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ABSTRACT

With the discovery of the Higgs Boson in 2012, particle physics has decidedly moved
beyond the Standard Model into a new epoch. Though the Standard Model particle
content is now completely accounted for, there remain many theoretical issues about
the structure of the theory in need of resolution. Among these is the hierarchy
problem: since the renormalized Higgs mass receives quadratic corrections from a
higher cutoff scale, what keeps the Higgs boson light? Many possible solutions to this
problem have been advanced, such as supersymmetry, Randall-Sundrum models, or
sub-millimeter corrections to gravity. One such solution has been advanced by the
Lee-Wick Standard Model. In this theory, higher-derivative operators are added to
the Lagrangian for each Standard Model field, which result in propagators that possess
two physical poles and fall off more rapidly in the ultraviolet régime. It can be shown
by an auxiliary field transformation that the higher-derivative theory is identical to
positing a second, manifestly renormalizable theory in which new fields with opposite-
sign kinetic and mass terms are found. These so-called Lee-Wick fields have opposite-
sign propagators, and famously cancel off the quadratic divergences that plague the
renormalized Higgs mass. The states in the Hilbert space corresponding to Lee-
Wick particles have negative norm, and implications for causality and unitarity are
examined.

This dissertation explores a variant of the theory called the N = 3 Lee-Wick
Standard Model. The Lagrangian of this theory features a yet-higher derivative oper-
ator, which produces a propagator with three physical poles and possesses even better
high-energy behavior than the minimal Lee-Wick theory. An analogous auxiliary field
transformation takes this higher-derivative theory into a renormalizable theory with
states of alternating positive, negative, and positive norm. The phenomenology of

this theory is examined in detail, with particular emphasis on the collider signatures



of Lee-Wick particles, electroweak precision constraints on the masses that the new
particles can take on, and scenarios in early-universe cosmology in which Lee-Wick

particles can play a significant role.
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Chapter 1

INTRODUCTION

1.1 The Glashow-Weinberg-Salam Standard Model
1.1.1 Spontaneous Symmetry Breaking and Vector Boson Masses

It is an exciting time indeed to be a physicist. With the discovery of the Higgs
boson at CERN’s Large Hadron Collider (LHC) [3, 4], one of the greatest theoretical
constructs in the history of science is now complete: the Standard Model of particle
physics (SM). Independently formulated by Sheldon Glashow [5], Steven Weinberg
6], and Abdus Salam [7] in the mid-1960s (see, e.g., [8] for historical background),
the SM is a gauge field theory that incorporates electromagnetism (generated by the
abelian group U(1)) and the weak nuclear force (generated by the non-abelian SU(2))
into a single semi-simple Lie group, SU(2); x U(1)y, often combined with the Lie

group SU(3). of color. The Lagrangian of the SM is given by

Lov = QLilpQY + upidu'y + dyniddy, + LyiIpLY + ehidel,
+(D,®) (D*®) 4 12T — A (¢TD)”
1

1 1
— BB — S0 W,u W] — Str(Glu G

~ (s (QL)a®luly + yar(@1)a®@adly + yer (L )a®ach +hc ), (L1)
using the covariant derivative

D, = 0, —ig'Y B, — igT*W — ig,tG}, (1.2)



left-handed quark, lepton, and Higgs doublets

o (v N ¢*
=\ ", Ei=|"] o= , (1.3)
dy, er ¢°

and Yang-Mills stress-energy tensors relevant to the three gauge groups:

Buy = 0,8, — 0,B,, W4T = é[Dm D,), G = g%[Dw D). (14)
Here, the generators 7% and t* are respectively given by the Pauli and Gell-Mann
matrices 0%/2 and A\%/2; the index ¢ runs through the three generations of fermions
presently known; and the Yukawa interaction terms with couplings ., Yai, Ye: Pro-
duce masses for the i*" generation of up-type quarks, down-type quarks, and leptons
(to be described in detail below). In Eq. (1.4), the covariant derivative is taken to

encompass only the gauge group relevant to the field strength tensor under consider-

ation. Its action on the gauge fields can be easily computed from Eq. (1.2):
i - aya aya aoc C
E[Dm D, = 0,A, — 0,A, —ig[Au, Ay] = 0, A0\ — O, AQN" + g f b AZAV (1.5)

for arbitrary gauge field A, generators A%, coupling g, and structure constants f.
We include the gluon fields GY, here for completeness, but we will have no need
to consider them further in this chapter, focusing instead on the electroweak gauge
fields and the spontaneous symmetry breaking in which they participate. Unless
otherwise stated, the mathematical conventions here and throughout the rest of this
dissertation follow those of Peskin & Schroeder [9] (e.g., the choice of basis for the
Dirac vy matrices).

With the basic pieces of the theory in place, it is time to consider first the Higgs
potential (12 and X terms) of Eq. (1.1). The Higgs field ® is a complex-valued doublet

under SU(2), and may be split up into its charged (¢™), scalar (¢), and pseudoscalar



(P) pieces:
ot
¢ = (1.6)
L P)
\/§(¢ +1
The negative mass-squared term, V(¢) D —% p2¢?, moves the global minimum of the

potential from (¢) = 0 (as would be the case in a conventional ¢? theory) to some

nonzero (¢) = v (as in Fig. 1.1). The location of the new vacuum is set by requiring

0= Vi) = —p*v + M, (1.7)

de

d=v
vt =P/ (1.8)

With the manifest symmetry of the system broken, we now expand the C'P-even

V(o)

i
1
A

Figure 1.1: V(¢) given for a scalar field ¢ with a positive mass-squared term

(dashes) and a negative mass-squared term (solid).

scalar Higgs component as ¢ = v + h(x), yielding a new scalar potential

1 A
V(h) = — p*v? 4+ Svt + o(—p? + M?)h

2 4
1
+ 5(3)\?)2 — 1*)h* + AvPh + 2h4 (1.9)
A 1 A
:—Z#+7@W+MM+ZM, (1.10)



making use of Eq. (1.8). Whereas Eq. (1.1) boasted a Higgs potential with explicit
Zs (¢ — —¢) symmetry (in addition to the gauge symmetries contained in the co-
variant derivative), Eq. (1.10) contains an h® term. This breaks the original ¢ — —¢
symmetry. More important, however, is the effect this has on the gauge bosons in-
troduced in Eq. (1.1), as we now discuss.

Let us consider the mechanism of mass generation for the gauge bosons. Though
the mechanism is now synonymous with Peter Higgs [10, 11, 12], pioneering work by
others such as Englert and Brout [13] and Guralnik, Hagen, and Kibble [14] helped
to develop the modern understanding of spontaneous symmetry breaking. Taking

the Higgs kinetic term from Eq.(1.1) and allowing the Higgs to take on its vacuum

0
expectation value (VEV) prescribed, as above, by & — (@) = % _one has
v
1 a a 1 / “b b 1 ’ @ 0
ESMD§ 0 v)|9W,T +§gBu g T+§QB
v
1v? ) ) )
24 (92 (Wa)"+9* (Wa)" + (—gW, + ¢'By) ) (1.11)

where explicit use has been made of the Pauli matrices and the Higgs SU(2), hy-
percharge Y = 1/2. We can see from Eq. (1.11) that the VEV attained by the Higgs
field has the effect of generating masses for the gauge bosons, with the added twist
of producing a cross-term between Wj’ and B,. Eq.(1.11) may also be understood as
a mass matrix with one null eigenvalue; one may define mass-diagonal fields Zg, A,

using the field redefinition

20 cos By —sin Oy W3
= , (1.12)
A sinfy  cos Oy B

where Oy is called the weak mixing angle. Substituting Eq. (1.12) into Eq. (1.11), and

demanding that the new mass terms be fully diagonal, one has the following useful

4



relations:

/92 + g/2 /92 + g/2
1 1
Wj = E (Wj F zWi) , with mass my = Egv,
1 v
0 __ 3 / : —
ZN = w ('ng/« — g BM) , with mass mz =/ 92 + 9/257

1

R

g'Wj’ +¢B,), with mass mu = 0.

(1.13)

(1.14)

(1.15)

(1.16)

Since the gauge boson mass matrix mixes the Wg and B, terms, the ZB becomes

distinct from the other SU(2) bosons, and communicates the weak neutral current

(as originally predicted by Weinberg in [15]). We identify the massless A, with

the photon. Since this Abelian gauge field remains massless, we conclude that the

original SU(2)r, x U(1)y symmetry becomes spontaneously broken to U(1)gy. Using

the inverse transformation

Wj cosfy  sinfy A

B, —sin Oy cos Oy A

we can then solve for the couplings:

1
gT?’WS = gT?)W (gZS + g/AM) ,
1
JYB,=4Y (—g’ZB + gAu) ,

/92 + g/2
and we can see that the couplings and generators work out to

/

99

Ve + g2

1 1 23 /2 3 0

S S (TP - g2(Q-T%) 2P,

N VR
12

= VPt g7 (T3 S Q) 70— 9 (1% — sin6 Q) 2,

9>+ g"? ~ cos Oy

(T3 + Y) A, =eQA,,

(92T3 _ g/2y) ZS —

(1.17)

(1.18)

(1.19)

(1.20)



Using these new mass eigenstate fields, it is convenient to re-express the covariant

derivative as

(T? — sin®*0w Q) Z, —ieQA,, (1.21)

. g o . g
D,=0,—i—=(WITt+W T7)—
w= Ot V2 (W, T+ W, 1) “cos Ow
where T = (o' +io?) and Q = T®+Y. Q, as the generator attached to the massless

gauge boson A, remains the sole unbroken generator in the electroweak theory.

One important quantity is the so-called p parameter:

mw

p (1.22)

cos Bymy’
which is identically equal to unity at tree-level in the SM. As may be seen from
Eqgs. (1.13)-(1.16), in the limit ¢" — 0, the hypercharge boson B, decouples from Wg’,
leading to cos @y, — 1 and mzo — % gv = myy. This relation, in which all three SU(2)
bosons possess the same mass in the small-sin 6y, limit, is referred to as custodial sym-
metry. There exist extensions of the SM in which this limit is not preserved (such as
theories including an extra Higgs transforming as an SU(2) triplet [16]). Violations
of custodial symmetry produced by such “Beyond-the-Standard-Model” (BSM) the-
ories are marked by deviations from unity in the p parameter, and such deviations
are strongly constrained by experiment (see, e.g.,[17, 18] for work on precision con-
straints on the electroweak model). The experimental limits on observables such as

p will be exploited in subsequent chapters of this dissertation.
1.1.2 Generation of Masses for Chiral Fermions

In addition to generating the masses for vector bosons, the Higgs mechanism
also produces masses for chiral fermions in an interacting chiral gauge theory. The

archetypal Dirac Lagrangian,

Lo = W —mip, (1.23)



contains an explicit mass term; however, when these fields are made to interact under
a chiral gauge theory, one breaks the field v into its eigenstates of left- and right-
handed chirality! ¢ = ¢; +1r. The non-vanishing pieces of the free-field Lagrangian

reduce to

Lo — i(Vr +Vr)d(br + vr) — m(Yr + V) (YL + ¥r)
= WL dr + ippdvr — m(ribr + YrL). (1.24)

Since the left-handed fields transform non-trivially under SU(2)y, whereas the right-
handed fields do not, this produces a problem: the kinetic terms are perfectly accept-
able, as they are gauge-invariant combinations of fields and their conjugates, but the
mass terms mix fields from different SU(2),, representations and thus violate gauge
invariance. We therefore cannot write down explicit, gauge-invariant mass terms in
an interacting chiral theory. The solution is to write down a set of Yukawa terms
as in Eq. (1.1). The Higgs, as a doublet under SU(2)y, forms a tensor product with
other fermion doublets present in Eq. (1.1) which contains a gauge singlet. When the
Higgs attains its VEV, an effective coupling between left- and right-chiral fields is
produced which is identical to the conventional Dirac mass.

In a theory with multiple generations of fermions (such as we have), the possibility
arises for Yukawa couplings between quarks from different generations. In order to
obtain unambiguous mass terms for a mass-eigenstate quark of any given flavor, it is

helpful to define the family multiplets for up- and down-type quarks

U/ZL = <U'L7 Cr, tL) ZL = (dL7 SL, bL) (125)

and then invoke unitary operators to diagonalize the quark fields in the mass basis:

uly = Uiyl dp, = UJd?, (1.26)

LChirality is the high-energy limit of helicity, which is the projection a particle’s spin against its

direction of motion. In the case of massless particles, these concepts are identical.

7



where the primed multiplets are mass-diagonal. This re-assignment simplifies the
mass terms at the expense of complicating the gauge couplings; whereas the GWS
theory originally coupled only fermions within a single generation to one another,
there now exist couplings between quarks of different generations with AQ = +1. As

an example, the quark current J{jf coupling to the Wj transforms according to
Tt = wytd, = Wiy (U = wiy UV ] = wiy Vi, (127)

where V% is called the Cabibbo-Kobayashi-Maskawa matrix [19, 20] connecting quarks
of the 7" and j*® generations. Flavor-changing neutral currents are forbidden in the
GWS model; they are a generic feature of many BSM theories, and strong experi-

mental constraints have been placed on them [21].
1.2 The Hierarchy Problem: Understanding the Renormalized Higgs Mass

It is a well-known feature that amplitudes in quantum field theory diverge beyond
the leading order, requiring the methods of the renormalization group in order to
properly regulate and subtract formally infinite quantities. For the sake of space,
no pedagogical introduction to the techniques of renormalization will be given here;
for historical background, see seminal papers by, e.g., Wilson and Fisher [22], and 't
Hooft and Veltman [23], or comprehensive textbook surveys [9, 24]. After spontaneous
symmetry breaking has taken place, any Yukawa term coupling two fermions f7, fr

to the Higgs may be written

— Lt D %yffL(v + h)fR +h.c. = mffoR (1 + %) + h.C., (128)



from which the Feynman vertex joining the fermion current to the Higgs may be read

as

_______ = —i—1L. (1.29)

One very important one-loop correction to the Higgs two-point function comes from

fermion loops

—iMPA(p?) = ____ I (1.30)

which corrects the mass of the Higgs at leading order in perturbation theory. Solving
for the amplitude of this one-loop diagram using the standard methods of quantum
field theory, we know to expect a formally infinite result. However, it is also widely
accepted that the SM is only an effective field theory valid over a finite energy scale,
meaning that one need not integrate over the full four-momentum ¢* running inside
the loop. The UV completion containing the field content of the standard model, be
it supersymmetry, extra dimensions, a grand unified theory (GUT), or some other
exotic model, is expected to take over at some parametric scale A. As no BSM
contender has yet been discovered experimentally, the scale at which new physics
becomes relevant remains unknown, though lower bounds do exist for the particle

masses in many of these models [25, 26, 27]. Some of the mass bounds obtained from



the CMS collaboration are given in Fig. 1.2 for convenience.? For now, we will take
A to be an order-of-magnitude estimate of this scale for the sake of illustration, with
the tacit understanding that SM-only calculations will only be valid up to A. The SM
will be understood to be an effective field theory, whose predictions will be amended
by corrections of O(vgm/A). Let us calculate (1.30) using a cutoff regularization:
—iM?(p?) = — (—z‘ﬂf/A dq tr[i(g‘fﬂwr my) i +mf)]
v/ Jo 2n)t Llg+p)?—m; ¢ —m3;

(N [t de gt +mp
N 4(1))/0 (277)4((p+q)2_m?)(q2_m%>' (1.31)

Now, we use the familiar technique of the Feynman integral and shift the variable of
integration by ¢* — [* = ¢" + xp*, in order to cast the divergent piece in a more

tractable form:

- mf d4l 12—.%(1—35)17 —i—mf

where A =mj} — z(1 — x)p®. Executing a Wick rotation on the timelike component,
1 = il%, the integral can now be made to converge in four-dimensional Euclidean
space. This is most conveniently done by exploiting the manifest spherical symmetry

of the integrand:

Y mf / / d4lEl2+$(1—a:)p —m?

(VN
2 1n]® + 1— 2 _m2) 113
() / g GO O )
v/ 167* (i3] — A)?
omi 1 3AAN? 4+ A* A
= —— +3AIn | ——= ] | . 1.
4%202/0 dx( AT A2 +3Aln AL A2 (1.33)

2For up-to-date results from the CMS collaboration, visit https://twiki.cern.ch/twiki/bin/

view/CMSPublic/PhysicsResults
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Now, expand the result in powers of A%, keeping only pieces that diverge in the limit

2 1 2
CaAT2(02) — My 2 A
iM?(p?) —247T2U2/0 dz (A 3AIn <—>)

. mF 1 A?
— 247@};2 <A2 - 5(6m§ — p?)ln (W)) : (1.34)

f

A — oo

We see that the renormalized scalar mass is sensitive to the cutoff scale A, both
quadratically and logarithmically. This is unique to the scalar case, and is to be
contrasted with the solely logarithmic renormalization to fermion masses. Large
logarithms in renormalized amplitudes have been understood since the time of Gell-
Mann and Low [28], but the quadratic divergence renders the scalar mass extremely
sensitive to physics at the high scale. This clashes with the spirit of effective field
theories, in which one is permitted agnosticism regarding the exact dynamics and
scale of higher-energy physics.

This raises the following question, whose importance cannot be overstated:

Why is the Higgs mass near the electroweak scale, rather than at a much higher

value associated with new physics?

Numerically, the electroweak scale is defined by v & 246.2 GeV [29], whereas the order
of magnitude for the onset of GUT physics is typically taken to be Agyr ~ 106 GeV
and the Planck mass (at which scale quantum gravity is expected to dominate) is
given by Mp = \/he/Gx = 1.22093(7) x 10" GeV [29]. If nothing new arises between
the electroweak scale and unification, a rough estimate of the hierarchy involved is
Ayr/v* = O(10%®). One must fine-tune the parameters of the electroweak theory to
better than one part in 10?® in order to ameliorate this divergence, and produce the

Higgs mass observed today. This tension is known as the hierarchy problem.
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The situation can be understood more precisely by computing the same result
in the dimensional regularization scheme of 't Hooft and Veltman [23], in which the
dimensionality of spacetime is set to d and the cutoff is removed. Renormalized
perturbation theory requires that we add to the one-loop diagram the counterterms
which cancel off divergences, thereby rendering the amplitude finite. This is done by

supplementing the loop diagram with another representing the counterterms:

= —iMF(p*) + i(p*07 — 6n), (1.35)

where —iMZ(p?) is the formally divergent piece to be calculated, and dz and 6,
are respectively the wavefunction and mass renormalization counterterms. Beginning
from line 1 of (1.33), the divergent piece becomes

‘ d*ly I+ 2(1 —x)p* —mj
—iMZ(p?) —41 / / E (&= A)

=44 (Tzf) /o d:c(47rl)d/2 <d2(11 ;/2_) - AFA(22_(;25>>

_ 4i(d-1) (E)Q 'ra-49)
(4)a/2 v o A2

(1.36)

with A(p?) equivalent to that used above. The remaining gamma function records
the formal infinity as d — 4, as expected. Now, having calculated the correction
to the two-point function, one must impose further constraints in order to ensure
that the full amplitude is consistent with the tree-level field theory. This is done by

demanding that the loop amplitude vanish when p? = m? (i.e. when the scalar goes
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Figure 1.2: An exclusion plot for SUSY particles from the CMS collaboration,

presented at ICHEP 2014.
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on-shell), and that the amplitude’s first derivative vanishes at p? = m? as well:

_iM2(p2)|p2:mi =0, (137>

—i—— M*(p?)] oz = 0. (1.38)

These two constraints are sufficient to uniquely determine the counterterms ¢, and

dm-. Eq. (1.37) can be met by setting

) mpye [ T 2
o= (47)d/2 (7) /0 da (m} —a(1 —z)mj)1=4/2 + im0z, (1.39)
while Eq. (1.38) is satisfied by setting

5Z:_Md—n(@gz/umxﬂ—xﬁﬂ—g) (1.40)

(4m)d/2 \ v ? —x(l — x)m2)2-4/2

One immediately sees from the gamma functions that the counterterms so calculated
contain divergences of differing degrees. This is how the hierarchy problem is mani-
fested in dimensional regularization. Upon adding them back into Eq. (1.35), we now

have a finite one-loop correction to the Higgs mass of

which has a more manageable form in the p* — 0 limit:

3im2 ! m2 — x(1 — z)m?
—Mﬁ«0=—4ﬁ§ de<ﬂ1—@m%+mﬁn< ! (2 >h>).(1@)

my

1.3 The Lee-Wick Standard Model

Many theories have been proposed with the aim of solving the hierarchy problem.
The most notable examples studied to date include supersymmetry (reviews may be
found in Refs. [30, 31]), the Randall-Sundrum model [32], and gauge-gravity unifica-

tion at the weak scale [33]. In each case, the Standard Model is augmented by a new
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symmetry, extra spatial dimensions, new fields at or above the electroweak scale, or
some combination of the above, and more. This dissertation concerns itself with a
different sort of approach altogether: the Lee-Wick Standard Model (LWSM).

Recent developments in the LWSM have built on the original work of T.D. Lee and
G.C. Wick [34, 35], who investigated the Pauli-Villars (negative quantum-mechanical
norm) regulator [36] taken as a physical degree of freedom. QED augmented by a
photon with such properties corresponds to a higher-derivative formulation of the
theory. The modified gauge field of the theory has a higher-derivative propagator
containing two poles: one with positive residue (corresponding to the standard pho-
ton), and one with negative residue (corresponding to the Lee-Wick (LW) photon).
(Classically, this negative residue is associated with a pathological instability in the
theory; on the quantum level, it heralds the existence of nonpositive-definite norms
in the Hilbert space, leading to problems with unitarity.

Lee and Wick argued that one can make physical sense of such a theory if there
exists a mechanism whereby the effects of the offending nonpositive-normed states are
systematically removed from the Hilbert space. Since the LW photon is massive, the
state corresponding to it develops a width and subsequently decays. The quantum
stability of the theory can be further preserved by imposing a boundary condition
in the far future, which has the consequence of introducing a strange acausal time-
ordering of scattering events [37, 38]. Hawking and Hertog argue that such boundary
conditions are natural from the perspective of the Euclidean integral, in which the
action is required to fall off exponentially with 7 = it — oo [39]. Viewed from
this perspective, the future boundary condition is no more odious than requiring the
action to be well-behaved and bounded in space.

We construct the Lee-Wick Lagrangian of the Standard Model by augmenting

each field with a corresponding higher-derivative (HD) term, chosen to satisfy the
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most basic requirements of gauge and Lorentz invariance. This is done at the ex-
pense of introducing one new parameter for each field: namely, a mass parameter
suppressing the dimension-6 HD term. We denote this dimensionful constant as Apw
when considering simple theories in which there can be no room for misinterpreta-
tion. Since this new parameter characterizes the scale at which LW dynamics become
relevant, we expect the parameter to take on values in the terascale (with energies ~
a few TeV) and beyond. It should also be noted at this point that the dimension-six
operators under consideration are not part of an effective field theory, since we are
interested in physics at energies E ~ Apw.

The remainder of this section is organized as follows: In § 1.3.1, the original theory
of Lee and Wick is discussed, focusing on quantum states defined on a Hilbert space
of indefinite metric. In § 1.3.2, a more modern approach is taken, beginning with the
imposition of higher-derivative equations of motion on the familiar spin-zero field.
This results in a few key features of LW theories, which are explored in turn. The
cancellation of UV divergences is demonstrated in § 1.3.3. Implications for unitarity
comprise the focus of § 1.3.4, while the effects of LW theories on causality are studied
in § 1.3.5. The reader interested only in how to do calculations in LW-type theories
is advised to focus on § 1.3.2; the other sections illuminate some of the deep theo-
retical roots of higher-derivative theories, but serve little purpose in straightforward
analyses of collider phenomenology and precision electroweak constraints, to name a

few contemporary topics.
1.3.1 Historical Development: Negative Metric & Quantization

In a pair of seminal papers [34, 35], T.D. Lee and G.C. Wick advanced a finite the-
ory of quantum electrodynamics (QED). The original formulation of the theory was

motivated by the troubling preponderance of infinities for even the most basic calcu-
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lations, for instance, the mass difference between the 7% and 7° mesons. Attributing
this mass difference (=~ 4.5936(5) MeV [29]) to the electromagnetic interaction, this
should have been a simple problem in the then-established framework of QED, but
infinities persist. To put the theory in historical perspective, it is worthwhile to note
that the modern understanding of the renormalization group had not yet evolved, viz.
coupling constant flows and relevant, marginal, and irrelevant operators, which tame
the divergences in field theories. It then made sense to seek a finite theory of QED.
In this subsection, the aim is not to reconstruct the original theory of Lee and Wick,
but rather to introduce the Hilbert space metric and quantization scheme necessary
to build of a quantum theory of negative-norm states.

Lee and Wick sought to construct states on a Hilbert space equipped with an
indefinite metric. The idea of negative-metric quantization is not new; it first gained
currency in 1942, when Dirac considered using it to render QED finite [40]. The
origin and transformation properties of such a metric can be made clear through the
following setup:

Given a Hilbert space H with complex-valued vectors | ), | y), establish a set of

basis vectors | 1), | 2), ... such that

Ja) = aild), y) = wili) (1.43)
for x;,y; € C. Define the scalar product between the two to be the Hermitian form
(@ ly) = 2y (i | 4) = ainigy;. (1.44)
2% 2%

This serves as the definition for the metric n = n;;, which we take to be Hermitian and

non-singular. The action of an operator O on a basis state in H may be represented
by
Oli)=2_ 0l i) (1.45)
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which leads directly to the expectation value between any two states | x), | y)

(x| O |y) = Zm O Gy => ai(i | Oy | K)y; =D ainaOryy;. (1.46)

1,5,k 1,5,k

It is also possible at this time to define the adjoint of an operator as follows:
@|O]y)=(y|0|x) = (Z( i| ;O |j>> — (Zyé‘mkokm)
ijik ig,k

—Zx O]kn,ﬁyl, (1.47)

.7,k

while manipulating the left-hand side of Eq. (1.47) yields

x|(’)|y Zy,x|0| Zx;kyz<]|@m|k’>

irj,k
ivjik
from which it is seen that 77(’3 = @77, or
o= 0. (1.49)

Of course, we know that physically robust statements must be independent of the basis

chosen. Suppose we introduce new basis vectors | 1'), | 2/), ... via the transformations
)= Tl ). (1.50)
J
The same state vectors | ) may be represented in terms of them as
= w iy =) @ i) =) Ty | ). (1.51)
i i i\j

Let us now consider the effect of such a basis change on the action of a typical

operator:

O | i) ZO/, | 7}, oralso

o Z OT“ Z OJZT“ Z OJZ i ‘ j/>’

ijg’

O =T7'0T (1.52)
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Now, since the metric itself is of interest to us, it is worthwhile to consider its trans-

formation properties as well:

(i]j)= UL
— ({15 =D (T Ty 1 3) =Y (Twini Ty, (1.53)
i?j i7j

from which one gets the transformation law
n =TmT. (1.54)

Although Eq. (1.54) bears some resemblance to Eq. (1.52), this is misleading. The in-
definite character of the metric and precludes any proof one might write which would
enforce the hermiticity of 7. As such, T~! # T' in the general case, and the trans-
formation law of 7 sets it apart from the set of “operators” in the usual sense. Any
two metrics related by Eq. (1.54) are said to belong to the same class. Furthermore,
the transformation (1.54) means that the eigenvalues of 7 have no special meaning
(at least in their magnitudes), as they can be rotated into another set of eigenvalues
by a change of basis. This means that we are at liberty to choose a basis such that n
is a diagonal matrix with elements 1. The focus now changes from considering how
different metrics may be related to one another to the question of what metrics may
be permitted in a consistent quantum theory.

A sensible quantum theory requires (anti-)commutation relations to be defined
among the creation and annihilation operators that operate on the space of states. Let
us begin by considering the familiar Fermi-Dirac case. Owing to the class invariance

of n, two choices are immediately available:

(i) aa+aa=1, (1.55)

(ii) aa+aa = —1. (1.56)
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Are there any relationships between a,a? From Eq. (1.49), we can write the trans-
formation law

a=n""tan, (1.57)

which is invariant under n — —n. Since a change in sign does not affect the opera-
tors responsible for creating and annihilating operators, it can have no effect on the
physical spectrum, and so we can include metrics related by n — —n as being in the
same class alongside the relationship (1.54).

If one chooses case (i) for the Fermi-Dirac oscillators, the sign invariance of the
metric means that it can always be chosen to be equal to the identity matrix, and
this corresponds to the usual (z | ) = 1 case of positive-normed states. If instead

case (ii) is chosen, one can consistently require that
(@ | (=)™ [z) >0, (1.58)

for all | x) in ‘H. The exponent aa appearing in Eq. (1.58) is to be understood as an
eigenvalue of the operator aa acting on | ). The metric is therefore indefinite, and
one may choose n = (—1)% in order to enforce positivity in (1.58). The quantum
created by these operators is said to be of positive or negative metric, depending on
whether case (i) or (ii) holds.

The Bose-Einstein case possesses additional subtlety. The conventional quantiza-
tion

aa —aa =1, (1.59)

may be turned into

aa — aa = —1, (1.60)

by simply swapping the roles of a, a. Due to this property, the total range of possi-

bilities for quantizing bosons falls into three distinct groups:
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1. Definite metric. (z | x) > 0 and n may be set to 1. This corresponds to

establishing a vacuum state |0) such that a|0) = 0.

2. Indefinite metric. Eq. (1.58) holds, and n = (—1)* is permissible. This

corresponds to a vacuum state defined by af|0) = 0.

3. Neither. 7 is indefinite; this corresponds to aa | ) returning non-integer
eigenvalues for all vectors | ) € H. The spectrum so produced is bounded

neither from above nor below.

We are interested in constructing a consistent quantum theory with some meaningful
ground state, and so choice (3) is excluded from further consideration. It is enough
to then stipulate whether the spectrum should be bounded from above or below; the
class of metric is then specified uniquely by demanding that it be either definite or
indefinite.

This concludes the treatment of the basic quantum theory of Lee-Wick states. This
topic will arise again in the chapter concerning thermodynamics and the LW effective
action, where further subtleties in defining the metric and quantization condition
can lead to interesting predictions. For now, let us turn to the subject of making a

quantum field theory of LW states.
1.3.2  The Simplest Case: A Higher-Derivative Scalar Theory

Modern work on LW theories may share the spirit of the original papers by Lee
and Wick, but the implementation has tended to follow a seminal paper by Grinstein,
O’Connell, and Wise [41]. The roadmap here entails the explicit invocation of a HD
action, followed by its Ostrogradsky transform into a theory of two quantum fields
of opposite norm (rather than beginning with negative-norm states on the Hilbert

space from the outset). The use of modern QFT technology in [41], such as the
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renormalization group and spontaneous symmetry breaking, will be more familiar to
contemporary practitioners than the original paradigm set forth by Lee and Wick.
Let us begin by considering the simplest case, involving a single interacting scalar

field ngﬁ with a HD term:

~

L @i —vi). (1.61)

1 -~ 1
Lrg = =0,00"d — —m>¢* —
hd 2u¢ [0) 2m¢ 2A%

One may then obtain the Euler-Lagrange equations of motion in the usual way, re-

sulting in the HD propagator

. i
D(p*) = :
W) = =

(1.62)

This propagator has simple poles at p* = AQ% (1 + /1 —4m?/ A%W>. In the limit of
interest, AZy > m?, this expression reduces to p?> = m? and p? = AZ, — m? ~ Adyy.
The meaning of Eq. (1.62) is clear: the propagator following from a single HD action
cleanly resolves itself into two independent degrees of freedom, which is most obvious
when its mass scales are far separated.

We can explicitly see these new degrees of freedom by inserting an auxiliary field

¢ into Eq. (1.61):
| U P .
L= 50.00"¢ — §m2¢2 — ¢0%¢ + §Aiw¢2 —V(9). (1.63)

The equation of motion, ¢ = 92¢/A%y, is exact at the quantum level: the path

integral over the degrees of freedom associated with q; can be comptued exactly.

Substitution of this result for ¢ in Eq. (1.63) returns Eq. (1.61), as expected. Now,

define a new field by ¢ = ¢+ ¢. Eliminating ¢, the Lagrangian of Eq. (1.63) becomes
L= %auﬁbauﬁb - %6@8“& + %A%WCZZ

56— 3 = V(o). (1.64)
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In this form, we can see that there are clearly two scalar fields at work: the conven-
tional scalar ¢, and its partner, ¢. The terms in Eq. (1.64) quadratic in ¢ display
a curious property: both the kinetic and the mass terms enter with a sign opposite
to what one expects in a standard quantum field theory. The above is to be con-
trasted with ghosts and/or tachyons (which have an opposite-sign kinetic term only)
and the unstable vacua associated with the Higgs field in the unbroken symmetry
phase (which has an opposite-sign mass term only). The ¢-only terms enter as a
complete copy of an otherwise-standard free scalar field theory, with an overall minus

sign appended. Eq. (1.64) gives rise to the propagator

. —i

D(p?) = ——. 1.65
") = e (1.65)

This signals the existence of nonpositive-definite normed states in the Hilbert space.
If this state were to be stable, then a scattering process taking a collection of positive-
norm states into a collection of negative-norm states could not be done by means of
a unitary operator on the Hilbert space. Put succinctly, a complete S-matrix in this
case demands the violation of unitarity. However, as emphasized by Lee and Wick
in their original work, unitarity may be preserved if é is unstable and decays, thus
acquitting its quantum states from consideration as long-lived states on the Hilbert
space. This is achieved at the level of Feynman diagrams if V' (¢, gz;) contains a term
enabling the decay of the heavy ¢.

One complication persists in the absence of an easily recognizable mass term for
¢. As it stands, Eq. (1.64) contains a ¢ — ¢ two-point interaction, mixing the two
fields. In order to gain a clearer picture in which each field has its own distinct mass

term, it is possible to execute a symplectic diagonalization in the basis of fields (which
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preserve the metric 77),

0] coshf sinh6 ¢’
| = - (1.66)
) sinh @ cosh 6 ¢
A solution exists if 6 satisfies
—2m?/\?
tanh 20 = ——— LW (1.67
1 —2m2?/A}y )

which provides real solutions, as long as A%y > 4m?. If this inequality is not met,
this corresponds to the case of the heavy ¢ field decaying to ¢¢ on-shell with zero
phase space volume; in other words, the heavy LW state is unable to decay. It should
then be little wonder that a well-defined theory of two interacting fields, of opposite
norms, does not exist; the failure of symplectic diagonalization presages the looming
disaster of a non-unitary S-matrix.

This transformation being made, the Lagrangian of Eq. (1.64) becomes
1 rap 1t 1 12 412 1 RN 1 2 72 ’oor
525 Mogoao — ™M o —53u¢3¢+§MLW¢ - V(¢ ¢), (1.68)

where the introduction of m’?, M7y accounts for the adjustment of the original mass

parameters:

A2 4m?
m? My = =2 (15 120 (1.69)

~

Furthermore, since the potential in the form of Eq. (1.61) changes from V(¢) to V (¢—

¢), the coupling constants of the HD theory will receive multiplicative corrections from

the diagonalization. For instance, if

V(9) = 198" — Vo~ 3) = —1g(6 - 9", (1.70)

diagonalization will turn this into

1 ~
V(g —¢') = Hg(cosh@ — sinh 0)"(¢' — ¢')". (1.71)
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This new multiplicative factor can simply be reabsorbed into the definition of the
coupling constant, giving ¢’ = g(cosh § — sinh #)", and
V(o-3) = d(6— )" (172

For A%y > m? hence § < 1, this is a minor redefinition of approximately ¢ =
(1 —nf)g. For notational convenience, we will drop the primes from the notation in
all subsequent calculations. Only mass-eigenstate fields and their associated couplings
will be used throughout the rest of this work, and no ambiguity will arise.

Loop effects will come to play a substantial role in this work, and it therefore
behooves us to consider the self-energy of LW fields due to their self-interactions:

—1
p* - MI%W

—1 —1

— + +...
PP — Mpy P — My

D(p?) (—i%(p))

B —1 =~ X —i 1

PP My ; p?—Mpy  p?— My 1y (/) (p* — Miy)
B —1

P My +3(p7)

(1.73)

This is to be contrasted with the case for ordinary scalar fields, for which the de-
nominator has the form p* — m? — X(p?). This result is significant in light of the
Breit-Wigner formulation of resonance widths. Taking the denominator of Eq. (1.73)
to be of the form p? — m?2 + imI for some width I', the LW field possesses a negative
width. This result could also have been demonstrated by a straightforward calculation

using tree-level Feynman diagrams. If
- 1 - 1 .-
V(o —¢)= gg(qﬁ —¢)’ D —§9¢2¢, (1.74)

then the width associated with the decay channel ¢ — ¢¢ is simply

g° 4m?

= J1-—. 1.75
327TMLW MﬁW ( )
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The overall minus sign comes from the fact that an odd number of LW fields are
present in the Feynman diagram of interest, as in Eq. (1.74). This will have interesting
implications for causality, as addressed in § 1.3.5.

The result of Eq. (1.75) helps to address the previously-mentioned issues with
unitarity. It is well-known that the optical theorem, taken as a criterion for unitarity,
demands that the imaginary part of the forward scattering amplitude be positive. In
¢¢ scattering under the influence of the potential (1.74), one has (following implicitly

the Feynman +ie prescription)

. 2 2 .
iM = (ig)? : = +ig? , 1.76
G9) s il — 19 (7 = M2y )7 & MuwT? (1.76)
leaving M with imaginary part
MiwT
Im M = —g? ol (1.77)

(p? — M3y)? + MpwI'?
The negative sign buried within I' cancels the explicit sign associated with the propa-
gator. The optical theorem is vindicated at tree level, thus occasioning some optimism
that the theory is indeed unitary. However, one must be forewarned that a proof of
the optical theorem for LW theories to all orders in perturbation theory is wanting at
the time of this writing. No known violation yet exists, although attempts to settle
the unitarity question through path integrals have proven null [42]. One must then

approach the question of unitarity with some caution.
1.3.3 Cancellation of UV Divergences

As advertised, one can show with relatively little work that the higher-derivative
degrees of freedom present in the LWSM can cancel off the UV divergences that
plague scalar mass renormalization, thereby resolving the hierarchy problem. Since

the SM possesses three types of fields - fermion, scalar, and gauge boson - three new
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HD Lagrangians need to be written down:

PP W 2\ 2
Litiges = (D, ®)1(D"®) — —(D,D"®)/(D,D*®) — 2 (bl — =) | (1.78)
M2 1 9
1 . . 1T
Lyvang—niills = — =tr Fl, " + —tr (DY F,, ) (D FY), (1.79)
2 M2
r 1 = . a
Ltormion = QrilPQy, + WQL@lDwmQL (1.80)
Q

with covariant hatted derivatives lA)H defined in analogy to Eq.(1.2) with respect to
HD gauge fields. It is also necessary to write down the HD Yukawa interaction for

completeness, though its form is easy to guess:
— Ly = yuie“b(Qi)afﬁZﬁ’é + yszZL(i)cfﬁq + yei[A/Z(I)e% + h.c. (1.81)
With this information, one has the basic ingredients necessary to perform an Ostro-
gradsy transformation on the HD terms by way of auxiliary fields, such as Qy,, etc.
Let us briefly respectively work out the the Ostrogradsky formalism for the gauge
and fermion fields, utilizing auxiliary fields W#e = WHe — Wha and Qp = Q; — Qp:
1 PN ~ o~ A oA
Lowx = — ) tr £, " — M3 tr W, W, + 2trF,, DWW,
1 1 - ~ - ~
— — 5 tr Fl,, F" + B tr (D, W, — D,W,)(D"*W" — D"W*#)
L 3 L
- Z.g tr([Wm WV]FIW) - 592 tr ([Ww WV] [Wua WV])
— 4igtr([W,,, W,|DFW") — M3 tr (W, W*H). (1.82)

In Re gauge, the propagators for regular and LW gauge bosons with group in-

dices a, b read

. i 6% Puby
Dul; = ——p2 (gw, —1(1 - 5)—;2 ) , (1.83)
- sab
rab 00 Pubv
D — S (gw, -1 J\Hii ) . (1.84)

Note in particular the opposite sign of the LW propagator, the explicit pole mass

M?%, and the fact that the LW gauge boson still preserves the Ward identity in the
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technical sense (p* dotted into Eq. (1.84) vanishes). We will not need to consider LW
gauge bosons in what is to follow; let us proceed on to the case of the HD fermion

theory. Exploiting the auxiliary field formalism as before, one has

L=QuilQ, + Mo(QrQ + QrQr) + QribOL + QuiDQ, — QriDQ,
— QuibQr, — QuilQy, — CZQ/RUDQ/R + MQ(@LQ/R + é;%QL) — QA" Qr
+ QrA QL + Qrryp AMQl, (1.85)
where fl# sums over all auxiliary field gauge bosons (and their generators). The
introduction of a right-handed fermion Q’R is necessary in order to produce a vectorlike

mass term. Since Q)r, @ combine to form a single spinor in Eq. (1.85), there are

only two propagators, with the forms

(1.86)

=T (1.87)

With this set of free-field Lagrangians firmly in place, it is time to turn to the task
at hand. In the Yukawa Lagrangian of Eq.(1.81), each HD fermion is replaced by

’(Z) — 1) — 9. This leads to a LW Yukawa Lagrangian of familiar form,

— L = Y€ (QY — Q1)a( D] — By)T (uly — i)
+yar(Q — Q1)(® — &) (dyy — diy)

oy (L — L)(® — d) (e, — &%) + hec. (1.88)

From this, one learns some very useful information. Not only do SM fermions couple
to the Higgs, but so do their LW partners, and there also exists a trilinear coupling be-
tween the SM and LW fermions and the Higgs. Now, one can take the diagram (1.30),
but augment it with three new diagrams: one where only the top fermion line is LW,

one where only the bottom is LW, and one where both are LW. This means that the
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LW result can be directly imported from Egs. (1.33), (1.34) with a judicious choice of
A (p?, z) for the three cases above. Referring to them respectively as Ay, As, and Ag,

we have

Ay =mix 4+ My (1 —z) — p*z(l — z), (1.89)
Ay =mi(1 — x) + Miyz — p’z(l — x), (1.90)
Az = M3y — p*z(1 — ). (1.91)

Before performing the loop calculation, one must keep in mind that, due to the
opposite sign of the LW propagator, a diagram with /N internal LW-lines will possess
an overall relative factor of (—1)" relative to a purely-SM diagram. One may now
calculate each loop diagram; for organizational convenience, denote each diagram

—iMZy)(p®), where N counts the number of internal LW lines:

2 1 2 2
N2 (02) My 2 A_ _ A_
My (%) = =i /0 dx (2/\ 3A;In ( A1> 3A,1n ( A (1.92)

L ) A?
—iM@5)(p7) :ZW/O dx (A —3A31n (A_g)) : (1.93)

Adding these results back to Eq. (1.34), it is seen that the quadratic divergence

cancels off cleanly. However, the logarithmic divergence persists; this prompts the

observation that

The Lee-Wick Standard Model is free of quadratic divergences, but unlike the earlier

formulation of quantum electrodynamics by Lee and Wick, it is not a finite theory.

This is a significant departure from the original incarnation of the theory. The modern
formulation of LW theory accepts logarithmic divergences as necessary, and in fact
desirable, in light of the understanding of the renormalization group that has emerged

since the time of Refs. [34, 35].
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This concludes the elementary treatment of the LWSM resolution of the hierarchy
problem; but what of the other new fields introduced into the theory? It must be
remembered that the fermion contribution to —iM?(p?) is the leading divergence at
quadratic order, and all other diagrams calculated within the auspices of the SM
are at worst logarithmically divergent. Invoking HD equations of motion can only
increase the convergence (or at any rate, slow the divergence) of loop diagrams, since
their propagators fall off even more rapidly with energy as one approaches the UV

cutoff.
1.3.4 Unitarity in Lee-Wick Theory

The existence of negative-norm states, non-Hermitian Hamiltonians, and higher-
derivative terms in the Lagrangian all seem to point to a violation of unitarity in
Lee-Wick theories. If true, the theory would indeed be sick beyond the help of any
ad hoc procedure. However, the question of unitarity turns out to be quite nuanced,
and yields a somewhat surprising answer.

The fact that Lee and Wick’s seminal paper [34] began with a proof of S-matrix
unitarity offers a sense of the issue’s importance. It assumes a metric 1 (as defined
in § 1.3.1) between states |z) on a Hilbert space H. There exists a pseudo-Hermitian
Hamiltonian, in the vein of Eq. (1.49). Given that the unitarity of S is related closely
to the hermiticity of H, one would be permitted some skepticism that a pseudo-
Hermition Hamiltonian can produce a viable theory. After all, a Hamiltonian defined
by (1.49) yields the relationship

StnS =n, (1.94)

which clearly does not comply with the expectation that STS = 1.
The prescription suggested by Lee and Wick is to divide the particle spectrum

into two classes: ‘“normal” (n = 1) and “abnormal” (n = —1). It would indeed
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be disastrous for abnormal particles to survive into the far future as scattering out-
states; but if the theory contains interactions and mass parameters allowing abnormal
particles to decay into their normal counterparts, then the S matrix (which connects
past and future infinity) never “sees” the abnormal particles in any meaningful way.
This can be thought of as the total Hilbert space H having some subset H, C H of
positive-norm states on which the S-matrix acts.

Non-Hermitian operators are associated with complex eigenvalues, which can be
seen from the action of H on a complete set of states. Let the eigenstates of H be

spanned by «, 3, obeying

Hl|a) =FE, |a), (1.95)

H|[Bs) =Eip|Ba), (1.96)

forImE, =0and Im E, 3 = —Im E_ 5 # 0. With these tools in place, we are able to
make a mathematically concise statement regarding the stability of the theory. All
eigenstates | ) of real eigenvalues E, possess positive norm-squared with respect to
the metric n, i.e.,

(a|n]ea) > 0. (1.97)

All remaining states will have purely oscillatory time-dependence. It also follows from
nH'n = H that the three partitions of states possess a vanishing inner product with

one another:

(B nla)y=(B-|nla)=0, (1.98)

(B I 1B+) = (B In1B-) =0, (1.99)

for different 5, 3’. One can also act repeatedly with H to show that, for different
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(@ [n]a) =0, (1.100)

(B4 [n18-) = 0. (1.101)

These inner products serve a direct purpose in attempting to build a completeness
relation (which cannot be proven to exist in general for non-Hermitian operators):
we can expand any state on H in terms of the eigenvectors of H. Though this is an
assumption, a theory without a completeness relation bears little resemblance to the
mathematical framework of quantum mechanics, and so we press on. The general

expression is

[0y =) Aaln|e) |e) + (Beln ) |B-) + (B=|n|¥) |B) (1.102)

a,f+
If a state is to have negative norm-squared, i.e. (¢ |n 1) < 0, it must be a coherent
mixture of | 5, ) and | 5_). The contrapositive of this statement gives one an idea of
how to ensure that the theory remains stable.
One may now formulate a scattering theory in the usual way, using asymptotic in-
and out-states | ™) and |a®"). The S-matrix is then defined as the inner product

between in- and out-states:
Sara = (2" |1 |™). (1.103)

One is free to substitute the above, by way of Eq. (1.102), back into Eq. (1.94). Using
the completeness of the full vector space H, all unphysical states are projected out,

leaving only

STS =1, (1.104)

as desired.
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Following this result of Lee and Wick, Boulware and Gross [42] attempted a path-
integral formulation of the theory. Their study centered on the troubling nature of

indefinite metrics and runaway states: as an example, the state

) =[+) £ [-), (1.105)

for which 0 < (+ | +) = —(— | =), has zero norm. Modes corresponding to such
states have the potential to grow or decay exponentially while inner products remain
bounded. To compare with a classical case, this is similar to a theory with indefinite
energy. Such a theory can be quantized in regular Minkowskian time, and a functional
integral exists, but there will in general be growing modes and no ground state. This
latter fact precludes the possibility of a Euclidean-time quantization, which presents
problems for the orthodox connections between path integral quantum mechanics and
statistical mechanics.

The case for the unitarity of Lee-Wick theory is embattled, to be sure, but not
without optimism. The Lee-Wick prescription successfully decouples the offending
negative-norm states from the physical spectrum, needing a caveat or two and per-
turbation theory in order to do so. The non-existence of a path integral formulation,
however, merits some serious concern. As of this writing, we stand in the uncomfort-
able middle ground of there being no non-perturbative proof of Lee-Wick unitarity,

but no glaring examples of unitarity violation either.
1.3.5 Causality in Lee-Wick Theory

Causality and time-ordering experience some counter-intuitive developments when
transitioning to Lee-Wick theories. Acausality, understood mathematically as a pe-
culiar time-ordering of events, has been studied in Refs.[35, 37, 38, 43]. It was argued

in [35] that, aside from pathologies and paradoxes such as closed timelike curves, a
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mathematically consistent theory cannot lead to bona fide paradoxes along the lines
of acausality as it is commonly conceived. Rather than grapple with such ill-defined
notions, one would profit from rephrasing the question in terms of Lorentz invariance.
Touching on the foundations of quantum field theory, causality can be stated as the

requirement that the two-point correlation function

(0]o(y)op(z) |0) =0 for guaty” <O, (1.106)

that is, for spacelike (x — y)*. This demand is satisfied in [35].

Ref. [38] pursues the question non-perturbatively by basing the LW state space
on a set of distributions formulated by Gel'fand and Shilov [44, 45]. The author
addresses the problem concerning loop diagrams with Lee-Wick particles, which are
taken to have complex masses in some studies [46]. Such graphs introduce non-
analytic regions whose shape depends on the frame in which they are calculated - a
clear violation of Lorentz invariance. The problem arises due to the elimination of
internal negative metric particles through the Lee-Wick prescription, which operates
on a set of states that is not Lorentz-invariant in the first place. The problem may be
overcome by recasting the theory in terms of strictly a covariant state space. However,
the states so constructed have real energy eigenvalues, and so they seem to be at risk
of violating the Lee-Wick real-energy constraint for removing unphysical degrees of
freedom. This is avoided by imposing a large-distance cutoff, thereby moving the
negative-definite states away from the real line. The Lee-Wick real-energy constraint
is then applied, after which time the cutoff is removed, resulting in a causal theory
free of negative-norm states.

In [37], the authors assert that causality as commonly conceived is a classical,
macroscopic phenomenon, appropriate only at large length scales that coarse-grain

over degrees of freedom. The Lorentz invariance of LW theory is emphasized, and
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causality here is understood to be an emergent phenomenon only appropriate for
macroscopic time scales (which can be as short as microseconds, given the smallness
of Ajy). In order to probe the nature of that emergence, they study an O(N) con-
struction of LW theory, and find that the time ordering one would associate with
causal fields emerges in the N — oo limit.

The analysis of [43] centers on the topic of vertex displacement. It had been es-
tablished in [41] that the decay products of LW particles move toward their vertex of
production, not away from it; this is a way of phrasing the apparent acausality in scat-
tering (hence, S-matrix) terms. The author uses the Weiszdcker-Williams approach
of [47] to calculate vertex displacement effects one might see in the Bremsstrahlung
radiation of a LW photon, i.e. ¢~Z — e~ AZ. The author finds that the cross-section
for this LW process is not substantially affected by a momentum cut representing the
sensitivity and thickness of a detector. This latter fact is significant, because for a
sufficiently thin detector, the vertex displacement could put the decaying LW particle
“behind” the detector, while its decay products move from this point into the detector
proper. In the particular case of LW photons produced by a beam of incident energy
Eq on the target, the opening angle into which decay products travel is found to be of
order m ;/Ey. This small, though in principle measurable, angle would be a smoking
gun for the identification of LW particles at colliders and fixed-target experiments.
This theme will be explored further in the subsequent chapter concerning LW collider

phenomenology.
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Chapter 2

COLLIDER SIGNATURES OF THE N = 3 LEE-WICK STANDARD MODEL

With the core ideas and implementation of the Lee-Wick Standard Model in place,
it is time to consider some applications of the theory to contemporary problems of
collider phenomenology, electroweak precision tests, and cosmology.

Consider the basic HD Lagrangian of Eq. (1.61). Though it may seem an unnec-
essary or unwelcome extension, only attached to serve one very specialized purpose,
there is another perspective from which to view it. Equation (1.61) invokes a HD,
dimension-six operator. But is this the end? If we entertain the thought that there
may exist HD operators at the fundamental level, narrowing the field of view to only
one such class of operators can only provide a special case of a more generic the-
ory featuring still-higher powers of the derivative operator. In order to keep things
straight, some clarifying notation is in order. An Lee-Wick theory of order N is one
whose Lagrangian has terms with up to 2(/N — 1) extra derivatives beyond that in
the original theory. In this notation, the conventional Standard Model is an N =1
theory; the model developed throughout Ch. 1 is an N = 2 theory; and the subject
of this chapter, and the primary focus of this dissertation, will be N = 3 theories.

We expect the introduction of dimension-8 operators to add complexity to the
theory, both in the number of parameters to be constrained (in the form of mass
scales and diagonalization angles, similar to Eq. (1.66)) and in the number of new
interactions to be generated by the Ostrogradsky decomposition of the HD fields.
However, the improved convergence of loop diagrams ameliorates this cost somewhat;
we can expect internal lines to fall off as O(p~%) at high energies, taming the Standard

Model hierarchy problem even more rapidly. We can immediately see an emerging
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trend: a Lee-Wick theory of arbitrarily high N improves the covnergence of loop
diagrams arbitrarily well, at the cost of increasingly ungainly computation. It be-
comes imperative to know just how many terms are needed for the purpose of a given
problem, while not ignoring other relevant terms for the sake of keeping calculations
manageable.
Fortunately, a natural hierarchy exists due to the dimensionful couplings that
attend each derivative operator. In a prototypical Lee-Wick Lagrangian,
N SN 1 o
i = 3 (~C@")'9) + gm*d* (2.1

the only choice of C; resulting in a dimensionally consistent Lagrangian is of the form
T (2.2)

for some heavy mass scale M;. Even in the case that all M; are comparable - which
is most interesting for phenomenology - the higher-derivative irrelevant operators
quickly trail off. We then see the N = 3 Lee-Wick Standard Model as being the
next-to-minimal approximation to an expansion in M;?. The N = 3 LWSM was
pioneered in Ref. [48], influenced by earlier work in O(p®) scalar theories' studied in
Refs. [49, 50, 51]. We turn now to the task of mapping the N = 3 HD theory onto
a renormalizable field theory, in a manner similar to the Ostrogradsky formalism

exploited earlier.
2.1 An N = 3 Toy Theory

As we saw from Eq. (1.61) and the discussion following, we can obtain a compu-
tationally convenient form of the theory by first adding auxiliary fields (AF) to a HD

Lagrangian, and then following an Ostrogradsky-like formalism.

'We pause to note the distinction that O(p*) terms are absent in these theories, hence, they are

not in the direct pedigree of the LWSM.
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The archetypal N = 3 Lagrangian for an interacting, higher-derivative scalar qZ;

18
1
WE

1
M3

_ 1a_ s Ao P A ~
50 = —5006 — 000 — 00— mid + L), (23)
where the masses M;, M; roughly correspond to the location of the Lee-Wick poles,
and are assumed to be comparable. A quick calculation yields the higher-derivative
N = 3 propagator,

DN=3(p) = ! : 2.4
up - (P) p2—mi—p4/M12+p6/M§ (24)

from which we see that propagators in the N = 3 theory will have three poles,
corresponding to three physical resonances. Note the alternating signs of the p?"
terms in Eq. (2.4). In thep? — +oclimit, the propagator scales as ~ +ip~°, opposite
in sign to the behavior of the minimal LW case discussed earlier. As we will see, this
overall sign signifies the existence of a positive-norm state dominating UV behavior.

We desire an AF transformation that will change Eq. (2.3) into a more manageable

form,

3
et = 3 [ 26O 4 m)] + antto) 29

i=1

where ¢; = +1 records the relative signs of contributions to the Lagrangian, and
the m? are taken to be positive.® The task of the AF formalism is to determine the
constants ¢;, m; as functions of M7, Mg, andm}.

We pause here to define some new, helpful terminology. For a LW Lagrangian in
the form of Eq. (2.5), we refer to the summation variable i (appearing in ¢() as the
“Lee-Wick index.” It is helpful to assign some unambiguous notation to this effect,
so we choose npw. Hence, a SM field possesses LW index nrw = 1, a negative-norm

LW field has niw = 2, and a positive-norm LW field has nyjyw = 3.

2For brevity, we will use the d’Alembertian, (I, in place of 92 in what follows.

3Generalizing to LW theories of arbitrary N, one could replace the 3 in Eq. (2.5) with V.
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Invoking auxiliary scalar fields x, ¢, the AF Lagrangian is given by

1 1. A N
Lap = | = 500+ mi)e = x(O+mi)o + (mf —mi) P(m} —mi) 2y
1 1 .
- §¢D¢ - E(mg +mg = mY? |+ Lin (), (2.6)
with 71 = (mim3 + m3m3 + m3m3)/(m3 — m?)(m3 — m?). Note that, unlike in

Eq. (1.63), one of the auxiliary fields in Eq. (2.6) (namely, v) is dynamical. The
need for invoking two auxiliary fields, rather than just one, is an expression of the
extra dynamical degrees of freedom encountered when moving from N =2 to N =3
theories. Upon varying Eq. (2.6) with respect to x, one recovers the equation of

motion,
1

(mF — )2 (m3 = ) 7

Eq. (2.7) may be substituted back into Eq. (2.6), after which one obtains the HD

)= (O +m?)o. (2.7)

Lagrangian

1 - .
Lup = ~5xi (D—Fm?)(D—Fm%)(D%—mg)gb, (2.8)

where we have definied
A = mIm3 + m2mi + mim3. (2.9)

Comparing this recasted HD Lagrangian with Eq. (2.8), we see that the mass terms

of Eq. (2.3) match up with those of Eq. (2.8) through the following identifications:

m3 =(mimimd) A, (2.10)
M? =A*/(m? +m3 +m3), (2.11)
M3 =A?. (2.12)

This result demonstrates that we are still in contact with the original theory, and also

that the original HD Lagrangian is factorizable.
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One can also map Eq. (2.6) onto the general form of Eq. (2.5) through the defini-

tions

6 =vmeV = /=10 + /e, (2.13)
X = V=106 — /16, (2.14)
¥ =03 — /=@, (2.15)

where the 7; are defined by (note that the following definition of 7; matches the one
below Eq. (2.6), using Eq. (2.9))

= 2.1
N = g = ) (= i) (216)
A4
= 2.17
= G )~ ) 240
A4
3 =73 2 (172 (2.18)

(mf —m3)(m3 —m3)
Assuming, with no loss of generality,* that ms > mo > m,, we see a pattern develop:
sign(n;) = (—1)""!. This pattern corresponds to that observed in the propagator
of Eq. (2.4). The simplification of the unwieldy AF Lagrangian in Eq. (2.6) to the

general form of Eq. (2.5) occurs as a result of the following sum rules:

3
> mPtn =0 (n=0, 1), (2.19)
=1

3
> mitn = A" (n=2), (2.20)
=1
mimans + maman + mimin, = AL (2.21)

The 7; defined here are related to those defined by Pais and Uhlenbeck [52], who
were interested in quantum-mechanical theories with HD Lagrangians. The Pais-

Uhlenbeck parameters (called 17V here) are related to the N = 3 LW parameters

41f one prefers mo > mg > m; instead, this can be accommodated by swapping 1, ¢+ 13, and the

argument still follows.
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n Hjm? T; ( )
Given the field decomposition of Eq. (2.13), the interaction terms of the La-

grangian become

Lint(8) = Lint (VoY — V=162 + /150 . (2.23)

It is important to see that the N = 3 theory does not introduce new divergences
in quantities expected to be finite in the N = 2 theory; this would hardly count
as an improvement. To illustrate this, consider the familiar interaction term L; =
—\¢* /4!, which transforms under Eq. (2.13) as

Lin ({0} 1 Z Ve [0V gl (2.24)

ijkl

We are interested only in the self-energy function for (M), as the other LW partners are
expected to decay, and we already know the consequences of their putative stability

to be disastrous. The correction at one loop is then given by

I(p*) = Am/ (if; > [(21_);1 ] |7, (2.25)

e | P
where, for the sake of illustration, we have computed only the most divergent diagram
possible. We now make use of the fact that (—1)%*! | 7, |= m, and expand the
integrand of Eq. (2.25) in powers of p?/m2, the high-p* limit being the one of interest

for probing the UV behavior of the theory. We then have

) d* m? mi
k

P p PP
It appears at a glance that we have a badly divergent self-energy: the first two terms

exhibit quadratic and logarithmic divergences, respectively. However, we have not yet

>The II; symbol denotes multiplication of the m?, and not a canonical momentum operator with

respect to a field indexed by j.
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invoked the sum rules of Eqgs. (2.19)and (2.20). The quadratic divergence vanishes
under the n = 0 case of Eq. (2.19), and the logarithmic divergence vanishes under
the n = 1 case of the same. The O(p~%) term yields a finite contribution, which
can be recast by the rule of Eq. (2.20). The N = 3 theory, though exhibiting more
complicated interactions than its N = 2 counterpart, has built-in sum rules that still
serve to cancel the leading divergences.

While it is necessary to develop auxiliary field Lagrangians for the fermion, Yang-
Mills, and Higgs fields for the N = 3 theory, their implementation is quite lengthy.
The HD Lagrangians for these fields, as well as their AF transformations into recog-

nizable LW theories, may be found in Appendix A.
2.2 Methods of Collider Phenomenology

We now have the tools necessary to study the experimental consequences of the
N = 3 LWSM. A scattering event particularly sensitive to the presence of LW partners
is the process pp — W," — I + 1, + X, first studied in [53] for the N = 2 case. The
N = 3 analog of this process, studied in [1], forms the basis of this chapter. Here,
Wt refers to either a LW gauge boson, [Ty, is a lepton-neutrino pair of a given
flavor, and X labels the hadronic products. A characteristic LW mass of 1.5 TeV
was assumed. However, subsequent analyses of oblique corrections and electroweak
precision observables [54, 55, 56, 57| have demonstrated significant tension between
the N = 2 LWSM and experimental evidence, thereby requiring a LW W mass
to be 2 3TeV to remain consistent with available data. This turns out to be an
optimistic estimate of the LW W mass, as it requires the masses of LW fermions to
be substantially higher, as large as 10 TeV in some of the above references. More

model-independent scenarios, in which there is a common LW mass for all particles

involved, retain consistency at the price of a mass scale ~ 7TeV. In either case, these
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high masses put the LW W well out of range of what can be expected from the LHC
(though there exist many studies on LW phenomenology at the LHC; see [58, 59, 60,
61]. Masses of several TeV also raise the troubling complication of a little hierarchy
problem: even if these LW particles solve the “big” hierarchy problem associated with
the sensitivity of the electroweak physics to the GUT scale, there still exists a smaller
fine-tuning problem of one part in (at least) 10* or 102

This is certainly a step backwards with respect to the overall spirit of Lee-Wick
theories. Now that we have the tools of the N = 3 LWSM at our disposal, however,
we can see if the existence of heavy positive-norm states can ameliorate the tension
between theory and experiment as well as produce a distinct signal for LW particles
at colliders.

We focus on the semileptonic process pp — [T + 1, + X, where the lepton pair
[*y; is produced by an intermediate W, (i = 1, 23 covers SM or negative-norm LW,
or positive-norm LW, W bosons), and X is an inclusive hadronic state. To leading
order in the weak interactions, the partonic-level differential scattering cross-section

is

d3c G%MIL/LV ) . , )
drdydz K A8 % | Vi |7 [9G gy (14 27) + 24G, 2], (2.27)

where we have introduced the variables

S= PG (CC) (L + hihy)?, (2.28)
ij
A= Z Pij<CiCj)l(CiCj)q(hi + hj)?, (2.29)
ij
(8 — M?)(3 — M?) + ;0 M; M

K is a numerical factor ~ 1.3 arising from next-to-leading order and next-to-next-
to-leading order (commonly NLO and NNLO in the relevant literature) QCD correc-

tions [62]. A parton ¢ and charged lepton [ are scattered into an angle z = cos 0*
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in the center-of-mass (CM) frame. The P,; represent interference terms between the
three types of W bosons allowed as intermediate states (see §2.3.3 for details on the
calculation of I'). The S and A terms are combinations of helicities h; and cou-
plings C’f’q which are, respectively, symmetric and asymmetric with respect to z. The

quantities G;, are combinations of parton distribution functions (PDFs) [63]:
GE, = (e, M) (w5, M?) £ gy, M) (24, M?), (2.31)

where g (¢') are the PDFs associated with an up (down)-type quark, the lepton in-
variant mass is M? = §, and x,;, = /7€ are the parton longitudinal momentum
fractions; 7 = §/s, and y is the virtual gauge boson rapidity. This work extends
that of Ref. [53] by introducing an additional state of positive norm; this manifests
itself in Eq. (2.27) through the positive sign in the propagator (that is, the P; term),
and therefore I's; > 0. The differential cross section of Eq. (2.27) can be recast as a

distribution in the transverse mass Mr, obtained from z = (1 — M2?/M?)1/2:

do ! Y Ao
. dr [ Iz = M) 2.32
M /M%/s T/_Y (2= Mr) o=, (2:32)

The Jacobian factor J(z — My) =| dz/dMyp |= (My/M?) | 1 — M2/M? |7V/2 is

responsible for the peak structures observed in the plots of § 2.4. The new positive-
norm states produce a signal near the region My ~ Mj, with a signature sharp edge
produced by the interference terms in the off-diagonal entries of F;;.

Are the predictions of the N = 3 LWSM distinct from those of other BSM the-
ories featuring a W’ boson? The W’ bosons of the LWSM, characterized by their
alternating norm, comprise just one example among many contenders, which could
(in principle) have arbitrary helicities and couplings to SM fields. Among the pos-
sibilities are the Sequential Standard Model [64] (the SM with extra gauge bosons

carrying the same couplings), left-richt symmetric models where the W’ generates
ymg plngs), g Yy g
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an SU(2)g symmetry (as in Pati-Salam theories [65]), and Kaluza-Klein excitations
of the W on a compactified S*/Z, dimension (see [66] and the references contained
therein). It was already demonstrated in Ref. [53] that the first two scenarios are
distinct from the N = 2 LWSM, and so we do not consider them further. However,
the Kaluza-Klein modes present an added complication, and must be dealt with more
carefully.

The most straightforward extra-dimensional models are characterized by a single
dimensionful parameter: R, the length scale of the compactified dimension. Analysis
by LEP-1 and LEP-2 groups already requires R~! to exceed several TeV [67], but
more exotic extra-dimensional models allow R~ to be brought down to energy scales
which might be probed at the LHC.® One such situation runs as follows. Take an
extra-dimension scenario in which gauge and Higgs bosons propagate in the bulk of
the compactified S'/Z, dimension y € [0,7R]. The fermions of this theory do not
propagate in the bulk, but are instead localized at the endpoints: the leptons are
localized at y = 0 and the quarks at y = 7R [68]. This alternative mechanism can
lower the compactification scale; as such, we follow the convention of Ref. [53] and take
R™! ~ 1.5 TeV. The n'" Kaluza-Klein excitation of the W has a 5D wavefunction
of the form cos (ny/R); putting this together with the couplings from Eq. (3) of
Ref. [69], we see that the localization of the quarks at y = mR forces their couplings
to the n'™™ W excitation to take the form C? = (—1)" in the 4D effective theory.
This overall sign difference, when inserted into Eq. (2.27), can faithfully mimic the
effects associated with the negative sign of the LW propagator. The only formal
difference between the Kaluza-Klein and LW cases is the explicit appearance of the

decay width in Eq. (2.30), which is still positive for all Kaluza-Klein modes. However,

6Kaluza-Klein excitations with masses beyond several TeV are directly observable at the LHC

only with a much greater integrated luminosity than is presently available.
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as is usually the case in the Breit-Wigner approximation, the LW resonance is taken
to be a narrow one; this assumption is developed and verified in § 2.3.3. Therefore,
one could always contrive a Kaluza-Klein model that would be indistinguishable from
its LW counterpart.

This ambiguity could not be resolved in the N = 2 LWSM, but we find that this
is emphatically not the case for the N = 3 theory. Consider the mass term of the
Kaluza-Klein excitations, with a bulk Higgs field ¢, and a VEV of || [69], coupled

in the 5D theory by a constant g:

1 (n? 51 1
_ n)y/(n
Emass - 5 (ﬁ + 29 |90b| ) V;E V( ),u‘ (233)

From Eq. (2.33), we see that the Kaluza-Klein excitations obey an explicit n? hier-
archy. This uniquely determines the masses of all subsequent excitations at the tree
level. If one were to conspiratorially choose the mass of the first excitation to be
equal to that of the N = 2 LW W boson, then the mass of the second excitation
is known, whereas the mass of the N = 3 LW W boson can in principle attain any
positive value. In the limiting case where R™! > g |, |, the Kaluza-Klein excitations

are very nearly evenly spaced:

n

We then have two possible means by which confusion may still arise between the
aforementioned Kaluza-Klein modes and the N = 3 LW theory. Either the experi-
mental sensitivities are such that only one excitation (in the general sense) can be
detected from either theory, in which event we simply have the situation Ref. [53]; or,
by unlucky coincidence, the masses of the LW partners to the W happen to match
the spectrum of Eq. (2.33) to within experimental accuracy. Should the latter case
prevail, the natural next step would be to examine the decay chains of LW part-

ners to SM fields other than the Wj In general, however, we find that the N = 3
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LWSM makes predictions regarding the mass and coupling spectra which cannot be

accurately mimicked by other extensions of the Standard Model.
2.3 Mass Diagonalization & Calculation of Decay Widths
2.3.1 Gauge Boson Mass Diagonalization

In a LW theory with spontaneous symmetry breaking, one generically encounters
mass mixing terms between the SM and LW gauge bosons. It is necessary to diagonal-
ize this sector in order to construct gauge boson mass eigenstates for the calculation

of decay widths. Beginning with the Higgs kinetic energy Lagrangian,

A A

£Higgs,kin = 772]<D;LH1>T<DMH]>7 (235>

where the metric 7;; = diag{1, —1,1} encodes the opposite signs of the LW states,
the Higgs fields, H;, are given (as in Eq. (A.43)) by

0 hi hi
H, = , Hy = , Hy = . (2.36)
v+ M) I5(Hy +iPy) T5(hs +iPy)

Note that only the SM Higgs field, H;, carries a nonzero VEV. The hat on D in
Eq. (2.35) indicates action on superfields containing both the SM field and its LW
partners. Upon expanding the gauge field Ainto its LW components and diagonalizing

the mass matrix, we arrive at

M

AM — Aﬁf — \/ﬁflg + \/ﬁflg = pAZ — p‘/;)qu;Oa (237)
where we have defined the vector
R M M
Qp = { T & ) 2 }7 (238)
VIG5 M-8

and the mass-eigenstate gauge fields are denoted with a subscript Ay ; the indices

p,q € {1, 2,3} run over the LW index. In the absence of spontaneous symmetry
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breaking, the fields Af»* are the eigenstates with masses given by M,. However,
when the Higgs attains a nonzero VEV it connects all terms quadratic in the SU(2),
fields W) equally, and as such, more effort is required to obtain the mass eigen-
states. Keeping only the terms quadratic in W, the Higgs VEV gives an additional
contribution

AR -
ALes = (7) 0,0,W W, (2.39)

Now, the problem of obtaining mass eigenstates reduces to numerically solving the

matrix equation Wp+ = V;,ZWJ , for the matrix V', giving us eigenstates WOT e
2.3.2 Quark Mass Diagonalization

The top- and bottom-type quark sector is enumerated by purely left-handed su-
permultiplets” T7 (superscript T' denoting transposition) = (¢r,1,tr2, 17 5. t13,75)
and BT = (bL,l, br2,b7.2,b13, b’L73), with right-handed supermultiplets defined analo-
gously. This discussion may just as well be carried over to the lighter quark flavors;
however, since they have a numerically small effect on physics at the electroweak
scale, we suggestively label the supermultiplets with 7" and B.

The unprimed fields in T, B contain the same quantum numbers as does the SM
field, whereas the primed fields possess the same quantum numbers as the unprimed
fields of the opposite chirality.

The statement above merits some clarification; as an example, consider the left-
handed SM top quark, which transforms under SU(2), x U(1)y as (2,41/6). This
means that t7 1, t 2, and ¢y 3 all transform as (2, +1/6). On the other hand, the right-

handed top transforms under SU(2), x U(1)y as (1,+2/3). Therefore, the LW fields

"The use of the term “supermultiplet” here has nothing to do with supersymmetry; however, as
in supersymmetry, it is a useful term to collectively refer to several quantum fields which transform

in a similar way. In this case, the supermultiplet collects all LW fields of a given flavor and helicity.
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t}, o and t}, 5 transform as (1,+2/3). The same reasoning allows one to determine the
SU(2), xU(1)y quantum numbers of the right-handed supermultiplet, Tx. Using the

supermultiplet notation, let us examine the fermionic mass terms in the Lagrangian:
- £mass = TLPMITR + BLPMZBR + h'C'a (24())

with the metric

p= diag{l, -1, —1, 1, 1} (2.41)

conveniently encoding the alternating norms of LW states. There are only two classes

of mass terms contained in this Lagrangian:

1. Yukawa-type mass terms of the form m,ttz+h.c., which connect chiral fermions

of different SU(2);, x U(1)y quantum numbers, and

2. Dirac-type mass terms of the form Mty it ; + h.c. (i > 1), which connect

chiral fermions of the same SU(2)., x U(1)y quantum numbers.

Since each individual term is gauge-invariant under Ggy, any linear combination
of them arising through matrix diagonalization will also be gauge-invariant. This
property becomes important when spontaneous symmetry breaking is triggered, which
generates mass terms not only for the SM quarks, but also mass-mixing terms between
different LW states.

In order to diagonalize the mass matrix, one must solve a system somewhat
more complicated than the classic eigenvalue problem. The unconventional metric
of Eq. (2.41) must be preserved, and we must therefore introduce symplectic matrices

St.r for each supermultiplet ¥ satisfying

SIS, =p, SkpSp=p, Mp=SEMypS,, (2.42)
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where the initial mass matrix M gets diagonalized to M,. The supermultiplets
transform under the Sy g as

= S gV g (2.43)

We now have mass-diagonal quark states, meaning that we can (among other things)
unambiguously calculate quark loops in Feynman with unmixed propagators.

The diagonalization procedure will affect the kinetic terms, which are of the form

QrilpQr + QrilPpQr, (2.44)

where ()1 g collects both 17, g and By g into doublets of SU(2),. We know from the
discussion above Eq. (2.40) that not all fields within 77, and By, will be doublets of
SU(2)r, and not all fields within Tr and Bg will be SU(2)y, singlets. We therefore
introduce projection operators =, r to project out only the doublet fields within the
left- and right-handed supermultiplets, allowing us to use the more compact notation
of Q. r. This is especially useful for the present calculation, where the decay W+ — th
depends on the matrix element between ¢t and b quarks. Anticipating the fact that the
17 r and By, g supermultiplets will have different symplectic diagonalization matrices,

we define the mass-diagonal supermultiplets to be
Ty R = 7'L RTi%7 (2.45)

where TLj% = SL’jR for the top sector. An analogous relationship exists for the bottom
sector, with 77 r replaced by B g.
We now have all the necessary tools to compute the W* — tb matrix element.

From the covariant derivative, we have

Line =QrilpQy

- g _
» Tgyng ( \/_ep Vi, WOTC;“) =8By + hec. (2.46)
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CKM matrix elements appear in Eq. (2.46) when multiple quark generations are taken
into account.

As mentioned above, the projection matrix =, is a collection of ones and zeros
tasked with ensuring that only SU(2), doublets of T, and By, appear in Eq. (2.46).
Another L;; can be formed by considering the right-handed mass eigenstates which
transform as doublets under SU(2),. This is done by beginning with QrilPQg,
defining an appropriate =g, and continuing until an expression similar to Eq. (2.46)
is obtained. Since this emerging pattern results in a somewhat repetitive exercise in

linear algebra, the above notation is condensed using

App= Tz,REL,RpBL,R' (2.47)

)

The function of A is to combine all numerical information concerning diagonalization,
alternating norm, and chirality projection into a single operator. Once calculated, it
allows us to transition in one step from the mass-mixed fields of Eq. (2.40) to mass-
diagonal fields ready for calculation. This notation allows the matrix element to be

written compactly as

Line = %TO 0Vt Wod (ALPy + ApPr) Bo+ hc., (2.48)

using the familar projection operators Pr g = 1(1F ") to write, e.g., Ty = TpoPp +

TR’OPR.
2.3.3 W Boson Width Calculation

In the special case of W — tb decay, the associated Feynman vertex rule reads

. g9 A ij ij

which leads to the invariant matrix element

iM = z’eu%tm“ép@(/\ig& + AP (2.50)
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From this, we obtain the squared, spin-averaged matrix element

2
'y 1 !
P = 18V { [Miy — (ks + i) = gy (= ]
7q

X(AZAY + AFAY) + 3meama (APAR + AGAPD ) (@251)

No Einstein summation is assumed on the indices g, i, j, so that Eq. (2.51) specifies
the squared amplitude for the ¢** weak gauge boson, the i*® top quark state, and the
7™ bottom quark state (all mass eigenstates). In the SM case, |6’;V;g 2= 1, Ap = Vi,
and Ar = 0.

We now integrate over phase space to obtain the decay width I". Using the well-

known formula

1
I = i /dH2 | M2, (2.52)
7q
we find the total contribution to the width of the ¢'" gauge boson to be
VD) 2 2 2\ 2
o JE -
87TM3V7q 2Myy 4 "

In the well-motivated limit that My, pw > my sar, 7w, 50, the decay rate contribution
for each W= — f; fis

T (NJAY + AGAT) M. (2.54)

For the case My > My, one anticipates from Eq. (2.38) that | 6,V,} [>| 6,V |,
which suppresses the decay rate contribution for W5 — f; fo compared to that for
W,F. This effect is mitigated by the possible presence of massive final-state particles

kinematically forbidden in W, decays but allowed in W;" decays.
2.4 Results

We begin with the LHC inputs /s = 7 TeV, and 10fb™" of integrated luminosity.

Taking for example the masses m ~ mwysm = 80.4 GeV, My =1 TeV, and M; = 2
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TeV, we can begin to compute the transverse mass distributions using § 2.2. We
plot our results in Fig. 2.1. The most exciting feature is the statistically robust
Jacobian peak near My ~ Ms at 10 fb~!, which is not only revealed as dozens
of events that would not appear in the N = 2 LWSM, but also features a profile
distinct from that offered by Kaluza-Klein models. This result indicates that, for a
sufficiently light ;" boson, the N = 3 LWSM makes unambiguous predictions that
can be tested at the LHC, given a very reasonable demand on integrated luminosity.
It is also important to realize that nothing is special about the choice of M3 = 2
TeV; the positive-norm W partner could be significantly heavier, still playing a role
in solving the hierarchy problem (although likely creating tension with electroweak
precision tests), but standing outside the realm of feasible detection with current LHC
operating parameters. A sufficiently heavy W3 combined with a lighter W;" could
still satisfy the electroweak precision tests while evading detection. Fig. 2.2 addresses

just such a possibility.
2.5 Discussion and Conclusions

We have seen that the presence of a heavy, positive-norm state has observable
consequences for the LHC, and its interplay with the lighter, negative-norm state can
free up parameter space for LW phenomenology (as might be expected). The aug-
mented theory makes predictions above and beyond that of the conventional N = 2
LWSM, and is clearly distinguishable from other theories featuring a heavy counter-
part to the familiar W of the Standard Model. However, since little information yet
exists to constrain the value of Mj, this work should be understood to be a proof of

principle that the N = 3 theory makes robust predictions for a range of masses.
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Figure 2.1: Transverse mass distributions for the process pp — W." + X — [T +1,+ X
in the N = 3 LWSM (blue) and the predicted SM-only background (red). Both
plots contain the same data; the log scale in the bottom plot better demonstrates
the Jacobian peak structure near My ~ Mjs. We employ a rapidity cut of || on
the outgoing leptons, and smear the distribution by d Mz /M7 to simulate the finite

resolution of the ATLAS detector. (Reprinted from Ref. [1])
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Figure 2.2: Transverse mass distributions for the same decay channel, but with masses
M, =1 TeV and M3y =5 TeV. Even with an integrated luminosity of 10 fb™", the
second Jacobian peak is too weak to be discernable. The plots are truncated when

the number of (simulated) events per bin drops below 0.5 (Reprinted from Ref. [1])
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Chapter 3

PRECISION ELECTROWEAK CONSTRAINTS ON THE N = 3 LEE-WICK
STANDARD MODEL

In this chapter, we examine the oblique corrections to the N = 3 Lee-Wick Standard
Model (LWSM), as considered in Ref [70]. The presence of LW fields has observable
consequences on SM processes, even if the characteristic energy scales of the latter
are far below the threshold at which LW particles can be produced on-shell. The
extraction of these observables from presently available collider data is made possible
through the technology of electroweak precision tests (EWPT), which determine the
corrections to gauge boson correlation functions from new particles at or above the
electroweak scale. In the sections to come, the formalism of oblique corrections will
be introduced, and its implications for the concordance of LW fields with existing SM

data will be calculated and discussed.
3.1 Bounds on Oblique Parameters
3.1.1 Formalism and Tree-Level Contributions

There are two major classes of bounds on physics beyond the Standard Model

(BSM). They are either

e Oblique: flavor-universal, arising from gauge boson vacuum polarization loops,

or

e Direct: flavor-specific, arising from, e.g., vertex and box corrections. [71].
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Perhaps the best-known among the oblique constraints are the Peskin-Takeuchi pa-
rameters [72] S, T, and U, which form a complete set of all finite, one-loop corrections
to differences between (i.e., first derivatives of) the SU(2), x U(1)y gauge boson cor-
relation functions. As better data became available in the mid-1990s (in particular,
from LEP2), it became possible to probe the electroweak corrections to higher deriva-
tive order. Barbieri et al. then developed a new set of parameters to test electroweak
corrections to still higher sensitivities [67], calling them S, T, U, V, W, X, Y, and Z*.
It has been argued [67, 72] that the parameters U, V, X, and Z are numerically small,
and hence can be ignored in the study of EWPT; we follow this convention, and fo-
cus on S, T, W, andY. This set of parameters is essential for the investigation of
so-called “universal” models, in which the only deviation from the SM arises in con-
tributions to gauge boson self-energy functions. The N = 2 LWSM was argued to be
a BSM theory of this type [56].

To isolate beyond-SM effects, one must first identify the SM electroweak param-

eters, which are given by [67]

1 1

g2 = I155(0), g = 1y (0), (3.1)
1
=~y (0) = 07, (3.2)

V2Gr
where a prime on the self-energy T1(¢?) indicates differentiation? with respect to ¢2.
The above relations serve as definitions for the electroweak parameters g, ¢, and v?
at tree level; they hold in the LWSM as well. The peculiar normalization (due to
Ref. [67]) is one in which the gauge fields in Eq. (1.1) are replaced via A — g~ *A. In

fact, we can read off the self-energy contributions from Eq. (A.1) as an expansion in

!The hatted parameters contain the same physical information as do the original Peskin-Takeuchi

parameters; they merely carry a different normalization.
2Ref. [72] defined the I’ by I1(¢?) = I1(0) + ¢*II'(¢?). Therefore, II' = dI1/dg* only in the ¢> — 0

limit. But this is precisely the case of interest to us, so we will treat II' as a derivative throughout.
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q? /My (for an arbitrary LW mass scale My ):

Mg (%) = Wypsyys (@)

2 2
_¢_ @) { SR T } _v
g ¢ [\ MY 4
2
v
Myysp(a®) =
2 2
2 2\2 2
a1 (@) 1 1 v
Mg5(q7) 2 g [(—Ml(g)> + (—M1(3) -7 (3.3)

Here, Mz(i) is the mass of the i®® LW state for the SU(2); gauge bosons, and Ml(i)
serves an analogous purpose for the U(1)y bosons.®> We can use the above relations

to construct tree-level electroweak parameters for the N = 3 theory:

IS EQQH;/VSB(O) =0, (3.4)
~ 92

T =T (g (0) — My (0)) = 0, (8:5)
w

2
W= ngmivH’v’ngg(O) = —mjy % 1(2) ’ (36)
2 M2 M2
2 2
Y_1/2 QHII _W_12 QH// 0) = 2 1 1
=59 mwllgp =W = 59 miy W3W3( ) = —miy M1(1) * M1(2) ’
(3.7)

where the first equality on each line serves to define the corresponding post-LEP
parameter [67]. The absence of a tree-level contribution to S, T’ was first noted in
Ref. [57] for the N = 2 case, which also holds for N = 3. Furthermore, it was found
in Ref. [57] that fermionic one-loop contributions to W and Y are numerically small
compared to the tree-level values. This means that the most significant new fermionic

contributions will arise from one-loop contributions to S and 7. Because W and Y

3NB: i € {1, 2, 3}, meaning that i = 1 refers to the SM state, i = 2 refers to the negative-norm

LW state, and ¢ = 3 refers to the positive-norm LW state.

o8



- (%) = Z W+q — q -
ij
] : b b, _
() = Zj W?’q*_;qu UG We pedUe
- 2 l[g :
I, 5(a%) = 2]: WZV_;Q(;;B O e B
- ? b :
Wala®) = Eq@q:f} B\ b
| t b

Figure 3.1: Fermion vacuum polarization Feynman diagrams that provide the domi-

nant contributions to the electroweak precision observables S and 7.

at tree level tunred out to be of the same order of magnitude as S and T at one loop,

we do not pursue loop corrections to W and Y here.
3.1.2 Fermion Loop Contributions

Once the tree-level effects have been taken into account, the one-loop fermion
diagrams provide the most important contribution to the oblique parameters (see
Fig. 3.1).

We consider the general self-energy diagram connecting gauge bosons 121“ and B,

(not to be confused with the hypercharge boson of the Standard Model), which is



calculated by way of the Lagrangian?
L=V [A (ALY P+ Al Pr) + Bu(BL " P+ B PR)| WY, (3.8)

where the helicity-projected couplings A;; connect fermions of type ¢ and j. We have
i,7€{1,2,...,5}, as in § 2.3.2. The coupling matrices are the result of rotating the

“bare” fields into the mass-eigenstate basis, to wit,

L(R),¥ _ q¥t AV N
Ajj = SR @armPOLr) (3.9)

QY is the matrix of fermion charges under the gauge group A, and the superscript
U may refer to either a single fermion flavor (as would be the case in the vacuum
polarization of a Z° or 7), or a weak-isospin pair (such as the ¢, b pair in the vacuum
polarization of a W*).
When applied to the LW case, the self-energy functions of Egs. (3.1), (3.2) become
Map(e®) = % >0 vy
U=T\B i;j
X [(Afj"PBff’ + ASY B L (g?) + (A BRY + Ag’\pri’\P)Ig(qz)mimj] . (3.10)
where C'is a color factor (= N, for quarks coupling to colorless gauge bosons). We
define the dimensional regularization mass term A = —g*z(1—x)+m?z+m?(1—z) for
the diagram containing fermions labeled 7 and j. We use primes to denote derivatives
with respect to ¢® (as above), and the subscript 0 to indicate that the function is

evaluated at ¢ = 0. This gives

Ao =m; +mi(l—uz), (3.11)
Ay = —x(1—2), (3.12)
A" =0. (3.13)

4We use the notation AiLj(R)’\P, rather than the AiLj(R) of § 2.3.2. Though the symbols are derived
in a similar manner, the A¥ matrices are a general case, and are not specific to the W+ — tb case

in which the A matrices were computed.
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The necessary integrals are defined as follows:

B() = [ do (28— Ao)in (8. (3.14)

L) = —/0 drln (A/ ). (3.15)

We then obtain the moments of integrals relevant to the oblique parameters:

Lo = /01 dz Ao In (Ao/ ity ) (3.16)
Iy = — /01 dr In (Ao/pdy), (3.17)
I, = /01 dz AY[1 +21In(Ag/M?)], (3.18)
o= - /0 " ALJA, (3.19)
Il :3/01 dx (Ah)?/ Ao, (3.20)
Iy = /01 dz (Ah/DNo)?. (3.21)

The constant pfy, contains the scale associated with logarithmic divergences in di-
mensional regularization. Since we are interested in differences and derivatives of
these integrals, the formal infinities drop out of all subsequent calculations, and

serves as merely a bookkeeping device. The individual integrals are straightforward
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to compute, and for completeness, we list them here:

1 1m}In(m?/M?) — m1In(m?/M?)
T — _(m? 2 - v Jj J
10 4(mz+mj)+2 m?—m? ’
2
— miln MZQ . My —my; (3.22)
Lo m?In(m?/M?) — mj2 ln(m?/M2)
20 = 1-— 3 > ,
2
— —In % . my = my; (3.23)
I’ 1 [ mj(mi —3m?) | m? m(m3 — 3m7) (1 mé — 8m?m? + m?
07 73 (m?— m3)3 "\ e (m7 —m3)3 WE ’
m;
I (m;m;)? | (mf) m; +m}
20 — 2 2 n ) 2 2\9
(mi — mj)3 my; 2(m7 — mj)g
1
7 omz T (3.25)
I 3(m;m;)* | m? (m7 +m3)(m7 — 8mim? 4+ my)
= ——5=In
. (mf —m3)>  \m} A(mf — m3)*
1
> T ™™ (3.20)
o _2(77%771]-)2(77112 +m3) (ﬁ) mi 4 10m;m3; + mj
(mf —m3)° m} 3(mi —m3)*
1
gt T (3.27)

These equations may be substituted into Eq. (3.10) to produce the full results for

fermionic one-loop contributions. The symplectic Sz r matrices, and hence the AY

from which they are derived, may be computed as per § 2.3.2.

3.2  Constraints from the Zb.by, Coupling

The Zbpby coupling is one example of an electroweak observable that exhibits

significant tension between theory and experiment, and is therefore a very interesting

subject to the BSM phenomenologist. It has been known for some time [73] that
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(3.28)

Figure 3.2: Dominant diagram contributing to the decay Z° — b.b;, in the gaugeless
limit. The contribution to the effective coupling is denoted by ¢ g%g, which is defined
in the p — 0 limit. The indices 7, j, k enumerate the Lee-Wick indices of the fields

involved.

its leading contribution in the gaugeless limit (i.e., ignoring effects suppressed by
(mzo/my)?) is most easily obtained by computing the triangle diagram of Fig. 3.2, in
which a Goldstone boson, ¢° (the one eaten by the Z° through spontaneous symmetry
breaking) of momentum p splits into a virtual # pair, subsequently decaying to a bb
pair through the exchange of a charged Higgs (which is eaten by the W¥). The

invariant amplitude may be written as
. 2w
iM = —5(5921’)?&. (3.29)

The coupling g%l_’ is derived from a combination of the Z° — bb branching ratio,
Ry, and its forward-backward asymmetry, A,. Ref. [74] gives some insight as to the

sensitivity of gﬂ’-j’ to small changes in both parameters:
gt = gihew _ gSM = 1 7316 R, — 0.15026 Ay, (3.30)

where we have adjusted the normalization (i.e., removing a factor of e/sin Oy cos Oy )
in order to match the notation used elsewhere in this section. As of this writing, its

most recent experimental value g?’e’(p has not changed since the combined LEP /SLD
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2005 analysis [75]. The SM prediction of gZB’SM = —0.4211475> from Ref. [75] gives
5g% = 2.94(157) x 103, which means that the SM value is approximately 2¢ less than
the experimental value. This strongly disfavors any new physics predicting o glg’ < 0.
However, the current Particle Data Group values for RYM and A7™ [76] lead to a

somewhat relaxed bound of
g% = 2.69(157) x 1072, (3.31)

which we will use in our analysis.

The effect of negative-norm states on this observable has been considered twice
before in the literature [59, 57]. Ref. [59] found that contemporary precision bounds
allow LW Higgs partners to have significantly lower masses than other those of other
LW particles. Therefore, Ref. [59] computes the diagram of Fig. 3.2 by including only

LW Higgs partners in the loop, giving (in our normalization)

m? R RInR ]

bb N
095 = Tt lR—1  (R—10

(3.32)

where R = (my/my,)?, so that 6g% < 0. The value of §¢% in the LWSM is driven
by my, and is therefore much smaller. Since (59%5 and R, are anti-correlated, as per
Eq. (3.30), and since d Ry, is positive [75, 76], it follows that the LW Higgs contribution
works in the direction of resolving the discrepancy. However, there is cause for caution:
Eq. (3.30) also depends upon 04, (though not quite as strongly as dRy), and the
combined effect is a difficulty in accommodating a new physics scenario that features
4] gf’ < 0. We take this effect into consideration in our analysis.

The other effort to constrain the Zb.b;, coupling [57] in the N = 2 LWSM uses
the full bound from Refs. [75, 76], using only LW partners to the top quark. This

gives the result

; 4 M? 49
Sabt = M 5ln —L — == )
N W NCSVE, { T 6] ’ (3.33)



at leading order in m? /MqQ7 with M, being the mass of the LW top-quark partner.
This expression is manifestly negative for most LW masses in the phenomenologically
interesting range of what we could expect to see in the LHC. It is the most strin-
gent bound on LW masses, and gives a lower bound at the 95% confidence level of
M, >4 TeV. However, Eq. (3.33) is a very shallow function of M, (see Fig. 8 of
Ref. [57]), and the small change in the SM value of g% given in Eq. (3.31) is enough to
reduce the bound to M, > 1.2 TeV. A full analysis necessarily includes contributions
from the Higgs partners as well as the top. Since the LW Higgs contribution is also
negative - and also turns out to be comparable to that of the LW top - all of the mass
bounds are consequently higher. This fact motivates the calculation of the Zb;by,
coupling in the full N = 3 LWSM, the hope being that the improved UV behavior
and delicate cancellations of the N = 3 theory (as well as the roomier parameter
space) will lighten the tension with experimental data.

We now begin the N = 3 LWSM calculation. Since this shares the same subject
matter of Ref. [57], for ease of comparison, we adopt the notation used therein. The

Yukawa Lagrangian,

1 - _ _
iyj \/§
+ﬁij [éigiPRtj — ¢E+EjPLbi:| }, (334)

has couplings a and f3 closely related to the AY parameters of Eq. (3.9), viz.:

o= (StL)TaoSE,

B=(51)"PoSk - (3.35)
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In the N = 3 case,

1 — cosh ¢ 0 sinh ¢, 0
—cosh¢; coshg, coshg, 0 —sinhg, coshg, 0
o =5 = 0 0 0 0 0 |, (336)
sinh¢; —cosh¢, sinhg, 0 sinh¢, sinh¢, 0
0 0 0 0 0

with angles ¢, ¢, parameterizing the independent symplectic diagonalizations. Note
especially the rows and columns of all zeros corresponding to the SU(2)-singlet
states. The structure of these matrices allows the sum of Eq. (3.37) to formally run
over all LW t¢-partners while implicitly skipping terms that are disallowed by gauge
invariance.

The salient distinction between the present work and that of Ref. [57] is actually
not the presence of the N = 3 fermion partners, as might have been expected; rather,
it is the presence of HD® scalar fields qgo, ngi, whose SM content is the set of Goldstone
bosons, and which enter with the relative weights of Eq. (2.13). The LW partners to
these states are physical, massive states which must be included in the full analysis,
but which were excluded in Ref. [57].

The result of the dg} calculation in Ref. [57] is that the LW t-partners tend
to exacerbate the extant tension with experiment, thus forcing even more stringent
bounds on LW partner masses than that obtained by T. This pattern is not commonly
shared by all LW partners, however. As was shown in Ref. [59], the charged Higgs
partners, hy, can be much lighter (> 500 GeV) while still satisfying all precision
constraints. We note from Eq. (A.44) that charged scalar masses do not mix upon
spontaneous symmetry breaking; this, combined with the presence of the virtual

charged scalar in Fig. 3.2, allows the opposing signs of h;'fg to reduce the overall

5That is, not re-fashioned into the canonical LW form by way of an auxiliary field transformation.

66



amplitude with respect to the N = 2 case. The full expression reads

" 1 Yy me, m% mf.
5 bb __ LIt 2 ” i 1 — k 1 i
9L = 16n2 2v/2 XZ: P mi — mik m? — m%k . mik

7

" 1 1 mg,
+ Z (—1) +]7}k50i50jajimtj [ ) 25 (m% > >+

2
m2 2m? —m7 m3 m?
T v J + J X ln T
2(m2 —m2 )2\ m2 —m? m2 — m2 m2
t; t; t; hi t; hi t;
2 2 .2 2 2 2
_ G {2% Mg (L) - M g (M }
2 2 2 2 2 2 2 2 2 2
2(mi, —my, )(mi, —my ) | mi —mg, My, mi; — M, M,

m? m? m2 m?
- 2 e sy ; 2 - 22 (2 . 2 \2 } : (3.37)
Q(mti - mtj) mtj (mti - mhk) (mtj - mhk)

The summation indices satisfy i,j € {1,2,...,5} and k € {1,2,3}, as they respec-

tively enumerate the LW top and Higgs partners. The 7, parameters are those of
Eq. (2.13). In the limit m;, — 0, mp,, — 00, Eq. (3.37) reduces to Eq. (A6) of
Ref. [57]. This expression in turn reduces to Eq. (3.33) for m; = my, < my,,. Al-
ternately, Eq. (3.37) reduces to Eq. (3.32) in the limit my,,,mp3 — oo, which is

effectively the case in Ref. [59].
3.3 Analysis

We use the definition of the post-LEP oblique parameters given in Eqs. (3.4)-(3.7).
As discussed above, the tree-level LW contributions to W and Y are sufficient at this
order of precision (and provide the best bounds on LW gauge boson masses), whereas
the biggest contributions to S and T are given by fermion loops (since they vanish
at tree level). Since the sums in Eq. (3.10) also include SM fermions, we define the
parameters

Snew = S’ - SSMa Tnew = T - TSMa (338)

to indicate deviations from a purely-SM prediction. Any appearance of S, T is to be

understood as Snew, Tnew in the following discussion.
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As a benchmark for the magnitude of new physics effects, we list here for conve-

nience the predictions
Sev = —1.98 x 1073, Tey = +9.25 x 1072, (3.39)

Ref. [67] shows the measured values of ST, W, and Y to all be O(1073), and they
are correlated. However, for simplicity, we use the values given in Table 4 of Ref. [67],

along with their 20 uncertainties®

1035 = 0.0 + 2.6, (3.40)
10°7 = 0.1+ 1.8, (3.41)
10°W = —0.4 £ 1.6, (3.42)
10°Y = 0.1 £2.4. (3.43)

We add the bound on 5925 from Eq. (3.31) to this list, thereby constraining LW
fermion masses and scalar masses as well.

The npw = 2 and npw = 3 gauge bosons contribute additively in Egs. (3.6)
and (3.7). Therefore, the introduction of new LW states in the N = 3 theory can
only serve to tighten the bounds. In Fig. 3.3, we see that taking Mz(z) = 2 TeV requires
Més) 2 4 TeV, which is likely to be outside the discovery potential of the current LHC.
The discovery scenario described in Ref. [1] of MQ(Z) = 2.0 TeV, MQ(S) = 2.5 TeV is
unlikely unless the bounds on W are not as stringent as those given in Eq. (3.42).
Likewise, for Y, Fig. 3.3 suggests that Ml(Q) = 1.8 TeV is possible for Ml(g) 2> 3.5 TeV.
If instead the npw = 2 and nyw = 3 masses are taken to be (nearly) equal, a universal
mass = 2.5 TeV remains possible.

The constraints from S are far less restrictive, owing to the fact that the LWSM

adds in fermions with vectorlike masses, rather than chiral fermions. The only contri-

6We emphasize that the the quantities in Egs. (3.40)-(3.43) are bounds on the deviation of oblique

corrections from their SM predictions.
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bution to S from the LWSM arises through diagonalization effects (i.e., sensitivity to
my). Assuming for simplicity the degenerate case Mo = Mo = My, taken in Ref. [57],
and taking its logical extension My = M3 = M3, no meaningful constraint exists
on the fermion mass parameters Mgy or My3. The bounds from T are much more in-
teresting. Ref. [57] required M > 1.5 TeV in order for T to meet the 20 bound (see
Fig. 3.4, left inset), providing one of the strongest constraints on LW quark masses.
The present work commenced under the hypothesis that the opposing signs of the
niw = 2 and npw = 3 quark propagators would allow for a near-complete cancellation
of their loop contributions to the vacuum polarization diagrams. However, the full
result requires much greater care in the analysis: while the nyw = 2 and nyw = 3
loops do indeed cancel to a large extent, the propagating fermions in the loops are
mass eigenstates. The diagonalization procedure used in obtaining these eigenstates
not only shifts the mass eigenvalues of the heavy states away from Mg and M3, but
it significantly increases the contribution of the nw = 1 (SM) quarks to T. The
effect is highly pronounced due to the numerically large top-Yukawa coupling, ;. It
serves to push the full value of 7' slightly further from its measured central value, thus
setting the bar for an allowable M to be slightly larger than before the inclusion
of the npw = 3 states. The effect, though counter-productive to the original goal, is
not extreme; from Fig. 3.4, we see that M, = 1.5 TeV remains viable for M3 2 9
TeV; increasing M, only slightly to 1.8 TeV allows M3 to come down to ~ 2.8 TeV.
This transition between very strong and very weak bounds on M3 occurs over a very
narrow range of My, values.

Finally, we analyze the constraints arising from 59%5, which in Ref. [57] provides
the most stringent bounds on the quark partner masses, My 2 4 TeV. Since the
20 bound is a very shallow function of My, (see Fig. 3.5), it is possible for the full

N = 3 LWSM to afford a looser bound with its increased parameter space and delicate
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cancellations. The N = 3 theory is used in the second inset of Fig. 3.5, and we see a
substantial relaxation of the bounds on quark parameters; raising Mg, only slightly to
1.4 TeV allows My 2 2.3 TeV. The N = 3 theory also has interesting implications for
the Higgs sector. If the LW quark masses are assumed large enough to decouple, 59%5
provides a lower bound on the npw = 2 scalar of my, 2 640 GeV (see Fig. 3.6). Since
mass diagonalization does not mix the charged-scalar mass parameters, including the

npw = 3 state leads to a dramatic cancellation. The second inset of Fig. 3.6 shows

< 850 GeV, while still satisfying the

~Y

a scenario where my, = 400 GeV and my,
59%5 constraint. When both LW quark and charged-scalar partners are included, the
bounds again become more constrained, but there are still many interesting scenarios
possible; the combined set My = 2.5 TeV, My = 4 TeV, my, = 400 GeV, and

My, = 600 GeV satisfies constraints on dg% [59].
3.4 Discussion and Conclusions

Through the examination of both oblique and direct corrections to Standard Model
observables, we have seen that the N = 3 Lee-Wick Standard Model offers a broad
parameter space that retains consistency with experimental data while still providing
a credible solution to the Standard Model hierarchy problem.

We see that the post-LEP oblique parameters W and Y require the npw = 2
partners of the W and B bosons to be 2 2.0 and 1.8 TeV, respectively, and that the
niw = 3 partners must be substantially heavier; an alternate scenario has the two
mass scales quasi-degenerate at a common scale of ~ 2.5 TeV.

The LW quark masses are constrained most heavily by custodial isospin (T) and
the Zbb coupling ggg to be at least 1.5 TeV. One of the most interesting conclusions
of the present work is that the npw = 3 fermion loops do cancel some of the effects

of the npw = 2 fermion loops, but that the resultant mass diagonalization procedure
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amplifies the SM contribution, providing extra tension. Even so, niw = 2 quark
masses around My 2 1.8 TeV remain viable if the npw = 3 quarks are somewhat
heavier (2 2.8 TeV).

There is significantly less constraint on the masses of the charged Higgs partners
from these observables; in the limit of decoupled LW t-partners, these can be as
low as several hundred GeV, and sit well within the discovery potential of the LHC.
However, a more complete analysis ought to be conducted, incorporating the possible

tension in LW predictions for b — sy and BB mixing.

5



Chapter 4

THE LEE-WICK STANDARD MODEL AT FINITE TEMPERATURE

In this chapter, we pursue the thermal properties of Lee-Wick (LW) fields. These
properties are of primary concern to the study of early-universe cosmology, where
high-energy particles exert a powerful influence on the phase transitions thought to
be responsible for the presence of the matter we observe today. The thermal bath
allows very high-energy states to be sampled, and many of the most interesting en-
ergy régimes lie beyond the current reach of collider experiments. The cosmological
approach offers a second line of attack for the theorist looking for an observable fin-
gerprint of any particular theory beyond the Standard Model (BSM). Even if collider
experiments fail to access very high energy particles, one may still study relics of a
hot, dense Universe defined by a homogenous and isotropic thermal bath at Planck-
scale temperatures. These high-energy particles inaccessible to terrestrial experiments
could still have cosmological implications.

One well-studied topic is the electroweak phase transition (EWPhT), which could
be responsible for the dominance of matter over antimatter: this phenomenon is
termed baryogenesis [77, 78, 79, 80]. However, the Standard Model (SM) by itself has
long been known to be insufficient for producing a net baryon number, as the EWPhT
with only SM fields is not strongly first-order [81].! An opportunity arises for BSM
theories to extend the SM so as to allow baryogenesis, which is done by ensuring
two criteria: first, that the shape of the Higgs potential at the phase transition

erects a sufficiently high barrier between broken and unbroken symmetry phases,

'For a pedagogical introduction to thermal field theory and its application to phase transitions,

see [82].
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and second, that sphalerons and other topological processes are turned off once the
requisite baryon density has been produced.

We now turn to the thermal formulation of the LWSM, ultimately with an eye
towards calculating the EWPhT. Others have considered the LWSM at finite tem-
perature [83, 84, 85], and much is known of the cosmological effects of LW fields
(86, 87, 88, 89]. In this chapter, we adopt a different approach to the quantization
of LW fields, based on Ref. [2]. We use this new quantization scheme to allay extant
doubts as to the validity of using LW fields in a thermal bath where negative-norm
states can be accessed, and endeavor to show that the Hamiltonian of the theory is
well-behaved and bounded from below (see Appendix B for a self-contained deriva-
tion).

However, we also wish to change course with respect to the development of the
dissertation up to this point. Whereas we have previously been concerned with N =
3 LW theories, where the SM Lagrangian is augmented by five- and six-derivative
operators (for fermions and bosons, respectively) and there exist three physical poles
in the complex p° plane for each propagator, we consider the N = 2 theory in this
thermodynamic calculation. This choice is motivated by pragmatic concerns, rather
than by a fundamental reversal in judgment as to what sort of LW theory we expect
to be manifested in Nature. Since no prior calculation of the EWPhT in the LWSM
exists, we attempt to do so now in the N = 2 theory as a proof of principle. If a
strongly first-order phase transition is not to be found within the allowed parameter
space of the N = 2 LWSM, then it would be a fool’s errand to attempt an even harder
calculation in the N = 3 LWSM with still more parameters to constrain. If an N = 2
result appears promising, however, one could then move on with the N = 3 theory.

Let us now turn to calculating the thermal properties of an ensemble of LW fields.
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4.1 Thermodynamics of Lee-Wick Theories

In this section, we discuss the foundational question of precisely how a sensible LW
theory is to be described at finite temperature, and how its thermodynamic properties

should be calculated. The most pressing concern can be stated succinctly:

Are Lee-Wick particles accessible to the thermal bath of an equilibrium

thermodynamic system?

Put another way, one might well ask: Are LW particles real? When working at
zero temperature, we are by this point comfortable in establishing future boundary
conditions and employing the CLOP [46] prescription for removing exponentially-
growing modes. However, it is not immediately clear if this program is extensible to

the case of nonzero temperature. Thus, two possibilities emerge: either
1. the thermal system can access states containing explicit LW particles, or

2. the thermal system can only explore states from which explicit LW particles are

absent.

These options were explored in Refs. [83] and [85], respectively. Though they obtained
similar expressions for the free energy of a gas of LW particles, we argue that the two
pictures are not equivalent. We show in § 4.1.1 that no self-consistent calculation
using an ideal gas of LW particles seems to reproduce the results of Refs. [83, 85].
This dissertation advances the second hypothesis: that the more sensible physical
picture is one in which the scattering of positive-norm particles is affected by LW
resonances, but the system may not reach a state in which real LW particles exist
in the ensemble. Expressed in thermodynamic language, this means that we do not
calculate a partition function for a system containing LW particles; the partition

function for positive-norm particles is affected through the modifications of couplings
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and reaction rates engendered by the presence of LW resonances, the latter being

viewed strictly as a scattering phenomenon.
4.1.1 Ideal Gas of Lee-Wick Particles

We consider option (1) above for a case of SM and LW particles. In the limit of
weak coupling, the partition functions are separable; we define the partition function

Z by requiring that the density matrix,

1 A

p = exp(—BH), (4.1)

is properly normalized?. In the absence of interactions, the spectrum of the Hamil-
tonian, H , is simply that of multi-particle momentum eigenstates: the vacuum ‘O>,
single-particle states ‘p>, or multi-particle states of the form |pip2...p N>, with the
appropriate (anti-)symmetrization to account for the spin-statistics of the particles

involved. We can separate the multi-particle states as

’P1P2> = %(|p1>® |p2>+775’p2>® ’p1>) ) (4.2)
where g = —1 (fermions) or +1 (bosons). The single-particle states are defined to be
eigenstates of the Hamiltonian, i.e. ]:[‘p> = Ep‘p>, where £, = \/m These
expressions implicitly use the quantization convention ne = +1, where n¢ is defined
in Eq. (B.4).

We will invoke the notation and results of Appendix B once again with the norm

of the states under consideration, ny (defined below Eq. (B.11)). The norms of the

2We provide a definition for “proper” normalization below.
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first few momentum eigenstates are given by

(00) =1,

(pla) = nv(27)? 2B, 6(p — a) ,

<P1 P2|Q1 Q2> = (27T)6 2By, 2Ey, [6(p1 — a1) 0(P2 — 92) + s 0(P1 — 92) (P2 — a1)] »
(4.3)

with the pattern continuing for states with still-higher particle number. Note that
states with even particle number always possess positive norm. We also see that the
eigenvalues and expectation values associated with negative-norm states can differ by

a sign:

H|q) = nvEp, (4.4)

d*q 1
| e
whereas H |p> = Ep‘p>, as above. This distinction is pertinent to the calculation
of the partition function, by way of the density matrix. If we normalize the density
matrix by requiring

Trp =1, (4.5)

then we can compute Z in a straightforward manner by summing over all states

present in Eq. (4.5):

2= (0l )+ [ s ol )
(2m)3 2E,
dp 1 d*q 1 3
R 4.6
+/ (27)3 2E, / (27)3 2Eq<p’q|e [p.a)+ (4.6)
These terms will alternate in sign for the case of ny = —1. A new complication

arises: since the eigenvalues of p (which are effectively eigenvalues of H ) are not
strictly positive, it could be the case that the sum of the eigenvalues of p exceeds
unity, while condition (4.5) still holds. It is not immediately clear how to interpret

such a density matrix. We therefore propose an alternative condition for normalizing
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the density matrix, where we require
T'p=> p=1. (4.7)
cigs
The primed trace is obtained by summing over the eigenvalue spectrum of the op-
erator. The norm of the states involved are irrelevant to the final result, and the
outcome is the standard partition function for an ideal gas. It is not immediately
clear whether or not the sum in Eq. (4.7) is finite; such a claim amounts to asserting
that the conditionally convergent sum in Eq. (4.5) converges absolutely. We choose to
go forward with the calculation of the thermal properties of the LW ideal gas, rather
than ruminate over which definition of the density matrix is the “true” one; forthcom-
ing results will firmly answer this question without the need for further speculation.
We now proceed with the calculation for both pictures, in order to demonstrate the
ramifications of treating LW particles as thermally accessible.
First, we calculate the partition function using the normalization condition (4.5).
It is convenient to perform a few standard transformations (viz. Ref. [90]) and work
in a different basis, discretizing the momentum by imposing periodic boundary con-

ditions. We write the resultant Hamiltonian, H= Z ﬁp, as a sum of single-particle
P
Hamiltonians hy, = E,Np. The number operator, Ny, has the spectrum

Np|nq> = Npdp.a|Tp)- (4.8)

The state ‘np> contains n particles, each of momentum p. We can use this new basis

to rewrite the partition function (recalling Eq. (4.5)) as

Mmax

Z=Tre M =Tr [T e = [ 3 (np|e #%ny), (4.9)
p

p np=0

where n,.« = oo for bosons, or = 1 for fermions. Recalling that the norms of number-
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operator eigenstates are <np ’np> = (nn)™, we obtain

Tmax

Z = H Z (nNe*BEP)np : (4.10)

p np=0
From the partition function, we may calculate the free energy F in the usual way.
We take the logarithm of Z, and allow the ensuing sum to become an integral in the
continuum limit:

Mmax

> (e )™ (4.11)

np=0

—(BV) ' InZ = p

. We may evaluate the sum separately for bosons and fermions, which gives

“1 [ Loy (1 =y e Bl bosons,
o J I (1= %) (4.12)
— B! f @ T In (1+ny e PP)  fermions;

these expressions may be combined into

F =mnsh~ /

where once again ng = +1(—1) for bosons (fermions). Had we instead worked with

ln (1 —nsnve 7)) | (4.13)

the alternative normalization of Eq. (4.7), we would have obtained

F'=nsp” /

Note the absence of any 7y factors in Eq. (4.14). This is the standard expression for

= In (1 —nge 7PP) . (4.14)

the free energy of an ideal gas.
We summarize these results in Table 4.1, also recording the scaled versions of
the entropy density s = —0F /9T and energy density? p = F + T's. We express

these quantities in the high-temperature limit, 3?°m? < 1, where the leading terms

3We will only ever use p to refer to the density matrix and p to refer to energy density, so no

confusion need arise.
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s | 1y BF Bs Blp
SM Boson +1 | +1 | +cop + cipe | —4egy — 2¢1p6 | —3cop — C1pE
LW Boson (Tt'p = 1) +1 | =1 | 4cop +cipe | —4cop — 2c1pe | —3cop — c1pe
LW Boson (Trp = 1) +1 | =1 | —coy — c1pe | +4cor + 2¢15e | +3cos + cige
SM Fermion —1 | +1 | +cor +cipe | —4cop — 2c1pe | —3cop — ciye
LW Fermion (Tr'p=1) | =1 | =1 | +cof + c1pe | —4cor — 2¢15e | —3cop — C1pe
LW Fermion (Trp=1) | =1 | =1 | —cop — c1pe | +4cop + 2c1pe | +3cop + c1pe

Table 4.1: The thermodynamic properties of an ideal gas of SM or LW bosons
or fermions in the high-temperature limit $*m? = ¢ < 1. For the LW particles,
the density matrix is normalized using either (4.5) or (4.7), as indicated. Higher-
order terms in € are dropped. The coefficients are cop = —Liy(+1)/7% = —m2/90,
ey = Lig(+1)/47% = 1/24, cop = Liy(—1)/7* = —=772/720 = (7/8)cop, and ¢ =

—Liy(—1)/47% = 1/48 = (1/2)cyy.

may be easily extracted and compared. Some of these results merit elaboration. For
instance, when convention (4.7) is used, the gas of LW particles has thermodynamic
functions equivalent to those of a SM-only gas. This is not surprising; after all, Eq.
(4.14) contains no ny factors to herald the presence of negative-norm states. Another
interesting result is the swap between bosonic and fermionic results for the LW gas
when calculated with the convention of Eq. (4.5); an ideal gas of LW bosons has the
free energy associated with an ideal gas of SM fermions, but with the overall sign
changed.

The overall sign change found in the entropy and energy of the Trp = 1 states

certainly constitutes a counter-intuitive result. We summarize the salient findings as
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follows:

Tr'p=1: F[LW boson / fermion of mass m | = +F[SM boson / fermion of mass m ],
(4.15)

Trp=1: JF[LW boson / fermion of mass m | = —F[SM fermion / boson of mass m | .
(4.16)

Both of these results differ from a prior calculation in Ref. [85], which claims that the
free energy, entropy, etc. of a LW gas is precisely opposite in sign to that of a SM

gas of the same spin; in the language used above,

F[LW boson / fermion of mass m | = —F[SM boson / fermion of mass m | - (4.17)

The authors of REf. [85] obtain the above equivalence by treating positive-energy,
negative-norm LW particles as though they were negative-energy, positive-norm par-
ticles. However, if these are taken to be real states prima facie, it is not clear how
to treat a system whose energy spectrum is unbounded both from above (due to
positive-energy states) and below (due to their negative-energy counterparts). This
inherent ambiguity results in a sick theory, and we do not see how one can justifiably
make the analytic continuation necessary to define the partition function.

The equivalent LW ideal gas composed of positive-energy, negative-norm states
must also lead to instabilities; they arise through states of opposing norm combining
to form zero-norm states, which necessarily lead to runaway modes [35, 42]. We there-
fore arrive at the conclusion that a consistent formulation of LW theories, in which
there exist no exponentially-growing or -decaying modes and the S-matrix is unitary,
disallows the presence of a LW ideal gas. A unitary theory with a bounded Hamilto-

nian demands that LW particles enter the picture only as scattering resonances.
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4.1.2 Lee-Wick Particles as Resonances

We now narrow the focus of the discussion to option (2), wherein LW particles
only arise through scattering resonances. In order to build this requirement into the

language of the theory, we shall define the expectation value of some operator,
(0) = Tx(0p), (4.18)

such that the only states to be summed over are those which are in the subset of the
Hilbert space that contain no LW particles. These states are identical to those which
are taken to zero by the LW annihilation operators, a,. The LW particles make their
presence known by interacting with SM particles, thereby influencing the spectrum
of SM multi-particle states. Working in the limit of weak coupling, we can treat the

interactions perturbatively and express the free energy of the full theory as
F[LW theory| = F[SM ideal gas|] + AF, (4.19)

where the first term is the conventional calculation featuring a LW-only gas, and the
second term collects the perturbations. These contain Yukawa and gauge couplings
between SM and LW particles, and correspond numerically to the “two-loop” correc-
tions in thermal field theory. Ordinarily, these would be dropped; however, when the
SM particles scatter through LW resonances, the corrections become significant and
must be re-summed.

We briefly review the work of Fornal, Grinstein, and Wise (FGW) [83] in their
calculation of the free energy of a scalar LW toy model. This work relies on the
formalism of calculating partition functions through S-matrix elements, developed

by Dashen, Ma, and Bernstein (DMB) [91]. They derived the relationship

1 0
_ -1 —BE -1
AF =—(BV) /dEe 1 Tr AS™(E)=—=S(E)| , (4.20)
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where S(F) is the matrix element connecting two multi-particle states of energy E, ¢
specifies that only connected diagrams are to be included, and the TrA trace operator
does the job of symmetrization (anti-symmetrization) for bosons (fermions). In order

to start calculating S-matrix elements, FGW supply the HD Lagrangian®,

1
2M?

_ 1, - . 1 .- g -
Li5? = 5(@@)2 — (0°9)* — §m2¢2 - §¢3. (4.21)
This interaction term gives rise to the characteristic negative decay width,

B —q? 4m?2
321 M M2’

(4.22)

as was seen in Eq. (1.75). The interaction term of Eq. (4.21) also allows 2 — 2

scattering through a single LW resonance, with the attending matrix element

1 —g?
= —. 4.23
M 2 E?2_P2_M2+iMT’ ( )

where S(F) =1— 1T (FE), and

<P1 pz‘T<E)|(h (l2> =(2m)0(E — By — E2)(27)°

X 6(p1 4+ P2 — a1 — Qo) M(E). (4.24)

From this stage, we can make the narrow-width approximation and evaluate the

delta-function within Eq. (4.20) to find

AF = —ﬁ_l/ (;Z;I;S In (1 —e P p2+M2> . (4.25)

This is precisely the form of F for an ideal gas of bosons, but with an overall minus
sign. One interesting feature of the above derivation is the fact that it resembles an

ideal gas at all. Indeed, the narrow-width approximation only works when resonances

40f course, this Lagrangian requires an added ¢* term in order for the potential to be bounded
from below. In any case, the 4133 calculation is easier, and the boundedness of V(QAS) will not come

into play.
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are long-lived, and SM particles will access them through their mutual scattering.
The LW states then appear as stable with respect to the characteristic time scale
of scattering events, and contribute to the free energy as though they were stable
91, 92].

The appearance of the overall minus sign, however, is surprising. We have already
shown that calculating the free energy of a LW ideal gas takes one of two forms,
depending on one’s choice of trace normalization (see Table 4.1). However, none of
the possibilities given for F results in Eq. (4.25). There is a further complication with
the analytic structure of Eq. (4.23). The overall minus sign is due to the fact that
I' < 0, and that I' — 0~ differs from the I' — 0% limit by an overall sign. The lack
of continuity here means that the free energy is nonanalytic at I' < ¢?> = 0. FGW
then generalize from the toy theory to the fermionic case, again as resonances in the
scattering amplitude. We shall not present a parallel calculation again, but this too

results in a sign flip with respect to its SM counterpart. We summarize their results

as

AF[LW boson/fermion narrow resonance of mass M]

= 0 F[SM boson/fermion ideal gas of mass M| ‘U:_l , (4.26)
where we have established a sign placeholder, 0 = —1. We refer to this observed

relationship as the “LW sign flip.”

There is cause for concern that the S-matrix formulation may not even be ap-
propriate to the study of LW thermodynamics. The negative-norm states were not
subtracted in the derivation of the results of FGW or DMB, although this is does not
seem to be the result of any error after careful inspection. It was pointed out by Es-
pinosa and Grinstein [93] that the result Eq. (??) leads to an unexpected breakdown

in the well-known connection between symmetry restoration (in the thermal field the-
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ory) and improved UV behavior. This connection arises from the fact that the same
diagrams which give O(T?) contributions to the effective potential also contribute
to the quadratic divergences of the SM at T' = 0 [94]. For example, a bosonic field
receiving the self-energy correction Am? = xkA?/167% will also receive the thermal
effective-mass term Am? = kT?/12. Tt follows that BSM theories purporting to solve
the hierarchy problem ought to cancel out both of these contributions as well. But
this is not the case if the o = —1 sign flip is correct; see § 4.1.3. We therefore require
the correct version of the theory to cancel off terms that are quadratic in both T and

A, which amounts to the o = 41 case:

AF[LW boson/fermion narrow resonance of mass M|

= 0 F[SM boson/fermion ideal gas of mass M (4.27)

Ho’:+1'

Furthermore, models that solve the hierarchy problem tend to feature a slower onset
of symmetry restoration from high-7T" terms.

After pursuing several methods of calculating F and investigating the implications
of a LW ideal gas, we now have a clearer picture of what the correct answer must
resemble: we require a formulation of the LWSM in which the boundary conditions are
respected, and the LW particles only contribute through resonance effects. However,
since some ambiguity remains as to the sign difference in Eqs. (??) and (4.27), we

keep the factor o = £1 in the calculations to follow.
4.1.3 Thermal Effective Potential of a Lee-Wick Toy Model

We now present a calculation of the thermal effective potential, covering both
bosons and fermions. Though the tools of thermal field theory are equal parts fasci-
nating and useful, their pedagogical treatment is quite lengthy, and outside the scope

of this dissertation. We encourage the interested reader to consult Refs. [82, 90] for
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a formal introduction.
Summing the complete set of vacuum-to-vacuum diagrams to one-loop order, we

obtain the effective potential
Vi (@) = U(6e) + AVS™ (0e) + AV (60, T) (4.28)

where ¢, is the running value of the scalar condensate and 71" is the temperature. These

terms are, respectively, the classical potential energy U(¢.), the T' = 0 contribution

L3, [ 52 I [ph + mi(é)]  bosons,

AV () = Ve (60) + (4.29)
4
> f J éf:)b:x In [p2E + m?@(ﬁbcﬂ fermions,
and the thermal correction
1L W T [ % In (1 —ePv p2+m§(¢0)> bosons,
AV (g, T) = (4.30)

> T/ (3377)’3 In (1 +e v p2+m3’(¢c)> fermions .
The counterterms §V, ¢ (¢.) cancel off the temperature-independent divergences from
standard perturbation theory, and we have Euclideanized the momentum to ensure
convergence. The notation mg’f(qﬁc) reflects the fact that the particle masses are
now functions of the background field. Note also the similarity between the thermal
corrections and free energy calculated from the ideal gas viewpoint. We now present
an explicit calculation within an HD theory in order to demonstrate the technology

of thermal field theory.

Scalars

We begin with the HD Lagrangian

E:

a0 + (0,0 - U (D).

w@—ﬂ+§ﬁ&+%&. (4.31)
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Let ¢. = (¢) be the condensate of the HD scalar, and expand about the minimum as
d(x) = de + $(x). In order to obtain the effective mass, we expand the Lagrangian

to quadratic order and obtain

1 /0 2 2 A
LD —5(,0 <E + 0"+ m¢(¢c)) @Y, (432)
where
m3(¢.) = U"(¢e) = p° + 3A2. (4.33)

We know that the HD theory contains two degrees of freedom; hence, we ought to

expect two poles in its propagator:

4

—1 A2 . .
D@(p) =1 (—AZ; +p2 _ mi(qﬁc)) — LW ( ? - 7 _ > ’ (434)
LW p

T2 2 \ 2 02 —m2
mg — mg, mg  p?P—m

where we identify

m2 (de
Positive-Norm Pole: mi(gbc) = AQ% 1-./1— 4 A%if ) ’
, - (4.35)
Negative-Norm Pole:  m3(¢.) = A% 1o /1— ";{52(%)

Crucial to this analysis is a choice of phase for the Wick rotation, itself requiring a
consistent pole prescription for picking up poles in the complex—p® plane. See § B.3
for a thorough calculation of these important properties. We are now at liberty to

recapitulate our computation for the effective potential:

‘/;gL)(¢C’ T) = U(¢c)

+ {(5{/0‘&(@) 4 % / (d;%;i (ln[pZE + mi,(qbc)] + Infp}, + mé(ﬁbc)])}
+ 2T—7:2 [Jn(m2/T?) + 0 Jp(m%/T%)] | (4.36)

where we have defined the bosonic thermal function as

Jp(y) = /000 dr z* In (1 — e’m) , (4.37)
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and kept the index ¢ = £1 attending the thermal correction due to the LW pole

The set of counterterms,

1 S\
§Vor (b)) = 6Q + §5/f¢3 + Tb‘é, (4.38)

will be suitably constrained by whatever renormalization conditions are imposed in

the T' = 0 theory.

Fermions
Another important LW contribution arises from the HD fermionic Lagrangian

- & A\ -
=i (i) s, s
LW

wherein we have explictly included a Yukawa interaction term, giving mass to the

fermion once qg has attained its condensate value. We readily obtain the propagator

Dy(p) :z( Aﬁ;v +p—my (cbc))

-1

A2y i
(mg, —my)(my —mg,) p—my
Ay i
(my, —my)(mg, —mg,) p—my,
— Afw ! (4.40)
(my —mg,)(mg —mg,) p—myg,’ '

where we obtain for the one positive and two negative norm poles®:

Positive-Norm Pole: my(de) = Adywy/2 (1 —cos ),

Negative-Norm Pole:  mg (4.) = A%W\/ 1+ cos 47) (4.41)

Negative Norm Pole:  my, (¢) = —A%W\/g 1+ cos 7)),

°Recall from § A.2 that each HD fermion degree of freedom requires the introduction of two LW
particles.
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and

a(l—a)

0 Earctan%, 0<bt<m,
m2
a = %A%\i] , (4.42)

We now construct the thermal effective potential to one-loop order:

VA (60, T) = U(e) + 6Ver (60)

d*vg 2 2 9 9 ) )
_ / # (ln[pE +mi(60)] + nfp +m2 (6)] + nfpf; + m%((ﬁc)])

4

Con? [JF(mi/TQ) +oJp(m3 [T%) + aJF(mf;Q/TZ)} , (4.43)

where we have defined the fermionic thermal function
Jr(y) = / dz x* In (1 +e Vv “2“’) . (4.44)
0

As before, the set of counterterms set is absorbed by the usual T = 0 renormalization

conditions.

Comparison of Bosonic vs. Fermionic Cases

The thermal effective potentials of Eqs. (4.36) and (4.43). As a consequence of the
diagonalization procedure, the scalar masses are only real for the régime ¢? < (A —
442) /12X, while the fermion masses require ¢, to satisfy ¢? < 4A%,/27\?. Large
values of ¢, therefore invalidate the theory from the start, as mass eigenstates elude
definition. However, if symmetry restoration is indeed the high-T" fate of the theory,
then the condensate relaxes to ¢. — 0. We do not consider further the case of

such troublesome extremes for the value of ¢,.; the case ¢. < Ay being the more
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interesting one, we expand the masses in this limit as follows:

4

ma
m>(¢e) = m + A;" +O(md /Aly) (4.45a)
LW
4
m>=
m(de) & Ay — m — 15— + O(mi /Agy) (4.45b)
Lw
mA
m(Ge) = M+ 255"+ O(m /Adyy) (4.45¢)
LW
3 4
mZ (@) = Al FmgAiy — L = 3 +O(mS /Alyw).  (4.45d)
Y12 LW PULW 9T T g AL A%W o/ FALW

The ¢.-dependent contributions give only a small correction to the LW masses in
Eqgs. (4.45b) and (4.45d). This means that, when the scalar condensate takes on
values near m.,, the LW mass will provide a ¢.-independent contribution of & A?y,.
Even though the exact value of the condensate varies as the shape of the thermal
effective potential changes with temperature, it never causes a significant departure
of the LW masses from their 7' = 0 values. The LW fields do not decouple from the
theory entirely, however; it is merely the case that they acquire most of their mass
from means other than spontaneous symmetry breaking. The case is similar to that
of heavy squarks in supersymmetric theories, which often get a thermal treatment.
Owing to their large mass, we expect the LW fields to contribute very little to the
T = 0 term in the effective potential of Eq. (4.36). Also, when T? < A%y, a similar
effect occurs: the LW mass scale is effectively inaccessible to the thermal bath, and
LW fields provide comparatively small corrections to the T # 0 term of Eq. (4.36) of
O(T?/A?y). This result corresponds to Boltzmann suppression, in the language of
the thermal functions of Eqs. (4.37) and (4.44). We also expect the LW fields to have
a small impact on the phenomenon of symmetry restoration, whose onset we know to
be retarded by hierarchy-eliminating theories, unless the phase transition temperature
T, is commensurate with Aryw. But we can eliminate this latter possibility from the

outset, as the case T, ~ Apw would give a large thermal mass to the scalar ¢, thus
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leading to the breakdown of the LW stability condition of A%y, > 4mi. We therefore
reach the conclusion that, for generic scenarios® in the LWSM, the LW fields do not
have a significant effect on the phase transition.

However, in the high-temperature régime T2 > A}, the thermal contributions
of LW fields can indeed become significant. We can then expand the bosonic and

fermionic thermal functions in the y < 1 scenario, which gives [90]

4 2
y<1 _ﬂ- n _E 3/2 1 21 ) 3 4.4
Jp(y) — IR —321/ no +O0(y”), (4.46)
g1 Tmt w2 1
v 2l L 44
Jr(y) taeg T ¥ T 3¥ Iy +O( ’), (4.47)

where the numerical constants are given by a, = 16a; = 1672%exp(3/2 — vg). Now,

working in the high temperature limit, and utilizing Eq. (4.46), we find

T m2(é.) m2(¢.) T2 A2y >m?
g [P0 (") o (M) ‘

2 A2, T? 272
——(1 T4 1-— '
oI+t + =g o+ -0)—
AwT AwTmi T 3/2
_ _ 2 o 4.48
" or T &r o) (4.48)

Let us examine a few of the terms for the sake of physical intuition. The T* term is
the free energy associated with a relativistic gas of (14 o) degrees of freedom. Taking
o = —1 (corresponding to the FGW derivation) causes this term to vanish, which
can be seen as a cancellation between the two leading degrees of freedom. The large
— A} T? term is the culprit behind retarded symmetry restoration, as was pointed
out earlier; we now see how this effect arises from the effective potential calculation,
confirming the results of Ref. [93]. The third term works against this, and is ultimately
responsible for symmetry restoration. However, for the case o = +1, this third term

vanishes; since mi ~ ¢?, this term can be viewed as the effective thermal mass for

6Meaning, without a conspiratorial arrangement of parameters, which is just the sort of situation

which the Lee-Wick Standard Model was designed to preclude.
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the ¢.-dependent field, and its cancellation is the thermal analog of the cancellation
of UV divergences in the electroweak theory.

For the fermions, we find

[ i) m (6.) m2 (6.)
—ﬁ JF< T2 )+O’JF —T2 —|—O'JF —T2
T2 >>AI%W>>me T2 . AiWTQ m?/;TQ szg
> — 14 20)T" 4+ 20——+ (1 — 1—
m4A m% A2 A4 A2
Y ¥ LW LW LW

In—= —ol 20 W qn W 4.49
* 6472 (n arl? o afT2> + “6an? arT? + ( )
In this case, the leading-order term flips sign for the case ¢ = —1. For o = +1,

the thermal contributions to the masses at O(T?) drop out once more. The terms
which could have restored symmetry in the fermionic sector vanish, and the overall

restoration must therefore be accomplished by the bosonic sector.
4.2 The Lee-Wick Standard Model at Finite Temperature
4.2.1 The Lee-Wick Standard Model Thermal Effective Potential

We now have all the tools necessary to calculate the full thermal effective potential
for the N = 2 LWSM, as well as the physical intuition to interpret the results. Since
we are interested primarily with the EWPhT, which involves the Higgs mechanism
at finite temperature, we need only concern ourselves with the fields that couple
most strongly to the Higgs. Therefore, we limit our purview to the top quark, the
weak gauge bosons, and the Higgs itself, as well as the LW partners to each of these
fields. We approximate the number of degrees of freedom in the problem to very high
accuracy by assuming that the remaining fields are massless, and hence yield a 7%
contribution to Veg(¢., T). The LW degrees of freedom corresponding to these (e.g.,

the LW partner to the electron, the bottom quark, etc.) are taken to have mass AZy,.
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We parameterize the Higgs condensate” as (H) = (0, ¢./v/2)", and calculate the
field-dependent masses as per Appendix C. We classify each field type by its spin s,
number of dynamical degrees of freedom ¢ (including, e.g., N, factors from QCD),
and the field dependent mass-squared m?(¢.). The results are collected in Table 4.2.
We continue to keep the o factor in tow, allowing for comparison with other authors

at each step of the calculation. The one-loop effective potential for the LWSM reads®
£ (0 T) = Ude) + AVy ™M (00) + AV(6.,T)
A 2
U(ope) = 1 (92 —v*)",

A6 = Ve + 31 L0 Nianez(o0) — -
c c.t. 9; 647T2 i c uv

3
2 )
(5m

T (—WW) si=0,1
1L T2 ) K3 ) Y
AV (6. T) 2szo—lgz

_JF< ¢c)>, s =

with the sum running over all fields in Table 4.2. The subtraction constant C,, =

(4.50)

N[ =

Y

e ! —~p+In4r is just the signature of divergence we already recognize from 7' = 0 field
theory. Since the decoupling of heavy fields is not manifest in the MS renormalization
scheme, we determine counterterms by requiring that the tree-level relations between
Higgs parameters be maintained by the one-loop expansion. Setting the subtraction

point at ¢. = v, we demand

0= ApID _daytt _azaytY
= AV, =

Gc=v die $e=v o R $e=v ’ (4'51)

"The terminology is carefully selected here. The Higgs vacuum expectation value is v ~ 246 GeV,
and is temperature independent; in contrast, the Higgs condensate ¢. may take on a range of values

as the temperature fluctuates.

8We have neglected higher-order corrections, such as the “daisy” resummation (see Refs. [82, 95]
for background). This would be essential to an exhaustive calculation, but as the EWPLT is not

strongly first-order, it does not influence the calculation or its results substantially.
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allowing us to solve for the counterterms 62, dm?, and dA. The remaining free param-
eters are the four SM couplings A, g, ¢, by and the five LW mass scales Ay, Ay, Ay,
Agw, and A%y. These SM couplings are renormalized to satisfy the tree-level mass

relationships

vmi(v) = My =125 GeV, Vmiy.(v) = My =80.4 GeV,
vm%(v) =Mz =912 GeV, /mi(v) = M; =172.6 GeV.

From this point on, we assume a common LW mass parameter for all fields; that is,

(4.52)

Ay = Aw = Ay = Agw = Ay, leaving A}y as the only free parameter of the theory.
This model-independent approach ensures that we do not fool ourselves into thinking
that a small niche of parameter space implies general results.

As a final word on parameters, there is no upper bound on Apyw; in the case
Arw > v, we simply regain the SM, and the LW fields have marginal effect on all
aspects of the theory. The limit Ay — oo is therefore harmless. We will discuss
interesting phenomenological lower bounds on Apw in the next section, with some

variation between different LW partners in the mass bounds allowed.
4.2.2 Finite-Temperature Behavior

The LWSM effective potential of Eq. (4.50) is given in Fig. 4.1 for a broad range
of temperatures and values of Aryy. We do not continue the curves for the Ajw =
350 GeV case past ¢, > \/m/\t/ht ~ 255 GeV, as this régime violates the LW
stability condition. The salient feature of these graphs is the absence of a barrier near
¢, ~ 0, meaning that the phase transition is not strongly first-order. This conclusion
is further emphasized by Fig. 4.2, where we plot the the order parameter v(7"). This
parameter is the vacuum expectation value as computed at the temperature 7', and
only converges to 246 GeV in the 7' = 0 limit. We define the phase transition to

occur at the temperature T, such that v(T" > T..) = 0. The absence of a discontinuity
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Figure 4.1: Variation with respect to temperature 7" and LW scale Ay of the LWSM
thermal effective potential Veg(¢.). T increases from 0 GeV (blue, lowest curves) to

300 GeV (red, highest curves) in increments of AT = 50 GeV. (Reprinted from Ref.
2])

in the order parameter at T' = T, is a robust signal that the phase transition is not
first-order, but is instead a cross-over transition (equivalently known as second-order).
We therefore conclude that the EWPhT under the aegis of LW fields is similar to that
of the SM case, and it cannot be a reasonable explanation for the baryon asymmetry
of the Universe®. This stands as the central finding of this chapter.

We see from Fig. 4.2 that the Ay > v limit restores the symmetry restoration
point to T' ~ 150 GeV, which agrees with the SM result to one loop [77]. Hence,
the decoupling of super-heavy LW fields from the theory bears out. Furthermore,
the critical temperature in the o = +1(—1) case is generally larger(smaller). This is

well understood as the result of cancellation effects in the thermal effective potential,

9See Ref. [96] for further discussion of the baryon asymmetry and its relationship to electroweak

baryogenesis.
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Figure 4.2: The electroweak symmetry-breaking order parameter v(7") for the case
of 0 = +1 (dashed) and ¢ = —1 (solid). Note that the pairs of lines for a given A%,
move inward monotonically with increasing AZy,. The phase transition temperature
is generally higher in the former case due to the cancellation of the leading O(T?)

temperature dependence discussed in the text. (Reprinted from Ref. [2].)

as discussed in § 4.1.3. Let us take an explicit example to see how this cancellation

arises. In the limit ¢. < Apw < T, the one-loop thermal contribution reads

2

™
AV (6 T) & = os0.(0)T"
+ T2 x +5 Mw o=+1,

’ m2
—2A%y + (S EE43) 62 4+ 06t /Ahy) o= -1,

o ] () g+ 0/ M) o =1,
X
2 /2
— (M) ARy + 06/ M) o= -1,

where the scheme-dependent g,.(0) = 106.75+197.50 counts the number of degrees of

(4.53)

freedom in the theory. Owing to the explicit o factor, we immediately recognize Eq.
(4.53) as possessing 106.75 SM and 197.5 LW degrees of freedom. For the case 0 = —1,

we see that g, is negative, and therefore the overall thermal contribution to the
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free energy density is positive. This therefore implies (via the usual thermodynamic
relations) that the pressure, energy density, and entropy density of LW fields are
negative. This was obtained previously in [83, 85], and its puzzling implications have
been teased out in the context of early-universe cosmology [88, 89].

As a final word on Fig. 4.2, we point out that the SM possesses a term AVT(IL) >
T? Tr M? ~ T?¢? which gives rise to symmetry restoration. This term is absent in
the 0 = +1 LW case due to cancellation between positive- and negative-norm fields.
Symmetry restoration can then only come about with the subdominant O(T Arw¢?)
term, which necessarily implies the restoration of symmetry at a higher temperature
than would otherwise be expected. This term only comes about through the non-
analytic (mi)?’/ 2 term in the bosonic thermal function; the fermionic thermal function
possesses no such term, and hence is irrelevant to the task of symmetry restoration.

It has been recently emphasized [97] that one must take a few extra precautions
in the extraction of gauge-invariant observables from V.g(¢., T'), which itself is man-
ifestly gauge-dependent [98]. We have thus far proceeded by obtaining v(T) from a
minimization condition on Veg (., T), and so the order parameter inherits the gauge
dependence of its predecessor. This gauge dependence can lead to anomalous re-
sults for real observables, such as the baryon number preservation criterion (after the
baryons have been generated) and the gravity wave spectrum [97, 99, 100]. Thank-
fully, there is some numerical control over the relative influence of these anomalies: it
has been pointed out [101] that the gauge dependence is small in the régime for which
the perturbative expansion is valid. In our case, with a second-order phase transition,
the only gauge-dependent parameter is 7.. We apply also the techniques of Ref. [97]
as a double-check, and find qualitative agreement with the results plotted in Fig. 4.2;
to wit, that T, decreases as Apw increases, and that T is generically higher for the

0 = +1 case (as explained above). The gauge-invariant calculation results in a 7T,

100



which ~ 20% — 35% smaller, with the discrepancy most exaggerated for low values
of Arw.

A few comments regarding the allowable range of Apw are now in order. While
we have worked under the assumption Apw 2 350 GeV up to this point, a better-
motivated parameter set is motivated by the studies of previous Chapters (and rel-
evant works cited therein); although they have been mentioned elsewhere in this
dissertation, we recapitulate here for the convenience of the reader. The oblique
parameter 7', which measures custodial isospin violation, is sensitive to the LW top
mass; experimental constraints place a bound'® of A; > 1.5 TeV at the 95% C.L. [57].
The post-LEP oblique parameters W and Y are sensitive to the LW gauge bosons,
and establish bounds of Ay = Ag > 2.3 TeV at 95% C.L. [57] The remaining strong
constraint is placed by the correction to the Zbb vertex, which imposes Ay > 640 GeV
at 95% C.L. [1] (see also [59]). If we now set each of these parameters to its lower
bound, we can calculate v(7") in the most optimistic scenario. We find this case to
be indistinguishable from the solid red curve of Fig. 4.2. Even for the most optimal
choice of LW masses, the thermal contribution fails to differ appreciably from the

one-loop SM result.
4.3 Discussion and Conclusions

This chapter has two goals: explore the thermodynamic properties of LW theories
in general, and apply those lessons to early-universe cosmology. This latter question
is pursued in the hope of solving the baryon asymmetry. The negative-norm degrees

of freedom are forbidden by the LW/CLOP prescriptions that remove states that

10T hese bounds are derived by assuming My = 115 GeV; this was the LEP bound at the time at
which these constraints were calculated. This ~ 10% shift in My translates into a commensurate

shift in the bounds, but is irrelevant to the precision of our current considerations.
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would otherwise violate unitarity. Though this method is broadly accepted and used
by all LWSM theorists, it is not immediately clear how this prescription generalizes to
nonzero temperatures. For instance, if one pays no special attention to the negative-
norm states in the theory, one may move forward with an archetypal calculation of the
thermal properties of a LW ideal gas. However, this picture seems incompatible with
the LW /CLOP prescription outlined above. Alternatively, one could explicitly forbid
the treatment of LW particles as external states, and treat the LW fields as having a
solely resonant effect through the scattering of positive-norm particles. When treated
as narrow resonances, the LW internal lines appear to be long-lived with respect to the
characteristic time scales of thermal scattering, and they yield a contribution to the
free energy which is precisely opposite to that which one expects for a conventional
ideal gas.

When turning our attention to the electroweak phase transition in the early uni-
verse, we find that the LWSM has negligible effect beyond that of the SM alone, and
that the phase transition is a cross-over, rather than being strongly first-order. The
lack of a discontinuity in the order parameter v(7,) means that the LWSM cannot be
responsible for electroweak baryogenesis, a paradigm widely thought to be a candi-
date for solving the baryon asymmetry problem. We also find that the way in which
one quantizes the LW theory, as well as to what extent LW states are accessible to
the thermal bath, make profoundly distinct predictions for the onset of symmetry
restoration in the T > Apw limit.

A possible extension of this work is the calculation of V.g(¢., T') for the N = 3
LWSM, which has heretofore been the primary focus of this dissertation. Since the
mass bounds can be significantly smaller for partners in the N = 3 theory, the LW
fields could potentially be active in the electroweak phase transition for a broader

range of temperatures, ensuring a discontinuity in the order parameter. More degrees
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of freedom results in a larger g,, which manifests itself in the high-temperature limit
of the theory. However, there is a point of caution to be made: if the narrow-
resonance approximation is not valid for Lee-Wick theories of any N, then a more

careful approach is demanded.
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Field s| g m? (.
4m?2
SM-like Higgs 0] 1 mi = %A%, L=y /1 — 5
" m}% = A3¢2 — v?)
2
IW-like Higgs 0] 1 m2 = 4% (14 /1
4m?2
SM-like pseudoscalar | 0 | 1 mp =A% [ 1—4/1— P
" m; = A2 —v?)
7”2A
LW-like pseudoscalar | 0 | 1 m% = sA; | 1+ 4/1— 4A2HP
m?2
SM-like charged scalar | 0 | 2 mi.=1A% [1—4/1— 4A€Ii ) .
miL:t = )\(¢0 - )
m?
LW-like charged scalar | 0 | 2 mi, = A5 | 1+4/1— : Aé;i
SM gauge ghosts 0] -3 0
7"/2»
SM-like TW 1] 6 m, = A3 (11— 11— L
ij: — 4 C
. 4m27
LW-like W 1] 6 = 503 (14 /1 2
SM-like A 1] 2 m% =0
LW-like A 13 m2 = A3y
. 1 4m?2
SM-like Z 11 3 my = 3A%w | 1 1- A%VZV o _ (et
Va 4
m2
TW-like Z 1] 3 md = LAy 14 /1- 2
SM-like top 3112 m? = % (1 —cos %) 0, = arctan 22U~ Vi(zl;a)
LW-like top (1) 3] 12 m2 = 2{;? (1 + cos 247 o — %%
LW-like top (2) 2] 12 m? = % (14 cos %5T) m? = hi¢?
SM-like gluons 1116 0
LW-like gluons 1| 24 Abw
Other SM-like fermions % 78 0
Other LW-like fermions | 1 | 156 Ay

Table 4.2:

effective potential.

Tree-level, field-dependent pole masses used to construct the LWSM

s, g, and ¢ indicate the spin, effective number of degrees of

freedom, and LW character of the fields; the fifth column gives the mass eigenvalues

in terms of the field-dependent Lagrangjgy mass parameters appearing in the last

column.




4.4 Discussion

The discovery of the Higgs boson marks a pivotal moment in the history of particle
physics. However, this experimental triumph comes not without a host of outstanding
problems and theoretical loose ends. The Standard Model offers no explanation for
the miniscule neutrino masses, the nature of dark matter, or the threefold replication
of family structure, to name a few. This dissertation has sought to answer a different
type of question: rather than account for things undiscovered, how can we under-
stand that which we have discovered? The Higgs boson mass, m, ~ 125 GeV, sits
very near the electroweak scale, v = 246 GeV. But, when calculating the most basic
renormalization self-energy corrections at one-loop order, the Higgs receives correc-
tions that diverge as d — 2 in dimensional regularization. If one treats the Standard
Model as an effective field theory, valid up to some cutoff scale Ayy, we ought to
observe a Higgs mass much closer to this scale. It is the positive discovery of an
electroweak-scale Higgs (rather than GUT- or Planck-scale) which vexes theoretical
physics. Without some added physics, the Standard Model seems to require an ex-
traordinary amount of fine-tuning in order to keep the Higgs comparatively light. If
no new physics is found between the electroweak scale and, e.g., the unification scale
of Aqur ~ 10 GeV, one must tune the parameters of the theory to better than one
part in Adyp/v? & 10% to cancel off these extreme corrections. This puzzle is known
as the hierarchy problem.

Many candidate theories have arisen over the past few decades in order to amelio-
rate the Standard Model fine-tuning problem. Some of the more popular candidates
were outlined in Ch. 1. In this dissertation, we have explored a less-known, though
equally viable and testable, approach to solving the hierarchy problem: the Lee-Wick

Standard Model. This theory posits a higher-derivative operator for each Standard
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Model degree of freedom, e.g., L D —¢[1?¢/2M?>. These higher-derivative operators
correspond to propagators that decay as p~* (rather than p~2) at high energies, and
contain two poles in the complex-p® plane. The improved ultraviolet behavior of the
theory results in Feynman diagrams free of the quadratic divergences as described
above. We have discussed some of the thornier issues idiosyncratic to Lee-Wick theo-
ries, such as acausality and unitarity violation; the effects of the former are thought to
be visible at very high energies, and the Lee-Wick prescription for removing negative-
norm states averts the disasters associated with a non-unitary S-matrix. It must
be noted that no consistent path integral formulation of Lee-Wick theories has been
found to date, although no direct violation of unitarity can be found in the theory
either. The matter of unitarity therefore remains not completely settled, though we
may proceed with care to calculate the experimental implications of the Lee-Wick
Standard Model.

The precise subject matter of this dissertation has been the so-called N = 3
Lee-Wick Standard Model. The theory is so named because of the addition of a
yet-higher order derivative operator (of the form —¢[13¢/2M*) in the theory, which
leads to propagators containing three physical poles. The propagator of this theory
falls of as p~% at high energies, and so the higher-N theory has even better ultraviolet
behavior. The minimal Lee-Wick Standard Model is therefore an N = 2 theory in
this parlance. Performing an auxiliary field transformation on the Lagrangian of this
theory results in a set of states with alternating positive, negative, and positive norm
coming from the same higher-derivative field.

Though the formal field theory of higher-derivative quantum fields is a fascinat-
ing subject in its own right, we have here sought to extract some phenomenological
implications from the N = 3 Lee-Wick Standard Model.

We have seen that Lee-Wick partners to the Standard Model W boson have
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distinct collider signatures, and could easily be identified at a high-luminosity collider
for a broad range of mass values.

We have seen that the most exacting electroweak precision tests allow for rela-
tively light Lee-Wick partners to the Higgs boson, with masses as low as ~ 650 GeV
for the charged scalars. The alternating norm of Lee-Wick states allows for signifi-
cant cancellations in the calculation of electroweak precision parameters, such as the
anomalous Zbb coupling, meaning that some of the states can have lower masses than
would be the case in a strictly N = 2 theory.

We have also investigated the quantization of Lee-Wick theories at finite temper-
ature, clearing up much confusion in the process. Namely, we have shown that the
most consistent formulation of the theory is one in which Lee-Wick states are only
accessible through the scattering of positive-norm states, rather than one in which
Lee-Wick states really are accessible to the thermal bath. Our results effectively show
that treating Lee-Wick fields as “real”—that is, freely created and destroyed by an
external thermal heat bath—leads either to a completely unbounded Hamiltonian
spectrum, or depends on an ambiguous derivation from an S-matrix properties not
guaranteed a priori. We used this new quantization technology to calculate the elec-
troweak phaser transition in the early Universe, the goal being to see if Lee-Wick
fields could have some part to play in triggering electroweak baryogenesis. However,
due to the bounds placed on their masses by electroweak precision tests (see above),
Lee-Wick fields are simply too massive to have had a substantial effect on the elec-
troweak phase transition, and the latter remains second-order in character (whereas

a strongly first-order transition is required to produce net baryon number).
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APPENDIX A

AUXILIARY FIELD FORMALISM FOR N = 3 LEE-WICK LAGRANGIANS

A.1 Pure Yang-Mills

We begin with the higher-derivative (HD) Lagrangian
1 I R 1 1 PR av
EHD = —éTl“ FW,F - m—% + H% Tr FHVD DaF
92 A
———Tr Fl,, D" Do, D* Dy ) Al
m%mg T Ly, B J ( )
where brackets indicate antisymmetrization of the first and last indices only:

X[a1a2~~~0lN0¢N—1] — X MO2QN-1aN _ Y OANQ2..ON-1ON (AZ)
Eq. (A.1) can be factorized into

. (1 D"D,, 1, D'Dg\ .
Lyp =Tr F,, (ég“a—i— - )[(5954— m2ﬁ)g/\—(OéHV)]. (A.3)

2 3

The stress-energy tensor (F) and the covariant derivative (D) acting upon fields

transforming adjointly under the relevant gauge group are defined with respect to the
HD non-Abelian gauge field A in the usual way:

Frv = grAY — 9P Al — jg[Ar) A, (A.4)

DX = 0"X —ig[A*, X]. (A.5)

We now invoke auxiliary gauge fields, y, w, which also transform adjointly under

the group generated by A. The Lagrangian of Eq. (A.1) may be obtained from the
auxiliary field Lagrangian,

A ~

1 PN A A
Lyy = —ETr F,F" —Tr (D,x, — Dyxu) — §Tr (Dyw, — Dl,wu)2
—2mams Tr x,w" + (m3 + m3) Trw,w. (A.6)

Upon integration by parts, a form of Eq. (A.1) may be obtained in which no derivatives
act on y, which makes its role as an auxiliary field manifest. Note also that y appears
linearly in the Lagrangian, thereby playing the role of a Lagrange multiplier. We can
now vary Ly s with respect to x to obtain the equation of motion,

D, EF"" — momawh = 0. (A.7)

The linearity of y ensures that this equation is exact at the quantum level - that is
to say, y may be formally integrated out of the path integral.
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We now seek a Lagrangian of the Lee-Wick (LW) form, as was done in § 2.1. We
map the fields A, x, andw onto the three new fields A; o 3:

Al = AR 4 M (A.8)

A= Py B n (A.9)
m Ui

A% 51/@)(“— ‘/—@w“. (A.10)
Ui U

Only A; transforms as a gauge field under the gauge group; the others transform as
matter fields under the adjoint representation. Their status as matter fields can be
understood from the explicit Proca-style mass terms appearing in Eq. (A.6). For the
sake of completeness, we list the inverse transformations as well:

Ar Al — = ar g [ a (A.11)
Ui m

T VNPT A12

X m 2 ™ 3 ( )

wh =, /%Ag - —%Ag‘. (A.13)

The sum rules of Egs. (2.19), (2.20), and (2.21) may be used to re-express the 7 pa-
rameters in terms of the masses mq 3. Since A; is the sole remaining gauge field, we
can “unhat” the operators of Eq. (A.1) and define them with espect to A; instead.
We respectively define the pieces of £ that are quadratic, cubic, and quartic in A; as
Ly, L1, and L,. What follows is the LW Lagrangian

1 1 1
‘CO = —ETI' F{UIFL‘“, + ETI' (D,u,A2V — DVAQM)z — §Tr (DNA3V — DVA3M)2

—m3Tr Ab Ay, + m3Tr AL Az, (A.14)

which contains the kinetic and mass terms of the theory. We also note that only
the kinetic and mass terms corresponding to A, possess the overall negative sign
associated with LW fields. The cubic piece is

—1
£y :Fgszr (Fiuw[ms Ay —ma Az, ma Ay —moA3))
3 2

- Y
(= ) 7

(TY (DyAg, — Dy, Agy) (2ms[Af, Ay — ma[Af, Ag] — mo[Af, AT])

T (Dy Ay, — Dy Ay, ) 2mal A, A5] — msl A%, A5) — o[ 45, A45])), (A15)
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and the quartic piece is
2
L2 =303 g
x (m3(4m3 — 3m3)Tr (A, A5]2 + 2mEm3Tr |44, A)[ Ay, As.)
+m3(4m3 — 3m3)Tr [AL, AY)?
+2mamg(m3 — 2m3) Tr [A5, A5]([Asgy, Azl + [Asp, Asy])
+2mgmg(m3 — 2m3) Tr [A%, A5]([Agy, Asy] + [Asy, Asy))
(3 — m3m3 + mid) Tr ([A5, A5] + (A5, A5]) Az, Asi] + [Agy, A2])) - (A16)

Though cumbersome, these expressions are still simplified with respect to a completely
general N = 3 treatment, owing to the sum rules of § 2.1.

A.2 Fermions

The N = 3 Lagrangian for a HD chiral fermion QAS L is
1

2,2
mamms

CZL [(Z@)Q - m%} [(ZZAD)Q — mg} ilApéL, (A.17)

Lyp,f =

where the covariant derivative D runs over the gauge bosons and their LW partners, as
described in § A.1. We now invoke auxiliary fields xr g, ¥r g, and write the auxiliary
field Lagrangian

Lar = drilds, — XnislashedDx g + brily + (brilxs + hc.) + (YriPig + hoc.)
T (xr(xL + 1) +h.c.) — (my + m3)(Yrg + h.c.)).
(A.18)

m2+m3

When considered as Weyl spinors!, the new fields we have introduced appear linearly
in Eq. (A.18). This means that they can be integrated out of the path integral, and
variation of Eq. (A.18) with respect to them produces equations of motion which
are exact at the quantum level. They can therefore be truly called auxiliary fields.
Varying Lar with respect to them yields

AT oM
iDor + ————xr =0, (A.19)
mo + ms
iIDxy — (Mg + m3)y, =0. (A.20)

These constraint equations may be substituted back into Eq. (A.18) to eliminate all
terms linear in x; and ©¥g. The remaining auxiliary fields, xr and ¥, may also be

'That is, considering different helicities as being independent degrees of freedom
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expressed in terms of ¢y :

meo + Mg . 2 ~
XR = ——2 32m¢L, (A21)
moinsg
i) 1 50n
= " yvp=_— . A.22
wL Mo + M3 XR mMoMms <le) ¢L ( )

These identifications may be used to turn Eq. (A.18) back into Eq. (A.17).
We now turn to the task of obtaining a Lagrangian of the conventional LW form.

The left-chiral fields, QEL, xr,and ¢, are mapped into the new SM- and LW-type
fields, ¢(Ll’2’3), and the right-chiral fields, xz and ¥, are mapped into qb?);?’:

0% =61+ x1. (A.23)

R N T (A.24)
m T

6P = By - [- Ly, (A.25)
m m

and

ENE ( oy \/Zi) br, (A.26)
o =P (F ) e

These are accompanied by the inverse transformations

b =g — |-y [By®) (A.28)
m m
n n
XL = —n—j¢f)— n—jd)f’, (A.29)
n n
b =[P — -2, (A.30)
T ™m

and for the right-chiral fields,

_ T2 "3 (2) (3)
XR = ( _E + \/%) <¢R — oR ) ) (A.31)
(3

pr =y [ B¢ — [~ 2e® (A.32)
T m

Putting these together, we arrive at the fermionic N = 3 LW Lagrangian,
Liws = 61D — 62D — ma)o® + 60 — mg)p, (A.33)

where we combine the Weyl spinors as ¢ = gb(Li) + (bg?.
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A.3 Higgs Sector

Many of the methods and results from the toy scalar theory of § 2.1 can be
carried over directly to the analysis of complex scalar fields and spontaneous symmetry

breaking. We begin with a complex scalar field, H, which transforms fundamentally
under SU(2);, x U(1)y. It carries hypercharge Y = 1/2, as in the SM case. The
Lagrangian for this field is
Ly5? =D, H'D"H —m} H'H — LHT(D DM H — %HT(D D"V H + Ly (H).
M3 M3,
(A.34)

An auxiliary field Lagrangian (similar to that of Eq. (2.6)) may be obtained, with
complex scalars y and v also transforming in the fundamental representation:
LM:%{mﬁ@%fwﬁmﬁ—h%@ﬁ%w@ﬁ+ho
+ (m3 = mi)"2(m3 — m?) 2 (X + ¢Tx) + Dyt Dy
— (m3 4+ m3 = mA)el | + Lo (). (A.35)
Since y appears without derivatives, it is a true auxiliary field. Varying Eq. (A.35)

with respect to x returns equations of motion which may be used to regain Eq. (A.34).
We can obtain the LW form of the theory through the redefinitions Egs. (2.13)-(2.15)

by relabeling gzg — H and ¢ — HO | resulting in
L= — H(I)T(f)uﬁ“ +m?)HY + H(2)T(f)“l§“ +m2)H®
— HOND,D* + m2)H® + L (H). (A.36)
As in Eq. (2.23), the interaction terms obey the decomposition

Lint(H) = Line (VI HY — /=y H® + \/nsH®). (A.37)

Spontaneous symmetry breaking in the SM is ensured by the presence of a negative
mass term, to wit, m?% < 0 in Eq. (A.34). Since the original mass term and the
interaction terms will become mixed by the VEV | it is convenient to move EmaSS(I:I ) =
—mZ H'H into Ly (H):

Lup = Lup(my = 0) + Li, (H), (A.38)

where
= 2 HYH ) A.39
Lttt = =3 (-5 (A.30)

and v is the Higgs VEV. Now that the HD mass term has been re-grouped as a piece
of the interaction Lagrangian, the LW mass scales M;, M, follow from Egs. (2.11)
and (2.12) by setting m; = 0:

2 mim3

MP=—"23_ M2= . A.40
1 mg +m§’ 2 moms ( )
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The m?% = 0 part of the Lagrangian is handled as in the toy theory case of § 2.1. Set-
ting m{ = 0 (hence, n; = 1 in Eq. (2.6)), one then obtains the canonical, alternating-
sign Lee-Wick Lagrangian

L = f)uH(l)f)uH(l) _ ﬁuH(Q)ﬁuH(Q) + f) H(3)f)uH(3) +miHPTH®
+miHITH® 4 £ (HY — =nH® + /i HY) | (A.41)

where the interaction term may be unfolded into the expression

2\ 2 2
o= (H(l)TH(l) _ U_> o (H(I)TH(l) _ U_)
1m 4 2

1 >
x { [H(I)T(\/—_ngH(Q) + iH®) + h.c.} + |V H® + i H®) 2 }
A 2
+Z{ [H“)T(\/—_ngH(?) + R H®) + h.c.] + |V=pH® + i H® 2 } . (A42)

One may then work in unitarity gauge, in which all Goldstone bosons are removed as
physical degrees of freedom. This results in the explicit Higgs representations

(0 (oM (on
= (a0 n) (%(Hz L ipy) <%<h3 vip)) (A4

where the h; are C'P-even scalars, the P; are C'P-odd pseudoscalars, and the ) are
charged Higgses; v is the familiar Higgs VEV of the Standard Model. The mass terms
of Eq. (A.42) may be expanded in this basis as

1
_»Cmass = §m ( Y _772h2 + V1 h3) m2(2h h+ + h2 + PQ)
1
+ =m3(2h3 hi + hi + P3), (A.44)

2

with m? = \v?/2 & (125 GeV)?. Note that the charged and pseudoscalar mass terms
are canonical as written, but that the neutral scalar mass terms are not. These
terms need to be diagonalized in such a way that their corresponding kinetic terms
remain canonically normalized, all with respect to the LW basis {1, —1, 1}. These
diagonalization matrices can be easily found numerically [55], and this procedure
(albeit for fermions) is described in detail in § 2.3.2.

A4 Yukawa Couplings

The HD Yukawa Lagrangian is given by
LYukawa =) (ggLHﬂA)R + hC) s (A45)

which couples a complex scalar, H , to left- and right-handed fermions ngSL and Q@R.
We anticipate an application to the Standard Model by assuming that ¢, and H
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transform in the fundamental representation of some gauge group, while @@R remains
a singlet. Let n; (defined in § 2.1) refer to the LW mass spectrum of gb(Ll) and 7 refer

to the LW mass spectrum of Qﬂg). We can use Egs. (A.28) and (A.45) to compute
the (potential) quadratic divergence in the scalar mass arising fermion loops, and it

is proportional to
/ /
(1+@+@)x<1+"—?+"—?). (A.46)
m m m ™M

The sum rule of Eq. (2.19) ensures that this contribution vanishes identically.
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APPENDIX B

QUANTIZATION CONVENTIONS

B.1 Classical to Quantum Theory

Whereas the other parts of this dissertation have dealt with Lee-Wick (LW) fields
from the perspective of Lagrangian field theory, we now seek a Hamiltonian formu-
lation. This is useful in the study of thermal field theories, as investigated in Ch. 4.
Although we have already seen detailed calculations of correlation functions of N = 2
and N = 3 LW theories earlier in this dissertation, these were done at zero tempera-
ture, and so we cannot expect these prior results to hold at finite temperature. This
Appendix presents a thorough calculation of the thermal properties of an N = 2 toy
theory. The results are of a general nature, and the methods herein may be applied
equally well to fermions and gauge fields'.

Let us begin with the free scalar-field Lagrangian,

£ =y (30u00% — gme?) (B.1)

where we have left an overall sign 7;,; = 1 undetermined. We then solve for the
canonical momentum conjugate to ¢, which we call 74:

oL .
¢ 00 Nu® (B.2)
This allows us to write the Hamiltonian density,
L, 1 2l 9 9
H=ny 5T+ §(V¢) 5™ o7 ). (B.3)

The ny factor allows for the existence of a semipositive- (or seminegative-)definite
Hamiltonian. The presence of 74 allows us to write down the commutation relations
that define the quantum structure of the theory, as is the case with the expression
[z, p] = ih in non-relativistic quantum mechanics. The commutation relations are
given by

[6(x), 7(y)] = incd® (x —y), (B4)

where 7~ = =£1 is another sign factor, to be fixed later on. In the conventional
treatment, one sets 1, = 1 from the start. The definition of the commutator in
Eq. (B.4) allows us to solve for the commutators between the field and conjugate

!The reader interested in a pedagogical approach to finite-temperature field theory is encouraged
to consult Ref.[82].
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momentum operators and the Hamiltonian?

0] =1y 60, 5 [ Pyriv)]

:Z.77H7_7C7T¢ = ine, (B.5)
o H] =y 7o), 5 [ P (m262(3) + (Vo))
= —inyne(m® + V3¢ = inety, (B.6)

where the expression for 74 is obtained with the aid of the Euler-Lagrange equations
for ¢. Egs. (B.5) and (B.6) may be used to prove the generalized Heisenberg equation
of motion,

0, H] = incO, (B.7)

for any function O(¢, ms). The proof is straightforward. Both sides of Eq. (B.7) are
linear in O, and so one may take O to be a monomial function of ¢ and 7y without
loss of generality. Using the identity

[AB,H] = A[B, H] + [A, H]B, (B.8)

an operator of the form O = AB will yield AB+ AB when commuted with H. This is
nothing more than £ (AB). Therefore, the function AB also satisfies Eq. (B.7). Since
¢ and 7, satisfy Eq. (B.7), the identity Eq. (B.8) can be used to show the Heisenberg
equations of motion for an arbitrarily complicated (algebraic) function of ¢ and 7. If
O is a polynomial, it may be broken into individual monomials, and its behavior per
Eq. (B.7) may be shown piecewise as above. This completes the proof.

This result shows that, once the phase space of a system has been partitioned into
one set for which 7. = +1 and another for which 7, = —1, Heisenberg equations of
motion may be obtained for each. Note the absence of a functional dependence on
ny. We exclude from consideration any operators which are functions of fields drawn
from both sides of the partition, as these do not give rise to a Hilbert space equipped
with a consistent quantum-mechanical norm.

We move now to the interpretation of operators obeying the “wrong-sign” equa-
tions of motion. Eq. (B.7) may be exponentiated to obtain

einCH(t—to)O<t0)e—incH(t—to) = 0O(t), (B.9)

indicating that operators evolve forward in time according to the unitary operator
Ul(t,ty) = exp|—in-H (t—ty)]. Operators belonging to the 7, = —1 partition therefore
possess an opposite-sign phase with respect to the time evolution of conventional
(ne = +1) operators. If this were the only difference, the choice of 7, could be
dismissed as a mere convention, serving at best a pedantic purpose in the construction
of time-dependent quantum mechanical operators. However, this is not the case, as
will be shown in subsequent sections. The choice of 1, has profound implications for
defining the propagator (and correlation functions in general), how the integration
contour may be deformed to pick up poles, and the thermal spectrum of the theory.

2NB: The Hamiltonian is given by the spatial integral of the Hamiltonian density, i.e., H =
/ dPrH(x).
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B.2 Mode Expansions and the Hamiltonian

We begin by writing down the mode expansions for a field of Lee-Wick type, ¢(x),
and its canonically conjugate momentum, m,(x):

d3p 1 ip-X —ip-X
¢(X):/(27r)3 o (apep +ale ™ )

= [t gt e (B.10)
Tg(X) ZUH/%(—i)\/%Qpeip'x—l—aLe_ip'x)
— [ iy 2y — al e, B11)

where wp, = /p?+m? is strictly positive, and 7, reflects the elementary result
Ty = Ny¢ from Eq. (B.2). The commutator is given by [a,, al] = ny(27)0® (p — q),
where we have introduced a third and final sign factor, n,, defining the norm of the
quantum state created by aL. This overall factor may be constrained by beginning
with the commutator of ¢ and my:

660, mo(s)) = — s [ d(;f)qg\ﬁ (1 1] ~ o)) 050

dPpd3q i ,
— 2(2 53 i(px+q-y)
nH/ 2n)0 2,/wp>< (2m)* x 0P (p + q)e
= inynnd® (x —y), (B.12)

from which we conclude 7~ = nyny. The meaning of 1, becomes clear once we
calculate the spectrum of the theory. To do this, we expand the Hamiltonian in
terms of its modes:

H = / B F# + 1(v¢>)2 + %m2gb2]
d pd3 1 N,
/d3 / ei(Pra)x 5 [— % x (a, —alp)(aq —al )

—pb-a+tm i i
+ m X ((Zp + a,p)(aq — aq)]
d3p 1
:T]H / (QT)SLL)p (CLLCLP + §[ap, CLI)]) . (B13)
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From this expression follow the commutators

d3q
[Ha a’p] =Ny / qu{a:rp a’p}aq = —NgNnWply

d3q
[Ha CLL] =MNu / quag[aqa CLL] = +7]H77pra;g
= + ewpal,. (B.15)

Comparing this with Eq. (B.7), we now have equations of motion for the creation and
annihilation operators. Rearranging Eq. (B.14) into the form Ha, = a,(H — ncw,),
we can act repeatedly on the left with H to obtain H"a, = a,(H — now,)". This
expression may be exponentiated to obtain

ir]cHta efincHt

ay(t) =U'(t,0)a,(t = 0)U'(t,0) = e b
=aye P, (B.16)

The result af(t) = alexp(+iwpt) is readily obtained by Hermitian conjugation. This
much is identical to the conventional treatment. However, there remains a subtlety
to be addressed: which are the raising and which are the lowering operators? Given
some eigenstate |1) of the Hamiltonian satisfying H|1) = E,, 1)), we determine this
by computing

H(al, [¢)) = ([H,a}] + al H) |¢) = (newyal, + alE,) [)
= (new, + E,) (af, |4)) . (B.17)

If no = +1, then aIT, raises the energy of the state on which it operates, as expected.
If instead 1, = —1, then a;f) lowers the energy of the state on which it acts, and it is
a, which actually serves the role of the raising operator. It is important to recall the
equality 1 = nyny, and so the “wrong-sign” choice of 7~ = —1 could be achieved
by an unconventional sign choice for either 7, or 7.

We must define a vacuum for the theory. This can be done in four distinct ways,
one for each choice of 1, and 7. In the case of n; = —1, corresponding to a LW
Hamiltonian, we may choose 1, = —1 as well, thereby fixing 7, = +1. We see
from Eqs. (B.14) and (B.15) that this corresponds to the ladder operators a,, and af,
still behaving as annihilation and creation operators, respectively. We are then at
liberty to define a lowest-energy state | 0) such that a,|0) = 0, with single-particle

momentum eigenstates defined by |p) = /2wpaf, [ 0). The inner product between
two momentum eigenstates is given by

(pla) =2,/w,w5(0]apa |0) = 2,/@pwg(0] [ay, af] 0)
= 2yw, 0@ (P — q), (B.18)

from which we see that the choice 1y, = —1 corresponds to defining a negative
quantum-mechanical norm on the Hilbert space. If instead we choose ny = +1,
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this results in 7o = —1, and the roles of a, and CLL must be interchanged; the vacuum

is now defined by the state |0) such that af |0) = 0.

Now that the vacuum is defined in the general case, we can go on to calculate the
spectrum of the Hamiltonian built by the repeated action of creation operators on
the vacuum in question:

dlq 4 i
H|p) = | ny quaqaq a4 /2w, |0)

dq o
=Ny quaq[aq,%] 2w, |0)

:T]HanpaI) 2("‘)p|0> = anpr |p>7 (Blg)
from which we conclude

H|p) = Ep|p) = nyiinwp | P) = 10w, | P)- (B.20)

Our findings may now be summarized. If we choose 1, = ny = ny = +1, correspond-
ing to the typical Klein-Gordon theory, then there exists a positive-semidefinite energy
spectrum with a vacuum |0) annihilated by a,,. If instead we choose 1y = ny = —1,
we still have 1, = 41, and this corresponds to the Lee-Wick case pursued in this
dissertation. The Hamiltonian spectrum is still positive-semidefinite, although the
norms of single-particle states are negative. A third option, with n, = —n, (without
necessarily specifying the sign of either), results in a Hamiltonian spectrum which
is bounded from above. The roles of creation and annihilation operators are inter-
changed, and the vacuum |0) is defined by af,[0) = 0.

B.3 Calculating the Propagator

Now that we have a quantized field theory with well-defined time evolution and
norm, we can turn to the task of constructing the propagator. The end goal is to
obtain a form for the propagator in which Wick rotation in the complex-p® plane
can be easily implemented. Let us begin by writing the mode expansion for ¢(z),
generalizing Eq. (B.10):

_ d3p 1 —ip-x T ip-x B.21
¢($)_ (27T)3 % (ancpe +ancp€ ) ) ( )

b nc

where the 7, is shorthand for evaluating p° at p° = now, = nynyw,. We allow for
this ambiguity so as to include the possibility of defining ¢ on the positive or negative
mass-shell, i.e., p° = £1/p? +m?2. Since we are now working with the Lorentz-
invariant p - = (rather than the non-covariant p - x), we maintain this invariance by
generalizing the ladder operators to create and destroy states of momentum 7.p.
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We can now calculate the two-point function:

016160 10) = [ TLEL 0],y q 0)e 7
(2m)6 2 [Opiq nep¥nea e
Ppd’q 1y :
= 5®) — q)le"irr—ay)
/ N> [ne(p — a)] .
d’p IIN_—ip(z—y)
= T = D"z —y). B.22
/(2#)3 2wpe e (z -y ( )

The subscript 1 serves as an accounting device, keeping track of which quantization
scheme was used. We can now construct the time-ordered Feynman propagator,

Dip(x —y) =0'® —y*)D"(x — y) + 0(y° — ") D"(y — x)

_ / d*p TN |:(9(IIJO _ yO)e—ip(x—y) + 9(@/0 _ :L-O)eip'(x—y) ]
(27)3 2wp pP=ncwp pO=ncwp
@Pp ny { ; i
_ ZIN g ZL'O _ .0 6—2p‘(x—y) + 0 0 __ ZL’O e—zp-(x—y)
/(27T)3 2wp ( v) PO=ncwp (v ) P'=—ncwp

_ d'p nn 0 0 0
+0(y° = )3 + nowp) | F . (B.23)

In order to continue, we invoke the Lee-Wick prescription: the theory must be free
of exponentially-growing modes. This demand results in a condition on how the
integration contour is to be pushed above and below the real p° axis. We deform the
contour with Feynman ¢ as follows:

4
D" (ZE — y) — ﬂn_N 5(])0 — Nowy + ie) + 5(]?0 + new, — iG) e—z‘p~(w—y)
F (2m)3 2wp op o=p

_ / d*p nn ( 1 . 1 " 1 . ;)6_@.(1_@
(27)3 2wp \ —2mi p¥ — (nc —ie)  2mi P+ (no — ie€)
B d*p iny (P° + nowp — i€ — PO + now, — i€ ip-(z—y)
~J G ")~ (nowp — ic) ’
P C%p

_ / d4p inNnC efip-(xfy)
(2m)* p? — m? + ince '

(B.24)

We recognize in Eq. (B.24) the momentum-space Feynman propagator,

~ iNH
Dl(p) = . B.25
F(p> p2 . m2 i inCE ( )

The implications of Eq. (B.25) for the analytic structure of the theory are clear.
The conventional Klein-Gordon case corresponds to ne = ng = ny = +1, as before.
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Lee-Wick theories belonging to either quantization scheme possess the well-known
“wrong-sign” propagator, since ngy = nync = —1. However, there exists a subtle
difference when no = —ny = —1: the shifted poles lie in the first and third quadrants
of the complex p® plane, rather than the second and fourth, as is usually the case.
This means that we obtain a different overall sign when deforming the contour to
pick up the poles. Therefore, when performing a Wick rotation in order to perform
an integral, we must define the Euclidean momentum as py = —ip%, corresponding
to counterclockwise rotation in the complex p° plane.
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APPENDIX C

THE LEE-WICK STANDARD MODEL SPECTRUM:
CONDENSATE-DEPENDENT N = 2 THEORY

Though some of the results of Appendix A could be truncated and cosmetically
modified to obtain the input parameters for Ch. 4, this task can be non-trivial; we
therefore reproduce the necessary results below for the convenience of the reader.
For completeness, we present here the calculation of the field-dependent masses that
appear in Table 4.2. We use the metric convention g,, = diag(1, -1, -1, —1).

C.1 Higgs & Electroweak Gauge Sector

In the higher-derivative formalism, we denote the Higgs doublet as H, the SU(Q) L
gauge field as W/‘j, and the U(l)y gauge field as Bu‘ We suppose that there is

a nonzero homogenous Higgs condensate (H) = (0, ¢./+v/2)T that breaks the elec-
troweak symmetry down to U(l) The Higgs field may be expanded about the
background as

EM’

) Wt
H =\ gtiyip | » (C.1)
V2

where h and P are real scalar fields and A" is complex. After electroweak symmetry
breaking, we denote the photon, neutral weak boson, and charged weak boson fields
as Au Zu and W= respectively. These are related to the original electroweak gauge
fields by the standard transformations

Zu = COSHWWlf’—SinGWEM,
flu = sinfy W3+COSHW B/u (C.2)

1 (1i T3
Wi = (W Fav?)

where cosOy = g/+v/¢?> + ¢'? and sinfy = ¢'/\/¢9> + ¢’2>. We work in the R, gauge
formalism for generality and restrict to the Landau gauge (¢ = 0) at the end. We

introduce eight anti-commuting, scalar ghost fields ca, ¢z, cw+, cw-, €a, Cz, Cw+,
and ¢y .
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The gauge-fixed LWSM electroweak sector is specified by the Lagrangian

L") =L+ L + 08+ 057 + L8 (C.3)
H A |2 Aoa 2 N
£ = | Dutl| = 3 | DD |~ Uha(F),
2

£8) = LB B+ g (0°5,)

2
) 11i/a 1i/auv 1 17a
- _ZWNVW g +2A%V (D#WMV> ’

D
e

R 2 ~ 24 /2 A 2 ~ 7 2
e = 2 (004) - 5 (02— & YT 0p) [ e g
L = e4(—0%)ca+ 2 (—82 - 529239%2) cz + G+ (—82 - £w§¢§> C+

ey <—82 _ w%dﬁ) cw- + interactions ,

where
~ A A U2 2
Una(H) = A (HTH - §> , (C4)
~ 0% . " ) ,1 ~
D,H=|0,— zg?WH —ig §Bu H, (C.5)
BMV = 8,U,Bl/ - al/Bu7 (06)
We, = 0,We — 0,We + ge™™ WhWy (C.7)
(D" W) = O"WE, + ge™™ WP W, . (C.8)

Since we are only interested in calculating the tree-level masses, we drop the interac-
tions (terms containing products of three or more fields). After expanding the Higgs
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field with (C.1) and performing the rotation (C.2), the Lagrangian becomes

A ~ 1 - 1 .
Una = (82 = 0*)? 4+ 26u(6? = ")+ SA(367 = v + SN(92 —v?)P?

+ A(¢p? — Uz)/w}— (C.9)

£l 4L = [(a,jz) 7 L% )} %{(auﬁ)lé(a@)?}

[l -5 WH

1 +97 5, 2 1g? +g 2 p2 9 ol

+§T ZZ“‘F ¢ —5 §z0.P §Z¢c
0, A _

- 2 A - £, oy

+ V4 +g/2¢c (PZ“) + g%au (z hrwn —z’ifW“‘) , (C.10)

2 1 N ~\2 1
piiy — Yy - - - 5
(aA aA) 4(52 az)

1
B W
‘Cﬁd) Eéd )= 4

+Ai2 W, = 0,0V, | + 5 A2 (0°2, a,La"ZV)2
+3 A2 (924, a#a”Ayf
- A2 <a2A a#a”Ay) (322“—a#aa2a), (C.11)
AZ

where we have defined

~1/2

_ [ cos?6 sin? 0

AA = ( W + A2 W) )
B w

A2
—-1/2
_ (sin%9 cos? 6
Ay = ( B A%VW) : (C.12)
AAZ — (sin29w . sin20w>_1/2
=743 A2, :

The final two terms in (C.10) are total derivatives and can be dropped. After inte-
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grating by parts and dropping total derivative terms, one obtains

A ~
3" == (8 = ) = Ael@? — v)h (C.13)
Lilior - Lo o2 Vi lp(—or - Lot _ 2
+2h<8 A%{E) mﬁ)h+2p<8 A%{E) m
1 s _
+h+( 82 E84—mii>h
1. ot 02 -
+ —AF | — V(c‘)Z———m%)Jr( —1+—)88,,}A”
2 In Az A A2 &)
1. ot 0? 1 5
(2 ) e (2 a2
2 a A2 z A% &) "
1 An [ 2 82 v
i Az
sy 9 o4 9 o2 9.9 N
10 | (<0 =) (< 14 o) gl i
gu AIQ/V w=* A%}V é-W M
+ EA(—32)CA + Cz (—82 — ézm%) Cz + Cy+ (—(92 - fwm%/i) Cyw+
b (~0F — Gl - (€15)
where
mo= A3, M. = 40,
mﬁ5 = MNoZ—v )+fzm%, m: = TEg? (C.16)
my, = AN¢Z —v?) + Ewms , m% = 0.

With the Lagrangian in this form, it is straightforward to read off the propagators.

For the scalars one finds

D =iy P Ay i
AP AZ h m%—mi p?—m: p2—m%

4 —1 ) . .
) P 9 A% ) )
Ds(p) =i | p* — 5 — m3 = —
P(P) ( A%} p) m2 _m% <p2 _m% P2 —m2

4 -1 2 1 )
) p 2 Ak !
1)A — Z 2 - = mA pr— -
i=(p) (p AZ, hi) m2, — mii ( p? — mii pP—m

h*
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where

SM-like Pole LW-like Pole
2 4m? 2 4m?
2 A2, 4m?, 9 A2, 4m?,
A2 4m? A2 4m?
mpy = H|1- 1—T5>, mi, = F|1+4/1- 5
(C.18)

The poles are classified as “SM-like” or “LW-like”, depending on whether the residue
of the pole is positive or negative.
In the gauge sector, the ghost propagators are immediately seen to be

De,(p) =1z,

De,(p) = gz

Doy (1) ~ o (C.19)
DCW, (p) pL&v; m2 L

We define the transverse and longitudinal projection operators 115" = g — p*p” /p?
and I17” = p#p¥/p?, and obtain

4 -1 2 -1
v ; v p . v p
Dy, (p) = —illy’(p) <p2 AT m%vi) — 113" (p) (—§W - mim)

_ A (‘Z’H%) _ —’iH%”(p>> S M) g
Mips = M \PP = miye PP —my, ) p? = Gwmp,
where
SM-like Pole LW-like Pole
mZ. = %(1_ 1_4";%3*), mk, = %<1+ 1_4ﬁ’%zi
(C.21)

We defer a discussion of the longitudinal polarization state until the end. The term
on line (C.14) corresponds to a mixing between transverse polarizations of A* and
Z# which gives rise to off-diagonal terms in the inverse propagator:

2 p* 2 p* p? 2
p° = —ms 5 — — m= 0
-1 . A A 2A .
(D7) (p) = i ( ) y 7 2) + i 1% (fA 4, 2) .

202, p A% Z
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For simplicity, we assume just one common LW scale in the EW gauge sector. Then
one has A = Ay = Ay = Ay = Agw and also (Asz)"2 = 0 using (C.12). The
mixing vanishes and the propagators become

D;UJ o AIQEW —1 H%V (p) . —1 HMV (p> —1 €A sz (p) C.23
A (p) T2 2 2 2 2 2 + 2 2 ( . )
ms —my \ p*—my p* —m3; p_fAmA
s My (ST i) | e ) ol
7 (P) =— 2 2 2 7 |t 7 (C.24)
myz —my \ pP—my  p*—my p* —&zmy
where
SM-like Pole LW-like Pole
2 4m> 2 4m?2
m124 = AEQW 1-— 1- A%VI?/ = 07 m?& = —Agw 1 + 1— Aé\?] = AIQ'EW )
2 4m2 2 4m?2
my = (1 1- gz ) my = 14y [1- 2

(C.25)

Note that the photon is massless, and that the mass of its LW partner is independent
of ¢, (see Eq. (C.15)).

Having calculated the spectrum, let us discuss the counting of degrees of freedom.
The scalar propagators (C.17) reveal that each of the fields h, P,ht, and h~ carries
two degrees of freedom: a lighter SM-like resonance and a heavier LW-like resonance.
We might expect this doubling to carry over to the gauge fields as well, but an
inspection of their propagators reveals that this is not the case. In counting the
gauge boson degrees of freedom, note that TrIly = Iy ,,¢" = 3 and Tril;, =

1. Examining the propagator (C.23), we see that the A contains seven degrees of
freedom: three massless transverse polarizations (m?% = 0), one massless longitudinal
polarization (m?% = 0), and three massive transverse polarizations (m?% = Afyy). The
four massless degrees of freedom constitute the SM photon, and after accounting for
the two “negative degrees of freedom” of the ghosts ¢4 and ¢4, the count of “physical”
photon polarizations is reduced to two. Here, the LWSM does not double the number

of gauge degrees of freedom, but instead adds three, which is what one expects for an

additional massive resonance. For the Z boson we count three degrees of freedom with

mass m%, three degrees of freedom with mass mQZ, one degree of freedom with mass

&y mQZ, and two negative degrees of freedom of mass £ m2Z coming from the ghosts.
The ghost cancels the longitudinal polarization state, and one negative degree of
freedom remains. Once we restrict to the Landau gauge (£4 = &z = &y = 0),
the ghosts and longitudinal polarizations become massless. Then these degrees of
freedom do not yield a field-dependent contribution to the effective potential, but
they do affect the number of relativistic species at finite temperature. Thus, we have

counted them as massless particles in Table 4.2, which also repreises Egs. (C.18),

(C.21), and (C.25).
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C.2 Top Sector

Let the SU(2) doublet Q; = (g, ch)T be a left-handed Weyl spinor, and let
the singlet 4r be a right-handed Weyl spinor. Neglecting gauge interactions, the
Lagrangian for the top sector is written as

tOp = (QL) ZaQL + —(QL) Z@@(?QL + (ig) idig + A—(UR) Z@(MUR,

—n, ((@L> EH*UR — (ag) HeQL> , (C.26)

where @ = o"0,, and é_? = 0"0,. Contractions of the SU(2) doublets is accomplished
with the totally antisymmetric rank-2 tensor e. After electroweak symmetry breaking,

one replaces H — (0, ¢./v/2)T, and obtains

top) _ ~igdd LD . hede o
El(ld : = (i)’ ( )+ ) L+ (tg)! (z@—l— e ) Up — NG [(Gr) ar + (ag) ] .
(C.27)

u
One can now collect the Weyl spinors into the Dirac spinor ¢ = (4, @z )”. Using
the standard definitions

0 o# . - -
7“=<5u 0) ,t=i L dt=q"0u =iy Pue=

the Lagrangian can be written as

1F9°

2 )

_ .a?p ‘@3
clor) — ¢ (ia + P+ A2 PR> — tmyt | (C.28)

where m; = hid./ V2. To simplify, we assume that A9 = A, = A;. Then the
Lagrangian reduces to (4.39), and the propagator is
-1

Di(p) =i (—ﬁ—; +p— mi(¢c>>

A2 i
= +
(mg, —my)(my — mg,) p — my
B A2 i
(mz, —my)(mg, —mg,) p —my,
A? )
- ! L (C.29)
(my —mg,)(mz, —mg,) p — mg,
where
SM-like Pole:  my(¢.) = Ayy /2 (1 —cos ),
LW-like Pole:  mg, (¢.) = At\/g (14 cos &£m) (C.30)

LW-like Pole:  mjy,(¢.)

—At\/§ (14 cos 57
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— 2
where 6; = arctan %;aa) and o = %7% The angle 0 < 6, < 7 is in the first or
t

second quadrant, and the LW stability condition imposes o < 1.
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