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ABSTRACT

In 1984, Sinnott used p-adic measures on Z, to give a new proof of the Ferrero-
Washington Theorem for abelian number fields by realizing p-adic L-functions as
(essentially) the I'-transform of certain p-adic rational function measures. Shortly
afterward, Gillard and Schneps independently adapted Sinnott’s techniques to the
case of p-adic L-functions associated to elliptic curves with complex multiplication
(CM) by realizing these p-adic L-functions as I'-transforms of certain p-adic rational
function measures. The results in the CM case give the vanishing of the Iwasawa
p-invariant for certain Z,-extensions of imaginary quadratic fields constructed from
torsion points of CM elliptic curves.

In this thesis, I develop the theory of p-adic measures on ZZ, with particular inter-
est given to the case of d > 1. Although I introduce these measures within the context
of p-adic integration, this study includes a strong emphasis on the interpretation of
p-adic measures as p-adic power series. With this dual perspective, I describe p-adic
analytic operations as maps on power series; the most important of these operations
is the multivariate I'-transform on p-adic measures.

This thesis gives new significance to product measures, and in particular to the use
of product measures to construct measures on Z> from measures on Zy. I introduce
a subring of pseudo-polynomial measures on Zg which is closed under the standard
operations on measures, including the I'-transform. I obtain results on the Iwasawa-
invariants of such pseudo-polynomial measures, and use these results to deduce certain
continuity results for the I'-transform. As an application, I establish the vanishing
of the Iwasawa p-invariant of Yager’s two-variable p-adic L-function from measure

theoretic considerations.
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PREFACE

“Voici mon secret. 1l est tres simple: on ne voit bien qu’avec le ceeur.
L’essentiel est invisible pour les yeux.”

— Antoine de Saint Exupéry, Le Petit Prince

The purpose of this dissertation is to assemble in one place various results on
“multivariate” p-adic measures and to apply these results to the Iwasawa theory of
imaginary quadratic fields. Except where explicit references indicate otherwise, the
content of this dissertation is my independent intellectual product.

In Chapter 1, I introduce the multivariate notation that will be used throughout
this dissertation. I then provide some background in the theory of partially ordered
sets for the sake of applications to p-adic power series in Chapter 2. Particular atten-
tion is given to the product order on the d-fold product of the natural numbers with
their usual order and linear extensions of this order. Although the results contained
in Chapter 1 are well-known, they are included here for completeness and to help
familiarize the reader with some of the technical results which lead to the definition
of multivariate Iwasawa A-invariants in Chapter 2.

Chapter 2 contains the bulk of the work of this dissertation. I begin by developing
the theory of p-adic measures and integration from a purely p-adic analytic viewpoint.
I consider the case of p-adic valued measures on Zg, where d is a positive integer. The
results contained in the first sections of Chapter 2 are almost certainly well-known
to experts in the field, but I have not found detailed proofs of these results in the
existing literature. Although the development of the theory of multivariate p-adic
measures closely follows the theory of measures on Z,, this dissertation appears to

include the first detailed account for the case d > 1. Furthermore, the measures under
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consideration take values in more general p-adic rings than those considered in the
existing literature. This generality is developed for the sake of later applications, and
leads to some nuanced differences between the theory developed in this dissertation
and the theory of p-adic integral valued measures on Z,.

After building the theory of measures from a p-adic analytic foundation, I discuss
the viewpoints of measures as elements of a certain profinite completed group ring and
as elements of a p-adic power series ring. The power series viewpoint is highly favored
in the last half of Chapter 2. There I introduce several operations on measures and
provide descriptions of each of these operations in terms of associated power series.
This study culminates in the definition of the I'-transform on p-adic measures, which
may be also be viewed as a map on rings of p-adic power series. Once again, these
results are likely well-known to the experts, but have not appeared together within
the literature. In Section 2.5, I introduce the multivariate analogues of the Iwasawa
invariants of p-adic power series. In particular, the multivariate A-invariants under
consideration were first introduced and studied in Childress and Zinzer (2015), and I
present a slight strengthening of one of the main theorems from that paper.

In Sections 2.6 and 2.7 I explore the product measure construction as a means
of producing useful measures on Zf) from measures on Z,. The product measure
construction for p-adic measures has not received much emphasis in the literature.
Once again, the analytic viewpoint is developed in tandem with the power series
viewpoint. I then define a new notion of two-variable pseudo-polynomials in terms
of the product measure construction. Multivariate pseudo-polynomials were first
considered in Childress and Zinzer (2015) as a generalization of the objects first
introduced in Rosenberg (1996). Using methods similar to those used in Childress

and Zinzer (2015), I describe the Iwasawa invariants of these generalized two-variable
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pseudo-polynomials. Using these results, I further obtain continuity results for the
[-transform on these pseudo-polynomials. Such continuity results permit a detailed
study of a measure associated to the limit of a sequence of pseudo-polynomials, which
is the main contribution in Section 2.7.

Finally, Chapter 3 contains the main application of the measure theoretic devel-
opments appearing in Chapter 2. Yager’s two-variable p-adic L-function arises in
part from the I'-transform of certain measures on Zf). Each of these measures is as-
sociated to a limit of a sequence of generalized two-variable pseudo-polynomials; for
this reason, the u-invariant of the two-variable I'-transforms are given by p-invariants
of certain one-variable I'-transforms. I then illustrate how the methods in Schneps
(1987) can be applied to Yager’s setting to obtain the vanishing of the p-invariants of
the relevant I'-transforms. In the final section of Chapter 3, I explore applications to
the Iwasawa theory of imaginary quadratic fields, and in particular to the question of
class group growth in the unique Zg-extension of an imaginary quadratic field. The
main result of this thesis is a new method of proof establishing the vanishing of the
Cuoco-Monsky mg-invariant for an imaginary quadratic field K of class number one.

The Appendices are included to collect several preliminary results needed in Chap-
ter 2. Appendix A focuses on the topology of Z, and ZZ, Appendix B focuses on rings
of formal power series, and Appendix C includes a sample of useful combinatorial iden-
tities. The reader with limited knowledge of elementary p-adic analysis is strongly

encouraged to consult Appendix A before beginning Chapter 2.

Scott Zinzer
Tempe, AZ
April 24, 2015
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CHAPTER 1

MULTIVARIATE NOTATION AND ORDER THEORY

Let X be any set. For a positive integer d, we denote by X¢ the d-fold Cartesian
product of X with itself. Elements of X¢ will be written in boldfaced letters. We may
equivalently view = € X? as a d-tuple, that is, a function = : {1,...,d} — X. We
often adopt this dual view; given & € X%, we may also write © = (21,22, ...,74) , OF
x = (7;)1<i<q, where x(i) = z; € X is the “ith component” of . With this notation,
x =y for z,y € X% if and only if z; = y; for all 1 <i < d.

Whenever X is an object in some category C in which products exist, we may
view X as the d-fold product in C of X with itself. Of particular importance for this
thesis are the cases where X is an algebraic object, in which case X¢ is the d-fold
direct product of X with itself with component-wise operations, and where X is a
topological space, in which case X7 is endowed with the product topology.

As usual, Z denotes the ring of integers, Q the field of rational numbers, R the
field of real numbers, and C the field of complex numbers. We denote the set of
positive integers by Z.. For a prime p, let Z, denote the ring of p-adic integers.

Let N denote the set of non-negative integers. The set N¢ will play a significant role
in the work that follows. N is a commutative monoid under addition, so N¢ is also a
commutative monoid under termwise addition. For k € N and n = (n4,...,ng) € N%,
we define

kn = (kni, ... kng) € N



For each 1 < i < d, we let e; € N denote the d-tuple with

. 1 :9=1
e;(j) =
0 :j#£i
(e; is the “ith standard basis vector”). Then for n = (ny,...,ngy) € N% we may

uniquely write

d
n = E n;e;.
i=1

In N4, we set 0 = (0,0,...,0),1=(1,1,...,1),2=(2,2,...,2) and p = (p,p, ..., p),
when p is a fixed prime.

For n € N, we define
d
In| = an eN
i=1

d
n! .= anl € N,
i=1

where in the second line, n;! denotes the usual factorial of n; € N :

n;
k=1

together with the convention 0! = 1.

Suppose X is a multiplicative semi-group and a € X?. If b is a d-tuple from some

set Q) for which ali’i is a well-defined element of X for all 1 < i < d, then we define
d
a® = H al e X
i=1
a = (a¥ d¥, ... al) € X%

If X is a Z-algebra, then for x € X% and n € N?, we define

xr d Z;
(2) - Il (i) exea



where

(LE) x(m—l)--T-L(!m—n—l—l) ‘n>0
n 1 n=20
is the usual binominal coefficient function for z € X and n € N.
If z,y € Z¢ and m € (Z)?, we will write
x =1y (mod m)
to denote that
x; = y; (mod my)

for all 1 <1 < d. Similarly, for x,y € ZZ, we will write
x =y (mod p"™ZY)

to denote that

z; = y; (mod p"™Z,)

forall 1 <i¢<d.
For g € Q% we put

la) = (lar].- - laa)) € 27,

where |z] denotes the greatest integer less than or equal to x € Q.
1.1 The Product Order on N¢

Much of what follows (and many further topics) can be found in Chapter 3 of
Stanley (2012).

Definition 1. A partially ordered set (poset) is a set X together with a binary relation

< such that for all a,b,c € X,



1. a Xa.
2. If a < bandb < a, then a =0b.

3. Ifaxbandb<c, thena < c.
If (X,<) is a partially ordered set, we write a < b if a < b but a # b.
Definition 2. Let (X, <) be a partially ordered set.

1. Two elements a,b € X are said to be incomparable with respect to <X if neither
a<bnorb=<a. aandb are called comparable if a < b or b <X a.
2. Let S C X. An element a € S is said to be minimal with respect to < if there

does not exist b € S with b < a.
Definition 3. Let (X, <) be a partially ordered set.

1. < is a total order (or (X,<) is totally ordered) if for all a,b € X, a < b or

S

< a.
2. % is a well order (or (X,=<) is well ordered) if < is a total order and every

non-empty subset of X has a unique minimal element with respect to <.
Definition 4. Let (X, <) be a partially ordered set and S a non-empty subset of X.

1. An element x € X is an upper bound for S if y < x forally € S. v € X is a
least upper bound (supremum) of S if x is an upper bound for S and x < y for
all upper bounds y for S. A supremum of S is unique, if it exists.

2. An element x € X is a lower bound for S if x <Xy forally € S. v € X is a
greatest lower bound (infimum) of S if x is a lower bound for S and y < x for

all lower bounds y for S. An infimum of S is unique, if it exists.



3. (X,=) is a lattice if for every x,y € X, the set {x,y} has an infimum and
supremum. If (X, =) is a lattice, we write inf(x,y) and sup(x,y) for the infimum
and supremum of {x,y}, respectively.

4. If (X, %) is a lattice, then (X, <) is distributive if for all x,y,z € X,

sup(z, inf(y, 2)) = inf (sup(z, y), sup(z, z))
inf (2, sup(y, 2)) = sup(inf(z, y), inf(z, 2)).

5. If (X,<) is a lattice, then the bottom element of X is the infimum of X, if it

exists. The top element of X is the supremum of X, if it exists.

Let < denote the usual well-order on N.

Definition 5. The product order on N%, denoted <4, is given by a <4 b if and only

if a; < b; forall1 <1 <d.

(N4, %) is a partially ordered set and will be the backdrop for much of the work

that follows.

Lemma 1. Every non-empty subset of N¢ contains a minimal element with respect

to <d-
Proof. Let S C N¢ be non-empty. Let
:13(1) ~d :13(2) ~d .’13(3) ~d

be a maximal decreasing sequence of distinct elements of S comparable with respect
to <4 (such a sequence exists because S is non-empty). For each 1 < i < d, we obtain
a non-increasing sequence (z(n);), in N. Thus, each (z(n);), is eventually constant.

Since the x(n) are distinct elements of S, it must be that the sequence

x(1) =g x(2) =g x(3) =4 -



terminates, say with @(n). Then x(n) € S is minimal with respect to <4 by the

maximality of the given sequence. O
The following observations will be quite useful.

Lemma 2.

1. (N %) is a distributive lattice with
sup(m,n) = (sup{mi,n;})i<i<ca and  inf(m,n) = (inf{m;,n;})1<i<a.
0 is the bottom element of (N%, <4), and (N <4) has no top element.
2. (N, <4) is interval finite: Given m,n € N?, the set
m,n]={xcN" m=<yxandz <40}
s finite.
Proof.

1. It suffices to check for each 1 <7 < d that

inf{x;, sup{y;, z; } } = sup{inf{z;, y;},inf{x;, z;}}

and
sup{z;, inf{y;, z; }} = inf{sup{z;, y;}, sup{z;, z;} }
for x;,y;, z; € N. But these hold because (N, <) itself is a distributive lattice.
As 0 is the bottom element of (N, <), it is clear that 0 is the bottom element
of (N4, <,). Since n <4 n +e; for allm € N? and all 1 < i < d, (N4, <) has
no top element.
2. We have

m,n| ={x € N m; < x; < n; for all i},

where this latter set is obviously finite.



Given n € N¢, we will denote the finite set [0, n] simply by [n] .

Corollary 1. Let S C N¢ be nonempty. Every © € S is comparable to some element

of S which is minimal with respect to <q.

Proof. Let M C S be the set of elements of S which are minimal in S with respect
to <4. By Lemma 1, M is non-empty. Let @ € S. The set [x] NS is non-empty, so
contains a minimal element m with respect to <4. Then m <4 . Suppose a € S is
such that @ <; m Then a <4 x, so a € [x] NS. But this is impossible since m is
minimal in [] N S with respect to <4. Therefore, m € M and x is comparable to

m. ]

We will use the following lemma in several key instances below (see Dickson

(1913)).

Lemma 3 (Dickson’s lemma). Let S C N? be non-empty. Then S contains finitely

many elements which are minimal with respect to <4.

Proof. Let M C S be the subset of minimal elements with respect to the product
order on N?. By Lemma 1, M is non-empty. Moreover, the elements of M are pairwise
incomparable with respect to <y4. Suppose M is infinite. Since M is countable, we
can list the elements of M as a sequence x(1),x(2), ... of distinct elements.

Fix 1 < i < d. We thus obtain a sequence of ith components z;(1),z;(2),.. ..
If this sequence is bounded, then it has a constant subsequence. If the sequence is
unbounded, then it has a strictly increasing subsequence. In any case, we may replace
the sequence (x(n)), with a subsequence (which we continue to denote (z(n)),) in

which the ¢th components form a non-decreasing sequence.



We can carry out the above construction inductively component by component to
obtain a sequence (x(n)), of elements of M such that the sequence of ith components
(x;(n))n is non-decreasing for all i. But then (1) x4 (n) for all n with (1) # x(n),
contradicting incomparability with respect to <4. Therefore M is a finite subset of

S. 0

Definition 6. An extension of <4 is any partial order < on N¢ such that m <4 n

implies m < n.. A linear extension of <4 is an extension of <4 which is a total-order.

The following is an important theorem in order theory which we will use several

times in the sequel (see Szpilrajn (1930)).

Theorem 1 (Extension Theorem). Every partial order may be extended to a total

order.
Consequently, linear extensions of <, exist.

Lemma 4. Let M C N be a finite set of pairwise incomparable elements of N?. For
each x € M, there exists a linear extension <X of <4 for which x is minimal in M

with respect to <.

Proof. Let & € M. Define a new order <, on N? as follows: For a,b € N?, a <, b if

and only if one of the following occurs

1. a g b.

2. ax4gxand y <, b for some y € M \ {x}.

By condition 1, a <, a for all a € N
Suppose now that a <, b and b <, a for some a,b € N?. If both @ <4 b and

b<ga,thena=0>5. Ifa<y4b,and b x4« and y <4 a for some y € M \ {x}, then

y<aa<ab=xyz,



which contradicts that  are y are incomparable with respect to <4. If b <4 a, and

a <qx and y <4 b for some y € M \ {x}, then
Yy<sab<iaxiz,

which contradicts that @ are y are incomparable with respect to <4. If @ <4 ® and

Y <q b for some y € M \ {x}, and b <4 « and z 5,4 a for some z € M \ {x} then
zZx4a =4,

which contradicts that x are z are incomparable with respect to <.

Finally, suppose a <, b and b <, c for some a,b,c € N?. If a <4, b and b <4 c,
then a <4 ¢, whence a <, ¢. If a <4 b and b 54 x and y <4 ¢ for some y € M\ {x},
then @ <4 @, s0 @ <, ¢. If a <4 ® and y <4 b for some y € M \ {x} and b %, ¢,
then y <4 b <4¢,s0a < c. fa<yxandy <,0b for somey € M\ {x} and
b <4 x and z 4 ¢ for some z € M \ {x}, then a <, c.

Thus, < is a partial order on N?. By condition 1, <, extends =<4, and by
condition 2, <, y forall y € M\ {x}. By Theorem 1, there is a linear extension <
of <. Since <, extends =<y, < is also a linear extension of <4. Because & <, y for
ally € M\ {x}, also x < y for all y € M \ {z}, so x is minimal in M with respect

to <. ]

Corollary 2. Let S be a non-empty subset of N°. For each x € S which is minimal
with respect to <4, there is a linear extension <X of <4 for which x is the minimal

element of S with respect to <.
Proof. Apply Lemma 4 and then Theorem 1. O

Proposition 1. If < is a linear extension of <4, then < is a well-ordering on N¢.



Proof. Let S C N? be non-empty. For each a € S, the set [a] N S is finite and
nonempty, so there exists a unique element m(a) € [a] N S which is minimal with
respect to the total order <.

Now let S" = {m(a) : a € S}. Then S’ C S, and by Lemma 3 (Dickson’s lemma),
S’ contains finitely many elements which are minimal with respect to <4. Let M be
the finite subset of S consisting of the elements of S” which are minimal with respect
to <4. Let m € M be the minimal element of M with respect to the total order <.

Transitivity then gives that m is the minimal element of S with respect to <. O

Definition 7. A monomial order on N is a total order < satisfying the following

two conditions.

1. 0 < a for all a € N°.

2. Foralla,b,c e N?, ifa<b, thena+c<b+ec.

The following are some examples of monomial orders on N¢.

e Lexicographical order, <iex, on N? is a monomial order. Here a < b if and
only if the first nonzero entry of b — a is positive (where the subtraction is
taking place in Z9).

e Let Sy denote the symmetric group on d letters, and let S; act on N¢ by per-
muting subscripts. Let ¢ € S; be any permutation. The lexicogrphical order
with respect to o, <7, on N is a monomial order. Here a <{_ b if and only if
o(a) <iex o(b).

e Graded lexicographical order, <gex, On N¢ is a monomial order. Here a ~glex D

if and only if |b| > |a| or |b| = |a| and a < b.

10



e Graded reverse lexicographical order, <giex, On N? is a monomial order. Here
a <giex b if and only if |b| > |a| or |b| = |a| and b <{,, a, where 0(i) = d—(i—1)
for 1 <i<d.

e The ith univariate order, <° ., on N¢ is a monomial order. Given a € N% let
a’ be the (d — 1)-tuple in N?~! obtained by deleting the ith component a; of a.
Then a <¢ . b if and only if a’ = grlex b’ (here ~grlex 18 the monomial order on
N1 or @’ = b and a; < b;.

o We let - : R? x R — R denote the Euclidean inner product. Let < be any
fixed monomial order on N and fix w € R? with w; > 0 for all ;. Then the

weighting of < by w, <4, on N? is a monomial order. Here a <,, b if and only

ifw-(b—a)>0orw-(b—a)=0anda <b.

Lemma 5. Let < be a monomial order on N, and let a,b € N? with a < b. Then

for alln € N, na < nb.

Proof. Certainly 0a = 0b, and by assumption, a < b. Suppose now that na < nb

for some n > 1. Condition 2 in Definition 7 implies
(n+1l)a=a+na<b+na<b+nb=(n+1)b.
O
Lemma 6. Let < be a monomial order on N%. Then < is a linear extension of <.
Proof. Let a,b € N? with b <4 a. Then c=a —b € N If a < b, we have
at+c<<b+c=a.

But Definition 7 implies

a=a+0<kKa+ec

It follows that a = a + ¢, forcing ¢ = 0 and b = a. O

11



Example 1. There are linear extensions of <4 which are not monomial orders. In
N2, consider the set X = {(3,0),(2,1),(0,3)}. The elements of X are pairwise
incomparable with respect to <o. By Lemma 4, there is a linear extension < of
<q for which (2,1) is the minimal element of X. Suppose < is a monomial order.
There are two possibilities to consider.

If e; < ey, then

(3,0) =2e; +e1 <2e; +ex=(2,1).
On the other hand, if es < eq, then

(0,3) =2e5+ ea < 2e; +e3=(2,1).

Thus, (2,1) is not minimal in X with respect to <. O

12



CHAPTER 2

p-ADIC MEASURES

Fix an odd rational prime p, and let ZZ denote the d-fold direct product of the
topological ring Z,. In this chapter, we develop a theory of measures on the addi-
tive group Zg which take values in a non-Archimedean normed ring. There are at
least three different ways to view such measures, and each perspective has its unique

advantages in different settings.

2.1 The Analytic Viewpoint

Much of the material that follows was adapted from Childress (2012), but as-
pects of what follows can be found scattered throughout the literature. For the ana-
lytic viewpoint, we mention in particular the works of Amice (1965), Amice (1978),
Chapitre VI of Monna (1970), and Chapter 7 of van Rooij (1978). Additional ref-
erences include Chapter 2 of Koblitz (1984), Appendices A.5 and A.6 of Schikhof
(2007), Chapter 12 of Washington (1997), and Chapters 4 and 12 in Lang (1990).

As usual, Q, will denote the field of p-adic numbers, the fraction field of Z,. We
refer to Appendix A for all relevant topological properties of Zg. We denote by C,
the completion of an algebraic closure of @@,. Let ord denote the p-adic valuation
on C,, normalized so that ord(p) = 1, and | - |, the p-adic absolute value on C,,

1

normalized so that |p|, = p~'. Throughout, all rings are commutative with identity

element 1 # 0. For a ring A, we denote the group of units of A by A*.

Definition 8. Let A be a ring. A norm on A is a function || - || : A — R satisfying

13



1. |la]| >0 for all a € A.

2. |lal| = 0 if and only if a = 0.

3. Jla+b| <|a| + |[b]] for all a,b e A.
4. |lad]] < ||a|l||b]| for all a,b € A.
5.1 = 1.

In condition 3, if instead ||a+ b|| < max{||a|, ||b||} for all a,b € A, then || -| is called
non-archimedean. In condition 4, if instead ||ab|| = ||lal||||b|| for all a,b € A, then || - ||
is called multiplicative. If || - || is a norm on A, then the pair (A, || -||) will be called

a normed ring.

If (A, |- is a normed ring, then the function d : A x A — R given by

d(z,y) = ||z — ¥

is a metric. We will always endow (A, || - ||) with this metric topology. Note that
conditions 2 and 3 in Definition 8 give that addition and multiplication are continuous

as functions A x A — A. Thus, (A, | -||) is a topological ring.

Definition 9. Let (R, || - ||g) be a normed ring. A normed R-algebra is a normed
ring (A, || - [|4) such that A is an R-algebra and ||ra||a = ||7||rl|lal|4 for allT € R and
ac A

If (R, ||||r) is a normed ring and (A, ||-|| 4) is a normed R-algebra, then Definition 9
gives that scalar multiplication is continuous as a function R x A — A. Consequently,
(A, ]l - ||4) is a topological R-algebra. The structure map R — A given by r — rl
is thus a continuous ring homomorphism. When this map is injective, we identify R
with its image in A and view R as a subring of .A. Note that the subspace topology on

R when viewed as a subring of A4 agrees with the topology on R induced by ||-||r since

14



the norm on A extends the norm on R in this case. Consequently, R is a topological
subring of A.

For the following, we fix a normed Z,-algebra (R, | - |g) such that the structure
map Z, — R is injective, || - ||z is non-archimedean, and R is complete with respect
to the topology induced by || - ||z

We may now proceed to the theory of measures and integration. As in Appendix

A, let C'O4 denote the set of compact-open subsets of Zg.
Definition 10. An R-valued measure on Zg is a function a: COq — R such that

1. a(AUB) = «a(A) + a(B) for all A,B € CO4 with AN B = ).
2. There exists a real number Cy > 0 with ||a(A)||r < Cy for all A € COy.

Let My = My(R) denote the set of R-valued measures on Zg.

Note that the condition 2 in Definition 10 above is automatically satisfied if || - ||
is bounded as a function R — R. The additivity in condition 1 of Definition 10 may
be extended to finite disjoint unions by a standard induction argument.

We recall that every set in C'O, can be written as a finite disjoint union of sets of

the form

d
a -+ p/\"Zi = H a; + p"Zy,

i=1

with a € Zg and n € N?, which we refer to as “polyballs” in Zg . In light of condition
1 of Definition 10, we may specify a measure « by its values a(a+p""Z,) for a € Z¢

and n € N¢.

Lemma 7. Let o, f € My and suppose a(A) = B(A) for all polyballs A in Z;f. Then
a=p.
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Proof. Let A € COy4. Write

i=1 i=1

Thus, o = 8 as functions CO; — R. O

Furthermore, since the norm on R is non-archimedean, a function o : COy — R
satisfying condition 1 of Definition 10 is a measure if and only if « is bounded with

respect to || - | on the set of polyballs in Z¢.

A

Example 2. A trivial ezample of an R-valued measure on Zg s the “zero measure’

ag defined by ag(A) =0 for all A € COq. We will always denote the zero measure by
Q. <>

Example 3. Fix s € Zg. The Dirac measure of mass 1 centered at s is given by

1 :s€A
0 :s¢ A

0s(A) =

for A€ COy. In terms of polyballs in Zg, 0s s given simply by

1 :s=a (mod p'""Z<
0s(a +p"Zy) = ( ?
0 :else

It is routine to see that 03 € My .The Dirac measures will be some of the most

important examples of measures in the sequel. O

We may endow M, with the supremum norm as a set of R-valued functions:

]l = sup{fla(A)[|r: A € COa}
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for each o € M. In light of condition 2 in Definition 10, ||a||, exists for each a € M.
As a collection of R-valued functions, My is an R-module under pointwise addition

of measures and scalar multiplication by R:

(a+ B)(A) = a(A) + B(A)
(ca)(A) = ca(A)

for a, 0 € My, c € R, and all A € CO,. Indeed, since || - ||z is non-archimedean, we

have
lac + Bllu < max{]|alu, [|5]l.}
leallu < llellzlledlu,
so that oo + §,ca € My for all o, 8 € M, and all ¢ € R. Further, | - ||, is non-

archimedean. As usual, M, becomes a non-archimedean normed R-module under
-l

We now develop a theory of integration for continuous functions Zg — R. Let
C(Z%, R) denote the set of all continuous functions Z¢ — R. Under pointwise addition
and multiplication and pointwise scalar multiplication by R, C' (Zg, R) forms an R-
algebra (e.g., van Rooij (1978), Chapter 6). We endow C(Z¢, R) with the supremum
norm:

1£lloe = sup{|l f(@)]|r : @ € Z7}.
When endowed with the supremum norm, C(ZZ,R) becomes a complete non-
archimedean normed topological R-algebra. Recall that the subset of locally con-
stant functions ZZ — R forms a dense normed R-subalgebra of C' (ZZ> R), denoted
LC(ZE, R) (see Appendix A). Recall further that for n € N, the nth level of Z¢ is

the following collection of polyballs:

Ly ={x+p""Z] : x € L}
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We begin by defining integration on LC’(ZZ,R). Toward that end, let f €
LC(Z{, R). Then f factors through L,, for some n € N%. We may write
f@)y= Y fla)gan(®)
a<gq4p"—1
where, as in Appendix A, g, » is the characteristic function of the polyball a+p’\"Zg.
For o € M, we define
f@)da(@)= > fla)ala+p""Z).
Zg axq4p"—1
For any m € N with n <4 m, also
f(z) = Z f(a@)gam(x).
a<qsp"m—1
We can write each polyball a + pA”ZZ as a disjoint union of all polyballs of the form
b+ p"™Z% where b = a (mod p""Z%), and for which f(b) = f(a) since f is locally
constant. The finite additivity of the measure a gives that
> flaala+p"Zh) = Y fla)a(a+p'"ZY).
a<qp"™-1 axqgp’"—1
Thus, if f factors through both L, and L.,, then f factors through Lgp(n,m), and

the above gives that
(@) do(x)

d
ZP

is well-defined.

Lemma 8. Fiz a € Mgy. Define I, : LC(Z% R) — R by

L= [ f@)da)

Then I, is a continuous R-linear map.
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Proof. Let f1, fo € LC (Zg, R). Then there is some n € N? for which we may write

fl(w): Z fl gan )

a<gqp"—1

f2($): Z f2 gan )

a<gq4p"—1

Then f; + f5 is locally constant with

(h+ )@= D (fi+f)(a)dan(®)

axqp’"—1

Additionally, if @ € R, then af; is locally constant with

(afl)(w): Z afl( gan —a Z .fl gan )

axqp"—1 axqp " —1

Then clearly

[+ @ date) = [ fie)data) + [ fi(e) data)

and
[ er@ da@ =a [ f)data)
Z} z
This gives the R-linearity of I, on LC(Z%, R).

For continuity, again take f, fo € LC (ZZ, R) and write

f1($>: Z fl gan )

a<q4p’"—1

f2($>: Z f2 gan )

a<qp’"—1

for some n € N¢. Then

(=)@ = D (fi—f)(@)gan(z).

axqp’"—1
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Since I, is R-linear, we have

HIa(fl) - [a(f2)HR = ||Ia(f1 - f2)HR
= - )@ data)

R

= Z (fr = f2)(@)a(a + p""Zj)

axgp’"—1

R
< max {lI(f - 9)(a)llrllala+p""Z)|n}
asqgp""—1
< llaffullf = gllo-
Thus, I, is continuous on LC(Z4, R). O

Corollary 3. Let o« € My. For any A € COy4, we have

[ 9at@)date) = a(4),
Zg
where ga(x) is the characteristic function of A.

Proof. Suppose first that A is a polyball. Then g4 is locally constant, and by defini-
tion,
/ ga(@) da(z) = a(A).
Zg
In general, A may be written as a disjoint union of polyballs in Zg, whence g4 is

expressible as a finite sum of characteristic functions of polyballs in Zg. The corollary

now follows from the linearity in Lemma 8 and the additivity of «. O

In Appendix A, we define a d-net to be a net indexed by (N%, <,). Any continuous
function f : Zg — R is a uniform limit of a d-net of locally constant functions (f,),
where f,, factors through L,, (see Appendix A). For each n,m € N? with n <4 m,

Lemma 8 gives

1o (frm) — Ia(fn>HR < lallull fm = frlloo-
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Thus, the d-net of values (1,(fy)) is Cauchy in R, so converges to an element of R.
In the event that lim f, = limg, for d-nets (f,) and (g,) of locally constant
functions with the nth term factoring through L., then (f, — g,) is also a d-net of

locally constant functions with
fn—gn — 0 € LC(Z], R).
In this case, the continuity and linearity of I, on LC(ZZ, R) gives

Ia(fn) - Ia(gn) = [a(fn - gn) — [a(O) =0.

In light of the above considerations, for f € C(Z{, R) with f = lim f,, where f,

is locally constant factoring through L,,, we may put

f(x)da(x) = 1,(f) :=lm I,(fp) =lim | fu(x)da(x).
g " " Jzg
We have extended the map I, from the dense R-subalgebra LC’(ZZ,R) to all of

C(Z2, R) by continuity.

Proposition 2. Fiz o € Mgy. The map I, : C(Z%, R) — R is a continuous R-linear
map and || Io(f)|[r < llallulflleo for all f € C(Zg, R).

Proof. The R-linearity of I, on C(Z%, R) is immediate from the linearity of I, on
LC(Zg, R). Let f € C’(ZZ, R). We can write f as the uniform limit of a d-net of locally
constant functions f, with f, factoring through L,, and satisfying || fnllcc < ||f]lco

for each m € N? (as in the proof of the density of the locally constant functions in

21



C(22, R) in Appendix A). Therefore,

1a(£)lln = [ La(f)]|
= 1171111 ||]a(fn)||R
< tim | follclll,

< [[fllollet]]u

where the second to last line above follows from the proof of the continuity of I, on
LC(ZZ, R) in Lemma 8. This bound, together with the linearity of I, on C(ZZ, R),
gives the continuity of I, on C(Z%, R). For f1, f» € C(Z%, R), we have

[ 1a(f1) = La(f2)llr = [[1a(fi — f2)lIr < [laflullfi = folloo-
O

Let X be any normed topological Z,-module with norm | - |x, and let
Homgyt (X, R) denote the R-module of continuous R-linear maps X — R. An R-
linear map f : X — R is called bounded if there exists a real number C' > 0 such

that

If ()R < Clle]lx

for all z € X. We recall the following important fact (see, e.g., Chapter 1 of Schneider
(2002)).

Lemma 9. Let X be any normed topological Z,-module with norm ||-||x. An R-linear

map f: X — R is continuous if and only if f is bounded.

Proof. Suppose first that f : X — R is R-linear and bounded. Let C' > 0 be such

that || f(z)||r < C|lz||x for all x € X. Then for z,y € X, we have

() = FWllr = 1F(z = y)llr < Cllz = ylx,
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so that f is Lipschitz continuous. Conversely, suppose f is continuous. Then f is
continuous at 0 € X, and there exists § > 0 such that ||z||x < ¢ implies ||f(x)|r < 1.

Let x € X \ {0}. Since

7

el <

we have
2|l x ( ox ) 2|l x
Il = 2557 ()| <25
Since [|f(0)[|r = 0 = [|0]|x, f is bounded. O

Now for I € Homeon(C(ZZ, R), R), we define

I =sup {52 e s m 01,

which exists by Lemma 9.

Theorem 2. If I : C(Zg, R) — R is any continuous R-linear map, then there exists

o € Mg such that for any f € C(ZZ, R),

1) =1(5)= | f@)data)

Proof. For A € COq, put a(A) = I(ga), where g4 : Z¢ — R denotes the characteristic
function of A. Let A,B € CO; with AN B = () and let g4, g5 € C(ZP,R) denote
the characteristic functions of A and B, respectively. The characteristic function of

AU B is ga + gg, and the linearity of I gives
a(AUB) = I(g9a+g5) = I(g4) + 1(g98) = a(A) + a(B),

as needed. Since the norm on R is non-archimedean, it suffices to show that «
is bounded on polyballs in Zz. To that end, let A be a polyball in Zg and let

ga€eC (Z;f, R) be its characteristic function. By the continuity of I, there is 6 > 0 so
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that [|[I(f)||r < 1 whenever || f|lc < 0. Since Z, C R and || - | extends |- |,, we may

choose an element ¢ € Z, with 0 < ||c||g < 0. Now

legallse = llellrllgallee = llellr <4,
so that
[1(cga)llr < 1.
By the R-linearity of I,
I(cga) = cl(ga) = ca(A).
Thus,
la(A)|r < llellz"
Consequently, o € M.
Finally, if f € C(Z$, R) is locally constant, say with
f@) =Y fla)gan(z
a<ap’ -1

then
L) = [ fie)dof@)

= Y fla)ala+p"Zl)

a<qp’"—1
= Z f gan
a<gq4p"—1
=1 < > f(a)ga,n)
axqgp"™—1
= 1(f)

From this, we readily obtain
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for any f € C (Zg, R) by realizing f as a uniform limit of a d-net of locally constant

functions and employing the continuity of I and I, on LC(ZY, R). O

We have thus established a bijection between R-valued measures on Zg and con-

tinuous (bounded) R-valued linear maps on C(Z%, R) via a <+ I, where

L= [ f@)da)

We have seen that |||, < [|e[l,. On the other hand, If A is a polyball in Z¢ and

g4 is its characteristic function, then ||gal|c = 1, and we have

la(A)[r = Ha(ga) |z < [[allullgalle = lLallu;

so that ||a|l, < ||Za]lu- Consequently, the bijection « + I,, is norm-preserving.

We will now consider certain spaces of d-nets in R, which are the obvious analogues
of the usual sequence spaces (see Appendix A for the definition of d-net). Since N
and N¢ are of the same cardinality, these spaces of d-nets are in fact topologically

isomorphic to the usual sequence spaces (see Chapter II of Schneider (2002)).

Definition 11. A d-net a = (ay,) in R is bounded if

sup {||an|lr} < .
ncNd

Note that if (an) is a d-net in R converging to 0, then (ay) is bounded and we

have

sup {[|an||r} = max{{lan||r}-
neNd ncNd

(This follows because N? is an interval-finite poset; see Lemma 2).
Let c((]d)(R) be the set of all d-nets in R which converge to 0. For a d-net a =

(an) € i (R), we put

|allu = sup {llan|lr} = max{|lan||r}.
neNd neN
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c(()d)(R) is a R-module under termwise addition of d-nets and termwise scalar multi-

plication by R:

(an)n + (bp)n = (an + bn)n

afan)n = (Qap)n

c(()d)(R) becomes an R-algebra under “Cauchy multiplication™

(an)n(bn>n = (Z akbn—k> .

k<x4n

With respect to the norm || - ||, c(()d)(R) is a complete non-archimedean normed R-
algebra (e.g., Chapitre III of Monna (1970), Chapter 6 of van Rooij (1978)).
Now let f € C(Z%, R). Then the net of Mahler coefficients (an(f))r is an element

of c(()d)(R) (see Appendix A).

Proposition 3. The map ¥ : C(Z%, R) — c(()d)(R) given by W : f — (an(f)) is a

normed R-module isomorphism.

Proof. In Appendix A we showed that for f,g € C (Zg, R) and ¢ € R,

an(f +9) = an(f) + an(yg)

an(cf) = can(f)
(these follow from the uniqueness of the Mahler expansion). Thus, the map V¥ is an

R-module homomorphism. We also showed that W is bijective in Appendix A. Finally,

we have also recorded

[fllee = sup {llan ()l r} = l[(an(f))]|u,

neNd

which gives continuity of ¥ and W1, O
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With ¥ as in Proposition 3, we use the notation ¥(f) = (an(f))n € cgd)(R) and
V(@) = fy € C(ZL R).

Corollary 4. There is a biyjection between R-valued measures on ZZ and continuous

R-linear maps c(()d)(R) — R via o > J,, where

Ja(d) = ]a(fa)'

Let (73 (R) be the set of all bounded d-nets in R, so that c(()d)(R) C (p(R).
E‘(’;’)(R) is likewise a normed R-algebra under termwise addition of d-nets, Cauchy
multiplication, and termwise scalar multiplication by R. When endowed with the
norm || - [|u, £33 (R) is a complete non-archimedean normed R-algebra and céd)(R) is

a closed normed R-subalgebra of (73 (R).

Proposition 4. Let J be a continuous R-linear map c(()d)(R) — R. There ezists a
d-net (by) € €35 (R) depending only on J, such that for any a € AN(R),
J(@) =" anbn.
neNd
Conversely, any such d-net b € %5 (R) gives a continuous R-linear map Jy : c(()d)(R) —

R given by

Proof. For each k € N, define a d-net e¥) = (eg))n € c(()d)(R) by

1 ‘n=k
b

0 :else

Put b, = J(e®)) € R and consider the d-net b = (by,), in R. Then b depends only on

J. Let a € M, be the measure associated to J by Corollary 4, so that J = J,. We
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have

b = 2o(e®) = L) = [ (2 dot)

P

£
“N = tad
[e.e]

Now let a € c(()d)(R) be arbitrary. For cach N € N%, let a®™) = (a{¥)),, € c(()d)

By Proposition 2,

1bnllr < flafl.

5o b is bounded.

be given by
ap M <g N
0 :else

In other words,

a™ = 3" ape™.

n<xqN

By R-linearity,

J@MN)= 3" anJ@™) = > anbn

nxqgN nxqN

Now (a™))n is a d-net in c((]d)(R) converging to a € c((]d)(R) since for all N € N%,

1a™) — all, = sup{[lan|r : 7 £a N}.
By continuity, we have

T _(N) 1 _
J(a) h]{’nJ((a IN) h]{’n Z by Zanbn.

nxqN neNd

For the converse, let b € (3 (R). For any a € c(()d)(R), we have that (anbp)n

converges to 0, so the series

Z Anbn

neNd
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converges to a well-defined element of R. Thus, J; is a well-defined map c(()d)(R) — R.

J; is clearly R-linear. For continuity, note that if a, ¢ € c(()d)(R), then

175(@) = Jp(@)ll = = [ J5(a — )|

Z (a'n - Cn)bn

neNd

R

< sup {|[(an — cn)bn|lr}

ncNd

< lla—ellullbllu-

By combining all that we have done so far, we have the following.

Corollary 5. There is a bijection between R-valued measures on anl and bounded

oo (/Z (2) da(w))

Definition 12. Let a € My(R) and n € N%. The nth Mahler moment of a is

i (@) = /Z g (:) do(z) € R.

In light of Corollary 5, a measure « is uniquely determined by its (bounded) d-net

d-nets in R given by

n

of Mahler moments.

Definition 13. Let a € My(R) and n € N%. The nth moment of « is

My (a) = /Zg " da(z) € R.

A measure « is uniquely determined by its bounded d-net of moments (see the

identities in Appendix C).
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Example 4. Fix s € anl and let ds be Dirac measure of mass 1 centered at s (see
Ezample 3). Let Is be the associated map C(Zg,R) — R, Js the associated map
c(()d)(R) — R, and b, the associated bounded d-net in R. If f : Zg — R is locally

constant, say with

f(x) = Z f(a')ga,n(w)u

a<xqgp’"—1

then

| J@di@)= ), fl@)s(a+p"Z) = f(a)

axqp""—1

where a; <q p"™ — 1 is the unique element with a; = s (mod p""ZY). Since f is

locally constant, we have

Is(f) = | f(x)dos(x) = [(s).

Zy
If now f € C(ZL R), then f is the uniform limit of locally constant functions, and

we have

L) = | re@)doa) = ),
e, Ig: C’(Zg, R) — R is simply evgluation at s. From the proof of Proposition 4,
we have that if by = (by(8))n, then

bn(s) = /Z g (2) dd,(z) = (i)

Of course, by is simply the d-net of Mahler moments of -

Thus, for a € c(()d)(R),
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O

Finally, let R C S, where S is a complete normed ring whose norm extends the
norm on R, so that S'is an R-algebra. Then the canonical inclusion R — §'is R-linear

and continuous, and there are natural inclusions

My(R) € My(S)
C(Z¢, R) C C(Z2,S)
" (R) € ei(8)
(i (R) S 65(9)
all of which are R-linear and continuous. For a € My(S), we have by definition that

a € My(R) if and only if the image of «v is contained in R. In terms of what we have

done above, this translates into the following equivalent characterizations.

Corollary 6. Let a € My(S). Then « lies in My(R) if and only if the continuous
S-linear maps

I,:C(Z%, R) = S

Jo:c"(R) = S
actually have their images in R. Equivalently, o lies in My(R) if and only if its

bounded d-net of Mahler moments and its bounded d-net of moments are elements of

05 (R). O
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2.1.1 Addition and Convolution of Measures

As above, let Homeont (C(ZZ, R), R) denote the R-algebra of continuous (bounded)
R-linear maps C(Z%, R) — R and Homcont(c(()d)(R), R) denote the R-algebra of con-
tinuous (bounded) R-linear maps c(()d)(R) — R.

Recall for o, § € My, a + 8 € Mg is the pointwise sum of o and [ as functions
COg4 — R. By definition, if f € C (Zg, R) is the characteristic function of a polyball
Ain ZZ, then

Lesl$) = [ f(@)dla+ )@
= (a+5)(4)
— a(4) + B(A)
:ZJ@MM@+ZJ@MM@

= Lo(f) + I5(f).

By linearity of the maps I, 3, I,, and I5, we have

Lats(f) = La(f) + 15(f)

for all f € LC (ZZ, R). By continuity of these maps, we have

Lats(f) = La(f) + 15(f)

for all f € C(Z%, R). Thus, the bijection My — Homeen:(C(Z$, R), R) given by
a — 1, is an additive map.
Recall from Corollary 4 that for a € My, the map J, € Homcont(cgd)(R), R) is

defined by
Ja(@ = ]a(fc‘u)-
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Consequently, the bijection My — Homcont(c(()d)(R),R) given by a — J, is also
additive.

Finally, the bijection My — (73 (R) given by a — (my(a)), is also additive, as

mn(a + ) = /Z (fb) d(a+ 5) ()

=[G [, ()

p

= 1 (@) + ma ()

for each n € N%.
Similarly, for « € My, and ¢ € R, ca € My(R) is the pointwise scalar product of

c and «. As for additivity above, we find that each of the maps

Md — Homcont(C(Z;la R)> R)
Md — Homcont(c(()d) (R)a R)

are R-module isomorphisms.

Definition 14. Let o, f € M. Define ax 3 by

f@)da+p)w) = |

Z

) ( g flx+y) da(%‘)) dB(y)

z;

for f € C’(ZZ, R). ax 3 is called the convolution of the measures a and 3.
Proposition 5. For each o, € My, ax € My and ||o* Bl < [|a||ul|B]|w-

Proof. Let f € C’(Zg,R); then f is uniformly continuous since Zg is compact. For
Yy € ng recall that translation by y is an isometric isomorphism Zg — Zg. We define
fy € C’(ZZ,R) by

fy(@) = f(z+y).
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We first show that the function gy : y — I,(fy) is an element of C(Z¢, R). Fix
y, € Z{ and let ¢ > 0. Choose § > 0 such that [|z; — zs[|q < 0 implies

€
1f(2z1) — f(z2)llr < T el

Let y, € Z7 with |y, —ysla < &; then also ||[(x +y,) — (& +y,)|ls < d for all x € ZZ.
By the choice of 4,

sup{[|f(z +y,) = f(x + yo)lln: @ € Zy} < W

But now by Proposition 2,

Ha(fy,) = La(fy)llr = [Ha(fy, = fu,)llr
< lallull fy, = fuulloo
= llallusup{llfy, (®) = fy,(@)|r - = € Z;}

= llallusup{|lf (x +31) = f(x + y,)llr : ® € Zp}

<Ee.

This gives continuity of the function g; : y — I,(fy), and therefore

/Zd ( @) da(w)) dp(y) = /Zd 97(y) dB(y)

is defined. Since

(fi+ f2)y = (f1)y + (fo)y
(cfi)y = c(fi)y

for all f1, fo € C(ZZ, R) and ¢ € R, the map C(ZZ, R) — R given by

fro [ s@ s p@) = [ ostw) dstw)
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is R-linear. Now let f € C’(anl, R). For each y € Zg, we have

£ lloe = 1l fyloo-

Thus, for each y € Zg,

195 @)z = Ha(fy)llr < llallullfyllo = lellull £l

This last fact gives

s @)oo = sup{llgs(W)llr : y € Zy} < llalull flloo-

We have

| f@)dan ()

/Zd gr(y) dB(y)

5
< 181l llgs (W)l
< [laffull Bllull flloe-

R

By Proposition 2, a x f € My, as claimed, and we have seen that |a * B/, <

[lexlfaal [ Bl O

Next, we wish to describe the values of a % 8 on polyballs in Zg. To that end,

consider the polyball a + pA"Z;l and its characteristic function gq . Then

(@xB)(a+p"Z) = [ gun(e) o))

Al

1 :z—yeca+p\"Z

d
P

Jan(T +Y) do‘<w>> dB(y).

Now for a fixed y € Z;f, we have

ga,n(w + y) =
0 :else

1 :xze—y+(a+p'"ZY)

0 :else
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where
~y+(a+p"Zl) ={-y+z:z€a+p\"L}
is the translate of a + pA"Z;l by —y. Translation by —y is an isometric isomorphism

78 — 72, s0 —y + (a+p""Z%) = (a—y)+p""ZI is also a polyball in L,. We obtain
[ ganla + y)date) = al-y + @+ pZ)),
ZP
As a function of y, a(—y + (a + p""Z2)) is locally constant:

a(-y+(a+p"Z)) = Y a(-b+(a+p""Z))gn(y).

bxqp " -1

This last fact gives
% /\nZd — an d d
(0% )@+ p"2) / </Zgg, (@ +y) a(a:)) 3(y)
= > a(-b+(a+p"Z))B(b+p""LY)
= a((a—b) +p"Z)B(b+ p'"Z1).

b<q4p""—1

Example 5. Let s € Z¢ and let a € Mgy. For any polyball a + p""Z¢,

(axd)(a+p""Z) = > a((a—Db)+p'"Z)i.(b+p""Z))
b<ap""—1
= a((a - bs) +PMZ§§),
where bg <q p"™ — 1 is the unique element with s = bs (mod p/\“Zg). Of course,

(a—b,) +p""Zi = (a—s) +p""Zj,

SO

(a* d5)(a + p/\"ZZ) =a((a—s)+ p/\"ZZ).
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Consequently,

/Zg Jan(®) d(a* 0s)(x) = / Jan(s + x) da(z).

g

Thus, for all f € C(Z2, R),

[ H@)dass)@) = [ fls+@)dala)

z
and for all A € COy,
(ax6s)(A) = a(—s + A).

From this computation, we see that for s,t € Z%, and any f € C(Z%, R),

/Zd f(w) d((Ss * 5t)(a:) = f(a: + t) d(gs(w)

g
= f(s +1)

= [ [(®) ddere(x),
Zd
whence dg * 0 = 0514 O

Example 6. Fiz n € N and consider the measure
d
o = H (562 — 50)n1 5
i=1
where the product signifies convolution of measures and the exponent n; denotes the
n;-fold convolution of the measure (de, — do) with itself. We will use the final result

from Example 5. For each 1 <1 < d, we have
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Consequently,

| - I:d:<—1>”’“ (Z’) f<;>
— na())

O

Example 7. Let « € My and ¢ € R. Consider the measure cdg. Following along as
in Example 5, we find
(ax cdp) = ca(0 + A) = ca(A)

for all A € CO,. Consequently, ca = a % cdy. O

Finally, we determine the bounded d-net of Mahler moments of the measure o * 3
in terms of the d-nets of Mahler moments of o and [ by using the identities from

Appendix C.
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Let n € N, The nth Mahler moment of « * 3 is

mn(a* ) = /Zd (:’;) (o B) ()
- /Zg (/Zd (w Z y) da(w)) dp(y)
-/, (/ > (20 da(w)) 15(w)

-> / g (n20) < / g (o) da(w)) 45()
- mZ L (22 i) astw
- Z i) [ (2 ,) 45w

Thus, we have the following equality of d-nets of Mahler moments in E‘E;’)(R):

(mn(a* B))n = (M (@) n(mn(5))n-

Since EE’;)(R) is an R-algebra under Cauchy multiplication, the next corollary

reveals the full algebraic structure of My.

Corollary 7. The R-module isomorphism Mq — {75 (R) given by o — (mn(a)) is

such that

(mn(a* B))n = (mn())n(mn(5))n

Consequently, My is a ring under convolution of measures.

Corollary 8. Let R C S, where S is a complete normed ring whose norm extends

the norm on R. The inclusion My(R) C My(S) is an R-algebra homomorphism.
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2.2 The Algebraic Viewpoint

In this section, we describe an interpretation of elements of M, as elements of a
profinite completed group ring. See Coates and Sujatha (2006) or the beginning of
Chapter 12 of Washington (1997) for the d = 1 case.

Definition 15. Let G be any profinite group. The profinite completed group ring of
G over R s the ring

R[|G]] = lim R[G/H]
where R[G/H| is the group ring of G/H over R, and where the inverse limit is taken
over the open normal subgroups H of G of finite index, with the maps on the group

rings arising from the natural projections G/H, — G /Hy when Hy C Hs.

When G = ZZ, the open normal subgroups of finite index in G are of the form
H = p/\“Zg, where n € N¢. If we put H,, = p/\“Zg, then H, C H, precisely when
a <4 b. We can then view the inverse limit defining R[[ZZ]] as indexed by N* under
the product order, and it will be beneficial to adopt this viewpoint.

Let n € N, The group ring R[Z{/p""Z{] is the free R-algebra with basis consist-
ing of elements of Z{/p"*Z{. Thus, an element A, € R[Z]/p"™Z]] may be written

in the form

An= > Anla)(a+p'""Z),

axqp""—1

where the A\, (a) € R are uniquely determined (i.e., are independent of the choice of

representative of a + pA"anl). We endow R[anl / pA"ZfDl] with the maximum norm:
[Anlle = max{||An(a)||r : @ <a ™" — 1}.
Suppose that n <4 m and that A\, € R[Z!/p""ZJ] is the image of A\p, €

R[Z$/p"™Z]] under the map arising from the projection Z¢/p"™Z¢ — 74 /p""Z.
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Then for each a <4 p"™ — 1,

An(a) = > Am (D).

b<qp"™ -1
b=a (mod p""Z)

Since the norm on R is non-archimedean, this gives || An|lu < ||Amllu, so the natural

map R[Z%/p"™Z]] — R[ZZ/p""Z2] is continuous with respect to the maximum norm.

Definition 16. Let A € R[[Z%]] and let A, be the image of X under the natural map

R[[Z%]] — R[Z%/p""ZY)]. Define
1Al = sup{[[Anla : n € N} € [0, 00].
A is bounded if ||\, < oco.

Given elements A = (A,) and v = (vy,) in R[[Z]], we have that A\v = (Apvp) and
A+v = (A + V), with the addition and multiplication of A,, and v, occurring in the
group ring R[Z¢/p"™Z4] for each n € N%. Since the norm on R is non-archimedean,

we have

A+ vllu < max{{[Allu, [}

AV < A ul#]
Consequently, the bounded elements of R[[Z¢]] form a subring of R[[Zf]].

Definition 17. We put
Ay = MA@y (R) = {x € R[[Z3]] : [\l < o0}

We begin by showing that elements of A4 can be viewed as R-valued measures on
ZZ, and we obtain a ring isomorphism between My and A(g). To do so, we associate

to each A € Ay a continuous R-linear map C(Z$, R) — R.
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Fix an element A = (\,) € A(g). We begin by defining an associated continuous
R-linear map LC (ng R) — R. Toward that end, suppose f € LC (ng R). Then there

is n € N7 such that

f®)= Y fla)gan(x).

axqgp"™—1
Write
Ap = Z An(a)(a + p/\”ZZ).
a<qgp""—1
We define

L= Y Xla)f(a)

axqgp’"—1

Note that because f is locally constant, the value f(a) does not depend on the choice
of coset representative; thus I)(f) is independent of the choice of coset representatives
for 72 /p"" 7.

As we have seen, if n <4 m, then for each a <4 p"™ — 1,

We may also write

f@) = S fb)gpm(a),

b<ap"™—1

where for cach a <4 p"™ — 1, f(a) = f(b) if b= a (mod p""Z%). We find

S m@f@ = Y Am®)f).

a<qp"—1 b<ap”™—1

Thus, I, : LO(ZZ, R) — R is well-defined.

Proposition 6. Fix A\ € Ay. Then the map I : LC(Zg,R) — R is a continuous

R-linear map.
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Proof. Let f1, fo € LC (Zg, R). There exists n € N such that

Z .fl gan

a<4pm™—1

Z .f2 gan

a<4pm™—1

As before, fi; + f5 is locally constant with

(h+f)@) = Y (fi+f)(@)gan(®),

a<qpn—1

and for a € R, af; is locally constant with

(afl)(w): Z afl( gan —a Z .fl gan

asqgpm—1 asqgpm™—1

Then clearly
L(fi+ f2) = L(f1) + In(f2)
and
I\(af1) = ali(f1).
This gives the R-linearity of I on LC(ZZ, R).
For continuity, let f1, fo € LC (Z;f, R) and choose n € N? as above. Then we may

write

(=)@ = D (fi—f)(@)gan(z).

axqp’"—1

Since I, is R-linear, we have
Ix(f1) = D)l = I (fr = f2)llg

S Ml@)(fi - fo)a)

axgp""—1

R
< max {[An(a)llzll(fr = f2)(@)[[r}
ax4p 1
< [IMullfr = fallo-
Thus I is continuous on LC(ZZ, R). O
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Suppose f € C (Zg, R) with f = lim,, f,, where the locally constant function f,

factors through L,,. For each n and m with n <4 m, the previous result gives

13 (fm) = ()l g < M ull frn = Fralloo-

Thus, the d-net of values (I\(fn))n is a Cauchy net in R, so converges to an element
of R.

In the event that lim f, = limg, for d-nets (f,) and (g,) of locally constant
functions with the nth term factoring through L,,, then (f, — g,) is also a d-net of

locally constant functions with
fn—gn = 0€ LC(Z, R).
In this case, the continuity and linearity of I on LC(Z$, R) gives
L(fn) = I\(gn) = I\(fn — gn) — 11(0) = 0.

In light of the above considerations, for f € C(Z{, R) with f = lim f,, where f,

is locally constant factoring through L,,, we may put

Then I, is well-defined on the set of continuous functions Zg — R. We have extended
the map I from the dense R-subalgebra LC(ZZ, R) to all of C(ZZ, R) by continuity.

We obtain

Proposition 7. Fiz A € A). The map I : C(Z%, R) — R is a continuous R-linear

map satisfying ||Ix||. = ||A||.. Consequently, I\ = I, for some o € M.

Proof. The only thing remaining to prove is ||Iy||, = ||A|l.. First, for each n € N4

and each a <4 p"" — 1,

An(@)l[z = [[1(gan)lr < [xllullganlloc = lZx][u
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This gives [[All, < |[Ix]le. If f € LC(ZE, R), we saw in the proof of Proposition 6 that

AR < IAull flloo-

For f € C(Z%, R), we may write f as a uniform limit of a d-net (f,) of locally constant

functions for which || fn|lec < ||f]lsc for all n € N¢. Then

AP lr = [I1im Iy (fr) | 7
~ tin (o)l
< tim Aol
< Ml flloo-
This gives |[1x[|u < [ Al O

Proposition 8. Let I : C(Z%, R) — R be a continuous R-linear map. There is
A € Ny such that I = Iy.

Proof. For each n € N, let

An = Z I(gan)(a + PMZ;S) € R[Zz/PAnZg]-

axqp’"—1
If n <4 m, then for each a <4 p"™ — 1,
Jan(®) = > Jo,m ().
b<ap"™—1
b=a (mod p""Z)

Then by R-linearity,
](ga,n) - Z [(gb,m)'

b<ap"™—1
b=a (mod p""Z%)

Therefore, Ay +— A, under the natural map R[Z!/p"™Z%] — R[Z]/p"™Z]] and

A = (An) € R[[ZZ]] is well-defined. Since I : C(Z{, R) — R is continuous, we have

1 (gan)ll < []lullganlloc = 1]l
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for each n € N and each a <4 p"™ — 1. Consequently, |[All, < [, and A € Ag.
It is now clear that I and I, agree on LC(Z{, R), and thus agree on all of C(Z{, R)
by writing any element of C (ZZ, R) as a uniform limit of a net of locally constant

functions and employing the continuity of I and Iy on LC(ZZ, R). O]

Corollary 9. There is a bijection between Mgy and ANgy. Under this bijection, a
measure o € My is associated to the element X = (A\,) € Ay given by
Ap = Z a(a+p""Z%)(a + p""ZI) € R[Z/p " L)
a<qgp"™
Proposition 9. The bijection My — Ay is an norm-preserving R-algebra isomor-

phism.

Proof. If a@ <» X under the bijection in Corollary 9, we have I, = I,. But now
Proposition 7 gives

[l = [Hallu = [xllu = [1Afu-

Let ¢ € R, \,v € Ay, and let o, € M, be the measures associated to A and
v, respectively by Corollary 9. We need only note that for each n € N¢ and each

a 4 p/\n_ 17

(cAN)n(a) = cAp(a)
A+ v)n(a) = Ap(a) + vp(a)

MWnla) = > Mu(=b+a)ra(b).

b<ap"—1
From the above equations, we find that for any polyball A with characteristic function

f;
Ie(f) = eIa(f) = cla(f) = Lea(f) = ca(A)

Do (f) = () + 1(f) = La(f) + 1(f) = Lats(f) = (o + 5)(A)
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I (f) = Laxp(f) = (o B)(A).

O

Recall that the group ring of ZZ over R, R[ZZ], consists of all elements of the form

where as € R for all s € Zg, and as = 0 for all but finitely many s € ZZ. For each
n € N% there is a natural surjective ring homomorphism R[ZZ] — R[Z!/p"™Z{] given

by

A= Z g8 — A\ = Z as(s +pA"ZZ).

d d
sGZp SEZp

Note that for \ € R[Zﬁ] and any n,m € N? with n <; m, A\, is the image of
Am under the natural map R[Z]/p"™Z]] — R[Z!/p""Z¢]. Thus, we obtain a ring

homomorphism R[ZJ] — R[[Z]]. Suppose

A= a.s € R[Z)

d
sELg

is in the kernel of this map. Let
S:{seZg:asséO},
and for each 1 <i < d put
N; = max{ord(s; — t;) : s,t € S and s; # t;},

with the convention that max(f)) = —1. Set N = (N; +1,..., Ng+1) € N%. Then in
RIZ;/p"NZ),

0=An= Y as(s+p"NZ))

d
s€Zg

= Zas(s +p"NZY).

seS
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But by the definition of the Nj, the s + p"V Zg for s € S are distinct elements of
Zg /p""N Zz. Consequently, a; = 0 for all s € S, and A = 0. We therefore have an
injection R[Z]] — R[[Z%]], and we will view R[ZJ] as a subring of R[[ZJ]] via this

map.

Example 8. Let
A= a.s € R[Z]],
seZd

let « € My be the measure associated to X, and let I = I, be the associated continuous

R-linear map C(Z2, R) — R. Suppose f € LC(Z%, R), and write

f(w) = Z f(a)ga,n(w)'

Then
L= >, flain(a)

axp”"™—1

Fir a < p"™ — 1; then

Since f is locally constant,

sezd
s=a (mod p""Zg)

= Z fla)as

sezd
s=a (mod p""Zg)

— Y e

seZg
s=a (mod p""Zg)

It follows that

L(f) =) asf(s).

seZgd
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By R-linearity and continuity, we have that

L(f) =) asf(s)

s€Zg

for all f € C’(Z;f, R), so that

o= Z as0s,

s€Zg

is a finite R-linear combination of Dirac measures. O

The following observation regarding the ring R[[Z¢]] will be useful in what follows
(see Appendix B). Let R[T — 1] denote the polynomial ring R[T} — 1,...,T,; — 1].
For n € N9, let I,, denote the ideal of R[T — 1] generated by the components of
the d-tuple T"?"™ — 1. The map (a + p/\“anl) — T extends by R-linearity to an
R-algebra isomorphism

R[Zy/p""Ly] — R[T — 1]/Iy;
in particular, observe that this map is well-defined. When n <4 m, I,,, C I,,, and
the natural maps

RT —-1]/I,, » R[T —1]/1,
correspond to the natural maps

R[ZY/p"™Z%) — RIZ:/p"™ZY).

This gives
d1] ~ 13 _
R[[Z}]] = lgnR[T 1)/1,.

2.3 The Power Series Viewpoint

In this section, we explore yet another way to view elements of M,;. We refer

especially to the work of Sinnott for an illustration of the utility of this last perspective
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(see Sinnott (1984), Sinnott (1987b)), and Sinnott (1987a)). Let R[[T — 1]] denote
the ring of formal power series R[[T} —1,...,T; — 1]].

Recall that the map @ — (mp(a))y, is a ring isomorphism My — (49 (R) (Corol-
lary 7). At the same time, the map

(p)n — Z an(T —1)"

neNd
is an injective ring homomorphism E@(R) — R|[[T — 1]] with image equal to the
subring of R[[T — 1]] of power series with bounded coefficients, which we denote by
Ag = Ay(R). For a measure o € M, we put
A(T) =Y mu(a)(T —1)" € Ay
neNd
Then the map o +— @ is a ring isomorphism M, — Ay, called the Twasawa isomor-
phism. Note that we write a(T") rather than the more cumbersome a (T — 1).
Note that Proposition 4 and Corollary 5 give that if o € My with
A(T) =Y mu(a)(T - 1)" € Ay,
neNd
then for f € C(Z{, R),
» f(w) da(w) = Z mn(a)an(f)a

neNd

where a,,(f) is the nth Mahler coefficient of f.

Definition 18. Let a € M . The power series associated to « is the image a(T) of

a under the Twasawa isomorphism Mg — Ag:

aT) = (/Z (2) da(m)) (T —1)" = i T* do(x).
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Note that since & has bounded coefficients in R and since ||-|| g is non-archimedean,
a(z) converges in R for all z € R? satisfying ||2; — 1]|g < 1 for all 1 < i < d, where

for

a(T) =Y an(T—-1)",

ncNd

we put

a(z) = > an(z—1)™

ncNd

Example 9. Let o € My. Recall that

(0)-

for all x € ZZ, and the constant function 1 is the characteristic function of Zg.

Consequently,

This gives that

Example 10. Let a € My have associated power series
a(T)=(T-1)"€ Ay
for some fized n € N%. Then for f € C’(ZZ, R), we have

[ f(@)da(a) = au(f).
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That is, the continuous R-linear map I, : C’(Zg, R) — R is given by I, : f — an(f).
More generally, suppose a(T') is a polynomial in (T — 1) over R:
a(T) =) (T —1)* € RT - 1]
k=<4n
for some n € N*. Then for f € C(Z{, R),

» fl@)da(z) = > cpar(f).

P k<4n

O

Example 11. Fix s € Zg and let 65 denote Dirac measure of mass one centered at s

(Example 3). From Example J, we have

O

We can now give a formula for the measure of polyballs in Zg using associated

power series. First, the characteristic function of the ball p"Z, in Z, is given by
9o, n - Z C
(rr=1
where the sum ranges over all p"th roots of unity in C,. The characteristic function
of the ball a + p"Z, is thus
Gan() = Z ¢r¢
=1

Consequently, the characteristic function of the polyball a + pA"Z;f in anl is

d

Jan(T Hgalnz z) =] p11% nz GO = YL ¢
¢ =t

i=1 C/\p -1

52



where the rightmost sum extends over all d-tuples ¢ € Cg satisfying ¢"P S
Let S = R®z,C, (see Grothendieck (1954), Serre (1962), or Schneider (2002)).

For any ¢ € C! as above, |[¢; — 1|, <1 (in C,) for all 1 <i < d. We have in S,
ala+ Pz = / Jan(@) da(a)
Zd

w >, ¢ cwda@)

CApAn

Z c

CA”
Note that each of the series in the last line above converges in S. We record this

result below.

Theorem 3. Let a € My with associated power series & € Nyg. Then for all n € N¢

and a € Zg,

CX((l~+—])A7LZZd :E:: C

CApAn 1

where the sum extends over all d-tuples ¢ € CZ satisfying CAPM =1.
2.4 Operations on Measures and the I'-Transform

In this section, we consider methods of constructing new measures on Zg from a

given measure. We also interpret these operations as maps on power series.
Definition 19. Let « € My. For a € (ZX)?, define a new measure oo a € Mgy by
(voa)(A) =alaA).

When integrating, we write da(ax) rather than d(a o a)(x). For a € (ZX)*, we put

a'=(a]",..., a;l), as in Appendix A.
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Clearly, |lo o all, < [|ofls. Since aZf = Z%, we have || o all, = ||o|l,. For
a € (ZX)", a(AUB) = aAUaB for all A,B € CO4 and aA NaB = () whenever
AN B = ) (multiplication by a is an isometric isomorphism Z;f — Z;f). Thus,

aoa € My, as claimed.
Example 12. Since 1A = A for all A € COy, we have a0l =« for alla € My. O

Example 13. Let s € ZZ and let 05 denote Dirac measure of mass one centered at

s. Fiza € (). For any A € COy,

(0s 0 @)(A) = ds(ad)

;

1 :s€ad
0 :else
)
1 :alse A
0 :else
= 0q-15(A).

Thus, 05 0 @ = 0q-1,. Consequently,

- 1 -~ -1

(00 0a)(T) = Gg15(T) =T '* = (T% )" = 5,(T* ).

O
Lemma 10. Let o« € My and a,b € (ZX)?. Then
(doa)ob=ao(ab).
Proof. This follows from the fact that a(bA) = (ab)A for all A € CO,. O

Lemma 11. If « € My and a € (L))", then

flaz)da(ax) = g f(@)da(x)

z3
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whenever f € C(Z%, R).

Proof. By linearity and continuity, it suffices to consider the case where f is the
characteristic function of some polyball A. Now ax € A if and only if © € a ' 4, i.e.,
g(x) = f(ax) is the characteristic function of a™'A. Since a € (Z)*, multiplication
by a~! is an isometry; thus, a=!'A is also a polyball in the same level as A. But now

f(a:c)da(a:c):/ g(x)da(ax)

zg z3

= (aoa)(atA)

Corollary 10. If o € My and a € (Z)), then a0 a(T) = a(The )

Proof. Note first that a(T"* ') denotes the composition of a&(T) with the power
series T ' — 1, which is defined since T' reTt_1isa d-tuple of one-variable power

series without constant term.

The mth coefficient of @ o a(T) is

/Zg (:L) do(azx) = /Z g (“‘;’:"”) do(az)

and this is the mth coefficient of &(T"* ). O

Lemma 12. Let a € (Z))". For any o, € My and ¢ € R, we have (co) o a =

claoa), (a+pf)oa = (aca)+(foa), and (axf)oa = (aoca)*(Soa). Moreover,

95



Jor fized a € Z;, the map o — « o a is a norm-preserving R-algebra isomorphism

Md — Md.

Proof. We have that

and

From this last part, we also obtain (recall Example 7)
(ca)oa = c(aoa).

The above gives that the map o — a o a is an R-algebra homomorphism. For
a € My, we have

a=aol=ao(a'a)=(aocat)oa,

so that o — « o a is surjective. On the other hand, if &« o @ = «p, then for any
A€ COy,
a(A) = a(aa™'A) = (a0 a)(a"'4) = 0,

so that a = . Consequently, the map a — aoa is injective. We have already noted

that |||, = || o ally. O
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Definition 20. Let « € My and g € C’(Zg, R). Define the measure o by

g f(x) day(x) = g f(x)g(x) do(z)

for f e C(Z&, R). If g is constant, say with g(x) = ¢ for all & € Z%, then we will

write co for a.

The map I, : C (ZZ, R) — R is certainly R-linear, and we note that

o, (D)l 2 = Ha(£ )l
< [leffull £l

< [lallullf1lsellglloe-

Thus, I,, : C(Z%, R) — R is R-linear and continuous, so a; € M. In terms of power

series, note that for each m € N we have

L, () et = [ (3 )ote dote

from which we obtain

&) = [ T%day(@) = | T"g(@)da(a)
Zy g
as an identity of power series.

Note further that if g is constant, with g = ¢ for ¢ € R, then a — a4 agrees with

the scalar multiplication by R on M.

Example 14. Let s € Z{ and g € C(Z},R). Then (85)y = g(s)ds. Indeed, for
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fec(zyR),

O

Lemma 13. Let g € C(Zg, R) and c € R. For any o, 8 € My, we have (o + ), =

ag+ By and (ca)y = c(ay) = agy.

Proof. Let f € C(ZZ, R). Then

[ 1@ i+ a)@) = [ f@@ e+ )

d
ZP

_ / f@)g(@) da(@) + [ f(@)g(@) di()

N /Zd f(x)dag(x) + [ f(x)dby(x)

d
ZP

- [ f@ydte,+ 3,)(@).

p

Moreover,

/Zd f@)d((ca),)(®) = [ f(x)g(zx)d(ca)(zx)

z3

= | f(@)eg(z) do(x)

d
ZP

= | f(®)da(z)

z3
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and

O

Two special instances of the above construction will be used later. A simple
application is when the function g is actually locally constant. As in the previous

section, let S = R@ZPCP.

Lemma 14. Let g € LC(ZY, R), say with

g@) = > gla)gan(w).

axqgp’"—1

For each d-tuple ¢ € (Cg satisfying CApA" =1, put

Then, in S,
W) = 2 3 QT

C/\p/\n::l

where the sum extends over all d-tuples ¢ € (Cg satisfying C’/\T’A" =1.

Proof. Observe first that for ¢ as in the statement of the lemma,

(T-1=(¢-1)+¢(T-1),
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which is a d-tuple of one-variable power series over S which are topologically nilpotent

in S[[T]]. Thus, a(¢T) is a well-defined element of S[[T"]]. We have
) = [ 1%day(a)
z;

T*g(x) do(x)

d
ZP

= Y gla) | T®gan(x)da(z)

d
axq4p’"—1 Ly

Let a € N? with a <4 p"™ — 1. We have seen that

gan = Z C C

C/\p/\n -1

Thus,

/Zdnga,n(a:) Z ¢ TmC da(x)

Finally, we obtain

GT) = Y  9(a)| T*gan(®)dal(z)

axqap -1 Zg

- Z |n| Z C

axqp’"—1 C/\p

= > aaeT)
¢ =1

Corollary 11. For each n € N¢, in S,

a(T):p% > < >, C‘“>@(CT),

AP —1 \a<gp—1

where the sum extends over all d-tuples ¢ € (Cg satisfying CAT’A" =1.
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Proof. Let g = 1. Then ay = «, so @, = @. Since g is constant, g is locally constant,
factoring through any L,,. Certainly, for each ¢ € Cg‘f satisfying CAT’A" =1, we have

9= >, ¢~

axqgp’"—1

Accordingly,

A(T) = (1) = o z:( > cﬂa@ﬂ.

PN =1 \a<qp""—1

0

Lemma 15. Let a € My and let 65 denote Dirac measure of mass one centered at

s € ZL. Then for g € C(Z%, R),
(a*ds)g = g, * s,
where for x € Z%, gs(x) = g(s + ).

Proof. Note first that since translation by s is an isometry Zg — ZZ, gs € C’(ZZ, R).

Let f € C(Z% R). We have by Example 5
g f(@) d((axds)g)(x) = g f(@)g(x) da+d,)(z)

= 5 f(s+x)g(s+ x) da(x)

= | fs+ @)oufe) da)
= | fts ) do, ()
= | f@)dl(eg, = 0.)@).

O

Let D; be the derivation T,-a% on R[[T — 1]], and for n € N% let D™ denote the

derivation D" --- D}* on R[[T — 1] (see Appendix B).
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Proposition 10. Let o € My and n € N¢. Let g € C’(ZZ, R) be the function given
by g(x) = ™. Then
a,(T) = D™a(T).

Proof. The Proposition amounts to showing that
for all n € N* and all © € Z¢. Fix € Z% and 1 < i < d. Then

T° =Y (i) (T — 1)™.

meNd

From this, we find that the mth coefficient of D;T% is

m; (:1) + (m; +1) (mf_ ei).

Using the identities from Appendix C, we see that the mth coefficient of D;T™ is

" (:1) Flmes ) (’mf— ei) - (m,- <7::z) Fmer D) <m’xj' 1)> 1<311d <;;])
j#i

DT* =Y (:1) (T —1)™

meNd

=2y <:1) (T —1)™

meNd

Thus

Now suppose that there is some n € N¢ such that

D"T* = x"T?*.
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Then for each 1 <1 < d, we have

Dn+eiTm — DZ(DnTm)

= D;("T?®)
=x"D;,T*
=x"x,T*
Y
By induction, we have
D"T®* = z"T*
for all n € N? and all z € Z{. O

Corollary 12. The nth moment of the measure « is
Mn<Oé> = Dn&(T)|T:1
Proof. Let n € N¢. From Proposition 10, with g(x) = ™, we see, as in Example 9,

D"A(T) 71 = @(1)

-/ (@

74
x" da(x)

d
n(

z
M,

Q).
U

Definition 21. For A € COy, define a new measure a|s € My by a|4(O) = a(ONA)
for O € COq. When A = (Z)*, we put o4 = a*.
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For Ae CO4, v € My, and f € C’(Zg, R), we introduce the notation

| t@)date) = [ f@)dalsa)
A zd
The following shows that a|4 € My, as claimed.

Lemma 16. Let o« € My and A € COy. Let ga(x) be the characteristic function of

A. Then for all f € C(ZZ, R) we have

(@) dog, (®) = de(év)gA(w) do(x) = /A f(@) do(z).

Zg
Proof. By linearity and continuity, it will suffice to verify the Lemma for characteristic
functions of polyballs in ZZ. Let a + pA"Z;l be a polyball in ZZ and let f be its

characteristic function. We have

[ 1@date) = [ (@) dalata)

= ofu(a+p'"7Z})

=a(ANa+p'"ZY).

But f(x)ga(x) is the characteristic function of the set ANa+ p""Z, so we likewise

have

g f(x)day,(x) = g f(@)ga(x)da(x) =a(ANa +p/\"ZZ).

Note that for A, B € COy, and o € My,

(@la)lp = alans = (alp)]a.

Definition 22. Let o € My. We say that o is supported on A € COy, if a|a = a,
i.e., if for all f € C(Z%, R) we have

[ f@)da(@) = [ f@)dao).
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Note that if « is supported on both A, B € COy, then « is supported on AN B €

COy,. This observation motivates the following definition.

Definition 23. Let « € My. Let {A; i € I} C COy be the collection of all compact
open sets on which a is supported. The support of o is the closed set
supp(a) =[] A
iel
Note that supp(a) need not be an element of CO,. By definition, however, supp(«)
is the largest closed set contained in every compact open subset of Zg on which « is

supported.

Example 15. The zero measure, o (Example 2) has supp(ag) = (0. Indeed, aq is

supported on all A € COyq, and in particular on (. O

Example 16. Let s € Zg and let 05 denote Dirac measure of mass 1 centered at s.
For each n € N%, &, is supported on s + p"™Z, the translate of p"™Z} by s. Thus,

supp(3s) € (] (s +p""Z)) = {s}.

ncNd

Now let A € CO,4. Then for any B € COy4, we have

1 :s€¢ANB
ds|a(B) = 0s(ANB) = ,

0 :else

so 0 is supported on A € COy4 if and only if s € A. Consequently, s € supp(ds),

giving supp(ds) = {s}. O

Lemma 17. Let « € My,. Fix s € Zg and let o5 denote Dirac measure of mass 1

centered at s. Then supp(a * d5) = s + supp(a).

65



Proof. If s = 0, then a * 6 = « and the result holds trivially. Suppose now that
s #0. Let A € COy4 be any set on which « is supported. From Lemma 15 and

Lemma 16, we have
(% 0g)|s4a = @ syspa*0s = a|a x0s = @ * .

Since translation by s is an isometry ZZ — ZZ, this gives

supp(a * d5) C s + supp(a).
On the other hand, if «a * &4 is supported on A € COy, then

a*x0g = (*0s)|a= | sia*ds.

Since 0s # v, this gives o = a|_g; 4. Consequently,

supp(a) € —s + supp(a * ds).
Finally, supp(a * ds) = s + supp(«), as claimed. O
Corollary 13. Let A € COq and a € (ZX)*. For all f € C(Z, R) we have

/A f(x)da(x) = /Af(aa:) do(ax).

Proof. Let g4 and g,4 denote the characteristic functions of A and aA, respectively.

Then for all € Z¢, gaa(ax) = ga(x). Lemma 11 yields
| @@ = [ f@na(a)doe)
a Zg

= g f(ax)gqa(ax) da(ax)

= | faz)gs(@) daaz)

_ / f(az) da(az),

as claimed. O
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Corollary 14. Let a« € My and A,B € COq4 with AN B = 0. Then for any

AUB /f ) dof@ /f ) dof@

Proof. Let ga denote the characteristic function of A, gp denote the characteristic

feC(z,R),

function of B and g4p denote the characteristic function of AU B. In this case,

gaus(x) = ga(x) + gp(x)

for all & € Z¢. Consequently, for f € C(Z%, R),

= /Zd f(x)gaup(x) do(x)

AUB

f(@)(9a(x) + g5(x)) dov(2)

zg

f (2)ga(z) da(z) + f ()gp(x) do(z)

/f )da(e) + [ fla)dafe

O

Example 17. Let s € Zg and let 05 denote Dirac measure of mass 1 centered at s.
In Ezample 14, we saw (35)y = g(8)ds for any g € C(ZL, R). By taking g to be the

characteristic function of some A € COy4, we readily obtain

bg :s€ A
dsla = .
g : else
This agrees with the discussion in Ezample 16. O

Proposition 11. Let « € My. The power series associated to the measure o =

O‘|(Z,§)d is given by

&(T) = a(T) - pi 3 (Z c-a> a

¢MP=1 \a<1
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where the outermost sum is over all d-tuples ¢ € (CZ satisfying ¢""P = 1.

Proof. Let A= (ZX)" and let g4 denote the characteristic function of A. Recall that
Z) = Ly \ pZy. Thus, g4 is locally constant, factoring through L;. Lemma 14 gives
= 1 ~(Oa
af(T) == Y ga(Q)a).
v
¢P=1
For each such d-tuple ¢ € (Cg, recall
0= 3 gala)c
axqp—1

But for a € N with a <4 p — 1, ga(a) # 0 if and only if a; # 0 for all 1 < i < d.
Since g4 is a characteristic function, we obtain

A= gia

axqp—1

— Zc—a

1<4a<4p—1

- Y ey

aq4p—1 a<1
This gives
(1) - z(zc ) cT——z<z< )
p ¢"P=1 \axqp—1 p ¢MP=1 \a=<y4l

But Corollary 11 gives

2y (¥ )

CAP 1 \a<qp—1
so that
_ R 1 )
o (T)=a(T)—— > (Z ¢ >a<c:r>
p ¢P=1 \a=<4l
as claimed. O
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Lemma 18. Ifa € My, A€ COy, and a € (Z))%, then (a0 a)|a = alqa 0 a.

Proof. Let ga denote the characteristic function of A. Let f € C (Zg, R) be arbitrary.

Note that ga(a™'x) gives the characteristic function of @A, which we denote by gga.

We have

/Zd f(®)d(aoa)|a(z) = / f(z)ga(z) dalaz)

d
p ZP

N /Zd fla™'@)ga(a™ x) da(x)

P

= [ fa @) gus(a) dafe)

p

= [ fta" @) dolus(a)

p

- | f@)dalua(az)

P

= [ @ delarc e
This gives the claimed equality of measures. O
Corollary 15. For any a € (Z))?, (k0 a)* = a*oa.
Proof. Let a € (Z))". Then a(ZX)* = (ZX)?, and we may apply Lemma 18. O
Corollary 16. Let o« € My and a € (). Then
supp(a o a) = a”'supp(a).

Proof. Suppose « is supported on A € C'Oy, then

(voa)|g-14 = Qlaa-140a=algoa=aoa.
Consequently,

supp(ao @) C a” 'supp().
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Now suppose « o a is supported on A € COy, then
aoa=(woa)ls= aga0a.
By the injectivity of the map o +— « o a (Lemma 12), we have a|,4 = a. This gives
supp(«) C asupp(a o a).
O

Corollary 17. Let a € Mgy and suppose supp(cr) C (ZX)*. Then supp(aoa) C (Z)

for all a € (ZX)".

Recall Z; = V x U, where V is the set of (p — 1)th roots of unity in Z, and
U =1+ pZ,, which is topologically cyclic (see Appendix A). Fix an element u € U?
such that u; is a topological generator of U for each 1 < ¢ < d. Then the map
Dy ZZ — U4 given by ¢, :  + u/\* is a topological group isomorphism. Moreover,
Ou: Ly — Lpiq forallm € N If A= A x --- x Ay with each A; compact open in
7, then

Pu(A) = uy (A1) X - Xy, (Aa),

where for 1 <i <d, ¢,, : Z, — U is as in Appendix A. The inverse of ¢,, is the map

gu(y) _ <1Ogy1 ' logyd) ’

logu;” " logug

by : U — Z, given by

where log is the p-adic logarithm.

Definition 24. For a € M, define the measure ao @y, by (aopy,)(A) = a|ya(pu(A))
for A e COy.

Clearly

lov o ullu < flafyally < flfu.
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Since Spu(Ol UOQ) = QOu(Ol) UQOu(Og) for all 01, 02 c COd, and cpu(Ol)ﬂcpu(Og) = @

whenever O; N Oy, = ), we have that a o ¢, € My as claimed.

Example 18. Let o5 denote Dirac measure of mass 1 centered at s. In Example 17,

we saw

by :seU
5s|Ud = :
ap else

If s € U?, then ¢,'(s) € Z¢, and we have for O € COyq,

(05 0 pu)(O) = 6s|ya(pu(0)) = ds(pu(0))

1 :s€v.(0)
0 : else

\

(
1 :¢,'(s) €O
0 : else

\

015 (O)

If s € U%; then for O € COy,

(65 0 0u)(0) = ds|ya(pu(0)) = ap(pu(0)) = 0.

Therefore,

O

Lemma 19. For any o, f € My and c € R, (a4 ) 0y, = (@0 y) + (B0 ¢y) and

(ca) o pu = claopy).

71



Proof. By Lemmas 13 and 16, (a+ ()|ge = a|ya + Blye and (ca)|ya = ¢(a|ya). Thus,

for O € COy,
((a+ B8) o 9u)(0) = (a+ B)|ya(pu(0))
= a|pa(pu(0)) + Blya(pu(0))
= (@0 pu)(0) + (B o ¢u)(0)
and

(ca) o pu)(0) = (ca)|ya(pu(O))
= calya(pu(0))

= c(aopu)(0).

Lemma 20. For any f € C(Z{, R), we have

f(pu(®)) d(ero pu)(x) = » (@) da(z).

g
Proof. By linearity and continuity, it suffices to consider the case where f is the

characteristic function of a polyball A. Since ¢, is a topological group isomorphism,

u

the function f (¢, (x)) is the characteristic function of the compact open set ¢, (U?N

A) C Zg. Thus,

/Zd f(@ou(w)) d(a o gpu)(w) — (a o (pu)((p;I(Ud N A))

= alya(pu(p, (U1 N A)))
= alya(U?N A)
= alya(A)

= » f(x)da(x).
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For f € C’(Zg,R), the composition f o p;! : U4 — R is continuous when U?
is given the subspace topology. Since U? is both open and closed in ng we may
extend this composition by 0 to obtain a continuous function ZZ — R, and we will
not distinguish notationally between the function with domain U? and the function

with domain ZZ. That is, for x € Zg, we put

fleu' () raxeU?

fleg' (@) = :
0 cx g Ul

Corollary 18. For any f € C(Z{, R), we have

f@)daop)(e) = [ fe (@) data)

z;

Proof. Since @y () € U? for all x € Z,

Fleu' (pu())) = f()

for all x € ZZ. The result now holds by Lemma 20. O
2.4.1 The I'-Transform

Let w and (-) denote the projections onto the first and second components of
the decomposition ZY = V x U, respectively. For & € (Z))?, we let w(x) =
(w(z1), ..., w(zqg)) € V¥ and (x) = ((x1),...(xq)) € U Note that for any xz € U?

and any 17 € V¢, we have

(nz) =(x) = and w(nz)=w(n) =7

Since (ZX ) is both open and closed in Z¢, we may extend w and (-) by zero to obtain

continuous functions Zg — R, and we will not distinguish notationally between the
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functions on Z¢ and on (ZX)%. Using the above, we can write (ZX)* as a disjoint

union:

)" = || 0.

neva
For i € NY and x € (Z))?, we put
d
wi(z) = (w(@))' = [[w'(z).

j=1
We likewise extend w? by zero to a continuous function Zg — R.
Example 19. Fiz i <4 p — 2, and consider w* € C’(ZZ,R). Let g denote the char-

acteristic function of (ZX)*. Then w'(z) = w(x)g(x) for all © € Z%. Consequently,

for f € C(Z& R), we have

Thus, (ai)* = o O

Definition 25. Let i € N% with i <4 p—2. The v ¥ -transform of a measure o € My

1s the measure

Y (a) =) nlaom=>Y n'(acn).
nevd nevd

When i = 0, we instead write y() for v (a).

Lemma 21. Let o, € My and ¢ € R. Then for each i € N® with © <4 p — 2,

10 (a+6) = 49(a) +99(8) and 1 (ca) = 9 ().

Proof. This follows immediately from Lemmas 12 and 13. O
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Lemma 22. Suppose o € My with supp(a) € (ZX)*. Then for any i <a p — 2,

supp (7 (a)) C (Z)".

Proof. By Lemma 13 and Lemma 18, we find

W(i)(a)kz;)d = Z n*(aon)

nevd (Zp)?

= Z 77i(04 © "7)|(Z§)d

nevd

= Z (0 )

nevd

= Z Ui(a|(zg)d o)

neve

=) n'(aon)

nevd

=79(a).
0

Definition 26. Let @ <4 p — 2. The F(i)—tmnsform of a measure o € My is the
function . Zg — R given by
PO (s) = lim | 2*wi () da(z) = / (2)*wi (z) da(x)
kg ()
where the d-net k in N? is such that for each i, the k; form a sequence such that
k; — s; p-adically, k; — oo in the Archimedean sense, and k; =0 (mod p—1). When

i =0, we instead write To(s) for T0(s).

Notice that for each ¢ <4 p — 2, Fg) = F%i, where w?® € C’(ZZ, R). Notice further

that F((f) = FS) for each 7 <4 p — 2.

75



Lemma 23. Let i <4 p — 2. For any k € N? with k =4 (mod p — 2),

I'D(k) = D*a*(T)|p—1,

«

where D* is as in Proposition 10.

Proof. Let k € N* with k = 4 (mod p—2). Let g € C(Z%, R) denote the characteristic

function of (ZX)?. Then for any « € Z¢, we have

atg(x) = ()" (x)g(x) = (x) w'(z)g().

Thus, from Proposition 10, we obtain
MO0 = [ (@)w'(@) da(a)
(Zp)?

- [ (@t @)o@) daa)

P

- [ (@t @(e) dafa)

P

_ / 2 g(a) do(a)

P

= /Zd xF do* (x)

P

= my(a”)

= DkEE(T) |T:1 .

O
Lemma 24. Let o, 5 € My and ¢ € R. Then for eacht <4 p—2, FEQJFB) = Fg) —|—F(Bi)
and T = 1.
Proof. This follows immediately from Lemma 13. O

Theorem 4. Let « € M. For each © <4 p — 2, there exists a unique power series

GEN(T) € Ay such that TP (s) = G (us).
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Proof. Recall that u € U? is such that u; is a topological generator of U for each

1 <i < d. We will use the partition of (ZX)? given above:

;)" = || nv*.

neva

We have from Corollary 14

Fg)(s) = /(Zx)d <m>swl(m) do(x)
- Z /Ud(a:>swi(w) do(x).

neve

But for each n € V¢, Corollary 13 and Lemma 12 give

/?7Ud<:c>swi(m) da(w):/ (nz)*w’ (nz) da(n).

Ud
Let g € C(Z{, R) denote the characteristic function of U?. For @ € U,
(nz)*w'(nx)g(x) = () "n'g(x) = 2°n'g(x),
while for & ¢ U¢,
0 = (nz)*w'(nz)g(z) = z*n'g(z),

where we extend  — x® by zero to a continuous function ZZ — R. Consequently,

/ (nz)*w () da(ne) = / ()"0’ da(na)
Ud Ud

- [ @ dwaom)e)
= /Ud x® d(naon)(x).
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Thus,

M) =Y [ (@)wie)dota)

neva

=Y [ atduiacne)
nevd vl

_ s i
/wa > nlaon| (=)

neve

= (Y9(a) o pu)(u"?).

—

Taking G )(T) = (79 () 0, )(T') gives the existence result. Any such power series

is clearly unique. O
The power series G (T) is called the wasawa series associated to Fg)(s).

Corollary 19. Let o, € My and ¢ € R. Then for each i € N with i <q p — 2,

G(i)

D5 (T) = GX(T) + G(T) and GE(T) = GP(T).

—

Proof. Since the proof of Theorem 4 gives G (T) = v () 0 vy (T), the Corollary

follows from Lemma 19. O
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Example 20. Let s € Zg, and let 05 denote Dirac measure of mass 1 centered at s

(Example 3). Let © <q p — 2. From Ezample 13, we have

1) =Y n'dsom

neva

= Z ni(és on)

neva

= Z 7’]1:5,,7713.

nevd

As in Example 17, for each m € V4,

5,7715 : 7’]—18 c U

67]713|Ud —

0 : else

Of course, if s & (L), thenm™'s ¢ U? for allm € V. If s € (Z))?, thenn™'s € U

if and only if s € nU?, which occurs if and only if w(s) = n. Therefore,

’Y(i)<58)|Ud = Z ("71'571*13)|Ud

Now, Lemma 19 and Example 18 give

7(i)((;s) 0 Py =

nevd
— Z 771:577715|Ud
nevd
wi(s)d(w(s))qs M S (Z;)d
Qp s else
( .
w’(s)dgu(w(s))as) S (Z;)d
Qp :else
\
( .
w’(s)égu(s) .S c (Z;)d
Qp :else
\
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Finally, Example 4 gives

wi(s)TZ"(s) 18 € (Z;)d

a¥(T) =

0 : else

2.5 Iwasawa Invariants of Measures and Power Series

In this section, we assume R is a discrete valuation ring with valuation ordg :
R — NU {0} inducing the topology on R. Let m € R be a fixed uniformizer. In this
case, A(q) = Ay = R[[T — 1]]. Thus, from the discussion at the end of Section 2.2, we
have that

R[[T —1]] Z lim R[T — 1]/1I,,
—
where I, is the ideal of R[T'—1] generated by the components of the d-tuple TP"" —1.

Definition 27. Let F' € Ay be a nonzero power series, and let a,, denote the mth

coefficient of F'. The Iwasawa p-invariant of F' is the non-negative integer
w(F) = min{ordg(a,) : m € N}

Let < be any linear extension of <q4. The Twasawa \-invariant associated to < is the

element of N? given by

A< (F) = min{m : ordg(a,,) = p(F)},

<

where the minimum is taken with respect to the well order <. For a non-zero measure

a € My, we set

pla) = (@) and As(a) = A<(@).
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For each i € N® with i <4 p — 2, we set

pIY) = w(GE) and ML) = A(GD).

« «

Definition 28. For a nonzero power series F' € Ay, let
L(F) = {\(F) :x is a linear extension of <q} C N%.

For a non-zero measure o € My, let L(a) = L(Q), and for each i € N withi <4 p—2,

let LTE) = L(GY).

We pause to make one observation that will be used frequently in what follows.
Let F € Ay be a nonzero power series. Then we may write F(T) = 7/ G(T)
where u(G) = 0 and A\ (F) = AL(G) for any linear extension < of 4. Consequently,
L(F) = L(G).

When d = 1, there is a unique A-invariant for each nonzero power series F' € A;

since (N, <) is totally ordered. We denote this unique A-invariant simply by A(F').

Lemma 25. Suppose F' € Ay is such that

fOT’ Fl, e ,Fd c Al. Then
d
WF) =Y k),
i=1
and L(F) = {(A(F1), ..., AN(Fy))}, where A(F;) is the unique \-invariant for F; € A;.

Proof. For each i, we may write

where G; € Ay is such that u(G;) =0 and A(F;) = A\(G;). Then

d
F(T) = T F) 4 (Fa) H Gi(Ty).

i=1
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Put

and write
and for each 1,
Since

for all m € N?, we have that

as claimed. We also have L(G) = L(F'), so if m € L(F'), then

d
0= ord(am) = Y ord(ap,).
=1

Consequently, ord(a,,,) = 0 for all i, so that \(G;) = A(F;) < m; for all i. But this

gives (A(F1),...,A(Fy)) <a m. Since (A(F1),...,A(Fy)) is a candidate A-invariant

for G, we conclude L(F) = {(A(F1),..., A\(Fy))}.

Example 21. Let s € Zg and let 65 denote Dirac measure of mass 1 centered at s

(Example 3). Recall from Example 11 that

m
meNd

=1 = Y () - enr-)
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Since

we have (1(6s) = 0 and L(ds) = {0}.

This example also serves as an illustration of Lemma 25, since

i -1 () )

i=1 m; EN

(5)-

for all 1 <i <d, so that (T") =0 and A\(T7") =0 for all 1 <i <d. O

We have that

Example 22. Let s € Zg and let 65 denote Dirac measure of mass 1 centered at s
(Example 3). Let o = 05 — 6. Then

~ s s m

aT)=T°-1= mGNZd\{O} (m) (T —1)™ € Z,[[T — 1]).
In particular, 0 ¢ L(a). We assume s # 0 (else @ =0). Fiz an index 1 < i < d for
which s; # 0. Put n; = ord(s;), and let a; be the unique integer with 0 < a; < pit!
and s; = a; (mod p™ ). Then the only non-zero digit in the p-adic expansion of a;

is the n;th digit, and we have by Lemma 51 in Appendiz C,

(e) = ()

(1)

# 0 (mod p).
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On the other hand, for each O < k < p™, since k has some non-zero p-adic digit before

(2)-()
)t

mod p).

the n;th,

We have shown that p(a) = 0. Moreover, we have shown that the p™ie; for each
1 <i < d with s; # 0 are candidate A-invariants for o. Since 0 € L(«) and since the

p*ie; are pairwise incomparable with respect to <4, we must have
{p"e;: 1 <i<dands; #0} C L(«a).

On the other hand, suppose m € L(«). Of course, if 1 <1i < d is an index for which

s; =0, then m; = 0 since

(si) - 0 : m; > 0
m; 1 : m; =
Consequently,
m = Z m;e;.
1<i<d
$i#0

Suppose m is not one of the p™ie; for 1 <i < d with s; # 0. Because m is incompa-
rable to each of these elements with respect to <4, the above work gives 0 < m; < p™

for all 1 < i < d with s; # 0. As before, for each 1 < i < d with s; # 0, if m; # 0,

Gl) - (72) =0 (mod p).

This forces m; = 0 for all i; since m # 0, we have reached a contradiction. We

then

conclude

L(a) = {p"e;: 1 <i<d ands; #0}.
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O

Lemma 26. Let a € Mgy be nonzero and let g € C(Z3, R). Then p(ag) > p(a) (If

ay = ag, we put p(oy) = 00).

Proof. We assume «a, # «y, since there is nothing to show in this case. Let n € N%.

The nth coefficient of &, is

/Zg (Z) dag () = / g (Z)g@) da(a).

For m € N let b, denote the mth coefficient of &(T'), and let a,, denote the mth

Mabhler coefficient of the continuous function ZZ — R given by

We have

/Zd (:Z) dag(@) = Y ambm.

meNd

It follows that p(cy,) > p(w). O

The following two lemmas are the multivariate analogues of Lemma 8 in Rosenberg
(2004). These results are significant because they give information on the Iwasawa in-
variants of a measure in terms of the measure itself, rather than in terms of associated

power series.

Lemma 27. Let o € My be nonzero. Then

() = min{ordg(a(A)) : A€ L,}.

neNd
Proof. Write
a(T) =) ba(T —1)™

neNd
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Let n € N, and consider any A € L,,. Let g € C’(Zg,R) denote the characteristic
function of A and a,(g) the nth Mahler coefficient of g. Then

a(A) = /ng(a:) do(z) = Y an(g)bn.

neNd

This gives that ordg(a(A)) > p(«a), from which we find

p(a) < min{ordg(a(A)): A € L,}.

neNd

To establish the reverse inequality, it suffices to consider the case pu(a) = 0. Fix

k € N? with ordg(bg) = 0, and choose m € N such that k <4 p"™ — 1. Recall that

by, = /Z g (‘2) da(z)

T a Anrzd
_T}g[{]ld Z (k)a(a+p Zp)

a<qp’"—1

by definition

Consider any n € N? with m <; n. Fixa <4 p"™ —1. If b <5 p* — 1 and

b= a (mod p"™Z?), then Lemma 51 gives
b a
<kz) = <kz) (mod p).

> a(b+p'""Z%) = a(a + p"™Z),
b<ap”"—1
b=a (mod p"™ZJ)

Since

we have that

E b alb+p""7Zd) = E “ ala +p"™mZ%) (mod 7).
k b k b

b<gp”™—1 axqgp"™—1

Thus, the d-net

< 3 (Z) a(a + p"Z¢) (mod w)>

axqp""—1 n
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is constant for m <4 n. Therefore,

b= > (Z)a(a +p"™Z%) (mod ),

a<qp"™-1
so it cannot be that ordg(a(A)) > 0 for all A € L,,,. This gives the claimed equality
ula) = mgb{ordR(a(A)) AeL,}.
ne

Moreover, by applying the above argument to the case k € L(«), we have shown that

if k € L(«) and m is such that
k <d p/\m - 17

then

m € {n :ordg(a(A4)) = u(a) for some A € L, }.

Corollary 20. Let a € My be nonzero, let A € COy, and let A° = Zg \ A. Then

pla) = min{p(ala), p(afae)}-

Consequently, if p(a|ac) > p(a), then p(a) = p(ala).

Proof. From Lemma 26, we have that pu(als) > pu(a) and p(aac) > pu(a). Thus,
pla) < minfu(ala), plafae)}-
Now let B be any polyball. Corollary 14 gives
a(B) = a|a(B) + a|ac(B).
Employing Lemma 27 gives
ordg(a(B)) > min{ordg(a|a(B)), ordg(alac(B))}

> min{p(ala), plalae)}.
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Since the above holds for all polyballs B, a final application of Lemma 27 yields

pla) = min{p(ala), plafac)}.

Observe that if
m € {n :ordg(a(A)) = u(a) for some A € L, },
then for any ¢t € N? with m <4 ¢, also
t € {n:ordg(a(A)) = pu(a) for some A € L,}.
Indeed, each A € L,,, can be written as a finite disjoint union of elements of L;.
Lemma 28. Let a € My be nonzero. For each element m of the set
{n :ordg(a(A)) = u(a) for some A € L} C N¢
which is minimal with respect to K4, there is some X\ € L(a) such that
P V] g4 A =ap"™ - 1.

Proof. Write
aAT) =) ba(T —1)™

neNd
Fix an element m of the set

{n :ordg(a(A)) = u(a) for some A € L,} C N*

which is minimal with respect to <. It suffices to consider the case u(a) = 0. Let
n € N? and suppose that ordg(bg) > 0 for all k <4 p"™ — 1. The proof of Lemma 27

showed that

b= Y (Z)a(a +p""Z%) (mod 7),

axqp " —1
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yielding the linear system

o
Il

3 <Z) a(a + p*Z¢) (mod )

axqp""-1

in R/mR. Fix a linear extension < of 4. Then the integer matrix

[<a)]
k 0<q4a,k<qgp"™—1

(with the rows and columns indexed by those j <4 p™ — 1 and ordered by <) is
upper triangular with only 1 on the main diagonal, so is invertible. Indeed, if a < k,

then k £4 a, so that
while

for all a. In light of the linear system

3 (Z) a(a + p*Z%) (mod )

axqgp’"—1

o
Il

in R/mR, we must have that ordg(a(A)) > 0 for all A € L,,. By the definition of m,

we therefore must have that
La)N{ke N k <4p"™ —1} # 0.

On the other hand, let m € N and suppose that ordg(a(A)) > 0 for all A € Li,.

Let k <4 p™ — 1. The proof of Lemma 27 showed that

b = Z (Z)a(a +p""ZY) (mod ),
a<qgp""—1

so that ord,(bg) > 0. By the definition of m, we thus have that

Lie)Nn{keN: kg pM™me) 1} =0
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for all 1 < i < d with m; # 0. Combining this with the above gives that there is
some A € L(«) with

1p" ™ Y] 24\ <ap"™ - 1.
O

Example 23. We return to the two power series considered in FExample 21 and
Example 22. Certainly, 6s(Z,) = 1. Lemma 27 gives that u(ds) = 0, while Lemma 28
may be applied with m = 0 to deduce that L(ds) = 0.

In Ezxample 22, we considered o = §g — 0g, so a(T) = T° — 1 for s # 0. Let
n; = ord(s;) if s; #0 and n; =0 if s;, = 0. Put n = (ny,...,ng). Then

s =0 (mod p""ZY),

but

s # 0 (mod p""VZY).

Thus

a(p/\(n-i-l)ZZ) _ 5S(pA(n+1)Z;l) _ 50(pA(n+1)ZZ) = —1.

Lemma 27 gives that () = 0. On the other hand, for each m <4 n,
a(p' ™ T = 6, (9T — So(p T = 0.
Now for each 1 <i < d with s; # 0,
s # 0 (mod p"(nitedy,
so that

Oé(p/\((m—i_l)ez)Zg) — 5S(p/\((nl+1)ez)Zz) _ 60<p/\((nl+1)eZ)Zg) — _1
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However, if m <4 (n; + 1)e;, then m <4 n. Consequently, the (n; + 1)e; for those i

with s; # 0 are minimal elements of the set
{n :ordg(A) = pu(a) for some A € Ly,}.
Lemma 28 gives for each i with s; 20 a \; € L(«) satisfying
prie; <g Ai <a pMMDE) 1 = (prit! —1)e;.

Consequently, \; = m;e; for some p™ < m; < p™*tt. Thus, the \; we have identified
are distinct elements of N®. As we saw in Example 22, \; = p™e;, and the collection

of all \; for those i with s; # 0 is precisely the set L(«). O

Lemma 29. Let a € My. Suppose g, gy € LC’(ZZ, R) are such that for all n € N4,
ordr(g(n)) > 0 if and only if ordg(go(n)) > 0. Then pu(ay) = 0 if and only if

,U(O‘go) = 0.

Proof. Fix m € N for which ¢ and gy both factor through L,,,. For any n € N? with

m <qn and A = a+ p""Z] € Ly, we have

If p(ay) = 0, then we may choose m <4 n and A = a + p""Z! € L, such that
0 = ordg(cy,(A)). Using the first line above, we must have that ordg(g(a)) = 0 =
ordg(a(A)). But then ordg(go(a)) = 0 as well, and we find 0 = ordg(cy,,(A)). Thus,

f(ay,) = 0. The converse follows in the same manner. O

In Ay, for n € N? and m € N, we define the ideal

T (™) = (2™ (Ty — 1)™,..., (Ty — 1)").
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Observe that if m € L(«), then for all m + 1 g4 n,
a(T) 2 0 (mod Jy, (7)),
Conversely, if
a(T) # 0 (mod Jp(7™))
for some n € N and m € N, then u(a) < m and there is m € L(a) with m <, n.

Lemma 30. Let a € M, be nonzero, and let by, denote the mth coefficient of a(T).
Let < be a linear extension of <q. Suppose p(a) = 0 and set X = Mi(a) € N¢. For

any a € (L)%,

In particular, p(aoa) =0 and X\ € L(a o a).

Proof. We have

— 1

(a0 a)(T) = a(T"*

Y e -y
meNd

= Z by (T — 1)™ (mod ).
m7<d)\

But for any m € N¢,
1 i
f1-1/\a*1 — 1\ — a; _ 1Y\ks )
( ) H(Z(ki)m D

If m £4 A, then m; > \; + 1 for some 7. But if m; > \; + 1, then

k;>0
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Thus,

(a0 a)(T) = n; b (T = 1)™ (mod )
= b\(T"* " —1)* (mod Jys1(7))
- bH ()~ 1>)Ai (mod Jy ()
= by(a")NT — 1) (mod Jyiq(7)).
This gives u(aoa) =0 and A € L(a o a). O

Lemma 31. Let a € My, with a|ya nonzero. Then p(a|ya) = p(a o @y,).

Proof. Write

—_—

alpa(T) = Y am(T—1)™ and ao@u(T)= Y  bm

meNd meNd

Lemma 20 gives

o= [ (=)o) = | g (7 dtao @

for all m € N¢. Let ¢,, denote the nnth Mahler coefficient of the continuous function

f:Z%— R given by f(x) = (“”jr(:”)). Then

am:/zg (‘pﬁ@)dao% =3 cabn

neNd

for all m € N This gives pu(a|ye) > (e o ¢y,). Similarly, Corollary 18 gives

Gt [ (1)

for all m € N?. Let d,, denote the nth Mahler coefficient of the continuous function
f: Zg — R given by f(x) = (%;(w)) (recall the discussion following Lemma 20).
Then

-1
_ Pu ()
b = /Zd ( ) dov|ra(x E A

neNd
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for all m € N This gives p(a|pe) < plao py). O

The following alternate argument for Lemma 31 mimics the proof in Rosenberg

(2004).

Alternate Proof. Let n € N and take any A € L,,. Then since ¢,, maps L,, to Lpy1,

we have

ordg((cv o vu)(A)) = ordr(a|ya(p.(A)))

> min{ordg(a|ya(B)) : B € Lpy1}

> pafya).
Applying Lemma 27 gives
plao py) = Irgn{ordR((oz owyu)(A)) : A€ Ly} > p(alya).

By Lemma 27, there is n € N? and A € L,, with

p(a]ya) = ordp(alya(A)).

For any n <4 m, we can write A as a disjoint union of polyballs in L,,, say

t
A=||B.
k=1
Since

0 = ordg(a|ya(A))) > min {ordg(alye(Bi))},

T i<k<t
we may assume that 1 <4 n by replacing A with a suitable polyball contained in A
if needed. Since ordp(a|ye(A)) = ordg(a(A N U?)) is finite, necessarily AN U9 # 0.

But since A is a polyball of level greater than that of U, it must be that A C U? (see
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Appendix A). Consequently, A = ¢, (B) for some B € L,,_;. But now

plalys) = ordp(alye)(A)
= ordg(alya(pu(B))

= ordg((a o ¢u)(B)).
Lemma 27 now gives pu(c|ga) > (oo pq). O

The following result is a slight strengthening of Theorem 2 from Childress and
Zinzer (2015). This proposition is a natural multivariate analogue of the univariate

results found in Kida (1986), Childress (1989), and Satoh (1992).

Proposition 12. For any nonzero o € My, componentwise multiplication by p gives

a bijection L(c|ga) = Lo o).

Proof. By Lemma 31, it suffices to consider the case pu(a|pa) = 0 = p(ao ¢,). In
Childress and Zinzer (2015), an application of Lemma 51 gives that L(a|y«) C pN%
the proof then employs Lemma 7 and a result of Satoh (1992) to relate A-invariants of
alpe and « o . Together with an application of Corollary 1, the proof in Childress

and Zinzer (2015) gives that for each A\ € L(a o ¢,,), there is a € L(a|ya) with
a <q pA.

Since a € pN¢, we have p~'a <4 A\. The proof in Childress and Zinzer (2015) further

gives that for a fixed linear extension <,

M(wopy) <pla

for all @ € L(a|ya). When coupled with the fact that p~'a <4 A for some a € L(ayq)
discussed above, this gives that pA € L(a|ya) for every A € L(a o ¢,,). Therefore,

multiplication by p is an injection L(c o ¢,,) — L(c|ya).
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Now let @ € L(aya). As above,

M(aopy) <pla

for every linear extension <. By Lemma 4, it follows that p~'a must be comparable
with respect to <4 to some b € L(a o ¢,). But now a is comparable to pb with
respect to <4, and pb € L(a|ya), giving that @ = pb by the definition of L(ca|a).
This shows that multiplication by p is a surjection L(a o ¢,) — L(c|ya).

O

Corollary 21. Let a« € M. If < is a linear extension for which multiplication

by p preserves minimal elements when viewed as a map L(a o ¢,) — L(a|ya), then

Az(alpa) = pAs(ao py).

Recall that if < is a monomial order on N¢, then multiplication by any integer n >
1 is an order-preserving injection (N, ) — (N? ) (see Lemma 5). Consequently,
any monomial order satisfies the hypotheses of Corollary 21. See Childress and Zinzer
(2015) for some consequences of this last fact for A-invariants associated to monomial

orders.

Example 24. [t is worth noting that Ai(a|ya) = pA(a o ¢y) need not hold for
every a € My and every linear extension <. For instance, take d = 2 and fix
w € U? with u; a topological generator for U for i = 1,2. Let a = §, — d1. Then
a = a|y2 by Example 14, and cvo p,, = 61 — 0g by Example 18. Example 22 gives that
L(a o py) = {e1, e}, so Proposition 12 gives L(a|y2) = {pe1, pes}. By applying the
initial construction in Lemma 4 twice and then Theorem 1, there is a linear extension

< for which e; X ey, but pes < pe;. O

96



2.6 Product Measures

In these final two sections, we specialize to the cases d = 1 and d = 2, as these
will be the setting for the applications in Chapter 3. We explore the construction of
product measures to produce elements of My from elements of M.

As we have noted before, a polyball A in Z?, is of the form A = A; x A,, with

each A; a ball in Z,,.

Definition 29. Let o, 8 € M. Suppose A € CO5 and A = A; X Ay with Ay, Ay €
CO;. We define

(a® B)(A) = a(A1)B(As).

At the moment o ® [ is defined only on a subset of CO;. We will show that
a® B € My by showing that we can extend v ® f to a function on all of CO; by
additivity. That is to say, for A € C'O,, we can write

A=||B,
i=1
with each B; of the form B; = Bfi) X Bzi) with Bfi), Bzi) € CO; (e.g., we may take

the B; to be polyballs in Zﬁ). We wish to show that

n

(@@ B)(A) =) (a®p)(B)

i=1

gives a well defined function CO, — R. This will follow from the following two
lemmas, the proofs of which were inspired by the introductory material in Petalas

and Katsaras (2010).

Lemma 32. Let o, € M. Let A = A; x Ay be compact open in Zf, with each

A; € COq. Suppose

i {)n
k=1
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where each By = BY x B with BY, B¥) € CO,. Then

n

(a®B)(A) = (a®p)(By).

k=1
Proof. We induct on n. Certainly, the result holds for n = 1. Suppose now that there
is n > 1 for which the result holds all i < n. Let A = A; x Ay be compact open in

Z2 with Ay, Ay € COy, and write
A=||Bx
k=1

where each By = B%k) X Bék), with B%k),Bék) € C'O;. By the induction hypothesis,

we may suppose By, # () for all 1 < k < n. We have

n—1
| | Bi = A\ B,

k=1

— AN B
— (A1 x A2) 1 (B x Z,) U (2, x (BY"Y)

= (4N (BIM)) % A) U (Ar x (4511 (BSY)))

Note that A; N B§k) = B§k> and Ay N Bék) = Bék) for all 1 <k < n. The calculation

above gives

(A, N (B™)e) x Ay = ((Al A (BM)e) x AQ) N (D Bk)

k=1

i
L

(AN (B n BY) x (4,1 BY)

S =
Il
_

n)\c k k
(B! n By x B

e
I
—_
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and
)% (Ay N (BSY)°) = (A1 N BYY) x (A5 1 (BSY)°)

- ((A1 N BM) x (4, N (B§">)6)> N (D Bk)

k=1

|_| A n B N BWY x (A, (BSM)e n BY)

S =
Il
_

n k n)\c k
| |(BI" nBY) x ((B{)en BY).
k=1

The sets (BYL))C N B§k), BYL) N B%k), and (Bén))C N Bék) are compact open in 7Z, for all

1 <k <n—1. The induction hypothesis gives

n—1

(0 B) (4 N (B")) x Aa) = Y (@ B) ((B") N BYY) x BY)
(0 ) (B < (421 (B)9) = (e ) (B 0B < (887 0 B

k=1

Let k < n. We have

(a® B)(Bi) = a(B{)B(B)

—a (BP0 B u BP0 BM) sBY)

= a(B{" n B")B(BY) + a(B” 0 (B{"))8(BL")

= a8 BB (B 0B U (B 0 (BI)))

+a(B N (B{"))B(BY)
= (B n BB n BYY)
+a(B N BB N (BS)) + a(BY 0 (BI))B(BL).

However, if both B N B{™ = () and B N B{™ + 0, then By, N B, # 0, which is a

contradiction. Thus,

a(B® n B p(BF n B = 0.
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This gives

(a® B)(By) = a(B N BI")B(BYY N (BY")) + a(B n (B))B(BS")
= (@@ p) (BP0 (B)) < (B 0 (B{")))

+(aw8) ((BY n(BM)) x BY) .
Finally,

(a® B)(A4) = a(A1)B(A2)
= a (4N (B")Y) U (4N B")) B(4s)
— (A N (B™)9)B(As) + a(BM)B(As)
= a4y N (BI))8(43) + a(BM)8 (42 0 (BV)) U (45 1 BYY))
= a(A N (B{"))8(A2) + a(BY")8(4: N (BS")) + a(B}")B(By")
= (@@ ) (4N (B")) x 4s)

+ (@@ 8) (B x (40 (BI))) + (@ @ B)(By)

—_

n—

- ( (e 9) ((B) n B x Bé’“))
(3
( (0 ﬁ)(&)) )8

(a® B)(By),

k=1

as needed. O

£
Il
—
—

(@ 8) (B N BY) x (B Bé’“))) +(a @ B)(By)

£
Il
—

3
—

£
Il
—

Lemma 33. Let o, 5 € My. Suppose

L4 =B
k=1

J=1
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where the Ay, B; € COq are such that A, = Agk) X A;k) and Bj = ij) X Béj) where
Agk),Aék),By),Béj) € CO; foralll<k<nandl<j<m. Then
D (@@ B)(Ar) =) (a® B)(B;).

k=1 =1

<

Proof. For each 1 < k < n,

b
Bl
I
s
Bl
D
A h
-
=
N——

(i
j=1
= |_|(Ak N B;)
j=1

and for each 1 < j <m,

<
Il
—

e
Il
—

I

[
&
D)
o
£

e
Il
—

Foreach 1 <k <nand1<j<m,
Aen By = (A" n BY) x (45 n BY),
where Agk) N ij ) and Agk) N Béj ) are compact open in Z,. By Lemma 32,

(@@ B)(A) = ) (a® f) (AN By)

M- 114z

(a®B)(B)) = ) (a®p)(AxN Bj).

k=1
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But now

\E

> (a® B)(A) (0 ® B)(Ay N By)

1

e
I
—_
e
I
—_

<

3 |l

(a® B)(Ax N Bj)

M

<

Il
—
e

Il
—

NE

(o ® B)(B;)-

<.
Il
-

Proposition 13. Let a, f € M. Suppose A € COs, and write
A= |B,
k=1

where each By, € COy is of the form By, = B§k) X Bék) with B%k), Bék) € COy. Then

(a®B)(A) =D (a® B)(By)

k=1
gives a well-defined element a ® B in Ms.

Proof. Lemma 33 gives that a ® [ is a well-defined function C'Oy — R which is

additive on disjoint unions. Further, for any A € C'O,, it is clear that
(e ® B)(A)lr < llallullBllu,
the two norms on the right denoting the supremum norm on M. O

Example 25. Fiz s,t € Z,. Consider the measure 65 ® 6y € Msy. Let A be a polyball
in 22 and write A = Ay x Ay with Ay, Ay balls in Z,, then

(0s @ 6;)(A) = 05(A1)d¢(As)

B 1 :(s,t)e A
0 :(s,) ¢ A
- 6(s,t)(A)
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By Lemma 7, 65 @ 0; = 0(s,1).- O

We endow M; x M with the maximum norm:

(e, )| = max{[|lfu, || 5w},

with || - ||, in the line above representing the supremum norm on M;.

Lemma 34. Let oy, an, By, P2 € My, and ¢ € R. Then

(a1 +az) @ f1 = (a1 ® 1) + (a2 @ fy)
a1 ® (B1+ B2) = (1 ® B1) + (1 ® Ba)

(Cal) ® B = C(Oé X 5) = ® (Cﬁl).
Furthermore, the map (a, f) — a ® B is continuous My X My — Ma.

Proof. Let A be a polyball in ZI% and write A = A; x Ay with A, A, balls in Z,,.

Then
(1 + a2) @ Br) (A) = (a1 + az)(A1) 51 (A2)
= (en(A1) + az(A1)) Br(Az)
= a1(A1)B1(Az) + a2(A1)Bi(As)
= (a1 ® B1)(A) + (a2 ® 1)(A)
and

(a1 ® (B + B2)) (A) = ar (A1) (B1 + B2)(A2)
= a1 (A1) (B1(A2) + B2(A2))
= a1(A1)B1(A2) + a1(A1)B2(Asz)

= (o1 ® B1)(A) + (1 ® Ba2)(A)
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and

((car) ® B1) (A) = (cay)(A1)B1(As)
= (con(41)) Bi(A2)
= ¢(on(A1)F1(A2))
= (c(a1 ® B1))(A)
= ¢(on(A1)F1(A2))
= (A1) (cf1(Az))
= a1 (A1) (cBr)(Az)

= (1 @ (cfr)) (A).
By Lemma 7, we have

(a1 +az) @ f1 = (a1 ® 1) + (2 @ fy)
a1 @ (1 + B2) = (1 ® B1) + (1 @ Ba)

(car) ® B =cla® fB) = a1 @ (cf),

as claimed.

For continuity, we saw in the proof of Proposition 13 that

(e @ B)llu < lledllull Bllu

for all o, B € M;.
Let (o, B) € My x Mj and € > 0. Fix

. g
0<5<m1n{1,m}.

Let (Oél,ﬁl) c M1 X M1 with

(e, ) = (au, B1) || = max{la — allu, [|B = Prllu} < 0.
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Then

[(n @ B1) = (@@ P)|lu = [[(a @ (B = F)) + (1 = @) @ (B = B)) + (1 — @) @ B) |
< max{|ja @ (B = B)llu (1 = @) @ (81 = B)llu: (2 — @) @ Bllu}
= max{||allu]|Br = Bllus [ler = allul|Br = Bllus llar = efull B}
< max{l|all.3, 0%, [|B]|.0}

<E.

This gives the continuity of the map (a, 8) — a ® 3. O

Lemma 35. Let o, 8 € My. Suppose f € C(Zf,,R) is such that there are g,h €
C(Zy, R) with
f(@) = g(x1)h(z2)

for all x € Z2. Then

RICLEVCE ( / (@) da<x>> ( /

Proof. For n € N? and n € N, we put

P

fa®)= Y f(a)gan(x) € LO(Z},R)

p"—l

gn(@) = Y 9(b)gon(z) € LC(Zy, R)

b=0

ho(z) = Z_ h(c)gon(x) € LO(Z,, R).

The 2-net (f,) converges uniformly to f, and the sequences (g,) and (h,) converge
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uniformly to g and h, respectively. Note that

Zan(w)d(oz@B)(w): Y. fla(awb)la+pzy)

a<opm—1

= > glahlealm +p"Z,)Bla+ P L)

— <§3 g(b)a(b+pmzp)> <§3 h(c)ﬂ(c+p"2Zp))
b=0 c=0

- (/Z Gy () da(x)> (/Z Fing () dﬁ(%)) :

Taking the limit on n € N? gives

| F@)da e p)a) = ( / g(x)da<x>> < / h(x)dﬁ(a:)),

as claimed. O

Corollary 22. Let o, 5 € My. Then

—

(a® B)(T) = a(T1)B(Tb).
Proof. Let n € N*. For x € Z2,

(2)-(E)

—

Using Lemma 35, we find that the nth coefficient of (o ® ) is
x x x
[ (2)dawpia - (/ ( )da(x)) </ ( )dﬁ(x)) ,
zz \n z, \T1 Zp \2
which is the nth coefficient of &(Tl)g(TQ). O
Corollary 23. Let a,aq, 5,51 € My. Then

(a®B)* (a1 ® B1) = (a*xar) @ (B *p).

Consequently, the map o — a ® dy is a norm-preserving embedding of R-algebras

M1 — MQ.
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Proof. We have

— —

(e @B (a1 ® B)) (T) = (@@ B)(T)(r ® B)(T)
= a(T1)B(T2)a1 (TI)B\I(T2)
Q(T))an (T1)B(T2) 5 (T3)

= (a* a)(Th)(B * B1)(T2)
= ((axa)@Bp)) (T).

Now, we saw in Example 5 that
50 * 50 = 50+0 = 50.

The above work, together with Lemma 34 gives that a — a ® Jy is an R-algebra

homomorphism M; — Ms. If a ® §g = ay, then for any A € COy,
0= (a®d)(AxZ,) =a(A)d(Z,) = a(A).

Thus, the map a — a®Jq is injective. Similarly, we saw in the proof of Proposition 13
that

la @ ollu < lledlulldollu = ller[lu-

Since a(A) = (o ® dg)(A x Z,,) for all A € CO;, we have
lefu < flor @ dolfu-
Thus, the map o — a ® Jy is norm-preserving. O

We will identify M with its image in My under the embedding o +— a ® dg. In

particular, we will write g for the zero measure in both M; and M.

Lemma 36. Let o, 3 € My, and let a € (Z))*. Then

(a®p)oa=(aoa;)® (B oay).
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Proof. We have

—

(a® B)oa)(T) = (a® AT
= ATy BT
= (a0 a)(T1)(B o az)(T2)
_ <(a oa1) @ (B o a2)> (T).

The equality of power series gives the claimed equality of measures. O

Lemma 37. Let o, f € My. Suppose g € C’(Zf,, R) is such that g(x) = g1(x1)g2(x2)
for some g1, g2 € C(Z,, R). Then

(@@ B)g = g @ Py,

Proof. If f € LC(Z2, R), then f(xz) = fi(z1)/fa(x2) for some fi, fo € LC(Zp, R).

Lemma 35 gives

[ f@)ias )@ = [ @@ das o))

We obtain
. f(z)d(a® B)y(z) = g f() d(og, ® By, ) ()

for every f € C (le,, R) by realizing f as a uniform limit of locally constant functions.

O

108



Corollary 24. Let o, € My. Suppose A € COsq is such that A = Ay x As, with
Al,AQ S COl Then

(a®B)a=als, ®Ba,.

Proof. Since A = Ay X Ay, we have that ga(x) = ga,(21)ga,(x2) for all @ € Z2. The

Corollary now follows immediately from Lemma 16 and Lemma 37. 0J

Lemma 38. Let o, 3 € M. Let u € U? be such that uy, uy are topological generators
of U. Then

(@®B)opy=(aopy)®(B0owy).

Proof. Let A be a polyball in Zl%, and write A = A; x A, for balls Ay, Ay in Z,,. Since

QOM(A> = Puy (Al) X Puy (A2)7

we readily obtain

(e @ ) o pu) (A) = (a® B)(pu(A))
= (@ @ B)(pu, (A1) X pu, (A2))
= a(Puy (A1) B(u,(A2))
= (a0 pu,)(A1)(B 0 pu,)(A2)

= (a0 pu) @ (Bopu)) (A).

Thus,

(@® B) oy = (aopy)®(Bopy)

by Lemma 7. O
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Corollary 25. Let o, 8 € My. For each © <o p — 2,

190 B) =+ (0) ©40)(5)
Pizs(s) = T6 (s0)05 (52)

«

G L(T) = GO(T)GS (1),

Finally, suppose R is a discrete valuation ring, as in Section 2.5.

Lemma 39. Let o, € My. Then pula ® 8) = ula) + u(B), and Lla @ ) =
{(M(a), A(B))}, where XNa), \(B) are the unique univariate A-invariants of o and f3,

respectively.
Proof. This is a special case of Lemma 25. O

Example 26. Let a« € M, be nonzero and let s € Z,. In Example 21, we saw that

1(0s) =0 and A(0s) = 0. Consequently,

pla®ds) = pla),
and
L(a®d,) = {AM(a)er}.
When o = &y for some t € Z,, we saw in Example 25 that d; ® 65 = dy,5). The

above gives ((0(,5)) = 0 and L(6¢s)) = {0}, as shown in Example 21. O
2.7 Pseudo-Polynomials

We continue to assume that R is a discrete valuation ring with valuation ordg

and uniformizer w. We will use the fact that

R[T — 1]} = 1im R[[Ty — 1)][[T> - ] (T3" ~ 1)
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under the current assumptions on R.

Definition 30. A (one-variable) pseudo-polynomial over R is a power series F' € Ay

which can be written in the form

T) =Y T,
k=1
where ¢, € R and xy, € Z,, for each 1 <k <n.

Definition 31. A pseudo-polynomial in Ty over R is a power series F' € Ay which

can be written in the form

Tl,T2 ng T1 2 )

where g, € Ay and x € Z, for each 1 < k < n. If the g, are all of the form
g(Th) = ¢ TV* for ¢, € R and yx € Z,, then F is called a (two-variable) pseudo-
polynomial over R. We say that o € My is a pseudo-polynomial measure in Ty if &

1s a pseudo-polynomial in T,.

Let
F(,Ty) = Z gr(T))T:

be a pseudo-polynomial in 75 over R. If o € M; is the measure associated to g,

then the measure o € My associated to F' is

o= Zak ® O, -
k=1

If I is a two-variable pseudo-polynomial over R, then each oy = ¢xd,, for some ¢, € R

and y, € Z,. Then

n

o = Z(Ckéyk ® 5xk Z Ck5 Yk k)

k=1
From the discussion in Appendix B, we see that the collection of all pseudo-

polynomials in T over R forms a subring of Ay = R[[T} — 1,T» — 1]].
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Using the results from Section 2.6 and the examples from Section 2.4, we can

describe the I'-transform of a pseudo-polynomial in 75 explicitly. Let

F(TTo) = ) g(T)T3"
k=1

be a pseudo-polynomial in 75 over R with associated measure

o= Zak ® O, -
k=1

Fix 2 <o p — 2. Then Corollary 25, Example 20, and Lemma 34 give

Y e) =Yy ) ©7(8,,)
k=1

=> ") ® (Z 77”%%)
k=1

nev
=>_ > (™) ®01s,) -
k=1 neV

Now, n~'x € U if and only if x; € ZX and n = w(xy). Consequently, Lemma 13

and Lemma 24 give

Y ()| = Z Z (ni27(il)(ak)|U ® 012, |U)

k=1 neV

_ Z (wiz(xk)fy(il)(ak)‘[] X 5wi2(m;1)mk) .

1<k<n
xkEZ;f

Finally, Lemma 19 and Lemma 38 give

1@ ogu= 3 (@ @)™ (ar) 0 Pu) ® (Saria, © Pua) )

1<k<n
T GZ;;

= Z (u)i2 (:L’k) (’Y(il)(ak> © 90u1) ® 6%2(5%)) )

1<k<n
xkEZ;

SO

GOT) = 3 () GO (T Ty,
1<k<n
xkEZ;
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Q)
Il

Proposition 14. Suppose o € My is a pseudo polynomial measure in 1. If
0 (mod T¢" —1), then for each i <o p — 2,

—

~@ (o) =0 (mod T — 1)

and
G =0 (mod Té’nf1 —1).
Proof. Let
o= Z g ® oy,
k=1
and write

a(T) =>_ ge(Ty)T3",
k=1

so that @), = gj. Suppose that @ = 0 (mod T —1). Since

p"—1
a(T) = Z Z ge(T)TS (mod TP — 1),
a=0 1<k<n

zr=a (mod p™)

we must have that

>, a(M)=0

1<k<n
zr=a (mod p™)

for all 0 < a < p", as the T3 are distinct and A;-linearly independent modulo the

ideal (TF" — 1) of Ay = Ay[[T5 — 1]] (Appendix B). But then

ap =y Z ag | = Z 7 ()

1<k<n 1<k<n
rr=a (mod p™) zr=a (mod p™)

for all 0 < a < p™. Thus, for each n € V,

aw= > 0
1<k<n
zr=a (mod p™)
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for all 0 < a < p™. It follows that

p"—1
%0 = Z Z 2y () | @ 6,14
a=0 1<k<n

zr=a (mod p™)
We have

—

1O(@)(T3,T2) = 32 0O aw) ()T

=33 Y @ @)T)TY (mod T — 1)

a=0 nev 1<k<n
zr=a (mod p™)

pt—1 . -
=S 1Y Y )@ (mod ¥ - 1)
nev a=0 1<k<n

zx=a (mod p™)

=0 (mod TZ" —1).
On the other hand, we also have that

aw= > A" w)op,
1<k<n
zr=a (mod p™)

for all 0 < a < p". Since z; = a (mod p") implies w(xy) = w(a), we further obtain

w= 3 w@) (W) o)

1<k<n
zr=a (mod p™)

for all 0 < a < p".
But since £,,(r) = b (mod p"~ 1) if and only if (z) = u} (mod p"), we have that

w= Y wl@) (W) o)

1<k<n
Lug, (zx)=b (mod pn~1)
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for all 0 < b < p"~!. From this, it follows that

— —

i i ; Lo (T
(YD) 0 ) (T, To) = Y w () (70 () © 9, ) (T1) T3>
1<k<n
wkEZ;
p"71—1 -
= > S el {ar) o pu )(T1) | T3
b=0 1<k<n
Lyy (z)=b (mod pm~1)
(mod Té”nf1 —1)

n—1

=0 (mod Ty~ —1).
O

Corollary 26. Suppose (F,) is a sequence in Ay of pseudo-polynomials in Ty such
that F,, = F,, (mod T¢" — 1) for all m > n. For each n € N, let o, be the measure
associated to F,. Let F'=1lim F,, and let o be the measure associated to F'. Then for

alli <o p—2,

O

We will use the following one-variable result (see Rosenberg (2004) or Childress

and Zinzer (2015)) to describe the invariants of a pseudo-polynomial in T, over R.

Theorem 5. Let
F(T) =Y ¢T"
k=1

be a nonzero pseudo-polynomial in Ay with the xy, distinct elements of Z,. Put

S ={k : ordg(cx) = min{ordg(¢;) : 1 <i < n}}
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and define
N = N(F) := max{ord,(zy — ;) : k,l € S,k # 1}

(with max(()) = —1). Then

w(F) = min{ordg(cg) : 1 <k <n}
and M\(F) < pN*L.
Proof. Let o € M be the measure associated to F', so that

n
a= g kg, -
k=1

First, for any n € N and any A € L,

ordg(a(A)) = ordg Z ck5xk(A)>
k=1

= Ol"dR Z Cr

1<k<n
€A

> min{ordg(cg) : 1 < k < n}.

By Lemma 27,

w(F) > min{ordg(cx) : 1 < k <n}.

By the definition of N, the x; for k € S are distinct modulo p™*!. Fix any s € S

and put A = x, + p"™Z, € Ly;;. Then x, € A for all k € S\ {s}. Since
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ordg(cx) < ordg(cs) for all k£ & S, we have

ordp(a(A)) = ordg | Y ckémk(A))

k=1

= ordp Z Cr,

1<k<n
€A

=ordgp | ¢s + Z Cr,

k&S
€A

= ordg(c).
By Lemma 27,
w(F) <min{ordg(cg) : 1 < k < n},

so we must have

p(F) = min{ordg(cg) : 1 < k < n}.
Furthermore, Lemma 28 now applies to give \(F) < pV T, O

Theorem 6. Let
F(T) =) gi(T)T3* € Ay
k=1
be a nonzero pseudo-polynomial in Ty over R with the x, distinct elements of Z,. Let
S =A{k: p(gr) =min{p(g:) : 1 <i<n}}
and let
x = {ke s\ =m0} |
Define
N = N(F) := max{ord, (zy, — ;) : k,j € X,j # k}
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(with max () = —1), and put
¢ =min{\(gx) : k € S}.

Then

u(F) = min {u(ge) : 1 < k < n}

and F' is nonzero modulo the ideal J(HLPNH)(W“(F)“). Moreover, there is some \ €

L(F) with A <o (€, pNT1 —1).
Proof. 1t suffices to consider the case where
0=min{u(g):1<i<n}.

For k € X, let ¢, denote the ¢th coefficient of g.(71). By the definition of X and S,
ordg(cx) = 0 and

Ck(Tl —1)£ ke X

ge(Th) = (mod 7, (T} — 1)),

0 kg X
Consequently,
F=Y Ty — 1)'T5* (mod m, (T — 1))
keX
= (T, — 1) Z e Ty* (mod m, (Ty — 1)“h).
kex
Put

G(T) =) T € A\ {0}.

keX
By Theorem 5, u(G) = 0 and A(G) < pV*L. Certainly, u((T — 1)%) = 0 and (T —

1)Y) = ¢. By Lemma 25,

(Ty = 1) exTy* # 0 (mod iy (1)),
keT
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and the (¢, \(G))th coefficient of

(T = D)"Y alst = (T - 1)'G(Ty)
keX

is nonzero modulo 7. Since
F= (T, — 1)'G(Ty) (mod Jpyq v (7)),

this gives that p(F) = 0, and we have shown that the (¢, \(G))th coefficient of F
is nonzero modulo 7. Thus F' is nonzero modulo the ideal J(ZHJ,NH)(W“(F )+1), and

there exists A € L(F') with

A <o (6MG)) <o (6,pN T —1).

Corollary 27. Let

F(T) =) gi(T)T3* € Ay
k=1
be a nonzero pseudo-polynomial in Ty over R with the x) distinct elements of Z,,

and retain the notation from Theorem 6. FEvery m € L(F) satisfies ¢ < my and

my < pNtL.

Proof. It will suffice to consider the case u(F) = 0. Let m € L(F). Then in
particular,

F 20 (mod (r, (T} — 1)™T1)).

However, by the definition of the sets S and X,
gx(Ty) =0 (mod (r, (T1 — 1))
for all 1 < k < n. It follows that

F =0 (mod (r, (T} —1)%).
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This gives ¢ < m;. Furthermore, Theorem 6 gives that there is some A € L(F) with

A <o (€, pNTt —1). Thus, if my > pV T, then
A <2 (EapNJrl - 1) —2 M,

contradicting that m and A are incomparable with respect to <s.

Corollary 28. Let
G(T) = gu(TV)T35"
k=1
be a nonzero pseudo-polynomial in Ty over R with the x;, distinct elements of Z,, and

let N = N(G) € N be as in Theorem 6. Let F' € Ay be any power series with
F =G (mod TfNH —1).
Then u(F) < u(G).

Proof. 1t suffices to consider the case where p(G) = 0. For a contradiction, suppose

w(F) > 1. Then

0= F (mod )
=G (mod (m, TV —1))

= G (mod Jyn+1e,(T)),
but this contradicts Theorem 6 for G. O

Corollary 29. Let
G(T) =) gu(T)T3*
k=1

be a nonzero pseudo-polynomial in Ty over R. Suppose F' € Ny is a power series with

F =G (mod TV —1)
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and W(F) = p(G). Let % be a linear extension of <4, and suppose that the second
component of A\x(F), Ax(F)a, is such that Ax(F)a < p". Then G is nonzero modulo
the ideal Iy_ (g1 (7"FFY) and there is m € L(G) with m <q Ax(F). In particular,

A (G) < A(F).

Proof. 1t suffices to consider the case p(F) = 0 = u(G). By definition, F' is nonzero

modulo the ideal I)_(r);+1 (7). Since we have assumed A (F) < p”,
<T2pn -1)C <7TvT2pn — 1) = Jyne, (1) C J>\<(F)+1(7T>’

and we have that

F =G (mod Jx (r)+1(7)).

Consequently, G is nonzero modulo the ideal I_(r)41(7). Since AJ(F) <4 A(F) +1,
and the AL (F)th coefficient of I’ is nonzero modulo 7, also the A (F')th coefficient of

G is nonzero modulo 7. Thus, there is m € L(G) with m <4 AL(F'), so that
A (G) S m L (F).
U

Our main application of Theorem 6 and its corollaries will be to certain convergent

sequences of pseudo-polynomials in 75 over R. Recall
R[T — 1]} = 1im R[[Ty — 1)][[T> - ] (T3" — 1)

under the current assumptions on R. Suppose (F,).en is a sequence of non-zero

pseudo-polynomials in 7, over R such that
n+1
F,=F, (mod TV —1)
for all n < m. Then (F},) converges to a unique power series F' € A, satisfying

n+1

F=F, (mod Ty —1)

121



for all n € N.

Proposition 15. Suppose (F),)nen s a sequence of non-zero pseudo-polynomials in
T5 over R such that

n+1

F,=F, (mod TV —1)

for alln < m, and put F = lim F,,. Suppose N(F,) <n for alln € N, where N(F,)
is as in Theorem 6. The sequence (u(F,)) in N is eventually constant and equal to
w(F). For each linear extension < of <2, the sequence (A<(F,)) in N? is eventually

bounded with respect to < by Ax(F).

Proof. Fix a linear extension < of <. Corollary 28 gives that (u(F,), is a decreasing
sequence in N and that p(F) < p(F,) for all n € N. It suffices to consider the case
u(F) = 0. The sequence (u(F,)), is eventually constant, and we fix m € N with
w(F,) = u(F,,) for all n > m. Enlarging m if necessary, we further assume that
A<(F)g < pmtt.

Suppose u(F,,) > 0, so that F,,, =0 (mod 7). Then

m—+1

F

F (mod (m, Ty —1))

0 (mod (m, (T, — 1)P" ).

But this is impossible since u(F) = 0 and AS(F)y < p™™!. Consequently, u(F) = 0,
so that u(F,) = p(F) for all n > m. We may now apply Lemma 29 to obtain
A< (Fn) < A(F) for all n > m. O
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CHAPTER 3

AN APPLICATION TO YAGER’S TWO-VARIABLE p-ADIC L-FUNCTION

Finally, we give an application of some of the results of Chapter 2 to the objects
appearing in the work of Yager (1982). In this chapter, we borrow and modify slightly
the notation from Yager (1982), which we review below. For the theory of elliptic
curves, we refer to Silverman (1986); for the theory of elliptic curves with complex
multiplication, we refer especially to Chapter II of Silverman (1994) (see also Lang
(1987) and Shimura (1971)).

Throughout this chapter, we view all global fields as equipped with fixed em-
beddings into their completions. We will identify these fields with their images under
such embeddings, and thus view a global field as a subfield of each of its completions.
For this reason, we make no specific reference to the particular embeddings.

Fix an imaginary quadratic field K with class number one, discriminant —dy,
and ring of integers Ok. Let Wi = Oj denote the set of roots of unity in K, and
note that |Wy| is either 2, 4, or 6. We denote complex conjugation on C by z — 7 .

Let E/K be an elliptic curve with endomorphism ring isomorphic to Of. Let
S be the (finite) set consisting of the rational primes 2, 3, and all ¢ for which F has

bad reduction at a prime of K above ¢. Fix a Weierstrass model
E:y2:4x3—g2x—gg

with go, g3 € Ok and with the discriminant g2 — 27¢2 of this model divisible only
by primes of K lying above primes in S. @(z) will denote the Weierstrass function
associated with this model, and L will be the period lattice of p. We may choose an

element ), € C such that L = QO
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We write x and y for the coordinate functions on E. Then a point P on F
will be written in affine coordinates as P = (z(P), y(P)). We denote by O the point
at infinity on E. The group law on E will be denoted simply by + : £ x E — FE, and
the inverse operation will be denoted by — : £ — E. Given a field F' containing K,
we write E(F') for the group of F-valued points of F.

For z € C, set £(z) = (p(2), ¢ (2)), so that £ : C/L — E(C) is an analytic
isomorphism. We identify Ok with End(E) by identifying o € Ok with the endo-
morphism given by £(z) — &(az), which we will also write as P — «P. Note that
this association yields the normalized isomorphism Ok — End(F) as in Silverman

(1994) Chapter II, and the following diagram commutes:

C/L 2% C/L

(| |

B(Q)L22L E(C)

2)—¢(a
Figure 1. The Endomorphism Associated to «

For a € Ok, let E, C E(C) denote the kernel of the endomorphism associated
to . Then the coordinates of the points in F, are all algebraic over K. For an integral

ideal a of K, We also put

Ea = ﬂEaa

aca

and note that F, = E, if a = aOg. Furthermore, |E,| = Na, where Na denotes
the absolute norm of a; see Silverman (1994). As usual, K(F,) denotes the field
extension obtained by adjoining to K the coordinates of all points in F,.

Let 1 be the Grossencharacter of Ef over K, and f its conductor. Then there

is an integral ideal m of K, divisible by f, and such that v is a homomorphism from
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the group of fractional ideals of K which are relatively prime to m taking values in
K> (de Shalit (1987), Chapter II.1). In fact, for an integral ideal a of K prime to f,
Y(a) € Ok and a = (a)Ok. Let f be a fixed generator of f.

Fix a prime p € S which splits in K, and fix a prime p of K lying above p.
Then p has residue degree one, and pOx = pp* with p # p*. We set 7 = ¢(p) and
™ = (p*), so that p = 71Ok and p* = 7*O.

For n € N, let F,, = K(E 1) and for n € N, let K,, = F,,,(FEn+1). From

the theory of complex multiplication, F},, and K,, are Galois extensions of K, with
Gal(Kn/K) = (Z/p™ T LZ)* x (Z/p"*'L)"

and

Gal(F,/K) = (Z/p™ "' Z7)".

Moreover, K, /F,, is totally ramified at the primes above p, while p is unramified in
F,,/K. Let r, denote the number of primes of F,, above p. There is N € N such
that r, = rop™ for n < N and r, = rop" for n > N (see de Shalit (1987), Chapter
II.1 and Silverman (1994), Chapter II). For N as above, we will fix a prime py of Fy
above p. For each n € N, p,, will denote the unique prime lying either above or below
pn, according to whether n < N or n > N. For n € N?, we let p,, denote the unique
prime of K,, lying above p,,.

Let n € N2, For any prime w of F,,, above p, we let ®,,,  denote the com-
pletion of F,,, at w and =,  the completion of K,, at the unique prime p, of K,
above @w. We let Z,,, -, denote the ring of integers of ®,,, ,, and we also denote by @
the maximal ideal of Z,,, .. We will denote the maximal ideal of the ring of integers
of 2, - also by p,. When w = p,,, we may simply write ®,,,, Z,,, and =,,. Let
K, denote the completion of K at p and O, its ring of integers. Then K, = Q, and
O, = Z,.
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complete at po -
P Ky, —— Enw
“ totall
ota
(p—1)p™ |  totally (p—1)p™1 Y
fod ramified
ramifie
complete at w
w E., —_— D,y o
p (p=1)p"2 .
—1)pn2 (p—1)p"=
(p—1)p unramified Ty unramified
complete at p
p K complete ot p. K,

Figure 2. The Local Picture

Let

Kw= | Kn
neN2

P, = U F,
neN

D = U P,
neN

T, = U Z,C .
neN

Let foo denote the completion of Z .. Let p,, denote the maximal ideal of foo. Then

Z.. is a closed subring of the completion of the ring of integers of K", the maximal

unramified extension of K. Let ¢ = ( Fof 7 K) denote the Artin symbol for p in F, /K.

Then ¢ induces the Frobenius automorphism for ®.,/K,.

Put G = Gal(K«/K). Let

Ere = | ) Epinn

neN

Ereoe = | Epenia.

neN
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Let k1 : Goo — Z,; and kg : Goo — Z,; be the characters giving the action of G
on F,« and E -, respectively. One important thing to note is that for ¢ € G, and
o € Ok with o(u) = au for all u € E i1, ka(o) € Z) is given modulo p™*' by an

*n+1

integer lying in the coset represented by « in O /p . Any such integer lies in the

coset represented by @ in O /p™t!

. Since we have identified O, with Z,, the integer
representatives of ky(0) (mod p"*1) and @ (mod p™*!) are congruent modulo p™*!
(see Yager (1982), page 415).

Let I' = Gal(K/Kp). Then G, = I' x A, where A is the product of two
cyclic groups of order p — 1 and may be identified with Gal(Ko/K). The characters
k1 and ky yield an isomorphism Go = (Z))? via 0 — (k1(0), k2(0)). From this, it

follows that I' = Zl%.

For n € N2, we define the rings

=11

(11
I
[1]

n,w
w
(I)nz == H (I)ng,wv
w

where both products are taken over all primes w of F},, lying above p. We embed K,
into E,, and F,,, into ®,,, via the diagonal embedding. G, acts on these rings via
its action on the rings of adeles of K,, and F,,. That is to say, given () in E,
or ®,,, if (), is a Cauchy sequence in K, or F,, which converges to z, in =,
or &, -, then the o(w) component of ((24)w)? is the limit of the Cauchy sequence

(27 )k 1N Zpy o(e) OF Py 5(c). The following diagrams commute for each n € N2:
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diag —
Kn ="
Jl la
K,——E
n diag n

diag
E,,—®,,

F,,——®,,

"2 diag
Figure 3. Commutative Squares for the Galois Action

Here the horizontal maps are the diagonal embeddings and the vertical maps
are the action of o € G

There are also natural norm and trace maps on the =,, and ®,,, arising from
the norm and trace maps on the adele rings of K,, and F,,. Precisely, fix n € N2,
For each fixed prime @ of F},, lying above p, and any m € N? with n <, m, the set
of primes @’ of F,,, lying above w is finite. For each prime @’ of F,,, lying above w,
let Ngﬁ;’; and Tg; denote the local field norm and trace maps =, o — Ep» and
N2 and T2 denote the local field norm and trace maps @, o — @y, . Now

ww

given (T )w € B, we define N((24/)w) € By by

N((ro)e) = | [T NI ()

/‘w

T((*”W’)W’) = Z Tgn xw

l‘w
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Similarly, for (24/)w € ®pm,, we define N((2x)w) € @y, by

N((ze)w) = H ngb’%gz(xW)

w!|w

and T'((z)w) € Pp, by

T(( Z T (25)

/‘w
w

The following diagrams commute for each n <, m:

Figure 4. Commutative Squares for the Norm and Trace Maps

Here the horizontal maps are the diagonal embeddings, the left vertical map
is the Global field norm or trace, and the right vertical map is the norm or trace map
described above.

We let Uj, ., denote the group of units of =, , and Uy denote the subgroup

of U}, ,, of units congruent to 1 modulo p. We set
=11v
Un = H Un,wa
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where the products extend over all primes @ of F},, above p. Finally, let U._ denote
the projective limit of the U}, and U, the projective limit of the U,,, with these
projective limits defined with respect to the norm maps on the =E,,.

For n € N, we put

Z,[[X]] = (HIH,W> [[X]],

where the product extends over all primes w of F,, above p. Then Z,[[X]] is a subring
of ®,[[X]]; we let G act on Z,[[X]] by acting coefficient-wise on a power series via
the action inherited from the action on ®,. We likewise use the norm and trace
maps on the ®, to define norm and trace maps on the Z,[[X]] by defining these
maps coefficient-wise. We will denote by N,,,, and T}, ,, respectively, the norm and
trace maps Z,,[[X]|] — Z,[[X]] when n < m. For each prime w of F,, above p,
the natural projection ®,, — ®,, - yields a natural surjective ring homomorphism
Z,[[X]] = Z,[[X]]. The image of g € Z,[[X]] under this homomorphism will be
called the w-component of g. Note that g € Z,[[X]] is uniquely determined by the
collection of its w-components.

We may view the Weierstrass model for E over O, and thus also view E as
an elliptic curve over K. The function ¢t = —2z/y is a local uniformizing parameter
at O on E. Let E denote the reduction of F modulo p, and let FE,(K,) the kernel
of reduction modulo p. Let E denote the formal completion of E at O with respect
to the parameter t. The formal group law E is defined over O; it is an (absolute)
Lubin-Tate formal group law when viewed over O, (de Shalit (1987), Chapter II
1.10). We denote addition on E by [+] and let E(p) denote the group (p, [+]z) (the

“p-valued points” of E) Then the map

(x(P),y(P)) = t(P) = —22(P)/y(P)
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is a group isomorphism FE;(K,) — E (p) and E is said to give the kernel of reduction
modulo p on E. There is a power series a(t) € 1+ tO,[[t]] such that the coordinate

functions x and y have the t-expansions
z(t) =t2a(t), y(t) =—2t"2a(t).

We may take z as the parameter of the additive formal group G,. Then
e: G, — E given by
e(z) = =2p(2)/p(2) = 2z /y =t

is the exponential map for £ and is defined over K,. Let \: E — G, be the logarithm
of E, i.e., the inverse of ¢, defined over K,. It is well-known that in this case, \'(X)
is an invertible power series in Z,[[X]] (Hazewinkel (1978), 1.5.8 or Iwasawa (1986),
IV.1). As usual, for n € N, [7"*!] will denote the endomorphism of E associated to

+

" n+1]

1. and we denote the kernel of [ by En+1, which we may identify with Epnt1.
Finally, let

Tﬂ- — hm Eﬂ-nJrl’
(—

with the projection maps defining the inverse limit given by powers of [7] on E. Then
T is a rank one Z,-module, and we fix a basis (v,,) of T, (Hazewinkel (1978), VI.32.1).

Let G,, denote the multiplicative formal group. It is well known that the
formal group laws G,, and E are isomorphic when viewed over the completion of
the ring of integers of K" (see Hazewinkel (1978), Chapter 1.8.3, de Shalit (1987),
Chapter I, or Iwasawa (1986), Chapter IV). Yager (1982) identifies a particular choice
of isomorphism 7 : G,, — E which is defined over Z... Then n(X) € Z,.[[X]] is of

the form

N(X) = exp(QA(X)) = 1= QX + -,
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where Q, € ZX. We let © € Z,.[[X]] denote formal group isomorphism E — G, which
is the inverse of 7 (see page 429 of Yager (1982) for a precise construction of €, via
the Weil pairing).

Fix 8 = (Bn) € U.,. For fixed ny € N and @ a prime of F,,, above p, the
element (B(n, ny),w)n, 15 & norm-coherent sequence of units in the local division tower
of the Z(, ny),w/Prsw for ny € N. By Coleman (1979) (see also de Shalit (1987),

Chapter 1.2), there is a unique power series ¢,, o 5 € L, o [[X]]* satisfying

—nq
Bnina),m = Ci,w,ﬁ(vm)

for all n;y € N. We also have the functional equation

(s © [T)(X) = H Cnzym,6 (X [F] 1) -

We take this opportunity to remark that the functional equation gives the following

equivalence of power series modulo p..:

(Cnamp(X)V = T cnnms (X[+]pm) (mod pec).

nekx
For each n € N, we let ¢, 3(X) € Z,[[X]] denote the element with -

component equal to ¢, o g(X) for each prime w of F, above p; by a slight abuse
of language, we call ¢, 3(X) € Z,[[X]] the nth Coleman power series of 3 € U’_. If
n <o m with n; = m;, then for each prime w of F,,, above p,

[ V22 (e 2 s(0m)) = F o

'
the product extending over all primes w’ of F,,, lying above w. This gives

—mq

®

H H Cz"bz,w'ﬁ (Um1> = Bn,w-

w!|w O'GGal(Cszyw//q)n%w)
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By the uniqueness of Coleman power series, we find

CH,B(X) = Nm,n(CmB(X))

whenever n < m (see Yager (1982) for a more thorough treatment).
Recall that X'(X) € Z,[[X]]* C Z,.»[[X]]* for each n € N and each prime w

of F,, above p. Given n € N and w a prime of F,, above p, we put

1 d C,5(X)

gmw’ﬁ(X) = ()\/(X) ﬁ) logcn,wﬁ(X) = A/(X)me,ﬁ(X),

and we let g, 3 € I, [[X]] denote the element with w-component g, » s(X).

Lemma 40 (Lemma 3 of Yager (1982)). Let 0 < n < m. For each f € U'_,

n,B (X) = Lo (gm,ﬁ (X))

Moreover, g, g satisfies the functional equation
g s([T(X)) = > gns(X[+ )
n€bx

U

For the upcoming application, we need to record one important fact (see Yager
(1982)). Let 8 € U.,. Then for each n € N? and each prime @ of F),, above p, we

may write
ﬁn,w = W(ﬁn,w)(ﬁn,w)v

where w(fy,) is a root of unity in ®,,, » and (fp») € Unw. Let (5,) denote the
element of U,, with w-component equal to (3, ). Then ((5,)),, corresponds to an

element of U, which we denote by (/3), and we have that

gnzﬁ(X) = Ona,(B) (X)
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for all n, € N.

The key constructive step in Yager (1982) involves a method for assembling
the power series g, 5(X) for § € U, and n € N into a single two-variable power
series with coefficients in Z,,. The trace compatibility described in Lemma 40 makes
such an elementary construction possible. For 3 € U’_ and n > 0, consider the power
series

Gop(X1, X2) = ) (97.5(X1)), (1+ X)) e T,[[X), Xo]] C Too[[ X1, Xo]],
o€Gal(F, /K)

where (g;‘h B(X 1))pn denotes the p,-component of g, g under the action of any element
0 € G whose restriction to F), is o, and where ky(o) is the unique integer 0 <
ko(o) < p™*! satisfying

k2(0) = ka(0) (mod p™*')

for any 6 € G, whose restriction to F}, is 0. Note that if 0,65 € G, both restrict

to o on F,, then 6,05 is trivial on F},, and hence on E,..t+1. By the above remarks,
Ko(61051) =1 (mod p™t1),

and since r5(01), ka(02) € Z, we have that k(o) is well-defined. Moreover, the ky(o)

for o € Gal(F,/K) are distinct modulo p™**. Since g, 5 € Z,[[X]], (ggﬁ(Xl))p is

well-defined for each ¢ € Gal(F,,/K).

From the trace compatibility of the g,z (Lemma 40), we have that in

A

Too[[ X1, Xo]],

n+1

Gm,ﬁ(Xl, Xg) = Gnﬁ(Xl, Xg) (IIlOd (1 + Xg)p — 1)

for all m > n.
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Theorem 7 (Theorem 5 of Yager (1982)). For each 8 € U',, there is a unique power

series gg € Loo[[X1, Xo]] such that

n+1

95(X1, X0) = > (97 5(X1)), (1+ X5)*() (mod (1 + X,)"
o€Cal(Fa/K)

— 1)
for all n € N. Moreover, gg satisfies the functional equation

g <[7T](X1), (14 X)) - 1) = Z 9p(Xa[+] g, Xa).

nek

For 8 € U._, we define

hs(X1, Xa) = gs((X1), Xa) € Zoo[[ X1, Xo].

Then
(X1, Xo) = Z (QZ,B(L(Xl)))pn (14 X5)"@ (mod (14 X,)”"" —1)
o€Gal(Fy /K)
for all n € N.

We will set X7 =717 — 1 and Xy, =15 — 1, and view the above power series as
elements of Zoo [T} — 1, Ty — 1]] = Zso[[T] — 1]. When we do this, we will write +(T})
instead of ¢«(T7 — 1) to denote the power series © € Zoo[[T} — 1]].

The power series hg thus obtained satisfies

he(T) = > (92,5((M), T* (mod T§™ —1)
o€Gal(F, /K)
for all n € N with the ky(0) € ZY distinct modulo p™*!' but not modulo p*. We
will apply the results of Section 2.7 to hs. Let g € My(Zy) denote the measure

~

associated to hg and, for each n € N, ag, € My(Z) the measure associated to

> (s, T

oe€Gal(Fpn/K)

135



~

For n € N, and o € Gal(F,,/K), let v,, € M;(Zs) be the measure associated to
(ggﬁ(e(Tl)))p . We wish to study the T-transforms of the measure ap. Fix u € U?

as in Section 2.4. As shown in Section 2.7, for each 7 <o p — 2,
GO(T) = GY) (T) (mod T} —1),

and M(Tz(xi;) < ,U(F((;gn) for all n € N, with M(T,(f;) = M(F(fgn) for n sufficiently large.
Also
G(Z) (T) = Z wzz(k2(0.))G,(jz;)o(Tl)T;uz(kz(a))

XBn
c€Gal(Fpn/K)

Of course, w”(ky(0)) € Zy for all o € Gal(F,/K) and the £,,(ky(c)) are distinct

modulo p”. By Theorem 6, we have

r@ )= - iz (i)
n(r'y)) pecin /K){u(w (k2(o)IM )}

— i NS
Jecin /K){u( o)}

Finally,
W) =min{ _min (i)}

n c€Gal(Fpn/K)

3.1 Elliptic Units

The objects appearing in this section are those used in Sections 4 and 5 of
Yager (1982). Similar constructions can be found throughout the literature, and we
mention in particular the descriptions contained in Bernardi et al. (1984), Cassou-
Nogueés (1981), Coates and Goldstein (1983), Section 5 of Coates and Wiles (1977),
Coates and Wiles (1978), Yager (1984), Lichtenbaum (1980), and Rubin (1999).
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For an integral ideal a of K, let a~ 'L denote the lattice Q. a~!. Consider the

following elliptic function for L,
A(L)M 6
O(z,a) = Ala—1L) 1:[(@(2) — (1)),
where the product above is over any set {I} of the nonzero cosets of a™*L/L, and where
A(+) is the discriminant function for a lattice. The number ¢y, (a) = A(L)N*A(a=1L)™!
is a unit in K (de Shalit (1987)). For a point P € E(C), we also put

O(P,a,E)=c(a) [ (x(P)—2(Q)"

QeEN\{O}
Then

O(z),a, E) =0O(z,a).

As in Lichtenbaum (1980) (Corollary 2.6), ©(P, a, E) has a pole of order 12
at P = @ for cach Q € E,\ {O}, a zero of order 12(Na — 1) at P = O, and no other
zeros or poles. This observation will be very useful in the next section.

For n € N?2 let R, and R,, denote the ray class fields of K modulo
fpritip* 2t and fp*2*1) respectively. Then F,, C R,,, Kn C Rp, and K(E;) C

Run, € Rn.

Let pn, = Qoo /fm™2 %! € C, and note that Q,,, = £(pp,) is a primitive fp*2*!-
division point on E. Furthermore, 7*p,, = pp,—1 and 7°Q,, = Qn,—1 for all ny € N
(by the normalized identification of Ok with End(E)). Let B,,, be any set of integral

ideals of K prime to fp* and such that

Gal(Ry, [ Fry) = {(R,:/K) e Bm}

as an equality of sets. Given an ideal b € B,,,, we put

= ()
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2

7

Rn
K(Ey)
\ .

Figure 5. The Ray Class Field Tower

/ N\

Rn
Kn
F,

\

Since each b € B,,, is prime to fp*, we have

ZZ = (pnz)gb = £(¢(b>pn2) = ¢(b>Qn2

by the definition of grossencharacter (de Shalit (1987) I1.1.3) and the normalization
of O = End(F). If a is an integral ideal of K prime to 6pf, we put
Any(z,0) = J] ©(2+ ¥(b)pn,, ).
bEBn,
We also put
Apy(Pa,E)= [] ©(P+Q",0,E) = [T e®+q.aE),

bE B, o€Gal(Rny /Fny)

so that

Any(§(2), 8, B) = A, (2, 0).

Lemma 41 (Lemma 7 of Yager (1982)). A,,(z,a) is a rational function of p(z) and

@' (z) with coefficients in F,, and is independent of the set B,,. O

For an element o € G, we let A7 be the rational function of p(z) and ©'(z)

obtained by applying o to the coefficients of the rational function A,,(z,a) of p(z)
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and ¢'(z). Lemma 41 allows us to view A,,(z,a) as a rational function on E with
coefficients in ®,,, - for each prime w of F,,, lying above p.

We let I denote the set of integral ideals of K which are prime to 6pf, and let
S be the set of all functions n : I — Z for which n(a) = 0 for all but finitely many

ac ] and

Z(Na — 1)n(a) = 0.

acl
Given a function n € §, we define

Anz(z; I‘l) = H Anz(za a)n(a)

ael

and

Any(Pi, B) = [ [ Ano (P, 0, E)".
acl
Recall that 7* is a unit in O, = Z,, the completion of O at p. Thus, for each

n € N, we may choose ¢,, € Ok with

£, =1 (mod p™th).

Since ¢ : G, — E is a formal group isomorphism, for each n € N, we may choose 7,
for which v, = ¢(7,) (Hazewinkel (1978) Chapter VI.35). Observe further that for
m € N,

*—(m—l—l)](

[7 vp) = (el T).

For each n € S, the element A,,(ep2*'7, ;1) is a unit in K,. The group of all such

n

units is called the group of elliptic units of K,, and is denoted CJ,. The group C, is

stable under the action of G, (see Yager (1982), section 4).
Lemma 42 (Corollary 9 in Yager (1982)). Forn € S, put
en(n) = Aﬁ;nl (z;n)| __npt1

2=€p] Tny’

Then e(n) = (e,(n)) e UL, . O
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We may embed the group C! diagonally into U’,. Then the C!, are norm-
compatible subgroups with respect to the norm maps on the E,,, and we let C/_
denote the projective limit with respect to the norm maps (see Yager (1982)). For
allne S, e(n) € C/_.

Now for fixed n € S, A,,,(z;n) is a rational function of p(z) and '(z) with
coefficients in F),, without a pole at z = 0. Thus, A,,(z;n) has a power series
expansion in F,,[[z]]. Via the diagonal embedding and working formally with power
series, we may view A, (7*~("2FVUA(X);n) as an element of &,,[[X]]. Note that via
the identification of F,,, with a subfield of each ®,, -, as an element of ®,,[[X]], all
components of A, (7*~™TYX(X):n) are equal. We will not distinguish notationally
between the power series A, (7~ Y \(X); n) viewed as an element of ®,,[[X]] and

a component of A, (7*~ ™D \(X);n).
Theorem 8 (Theorem 10 of Yager (1982)). For eachn € S,
Ay (77 2FIN(X)3 1) = o) (X) € Ty [[X])-
O

We now turn to g, .m)(X) € I,,[[X]]. As above, all of the components of

Gna,e(n)(X) are given by

1 d
————log A, (7" "2 TIN(X)m).

Again, we do not distinguish notationally between the power series g, .m)(X) €
Z,,[[X]] and its components. As discussed in Yager (1982), the Galois action com-
mutes with the operator (X(X))™'- & log. Since the Galois action commutes with
the diagonal embedding, for o € Gal(F;,/K), all of the components of g7 ., (X) are

equal.
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We wish to consider the two-variable power series hewm)(T') € foo[[T]], so that

n+1

hey(T) = > g8 WD) (mod T3 — 1)

o€Gal(F,/K)
for all n € N.
We now need to examine the one-variable I'-transforms of the measures asso-

ciated to the power series g7 (¢(11)). In terms of the parameter z, we have that

o d o x—(n
gn,e(n)(z) = % log An,e(n)(ﬂ- ( +1)Z)'

Fix o € Gal(F,,/K); then there is an integral ideal ¢ of K, prime to fp*, for which o

is the restriction of < ) = 0. to F,,. Then for an ideal a € I, we have

TR
Af(z0) = [T ©G+9(0)(W()pa), a).

As a function on the curve, we have

AY(P o, E) = H O(P +(Qy)" a),

TeGal(Rn/Fn)

and this last equation is independent of the choice of ideal ¢ of K. Thus, A7(z;n) is

*n+1_division point Q,, with a Galois conjugate,

obtained by replacing the primitive fp
which we denote hereafter by Q7.
We have that

dii log A% (7* ="V 22 )

is a rational function of p(z) and ¢'(z) with coefficients in F,,. As in Chapter 2.4.9
of de Shalit (1987),

A/tt) % log A7(m* "N ()i m) € Zuo][1]

is the t-expansion at O of

d
- log A% (7*~ ") 2. ).
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Thus, for each n € N, g7, (¢(T7)) is of the form R(¢(7})) for a rational function R
on E whose Laurent expansion in t = —2z/y is an element of Z,[[]. This setting
has been studied in the works of Gillard (1987) and Schneps (1987) independently

(see Goldstein (1986) for a summary of these results). We have the following result:

Theorem 9 (Theorem 1 in Schneps (1987), Théorém 2.9 in Gillard (1987)). Suppose
o € My(Z) has associated power series @ of the form R(1(T})) for a rational function
R on E whose Laurent expansion in t is an element ofi'oo[[t]]. For each0 <i<p-—2,

(r®) = p < 3 wiw)ato ) .

veWg

U

In the setting described in Theorem 9, it is useful to move between the measure
«, its associated power series, and the associated rational function R on the curve.
The operations on measures and power series outlined in Section 2.4 can then be
described in terms of the associated rational function, and a complete description
can be found in any of Gillard (1981), Gillard (1985), Gillard (1987), or Schneps
(1987). We will simply cite these results as needed.

For a function n € §, we define the sets
Yo={a€l:n(a)#0}
Zn—={a € Ya:n(a) £ 0 (mod p)}
L, ={R: R is an a-division point for some a € Y;}
Z,={R: R is an a-division point for some a € Z,}.
We now view E over @, and let E denote the reduction of E modulo Poo-

Recall that all a € I are prime to 6pf, so are prime to p,,. Hereafter, we fix a function

n € S for which Z, # () and such that the elements of Z, are pairwise coprime. As
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a consequence, reduction modulo p., is injective on the set .Z, (Silverman (1986),
Proposition 3.1 in Chapter VII). Any such choice of n € S will be called “good.”

Let « denote the measure associated to the rational function R on F given by

d
—log A, (z:n).
7 og Ay (z;n)

*n+1

By Schneps (1987), the rational function associated to ovo is given by

*—(n+1)

d
_logAn(ﬂ- Z;n)a

dz

which is the rational function associated to the measure corresponding to gn e()(¢(71)).

But by Corollary 15,

*n+1

1
*TL—I—)*:a*Oﬂ_ ’

(vom

from which it follows from Lemma 10 and Lemma 12 that

Z wil (v)(a o ﬂ_*n—i-l)* oy = Z w“(v)(a* o ﬂ_*n-l-l) ow

vEWK veWk

- < Z w" (v)a* o v) o "1,

veWg

In light of Theorem 9 and Lemma 30, if

0=up ( Z wil(v)a*ov> :

veWg

then the p-invariant of the I'™)-transform of the measure associated to gy e(m)(¢(77))
also vanishes, and thus the p-invariant of the I'+%2)_transform of the measure associ-
ated to hewm)(T') vanishes for all 0 < iy < p —2.

The following three lemmas employ the techniques from Schneps (1987) to

show that

OI,M(Z wi(v)a*ov).

veEWK
For the first two lemmas, we could also employ the results from Section 3.2 of Gillard

(1987) (see also Section 2.1 of Gillard (1985)).
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Lemma 43. For a as above, u(a) = 0.

Proof. We use the explicitly given rational function on E and exhibit its poles on the
reduced curve E. As a function on E, we have

d —2y(P o
e log Ay (2;m) = Z —6n(a) Z Z f@a;__Qx()R)

acYy ceGal(Rn/Fr) REEQ\{O}

From the remarks at the beginning of this section, the poles of this function (if they

exist) are all simple and must come from the points —Q? for o € Gal(R,/F,) and

R — Q¢ for 0 € Gal(R,,/F,) and R € L,. The residue at a pole —Q7 is
Z 120(a)(Na — 1) = 0,

so there are no poles at the —Q7. The residue at a pole R — Q9 is —12n(a). Modulo
Poo, this residue is 0 for a ¢ Z,. However, since p > 3 and n(a) Z 0 (mod ps)
for a € Z,, R — 7 is a pole of the reduced function on E for each R € %, and
each o € Gal(R,/F,). The point R — Q7 is a primitive afp*"™-division point, and
reduction modulo p, is injective on this set. Consequently, each R — Q7 gives a

distinct pole for the function on E, so the reduced rational function on E is nonzero.

This gives p(a) = 0. O
Lemma 44. For a as above, p(alyz,) > 0. Consequently, p(a*) = 0.

Proof. Let 0, = (ﬁ), and note that oy, is the restriction of ¢ to R,,. Let us briefly
return to the power series g, . (¢(Z1)), which corresponds to the measure oo 7",

Since ¢ : G,, = E is a formal group isomorphism, the functional equation for g, cwm)

gives that the power series associated to (oo 7" )|,z is
- Z gn e( CTl Z 9n e(n ]En)
Cp 1 77€E7r
T o
= Egn,e(n)([ﬂ-](b(Tl)))'

144



The rational function associated to this last power series is

7 d
5 - log A% (m* =" D20 ),

*TL—I—I) s*n+1

and since (o lpz, = @|pz, o """, Lemma 12 gives that the rational function

associated to a,z, is

md
- Tp
>z log A% (mz; n).

The discussion after Theorem 8 gives that the function on E associated to al,z, is

—2y(7P 4+ Q7™)
_Z —6n(a Z Z Z 2(nP + Q) — z(R)’

P ey, SCEx c€Gal(Rn/Fn) REENO}

But Q7" = ¥(p)Q,, = 7Q,, and multiplication by 7 is a bijection F, — E,. Therefore,

the function on £ associated to oz, is

—2y (P + Q7))
p 2@ S Y G an) s

aEYn S€Er ceGal(Rn/Fn) RGE’a\{O}

The poles of this function come from the points S — Q2 and R+ S — Q¢ for S € E,,
o € Gal(R,/F,), and R € L,. Since all the S € E, reduce to zero modulo p,
the S — Q7 for fixed 0 € Gal(R,/F,) and varying S € E, all reduce to the same
point on E, and the R+ S — Q7 for fixed o € Gal(R,/F,) and R € L, and varying
S € E, all reduce to the same point on E. Moreover, for fixed o € Gal(R,/F,), the
residues at the poles S — Q7 are all equal, and for fixed o0 € Gal(R,,/F,,) and R € L,,
the residues at the poles R + S — Q7 are all equal. Consequently, each pole of the
reduced function on E associated to /|pz, has residue which is a multiple of p, so the
reduced function must be identically zero. This gives pi(c,z,) > 0. Since we showed

in Lemma 43 that u(a) = 0, Corollary 20 gives pu(a*) = 0. O

Lemma 45. For a as above and for any 0 < i <p— 2,

OI,M(Z wi(v)a*oz]).

veEWK
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Proof. We have

o~ —_—

af =0 — alyz,,

so Lemma 43 and Lemma 44 together give that the poles of the reduced rational
function associated to a* on F and the poles of the rational function associated to a
on E are the same. Thus, the poles of the reduced function associated to o* on E
are of the form R — Q7 for R € £, and o € Gal(R,/F,). For each R € %, define
the set

Pr = {R — QZ 10 € Gal(Rn/Fn)}a

and for each v € Wy, define
vPr={v(R—-Qy):0¢€ Gal(R,/F,)}.

The orbit of @,, under Gal(R,,/F,) lies in one congruence class modulo Wy, so the
vPg are pairwise disjoint sets for fixed R and varying v € Wyx. Suppose we have an
equality of sets vPgr, = vPg, for Ry, Ry € Z,. Since multiplication by v is a bijection
E, — E, for each a € I, R; and Ry must be a-division points for the same a € Z,.

However,

fro(Ry = Q) = fr " u(Ry)
and

fr (R — Q) = fr " o (Ry)
for all 0 € Gal(R,/F,). Since multiplication by f7*""'v is a bijection E, — E,, we
must have Ry = Ry. This gives that the poles of the reduced rational function on E
associated to a* o v are given by the sets vPgr for R € %,, and these poles are all
distinct.

Suppose now that

U1(R1 - QZl) = U2(R2 - Q?)
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for some vy, v € Wi, with vy # vy, Ry, Ry € %, and 01,09 € Gal(R,,/F,). Say R,
is an (o )-division point and Ry is an (ag)-division point. Then ajay is prime to 6pf,

and we have that

UlalOéz(le) = a10é2U1(R1 - le) = 041042U2(R2 - Q?f) = U20410é2(Q22)-

This is impossible since the orbit of @), under Gal(R,/F,) lies in one congruence
class modulo Wi . Consequently, the sets of poles for the reduced rational functions
on E associated to the measures o* o v for v € Wy are pairwise disjoint.

We have that all of the poles of the reduced rational function on E associated

to

Z w'(v)a*ow

veWg

are given by the vPr for v € Wi and R € %,. As in Lemma 43, the residues at
these poles are all nonzero modulo p.,, and reduction modulo p, is injective on the
collection of all the vPg. From these facts, we conclude that the reduced rational
function on the curve E associated to

Z w'(v)a*ow

veW
is nonzero, and this gives

O:,LL(Z wi(v)a*ov>.

veWg

Finally, we record our main result.

~

Theorem 10. Let n : [ — Z be good, and let a € Msy(Zy,) denote the measure

associated to hegmy € Z[[T]). Then for eachi <2 p — 2, ,u(l“((j)) =0. O
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3.2 Two-Variable p-adic L-Functions

We denote by 1) the character given by 9(a) = (a) whenever (a,f) = 1. For

k> 1, let

Bk o) — *(a)
L(w ) ) - (%1 (NCL)S

for s € C with Re(s) > k/2 + 1. Then L(x*, s) may be analytically continued to all
of C (e.g. Silverman (1994), Chapter II or Miyake (1989)). For k£ > j > 0, we put

= (1~ ) (155 (5 e

(note that 7 in the equation above is the real number 6.283185...). See Yager (1982)

for more details.
We now describe how to construct Yager’s two variable p-adic L-function using
the two-variable objects from the previous section. One of the main results in Yager

(1982) is the following.

Theorem 11 (Theorem 29 of Yager (1982)). Let @ <o p—2. There is a power series
GO(T) € T[T such that for all integers ky > —ky > 0 with k; = i; (mod p — 1)
forg=1,2,

GO (u"*) = (ky — 1)IQE M Lo (P52 ky).

O

Given 8 € Uy, let ag be the measure associated to hg. For ¢ <o p — 2,
Consider the power series Gg;_l’_iz)(T) associated to the ['~L=%2)_transform of ag,
or what amounts to the same, the I'*~-=%)-transform of «j (where we use the least

non-negative residues of i; — 1 and —i, modulo p — 1). Now set

~

GY(T) = GO (up Ty — 1, T, — 1) € Lo [[T).
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It is crucial to note that the change of variables T} — ul_lTl and T, — T2_1 cannot
increase the divisibility by poe of an element of Z.[[T]]. Indeed, take F' € Z..[[T]].
Dividing through by an appropriate power of a generator of p.,, we may assume

pu(F) = 0. Lemma 30 gives that
F(T\,Ty') = F(Ty,T) (mod poo)
in this case. On the other hand, since u; € U, u;'Ty = T} (mod ps), we have
F(u'T, Ty) = F(Ty, T) (mod ps).

When ¢ # 0 and 4 # 1, the ideal of Z.[[T]] generated by G is also generated
by one of the ggzw for an appropriate choice of the function n: I — Z depending
on ¢ (see Lemma 28 of Yager (1982) for a suitable choice of the function n). In any

case, we have

n(GW) = p(G i) = (G 172)

for the appropriate choice of the function n : I — Z. Each of these functionsn: I — Z
used in Yager (1982) satisfies the conditions required in the proofs of Lemmas 43, 44,
and 45 in the previous section. Recalling finally that hg = hyg for all § € UL, we

obtain

Theorem 12. Fori <y p — 2, let GO(T) € T [[T)] be Yager’s interpolating power

series in Theorem 11. Then for each i <y p — 2 with i # 0,1, (G®) = 0. O

When ¢ = 0, there is a choice of a good n similar to the function given in
Lemma 28 of Yager (1982) such that ggf()n»(T) differs from (7, — 1)GO(T) by a
unit power series when both of these power series are considered modulo the ideal
(p2,, TP —1,T? — 1) of Z,o[[T]]. Similarly, when 4 = 1, there is a choice of a good n
similar to the function given in Lemma 28 of Yager (1982) such that gg” , (T) differs

e(n
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from (1 —u+ (71 —1))G®(T) by a unit power series when both of these power series
are considered modulo the ideal (p2,T" — 1,7 — 1) of Z,.[[T]]. The constructions
of these good functions can easily be modified to produce congruences modulo the
ideal (pn+', TP" —1,T¢" —1) for any n € N, and hence congruences modulo the ideal
(Poo, TP =1, T —1) = (poo, (Ty — 1", (T, — 1)P"). In particular, choosing n € N so
that L(gfe(n») N [p"™* — 1] # () gives the following.

Theorem 13. Fori <o p — 2, let GO(T) € I,[[T)] be Yager’s interpolating power

series in Theorem 11. Fori =0 and i =1, u(G®) = 0. O

We remark that Gillard (1987) obtains u(G®) = 0 for each i # 0 (Sec-
tion 3.6 of Gillard (1987)). Gillard’s approach involves considering the power se-
ries G (T')|z,—1, which can be identified with the image of G under the natural
projection

A ~

Lo[[T)) = Zo[[TN/(To — 1) = Lo [T — 1]].

Using a result of Wintenberger (1981) and the class field theory considerations in the
following section, Gillard obtains an equality between the p-invariant of G (T)| =1

and the p-invariant of a certain Iwasawa series (which is known to vanish) considered

in Gillard (1987).

3.3 The Two-Variable Main Conjecture and Questions of Class Group Growth

Recall that
Go = Gal(K/K) =T x A,

where I' = Gal(K/Ko) = Z2 and A = Gal(Ko/K) is a product of two cyclic groups

of order p— 1. Denote by y; and ya», respectively, the restrictions of the characters x;
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and Ky to A. If M is a Z,[A]-module and i € N?, we denote by M® the submodule
of M on which A acts by X} x%, so that
M= P M9
i<op—2

We let A = Z,[[X]] = Zp[[ X1, Xo]].

For n € N, recall that C}, denotes the group of elliptic units in K,,. We let &,
denote the group of units of K,, which are congruent to 1 modulo every prime ideal
of K,, above p, and put C,, = C}, N &,. We then embed &, and C,, into U,, via the
diagonal map and denote by &, and C,, the closures of &, and C,, in U,,. Finally,

we put

Ex =1limé&,
Cw =1limC,,

with the inverse limits defined by the norm maps on the =,,.
Recall that for n € N, Gal(K,1/Ko) = (Z/p"Z)*. For n € N, let A, denote

the p-part of the ideal class group of K, and put
A =1limA,,
H

where the inverse limit is defined in terms of the norm maps on ideal class groups.
Let M., be the maximal abelian p-extension of K., which is unramified outside of
the primes above p, and set X = Gal(My/K).

Now Uy, €xo, Coo, Xoo, and A, are all A-modules, as are Ué?, &E?, C’é?, Xé?,
and AY for each 4 <o p— 2. Moreover, for each 2 <5 p — 2, Ug), &Ei), C’éf,), Xé?, and
AY are finitely generated A-modules, and Ag?, Sé?/ C’éi), U/ C’é?, and X are all

torsion A-modules.
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Class field theory gives the following exact sequence:

0= E8x/Co 2 Uy/Crp = Xoo = A = 0

Figure 6. The Fundamental Exact Sequence

We also have the following exact sequence for each ¢ <o p — 2:
0—=&E9/CH s UuD /0D - xO - AD 0

(see Rubin (1991)).
There are well-known structure theorems for finitely generated, torsion A-
modules (see Bourbaki (1972), Chapter VII or Serre (1960)). For a finitely generated,

torsion A-module M, there exists a A-module homomorphism
t
M— @Aa/Pr
i=1

whose kernel and cokernel have localization (0) at each height one prime ideal of A
(such a homomorphism is called a pseudo-isomorphism). In the above decomposition,
the P; are height one prime ideals of A and the r; are positive integers. The principal

ideal
¢

17

i=1

of A is called the characteristic ideal of M, and any generator of the characteristic
ideal is called a characteristic power series of M. The characteristic ideal of M is
a well-defined invariant of the A-module M, which we denote by char(M), and a
characteristic power series of M is well-defined up to a unit in A. Characteristic

ideals are multiplicative in exact sequences of A-modules. That is to say, if

0— M, - My — M;—0
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is exact, then char(Ms;) = char(M;)char(M3) (see Cuoco and Monsky (1981), Perrin-
Riou (1984)).
In the setting currently under consideration, the two-variable main conjecture

takes the following form:

Theorem 14 (Two-Variable Main Conjecture). For each i <o p — 2,
char(AD) = char(ED/CD)  and char(XD) = char(UY /CD).
O

The main conjectures of Iwasawa theory for imaginary quadratic fields were
proved in Rubin (1991) (see also Rubin (1994)). The second main theorem in Yager

(1982) regards the A-module structure of U®/ c.

Theorem 15 (Theorem 30 in Yager (1982)). Let ¢ <o p — 2. There is an element
G@ e A which generates the same ideal in To[[X1, X2]] as G (X, X,). Moreover,
char(U® /C)) = GOA. O

Let Kz, denote the composite of all Z,-extension of K. Then Ky /K is the
unique Z2-extension of K (Greenberg (1973), Washington (1997) Chapter 13), and
we have that Ko = KoK7z,. We let K,, denote the intermediate field in Kz, /K with
Gal(K, /K) = (Z/p"Z)*. For each n € N, K,,; = KoK,,. Let B, denote the p-part of
the ideal class group of K.

Define the integers e, (K. /Ko) and e, (K) by pe(K</Ke) = |A | and pn(K) =
|B,,|. We have the following theorem regarding the growth rate of these integers (see

Cuoco and Monsky (1981)).
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Theorem 16. There exist non-negative integers mo(Koo/Ko), mo(K), lo(Ks/Ko),

and lo(K) such that
en(Koo/Ko) = (mo(Koo/Ko)p" + lo( Koo/ Ko)n + O(1))p"

and

en(K) = (mo(K)p™ + lo(K)n + O(1))p".
0

We note that a refinement of the above growth formulas appears in Monsky
(1989). We also have my(K) < mo(Kw/Kp), as in Chapter 13 of Lang (1990). The
integer mo(K/Kp) appearing in Theorem 16 is simply the p-invariant of a charac-
teristic power series for the A-module A, (see Cuoco and Monsky (1981)). For any
finitely generated torsion A-module M, we let mo(M) denote the p-invariant of a

characteristic power series for M. We have

mo(M) = > mo(M®Y).

i<2p—2

Given Theorem 30 of Yager (1982), we have shown:
Corollary 30. For all i <o p — 2, mo(X®) = 0. O
In fact, class field theory gives the exact sequence
0-UY/ED 5 XO - AD 0
(see Rubin (1988)). Since
mo(UY JED) +mo(AD) = mo(XD),

we further obtain:
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Corollary 31. For alli <2 p — 2, mo(Ag?) = 0. Consequently, mo(K) = 0. O

Cuoco (1980) obtains my(K) = 0 from class field theory considerations as a
consequence of the Ferrero-Washington theorem for K/Q. We have obtained this
same result from measure theoretic considerations. An interesting consequence of
this fact is that only finitely many Z,-extensions of K may have nonzero p-invariant

(see Cuoco (1980)).
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APPENDIX A

TOPOLOGICAL PREREQUISITES
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We collect several important topological properties of Z, without proof. Along
the way, we also record relevant algebraic properties of Z,, (for proofs of these results,
consult any of Gouvéa (1997), Koblitz (1984), Robert (2000), or Schikhof (2007)).

The ring Z, of p-adic integers is the completion of the ring of rational integers
Z with respect to the p-adic topology. To define the p-adic topology on Z, we begin
with the p-adic valuation ord, and its associated absolute value |- |, (we will often
suppress reference to the fixed prime p in the notation of both ord, and | - |, when
there is no fear of confusion). By unique factorization in Z, any element « € Z \ {0}
may be written as z = p4@y with ord(z) € N and p t y. We set ord(0) = co and
adopt the usual conventions for the symbol co: co > x for all x € R and co+ 2 = oo
for all x € R. Then ord is a discrete non-archimedean valuation on Z, i.e. a function

Z — R, U {oo} satisfying

1. ord(z) = oo if and only if z = 0.

2. ord(xy) = ord(x) + ord(y) for any z,y € Z.

3. ord(x 4+ y) > min{ord(z),ord(y)} for any z,y € Z. Equality holds if and only
if ord(z) # ord(y).

—ord(@) where we

For x € Z, the (normalized) p-adic absolute value of z is |z|, = p
adopt the convention that p=>° = 0. Then ||, is a discrete non-archimedean absolute

value on Z, i.e. a function Z — [0, co) satisfying

1. |z|, = 0 if and only if x = 0.
2. |zyl, = |2lplylp for any z,y € Z.

3. |z + y|, < max{|z|,,|y|,} for any z,y € Z. Equality holds if and only if

|x|p # |y|p'
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We define the p-adic metric d on Z by d(z,y) = |z — y|, for any =,y € Z; the above
properties of | - |, guarantee that d is a metric (in fact an ultrametric). The metric
topology induced by d is the p-adic topology on Z. Note that d(z,y) < p~" if and
only if x = y (mod p"), so that the p-adic metric encodes congruences modulo powers
of p via distance. When endowed with the p-adic topology, Z becomes a topological
ring; that is to say, multiplication and addition are continuous maps Z x Z — Z,
where Z x 7 is given the product topology, and the inversion map Z — 7Z given by
x — —x is continuous.

The ring of p-adic integers, denoted Z,, is the completion of Z with respect to
the p-adic topology. The p-adic valuation ord and p-adic absolute value | - |, extend
uniquely to Z, and also give the metric topology on Z, by d(z,y) = |z — y|,. Then
Z,, is a topological ring which is complete with respect to the p-adic topology. Z is
naturally identified with a dense (proper) subring of Z,, and we view Z as a subring
of Z, in this way. In fact, N is a dense subset of Z, and any element x € Z, may be
written uniquely as a power series in p:

r= Zanp”

n>0

where the a, € {0,1,2,...,p — 1} are called the p-adic digits of z. The above
representation is called the p-adic expansion of x € Z,, and if x,, denotes the nth
partial sum of the p-adic expansion of x, then the sequence (z,), converges to z in
Z,. Using this representation, an element = € Z, is invertible if and only if z¢ # 0,
ie. if and only if z & pZ,. Z, is a discrete valuation ring with maximal ideal pZ,.
Any element x € Z, may be written uniquely as z = i@y with y € Ly -

In Z,, the collection of sets {p"Z, : n > 0} gives a neighborhood base at 0.
Thus, sets of the form = + p"Z, with x € Z, and n € N form a basis for the topology

on Z,. Note that any translate x + p"Z, is none other than the “open ball” of radius
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p~ 1) centered at a:

By (2) = {y € Zy : [ —y| < p~ "V},

Note, however, that x 4+ p"Z, is also the “closed ball” of radius p~" centered at x:
Byn(ax) ={y € Zy: |t —y| <p™"}.

For this reason, we refer to sets of the form x + p"Z, with = € Z, and n € N simply
as balls. The union of two non-disjoint balls in Z, is equal to one of the two balls.

Any point of a ball may be used as its center; that is to say, for any y €  + p"Z,,
T+ p "Ly =y + D" Ly

For z,y € Z,, we write x = y (mod p"Z,) if x —y = p"z for some z € Z,. Then
x =y (mod p") if and only if z —y € p"Z,, and this occurs if and only if |z —y|, < p™™.

For n € N, the nth level of Z, is L,, = {s + p"Z, : s € Z,}, the collection of
all balls of radius p~™. Of course, |L,| = p™, and the a + p"Z, for 0 < a < p" are all

the distinct elements of L,,. For fixed n, we obtain a partition of Z, by balls in L,:

pr—1
Z, = |_| a+p"Zy, = U A.
a=0 A€Ly

It follows that balls in Z, are both open and closed (“clopen”). Even more is true,
any ball x 4 p"Z, can be partitioned into finitely many balls:

pmfn_l

r+p"ZL, = |_| (x + ap") +p"Z,
a=0

for any m > n. This fact implies that Z, is totally bounded, hence compact. Fur-
thermore, Z, is totally disconnected, in the sense that its only non-trivial connected

subsets are singletons {z}.
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For x € Z,, the translation map 7, : Z, — Z, given by 7, : y = x + y is an
isometric isomorphism. Since |a|, < 1 for all a € Z,, the multiplication by a map
mg : Ly, — Z, given by m,(z) = ax is a contraction mapping. For a # 0, the map
myg is always an isomorphism Z, — aZ,.

Balls in Z,, are compact, being the continuous (and, in fact, isomorphic) image
of the compact set Z,. A set which is both compact and open will be called “compact
open”. Any compact open subset of Z, can in fact be written as a finite disjoint union
of balls from L,, for a suitable choice of n. From this, it follows immediately that the
compact open subsets of Z, form an algebra of sets. That is to say, if CO; is the

collection of all compact open subsets of Z, then

1. Z, € COs.
2. If A€ COy, then A°:=7,\ A e CO;.
3. If A,Be COq,then AUB € CO; and ANB € CO;.

Compact open subsets of Z, will play a fundamental role in the p-adic measure theory
developed in Chapter 2.

Z, is an integral domain of characteristic 0, and we let Q, denote its field
of fractions, called the field of p-adic numbers. We extend the p-adic valuation ord
and the p-adic absolute value | - |, to Q, by ord,(z/y) = ord,(z) — ord,(y) and
lz/yl, = |z|p/]yl,- We likewise extend the p-adic metric d to Q, via the p-adic
absolute value. Then Q, is a complete topological field with respect to the p-adic
absolute value (the operation of taking multiplicative inverses is a continuous map
Q, — Q,, where Q is given the subspace topology, and addition, multiplication,
and the process of taking additive inverses are likewise continuous). The subspace

topology on Z, C Q, is the p-adic topology on Z, as defined above.
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In fact, the p-adic valuation and absolute value can be extended uniquely to
any algebraic field extension of @,. In particular, the p-adic valuation and absolute
value may be extended uniquely to an algebraic closure of QQ,, and then extended
uniquely to the topological completion of this field.

We will also need to study the group of units Z; of the topological ring Z,,
endowed with the subspace topology. Since Z, is a local ring and pZ, its maximal
ideal,

Ly =Ly \ pZy.
Thus, for a ball x + p"Z, with n > 1, we have

x+p*Z, :x & pl
(z+p"Z,) N LY = p T E P
0 T € ply

Consequently, balls of the form x + p"Z, with x ¢ pZ, form a basis for the subspace
topology on Z;. Since Z,; C Q, and inversion in Q' maps Z; into Z;, Z; is in fact
a topological group under multiplication.

We have that Z =V x U, where V is the set of (p —1)th roots of unity in Z,
and U = 1+ pZ,. We let w and (-) denote the projections onto the first and second
components of this decomposition, respectively. Then each z € Z; may be uniquely
written in the form w(z)(z) with w(x) € V and (z) € U.

The multiplicative subgroup U = 1+ pZ, C Z; will play a particularly impor-
tant role in Chapter 2. Note that U is itself a topological group under multiplication
when endowed with the subspace topology. In fact, U is topologically cyclic, and if
u € U is a fixed topological generator, then the map ¢, : Z, — U given by ¢,, : © — u”
is a topological group isomorphism. The inverse of this map is p, ! : U — Z,, given by

o (y) = iggz, where log is the p-adic logarithm. We note here that if x = y (mod p™),
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then u® = v¥ (mod p™™!'). This follows because
] - (pn) )
In particular, this shows that ¢, maps L, into L, ; for each n € N. We may also
view ;' as a map on all of Z) by setting ¢, '(y) = ¢, ((y)). Then ¢ '(z) =
0 (y) (mod p"Z,) if and only if (z) = (y) (mod p"™'Z,).
Much of our study will concern Z;f, the product ring of d copies of Z,. We
endow ZZ with the product topology by taking the p-adic topology on each copy of

Z, in the product. The collection of all sets of the form
d

a+p'"Zl = H a; +p"7Z,
i=1

with n € N? and a € Zg is thus a basis for the topology on Zg. We will call sets of
the above form “polyballs” in ZZ. Since Z, is a metric space, the topology on ZZ is

also metric, and is equivalent to the “max metric” defined by
d(z,y) = ||z — ylla := max{|z; —yilp : 1 < i < d}.

We will view ZZ as endowed with this particular metric, making ZZ is a topological
ring.

Unlike the case with balls in Z,, two polyballs in ZZ may have non-empty
intersection which is properly contained in each polyball in the intersection. However,
note that if @ + p""Z% N b+ p"™Z # 0, then a; + p"'Z, N b; + p™Z, # O for each
i. In the lattice N9, let s = sup(n, m) and t = inf(n, m), so that s; = max{n;, m;}
and t; = min{n;,m;} for all 1 < i < d. Since a; + p™Z, N b; + p™iZ, # 0, we must
have

a; = b; (mod p')
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for each 1 < ¢ < d, and we let 0 < ¢; < p' denote this common residue. Also, at least

one of the following must hold:

a; +p" Ly = a; + Ly

bi +p™ Ly = by + p*' Ly
We let 0 < d; < p' be the unique integer with
a; = d; (mod p*)
in the first case and
bi = d; (mod p*)

in the second case (if both cases hold, then a; = b; (mod p*)). Then
a+p"ZiNnb+p "L =d+ p L]

a+p\"ZiUb+p "L = c+ p"ZL.

By Tychonoft’s theorem, polyballs in Z;f are compact sets in the product topol-
ogy, hence are compact open sets in Zg. If O is any compact open subset of Zg, then
it can be written as a finite union of polyballs. In light of the above remarks, we can
then write O as a finite disjoint union of polyballs in Zg. As with balls in Z,, the
collection of all compact open subsets of Zg, denoted COy, forms an algebra of sets.

The multiplicative group (Z;)d will play an important role in Chapter 2. For

a € (Zx)*, we write ™! for the inverse of @ in (ZX)®. Of course, @' is the element

al=(a',... a;") =a"V.
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CONTINUOUS FUNCTIONS

As in Chapter 2, let (R, |- ||g) be a normed Z,-algebra such that the structure
map Z, — R is injective, || - ||z is non-archimedean, and R is complete with respect
to the topology induced by || - ||z

In what follows, it will be helpful to use the language of nets (see Folland
(1999), Chapter 4 or Schneider (2002), Chapter 1.7).

Definition 32. A directed set is a pair (A, 3) where A is a set and 3 is a binary

relation on A such that

e a=Za forallacA.
e ifa 3bandb 3 c, thena 3 c.

e For any a,b € A, there is c € A such that a 3 c and b 3 c.

Definition 33. A net in a set X is a mapping a — x, from a directed set A into X.
We denote such a mapping by (x4)eca, or by (x,) when A is understood, and we say

that (z,) is indexed by A.

The directed set we will use most often is N¢ with the product order < ; we

make a definition for convenience of reference.
Definition 34. A d-net in a set X is a net in X indexed by the directed set (N, <,).

Definition 35. A d-net (x,,) in a metric space (X,d) converges to x € X if for all

e > 0 there is k € N? such that d(x,,,7) < € for all k <q 1.

Definition 36. A d-net (z,) in a metric space (X,d) is Cauchy if for all e > 0 there

is k € N such that d(zp, o) < € for all k <4 1, m.
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A metric space is complete if and only if every Cauchy net converges. Our
applications will require a study of d-nets in R.
Recall from Definition 11 that a d-net (z,) in R is bounded if
sup {||znllr} < co.
neNd

For n € NY and a <4 p"\™ — 1, we let Jan : Zg — R denote the characteristic

d

function of the polyball a + p/\“Zg. Since a + p/\”Zg is both open and closed in Z{,

Jan : Zg — R is continuous.

Definition 37. A function f : ZZ — R is called locally constant if there is some
n € N? and elements ro € R for a <4 p""™ — 1 such that
f@) = > Taan(®).
axgp’"—1

In this case, we say f factors through the level Ly,.

Proposition 16. Let f : Zg — R be a continuous function. Then f is the uniform

limit of a d-net of locally constant functions ZZ — R.

Proof. Note first that f is actually uniformly continuous since ZZ is compact. For

each n € N9, put

fu(T) = Z f(a')ga,n(w)'

axqp -1

Then (fy) is a d-net of locally constant functions. Let ¢ > 0 and fix 6 > 0 such that

x,y € 2 and ||x — y|4 < ¢ imply

1f(x) = f(Y)llr <e

Choose N € N such that p™" < § and set N = (N, N,...,N) € N¢. Now let n € N¢

with NV <4y n and let « € ZZ. We have f,(x) = f(ag) for the unique a, € N?
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satisfying a; <q p"™ — 1 and & = a, (mod p*"Z?). But now
|z — aglla <p~ <4,
from which we obtain

[fn(®) = f(@)lr = lflas) — f(@)||r <&
Thus f,, — f uniformly. O

For z € Z, and n € N, we define

(;U) x(m—l)--T-L(!m—n—l—l) ‘n>0
n 1 n=0

For fixed n € N, the map z +— (%) is a continuous function Z, — Q, (it is a
polynomial). For z € Z,, write = lim n;, where each n; € N. Then (:L;) € Z for all

1—»00

i, and by continuity, ("n) — (2) Therefore, we actually have (i) € Z,. Forn € N¢

()-11(2)

Then for n € N, the function & — (¥) is continuous Z¢ — Z,.

xr
n

and x € ng we define

Lemma 46. Let (a,) be a d-net in R converging to 0. Then the function
T
@) =3 an(%)
neNd

18 continuous Zg — R.

Proof. First, for each @ € ZZ, (2) € Z,, so that

(2

< ||lan||r — O.
R
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Thus, the series

> ()

ncNd

converges in R for each x € ZZ, and g is a well-defined function ZZ — R.

For each n € N¢, set

gn(@) = ) an (;:)

k<4n

Then (gn) is a d-net in C(Z¢, R). For each n € N, we have that
> ol
"\k

k%dn
xr
Qg L

sup {
k:;édn

< sup {|la|p} -
an

l9(x) = gn(@)|lr =

R

IA

J

But the d-net

(o e )

converges to 0 in R since (a,) converges to 0 in R. Therefore, g, — g uniformly, and

it follows that ¢ is continuous Zg — R. O

Let f € C(Z,, R). For each n € N, define

8f) =3 () 1+ ) € Oz ),

k=0

Observe that Af(z) = f(z).

Lemma 47. For each n € N, A" : C(Z,, R) — C(Z,, R) is R-linear. Moreover,
AR(A"f(z)) = AR f(z) for all k € N and all f € C(Z,, R).
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Proof. Let n € N. Let f,g € C(Z,,R) and r € R. Then

and

A"(f + g)(x)

n
n

(=D (f +g)(w + k)

™

e
Il

0

I
bl
[
ol

S |l

o

n

k

(+)
<n) (=1)"*(f(z + k) + g(z + k)
(+)

RIS e S ol CATERIU

B
Il
o

2 = 3 () 0K 1
_ :0 (Z) (—1)"*r f(z + k)
_ r:o (Z) (—1)"* fla+ k)
At

It will suffice to establish the second claim for £k = 1, and arbitrary n € N, as the

general result follows from this case and a standard induction argument. Note that

there is nothing to show if n = 0, so we assume n > 0. Using the R-linearity of A,

we have

N

) (=" (—flx+k)+ flx+k+1))

Recall the Pascal relation (see Appendix C)

-+
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valid for all 1 < k. This gives

—%2?:(2)(—1Y“kf@r+k—%1)

k=0
n

- Z (Z) (=) Ff(x+ k) + Z (Z) (—)"Fflx+Ek+1)
= - (" ()" *(—f(x+ k) + flz +k+1)).
> (i)
Thus, A(A"f(z)) = A" f(z). O

The following lemma will be used in the proof of Mahler’s theorem (See Bojanic

(1974)).

Lemma 48. For each n,m € N,

A () = VZ (") a5t = m).
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Proof. Fix n,m € N. We have
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Theorem 17 (Mahler’s Theorem). Let f : Z, — R be a continuous function. For

n €N, put
n

wlf) = 87110 =3 () 1) € B

k=0

Then a,(f) — 0 and f can be written uniquely in the form

1) =S (7).

n>0

Proof. For uniqueness, suppose there are two sequences (a,,) and (b,) which converge

() =2 ()

n>0 n>0

to 0 and such that

for all x € Z, (note that the two series thus converge for every x € Z,). If (a,) and
(b,) are distinct sequences, then there is a minimal index k for which ay # b. For

any r € Zp,, we have

In particular, for x = k, we have

k
0= (ag —bk)<k> = aj, — by,

a contradiction.
To show that a,(f) — 0, we closely follow the proof given in Bojanic (1974).
Since Z, is compact, f : Z, — R is uniformly continuous. Fix s € N. There exists

t € N such that

1 () = FW)llr < llpllz
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whenever |z — y|, < p~*. In particular, for each k € N,

1 (k+p") = f(R)Ir < llpll%:

Since f is continuous, f is bounded. By Lemma 47, scaling f by an element of R
scales each a,(f) by that same element. Replacing f with a scalar multiple of f, if
necessary, we may assume || f|lo < 1 since this will not change the convergence to
zero of the a,(f). Since the norm on R is non-archimedean, ||a,(f)||r < 1 for all

n € N. Notice now that for each k,n € N,

1870 = a0 = 3 ()0 H+ k) = )

< 4 () o

< [lpl%-

R

NCETE f<k>||R}

From Lemma 48, for each n € N,

Il

s}
/N
SRS
~_

>

3

+

.

=

}/

A" f(p")
This gives

i () = A F(0) = AT — S (pf ) A" (0)

But forall 1 < j < p' —1,
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by Lemma 51, so

< lpll&-
R

Therefore,

)

e (£l < mX{H (f; )anﬂ-(f)

<)

A F(p) = AT FO) | 1 <5< p — 1}
R

,HpHSR:lsJ'Spt—l}
R

Since the above holds for all n € N, we conclude

lan(Hllz < lIpllr

for all n > p'. Using this, the same argument shows

lan(Hllr < lIpl%

for all n > 2p', and an inductive argument gives

lan(F)llr < 1Pl

for all n > sp*. Since [|p[|5 — 0, this gives ||a,(f)|lr — 0.
From Lemma 46, the function
o) =) (1)
n>0
is continuous Z;f — R. Note that Z, = S is a multiplicative subset of R. We work
formally with power series in (S™'R)[[X]]. Put

F(X) =Y fn) 21 e (57 R)[X]

n>0
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and

exp(X) = Y2 € (5T R)X],

n>0

as usual. We have the following formal identity of power series in (S™!R)[[X]]:

exp(—X)F(X) = <Z<_1)n%) (Z f(n)%)

-3 (Z (Z)(—D”"“f(@) %
= Zan(f)%

Now in (S™'R)[[X]] we have the formal identity
exp(X) exp(—X) = 1,

whence

k=0

for all n € N. But now g(z) and f(z) are two continuous functions Z, — R which

agree on all of N. By the density of N in Z,, we in fact must have

() = g(x) = ;akm (7):

as desired. O

By repeated application of Mahler’s Theorem, we obtain the following corol-

lary.
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Corollary 32 (Multivariate Mahler Theorem). Let f : anl — R be a continuous
function. For n € N¢, put
()= X (7t e r
k
k=<4n
Then an(f) — 0 and f can be written uniquely in the form

fa) = X o)1)

nend
Proof. We will show by induction that the result holds for each d > 1. The result
holds for d = 1 by Mahler’s theorem. Suppose the result holds for some d > 1, and
let f : Zg“ — R be continuous. For each fixed y € Z,, define f, : Zg — R by
fy(x) = f(x1,...,24,y). Then f, is a continuous function Zg — R. Moreover, the
function ¢ : Z, — C’(Zg, R) given by g(y) = f, is continuous. By Mahler’s theorem
(for the ring C(Z, R)), we have that

9(y) = ; an(9) (i)

where

and ||a,(g)]lcc — 0.

For a d + 1-tuple m = (my, ..., mg, mg.1), we denote by m the d-tuple m =
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(my,...,mg). Then for n € N4

an(f) = kgm(—l)”—’“ (Z)f(k)
::kg;nG—D“‘k<Z)f@+xk)
::;§;<JHJE-E<Z) k;iié-aywﬂfhﬂl<2jj)g@a+o (i)
=:;g;f44dﬁ—g(2)[mu+xgn<%>

This gives
lan()lle < llang,, (9)]lo-

This holds for all n € N¢, so that a,(f) — 0 in R. Consequently, the series
x

> win(?)

neNdtl

converges in R for each x € ZIH!.

By the induction hypothesis, for each y € Z,, the d-net (a,(f,)) converges to
0, and

@) = 3 (7))

neNd
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Then for ¢ € Zg“, we have

neNd \ kxgn

2 5 (B @) eom) (2

neNd ngy1>0

S ) (Z’;) (W)

neNd ng1>0

== an(f)(:i).

neNd+1

=3 (2 () (

Definition 38. Let f € C(Z%, R) and write

f@) = % (7))

neNd

as in Mahler’s theorem. The element an(f) € R is called the nth Mahler coefficient

of f.

Corollary 33. For any f € C(Z},R),

1fllee = sup {[lan(f)llr} = max{flan(f)]}-

neNd
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Proof. For each n € N, we have ||an(f)|lr < ||flleo by the explicit expression for

an(f). On the other hand, for x € Z, we have
x
> wn(?)

neNd an(f) (Zi)

< sup {
neNd

< sup {|lan(f)|l 5} -

neNd

1f ()[R =

R

J

The uniqueness of Mahler coefficients implies the following two results.

Corollary 34. Let f,g € C(Z,R) and ¢ € R. For each n € N,

an(f +9) = an(f) + an(g)

an(cf) = can(f)-

Proof. For each x € ZZ, we have

f@)+g(z) =Y an(f) <:> 2 anlo) (ﬁ)

neNd neNd
= ¥ (0l +anls)(2):

Since (an(f) + an(g)) — 0, the result follows from the uniqueness statement in

Theorem 32. Similarly,

and (can(f)) — 0, so the result follows from the uniqueness statement in Theorem 32.

O
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Corollary 35. Let R be as above, and let f : anl — R be a continuous function.

Suppose fori=1,...,d there are continuous functions f; : Z, — R such that
d
fla) =] filx)
i=1

for all x € Zg. For each n € N,

an(f) = ][ ani ().

Conversely, if fori =1,...,d there are continuous functions f; : Z, — R such that

for all n € N4,
d
an(f) =[] an (£,
i=1

then

for all x € anl.

Proof. Let n € N%. By definition, we have

k<4n
d
k=<xgn i=1 ¢
d ng
SIS () s
i=1 k;=0 !

The converse follows from the above computation and the uniqueness of the Mahler

expansion. ]
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APPENDIX B

POWER SERIES
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We collect here some important results on rings of formal power series. For
proofs of these results, consult any of Chapter III of Bourbaki (1972), Chapter 1 of
Frolich (1968), or Appendix A of Hazewinkel (1978).

Let R be a commutative ring with identity 1 # 0. Let X = (X3,...,X,) be
a d-tuple of pairwise independent commuting indeterminates. The ring of d-variable
formal powers series over R is denoted R[[X]| = R[[Xy,...,X4]]. R[[X]] is the
collection of all power series

F(X)=> amX™
meNd
with coefficients a,, € R under “termwise addition” and “Cauchy multiplication”

<Z ame> + <Z mem) = > (m + b)) X™

meNd meNd meNd

(Z ame> (Z mem> =y (Z (akbm_k)> xm

meNd meNd meNd \kgm

With these operations, R[[X]] is a commutative ring. The power series

I(X)= ) amX™
meNd

with ap = 1 and ay, = 0 for m # 0 is the identity element of R[[X]|. The ring R can

be naturally identified with a subring of R[[X]] by

re—rl(X)= Z ramX™

meNd

with ag = 1 and a,, = 0 for m # 0. In fact, for r € R, the action

r ( > ame> =) rapX™

meNd meNd

endows R[[X]] with the structure of an R-algebra.
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The ring of d-variable polynomials over R is denoted R[X| = R[X;, ..., X4,

and is naturally identified with a subring of R[[X]]. A power series

F(X)= > amX™ € R[[X]]

meNd

belongs to R[X] if and only if there is n € N? for which a,, = 0 for all n <4 m.

For any d > 1, we have
R[[ X1, ..., Xaa]][[Xd]] = R[[Xq, ..., X4]]-

Let I be the ideal of R[[X]] generated by the set {Xi,..., X;}. We endow
R[[X]] with the I-adic topology. With this topology, R[[X]] is a complete Hausdorff

topological ring, and R[X] is a dense subring of R[[X]].

Definition 39. A term in R[[X]] is an element of the form aX™ for some a € R
andn € N%. A term aX™ is nonzero if a # 0 and is called a monomial if a = 1. The

degree of a term aX™ is
d
‘TL| = Z ng,
i=1

or equivalently is the smallest k > 0 with aX™ € I*. A constant term is a term
of degree zero. An element F(X) € R[[X]] is homogeneous of degree k if all of the

nonzero terms of I have degree k.

Lemma 49. Let

F(X)= > amX™
meNd

Then F € R[[X]]* if and only if ap € R*.

Now let Gy,...,G4 € R[[X]] (so the G; are all one-variable power series). If

F € R[X], then the composition

F(G1(X1),...Ga(Xa))
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is a well-defined element of R[[X]] (the composition involves only finitely many oper-
ations in the ring R[[X]]). On the other hand, if G; € X R[[X]] for all 1 <i < d, and

F € R[[X]] is arbitrary, then the composition
F(G1(X4),...Gqe(X0))

is again a well-defined element of R[[X]] (this fact uses the completeness of R[[X]]

in a fundamental way).

Definition 40. An R-derivation of R[[X]] is an R-linear map D : R[[X]] — R[[X]]

satisfying the “product rule”

D(fg) = fDg+gDFf.

a .
ax,

deriative operator with respect to X;:

i (B ) - B e

neNd nece;+Nd

Example 27. For each i, let

R[[X]] — R[[X]] denote the termwise partial

Then 8?( is an R-derivation of R[[X]]. O

A routine induction argument shows that if D is an R-derivation of R[[X]],
then

9 (xn)

DX" =nX" DX, = DX,
3 n 1 aXZ 3

for all 7. Repeated application of the above fact and the product rule gives that for

each n € N%,
0

8—XZ-(Xn>'

DX™ = i DX;
i=1

The product rule now implies that if f € I", then Df € I"~!. When coupled

with R-linearity, this last fact gives that D is continuous with respect to the I-adic
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topology on R[[X]]. Therefore, for any f € R[[X]], we have

- 0
Df = 2_; DXz (f).

Definition 41. Let ©,(R) denote the set of R-derivations of R[[X]]. Then Dq(R)

is a R[[X]]-module under the operations

(Dy+ Do) f = Dy f + Dof

(aD1)f = a(D1f)
for D1, Dy € D4(R), a € R[[X]].

We have seen that the

oy, Shan D4(R) as an R[[X]]-module. They are also

R[[X]]-linearly independent. Indeed, if a; € R[[X]] are such that

- 0
2%8—)(2(]0) =0

for all f € R[[X]], then evaluating at X; gives

. 0

2
For this reason, an R-derivation D on R[[X]] is uniquely determined by DJX; for
i=1,...,d

p-ADIC POWER SERIES

Let R be a ring as in Section 2.5 which is a discrete valuation ring. As in
Chapter 2, let ordg denote the valuation on R and 7 a fixed uniformizer in R, and let
A4 denote the d-variable power series ring R[[T — 1]]. We will write elements of A, as
F(T) rather than the more cumbersome F(T — 1), with the hope that no confusion

results.
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In this setting, Ay = R[[T — 1]] is a local ring with maximal ideal (7,7} —
1,...,Ty—1), which we denote by m. Then Ay is complete with respect to the m-adic
topology. In this case, if Gy,...,Gg € (r,T — 1) C R[[T — 1]], and F' € A4, then the
composition

F(Gi(Th),...,Ga(Ty))

gives a well-defined element of Ay (each of the G;(7;) are topologically nilpotent
elements in Ay).
An important collection of power series include the following objects. For
x < Zg, we have the series
T = mEZNd (:1) (T —1)™ € Z,[[T — 1]] C Aa.
These series satisfy T*TY = T*¥ for x,y € Zg (see Appendix C). In particular, the

set

E={T": xcZl}

is a (topologically) closed multipicative subgroup of A4, isomorphic to (Z%, +) (as
topological groups) via T® +— x. Moreover, E is generated topologically by the
power series 17,...,7Ty, i.e.

E=1{Ty,..., Ty

as a subgroup of Ay under multiplication.
As in Section 2.2, for m € N¢, let I,,, be the ideal of A; generated by Tfml —

mq

1,...,T) ° —1. A consequence of the isomorphism (Z{,+) — E given by @ — T is

the following useful fact:

Lemma 50. Let x,y € ZI. Then T® = TY (mod ILy) if and only if © =

y (mod p"™Zf).
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Consequently, the set
{T®:a <4p"™ — 1}

is a complete set of distinct representatives of the quotient ring Ay/I,,, and these

elements are all R-linearly independent.
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APPENDIX C

COMBINATORIAL IDENTITIES
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We collect several important combinatorial identities which will be used in
Chapter 2.

Let A be a Q-algebra. For n € N, consider the polynomial

= e AX].

1 n=20

0% X(X—l);;!(X—n-i-l) >0
n

When z € N, then (*ﬁ) evaluated at X = x gives the usual binomial coeffi-
cient. For this reason, we will refer to this polynomial as the nth binomial coefficient
polynomial in A[X].

For z,y € N and n € N, we have the following identities, all of which may be

found in Chapter 1 of Stanley (2012).

2" =S kIS(n, k) (i)

k=0
The integers s(n, k) and S(n, k) appearing above are the Stirling numbers of the first
and second kind, respectively (see Stanley (2012)). Since a polynomial in A[X] may
have only finitely many zeros in A, the identities above yield the following polynomial

identities in A[X, Y]:
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X" = ; k1S(n, k) (ij)

In particular, the above formulas hold in Q,[X,Y]. However, whenever z € Z,,
also 2" € Z, and (Z) € Z, for all n € N. Thus, when substituting X =z and ¥ =y
for x,y € Z,, each of the above identities hold in Z,.

Finally, recall that for @ € Z;f and n € N?, we defined

d
() -11()
=1

The above identities can then be applied to these objects. For example, we have the

(0= 2 () )

m=<gn

useful identity

for &,y € Z¢ and n € N°.
We also need the following identity, which appears in Section 1.9 of Stanley
(2012):

SO0

j=0
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Finally, we will use the following result from Section XXI of Lucas (1878)
several times in Chapter 2. (see also Dickson (1966) and exercise 14 in Chapter 1 of

Stanley (2012)).

Lemma 51. Let m,n € N and let

(o] [o¢]
m = E m;p" and n= E n;p’
=0 i=0

be the base p expansions of m and n, respectively. Then

(1) =L ot

For x € Z,, let z®) denote the kth partial sum in the p-adic expansion of z.

Fix n € N. Then by Lemma 51, the sequence

() ),

is eventually constant. By the continuity of the function x — ( ), we have

(-i(c) win

where x;,n; are the ith digits in the p-adic expansions of x and n, respectively.
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