b) 
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(c) 

FIGURE 5. 1( , , )sDJ l C β  vs 1l  for different values of sDC as shown in the figure 

(a) 0.25β =  (b) 0.5β = (c) 0.75β =  

 

From Fig. 5, it can be seen that for a fixed value of sDC and β , the resistance decreases 

with increase in the root length-to-base radius ratio 1l . This can be understood by equations 

(130) and (131) and the definition of sDC , which is  

 2

0( 1)sDC λ ξ= −  . (132) 

It can be seen from (130) and (131) that increasing 1l causes a decrease in both 0ξ  and 1ξ  

and therefore, an increase in λ  according to (132), since sDC is fixed. Therefore, increasing 

1l  leads to a thinner or more ‘slender’ root.  This decrease of 0ξ  has two consequences for 

the flow rate at the base of the stele. It increases the inverse square root singularity of the 

pressure gradient at the tip of the stele (Chen, 2015 and Chen, 2016), which significantly 

increases the velocity of the flow in stele. On the other hand, it also causes a reduction in 
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the cross-sectional area at the base of the stele (represented by 2

0( 1)ξ − ), which reduces the 

area available for water uptake. However, the requirement of a constant sDC  requires that 

λ to increase as the inverse of 2

0( 1)ξ − according to (132). Therefore any contribution of 

the decreased base area in reducing the flow rate (or increasing resistance) is exactly 

cancelled out by the increase in λ . Therefore, the increase in velocity due to the increased 

pressure gradient causes the resistance to decrease with increasing 1l .  

 

11.2  Dependence of resistance on 1l  for constant λ  

 

 

 

Further insights can be gained into the dependence of resistance on root shape by 

substituting sDC in (132) in (128) to study the function J and therefore the resistance as a 

function of λ . This allows separation of the effect of λ from the geometry of the root. 

 

(a) 
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(b) 

 

(c) 

FIGURE 6. Log-Log plot of 1( , , )J l λ ζ  vs 1l  for different values of λ as shown 

(a) 0.25β =  (b) 0.5β = (c) 0.75β =  

 

It is observed from Fig. 6 that, in general, the resistance decreases when the stele-to-

cortex permeability ratio λ  is increased.  Furthermore, for any given permeability ratio, 

there is a minimum resistance at an optimum value of length-to-radius ratio 1l . As discussed 
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previously, an increase in 1l causes a corresponding decrease in 0ξ  and 1ξ , which increases 

the ‘slenderness’ of the spheroid and enhances the tip singularity (Chen, 2015 and Chen, 

2016), while decreasing the area available for water uptake at the base. While the tip 

singularity is present for all values of λ , it is important to note that the limitation of a 

constant λ is imposed and not one of constant sDC . Therefore the two effects of decreasing 

0ξ compete to alter the resistance, while λ  being constant, does not affect the behavior. 

An optimum ‘slenderness’ or length-to-base radius ratio of the root exists, where the 

resistance is minimum (see Fig. 6). This minimum is seen for both low and high values of 

stele-to-cortex base radius ratio β .      

 

FIGURE 7. 
1,optl  vs λ  at  for different values of β  as shown 

Fig 7. shows the optimum length-to-base radius ratio 
1,optl against λ . The optimum 

length-to-base radius ratio 
1,optl  increases with λ . This can be understood from the 

discussion above, where an increase in the stele-to-cortex permeability ratio λ allows for 

increased shrinking of the root size and therefore corresponds to a higher optimum value 
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of 1l . It is possible to find a 
0,optξ for a given value of 

1,optl , given value of λ and β from 

(130) and (131). An optimum sDC  is defined as 

 2

, 0,( 1)sD opt optC λ ξ= −  . (133) 

 

 

FIGURE 8. 
,sD optC versus λ  for different values of β as shown. 

 

       
,sD optC  versus λ  for different values of β is plotted in Fig. 8. It is seen that for a fixed 

value of β ,
,sD optC  remains constant irrespective of the value of λ . Therefore, the optimum 

shape for minimum resistance can be collapsed down to a dependence of 
,sD optC on a single 

parameter β .  Fig 8 shows a plot of 
,sD optC against β . 

,sD optC increases with β at a very slow 

rate at low values of β , while the rate of increase is much higher at higher β values. This 

curve applies to any value of the stele-to-cortex permeability ratio λ .  
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FIGURE 9. 

,sD optC versus β   

 

Therefore, in order to minimize the resistance for a given value of the base radius ratio β , 

it has to be ensured that the value of 
,sD optC  is appropriately chosen according to Fig 9. 

Upon choosing this, any combination of λ and
0,optξ that give the corresponding value of 

,sD optC will minimize the resistance. Physically, increasing λ decreases the resistance of the 

stele; while decreasing 0ξ has two effects: it increases the slenderness of the stele, thus 

enhancing the pressure gradient singularity at the tip, leading to an increased velocity in 

the stele; On the other hand, it decreases the base radius of the stele and therefore the area 

available at the base for water uptake. The optimum value of 0ξ  for minimizing resistance 

can be determined from (133).  
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12. General Results for Optimal Root Shape 

 

12.1 Physical Justification of the cylindrical area approximation 

 

The formula for the hydraulic resistance of the composite root that was used in sections 11 

and 12 was derived by Chen (2016) as  

 root
root

root

p
R

Q

∆=   (134) 

Where rootp∆ is the difference between a constant pressure imposed on the cortex-soil 

interface ( 1p ) and the pressure at the base of the stele ( wp ), and the flow rate of the 

composite root system is 
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Note that the formula for the flow rate of a composite root system given by (135) has the 

same form as (91) for xcQ  with the only difference being the coefficients of the Legendre 

Polynomials.  

For the derivation of rootQ , Chen (2016) employs the slender body approximation to replace 

the surface area of the stele with the surface area of a cylinder of the same length and base 

radius as the stele. (This is the same method employed in deriving (91) for xcQ ). The flow 

rate is given by  

 
0

1

, 1
0

( )root s d
Q q A dξ ξ ξ η

η η
= =

= ∫   (141) 

where ( )sq η is the flux density at the stele cortex interface ( eq. (32) in the work of 

Chen(2016)) given by  
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And 
0 , 1d

Aξ ξ ξ η= =
is the area per unit increment of η  on the stele cortex interface, under the 

slender body approximation of an equivalent cylinder ( eq. (33) in the work of Chen(2016) 

) and is given by 

 
0

2 2

0 0, 1
2 2 1

d
A r L Lξ ξ ξ η

π π ξ
= =

→ = −   (143) 

(142) and (143) are then substituted into (141) to obtain the flow rate rootQ  which results 

in the formula given in (135). The model for the composite root derived by Chen (2016) 

assumes the existence of a hydraulic dead zone close to the tip of the root. As explained in 

the work of Chen (2016), this is based on the findings of Frensch & Steudle (1989), who 
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experimentally found that the axial conductivity of the xylem decreases from a constant 

value to zero within a short distance to the tip. The cone-shaped tip region requires the 

radius of all xylem vessels to shrink to zero in the region.  Therefore, the anatomy of the 

root makes the tip region not “functional” for water uptake; and a root’s water-uptake is 

accomplished only by the portion of the root behind the tip region, which has nearly 

constant radii for both the root outer surface and the stele. Therefore, the physical root is 

replaced by an equivalent mathematical root of same base radius, but of shorter length, 

whose surface is porous and allows for water to enter. Under the slender body limit, both 

the physical and mathematical root become equivalent and this justifies the use of slender 

body approximation for the surface area of the stele. This idea is illustrated in the figure 

below. 

FIGURE 10. Schematics of Mathematical and Physical root geometries 
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Upon neglecting the hydraulic dead zone in the physical root, it can be seen that the 

resultant shape can be closely approximated by a cylinder that has the same base radius as 

the root. (The above figure is not to scale with the physical dimensions of the root, and is 

only for illustration). As discussed by Chen (2016), despite the presence of a hydraulic 

dead zone, there will always be a flux singularity as the flow converges close to the tip 

region. The equivalent mathematical root that is modelled to solve for the flow field and 

compute the resistance has the same base radius as the physical root but is of shorter length, 

in comparison to the ellipsoid representing the physical root. However, it fails to capture 

the actual area of the physical root. Thus, it seems reasonable to apply the slender body 

approximation to approximate the area.  

 

12.2. Hydraulic resistance without cylindrical area approximation 

 

 

If the slender body approximation is not used and the flow rate entering the stele is 

computed without approximating the surface area of the stele as that for a cylinder, a 

different hydraulic resistance formula results (this result can also be inferred from Chen, 

2015), 
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For a specified root volume 
1

V   , the hydraulic resistance R̂ can be written as 
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where 

 ( )1/3
2 2

0 1 1 1 0 1 0
ˆ( , , ) ( 1) ( , , ) / ( 1)J Hλ ξ ξ ξ ξ λ ξ ξ ξ= − −  . (147) 

The same optimization strategy can be used to minimize the hydraulic resistance R̂ .  The 

results are similar to those discussed in the previous section.  Once again, the optimum 

stele conductivity
,sD optC depends only on the base-radius ratio β (Fig. 11).  The values of 

,sD optC , however, are smaller than those under slender body approximation.  The curve 

,sD optC vs β is given in Fig. 12. 

 

FIGURE 11. 
,sD optC versus λ  for different values of β for R̂  
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FIGURE 12. 
,sD optC versus β for R̂  
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13. Conclusion 

Analytical solution for flow-field in a composite root coupled with soil is presented and an 

expression for the combined resistance of the soil and root system has been derived using 

the slender body theory. It is shown that, in general, the individual resistances of the root 

and soil are not linearly additive and this non-linearity was due to the non-confocal terms 

in the problem. This result can play a key role in future modelling of water uptake, since 

the resistance R is a key term that is used to calculate the volumetric sink term S in 

Richard’s equation and this non-linearity has to be appropriately considered.  

The dependence of hydraulic resistance of the root, on the shape of the root was studied. 

At values of constant dimensionless root conductivity, it was found that the resistance 

decreases continuously with increase in slenderness of the root. This intrinsic property of 

the root was found to have a minimum at some optimum value of root length to base radius 

ratio at values of constant permeability ratio λ . And when translated in terms of sDC , the 

optimum value of sDC  is independent of λ , and depends on the ratio of stele radius to root 

radius β .  

The physical justification for the slender body approximation of the stele surface by a 

cylinder is discussed. The flow rate of the composite root system was also calculated 

without the approximation. The slender body approximation always predicts a constant 

enhancement of the flow rate. Upon avoiding this approximation, however, it is shown that 

the enhancement of flow rate exists only at higher values of 1ξ , while at lower values, the 

enhancement is close to zero.  
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