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Abstract

We address the near-collinear expansion of multiparticle NMHV amplitudes, namely, the heptagon and
octagons in the dual language of null polygonal super Wilson loops. In particular, we verify multiparticle
factorization of charged pentagon transitions in terms of pentagons for single flux-tube excitations within
the framework of refined operator product expansion. We find a perfect agreement with available tree and
one-loop data.
© 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The theory of the color flux-tube in planar maximally supersymmetric gauge theory is deeply
rooted in the integrability of the model [1]. Recently an operator product expansion (OPE) in
terms of its fundamental excitations was successfully formulated [2,3] to compute the expecta-
tion value of null polygonal supersymmetric Wilson loop W to any order of 't Hooft coupling.
The superloop is dual to the on-shell scattering superamplitude [4-9] and thus promises one to
provide nonperturbatively the complete S-matrix of the super Yang—Mills theory in question.
Since the latter is a superconformal theory and thus does not possess asymptotic particle states in
four-dimensions, one has to deal with regularized and properly subtracted combinations of am-
plitudes, known as ratio functions [10,11]. The refined version of the operator product expansion
approach employs the so-called pentagon transitions P (y/|v') between eigenstates v and v/ of
the color flux tube [3]. An eigenstate ¢ is parametrized by the eigenvalues of three generators
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of the conformal group which yield the energy Ey,, momentum py, and helicity my, of the state.
The dispersion relation E = E(p) for the latter is conveniently parametrized by the excitation’s
rapidity u, such that £ = E(u) and p = p(u). The latter are known to all orders in 't Hooft
coupling for any excitations propagating on the flux tube [12].

An N-sided super Wilson loop Wy in a chosen tessellation is then decomposed in terms of
pentagons as shown in Fig. 1 and reads [3]

Wy =/dpcw(u)Fw(Om)P];W(—ﬁ|v)duwr(v)P1/;,|w,,(—i)|w).... (1)

For this polygon, there are N — 6 intermediate pentagons P, which together with the first and
last ones, — dubbed creation/absorption form factors F for incoming/outgoing states, — overlap
on N — 5 intermediate squares. The latter are encoded in the measures du that cumulatively
depend on 3(N — 5) independent conformal cross ratios 7, o; and ¢ ;. For a given intermediate
transition, d gets contribution from an n-particle state which admits a factorized form

1 duj
dpy @) = Tdpp; ), dpag; () ==L pup; (e

—TEpj (uj)—i-iappj (uj)+i¢mpj )
j=I

Here and below, we will associate the first set of the cross ratios 71, o1, ¢; with excitation ra-
pidities u, the second set 12, 02, ¢ with v, 13, 03, ¢p3 with w etc. Above, the first and last
pentagon transitions differ from all intermediate ones by the fact that their initial and final states,
respectively, correspond to the flux-tube vacuum, however they are related to the rest by mirror
transformations [3,13]. The chosen conventions were adopted from the integrability-based pen-
tagon framework which one uses to compute all ingredients to any order of perturbation theory
[3,14-19] from a set of axioms [3]. Hence, we employed the following notations in Eq. (1): while
¥ corresponds to a collection of excitations in particular order ¥ = {p1, ..., p,}, ¥ stands for its
opposite ¥ = {py, ..., p1}. The same nomenclature applies to their rapidities associated with the
corresponding flux-tube excitations, # = {uy, ..., u,} and # = {u,, ..., u1}, respectively.

The integrals over the rapidities of the flux-tube excitations in the formula (1) go over specific
contours. The latter are the same for both holes and gauge fields which run along the real axis (or
slightly above it in the complex plane). The most complicated contour C is the one for fermionic
excitations [15]. It travels over a two-sheeted Riemann surface with a cut along the interval on the
real axis [—2g, 2g]: in a nutshell, it is conveniently decomposed within perturbation theory into
two contours C = Cg U Cy, with Cf that lies on the so-called large fermion sheet and runs just
above the real axis, Cg = (—00 + 10, +00 +i0), the second one is a half-circle closed contour Cy
on the small fermion sheet in the lower half plane of the complex rapidity plane. Having spelled
out these explicitly, in what follows, we will not display the integration domains explicitly.

The OPE for the hexagon was addressed in great detail in previous studies [3,14—18] and
successfully compared with available higher-loop data on scattering amplitudes' [20-25]. In this
paper, we will address the question of computing higher-point null polygons® within the OPE
framework paying special attention to the factorizability of multiparticle pentagons in terms of
single particle ones. For identical excitations, its form was conjectured in Ref. [3] to be

' Quite recently similar results were obtained for the symbol of MHV heptagon in Refs. [26-29] up to three loop order.
2 1 would like to thank Benjamin Basso for informing me about analogous analysis currently under way [30] following
the formalism of Ref. [19].
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Fig. 1. A generic polygon tessellated into a sequence of pentagon transitions (shown by dashed contours) between eigen-
states of the color flux tube. The bottom pentagon is encoded by the form factor for creation of corresponding excitations.
Crossing relates it to pentagons.

[Tz [T7=) Puilv))
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where the transition is not necessarily particle number-preserving, i.e., n # m. This was verified
for n = m at leading order in Ref. [31] by mapping out the problem of interacting flux-tube
excitations to an integrable spin chain with open boundary conditions [32,33]. Presently, the
multiparticle pentagons will not be restricted to particles of the same type, however, the factorized
form (3) will still stand strong. We will find that the same form is valid for fermions as well
where the bootstrap equations are nonlinear. Apart from testing the factorized form, another
goal of our consideration will be to confirm all pentagons introduced in previous analyses. To
verify our findings, we will confront them against explicit data on multiparticle non-maximally
helicity violating (non-MHV) amplitudes. To date, the only available source of the latter’ is the
package by Bourjaily—Caron-Huot-Trnka [35] that provides amplitudes to one-loop order. The
main observable will be the ratio function

P(uy,...,uplvy,...,0p) =

3)

7;’N;n =AN;I’!/AN;07 (4)

of N"MHYV superamplitude 4., to maximally helicity violating (MHV) one Ay.o.

Our subsequent presentation will be organized as follows. In the next section, we will focus
on the heptagon. We construct a properly subtracted observable from the ratio function that is
compared with results deduced from OPE. Since, there is one intermediate pentagon in this case,
we will address successively single-particle, two-to-one and two-to-two transitions in turn. This
case alone already encompasses all major flux-tube excitations. Eventually, we take a first look
into three-particle transitions using a specific example. Next, we analyze octagons following the

3 With the exception of the available symbol for two-loop NMHYV heptagon derived in Ref. [34].
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same footsteps in Section 3. Finally, we conclude. Several appendices are dedicated to provide
details of computations performed in the main body. Appendix A exhibits the construction of
reference polygons and the way all inequivalent polygons are parametrized. In Appendix B, we
summarize all ingredients of the pentagon approach, i.e., all pentagon transitions, single and two-
particle measures, in the latter case involving one small fermion, as well as flux-tube dispersion
relations limiting ourselves to one-loop order.

2. Heptagon observable

As we pointed out in the Introduction, the hexagon was exhaustively studied in the literature
to a very high order in 't Hooft coupling. Therefore, to start our present consideration, let us
introduce a seven particle observable that we will be comparing our OPE predictions with. For
the case at hand, there are two sets of conformal cross ratios 7;, o; and ¢; (i = 1, 2) which define
momentum twistors parametrizing inequivalent heptagons (A.14), as discussed in Appendix A.

While the ratio function P7.,, in Eq. (4) is finite, the OPE frameworks provides predictions for
a finite quantity which is constructed by factoring out the (inverse) bosonic Wilson loop from the
former, namely,

Wi = 82" Pr.a W1, (5)

where, obviously P7.0 = 1 and the power of the 't Hooft coupling was introduced to match the
definition of the expectation value of the supersymmetric Wilson loop of Refs. [8,7,9], according
to which a tree NMHV amplitude corresponds to a one-loop expression on the Wilson loop side,
N2MHYV to two-loop graphs etc. Above, W5 is the heptagon observable that does not depend on
the Grassmann variables, W7 = W;.o, and can be split to all orders in 't Hooft coupling as

Wy =Wy exp(Ry), 6)

with W7U a being the sum of connected correlators between reference squares in a chosen tessel-
lation of the heptagon calculated in U(1) theory* with the coupling constant g%m being replaced
by the cusp anomalous dimension g%(l) = %Fcusp(gz) of the full theory [36] and a remainder

function R7. Since in the bulk of the paper we will not go beyond the first subleading order in g2
due to the lack of higher loop data for multiparticle amplitudes, we ignore R7, which starts at two
loops [20,21], and use the following expansion that will suffice for our subsequent calculations

W7U(]) =1+ g*[ri (11,01, ¢1) +71(12, 02, $2) + r2(T1, T2, 01, 02, P1, p2) 1 + O(gh) . (7)

The reason for decomposing the order g2 contribution in terms of three functions is that they
have a clear representation via single-gluon exchanges between reference squares of the abelian
Wilson loop [36]. At large 7, they develop the following decomposition

ry (‘L’, o, ¢)) = e_t (eid’ + e_i¢)l’1[1](0‘) + 6_2‘[ (e2i¢ + €_2i¢)r1[2] (O’) +.... (8)

Here rq[,) is a twist-n contribution that admits an OPE interpretation in terms of single and
two-gluon bound state, respectively, in the hexagon expansion (or, for the case of the heptagon,
as a transition between the flux-tube excitations and the vacuum),

4 See Eq. (127) in Ref. [14].
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1 1
rim(o) = ?/dug(u), r1[2](6)=?/duug(u)~ )

2/Zr(fé)

Their perturbative expansion r =), g starts at order g2 and reads” at leading order in

coupling [36,15]

M (o) [d” et 26¢” —2cosh(o) In(1 +¢2%) (10)
r o)=17 e = L0 — (0} o) In .
1] 27 (u? + ) cosh(u)

2iuoc

r{) (a):n/d—uL ! — 0€% 4 cosh(20) In(1 + %) (11)
12] 2w (u? + 1) sinh(wu) 2 ’

making use of the explicit measures summarized in Appendix B. Analogously, the function
(11, 72, 01, 02, @1, ¢2) that depends on all heptagon variables emerges from the gluon exchange

between the top and bottom reference squares and can be expressed in the near-collinear limit
[39]

r2(T1, T2, 01, 02, P1, o) =€ TR (V1T L eI 0 (01, 00) + (12)

as a gauge field propagating on the flux tube with
1
rapy(or, 02) = ?/dﬂg(“)Pg\g(_mv)dﬂg(v) ) (13)

involving one intermediate gauge-field pentagon® Py [3]. All helicity-violating contributions
were not mentioned above since they arise in perturbation theory starting from two-loop order.

Our focus will be on the NMHV amplitudes P7.1. In what follows, we will introduce the
following convention for the coefficients in the expansion of the heptagon super Wilson loop in
a given OPE channel (where we omitted an overall Grassmann structure for each term in the
series)

W=y Y emnmmngd Mool 2yy, o n (01,02 8) - (14)
n1,n2 hy,hy

Here n; and n; stand the cumulative twists of excitations in the incoming and outgoing flux-
tube states, while h; stand for twice their corresponding helicities, #; = 2m;. The function
Win\,nal(hy,ha) (01, 02; ) admits an infinite series expansion in ’t Hooft coupling

C o) — o2 2Uy0)(0)
Wihni.nal(hy,ha) (01,02, 8) = 8 Zg W[nl,nz](hl,hz) (01,02). (15)
>0
As mentioned earlier, we pulled out a power of the coupling since the one-loop contribution W;O;

to the super Wilson loop is dual to the tree-level ratio function 797(% [7-9]. Analogously, we will
expand the ratio function P7.1,

Pra=y Y e Ot R2py o (01,025 8) (16)
ny,ng hyhy

with the perturbative series for accompanying coefficients being

5 The emerging here and below one-loop Fourier transforms can be computed along the lines of Refs. [37,38].
6 The first two terms in its perturbative expansion are given in Appendix B.
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2
Pyl ) (01,023 ) = Y 8Pt 161 iy (01,02) a7
>0

As we alluded to above, the focus of the rest of this section will be on the NMHYV contribu-
tion Wy.; to the superheptagon. The SU(4) symmetry fixes Wy.; to be a homogeneous SU(4)
invariant polynomial in Grassmann variables X,-A (i=1,...,7) of degree 4. Thus it admits the
following Grassmann expansion

Wy = Xlzxf{e”tZW[l,l](o,O)
+ e 21— 2,0 Wi 112.0) + e 20— —id Wi2.11(=2.0)

+e—2r1—2rz[ —t¢1+l¢2W22( 22+ - ]+}

+ X?m{e—fl—rzeidJl/2+i¢2/2W“’1](1’])

Le 2t [e3i¢1/2+i¢2/2w[2 G e /AR 1)]

+e —271— 21’2[ 3!¢1/2+3l¢2/2w{22](3 3)+e l¢1/2+3l¢2/2W22( 13)+ ]

+e ™ [e_3i¢]/2+i¢2/2W[3,1](_3’1) +.. :I + ... }

+..., (18)

where Xl x4 = EABCD XIA XlB X4C X4D etc. Here we only displayed terms in the OPE that form

a representative class of contributions that will be the subject of the current analysis. The )(l.4
contributions were considered previously in Ref. [17] and thus to avoid repetition will not be
discussed below.

2.1. One-to-one transitions

We start our consideration with the X12 Xf component. The leading twist contribution is de-
termined by the exchange of the hole excitation propagating on the color flux tube and, as was
established in Ref. [14], it reads

Wi 0,00 = —/duh(u)th(—MIv)th(v)- (19)
To lowest order in perturbative series, it takes the form

) _pO
W[l,l](O,O) (01,02) = P[l,l](O,O) (01,02)
du dv  e¥orut2io I(—iu —iv)

27 27 cosh(mru) cosh(mrv) F(% — iu)F(% —iv)

el +o2

T T &201 4 202 4 Qo1 t20; 0

making use of results summarized in Appendix B. It agrees with the expression for the ratio
function 77[(?,)1](0’0) deduced from the package [35]. The subleading correction in 't Hooft cou-
pling agrees as well. We do not display it explicitly here in order to save space (see, however, the
ancillary file).
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Next, we turn to the X13 xa component of the heptagon. As can be easily anticipated on the
basis of quantum numbers by counting the fermionic degree and SU(4) weight of the accompa-
nying Grassmann structure, the leading term in the near-collinear expansion is governed by the
exchange of the fermionic flux-tube excitation, namely,

Wi :—i/d,u\ll(ul)x[ul]P\llw(—Ml|U1)dﬂw(vl), @1)

where x[u] is an ad hoc NMHV fermionic form factor [15,16,18] given by the Zhukowski vari-
able whose definition is deferred to Eq. (B.45) of Appendix B. Here the contour C runs on both
the large and small fermion sheets of the corresponding Riemann surface, as was reviewed in the
Introduction. Since there are no poles in the integrand on the small fermion sheet, its contribution
vanishes identically. This can be understood recalling that the small fermion at zero momentum
is a generator of supersymmetric transformation [40]. Since for the case at hand, it is the only
excitation present on the top or the bottom of the heptagon, it would correspond to the action of
the supersymmetry generator on the vacuum state and thus yield vanishing net result. Hence, the
above super Wilson loop component reads in the OPE framework

Wiy = —i / d 1) x[] Prrp (—u[0)d (o) - 22)

Taylor expanding all ingredients in ’t Hooft coupling, we immediately reproduce the tree-level
X 13 X4 contribution to the ratio function

0) _ pO
W[]’]](],])(Gl P 02) = P[l,l](l,])(al s 02)

s %dﬂ e21'(71141—&-21'02v1 F(—iul—ivl)
- 27 27 sinh(ru)sinh(wvy) T(—iu)T(1 —ivy)
201
c

T+ e201)(e201 4 e202 4 g201+202) ° 9

Substituting perturbative expansions quoted in Appendix B, this agreement can be extended to
one loop order as well (see the accompanying Mathematica notebook).

Analogously, if we were to consider the y Xf component, one would find that the leading
twist contribution is determined by the permutation transformation of the x f’ X4 contribution, i.e.,
Wi 11(=1,-1 (01,025 8) = W1, 110,1)(02, 01; g) and reads explicitly,

Wi i=1,-1) = —i/dMF(u)PF|F(—M|U)X[U]dMF(U)- 24
2.2. Two-to-one transitions

Let us move on to two-particle states. We begin our discussion of twist-two contributions with
the particle number-changing case when the bottom part of the heptagon emits two flux-tube
excitations while the top absorbs only one. We will observe on a number of examples that the
two-to-one pentagons factorize in terms of single-particle ones as follows’
Py, 1ps (U1|v1) Ppyjps (u2|v1)

Py py (u2]u1)

Poipylps (U1, u2vr) = .

7 We do not display potential kinematical SU(4) tensor structure but focus only on the dynamical part of pentagon
transitions.
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The above expression follows the pattern of gluonic transitions conjectured in Ref. [3] and veri-
fied at leading order in Ref. [31], however, here it is not restricted to particles of the same type.
We will find that the same form is valid for fermions where the bootstrap equations are nonlinear
[15,18].

2.2.1. Two-(anti)fermion and scalar-(anti)gluon states
To analyze the two-(anti)fermion and scalar-(anti)gluon states, we turn to the twist-two con-
tribution in the x?x7 Grassmann component. The operator product expansion for Wiz 11¢2,0) is
related to the properly defined ratio function (5) as follows
(©) _pO
W[z’]](z’o) (U] P 02) = P[Z,]](Z,O) (01 s 02) s (26)
) _pM (0) (D
W[2,1](2,O) (01,02) = P[Z,l](Z,O) (o1,02) + P[l,l]((),()) (o1, GZ)rl[l](Gl) > (27)

at tree and one-loop order, respectively. These arise from the sum of two particles that mimic the
quantum numbers of a hole in the in-state and a single hole in the outgoing state, such that

Wiz 112,00 = Wawih + Wenn, (28)
with

x[u] x[us]
2 F§y Olur, u2) Pywin(—uz, —ui|vi)dpun(vr),

Wy = /dﬂw(ul)duw(uz)

g2
(29)
Wenhih = /d,ug(ul)dﬂh(uz) w&h(olul»uz)&gm(—uz, —uy|vy)dun(vy),
(30)
where the two-particle production form factors are [16,18]
Fé g Olur, uz) = — : FanOlur, uz) = 31)

up —uy+i Py (uiluz)’ Pgn(uiluz)

In the course of the study, we established the following empirical rule for introduction of ad-

ditional “helicity” form factors, whenever the intermediate pentagon transitions P, -
PI»P2,~~|P1,P2,~~

involved (anti)gluons, p;, p/j = g, g&. Namely, for each pair in the product of all permutations
o=({1,2,...}and o’ ={1',2', ...} of in-out state transitions p,|p,,, we introduced extra factors
depending on the shifted Zhukowski variables (B.46) according to the rule

8 _ x+[u]x_[u]
& SR 2
i ] (gl lgw)) — : ’ )

when the in/out state contained an (anti)gluon, and the conjugate one had a hole and an
(anti)fermion. This compensated the square-root factors emerging in the solution to bootstrap
equations in the conventions of Refs. [16,18].

In the same fashion as in the previously addressed twist-one case, the fermionic contour runs
on both sheets of the Riemann surface. Presently, the leading effect arises, however, from the
kinematics when one of the rapidities belongs to the small sheet and another to the large one.
Since Ft% (OJuy, uz) has a pole in the lower half plane at #| = u — i, one can evaluate the integral
over u; using the Cauchy theorem. Thus Wy splits up into the sum of two contributions,
Wawih = Wi + Wrrh,

(g, 1g@)) —
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1
Wik = 2 /deF(uz)Pﬂh(—uz +ilv1) PR (—uz2lvi)dpn(vy) , (33)

ix[uq]x[u2] Pen(—uilvy) Prn(—uzlvr)
(w1 —up + i) Prp(uy |uz) Prip(—u1| — uz)

of the small-large and large—large fermion pairs, respectively. In the former, we employed a
notation for the composite two-fermion measure [16]

1
Wi = 3 / dpur(un)d e (uz) dun(vr), (34)

x[u] e (u — ) pup ()
x[u —i] Pyp(u —ilu) Par(—u +i| —u)
It is important to recall that as one passes to the small fermion sheet, the Zhukowski variable x

transforms to g2 /x [12]. Equation (33) accounts for the entire tree-level NMHYV ratio function
as it starts at order g2,

wer(u) = — (35)

0 0
W[(Z,)l](Z,O) (01,02) = Wé{.q)h (01,02)

o duy dv; e2iuz01+2ivi 07 ir(%—iuz—ivl)
27 2; sinh(wuy) cosh(mvy) F(—iuz)l"(% —ivp)
6201-‘1-30'2

T (201 + 201 f e2o1+200)2 (36)

While the second one, Wggjn, is postponed to 0(g4). Notice that the latter contributes to the
Wilson loop an order earlier in 't Hooft coupling compared to the hexagon [16]. In addition,
the one-loop ratio function (27) receives an additive contribution from the incoming gluon-hole
state,

i/ Xt [uy]x~ [ur]Pgn(—uy|vy) Pop(—uz2|vy)
dun(vy).
Pgn(u1|uz) Pgn (—u1| — u2)
(37)

1
W = < / g (1) (02)

Combining Wt%\)h W}(?il:)|h and Wg(tl}?h together, we uncover the one-loop NMHYV amplitude (27)
as demonstrated in the accompanying Mathematica notebook.

The two-antifermion states emerge in the W3 1)(—2,0) component of the superloop. This
transition will be sensitive to the hole—antifermion pentagons. Since the bosonic Wilson loop
is symmetric with respect to the flip in sign of the gluon helicity, i.e., ¢1 < —¢;, the sub-
tracted ratio function takes the same form as above Eqgs. (26) and (27) with obvious substitutions
W[(f»)l] 2.00 ™ Wg?u (—2.0)- These arise from the sum of two-particles in the in-state and a single
hole in the outgoing state, such that

Wi 11-2.00 = Wg g + Wanih (38)
with
1
Wain = =3 [ it s ) P Olur. ) Pagy -2, —unlondpnon) . 39
gFan(Oluy, uz)
x g e [un ]
However, an immediate inspection demonstrates that to one-loop accuracy, the small-large an-

tifermion pair alone accommodates the entire contribution in the operator product expansion such
that to this accuracy W2, 1)(—2,0) reads

Wgh|h=fdug(u1)duh(u2) Pogn (—u2, —ui|v))dun(vy) . (40)
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Wiz 11-2.0) = Wig, + 0(8%)

= %/duﬂs(%z)x[u2 =il
8

= Pyn(—u2 + i|v1) P (—ualv)d pun (v1) + 0(g%) .
x[uz]

(41)

Perturbative expansion yields for the tree amplitude

0) 0) 2 du2 dv1 eZiu201+2iv102 (Li2 - Z)F(% — iu2 — iU])
W20 =Wen =7 | 557 3
A1=2, fFlh 27 27 sinh(zuz) cosh(mv) (1 —iux)l'(3 —ivy)

e50’2

- 1+ 62‘72)(e251 + e202 + e201 +202)2 . (42)

Further expansion in 't Hooft coupling making use of explicit integrability input from Ap-

pendix B shows that this small-large antifermion pair solely accounts for W[(zl‘)“ (—2.0) 38 well.
The true two-particle contribution get pushed to two-loop order similarly to the phenomenon
observed for the NMHV hexagon [16,18].

2.2.2. Antifermion—hole states
The above consideration exhausted the two-to-one transitions to the xlz xf Grassmann com-

ponent, thus we turn without further ado to the X13X4 contribution. The quantum numbers of
states propagating in this OPE channel suggest that W3 11(—1,1) is determined by the sum of an
antifermion-hole and antigluon—fermion produced at the bottom of the Wilson loop,

Wi =10 = Wane + Waegw - 43)
Their explicit all-order expression is given by

ix[u]

Wanw =/dM\p(M1)d/Lh(u2) F\%h(OWLMZ)Ph\pN/(—uZ, —utlvi)dpyw(vi), (44)

gFwzOluy, ur)

Vatualx~ [uq]

Wygw =/duw(u1)dug(uz) ix[ur] Pay )y (—u2, —ui|vy) dpy (vy) .

(45)

Here an (anti)gluon accompanies a flux-tube fermion as a consequence, we introduced an ad-
ditional form factor according to the rule (32). In our previous studies [18], we found that the
form factor F \%h (Olu1, uz) possesses a pole in the lower half-plane of the small fermion Riemann
sheet, while the Fy3(0|u, uz) one does not. This implies that Wq,hm, at least induces the entire

tree-level ratio function P[(g )1 =11y Substituting

1 1

F Oluy,u) = : ,
Yh ul—uz-i-%l P\Il\h(u1|u2)

(46)

and splitting Wq,hm, into the sum of the small and large fermions in the initial state, Wﬁ/hw =
Winjg + Wenp» we find that Wy, ¢, that reads

1 .
Whnp = T2 / d puen (u2) Pyp(—uz + 37I|U1)Ph\F(—u2|Ul)d,U«F(U1), 47)

actually does account for both tree and one-loop subtracted ratio function (5). Here we used a
notation for the composite small-antifermion—hole measure [ 18]
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2
g un (s — 3)
Pnf(u) = 3 y N (48)
x[u =71 Py (ulu — 7’) Phg (—M| —u+t 71)
Employing its perturbative expansion summarized in Appendix B, we find
W(O) B W(O) dﬂ@ e2iuz01+2ivi0n (upy — _)l-'(7 —iuy —ivy)
(2HELD = mE 2 2m cosh(wuz)sinh(rvy)  T'(L —iu)T(1 —ivy)
e30’] (2620’] + e40’] + 3620’2 + 4620’] +207n + e40’] +20’2)
=— . (49)

(1 + 320'] )2(6201 + 6202 + 6201 +202)2

We also observed agreement for W[(zl)l](fl ;) at one loop order (see the ancillary file). This
implies that contributions from the large-antifermion—hole and antigluon—fermion pairs cumu-
latively vanish at this order.

2.2.3. Fermion—gluon states
We continue the analysis of the X13 X4 component by unraveling the structure of its W2 113, 1
term. The tree and one-loop coefficients in the perturbative expansion of the latter are related to
. . . . {4 ¢ 0
the ratio function via Egs. (26) and (27) with W[(Z?I] 2.0) replaced by W[(z’)”@’ 1 and 77[(1))1](0’0)

by P[(? )1] 1.1y The analysis of quantum numbers suggests that this component is induced by the
emission of the gluon—fermion pair at the bottom of the hexagon and absorption of a single
fermion at the top. Thus its all-order expression reads

. Vxtuz]x~us]
Wi, ni,1) = Wegw = /dM\I!(ul)dl/Lg(MZ)lx[ul] #

X Fyg(Olu, uz) Poyw (—uz, —ui|vy) dpg (vi) . (50
Here the form factor for the production of the Wg state is
1
FugOlur, uz) = ——. (G
£ Py)g(uy|uz)

The fermion contour runs over the large and small fermion sheets such that

Wi, 13,1 = Wiglg + WEgE - (52)

Due to a zero in the small fermion pentagon Prg(u1|u2), the corresponding form factor possesses
apole at u; = up — 5 in the lower half plane of the small fermion Riemann sheet. Evaluating the
integral over the small fermion rapidity u, we obtain the expression

1 .
Wiglp = gfd,ufg(uz)\/ xF[ua]x~ [ua] Pre(—uz + 5v1) Pyp(—uz|vi)d pup(vy) , (53)
where we introduced, following Ref. [18], the composite fermion—gluon measure

zug(u)ﬂf(u ) farQu,u™) for(—u, —u~)
x[u=]  Py(ulu=) Pyr(—u| —u=)’
with fgf(u, v) = (xHulx[v] — gz)(x_[u]x[v] — gz)/(gzx[v]). Making use of their Taylor ex-

pansion in coupling, one can easily convince oneself that the tree and one-loop terms of Wk
reproduce the subtracted ratio function W3 13,1y with the leading term yielding explicitly

pfg(u) = (54)
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W(O) _jT dl/tz dU] 2iu201+2iv|02 lr(l iu2_iU1)
[2.11G.D) 2 21 cosh(muy) sinh(rvy) I‘(—— —iu)I'(1 —ivy)
e3c71 (e201 + 2e2z72 + 2e201 +202)

== (1 + 620'1 )2(620'1 + 6202 + 62014—202)2 : (55)

The contribution of the large fermion—gluon pair is postponed to two-loop order as verified in
the accompanying notebook. The twist-one-to-twist-two transition in the xix 2 component, i.e.,
e~ "1 212¢7i91/273192/2 i eagerly obtained from the above by the o <> 07 interchange.

2.3. Two-to-two transitions

To elucidate the factorizability of multiparticle pentagons even further, let us address a cou-
ple of examples involving two-to-two transitions. For these, the dynamical part of multiparticle
pentagons will be assumed to admit the following form, echoing Eq. (3),

Py, 1ps 1(v1) Py ps (W2|v1) Py, py (U102) Py, p, (u2|v2)
Ppyipy (u2lu1) Ppsyjpy (vi|v2)

Pplpzlp3p4(u1,bl2|v1, V) = 56

Let us offer a perturbative confirmation for this conjecture though a number of examples.

2.3.1. Two-(anti)fermion states
First, we will analyze the W2 2)(—2,2) term in the Xlz XZ component of the superloop. The
function W) 2)(=2,2) can be split into the sum of four terms

Wi21-2.2 = Wi g ww + Wanjww + Wggign + Wanien - 7

However, only the first term in the right-hand side induces a nontrivial contribution to the first
two orders in the perturbative expansion of the ratio function as will be established momentarily.
This two-antifermion-to-two-fermion transition admits the following form in terms of flux-tube
pentagons

W\I@wxy:/dﬂ«w(ul)duw(uz) [uﬂx([guz] FS$ ., Oluy, u2)

X[vll X[vzl

X Py py (—u2, —uilvi, v2) = Fyy (—v2, —v110)pew (v1)d oy (v2)

(58)

and can be split into four terms depending on whether the fermion rapidity belongs to the large
or small fermion sheet. As a working hypothesis, the two-to-two particle pentagon will be taken
in the factorized form (56). In the above formula, the absorption form factor is related to the
emission one (31) via F\gq, (—vp, —v1]0) = Fg\y (OJva, v1). Since the two-fermion production/ab-
sorption form factors possess poles and the rest of the integrand is a holomorphic function, the
integrals over the small fermion u and v, rapidities can be worked out by calculating the residues
at the position of the latter yielding

1 . .
WfF|Ff g /thF(MZ)PF\F( u2|U1)PF|f( uz|vy — l)P?|F(_”2+l|U1)

X Pye(—uz +ilvy — g (vy). (59)
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Here the composite small-large fermion measure was quoted earlier in Eq. (35). Making use
of the perturbative expansion summarized in Appendix B, we find a complete agreement with
subtracted tree and one-loop ratio functions

0 0
W[(Z,)Z](—Z,Z) (01,02) = ,P[(z,)z](_z’z) (01,02), (60)
1 _ ) (D
W[Z,Z](—2,2) (01,02) = P[z,z](_z’z) (o1,02) + P[1,2](0,2) (o1, 0'2)71[1](01)
0 1
+ P[(2’)1](,2‘0) (o1, 02)”;[1)] (02). (61)

In particular, W2 2)(-2,2) = W;cp|Ff + O(gﬁ), at leading order

W[(g,)2](—2,2)

o [dusdvy @t (g — i) — D1 —iuy — ivy)

i) T 27 27 sinh(ru,) sinh(v;) (1 —iu)l (1 —ivy)

e6(71 +3e4(71+2¢12 +56601+2<72 +6e401+402 + loe6dl+4<72 +3e6<71+602 + (01 < 02)
(1 +62m )2(1 ~|—62‘72)2(62‘71 + 62”2 + e2al+202)2

’

(62)

and a very lengthy expression for the one-loop amplitude (see the notebook).

2.3.2. Fermion—gluon states

Next, we address the X13 x4 component and start by exploring its W2 2)(3,3) contribution. The
latter is determined by the gluon—fermion flux-tube excitations created at the bottom and ab-
sorbed by the top of the heptagon,

Wi2,213,3) = Warglwg = /dﬂxp(ul)dﬂg(uz) ix[ur]v/xt [u2lx~[u2] Fyg(Oluy, uz)
Foy(—v1, —12/0)
X Poy|wg(—uz, —uilvy, v) e

d d .
oo pnw (v2)d g (v1)

(63)

Here the production and annihilation form factors for the flux-tube pair are given in Egs. (31) and

(51), respectively, while the Pyy |y, is determined by the factorized expression (56). As before,
Wyglwg can be decomposed in four terms

Wagjwg = Wrglte + Wrglte + WralFg + WeglFe » (64)

where the first one reads
1 _
Wigltg = ?/dﬂfg(uﬁ xt[uz]x ™ [ua] Pyje(—uz|vy)

x[v;]

NEADIN ST

X Pgjg(—ualvy) Pue(—uy [vy) Prg(—uy |vr) dugg(vy) . (65)

It accommodates the tree amplitude that reads

) duz dU] eZiu201+2iv102

0) (0)
(2.213.3) felfg 2w 2w cosh(wuy) cosh(mwvy)

y (uy +v1 — ) (—iug —ivy)
(v + 5 (=5 —iup) (=% —ivy)
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e301+02 (6201 + 6202 _ e201+202 _ 26401+202)

T (14202201 4 e2r Q2o +20)3 (66)

A simple counting argument reveals that both Wigjre and Wegre are of oder O (g6) and thus start
at two-loop order only, while Wegt; contributes at one-loop already and has to be accounted for.
It yields

) 4 [ dui duy dv e2i(u1+uz)o1+2ivioy

Weiire = —1 _—
Felfg 7 27 27 27w sinh(wup)cosh(wuy) cosh(mwvy)

(ur +vy —DI'(—iuy — ivl)l"(% —iup —ivy)
X 9
P —iu)l'(G —iup)(—5 —iv)l' G —ivy)

(67)

and when added to the one-loop expansion to the Wg e reproduces the subtracted ratio function

) 0)
W[z’z](3,3) (01,02) = P[z’z](3’3) (01,02), (68)
(D _p (V) (D
W[2,21(3)3) (o1,00) = P[Z,Z](3,3) (o1,02) + P[1,2](1,3) (o1, 02)r1[1](01)
0 1 0 1
+ P[(Z,)l](?:,l) (o1, 0'2)";[1)] (02) + 7)[(1,)1](1,1)(0'1 , (72))’;[;] (01,02). (69)
2.3.3. Antifermion—hole states
Let us finally analyze the transition of the antifermion—hole into the fermion—gluon pair. To
this end, we consider the W2 2)(—1,3) contribution to the X13 x4 Grassmann component. Its re-

lation to the ratio function can be found from the general formula (5) and gives to leading and
next-to-leading orders

W h-1.3(01.02) = Py 5(01,02). (70)
Wh(1.5)(@1.02) = Pl 1.5 (@1.02) + Py a1 5 @1, 02)rip}) (01)
+ P (@1 0 (0). (71)
In terms of the flux-tube excitations, W2 2)(~1,3) can be written as a sum of two contributions
Wi221=1,3) = Wanjwe + Wugug - (72)

As in several cases analyzed before, only the first term in the sum induces a nonvanishing effects
at lowest orders of perturbation theory and takes the form

ix[ui]

Wlflh\\llg:/dﬂ\lf(ul)dﬂh(u2) F&th(Olul,m)

gZPh\I’\\I/g(_ML —uilvz, v1)
xTvrlx~[v1]

Foy(—v1, —02]0)dpg(v))d g (v2) . (73)

In fact, out of four contributions spawned by this expression W\i/h|\l/g = th\fg + mefg +
W-fthg + When|rg» only the one with both fermions belonging to the small fermion sheet accounts
for the entire tree and one-loop amplitudes,

Phjg(—uz|vy)
Vaxtlvilx~ (vl
Prg(—uz + 3v1)

“[vildpgr(uy) .
e [vildpgr(vr)

1 .
Winite = g/dl/vhf(M)Ph\f(—uﬂUl - %)

X Pyp(—uz + 3 |vi — §) (74)
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Explicitly, it yields the tree level result
WO _ 2 [duadv @My = 31— 50 —iuy — ivy)
thifg 2w 27 cosh(mwuy)cosh(mvy) (vg + ZE)F(% — iuz)I‘(% —ivy)
B e501+z72 (26201 + e4(71 4 46202 + 56201+202 + e4al+202)
(1 + e201 )2(62‘71 + e202 + 6201+2‘72)3
with the rest summarized in the accompanying file.

, (75)

2.4. A glimpse into higher twists: three-particle states

To conclude the discussion of the heptagon, let us take a glance at multiparticle states with
twist higher than two. A complete treatment requires analysis of pentagon transitions involving
gluonic bound states paired with other flux-tube excitations. Therefore, let us content ourselves
with a contribution that is insensitive to these (at least to lowest orders in 't Hooft coupling). We
will consider twist-three contribution, i.e., €371~ to the X13 x4 Grassmann component of the
super-Wilson loop. It reads in terms of the corresponding amplitudes

©) _ )
W[3’1](_3’1)(0'1 ,02) = P[l 11(=3,1) (01,02), (76)
(D _ p (V] (D
W[3,1](_3,1)(0'1 ,02) = 'P[g’l](_3,1)(0'l, 02) + P[Z,l](—l,l)(al’ 02)71[1](01)
0 1
+,P[(1’)1](1’1)(0—1,02)"1([;](0—1)’ 77

and arises from the production of three antifermion flux-tube excitations in the 4 of SU(4), i.e.,
eABCD y pyr o p that undergo a transition into a single fermion at the top of the heptagon,

1
Wi 11(=3,1)(01,02) = §/dl/«lll(ul)dﬂ\y(142)51#\11(143)61#\11(01)75[141]x[u2]x[u3]x[vl]

X F3 g Olur, u, u3) Py g g (—u3, —uz, —ui|vi). (78)

Here the form factor for creation of three antifermions as well as the three-to-one pentagon
transition both admit factorized forms

3 .
1
Fi oo Oluy, ur,uz) = . : (79)
o E (i —uj+1i)Pypw (uilu ;)
[Ti_) Pog (—uilvn)
Py gy (—usz, —uz, —uilv) = =l (80)

]_[?<j Pyjw(—uil —uj)
The portion of the integration contour C that belongs to the small fermion sheet induces the
leading contribution to the component of the Wilson loops in question. Namely, two out of three
antifermions are on the small fermion sheet with the remaining one belongs to the large one.
Evaluating the resulting integrals via the Cauchy theorem by picking up the residues in the ratio-
nal prefactors in the particle creation form factor, we find

Wi3,11(=3,1) (01, 02)

1
= E/duF(m)uf(m — D) pue(uy —2i)fdm:(v1)

x[uy]x[vi]
xlup —ilx[u; — 2i]
Pyp(—ur + 2i|v1) Pyp(—u1 +ilvi) Pep(—ui|vr)

[Prp(uy — 2i|uy — )3 [ Pye(uy — 2ilu) 3l Par(ur —ilun)]d

(81)
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where we introduced a shorthand notation [Py, |p, (41 |uz)]2i = Py 1p, (1|u2) Py jp, (—u1| — u2).
Expanding the integrand to the lowest two orders of perturbation theory, we immediately find an
exact agreement with the superloop component W3 17(—3,1). For reference, we quote the leading
order result

Wit (@1,02)

_ow? fduydey eHMortIvior gy — iy (uy — 20T (1 — iug —ivy)
~ 2 ] 27 27 sinh(wu;)sinh(rvy) T'(1—iu))T(1 —ivy)

(6201 +6202 +e201+202)3+36201+402(1_,r_eZa])(eZal +€202 +e201+202)+e601+202

(1+e2‘71)3(1+e202)(ez‘71+e2”2 +6201+202)3

(82)

The one-loop expression is too lengthy to be displayed here and can be found in the companion
Mathematica notebook. At two loops and higher, the amplitude receives additive terms from
other multiparticle contributions with the same quantum numbers, like two-gluon bound state
accompanied by a fermion and two-gluon—fermion states. Their analysis goes beyond the scope
of the present work and is deferred to a future publication.

3. Octagon observable

The operator product expansion analysis of the octagon follows the same footsteps. The oc-
tagonal super Wilson loop is related in the same fashion to the eight-particle super-ratio function
as for the heptagon (5),

W&n = gznPS;n Ws, (83)

with the only difference that the bosonic loop Wg receives more terms at each loop order in its
perturbative expansion,

Wg =1 +82|:71(T1» o1, ¢1) +r1(12, 02, ¢2) +71(73, 03, P3)
+ r2(t1, 72, 01, 02, @1, ¢2) +ra2(12, T3, 02, 03, P2, P3)

7311, 2, T3, 01,02, 03, b1 62, 69) | + O(gY). (84)

While the functions r; and r; are the same as in Section 2 and were determined earlier in Egs. (8)
and (12), respectively, the new ingredient 3 depends on all three triplets of conformal cross ratios
(see Appendix A) and reads to leading order in the OPE

r3(T1, 72, 13, 01,02, 03, 1, p2, p3) = e 71 2B (! PrHiPH
+ e—i¢1—i¢2—i¢3)r3[3] (01 , 00, 03) +..., (85)

where the o -dependent coefficient is represented by a consecutive sequence of gluonic pentagon
transitions

1
r331(01,02,03) = g—2/d,ug(u)Pg|g(—uIv)dug(v)Pg|g(—vIw)dug(w)- (86)

The helicity-violating contribution sets in starting from two loops [14] and is thus irrelevant for
our present discussion.
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Due to a plethora of various contributions to the octagon OPE, let us discuss a few illustrative
examples. The NMHYV octagon admits the following Grassmann decomposition

We.1 = Xlzxf{e_” T2TBIWI1,100,0,0)
271 —Ty—T3 ,—i ) 17120013 ,—id
+ e e "W, 1,11(=2,0,0) + € e "W 2,110,-2,00 + - . }

N X13X4{e—r1—rz—fseifm/2+i¢2/2+i¢3/2w[1’1’1](1’1’1)

+ 6—21'1—12—1’3 I:e3i¢1/2+i¢2/2+i¢3/2w[2 LG

I LT VY ST 1)] +.. }

+.... (87)

Below, we will provide in turn the flux-tube interpretation for corresponding coefficients to all
orders in coupling and test them against available perturbative data [35].

3.1. Single-particle states
The leading twist contributions to the components in question are
Wi 1,110,000 = — / d pun () Pojn (—u|v)d pn (v) Popn (—v|w)d un (w) (88)

Wiinain = —i/dlw(u)x[u] Py (—ulv)dpy (v) Pyjp (—v|w)dpy (w) . (89)

The first equation here was already discussed in Ref. [14]. In the second one, only the branch of
the fermion on the large Riemann sheet induces a nonvanishing effect in weak coupling expan-
sion, i.e., ¥ = F. At leading order, these read

) _el1tozto3
WIL1L110,0.0) = 20, 1 a201520) | g2019205 | g2 3203 4 o201 2074205 (90)
.1, ,0, eaz+ec71+02+601+63+eaz+03+601+62+03
wo _ g2o1+203 on
[1,1,11(1,1,1) (1 + eZm )(eZUZ + 6201 +207 + 6201 +203 + e202+20’3 + e201 +20’2+203) :

Together with subleading corrections in g2, calculated with expressions provided in Appendix B,
they agree with the one-loop ratio function (see the attached file).

3.2. Two-particle states
Let us analyze now twist-two contributions.

3.2.1. Two-(anti)fermion states

Starting with W)z 1,11(—2,0,0), the latter is determined by the sum of two twist-two components
created at the bottom of the loop, W2,1,1](=2,0,0) = W\Wflhlh + Waninjn. However, as in the case
of the heptagon discussed at the end of Section 2.2.1, only the first one induces the leading two
orders of perturbation theory,
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1
Waghn = ?/duw(ul)duw(uz)ng/(Olul,Mz)P\p@h(—Mz, —uilvy)
X d pn (V1) Py (—vi|lwpdpn(wy) , (92)

in particular, in the kinematics when one of the antifermions in the pair belongs to the small sheet
while the other one to the large one,

1 xluz —1i] .
Witnn = =5 [ dirfru2) ———— Pgn(—uz +i|v1) Prn(—uzlv))d pun(vy)
| gz X

[u2]
X Phn(—vi|wi)dpn(wi) . (93)
At leading order, we obtain
(0)
WfF|h|h
; du2 dl)] dwl e2iu201+2iv|02+2iw|o*3
=TT _—
/271 2w 2w sinh(wuy) cosh(mrvy) cosh(rw)
y (uz — )T(5 — iuy — v (—ivy — iwy)
(1 —iup)l2(3 —iv)l' (3 —iwy)
6502+03(1 +6203)2

02 03 o2+203 02 01+202 o1+203 02+203 o1+203+203
(€202 } 203 | ¢202+203)(g202 | 2011202 | 2014205 | ¢202+203 | g201+2024203)2 °
94)
It agrees with the corresponding ratio function 77[(3 )1 11(=2.0.0) along with its first subleading term
€]
P[2,1,1](—2,0,0)’
w9 (o1,00,03) = PV (01,02, 03) (95)
[2,1,11(=2,0,0)\9 1> 92, 93) = 73 1,11(—2,0,0) \C1> 92, 93/ »
1) _pM
W[Z,l,l](72,0,0) (01,02,03) = P[2,1‘l](—2,0,0) (01,072,03)
0 1
+ P[(l,)l,l](O,O,O) (U] , 02, 03)'.1([;] (Ul) P (96)

as shown in the notebook.

3.2.2. Antifermion—hole states
Turning to the X13 x4 component, we consider the antifermion—hole state first. It follows the
analysis in Section 2.2.2, so we will be brief here. As for the heptagon, the lowest two orders in
perturbation theory for W2 1,1(—1,1,1) are governed by the antifermion-hole pair in the initial
state W\I’h\\l’l‘l” e, W 111-1,1,1) = W‘I’hl‘l’\\l’ + 0(g6), where
ix[uil 4
W\I;h\\p = | dpuyur) dun(uz) ?F\ph(Olul,uz)
X Pyg g (—u2, —ur|vy) dpy (1) Pyjy (—vi|wi) dpg (w) CH)

and more precisely by the contribution from the small fermion sheet in the initial state

1 )
Whnipr = g/dﬂﬂl(MZ)PﬁF(_uZ + %|U1)Ph|F(_u2|Ul)dMF(U1)

x Pre(—vi|wi)dpr(wy) . (98)

Employing its perturbative expansion summarized in Appendix B, we find
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)
W[Z,l,l](—l,l,l)
3 duz dv1 dw1 e2iu201+2iv102+2iw103

=1

2w 2w 2w cosh(mwuy)sinh(swvy) sinh(rwy)

y (2 — 3T (4 —iuz — iv)T(—ivy —iwy)
I —iun)T (1 —iv) T (—iv)T (1 — iwy)
63014-203(3_'_6201)(6202 +6201+202 +6201+203 +€202+2U3 +6201+202+203) _650'1-'1-40'3

(1 + 6201 )2(6202 + 6201+202 + e201 +203 + 6202+203 + e201+202+203)2
99)
The agreement persists for Wl(zl)1 1)(~1,1,1) at one loop order (see the ancillary file) with the

subtracted ratio function defined by Eq. (96), where one obviously has to replace the helicity
subscripts as follows (—2,0,0) — (—1, 1, 1).

3.2.3. Fermion—gluon states

We finish the analysis of the xf X4 component by unraveling the structure of its W2 113,1)
term. The tree and one-loop coefficients in the perturbative expansion of the latter are related
to the ratio function via the relations (95) and (96), where the weight (2, 0, 0) gets substituted
by (3,1, 1). The analysis of quantum numbers suggests that this component is induced by the
emission of the gluon—fermion pair at the bottom of the hexagon and absorption of a single
fermion at the top. Thus its all-order expression reads

. xHuz]x~[us]
W, 1.16.1,1) = Wagu|w Z/dﬂw(ul)dug(uz)lx[ul] AR

X Fyg(Olut, un) Poyjy (—ua, —ui|vy) dpyg (vi)
x Pyy(—vi|lw)) dpg (wr). (100)

The leading effects arise from the small fermion in the incoming state

1 )
Wig|FIF = g/dufg(uz) Vxtluzlx~ [uz] Pr(—uz + 5|v1) Pgr(—ualvi)d ug(vy)
X Ppp(—vi|wp)dpup(wy). (101)
The ratio function W3 1,1)3,1,1) With the leading term yielding explicitly
)
Woanean

3 dbt2 dv1 dw1 e2iuz(71+2iv1172+2iw103

2m 2w 2w cosh(ruy) sinh(rvy) sinh(rwy)

. T(§ —iup —iv)[(—vy —iwy)
F(—% —iun)IA —iv)T(=iv)T A —iwy)
C3Ul+203 (26202 + 26201+2‘72 + e2<71 +203 + 26202+263 + 26201+202+2<T3)

= (1 + eZd] )2(6202 + e20'1+2172 + 620'1+203 + 6202+203 + 6201 +202+2(f3)2 . (102)

The next-to-leading order in 't Hooft coupling for the ratio function coincides with the OPE
prediction as well.
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4. Conclusions

In this paper, we constructed the OPE for higher polygons (heptagons and octagons) within
the integrability-based pentagon approach. We considered the Grassmann degree-four compo-
nents of the null polygonal Wilson loops which are dual to NMHYV ratio function in maximally
supersymmetric Yang—Mills theory. The goal of this consideration was twofold. First, we tested
the factorization hypothesis for multiparticle transitions in terms of single-particle ones which
is rooted in the integrability of the flux-tube dynamics. Currently, the fact that the bootstrap
equations obeyed by fermionic excitations are nonlinear in nature obscures the derivation of
the factorized form for these transitions. Second, we verified the correctness of the charged
single-particle pentagons derived from a set of postulated axioms in previous studies. Explicit
perturbative data on scattering amplitudes involving more than six particles is rather scarce.
Currently, the only available source for an arbitrary number of legs is the one-loop calculation
of Ref. [35] cast in the form of a Mathematica routine. Making heavy use of the latter, both
items on our agenda received positive confirmation. We observed that in all cases considered,
two-particle contributions involving at least one fermion induced tree-level amplitudes when the
latter belonged to the small-fermion sheet thus acting as a supersymmetry transformation on the
accompanying flux-tube excitation. Compared to the previously analyzed NMHV hexagon, for
higher polygons the onset of genuine two-particle states was lowered from two- to one-loop order
exhibiting their stronger sensitivity to higher twist components of the flux-tube wave functions.

Having tested all charged pentagons, one can immediately generate results at any order of per-
turbation theory (or at finite coupling). A natural next step is to analyze the behavior of various
components at strong coupling. Also there is no difficulty of principle to consider even higher
polygons as well as any helicity configurations of incoming particles at higher twists. Currently,
the only missing blocks on the way of achieving this for all possible components, are the charged
pentagons involving the gauge field bound states undergoing transitions into other flux-tube ex-
citations. This question is currently under study and results will be discussed elsewhere.
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Appendix A. Reference polygons

In this appendix we will outline a recursive construction of reference polygons which are used
in the main body of the paper. We start from a reference square shown in (leftmost panel in) Fig. 2
that is defined by [14]

z¥=0.0,1,0),  z{¥=(1,0,0,0),
zP =000, 2z =(0100). (A1)
The latter is invariant under the conformal transformation

ZP =7 M, 0,0) (A2)
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Fig. 2. Recursive construction of reference pentagons and hexagons from a square.

where the equality sign stands for “equal up to rescaling”, with
0 —i$/2

e—a—i¢/2
M(z,0,¢) = e-[+l'¢/2 . (A.3)

e~ THid/2

This matrix parametrizes the three conformal symmetries of the square that play a crucial role in
the OPE framework [2].

Adding two more twistor lines on top of the square as shown by the middle graph in Fig. 2, one
can construct a reference pentagon. As one can see, three out of five sides of the latter coincide
with the square

5 _ 74 S _ @ S) _ ;@
VAR A z9 =2z,  zP=zy. (A4)

While the components of the remaining two, Zés) and Zf) , are determined by the intersection
and space-like interval conditions. Namely, the condition of intersection of three twistor lines in
the same point X»,

Xo=2ZP A2 =70 A2 =7 A2 (A5)
uniquely fixes Z; ) to be
z9 =(~1,0,0,1). (A.6)

The space-like nature of the intervals (X (5))2 (X (5))2 and (X (5))2, allows one to find (up to an
overall scale) the last twistor

zZ9=0,1,-1,1). (A7)

Higher polygons are constructed accordingly by successively extending either the bottom or
the top portions of the preceding polygons. The hexagon is demonstrated in the leftmost panel of
Fig. 2 is encoded by the following twistors

(6’=<1,0,1,1), 79 =1,0,0,00, Z®=(-1,0,0,1), (A.8)
7P =0,1,-1,1), z¥=0,1,00, z&=011,0). (A.9)
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(G ®)
4 4
Z4 ZS

Fig. 3. Tessellation of heptagons and octagons.

The heptagon and octagon are displayed in Fig. 3. Noticed that we flipped the assignment of
twistors for the octagon to have all polygons parametrized in the same fashion. The correspond-
ing reference twistors are

z7D = (1,0.1,1), 2y =(1,0,0,0), 7y =(-1,0,0,1),

70 =1,1,-1,3), z¥=@©2-1,1), z=0,1,00),

Z”) 0,1,1,0), (A.10)
and

z®=(1,1,3,1), z¥ =0,1,1,0), z® =(0,1,0,0),

z¥=02-1,1, z&=(-1,1,-1,3), zP=(1,0,0,1),

z® =(1,0,0,0), Z¥ =2,0,1,1), (A.11)
respectively.

Notice that this construction provides a natural tessellation of null polygons: they are divided
in a series of pentagon transitions that overlap on intermediate null squares. To encode all in-
equivalent polygons we will apply conformal symmetries of these middle squares on all twistors
above or below them. All hexagons are then defined by the set

29=12" M@, 0,¢), 2y, 2, 2, 20, 2 - M(z,0,9)). (A.12)

To define heptagons, while the bottom middle square is invariant under the same transformation
M as defined in Eq. (A.3), the top middle square is conformally invariant with respect to the
matrix multiplication with
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e—o—i¢/2 _e—a—i¢/2 +er+i¢/2
M (t,0,¢)= . eo 012 ) ) . .
» @ eafz¢/2 _ efr+z¢/2 eft+z¢/2 et+z¢/2 _ efr+z¢/2
er+i¢>/2
(A.13)

Then all heptagons are parametrized by the set of twistors
20 =127 M@, 01,00, 23", 25, 2V - M (2,00, 6017,
2 M (12,00, 917", 2¢", 277 M(z1, 01,61} (A.14)

To define the octagons, we have to find the symmetries of the bottom middle square. The latter
is invariant with respect to the transformation matrix

efd7i¢/2
QO—i9/2  O—i$[2 _ o—T+i¢/2
M'(t,0,¢) = o THS/2 ;
_efofi¢/2 4 er+iq>/2 er+i¢/2 _ efr+i¢/2 er+i¢/2
(A.15)
such that the momentum twistors parametrizing all inequivalent octagons read
Z® ={Z\Y M"(t1,01,¢1) M(12,02.¢2), Z  M(12,02.¢2), Z”,
ZV M (13,05, 0017, Z - IM (13,05, 017", 2, 2D,
8
zg" - M"(r1.01.61) - M(v2,02, )} (A.16)

Appendix B. Pentagons, measures, energies and momenta

In this appendix, we summarize pentagon transitions for all single flux-tube excitations to one
loop order. These obey the property

Py jp, (u1|uz) = Py g5, (—ual —uy). (B.17)

To simplify notations, we use the harmonic numbers of degree r, ngr) instead of Euler
polygamma functions. We list below the boson—boson, boson—fermion and fermion—fermion
transitions, respectively.

Boson-boson pentagons [14,16]:

I'iu —iv)
T +iwrd —iv)
I'iu —iv)
I +iwlG —iv)

Pp(ulv) =

|:H—1/2+iuH—l/2+iv +H 1 p—iunH_124iv

2 2
- H—l/2+iuH—l/2—iv + H—I/Z—iuH—l/Z—iv - HEI)/2+iu - H(l)/2iv]

+0(g%, (B.18)

I'd+iu—iv) Vo
Phg(ulv) = T VT
grG+iw)'(z —iv) ¥ v
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g1 +iu—iv) v
I +inl(s —iv) Vot

|:H1/2+iu H_1o4iv + H_12—iuHi24iv

—H_1pp4iuH 1p2—iv + H-10—iu H1p2—iv — Hle)/zﬂ-u - H£21)/27m
iv
- |+ 0@, B.19
(v+v_)2] € (B.19)
Pl T(iu —iv)
ujv) = —
e 2~ +imr (=L —iv)
C(iu—iv) [84 N 1 —4u? N 1
- 2
20 (=% + i) (=1 —iv) 2wtu™)?  (vtv)?
1+ 4u® + 8uv
2utu—vtv—
+ (Hij2—iu + Hij24iu — i7 tanh(ru)) (Hij2—iv + Hij24iv + im tanh(v))
+ Hl(%—m - Hl%ﬂ'u - Hl%—iv + Hl(?%ﬂ'v — 7* tanh? (ru) — 7 tanh® (rv)
- 2n2tanh(nu)tanh(nv)] + 0@, (B.20)
re+iu—iv)
Pyg(u|v) = ———a7—
I +iw)l(5 —iv)
g’ T +iu—iv) 1 —4u? 1 1+ 4u? + 8uv
20 +in)' (3 —iv) T oWt (vtu)? | 2utuvtos

+ (Hij2—iu + Hij24iu — i7 tanh(ru)) (Hij2—iv + Hij24iv + i tanh(v))
2 2 2 2
+ Hl(/%—m - Hl(/%+iu - Hl(/%—iv + Hl(/%+iv — 7 tanh? (ru) — 7 tanh? (rv)

— 272 tanh(7ru) tanh(rrv)] +0(gY). (B.21)

Boson—fermion pentagons [18]:

vI(§ +iu —iv)

Ppp(ulv) =
| eP( 4 inra —iv)
1 . .
gvl'(3 +iu—iv) |:
H_1pp—jyH_jy — H_1pp4iu H_1—;
F(% TinT (1 —iv) /2—iu iv /24iu iv
+H 1p_juHiy+H 14 Hiy — H£21)/2+iu - Hizl)_iv] +0(gh, (B22)
g, g 4
Phe(ulv) = - + el (1—ivH_1p24iu) + O(g"), (B.23)

o3 +iu —iv) ut
Pyp(ulv) = T —\V =
glG+iwm)d—iv) ¥ u

gvl"(% +iu—iv) u+|: iu
(

r( +inr —iv)Vu [@ru)?

+ HijptivHiv + Hijp—in H-1+iv
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2
—H_1ppvivH —jv +H_12—iuH_1-jy — H?

—1/2+iu

+0(g%),

igu—v+1i ri
Parulv) = = =2 1+ & S H 3y |14 0(8).,

xt{ulx[u]

T2 +iu—iv) ut
Pyp(ulv) = ——>— — ./ —
glG+im)A—iv) ¥ u

gl"(%—l—iu—iv) u+|: iu

rd +inr —iv)Vu [@ru)?

v

2)

2
+Hipp—iuHiy + H_1p— iy H_jy — H£1/2+,~u - H(,»)v} +0(gY),

. )
Pyie(ulv) = é\/)ﬁ[u]x[u]{l - %Hl/zm + 0<g4>} .

Fermion—fermion pentagons [15]:

I'iu —iv)
PF|F(M|U)= AT, N
gL' (—iv)
I'iu —iv) 1 Y HLH HoH
F(iu)F(—iv) uv iultjv iull—1—iv
+H j Hiyy+H | jyH jy — H£2[)+iu - Hizl)_iv] +0(g%),
i gl 4
Prp(ulv)=—+= |- —H_1-» |+ O(g"),
u  utlu
i ig® 4
Pre(ulv) = - +0(g"),
u—v uv(u—v)
rd+iu—iv)
PI‘:|F(M|U)=

C(1+iu)l(1 —iv)
2T (1 +iu—iv)
C'(1+i)(1 —iv)

2 2
+H j Hiy +H jyH j, — H,'(u) - H(i)v] + 0(84) s

. 2
g
Pyp(ulv) =1+ o H_iy+ 0(g"),

Pis(ulv) =14 0(g").

The one-loop single-particle and gluon bound state measures are [14,15]

g’
He(u) == utu— cosh(mwu)
g'n
C Qutu- cosh(mu)

|:HiuH—l+iv —H_1+inH_i»

2
[— (Hij2—iu + Hipoiu)” + 105 — p—)

(B.24)

+ HippvinH-14iv — H-1724iu H-iv

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)
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188> 6
- |10 , B.33
coshz(nu):| +0G) ( )
2
__ 87
Hn(u) = cosh(mu)

4
T
& [— H? o= H2 o +200(1 — 3sech2(nu))] +0(g%,

(B.34)

cosh(mu)

w=—5T"
U)y=—>—"——
HE u sinh(7ru)

4 2
g'm 5 5 1 7 coth(ru) T
—-H —H- +—+— 42 —
u sinh(mwu) |: T Ths u? + u tat sinh? (7 u)
+0(g9. (B.35)
_ g’ 4
pe(u) =—1-— ) +0(g"), (B.36)
g*mu
(u? 4+ 1) sinh(ru)
gmu [ W - HE - JHoiut Hiw 1+ 6u® — 3u*

+ (u2 + 1) sinh(u) w1 w2+ 1)2
2

Upg(u) =

—iu

+20 + } +0(g%, (B.37)

sinh?(mu)
while the composite two-particle measures of a small fermion accompanying other flux-tube
excitations read [16,18]

wT(u—1i)

e () = —{gz

sinh(ru)

1 4+ im coth(mwu) n? :| }
4 2 2 + +0(g°
+ —H —H%, +20 — : ’
8 |: iu iu & u(u —1i) sinhz(ﬂu) &

(B.38)
r (” B 37’) {gz

Pe (1) = i cosh(mwu)

7 tanh(ru)
+ g4|: — H?, )y i — H? ) gy +200(1 = 3sech® (ru)) — 7]

3i
u—=

+ 0(g6)} : (B.39)

_ mu )
et (1) = i cosh(mu) {g
)2 T (3nu‘ + sinh(27ru))

2u~— cosh? (tu)

+ 84[—% (Hyj2—iu + Hij2+iu

iu 6
T w2 +50 |+ 0@ - (B.40)
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Finally, we quote the flux-tube dispersion relations to the required order [41,42,12]

En= 1428 (Ho12—iu + H-12+iu) + 0(¢"),  pn=2u —2¢’x tanh(ru) + 0(g"),

(B.41)
Eg=1+2g% (Hijo—iu + Hijo1iu) + 0(g"), pe =2u — 2g*7 tanh(zu) + O(gh),

(B.42)
Ep=1+2¢*(H_iu+ Hu) + 0(g"), pr=2u —2g*m coth(mu) + 0(g"),

(B.43)
Er=1+0("%, pr=2¢*/u+0(g". (B.44)

In the above equations as well as the main body of the paper, we used the definition of the
Zhukowski variable

xlul = S+ Ju? — (28)?), (B.45)

as well as the following conventions for shifted rapidities

uF=u+ xF[u] = x[u™]. (B.46)

i
2 ’
Appendix C. Supplementary material

Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/
j-nuclphysb.2015.05.024.
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