
Available online at www.sciencedirect.com
ScienceDirect

Nuclear Physics B 904 (2016) 176–215

www.elsevier.com/locate/nuclphysb

N = 4 superconformal Ward identities for correlation 

functions

A.V. Belitsky a,b, S. Hohenegger c, G.P. Korchemsky b,∗, E. Sokatchev c,d,e

a Department of Physics, Arizona State University, Tempe, AZ 85287-1504, USA
b Institut de Physique Théorique, CEA Saclay, 91191 Gif-sur-Yvette Cedex, France 1

c Physics Department, Theory Unit, CERN, CH-1211, Geneva 23, Switzerland
d Institut Universitaire de France, 103, bd Saint-Michel, F-75005 Paris, France

e LAPTH, Université de Savoie, CNRS, B.P. 110, F-74941 Annecy-le-Vieux, France 2

Received 22 September 2015; accepted 4 January 2016

Available online 7 January 2016

Editor: Stephan Stieberger

Abstract

In this paper we study the four-point correlation function of the energy–momentum supermultiplet in 
theories with N = 4 superconformal symmetry in four dimensions. We present a compact form of all com-
ponent correlators as an invariant of a particular abelian subalgebra of the N = 4 superconformal algebra. 
This invariant is unique up to a single function of the conformal cross-ratios which is fixed by comparison 
with the correlation function of the lowest half-BPS scalar operators. Our analysis is independent of the 
dynamics of a specific theory, in particular it is valid in N = 4 super Yang–Mills theory for any value of 
the coupling constant. We discuss in great detail a subclass of component correlators, which is a crucial 
ingredient for the recent study of charge-flow correlations in conformal field theories. We compute the lat-
ter explicitly and elucidate the origin of the interesting relations among different types of flow correlations 
previously observed in arXiv:1309.1424.
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1. Introduction

In this paper we study four-point correlation functions involving conserved currents in four-
dimensional theories with N = 4 superconformal symmetry. They include the R-symmetry 
current Jμ, the supersymmetry currents (�α

μ, �̄α̇
μ) and the energy–momentum tensor Tμν . These 

operators belong to the so-called N = 4 energy–momentum supermultiplet [1] and appear as 
various components in the expansion of the superfield T in powers of the 8 chiral (θA

α ) and 
8 antichiral (θ̄ α̇

A) Grassmann variables, schematically,

T = O(x) + (θσμθ̄)Jμ(x)

+ (θσμθ̄)
[
θ�μ(x) + θ̄�μ(x)

] + (θσμθ̄)(θσ ν θ̄)Tμν(x) + . . . . (1.1)

Here the lowest component is a half-BPS scalar operator O of dimension two, belonging to the 
representation 20′ of the R-symmetry group SU(4). The superfield (1.1) satisfies a half-BPS 
‘shortening’ condition, i.e., it is annihilated by half of the super-Poincaré generators. As a con-
sequence, the expansion (1.1) is shorter than one would expect since T effectively depends on 
4 chiral and 4 antichiral Grassmann variables only [2].

The central object of our study is the four-point correlation function of the energy–momentum 
supermultiplet (1.1) in N = 4 superconformal theories. The most widely studied example is 
N = 4 super-Yang–Mills theory (SYM) but in what follows we do not need to know any de-
tails about the dynamics of the theory. Our analysis is based solely on N = 4 superconformal 
invariance and can be easily adapted to maximally supersymmetric theories in other space–time 
dimensions.

N = 4 superconformal symmetry is powerful enough to fix the form of the two- and three-
point correlation functions of T ’s [3–5]. In a perturbative theory, like N = 4 SYM, the latter 
are protected from quantum corrections and only receive contributions at Born level [6]. The 
four-point correlation function (we use the notation (i) ≡ (xi, θi, θ̄i ))

G4 = 〈T (1) . . .T (4)〉 (1.2)

is the first and simplest example of an unprotected quantity. It is this object that we study in the 
present paper.

The super-correlation function (1.2) combines together the correlation functions of various 
components of the multiplet (1.1). The latter appear as coefficients in the expansion of G4 in the 
Grassmann variables. The lowest component of G4 (with θi = θ̄i = 0) is the four-point correlation 
function of the half-BPS operators

G4
∣∣
θi=θ̄i=0 = 〈O(x1) . . .O(x4)〉 . (1.3)

N = 4 superconformal symmetry fixes this correlation function up to a single function �(u, v)

of the two conformal cross-ratios u and v [7–9]. In the special case of N = 4 SYM, this function 
comprises the dependence on the coupling constant. At weak coupling, its expansion in terms of 
scalar conformal integrals has been worked out up to six loops [10,11] and explicit expressions 
are available up to three-loop order [12–15]. At strong coupling, it has been computed within the 
AdS/CFT correspondence in the supergravity approximation [16–18].

A unique feature of the super-correlation function (1.2) is that the total number of Grassmann 
variables it depends upon (16 chiral and 16 antichiral variables) matches the total number of 
N = 4 supercharges (QA

α , Q̄α̇
A, SA

α and S̄α̇
A). As we show below, this property alone ensures that 

N = 4 superconformal symmetry completely fixes all of its components, given the lowest one 
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(1.3). The resulting expression for G4 has a remarkably simple form (see Eq. (2.45) below) and 
is uniquely determined by the function �(u, v) that appears in the correlation function (1.3).

The motivation for studying the correlation function (1.2) is threefold. Firstly, by performing 
the operator product expansion of G4 we can extract the spectrum of anomalous dimensions of 
various Wilson operators and evaluate the corresponding three-point correlation functions. Both 
quantities are believed to be integrable in planar N = 4 SYM [19].

Secondly, a lot of attention has recently been devoted to the consistency conditions on the 
spectrum of conformal field theories [20,21] that follow from the crossing symmetry of the four-
point correlation functions (see [22] and references therein). This conformal bootstrap program 
was also extended to N = 4 superconformal theories (see, e.g., [23]), analyzing properties of 
the lowest component (1.3). The explicit expression for the supercorrelator (1.2) that we present 
in this paper might help in implementing supersymmetry more efficiently in the analysis of the 
corresponding bootstrap equations.

Finally, various components of the supercorrelator (1.2) can be used to compute interest-
ing observables, the so-called charge-flow correlations, measuring the flow of various quantum 
numbers (e.g., R-charge, energy) in the final states created from a particular source. They were 
first introduced in [24–28] in the context of QCD, later considered in [29] in the context of 
N = 4 SYM and recently studied in a systematical fashion in [30–32]. The charge-flow correla-
tors can be obtained from the four-point correlation function (1.2) (after analytic continuation to 
Minkowski space) through a limiting procedure described in [25–28]. It involves sending two of 
the operators in (1.2) to null infinity with a subsequent integration over their light-cone coordi-
nates. As was noticed in [30–32], for different choices of the quantum numbers, the charge-flow 
correlations in N = 4 SYM satisfy interesting relations (see Eq. (4.60) below), which hold for 
arbitrary coupling constant. In this paper, we elucidate the origin of these relations and show that 
they follow from the N = 4 superconformal symmetry of the correlation function (1.2).

The paper is organized as follows. In section 2, we formulate the conditions on the four-point 
correlation function (1.2) imposed by N = 4 superconformal symmetry and present a general 
solution to the corresponding Ward identities. In section 3, we examine the properties of the vari-
ous components of the supercorrelator (1.2) and work out a general expression for the correlation 
function involving two scalar half-BPS operators and two conserved currents. We make use of 
this result in section 4 to establish relations between the charge-flow correlations previously ob-
served in Ref. [31]. Section 5 contains concluding remarks. Some technical details are given in 
four appendices.

2. Superconformal Ward identities

In this section, we use N = 4 superconformal symmetry to work out the general expression 
for the four-point correlation function (1.2) whose lowest component in the θ and θ̄ expansion is 
given by the correlation function of the half-BPS scalar operators (1.3).

2.1. Lowest component

The lowest component of the energy–momentum supermultiplet (1.1) is a scalar operator of 
conformal weight two. It belongs to the representation 20′ of the R-symmetry group and carries 
two pairs of SU(4) indices, O20′ = OAB,CD . For example, in N = 4 SYM it is built from the six 
elementary scalar fields φAB(x) = −φBA(x) (with A, B = 1, . . . , 4) and takes the form
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OAB,CD(x) = tr
[
φAB(x)φCD(x)

]
− 1

12
εABCD tr

[
φEF (x)φEF (x)

]
, (2.1)

with φEF = 1
2εEFKLφKL.

In order to keep track of the SU(4) indices, it is convenient to project them with auxiliary 
SU(4) harmonic variables u±a

A introduced in Appendix B and parametrized by analytic variables 
yab′ (see (B.6) in Appendix B)

O(x,y) = OAB,CD(x)YABYCD , YAB = u+c
A εcdu+d

B =
[

εab −yab′
yba′ εa′b′y2

]
. (2.2)

Here y2 = detyaa′ = 1
2yaa′ ỹa′a with ỹa′a = εabybb′εb′a′

and we use composite indices A =
(a, a′) (with a, a′ = 1, 2) and similarly for B = (b, b′). Notice that the operator (2.2) is quadratic 
in the (isotopic) Y -variables.

The meaning of the variables yab′ is very similar to that of the space–time coordinates xαβ̇ . 
They parametrize holomorphic compact four-dimensional cosets of the R-symmetry (for y) and 
of the conformal (for x) groups, or more precisely, of their complexification GL(4, C) (see (B.5)
in Appendix B). In this way, the R-symmetry and conformal groups are realized as SL(4, C)

transformations of the coordinates y and x, respectively. A particularly useful subgroup is gen-
erated by translations and inversion of the coordinates x and y. Combining translations with 
inversions, one can obtain any element of the group. The half-BPS operator (2.2) transforms co-
variantly under inversions of x and y with weight (−2) and (+2), respectively (see Eqs. (2.31)
and (2.32) below).

The correlation functions of the half-BPS operators (2.2) have been systematically studied in 
the literature [12,33,34,7,13,14]. Below we briefly review the properties of the Euclidean four-
point correlation function

G4 ≡ G4
∣∣
θi=θ̄i=0 = 〈O(x1, y1)O(x2, y2)O(x3, y3)O(x4, y4)〉 . (2.3)

As a function of the space–time intervals x2
ij = (xi − xj )

2, it can be decomposed into two parts,

G4 = G
(0)
4 + Ganom

4 . (2.4)

The difference between them can be seen when performing an OPE decomposition of the four-
point function and examining the resulting short distance asymptotics of G4 for x2

ij → 0. The first 

part, G(0)
4 , receives contributions from operators with canonical conformal weights. As a conse-

quence, G(0)
4 is a rational function of x2

ij . The second part, Ganom
4 , receives contributions from 

unprotected operators and its asymptotic behavior for x2
ij → 0 is controlled by the anomalous 

conformal weights of the latter.
For example, in perturbative N = 4 SYM the first part describes the Born approximation to 

G4 and is given by a product of free scalar propagators dressed with y-dependent factors,

G
(0)
4 = y2

12

x2
12

y2
23

x2
23

y2
34

x2
34

y2
14

x2
14

+ y2
13

x2
13

y2
23

x2
23

y2
24

x2
24

y2
14

x2
14

+ y2
12

x2
12

y2
24

x2
24

y2
34

x2
34

y2
13

x2
13

+ 1

4
(N2

c − 1)

⎡⎣(
y2

12

x2
12

y2
34

x2
34

)2

+
(

y2
13

x2
13

y2
24

x2
24

)2

+
(

y2
14

x2
14

y2
23

x2
23

)2
⎤⎦ , (2.5)

where y2
ij = (yi − yj )

2, and Nc refers to the gauge group SU(Nc). The second part encodes the 
perturbative corrections to G4,
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Ganom
4 =

[
y2

12y
2
23y

2
34y

2
41

x2
12x

2
23x

2
34x

2
41

(1 − u − v) + y2
12y

2
13y

2
24y

2
34

x2
12x

2
13x

2
24x

2
34

(v − u − 1)

+ y2
13y

2
14y

2
23y

2
24

x2
13x

2
14x

2
23x

2
24

(u − v − 1)

+
(

y2
12

x2
12

y2
34

x2
34

)2

u +
(

y2
13

x2
13

y2
24

x2
24

)2

+
(

y2
14

x2
14

y2
23

x2
23

)2

v

]
�(u,v) , (2.6)

where the scalar function �(u, v) depends on the parameters of the theory (the coupling constant, 
the gauge group Casimirs, etc.) and on the two conformal cross-ratios

u = x2
12x

2
34

x2
13x

2
24

, v = x2
23x

2
41

x2
13x

2
24

. (2.7)

The Bose symmetry of the correlation function (2.6) leads to the crossing symmetry relations

�(u,v) = 1

v
�(u/v,1/v) = 1

u
�(1/u, v/u) . (2.8)

The specific polynomial in the square brackets in (2.6) is universal and does not depend on 
dynamics of the theory. Its presence is a corollary of N = 4 conformal supersymmetry and 
the requirement of polynomial dependence on the auxiliary coordinates y (see, e.g., [9,35] and 
Section 2.4). It can be rewritten in a more compact form,

Ganom
4 =

(
y2

13

x2
13

y2
24

x2
24

)2

(ζ − w)(ζ − w̄)(ζ̄ − w)(ζ̄ − w̄)
�(u, v)

uv
, (2.9)

where the new variables ζ and ζ̄ are defined by means of the relations ζ ζ̄ = u and (1 − ζ )(1 −
ζ̄ ) = v, and the variables w and w̄ are defined through the analogous SU(4) cross-ratios,

U = y2
12y

2
34

y2
13y

2
24

= ww̄ , V = y2
23y

2
14

y2
13y

2
24

= (1 − w)(1 − w̄) . (2.10)

As already mentioned before, the function �(u, v) is known at weak coupling up to six 
loops [10,11] in terms of conformally covariant scalar Feynman integrals [36] and has also been 
computed at strong coupling using the AdS/CFT correspondence [16–18]. The short distance 
asymptotics of this function for x2

12 → 0 goes in powers of lnu and (1 − v), thus giving rise to 
anomalous contributions to the conformal weights of operators (see, e.g., [8] for details).

2.2. Higher components

We recall that the BPS operator (2.2) is annihilated by half of the Poincaré supercharges. Using 
harmonic variables (see Appendix B), this half corresponds to the projections Qα

−a′ = ūA
−a′Qα

A

and Q̄α̇,+a = u+a
A Q̄A

α̇ ,

Qα
−a′O(x,y) = Q̄α̇,+aO(x, y) = 0 . (2.11)

We can use the remaining supercharges, Qα+a = ūA+aQ
α
A and Q̄−a′

α̇ = u−a′
A Q̄A

α̇ to construct the 
energy–momentum supermultiplet
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T (x, θ, θ̄ , y) = exp
(
θa
αQα+a + θ̄ α̇

a′Q̄−a′
α̇

)
O(x,y) . (2.12)

It depends on half of the N = 4 Grassmann variables, four chiral θa
α and four antichiral θ̄α̇a′ . 

Expanding (2.12) in powers of the latter and applying N = 4 supersymmetry transformations to 
the scalar fields in O(x, y), we can work out explicit expressions for the various components of 
the energy–momentum supermultiplet.3 In this way, we find

T (x, θ, θ̄ , y) = O(x,y) + θαaθ̄ α̇a′
Ĵαα̇,aa′(x, y) + . . . , (2.13)

where the component Ĵαα̇,aa′(x, y) can be written as a sum of two terms,

Ĵαα̇,aa′(x, y) = Jαα̇,aa′(x, y) − 1

2

∂

∂xα̇α

∂

∂ya′a O(x, y) . (2.14)

Here the first term on the right-hand side is the conserved R-symmetry current (Jαα̇)AB projected 
with two harmonic matrices, Jαα̇

a
a′(x, y) = (Jαα̇)ABu+a

A ūB
−a′ (with (Jαα̇)AA = 0), transforming in 

the 15 of SU(4). The derivative term in (2.14) is a descendant of the half-BPS scalar operator 
O(x, y) with respect to both the conformal and R-symmetry groups.

We deduce from (2.13) and (2.14) that the R-symmetry current can be extracted from the 
superfield T (x, θ, θ̄ , y) by applying the following differential operator

Jαα̇,aa′(x, y) =
[
(∂θ̄ )α̇a′(∂θ )αa + 1

2
(∂x)αα̇(∂y)aa′

]
T (x, θ, θ̄ , y)

∣∣∣∣
θ=θ̄=0

, (2.15)

where (∂θ̄ )α̇a′ = ∂/∂θ̄ α̇a′
and (∂θ )αa = ∂/∂θαa . Here the relative coefficient 1/2 is needed for 

the current conservation condition, (∂x)
α̇αJαα̇,aa′(x) = 0.

The same pattern also holds for the higher components of the expansion shown in (2.13). 
Namely, they are given by a linear combination of conserved currents and total derivatives acting 
on lower components of the superfield. Like in (2.15), the energy–momentum tensor can be 
extracted from T with the help of a differential operator, namely,

Tαα̇,ββ̇ (x) =
[
−(∂θ )

a
α(∂θ )βa(∂θ̄ )α̇a′(∂θ̄ )

a′
β̇

− (∂θ )
a
(α(∂x)β)(β̇ (∂y)aa′(∂θ̄ )

a′
α̇)

+ 1

6
(∂x)(αα̇(∂x)β)β̇ (∂y)aa′(∂y)

a′a
]
T (x, θ, θ̄ , y)

∣∣
θ=θ̄=0 , (2.16)

where (αβ) denotes weighted symmetrization, i.e., (αβ) = 1
2 (αβ + βα). As before, the rel-

ative coefficients in this expression ensure the conservation of the energy–momentum tensor 
(∂x)

α̇αTαα̇,ββ̇ = 0, and, in addition, the independence of Tαα̇,ββ̇ of the harmonic variables y. The 
latter follows from the fact that the energy–momentum tensor is an SU(4) singlet. In the same 
fashion, the conserved supersymmetry current �αβα̇,a′(x, y) = �αβα̇ A(x) ūA

−a′ , which trans-
forms in the fundamental representation of SU(4), is extracted with the help of the operator

�αβα̇,a′(x, y) =
[
(∂θ )αa(∂θ )

a
β(∂θ̄ )α̇a′ + 2

3
(∂x)(αα̇(∂y)a′a(∂θ )

a
β)

]
T (x, θ, θ̄ , y)

∣∣
θ=θ̄=0 .

(2.17)

Relations (2.15), (2.16) and (2.17) imply that the correlation functions involving conserved 
currents can be obtained from G4 defined in (1.2) by acting with appropriate differential opera-
tors, for instance,

3 The chiral part of the supermultiplet corresponding to T (x, θ, θ̄ = 0, y) can be found in Ref. [37].
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〈Jαα̇,aa′(1)O(2)O(3)O(4)〉 =
[
(∂θ̄1

)α̇a′(∂θ1)αa + 1

2
(∂x1)αα̇(∂y1)a′a

]
G4

∣∣∣∣
θ=θ̄=0

. (2.18)

We would like to emphasize that these differential operators have a purely kinematical origin. 
They do not depend on the details of the dynamics, e.g., on the coupling constant. The latter is 
encoded in the correlation function G4, more precisely, in the function �(u, v) in (2.6).

2.3. N = 4 superconformal transformations

By construction, the correlation functions of the superfields T (x, θ, θ̄ , y) should be covariant 
under N = 4 superconformal transformations.

As we explain below, to construct the four-point correlation function G4 we only need to exam-
ine the action of half of the supersymmetry generators, namely the chiral Poincaré supercharges 
Q and the antichiral special superconformal transformations S̄ 4

T ′
(x, θ, θ̄ , y) = e(ε·Q)+(ξ̄ ·S̄)T (x, θ, θ̄ , y)

= (1 + δw)T (x + δx, θ + δθ, θ̄ + δθ̄ , y + δy) , (2.19)

where we used a shorthand notation for (ε ·Q) = εA
α Qα

A and (ξ̄ · S̄) = ξ̄ α̇AS̄α̇A. The infinitesimal 
transformations of the supercoordinates are

δxαα̇ = (εa′
α + xαβ̇ ξ̄ β̇a′

)θ̄a′α̇ , δya′a = θ̄a′β̇ (ξ̄ β̇a + ξ̄ β̇b′
yb′a) ,

δθa
α = εa

α + εa′
α ya′a + xαβ̇(ξ̄ β̇a + ξ̄ β̇a′

ya′a) , δθ̄a′α̇ = ξ̄ β̇b′
θ̄b′α̇ θ̄a′β̇ , (2.20)

where εA
α = (εa

α, εa′
α ) and ξ̄ α̇A = (ξ̄ α̇a, ξ̄ α̇a′

) are the parameters of the Q- and S̄-transformations 
respectively. The weight δw in (2.19) reflects the conformal weight of the half-BPS operator (2.2)

δw = −2 ξ̄ β̇b′
θ̄b′β̇ . (2.21)

The generators of the transformations (2.20) are given by linear differential operators

Qα
a = ∂

∂θa
α

,

Qα
a′ = θ̄a′α̇

∂

∂xαα̇

+ ya′a
∂

∂θa
α

,

S̄aβ̇ = −θ̄a′β̇
∂

∂ya′a
+ xαβ̇

∂

∂θa
α

,

S̄b′β̇ = xαβ̇ θ̄b′α̇
∂

∂xαα̇

+ xαβ̇yb′a
∂

∂θa
α

− θ̄a′β̇yb′a
∂

∂ya′a
+ θ̄b′α̇ θ̄a′β̇

∂

∂θ̄a′α̇
. (2.22)

It is easy to check that they form an abelian subalgebra, i.e. {Q, Q} = {Q, S̄} = {S̄, S̄} = 0.
The correlation functions of the supermultiplets T should be covariant under the transfor-

mations (2.19). This leads to the following superconformal Ward identity for the four-point 
correlation function G4

G4
(
xi, θi, θ̄i , yi

) = (
1 +

∑
k

δwk

)
G4

(
xi + δxi, θi + δθi, θ̄i + δθ̄i , yi + δyi

)
. (2.23)

4 The latter can be realized as a composition of inversion I and supersymmetry transformations, S̄ = I · Q · I .
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Substituting (2.20) and (2.21) into this relation and comparing the terms with ε and ξ̄ , we obtain 
a system of linear differential equations for G4. Combining it with the expressions for the lowest 
component of the supercorrelator, Eqs. (2.3) and (2.4), we can determine G4. Similarly to (2.4), 
the general solution to (2.23) can be decomposed into rational and anomalous parts,

G4 = G(0)
4 + Ganom

4 , (2.24)

where the lowest components of G(0)
4 and Ganom

4 are given by (2.5) and (2.6), respectively.

2.4. Uniqueness of the superconformal extension

The four-point correlation functions of half-BPS short supermultiplets like the energy–
momentum multiplet (1.1) have a very important property. Their half-BPS nature guarantees 
the uniqueness of the superconformal extension (1.2) of the lowest component (1.3) [38]. The 
underlying reason for this is based on a simple counting of the Grassmann degrees of freedom. 
Each operator T in (1.2) depends on 4 chiral odd variables θa

α and on 4 antichiral ones θ̄a′α . 
Altogether the four-point function depends on 16 chiral and 16 antichiral variables. Further, the 
16 generators Q and S̄ in (2.22) act, essentially, as shifts of the chiral odd variables θa

α , and sim-
ilarly for the conjugates Q̄ and S with respect to the antichiral θ̄a′α . This implies that by making 
a finite N = 4 superconformal transformation5 we can fix a frame in which all θi = θ̄i = 0 for 
i = 1, 2, 3, 4. In such a frame the supercorrelator (1.2) is reduced to its lowest component (1.3). 
Inversely, starting from the latter and making the same finite N = 4 superconformal transforma-
tions we can restore the dependence on θi and θ̄i in a unique way.6,7

This very special property of the four-point correlation function of the energy–momentum 
supermultiplet (1.1) allows us to reconstruct it from its lowest component (1.3). Our strategy 
for doing this is different for the rational and anomalous parts in (2.4) and is explained in detail 
below.

2.5. Rational part

The reconstruction of the rational part G(0)
4 of the supercorrelator relies on a simple observation 

that its lowest component (2.5) is given by a product of free scalar propagators y2
ij /x

2
ij . This 

suggests that G(0)
4 can be obtained from G(0)

4 in (2.5) by replacing the free scalar propagators by 
their Q-supersymmetric version [35]8

y2
ij

x2
ij

→ y2
ij

x̂2
ij

, x̂α̇α
ij = xα̇α

ij − θaα
ij (y−1

ij )aa′ θ̄ a′α̇
ij , (2.25)

5 However, its practical realization is non-trivial, due to the non-Abelian nature of the superconformal algebra.
6 The same counting argument applies to two- and three-point functions of half-BPS short supermultiplets.
7 The uniqueness of this supercorrelator can also be understood in the following way. Suppose that there exist two 

different supercorrelators G4 and G′
4 which share the same lowest component (1.3). Then their difference G4 −G′

4 would 
be a nilpotent superconformal covariant proportional to the odd variables. Consequently, in the fixed frame θi = θ̄i = 0
this difference vanishes and so it must vanish in any frame by virtue of superconformal covariance.

8 The two-point function of a half-BPS short supermultiplet is overdetermined, just like the two-point function of a con-
formal scalar field is determined by translations and dilatation alone. So, the form of x̂ is fixed by the requirement that the 
two-point function (propagator) is invariant under the Q-supersymmetry generators from (2.22) and their conjugates Q̄.
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with θij = θi − θj and yij = yi − yj . The supersymmetrized scalar propagator defined in this 
way is automatically covariant under the rest of the N = 4 superconformal algebra, in particular, 
under S̄a′α̇ ,

δS̄

y2
ij

x̂2
ij

= −ξ̄ α̇a′
(θ̄i + θ̄j )a′α̇

y2
ij

x̂2
ij

. (2.26)

Then, supersymmetrizing the propagators in (2.5) according to (2.25) we find

G(0)
4 =

(
y2

12

x̂2
12

y2
23

x̂2
23

y2
34

x̂2
34

y2
14

x̂2
14

+ y2
13

x̂2
13

y2
23

x̂2
23

y2
24

x̂2
24

y2
14

x̂2
14

+ y2
12

x̂2
12

y2
24

x̂2
24

y2
34

x̂2
34

y2
13

x̂2
13

)

+ 1

4
(N2

c − 1)

⎡⎣(
y2

12

x̂2
12

y2
34

x̂2
34

)2

+
(

y2
13

x̂2
13

y2
24

x̂2
24

)2

+
(

y2
14

x̂2
14

y2
23

x̂2
23

)2
⎤⎦ , (2.27)

where the dependence on the Grassmann variables resides only in x̂2
ij . We can use the transfor-

mation rule (2.26) to verify that (2.27) indeed satisfies the superconformal Ward identity (2.23). 
As explained in Section 2.4, the superconformal extension (2.27) is unique.

The expansion of (2.27) in powers of the Grassmann variables produces the Born level ap-
proximation to the correlation functions of the various components of the energy–momentum 
supermultiplet in N = 4 SYM. For instance, substituting (2.27) into (2.18), we find after some 
algebra9

〈Jαα̇,aa′(1)O(2)O(3)O(4)〉(0)

= 1

2x2
12x

2
23x

2
34x

2
14

× [
y2

23y
2
34(Y124)aa′(X124)αα̇ + y2

23y
2
24(Y134)aa′u(X134)αα̇

+ y2
24y

2
34(Y123)aa′v(X123)αα̇

]
, (2.28)

where the conformal cross-ratios u and v were defined in (2.7). The three-point x- and y-depen-
dent structures

Xijk = x−1
ij xjkx

−1
ki , Yijk = yij yjkyki (2.29)

are covariant under conformal and SU(4) transformations, respectively.10 The simplest way to 
check this is to perform an inversion in the x-space, xαα̇ → xα̇α/x2, and an analogous inversion 
in the y-space, yab′ → yb′a/y2,

Xijk
Ix→ xiXijkxi , Yijk

Iy−→ yiYijkyi/(y
4
i y2

j y2
k ) . (2.30)

This shows that Xijk possesses the conformal weight (−1) at point xi and weight zero at points 
xj and xk , while Yijk has SU(4) weights at the three points. The conserved current Jαα̇,aa′ and the 
half-BPS scalar operator O are conformal primaries transforming under inversion in the x-space 
according to their weights:

9 Notice that the second term in (2.27) does not contribute because it factorizes into 〈Jαα̇,aa′ (1)O(2)〉〈O(3)O(4)〉
where the first factor vanishes in virtue of conformal and R-symmetry.
10 We recall that the y’s are coordinates on a coset of SU(4) (or rather its complexification GL(4, C)), just like the x’s 
are coordinates on a coset of SU(2, 2).
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Jαα̇,aa′
Ix→ (x2)2xα̇βJββ̇,aa′xβ̇α , O

Ix→ (x2)2O . (2.31)

Similarly, Jαα̇,aa′ and O belong to the representations 15 = [1, 0, 1] and 20′ = [0, 2, 0] of SU(4), 
respectively, and transform under inversion in the y-space as11

Jαα̇,aa′
Iy→ (y2)−2ya′bJαα̇,bb′yb′a , O

Iy→ (y2)−2O . (2.32)

It is easy to check that the expression (2.28) has the correct conformal and SU(4) transforma-
tion properties. In addition, it is straightforward to verify that the correlation function (2.28)
vanishes upon the action of the derivative (∂x1)

α̇α in accord with the current conservation 
(∂x1)

α̇αJαα̇,aa′(x1) = 0.12

2.6. Anomalous part

The supersymmetrization of the anomalous part of the correlator (2.4) is more elaborate since 
(2.6) involves a nontrivial function �(u, v) and, therefore, is not reduced to a product of free 
scalar propagators.

Let us rewrite the anomalous contribution Ganom
4 by pulling out a propagator factor,

Ganom
4 =

(
y2

13

x̂2
13

y2
24

x̂2
24

)2

I4
(
xi, θi, θ̄i , yi

)
. (2.33)

This factor carries the necessary conformal and SU(4) weights of the correlation function. Sub-
stituting (2.33) into the Ward identity (2.23) and taking into account (2.26), we find that the 
function I4 should be invariant under the superconformal transformations (2.20),

I4
(
xi, θi, θ̄i , yi

) = I4
(
xi + δxi, θi + δθi, θ̄i + δθ̄i , yi + δyi

)
, (2.34)

or equivalently,

Qα
A I4

(
xi, θi, θ̄i , yi

) = S̄α̇A I4
(
xi, θi, θ̄i , yi

) = 0 . (2.35)

Here the generators Qα
A and S̄α̇A (with A = (a, a′)) are given by the differential operators (2.22)

acting on the coordinates of the four points. Likewise, the invariance of I4 under the second half 
of the odd generators leads to

Q̄A
α̇ I4

(
xi, θi, θ̄i , yi

) = SαA I4
(
xi, θi, θ̄i , yi

) = 0 . (2.36)

We now apply the argument of Section 2.4 to the invariant I4
(
xi, θi, θ̄i , yi

)
in order to re-

construct it starting from the lowest component (2.6). We will do this in three steps: (i) solve 
only the first half (2.35) of the Ward identities; (ii) match the solution with the lowest component 
(2.6); (iii) demonstrate that, under certain conditions, the solution of (2.35) also automatically 
solves the other half (2.36). In this way we can be sure to have constructed the full and unique 
supersymmetric extension of (2.6).

We recall that the generators Q and S̄ are nilpotent, (Qα
A)2 = (S̄α̇A)2 = 0 and that they anti-

commute, {Q, S̄} = 0. This suggests to write the general solution of (2.35) in the form

11 The reader will remark the similarity between (2.31) and (2.32). The only difference between theses conformal and 
R-symmetry representations is in the sign of the weight, which leads to infinite and finite dimensional unitary irreps, 
respectively.
12 Here we neglect contact terms.
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I4
(
xi, θi, θ̄i , yi

) = Q4Q′4S̄4S̄′4A4(xi, θi, θ̄i , yi) (2.37)

with an arbitrary function A4. Here we employed the conventions from Appendix A such that

Q4 = 1

12
Qα

aQb
αQ

β
b Qa

β , Q′4 = 1

12
Qa′αQb′αQb′βQa′β , (2.38)

with a natural contraction of (un)dotted and (un)primed indices and similarly for the rest, i.e. S̄4

and S̄′4. The normalization in the above equations was chosen so that Q4 = Q1
1Q

1
2Q

2
1Q

2
2, etc.

To determine the function A4 we examine (2.37) in the chiral sector θ̄i = 0. We observe 
from (2.22) that for θ̄i = 0 the generators Q and S̄ are reduced to partial derivatives ∂/∂θi . The 
corresponding part of the differential operator in (2.37) removes all θaα

i (with i = 1, . . . , 4) from 
A4. Therefore, for (2.37) to be different from zero if all θ̄i = 0, A4 should be proportional to the 
product of all θ ’s

A4(xi, θi, θ̄i , yi) = θ4
1 θ4

2 θ4
3 θ4

4 A4(xi, yi) , (2.39)

where θ4 = 1
12θα

a θb
αθ

β
b θa

β like in (2.38). This is of course not the only solution of the Ward 
identities (2.35). The right-hand side of (2.39) could also contain terms involving the anti-chiral 
variables θ̄i . However, we will soon show that the particular solution (2.39) of (2.35) also satisfies 
the other half of the Ward identities (2.36) and thus provides the complete and unique I4. The 
explicit form of the function A4(xi, yi) can be found by matching (2.33), (2.37) and (2.39) with 
the lowest component (2.6) (see Sect. 2.4 for more details).

Let us demonstrate that I4 defined in (2.37) with A4 given by (2.39) is also annihilated by 
the other half of the odd generators, Eq. (2.36), provided that the function A4 is invariant under 
the bosonic part of the superalgebra, the conformal and R-symmetry. To show this, we hit (2.37)
with Q̄ or S, whose explicit expressions can be obtained by conjugating Q and S̄ in (2.22). Once 
these generators have gone through the differential operator in (2.37) and have reached A4, they 
annihilate it. Indeed, Q̄ and S are given by a linear combination of terms proportional to ∂/∂θ̄i , 
θi or θiθi∂/∂θi , each of which gives zero on the right-hand side of (2.39). Further, as we show 
in Appendix C, the commutator of Q̄ or S with the differential operator in (2.37) annihilates A4
provided that it is invariant under conformal and R-symmetry transformations. We can use the 
explicit form of A4 (see Eq. (2.44) below) to verify that this is indeed the case. Finally, invoking 
once more the uniqueness of the supersymmetric extension of the bosonic four-point correlation 
function, we can claim that it is given by (2.37).

Clearly, we could have constructed the supersymmetric extension using the generators Q̄ and 
S instead of Q and S̄ since the defining relations (2.35) and (2.36) are obviously symmetric under 
the exchange of these generators. Thus, the invariant (2.37) should admit another representation

I4
(
xi, θi, θ̄i , yi

) = Q̄4Q̄′4S4S′4[θ̄4
1 θ̄4

2 θ̄4
3 θ̄4

4 A4(xi, yi)
]
, (2.40)

where A4(xi, yi) is the same function as in (2.39). At first sight, it is not obvious why the two 
expressions (2.37) and (2.40) are equivalent. The reason is that both of them are extensions of 
the same four-point bosonic correlator, but we know that this extension is unique. In this way we 
have proven the rather non-trivial identity

Q4Q′4S̄4S̄′4[θ4
1 θ4

2 θ4
3 θ4

4 A4(xi, yi)
] = Q̄4Q̄′4S4S′4[θ̄4

1 θ̄4
2 θ̄4

3 θ̄4
4 A4(xi, yi)

]
. (2.41)

Expanding these two forms in the odd variables results in two, superficially different but equiva-
lent forms of the components of the supercorrelator (see an example in (3.15) and (2.14) below).
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We remark that the energy–momentum supermultiplet T (x, θ, θ̄ , y) is real in the sense of the 
combined complex and harmonic conjugation in harmonic superspace (see [39,40]), and so is the 
invariant I4. Assuming the reality of the function A4(xi, yi), we see an additional reason why 
the two forms of I4 must be equivalent.

2.7. Matching condition

Combining together (2.33), (2.37) and (2.39), we conclude that the four-point correlation 
function Ganom

4 is determined by the scalar function A4(xi, yi) depending only on the bosonic 
variables. To identify A4(xi, yi), we compare the lowest component of Ganom

4 , corresponding to 
θi = θ̄i = 0, with the four-point correlation function Ganom

4 of half-BPS operators, Eq. (2.9):

Q4Q′ 4S̄4S̄′ 4[θ4
1 θ4

2 θ4
3 θ4

4 A4(xi, yi)
]∣∣

θi=θ̄i=0 = �(u,v)

uv
(ζ − w)(ζ − w̄)(ζ̄ − w)(ζ̄ − w̄) .

(2.42)

To obtain a non-vanishing result on the left-hand side, the 16 generators Q and S̄ must remove 
all 16 θ ’s in the square brackets. Therefore, only the terms with ∂θ in the generators (2.22)
contribute. In this way we find for the left-hand side of (2.9)13(∑

∂θi

)4(∑
xi∂θi

)4 (∑
∂θi

yi

)4(∑
xi∂θi

yi

)4[
θ4

1 θ4
2 θ4

3 θ4
4 A4(xi, yi)

]∣∣
θi=θ̄i=0

= A4(xi, yi)(x
2
13x

2
24y

2
13y

2
24)

2(ζ − w)(ζ − w̄)(ζ̄ − w)(ζ̄ − w̄) . (2.43)

Together with (2.9), this implies

A4(xi, yi) = �(u,v)

uv

1

(x2
13x

2
24y

2
13y

2
24)

2
. (2.44)

The substitution of (2.44) into (2.33), (2.37) and (2.39) yields the following result for the anoma-
lous part of the four-point correlation function14

Ganom
4 =

(
y2

13

x̂2
13

y2
24

x̂2
24

)2

Q4Q′4S̄4S̄′4
[

θ4
1 θ4

2 θ4
3 θ4

4

(x2
13x

2
24y

2
13y

2
24)

2

�(u,v)

uv

]
, (2.45)

where Q and S̄ are the differential operators defined in (2.22) and the function �(u, v) was 
introduced in (2.6). It is straightforward to verify that the relations (2.8) ensure the crossing 
symmetry of Ganom

4 .
We remark that the expression in the square brackets in (2.45), i.e. the function A4 from 

(2.37), is invariant under both the conformal and R symmetry groups. Indeed, �(u, v)/(uv) is 
conformally invariant, while the denominator in the first factor compensates the conformal and 

13 This result can easily be obtained by fixing a conformal and SU(4) gauge in which the coordinates of 3 points are 
chosen as x1 = y1 = 1, x2 = y2 = ∞, x3 = y3 = 0, and the coordinates of the fourth point, xα̇α

4 and ya′a
4 are diagonal 

matrices with ζ , ζ̄ and w, w̄ on their diagonals, respectively. The details of the calculation can be found in Appendix B 
of Ref. [10].
14 Notice that the rational part (2.27) admits an analogous representation. After pulling out a propagator factor from 
G(0)

4 as in (2.33), we obtain the invariant I4 as a polynomial in two variables, U/u and V/v (see (2.10)). Then, the 
relation (2.37) fixes the corresponding function A4 to be this polynomial divided by (ζ − w)(ζ − w̄)(ζ̄ − w)(ζ̄ − w̄). 
The uniqueness of the supersymmetric extension guarantees that the result will be the same as in (2.27).
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SU(4) weights of the nilpotent numerator. As explained in Section 2.6, this property is essential 
for proving that (2.37) provides the complete solution of the Ward identities (2.35) and (2.36).

We would like to make an important comment about the form of the right-hand side of (2.42). 
It originates from the lowest component (2.9) of the anomalous part of the correlator. We can 
now invert the logic and claim that the specific form of (2.9) is a corollary of the procedure of 
supersymmetrization of the bosonic correlator. Indeed, let us assume that the right-hand side of 
(2.9) has the following generic form P(U, V ) = ∑

0≤m+n≤2 �mn(u, v)UmV n in terms of the har-
monic cross-ratios defined in (2.10). The degree of this polynomial in U , V cannot exceed 2 be-
cause otherwise the propagator prefactor in (2.9) will not be able to cancel the y-singularities.15

Then, matching P(U, V ) with (2.43) will result in a singular function A4(x, y). This will lead 
to unacceptable y-singularities in the higher components in the expansion of the supercorrelator. 
In order to avoid this, we conclude that P(U, V ) must have the factorized form of the right-hand 
side of (2.42). This is another way of proving the so-called ‘partial non-renormalization theorem’ 
of Ref. [7] (see also [9] for a similar argument).

As explained in Section 2.4, what we have obtained here is the unique supersymmetric com-
pletion of the bosonic correlation function (2.3). Its explicit expression (2.45) is one of the main 
results of this paper. In the next section, we examine the detailed properties of some of its com-
ponents.

3. Extracting four-point correlation functions

Despite the compact form of the correlation function (2.45), extracting its various compo-
nents is a nontrivial technical task. However, it becomes considerably simpler for the correlation 
function

Ĝ4 = G4
∣∣
θ3,4=θ̄3,4=0 = 〈T (1)T (2)O(3)O(4)〉 . (3.1)

It depends on the bosonic coordinates xi and yi (with i = 1, . . . , 4) and the Grassmann variables 
θ1,2 and θ̄1,2. Moreover, this particular class of correlation functions has been used in [30–32]
for computing event shape functions (see also Sect. 4 below for an alternative treatment).

The correlation function (3.1) has specific transformation properties under the conformal and 
R-symmetry groups. We can exploit them by first computing Ĝ4 for some special configuration 
of xi and yi and then restoring its general covariant form.

3.1. Gauge fixing

As follows from (2.20), the coordinates of the scalar operators O(3) and O(4) in (3.1) do 
not vary under the superconformal transformations (2.20), δx3,4 = δy3,4 = 0 for θ3,4 = θ̄3,4 = 0. 
This allows us to fix the conformal and SU(4) gauge

x3,αα̇ = y3,aa′ = 0 , x4,αα̇, y4,aa′ → ∞ . (3.2)

Then, the general expression for the anomalous correlation function (2.45) simplifies to

Ĝanom
4 =

(
y2

1

x̂2
1

y2
4

x2
4

)2

Q4Q′4S̄4S̄′4
[

θ4
1 θ4

2 θ4
3 θ4

4

(x2
1x2

4y2
1y2

4)2

�(u,v)

uv

]∣∣∣∣
θ3,4=θ̄3,4=0

, (3.3)

15 We recall that the y’s are auxiliary variables on a coset of the R-symmetry group SU(4). They carry the various 
irreducible representations appearing in the tensor product 20′ × 20′ . Hence, the dependence on y must be polynomial.
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where x̂αα̇
1 = xαα̇

1 − θaα
1 (y−1

1 )aa′ θ̄ a′α̇
1 and the conformal cross-ratios take the form, u = x2

12/x
2
1

and v = x2
2/x2

1 . Here we took into account that, since for θ3,4 = θ̄3,4 = 0 the generators of su-
perconformal transformations (2.22) do not contain derivatives with respect to x3 and y3, the 
gauge (3.2) can be imposed inside the square brackets in (3.3). In addition, we can simplify the 
expression for the generator S̄ ′ in (2.22) as

S̄b′β̇ = x4,αβ̇y4,b′a
∂

∂θa
4,α

+ . . . , S̄′4 = (x2
4y2

4)2(∂θ4)
4 + . . . , (3.4)

where the dots denote terms subleading for x4, y4 → ∞. Note that this limit eliminates the non-
linear terms θ̄ θ̄∂θ̄ in S̄′, which would otherwise complicate the Grassmann expansion in (3.3). 
We also observe that for x3 = y3 = 0, all generators in (3.3) except Q do not involve derivatives 
with respect to θ3. Therefore, evaluating (3.3) we are allowed to replace Q4 → (∂θ3)

4.
In this way, we obtain from (3.3)

Ĝanom
4 =

(
y2

4

x2
4

)2

Q′4S̄4
[
θ4

1 θ4
2 f (x1, x2)

]
, f (x1, x2) = �

(
x2

12/x
2
1 , x2

2/x2
1

)
(x2

1)2x2
12x

2
2

, (3.5)

where we used the relations Q′4S̄4(y2
1/x̂2

1) = 0 and θ4
1 /x̂2

1 = θ4
1 /x2

1 . Here the generators Q′ and 
S̄ only act at points 1 and 2 and are given by the following simplified expressions

Qa′
α =

∑
i=1,2

(
ya′a
i

∂

∂θαa
i

+ ∂

∂xα̇α
i

θ̄ α̇a′
i

)
, S̄α̇

a =
∑
i=1,2

(
xα̇α
i

∂

∂θαa
i

− θ̄ α̇a′
i

∂

∂ya′a
i

)
. (3.6)

Notice that the function f (x1, x2) defined in (3.5) does not depend on the y-coordinates and 
satisfies f (x1, x2) = f (x2, x1) in virtue of (2.8).

3.2. Single current insertion

In this subsection, we apply the general formula (3.5) to compute the correlation functions 
involving three half-BPS operators at points 2, 3, 4 and an R-symmetry current or an energy–
momentum tensor at point 1.

3.2.1. Single R-current insertion
As the first non-trivial example, let us apply (3.5) to obtain the anomalous part of the correla-

tion function (2.18) involving a single insertion of the R-current

Gαα̇,aa′ = 〈Jαα̇,aa′(1)O(2)O(3)O(4)〉anom

=
(

y2
4

x2
4

)2 [
(∂θ̄1

)α̇a′(∂θ1)αa + 1

2
(∂x1)αα̇(∂y1)a′a

]
× Q′ 4S̄4

[
θ4

1 θ4
2 f (x1, x2)

] ∣∣
θ1,2=θ̄1,2=0 . (3.7)

We recall that the second term inside the square brackets guarantees the current conservation, 
(∂x1)

αα̇Gαα̇,aa′ = 0. To evaluate (3.7) we begin with the identity

∂

∂θ̄ α̇a′ Q
′4S̄4

[
θ4

1 θ4
2 f (x1, x2)

] ∣∣∣∣ ¯
= − ∂

∂x
βα̇

(Q′3)β
a′ S̄4

[
θ4

1 θ4
2 f (x1, x2)

] ∣∣∣∣ ¯
, (3.8)
1 θ1,2=0 1 θ1,2=0
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where (Q′3)β
a′ = 1

3Q
β

b′Qb′γ Qa′γ with Q′ and S̄ defined in (3.6). Here we took into account that 

{∂
θ̄ α̇a′

1
, S̄β̇

a } = −δ
β̇
α̇ ∂

ya′a
1

does not contribute since the expression inside the brackets in (3.8) does 

not depend on y1. In the same way, we find

∂

∂ya′a
1

Q′4S̄4
[
θ4

1 θ4
2 f (x1, x2)

] ∣∣∣∣
θ̄1,2=0

= − ∂

∂θ
βa

1

(Q′3)β
a′ S̄4

[
θ4

1 θ4
2 f (x1, x2)

] ∣∣∣∣
θ̄1,2=0

. (3.9)

Combining the last two relations we obtain

Gαα̇,aa′ =
(

∂

∂θαa
1

∂

∂x
βα̇

1

− 1

2

∂

∂θ
βa

1

∂

∂xαα̇
1

)
(Q′ 3)

β

a′ S̄4
[
θ4

1 θ4
2 f (x1, x2)

(
y2

4

x2
4

)2 ]∣∣∣∣
θ̄1,2=0

.

(3.10)

As a quick check, we apply (∂x1)
αα̇ to both sides of this equation and verify that (∂x1)

α̇αGαα̇,aa′ =
0, as expected due to the R-current conservation.

Remarkably, relation (3.10) admits an equivalent representation in which this property be-
comes manifest. We observe that for θ̄1,2 = 0 the generators (3.6) are reduced to differential 
operators acting on the Grassmann variables. This allows us to write the correlation function 
(3.10) as a total derivative with respect to x1

Gαα̇,aa′ = (∂x1)
β
α̇

[
Mαβ,aa′f (x1, x2)

(
y2

4

x2
4

)2]
, (3.11)

where we introduced the tensor

Mαβ,aa′ =
(

εγβ

∂

∂θαa
1

− 1

2
εαβ

∂

∂θ
γ a

1

)
(Q′3)γ

a′ S̄4
(
θ4

1 θ4
2

) ∣∣∣∣
θ̄1,2=0

= (∂θ1)(αa(Q
′3)β)a′ S̄4

(
θ4

1 θ4
2

) ∣∣∣∣
θ̄1,2=0

. (3.12)

Since the expression in the second line involves 8 Grassmann derivatives acting on a polynomial 
of Grassmann degree 8, Mαβ,aa′ does not depend on θ anymore. Most importantly, the tensor 
(3.12) is traceless with respect to its Lorentz indices

εαβMαβ,aa′ = 0 . (3.13)

We can use (3.11) together with the identity (∂x1)
α̇α(∂x1)

β
α̇ = −�x1ε

αβ to verify that this property 
makes the current conservation manifest, (∂x1)

α̇αGαα̇,aa′ = 0. The evaluation of (3.12) yields

Mαβ,aa′ = (x12x1)(αβ)

[
(y1)aa′(y2

12x
2
2 − x2

12y
2
2) + (y12)aa′(x2

1y2
2 − y2

1x2
2)
]
, (3.14)

where (αβ) denotes weighted symmetrization. Substituting this relation into (3.11) we obtain the 
anomalous part of the correlation function (2.18) in the gauge (3.2).

The final step is to restore the dependence on the points 3 and 4. This can be done by perform-
ing a conformal transformation in (3.11) combined with a SU(4) rotation.16 We finally arrive at 
the following expression

16 Equivalently, we might write the general expression for the correlation function in term of the basis tensors X and 
Y from (2.29), consistent with the conformal properties of the operators and fix the free parameters by matching it with 
(3.11) in the gauge (3.2).
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〈Jαα̇,aa′(1)O(2)O(3)O(4)〉anom = 1

4
(∂x1)

β
α̇

×
{(

y2
23y

2
34Y124 − uy2

23y
2
24Y134 − v y2

24y
2
34Y123

)
aa′ [X124,X134](αβ)

�(u, v)

x2
23x

2
24x

2
34

}
,

(3.15)

where the structures Xijk and Yijk were defined in (2.29).
In Section 2.6, we pointed out the existence of the equivalent form (2.40) of the supercorrela-

tor. If we use it instead of (2.45), the expression for the single current insertion will differ from 
(3.15) by the exchange of chiral and antichiral indices,

〈Jαα̇,aa′(1)O(2)O(3)O(4)〉anom = 1

4
(∂x1)

β̇
α

×
{(

y2
23y

2
34Y124 − uy2

23y
2
24Y134 − v y2

24y
2
34Y123

)
aa′ [X124,X134](α̇β̇)

�(u, v)

x2
23x

2
24x

2
34

}
.

(3.16)

It is not immediately obvious but nevertheless true that the two expressions coincide. This is a 
manifestation of the general identity (2.41).

3.2.2. Single energy–momentum tensor insertion
Let us now examine the correlation function involving a single energy–momentum tensor 

insertion

Gαβ,α̇β̇ = 〈Tαβ,α̇β̇ (1)O(2)O(3)O(4)〉anom . (3.17)

We recall that the energy–momentum tensor appears as a particular component in the expansion 
of the superfield T and its correlation function can be extracted with the help of the differential 
operator (2.16). This leads to

Gαα̇,ββ̇ =
[
−(∂θ1)

a
α(∂θ1)βa(∂θ̄1

)α̇a′(∂θ̄1
)a

′
β̇

− (∂θ1)
a
(α(∂x1)β)(β̇ (∂y1)aa′(∂θ̄1

)a
′

α̇)

+ 1

6
(∂x1)(αα̇(∂x1)β)β̇ (∂y1)aa′(∂y1)

a′a
]
Ĝanom

4

∣∣
θ1,2=θ̄1,2=0 . (3.18)

Here the last two terms inside the square brackets subtract the contribution of the descendants 
given by total derivatives of lower components of the energy–momentum supermultiplet T . They 
are required to ensure the current conservation (∂x1)

αα̇Gαα̇,ββ̇ = 0.
As in the case of a single R-current insertion, in order to evaluate (3.18) we fix the gauge (3.2)

and replace Ĝanom
4 in (3.18) by its expression (3.5). Making use of the identities (3.8) and (3.9), 

after some algebra we find

Gαα̇,ββ̇ = (∂x1)
δ
α̇(∂x1)

γ

β̇

[
Mαβδγ f (x1, x2)

(
y2

4

x2
4

)2]
, (3.19)

with the tensor Mδγ
αβ =Mαβστ ε

δσ εγ τ given by

Mδγ
αβ = [− (∂θ1)

a
α(∂θ1)βa(Q

′2)δγ + δ
(δ
(α(∂θ1)

a
β)(∂θ1)γ ′a(Q

′2)γ )γ ′

− 1
6δδ

(αδ
γ

β)(∂θ1)
a
δ′(∂θ1)γ ′a(Q

′ 2)δ
′γ ′]

S̄4
(
θ4

1 θ4
2

) ∣∣∣∣ ¯
, (3.20)
θ1,2=0
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with (Q′2)αβ = Qα
a′Qa′β . Going through a lengthy calculation we arrive at the surprisingly sim-

ple result

Mαβδγ = −1

3
(x1x2)((αδ(x1x2)βγ ))y

2
2 , (3.21)

where the double-parentheses notation indicates symmetrization of all four indices, so that

εαβMαβδγ = 0 . (3.22)

This property implies that the correlation function (3.19) satisfies the relations

Gαα̇,ββ̇ − Gββ̇,αα̇ = εαβεα̇β̇Gαα̇,ββ̇ = (∂x1)
α̇αGαα̇,ββ̇ = 0 , (3.23)

which warrant that the energy–momentum tensor is symmetric, traceless and conserved.
Relation (3.19) has been obtained in the conformal gauge (3.2). The corresponding covariant 

expression is

〈Tαβ,α̇β̇ (1)O(2)O(3)O(4)〉anom

= 1

4
(∂x1)

γ
α̇ (∂x1)

δ
β̇

(
[X134,X124]((αβ [X134,X124]γ δ))�(u, v)

x2
12x

2
14

x2
24

y2
23y

2
34y

2
42

x2
23x

2
34x

2
42

)
. (3.24)

Indeed, it is straightforward to verify that it has the correct properties under conformal and SU(4)

transformations and coincides with (3.19) in the gauge (3.2).

3.2.3. Analogy with conformal field equations
The particular form of the correlation functions (3.11) and (3.19) suggests the following anal-

ogy with the conformally covariant Maxwell and Weyl equations

(∂x)
β
α̇Fαβ = Jαα̇ , (∂x)

γ
α̇ (∂x)

δ
β̇
Cαβγ δ = Tαα̇, ββ̇ . (3.25)

Here Fαβ and Cαβγ δ are the self-dual (or chiral) Maxwell and Weyl tensors, respectively, fully 
symmetrized in their spinor indices. This property immediately implies the conservation of the 
corresponding sources Jαα̇ and Tαα̇, ββ̇ . Further, the fact that the tensors Fαβ and Cαβγ δ belong to 
the representations (1, 0) and (2, 0) of the Lorentz group, respectively, together with the appro-
priate conformal transformation laws, guarantees the covariance of the field equations (3.25).17

Another remark concerns the purely chiral form of the matrices M entering (3.11) and 
(3.19). In the case of the field equations (3.25) there exists an equivalent anti-chiral form, e.g., 

(∂x)
β̇
αF̃α̇β̇ = Jαα̇ obtained by complex conjugation (assuming that the current Jαα̇ is hermitian). 

Similarly, had we preferred to build the superconformal invariants (2.37) with the generators Q̄
and S instead of Q and S̄, we would have obtained Eqs. (3.11) and (3.19) with anti-chiral matri-
ces M (see (3.16) for an example). The equivalence of the two forms relies on some non-trivial 
identities.

Comparing (3.15) and (3.24) we observe that the two correlation functions have a similar 
form. This suggests that the correlation function with a single insertion of a conserved current of 
spin s possesses a universal form

〈Jα1α̇1...αs α̇s (1)O(2)O(3)O(4)〉 = (∂x1)
β1
α̇1

. . . (∂x1)
β̇s

α̇s

[
Mα1β1...αsβs �(u, v)] , (3.26)

17 A similar observation for three-point functions with a current or an energy–momentum tensor is made in [41].
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where the tensor Mα1β1...αsβs is completely symmetric with respect to all of its indices and, most 
importantly, it is independent of the dynamics of the theory. We will show in the next subsec-
tion that a similar relation also holds for correlation functions with two insertions of conserved 
currents.

3.3. Double current insertion

To simplify the analysis, in what follows we impose the gauge condition (3.2). In close anal-
ogy with (3.7), the correlation function involving two insertions of the R-current can be obtained 
from (3.5) by applying the same differential operator at points 1 and 2

GJJOO = 〈Jα1α̇1,a1a
′
1
(1) Jα2α̇2,a2a

′
2
(2)O(3)O(4)〉anom

=
∏

i=1,2

[
(∂θi

)αiai
(∂θ̄i

)α̇ia
′
i
+ 1

2 (∂xi
)αi α̇i

(∂yi
)a′

i ai

]
Ĝanom

4

∣∣
θ1,2=θ̄1,2=0 . (3.27)

Replacing Ĝanom
4 with its expression (3.5), we evaluate the derivatives with respect to θ̄i and yi

making use of the identities (3.8) and (3.9) to obtain

GJJOO =
∏

i=1,2

[
(∂θi

)αiai
(∂xi

)βi α̇i
− 1

2 (∂θi
)βiai

(∂xi
)αi α̇i

]

× Q
β1
a′

2
Q

β2
a′

1
S̄4

⎡⎣θ4
1 θ4

2 f (x1, x2)

(
y2

4

x2
4

)2
⎤⎦∣∣∣∣

θ1,2=θ̄1,2=0
.

This relation can be rewritten in a very suggestive form involving derivatives with respect to x1,2

GJJOO = (∂x1)
β1
α̇1

(∂x2)
β2
α̇2

[
Mα1β1α2β2,a1a

′
1a2a

′
2
f (x1, x2)

(
y2

4

x2
4

)2]
, (3.28)

with the M-tensor defined as

Mα1β1α2β2,a1a
′
1a2a

′
2
= −(∂θ1)(α1a1Qβ1)a

′
2
(∂θ2)(α2a2Qβ2)a

′
1
S̄4

(
θ4

1 θ4
2

) ∣∣∣∣
θ̄1,2=0

. (3.29)

The very fact that this tensor is symmetric with respect to two pairs of indices, α1, β1 and α2, β2, 
ensures that the correlation function (3.27) vanishes under the action of operators (∂x1)

α1α̇1 and 
(∂x2)

α2α̇2 , as implied by the current conservation. Explicitly, we find

Mα1β1α2β2,a1a
′
1a2a

′
2
= (y1 · y2)εa′

1a
′
2
εa1a2

[
(x2x1)α1β1(x1x2)α2β2 − εα1α2εβ1β2x

2
1x2

2

]
+ (y1)a1a

′
2
(y1)a2a

′
1
εα1α2(x1x2)β1β2x

2
2

+ (y2)a1a
′
2
(y2)a2a

′
1
(x2x1)α1α2εβ1β2x

2
1

− 2(y1)a1a
′
2
(y2)a2a

′
1
εα1α2εβ1β2(x1 · x2)

2 , (3.30)

where the symmetrization with respect to the Lorentz indices α1, β1 and α2, β2 is tacitly assumed. 
To save space, we do not present the covariant form of (3.30) here.

This analysis can be extended to correlation functions involving the energy–momentum ten-
sor, 〈J (1) T (2)O(3)O(4)〉 and 〈T (1) T (2)O(3)O(4)〉. For our purposes, it is important that 
these correlation functions (as well as (3.28)) admit the following representation
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〈Jα1α̇1...αs α̇s (1) Jβ1β̇1...βs′ β̇s′ (2)O(3)O(4)〉anom

=
s∏

i=1

(∂x1)
γi

α̇i

s′∏
k=1

(∂x2)
δk

β̇k

[
M{α}{β}{γ }{δ}�(u,v)] . (3.31)

In other words, they are given by total derivatives with respect to the current insertion points. 
Here, all information about the choice of the currents is encoded in the tensor M that only 
carries chiral indices {α}, {β}, {γ }, {δ}. Current conservation translates into the invariance of 
M under the exchange of any pair of indices belonging to {α} ∪ {γ } and {β} ∪ {δ}. As already 
mentioned, there exists an equivalent representation of (3.31) involving the conjugated tensor 
M{α̇}{β̇}{γ̇ }{δ̇} carrying anti-chiral indices.

We note in passing that the correlation function involving the supersymmetry current (2.17)
and its conjugate can be derived by the same method and the expression has a form similar to 
(3.31)

〈�a′
αβα̇(1) �̄a

β̇γ̇ γ
(2)O(3)O(4)〉anom = (∂x1)

δ1
α̇ (∂x2)

δ2

β̇
(∂x2)

δ3
γ̇

[
Maa′

αβγ δ1δ2δ3
�(u,v)

]
(3.32)

with εαδ1Maa′
αβγ δ1δ2δ3

= εγ δ3Maa′
αβγ δ1δ2δ3

= 0.
This concludes our general discussion of the method for reconstructing the complete cor-

relation function of four energy–momentum supermultiplets, starting from its lowest bosonic 
component. We have given a general and very compact formula for the super-correlation func-
tion, Eq. (2.45). We have shown several examples of how to extract various component cor-
relators. The examples are limited to the case where θi = θ̄i = 0 at two of the four points. 
Including the dependence on all four sets of odd variables, in order to obtain components like 
〈T (1)T (2)T (3)T (4)〉 with four energy–momentum tensors, considerably complicates the alge-
bra. We should mention that in the special case of N = 4 SYM the component at (θ)4 in the 
expansion (1.1) is the (chiral on-shell) Lagrangian L of the theory, and similarly for the anti-
chiral L̃ at (θ̄)4. In this case one can obtain the component 〈L(1)L(2)L̃(3)L̃(4)〉 which is known 
to be the AdS/CFT dual of the amplitude of dilatons and axions in AdS5 × S5 supergravity [42]. 
In the past this component has been computed in [43] using a different method based on N = 2
supersymmetry. The result of Ref. [43] is surprisingly simple, so it would be interesting to obtain 
it by our new method.

4. Charge flow correlations

In this section, we explain how the particular class of correlation functions (3.1), discussed in 
the previous section, is connected to recent work [30–32] on the so-called charge-flow correla-
tions.

The charge-flow correlations measure the flow of various quantum numbers (e.g., R-charge, 
energy) in the final states created from the vacuum by a particular source. Schematically, these 
correlations are written in the form

〈Ds(n)Ds′(n′)〉q = (q2)s
′−1(qn′)s−s′

(nn′)s+1
Fss′(z) , (4.1)

and depend only on the total four-momentum qμ transferred by the source and the dimensionless 
scaling variable z = q2(nn′)/(2(qn)(qn′)) which is constructed from the kinematical data of the 
process. More precisely, the flow operators Ds(n) can be interpreted as ‘detectors’ located at spa-
tial infinity that measure the flow of a particular quantum number (labeled by the integer Lorentz 
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spin s) per unit angle in the direction of the light-like four-vector nμ. The variable z corresponds 
to the angle between the two detectors Ds(n) and Ds′(n′). The event shape function Fss′(z) can 
be understood as a differential distribution of the charges measured by the two detectors.

4.1. Basics of charge flow correlations

The double flow correlations can be defined in terms of correlation functions

〈Ds(n)Ds′(n′)〉q = is+s′
σ−1

tot

∫
d4x34eiqx34Gss′ ,

Gss′ = 〈Ds(n)Ds′(n′)O(x3, y3)O(x4, y4)〉W , (4.2)

where the additional factor is+s′
is inserted to ensure reality for 〈Ds(n)Ds′(n′)〉q (see Eq. (4.58)

below) and the Fourier transform is performed with respect to x34 = x3 − x4.
The charge flow operators Ds(n) and Ds′(n′) depend on light-like vectors, n and n′ (with 

n2 = n′2 = 0), and are defined in terms of local operators (including conserved currents) of spin 
s and s′, respectively. Particularly important examples of Ds(n) corresponding to s = 0, 1, 2 are

O(n, y) = (nn̄)

∞∫
−∞

dτ lim
r→∞ r2 O(rn + τ n̄, y) ,

Qaa′
(n, y) =

∞∫
−∞

dτ lim
r→∞ r2 (J−)aa′

(rn + τ n̄, y) ,

E(n) = 1

(nn̄)

∞∫
−∞

dτ lim
r→∞ r2 T−−(rn + τ n̄) , (4.3)

where n̄ is an auxiliary light-like vector, n̄2 = 0 and (nn̄) �= 0,18 while

J−(x) ≡ n̄μJμ(x) , T−− ≡ n̄μn̄νTμν(x) (4.4)

are the light-cone components of the R-current and the energy–momentum tensor, respectively. 
The total cross section σtot in (4.2) is defined as

σtot(q) =
∫

d4x3 eiqx3〈O(x3, y3)O(0, y4)〉W . (4.5)

The subscript W in the second line of (4.2) and in (4.5) indicates the Wightman four- and two-
point functions computed in four-dimensional Minkowski space of signature (+, −, −, −). They 
can be obtained from their Euclidean counterparts through an analytic continuation.

Our discussion will concern only the anomalous part of the correlation function (4.2) because 
the rational part gives rise to contact terms. To simplify the notation, from now on we drop the 
superscript ‘anom’.

18 The expressions on the right-hand sides of (4.3) involve the two light-like vectors n and n̄, but the dependence on the 
latter is redundant. We can exploit this fact to put n̄μ = (1, 0, 0, −1).
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4.2. Change of coordinates

The expression for the flow operators (4.3) can be simplified by a change of coordinates 
xμ �→ zμ, as proposed in [44,29]. Indeed, it is well known that four-dimensional Minkowski 
space can be embedded as a light-like surface in a six-dimensional projective space ηM (with 
M = 0, 1, 2, 3, 5, 6)

η2 = (η0)2 − (η1)2 − (η2)2 − (η3)2 − (η5)2 + (η6)2 = 0 . (4.6)

The two sets of Minkowski coordinates, xμ and zμ (with μ = 0, 1, 2, 3), are defined as

xμ =
(

η0

η5 + η6
,


η
η5 + η6

,
η3

η5 + η6

)
,

zμ =
(

− η6

η0 + η3
,


η
η0 + η3

,− η5

η0 + η3

)
, (4.7)

where 
η = (η1, η2). They are related by a rotation in the six-dimensional embedding space or 
equivalently by a conformal transformation in Minkowski space.

The relation between the coordinates (4.7) is particularly simple in the light-cone coordinates 
defined as

xαα̇ = xμ(σμ)αα̇ =
[
x+ x̄

x x−
]

, x± = x0 ± x3 , x = x1 + ix2 , (4.8)

so that (xμ)2 = det‖xαα̇‖ = x+x− − 
x 2 with 
x = (x1, x2). The new coordinates are given by

z+ = − 1

x+ , z− = x− − 
x 2

x+ , 
z = 
x
x+ . (4.9)

It is easy to verify that this change of variables amounts to a conformal transformation of the 
coordinates xμ with a simple weight factor, dzμdzμ = dxμdxμ/(x+)2.

In the special case of the flow operators (4.3), with xμ = rnμ + τ n̄μ, the new coordinates for 
r → ∞ are given by

z+ = 0 , z− = x− − r

n2

n+ , 
z = 
n
n+ , (4.10)

where we took into account that n̄μ = (1, 0, 0, −1) has only one non-zero light-cone component, 
n̄+ = 0 and n̄− = 2. Since the operators O , Jμ and Tμν in (4.3) transform covariantly under 
conformal transformations, the flow operators in the new coordinates have the following form

O(
z, y) = 1

2n+

∞∫
−∞

dz−O(0+, z−, 
z ;y) ,

Qaa′
(
z, y) = 1

(n+)2

∞∫
−∞

dz−J aa′
− (0+, z−, 
z ;y) ,

E(
z) = 1

(n+)3

∞∫
dz−T−−(0+, z−, 
z) , (4.11)
−∞
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where 0+ stands for z+ = 0 and J− and T−− were defined in (4.4). Compared with (4.3), the de-
pendence of the flow operators on nμ in the new coordinates enters through the two-dimensional 
vector 
z = 
n/n+. Also, most importantly, the limit r → ∞ in (4.3) is now replaced by setting 
z+ = 0, which is technically easier to implement.

Denoting the flow operators (4.11) as Ds(
z) (for s = 0, 1, 2), we find that the correlation 
function (4.2) admits the following representation in the new coordinates

Gss′ = (z+
3 z+

4 )2〈Ds(
z)Ds′(
z ′)O(z3, y3)O(z4, y4)〉 , (4.12)

where (z+
3 z+

4 )2 arises as the conformal weight of the operators O(z3, y3)O(z4, y4) under the 
change of variables. For general values of the spins s and s′, (4.12) is given by the four-point 
correlation function (3.31) integrated over the light-cone coordinates of the two currents

Gss′ = (z+
3 z+

4 )2

(n+)s+1(n′+)s
′+1

∞∫
−∞

dz−
1 dz−

2

×〈J−...−︸︷︷︸
s

(0+, z−
1 , 
z1)J−...−︸︷︷︸

s′
(0+, z−

2 , 
z2)O(z3, y3)O(z4, y4)〉 , (4.13)

where 
z1 = 
n/n+ and 
z2 = 
n′/n′+. Notice that Gss′ only involves the minus components of the 
currents defined by

J−...− = n̄μ1 . . . n̄μs Jμ1...μs = 1

2s
n̄α̇1α1 . . . n̄α̇sαs Jα1α̇1...αs α̇s . (4.14)

As we will see in a moment, this property makes the new coordinates particularly useful for 
analyzing the properties of Gss′ .

4.3. Light-cone superfield

We recall that the conserved currents Jμ(z) and Tμν(z) appear as components in the expan-
sion of the energy–momentum supermultiplet (2.13). As we explained in Sect. 2.2, to extract 
their correlation functions from the correlation function of the superfields T (z, θ, θ̄ , y), we 
have to subtract the contribution of the conformal descendants involving total derivatives, like 
∂z∂yO(z, y) for the R-symmetry current Jμ, Eq. (2.14).

To compute the correlation function in (4.13) we do not need the whole expression for the 
superfield (2.13). It is sufficient to retain only the terms containing the minus components of the 
currents. Since in (1.1) the Lorentz indices of the currents are contracted with θσμθ̄ , this can be 
done by imposing an additional condition on the Grassmann variables,

θaα(σμ)αα̇θ̄ α̇
a′ = 0 , for μ �= − . (4.15)

Moreover, in this case the contribution of the conformal descendants is proportional to total 
derivatives with respect to the light-cone coordinate z−, like ∂z−∂yO(z, y), and it vanishes after 
the integration on the right-hand side of (4.13). This allows us to safely neglect the descendants 
in (4.13).

To solve (4.15), we use the projectors 1
4σ±σ∓ to decompose θaα and θ̄ α̇

a′ into sums of two 
components
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θaα = 1
4 (σ+σ− + σ−σ+)θa ≡ (θa,−,−θa,+) ,

θ̄ α̇
a′ = 1

4 (σ+σ− + σ−σ+)θ̄a′ ≡
(

θ̄−
a′

θ̄+
a′

)
. (4.16)

Substitution of (4.16) into (4.15) yields the relation θa,+θ̄ +
a′ = 0 which has obviously two so-

lutions. The expressions for the superfield T evaluated on the shell of these solutions differ by 
the contribution of half-integer operators. Since here we are only considering flow operators of 
integer spin, we can replace the above constraint by a stronger one, i.e.

θa,+ = θ̄ +
a′ = 0 . (4.17)

The resulting light-cone superfield T−(i) ≡ T (zi, θ
−
i , θ̄−

i , yi) takes the following form

T−(i) = O(zi) + . . . + (θ−
i )a(θ̄−

i )a′(J−(zi))
a′
a + . . . + (θ−

i )2(θ̄−
i )2T−−(zi) , (4.18)

where (θ−
i )2 = ∏

a(θ
−
i )a and similarly for (θ̄−

i )2. Substituting θ4
i = (θ+

i )2(θ−
i )2 in (2.45) and 

replacing xμ
i by the new coordinates zμ

i , we obtain

〈T−(1)T−(2)O(3)O(4)〉 =
(

y2
13

ẑ2
13

y2
24

ẑ2
24

)2

× S̄4S̄′4Q4Q′4
[

(θ+
1 )2(θ−

1 )2(θ+
2 )2(θ−

2 )2θ4
3 θ4

4

(z2
13z

2
24y

2
13y

2
24)

2

�(u,v)

uv

]∣∣∣∣
θ+

1,2=θ̄+
1,2=θ3,4=θ̄3,4=0

, (4.19)

with ẑij defined as in (2.25). By construction, the expansion of (4.19) in powers of θ−
1,2 and θ̄−

1,2
generates the correlation functions involving the minus components of the currents at points 1
and 2 and the half-BPS operators O at points 3 and 4. As follows from (3.31), such correlation 
functions have a very special form.

Let us consider the simplest example of the correlation function (3.26), involving a single 
insertion of the current. According to (4.14), we have to contract (3.26) with n̄α̇1α1 . . . n̄α̇sαs /2s . 
Taking into account the identities (see Appendix A)

1

2
n̄α̇α =

[
1 0
0 0

]
,

1

2
(∂z)

β
α̇ n̄α̇α =

[ −∂z̄ 0
−∂z− 0

]
, (4.20)

with z̄ = z1 − iz2, we find from (3.26)

〈J−...−︸︷︷︸
s

(1)O(2)O(3)O(4)〉 = (∂z̄1)
s
[
Ms�(u, v)] + . . . , (4.21)

where Ms ≡Mα1β1...αsβs with αi = βi = 1 and the dots denote terms involving total derivatives 
with respect to z−

1 . As was explained in the beginning of this subsection, such terms produce 
vanishing contributions in the integrated correlation function (4.13) and can be safely neglected. 
Repeating the same analysis for the correlation function (3.31), we obtain

〈J−...−︸︷︷︸
s

(1)J−...−︸︷︷︸
s′

(2)O(3)O(4)〉 = (∂z̄1)
s(∂z̄2)

s′[Mss′�(u,v)] + . . . , (4.22)

where the dots denote terms with total derivatives with respect to z−
1 and z−

2 . Here Mss′ is a 
(complicated) rational function depending on the coordinates of all 4 points. Its explicit form is 
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fixed unambiguously by (4.19) but, as we have shown in the previous section, the calculation can 
be very involved.

The power of the equation (4.22) lies in the fact that only one term in the expan-
sion, namely the one which contains the maximal number of anti-holomorphic derivatives 
(∂z̄1)

s(∂z̄2)
s′
�(u, v), is sufficient to determine Mss′ . In the expansion of the super correla-

tion function (4.19), this term is accompanied by a product of Grassmann variables and reads, 
schematically,

〈T−(1)T−(2)O(3)O(4)〉 =
∑

s,s′≥0

(θ−
1 θ̄−

1 )s(θ−
2 θ̄−

2 )s
′Mss′(∂z̄1)

s(∂z̄2)
s′
�(u,v) + . . . ,

(4.23)

where the SU(2) indices of θa,−
i and θ̄−

i,a′ are contracted with those of Mss′ . Here the dots denote 
terms with derivatives distributed between �(u, v) and Mss′ .

4.4. Gauge fixing

As was shown in Sect. 3.1, the calculation of (4.19) can be significantly simplified by an 
appropriate choice of additional conditions on the bosonic coordinates.

The gauge (3.2) cannot be employed in (4.19) due to singularities in the change of variables 
(4.9). However, we can impose the following weaker condition on the coordinates of the half-BPS 
operators at points 3 and 4

y3,aa′ = 0 , y4,aa′ → ∞ , 
z3 = 
z4 = z−
4 = 0 , z+

4 → ∞ , (4.24)

where 
zi = (z1
i , z

2
i ). Moreover, since (4.13) involves the currents at zero values of the ‘+’-light-

cone components, we impose analogous condition on the coordinates of the superfields at points 
1 and 2,

z+
1 = z+

2 = 0 . (4.25)

The main advantage of this gauge is that it allows us to simplify (4.19) by eliminating the depen-
dence of θ3,4 and θ̄3,4 in (4.19).

We find the following result for the correlation function (4.19) in the gauge (4.24) and (4.25)
(for details see Appendix D)

〈T−(1)T−(2)O(3)O(4)〉 = (y2
4)2

(z12z̄12z
−
3 )4(z+

3 z+
4 )2

S2
1 S2

2

[
(θ−

1 )2(θ−
2 )2F(u, v)

]
+ . . . ,

(4.26)

where the dots have the same meaning as in (4.23) and

F(u, v) = u3

v
�(u, v) . (4.27)

Here S2
i = ∏

a′=1,2 Si,a′ stands for the product of the linear differential operators acting on the 
coordinates at points 1 and 2,

S1,a′ = −z̄12z
+
3 (θ̄−

1 )a′∂z̄1 +
∑
i=1,2

(�1i )a′a∂
θ

a,−
i

,

S2,a′ = z̄12z
+
3 (θ̄−

2 )a′∂z̄2 +
∑

(�2i )a′a∂
θ

a,−
i

(4.28)

i=1,2
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with matrices �1i and �2i given by

�11 = y1(z1z̄2 − z+
3 z−

3 ) , �12 = y1(z2z̄2 − z+
3 z−

3 ) + y12z
−
2 z+

3 ,

�21 = y2(z1z̄1 − z+
3 z−

3 ) − y12z
−
1 z+

3 , �22 = y2(z2z̄1 − z+
3 z−

3 ) . (4.29)

Notice that if we set (y12)
a
a′ = 0, the generators (4.28) cease to depend on z−

1 and z−
2 . As we show 

in the next subsection, this restriction of the y-dependence corresponds to choosing a particular 
irreducible representation of SU(4). It plays a crucial role in establishing relations between vari-
ous charge-flow correlations.

We would like to stress that Eq. (4.26) refers only to the contributions to the correlation 
function of the form (4.23), for which all the space–time derivatives act on the function �(u, v), 
or equivalently F(u, v). The remaining terms (including those involving total derivatives with 
respect to z−

1 and z−
2 ) are represented by the dots in (4.26). Arriving at (4.26), we replaced 

ẑ2
13 → z2

13 and ẑ2
24 → z2

24 since the remaining terms produce contributions which involve the 
product of Grassmann variables (θ−

i θ̄−
i ) but which is not accompanied by derivatives ∂z̄i

. Also, 
we took into account that z2

i4 = −z+
4 z−

i and z2
12 = −z12z̄12 in the gauge (4.24) and (4.25).

Replacing the generators S1 and S2 in (4.26) by their explicit expressions (4.28), we can 
expand the correlation function (4.26) in powers of the Grassmann variables and match the result 
with (4.23) to identify Mss′ . We can then use these functions to compute (4.22) in the gauge 
(4.24) and (4.25). In the next subsection, we perform this calculation for a particular SU(4)

component of the correlation function (4.26).

4.5. Top Casimir components

The two currents in (4.22) belong to some irreducible representations of the R-symmetry 
group SU(4), e.g., 15 for the R-current and 1 for the energy–momentum tensor. These represen-
tations, denoted by A1 and A2, are encoded in the dependence of the matrix Mss′ in (4.22) on 
(yi)

a
a′ . More precisely, we can decompose Mss′ into its irreducible components

Mss′(y, z) =
∑
R

Yss′;R(y)Mss′;R(z) , (4.30)

where the (finite) sum runs over the overlap of SU(4) representations R in the tensor products 
A1 × A2 and 20′ × 20′ = 1 + 15 + 20′ + 84 + 105 + 175. Here Yss′;R(y) are polynomials in yi

defined as eigenfunctions of the quadratic Casimir of SU(4) for the representations R and the 
coefficients Mss′;R are independent of yi . Explicit expressions for Yss′;R(y) can be found in 
[31].

In what follows we shall concentrate on a particular component in (4.30) with the maximal 
value of the SU(4) quadratic Casimir. We shall refer to it as the top Casimir component. The 
reason for this is that, as we show below, for different choices of the currents in (4.22) the 
corresponding coefficients Mss′;R have a remarkably simple universal form. The simplest way 
to select this special component is to set y1 = y2. In this case, as explained in Appendix B.2, all 
but one Yss′;R(y) vanish and the correlation function (4.22) receives contributions from the top 
Casimir component only.19

19 The only exception is the case with two R-currents, i.e. s = s′ = 1 and A1 = A2 = 15, where an additional sym-
metrization of the SU(2) indices is required, see Eq. (4.39) below.
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Let us now examine (4.26) for y1 = y2. We observe that the expression for the generators 
(4.28) simplifies due to

(�ij )a′a = (y1)a′aωij , ω =
[
z1z̄2 − z+

3 z−
3 z2z̄2 − z+

3 z−
3

z1z̄1 − z+
3 z−

3 z2z̄1 − z+
3 z−

3

]
, (4.31)

with detω = z12z̄12z
+
3 z−

3 . Then, using the integral representation S2
i = ∫

d2εeεa′
Sia′ we find after 

some algebra

S2
1 S2

2

[
(θ−

1 )2(θ−
2 )2F(u, v)

]
= (y2

1)2(detω)2

× exp

{
z̄12z

+
3

detω

[(
ω22θ

−
1 − ω21θ

−
2

)
y−1

1 θ̄−
1 ∂z̄1 − (

ω11θ
−
2 − ω12θ

−
1

)
y−1

1 θ̄−
2 ∂z̄2

]}
F(u, v) .

(4.32)

It is easy to see that the expansion of this expression in powers of the Grassmann variables has 
the expected form (4.23),

S2
1 S2

2

[
(θ−

1 )2(θ−
2 )2�(u,v)

]
= (y2

1)2(z12z̄12z
+
3 z−

3 )2F(u, v) + . . .

+ (z̄12z
+
3 )4(θ−

1 )2(θ−
2 )2(θ̄−

1 )2(θ̄−
2 )2(∂z̄1∂z̄2

)2
F(u, v) .

(4.33)

Substituting this relation into (4.26) and matching the various terms of the expansion with (4.23), 
we can identify the coefficient Mss′;R corresponding to the top Casimir component in (4.30).

Let us start with the lowest component of (4.33). Its contribution to (4.26) looks as

〈T−(1)T−(2)O(3)O(4)〉θ=θ̄=0 = (y2
1y2

4)2

(z12z̄12z
−
3 z+

4 )2
F(u, v) . (4.34)

This expression should be matched with the correlation function 〈O(1)O(2)O(3)O(4)〉 involv-
ing the lowest component of the superfields T−(1) and T−(2), Eq. (4.18). Indeed, replacing xi

with zi in (2.6) and imposing the gauge condition (4.24), we find for y1 = y2, i.e. for the top 
Casimir SU(4) channel R = 105,

〈O(1)O(2)O(3)O(4)〉105 = (y2
1y2

4)2

(z2
12z

2
34)

2
F(u, v) . (4.35)

Taking into account that z2
12z

2
34 = z12z̄12z

−
3 z+

4 in the gauge (4.24) and (4.25), we find agreement 
with (4.34).

Similarly, we identify the contribution to (4.26) coming from the highest component in (4.33),

〈T−(1)T−(2)O(3)O(4)〉 = (y2
4)2(z+

3 )2

(z12z
−
3 )4(z+

4 )2
(θ−

1 )2(θ−
2 )2(θ̄−

1 )2(θ̄−
2 )2(∂z̄1∂z̄2

)2
F(u, v) + . . . .

(4.36)

This should be confronted with the correlation function involving the T−− components of the 
energy–momentum tensors (see Eq. (4.18)). Comparing (4.36) with (4.23), we identify the cor-
responding function Ms=2,s′=2 and apply (4.22) to obtain

〈T−−(1)T−−(2)O(3)O(4)〉1 = (y2
4)2(z+

3 )2

(z z−)4(z+)2

(
∂z̄1∂z̄2

)2
F(u, v) + . . . . (4.37)
12 3 4
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Here the ellipsis denotes terms involving total derivatives with respect to the minus space–time 
components. We recall that we have systematically neglected such terms from the start. The 
subscript 1 indicates the unique SU(4) channel in this case, the singlet representation of SU(4).

It is straightforward to extend the analysis to the remaining components of the expansion 
(4.33). Below we present the results for various correlation functions involving the R-current 
and energy–momentum tensor. We start with a single current insertion

〈J a′a− (1)O(2)O(3)O(4)〉175 = y2
1(ỹ1)

a′a(y2
4)2

(z12z
−
3 )3(z+

4 )2
∂z̄1

[
(z2z̄1 − z+

3 z−
3 )

z̄2
12

F(u, v)

]
,

〈T−−(1)O(2)O(3)O(4)〉20′ = y2
2(y2

4)2

(z12z
−
3 )4(z+

4 )2
∂2
z̄1

[
(z2z̄1 − z+

3 z−
3 )2

z̄2
12

F(u, v)

]
. (4.38)

We verified that these relations are in agreement with (3.16) and (3.24), respectively, for y1 = y2
after we impose the gauge conditions (4.24) and (4.25). The second relation in (4.38) does not 
depend on y1 and holds for arbitrary y2. For the double R-current insertion we find

〈J a′a− (1)J b′b− (2)O(3)O(4)〉20′+84

= (y2
4)2

(z12z
−
3 )4(z+

4 )2
∂z̄1∂z̄2

[(
ω11ω22(y1)

a′a(y1)
b′b − ω12ω21(y1)

a′b(y1)
b′a

)F(u, v)

z̄2
12

]
,

(4.39)

with ω defined in (4.31). Here the condition y1 = y2 leaves two (and not one as in the other 
cases) irreducible representations in (4.30), the 20′ and the 84. The latter corresponds to the top 
Casimir contribution. It can be singled out by decomposing (y1)

a′a(y1)
b′b and (y1)

a′b(y1)
b′a into 

irreducible components with respect to the little group SU(2) × SU(2)′ of the harmonic coset 
(see Appendix B.2), e.g.,

(y1)
a′a(y1)

b′b = (y1)
(a′a(y1)

b′)b − 1
2εa′b′

εaby2
1 .

Then, we find from (4.39)

〈J a′a− (1)J b′b− (2)O(3)O(4)〉84 = (y1)
(a′a(y1)

b′)b(y2
4)2z+

3

(z12z
−
3 )3(z+

4 )2
∂z̄1∂z̄2

[
F(u, v)

z̄12

]
. (4.40)

Finally, for the insertion of an R-current and an energy–momentum tensor we have

〈T−−(1)J a′a− (2)O(3)O(4)〉15 = (y2)
a′a(y2

4)2z+
3

(z12z
−
3 )4(z+

4 )2
∂2
z̄1

∂z̄2

[
(z2z̄1 − z+

3 z−
3 )

z̄12
F(u, v)

]
. (4.41)

We would like to emphasize that the expressions for the correlation functions derived in this 
subsection are valid up to terms involving total derivatives with respect to z−

1 and z−
2 . Such terms 

do not contribute to the charge-flow correlations (4.13).

4.6. Integrated correlation functions

Let us now apply the results obtained in the previous subsection to compute (4.13). Comparing 
relations (4.36)–(4.41) with the general expression (4.22) we observe the following remarkable 
feature of the top Casimir component of each correlation function: the corresponding functions 
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Mss′ do not depend on the light-cone coordinates z−
1 and z−

2 .20 As a consequence, substituting 
(4.22) into (4.13) we find for the top Casimir component

Gss′,top = (z+
3 z+

4 )2

(n+)s+1(n′+)s
′+1

(∂z̄1)
s(∂z̄2)

s′[Mss′ F̃ ] , (4.42)

where we introduced the shorthand notation

F̃ =
∞∫

−∞
dz−

1 dz−
2 F(u, v) = z12z̄12z

−
3

z+
3

G(γ ) , (4.43)

and the function G(γ ) depends on the single variable

γ = − (z1z̄1 − z+
3 z−

3 )(z2z̄2 − z+
3 z−

3 )

z12z̄12z
+
3 z−

3

. (4.44)

To get the second relation in (4.43), we used the expressions for the conformal cross-ratios in the 
gauge (4.24) and (4.25),

u = z2
12z

2
34

z2
13z

2
24

= z12z̄12z
−
3

(z−
13z

+
3 + z1z̄1)z

−
2

, v = z2
23z

2
41

z2
13z

2
24

= (z−
23z

+
3 + z2z̄2)z

−
1

(z−
13z

+
3 + z1z̄1)z

−
2

, (4.45)

and rescaled the integration variables in (4.43) as

z−
1 → z−

1 (z1z̄1 − z+
3 z−

3 )/z+
3 , z−

2 → z−
2 (z2z̄2 − z+

3 z−
3 )/z+

3 . (4.46)

For our purposes we do not need the explicit expression for G(γ ) and refer the interested 
reader to [30].21 It is more important for us that the same function G(γ ) appears in (4.42) inde-
pendently of the choice of currents in (4.13)

Gss′,top = z12z̄12z
+
3 z−

3 (z+
4 )2

(n+)s+1(n′+)s
′+1

(∂z̄1)
s(∂z̄2)

s′[Mss′G(γ )] . (4.47)

In the simplest case of scalar operators, s = s′ = 0, we obtain from (4.34) and (4.35)

G00,105 = (y2
1y2

4)2

n+n′+
z+

3

z12z̄12z
−
3

G(γ ) . (4.48)

For the double insertion of energy–momentum tensors, for s = s′ = 2, we get from (4.37)

G22,1 = (y2
4)2

(n+)3(n′+)3

(z+
3 )3

(z12z
−
3 )3

(
∂z̄1∂z̄2

)2[
z̄12G(γ )

]
. (4.49)

Using (4.44), we can cast this relation into the following form

20 As was already mentioned, this property follows from the fact that the �-matrix (4.29) ceases to depend on z−
1 and 

z−
2 for y1 = y2.

21 We would like to point out that F(u, v) describes the anomalous part of the Euclidean correlation function (2.6), 
while the light-cone integrated correlation function (4.42) is an intrinsically Minkowskian quantity. This means that we 
have to perform an analytic continuation of F(u, v). Knowing that F(u, v) has complicated analytical properties, this can 
be a nontrivial task. Still, as was shown in Refs. [30–32], following [45], it can be easily done using the Mellin transform 
of the correlation function.
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G22,1 = (y2
4)2

(n+)3(n′+)3

(z+
3 )3

(z12z̄12z
−
3 )3

[
γ 2(1 − γ )2G′′(γ )

]′′
, (4.50)

where the primes denote derivatives with respect to γ . Repeating the same analysis for the re-
maining correlation functions (4.38), (4.40) and (4.41) we obtain

G10,175 = ya′a
2 y2

2(y2
4)2

(n+)2n′+
z+

3 (z+
3 z−

3 − z2z̄2)

(z−
3 z12z̄12)2

[
(1 − γ )G(γ )

]′
,

G20,20′ = y2
2(y2

4)2

(n+)3n′+
z+

3 (z+
3 z−

3 − z2z̄2)
2

(z−
3 z12z̄12)3

[
(1 − γ )2G(γ )

]′′
,

G11,84 = (y2)
a′(a(y2)

b′b)(y2
4)2

(n+)2(n′+)2

(z+
3 )2

(z−
3 z12z̄12)2

[
γ (1 − γ )G′(γ )

]′
,

G21,15 = (y2)
a′a(y2

4)2

(n+)3(n′+)2

(z+
3 )2(z+

3 z−
3 − z2z̄2)

(z−
3 z12z̄12)3

[
(1 − γ )2γG′(γ )

]′′
. (4.51)

We recall that these relations were obtained in the gauge (4.24) and (4.25). Examining the de-
pendence of (4.51) on s and s′ we observe the simple pattern

Gss′,top ∼ ds

dγ s

[
(1 − γ )sγ s′ ds

dγ s′ G(γ )

]
. (4.52)

4.7. Relations between charge flow correlations

To compute the charge flow correlations (4.2), we have to restore the covariant form of (4.51), 
revert from z- to x-coordinates using (4.9) and, finally, perform a Fourier transform of Gss′ with 
respect to the separation between the two scalar sources x34.

The easiest way to do this is to apply the identities

(x34n) = n+

2z+
3

(z+
3 z−

3 − z1z̄1) , x2
34 = −z−

3

z+
3

,

(x34n
′) = n′+

2z+
3

(z+
3 z−

3 − z2z̄2) , (nn′) = 1

2
n+n′+z12z̄12 . (4.53)

Here we changed the variables x3,4 → z3,4 according to (4.9) and replaced 
z1 = 
n/n+ and 
z2 =

n′/n′+. Using these relations we obtain the covariant form of (4.44)

γ = 2(x34n)(x34n
′)

x2
34(nn′)

, (4.54)

and express the factors entering Gss′ in terms of x2
34, (x34n), (x34n

′) and (nn′). In a similar 
manner, we can undo the gauge (4.24) and restore the dependence on y3 in (4.51)

ya′a
2 y2

2(y2
4)2 → y2

23y
2
24(Y234)

a′a = Y10,175 ,

y2
2(y2

4)2 → y2
23y

2
34y

2
42 = Y20,20′ ,

(y2)
a′(a(y2)

b′b)(y2
4)2 → (Y234)

a′(a(Y234)
b′b) = Y11,84 ,

(y2)
a′a(y2

4)2 → y2
34(Y134)

a′a = Y21,15 , (4.55)

where the Y -tensor was defined in (2.29).
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Combining these relations, we obtain the covariant form of (4.48), (4.50) and (4.51)

Gss′,top = Yss′,top
2s′+1(x34n

′)s−s′

(nn′)s+1(x2
34)

s+1

ds

dγ s

[
(1 − γ )sγ s′G(s′)(γ )

]
, (4.56)

where Yss′,top are the y-dependent structures defined in (4.55). It turns out that this relation 
admits another representation

Gss′,top = Yss′,top
1

2s−1(nn′)s+1
(�x3)

s′
(n′∂x3)

s−s′
(
G(γ )

x2
34

)
, (4.57)

which greatly facilitates the task of computing the Fourier transform of Gss′ in (4.2). We re-
call that the relation (4.57) is only valid for the special contribution to the correlation function 
corresponding to the top Casimir channel in the SU(4) decomposition (4.30).

Substituting (4.57) into the first relation in (4.2) we finally obtain

〈Ds(n)Ds′(n′)〉q,top = Yss′,top
(q2)s

′−1(qn′)s−s′

2s−1(nn′)s+1
F(z) , (4.58)

where F(z) is the event shape function introduced in [31]

F(z) = q2
∫

d4x34eiqx34
G(γ )

x2
34 − i0x0

34

, z = q2(nn′)
2(qn)(qn′)

. (4.59)

Here the ‘−i0x0
34’ prescription defines a particular analytic continuation of the Euclidean prop-

agator 1/x2
34 to Minkowski space–time. Its choice is dictated by the condition on the function 

F(z) to take real values in the physical region q0 > 0 and q2
μ > 0, or equivalently for 0 < z < 1.

Comparing (4.58) and (4.1), we obtain expression for the top Casimir component of the event 
shape function Fss′ = ∑

R Yss′;RFss′,R in terms of the function F(z) defined in (4.59). The very 
fact that F(z) in (4.59) does not depend on s and s′ implies that the event shape functions for all 
charge flow correlations, restricted to the top Casimir channel, coincide:

F00,105(z) =F22,1(z) =F10,175(z) =F20,20′(z) =F11,84(z) =F21,15(z) . (4.60)

This remarkable relation was discovered in [31] in the context of N = 4 SYM, where it holds to 
all orders of perturbation theory as well as at strong coupling. As we explained in this section, this 
relation is not sensitive to the choice of the theory and follows from the N = 4 superconformal 
symmetry of the four-point correlation function of the energy–momentum supermultiplet.

5. Conclusions

In this paper we have developed a method for computing four-point correlation functions 
of the components of the N = 4 energy–momentum supermultiplet. Using the superconformal 
symmetry, we have written the four-point super-correlation function in the form of (2.45), with 
the generators of a maximal abelian fermionic subalgebra acting on Grassmann delta functions 
multiplying a scalar function of the conformal cross-ratios (dressed by a simple rational factor). 
While extracting a particular component of (2.45) is tedious (but straightforward) in general, we 
have discussed in great detail the subclass (3.1) of correlators, for which the computational effort 
can be significantly reduced. The correlators (3.1) are relevant for the computation of event shape 
functions in N = 4 superconformal theories, which were discussed in [29] and recently worked 
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out more systematically in [30–32]. Using the methods outlined in this paper, we have elucidated 
a number of interesting relations between different types of charge-flow correlations, which have 
first been noted in [31].

A number of comments are in order concerning our work. First of all, our analysis solely relies 
on the N = 4 superconformal algebra and our results are, therefore, not specific to the dynamics 
of a particular theory (such as super-Yang Mills theory). The information about the latter enters 
only through the explicit form of the four-point function of the lowest half-BPS scalar operators 
of the energy–momentum supermultiplet, specifically through the function �(u, v), which was 
kept arbitrary throughout this work. This is true in particular also for the coupling constant of 
the theory and thus our results hold regardless of the order of perturbation theory. We, therefore, 
expect our work to be relevant for general treatments of N = 4 theories.

The class of correlation functions (3.1), which we discussed in the second part of the paper is 
a crucial ingredient in the computation of so-called charge-flow correlations in N = 4 theories. 
The intricate relations between different types of the latter point to some interesting structure, 
which appears to be a remnant of the original superconformal symmetry of the theory. Physically, 
some of the flow operators capture conserved observables and it would be interesting to study 
their relations with similar quantities in QCD. For a discussion at the two-loop level see [32].
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Appendix A. Matrices and spinors

In this appendix we specify the spinor notations that we use throughout the paper.
A four-dimensional vector zμ = (z0, 
z) is represented by 2 × 2 matrices

zαα̇ = zμ(σ̄ μ)αα̇ = z0σ 0 + 
z · 
σ =
[

z+ z̄

z z−
]

,

zα̇α = zμ(σμ)α̇α = z0σ 0 − 
z · 
σ =
[

z− −z̄

−z z+
]

, (A.1)

where σμ = (1, 
σ), σ̄ μ = (1, −
σ) and 
σ = (σ 1, σ 2, σ 3) are the Pauli matrices. Here we have 
introduced notation for the light-cone coordinates and the complex transverse components

z± = z0 ± z3 , z = z1 + iz2 , z̄ = z1 − iz2 . (A.2)

It is easy to verify that

zαα̇zα̇β = zμzμδβ
α , zμzμ = det‖zαα̇‖ = z+z− − zz̄ . (A.3)

We adopt the following conventions for lowering and raising spinor indices

ξα = εαβξβ , ξ̄ α̇ = ξ̄β̇ εβ̇α̇ , xβ̇β = εβαxαα̇εα̇β̇ , (A.4)
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with Levi-Civita tensors normalized as

ε12 = ε12 = −ε1̇2̇ = −ε1̇2̇ = 1 , (A.5)

so that εαβεαγ = δ
β
γ and εα̇β̇εα̇γ̇ = δ

γ̇

β̇
. In particular,

zα
α̇ = εαβzβα̇ =

[
z z−

−z+ −z̄

]
, zα

α̇ = zαβ̇εβ̇α̇ =
[

z̄ −z+
z− −z

]
. (A.6)

For SU(2) indices we adopt similar conventions for the components of the metric

ε12 = ε12 = −ε1′2′ = −ε1′2′ = 1 . (A.7)

Their raising/lowering is done according to the rules

ua = εabub , ūa′ = ūb′εb′a′
, yb′b = εbayaa′εa′b′

. (A.8)

The SL(4) invariant intervals squared are introduced via the formula

x2 = − 1
2xαα̇xββ̇εαβεα̇β̇ , y2 = − 1

2ya′ayb′bεa′b′
εab (A.9)

We use short-hand notation for the derivatives

(∂x)αα̇ = ∂

∂xα̇α
= 1

2
σ

μ
αα̇

∂

∂xμ
, (∂y)aa′ = ∂

∂ya′a (A.10)

with simple action rule

(∂x)αα̇xβ̇β = δβ
α δ

β̇
α̇ , (∂y)aa′yb′b = δb

aδb′
a′ . (A.11)

Next, we define the projectors

1

4
σ−σ̄+ = 1

4
σ̄+σ− =

(
0 0
0 1

)
,

1

4
σ+σ̄− = 1

4
σ̄−σ+ =

(
1 0
0 0

)
, (A.12)

where σ+ = σ̄− = σ 0 + σ 3 and σ− = σ̄+ = σ 0 − σ 3. Representing the two-component spinors 
θα and θ̄ α̇ as columns, we decompose them with the help of projectors into a sum of ‘+’ and ‘−’ 
components

θα = 1

4
(σ−σ̄+)α

βθβ + 1

4
(σ+σ̄−)α

βθβ =
(

0
θ−

)
+

(
θ+
0

)
,

θ̄ α̇ = 1

4
(σ̄−σ+)α̇ β̇ θ̄ β̇ + 1

4
(σ̄+σ−)α̇ β̇ θ̄ β̇ =

(
θ̄−
0

)
+

(
0
θ̄+

)
, (A.13)

so that θ+ = θα=1, θ− = θα=2, and similarly for θ̄±. We also need spinors with lower/upper 
indices, which take the form of rows

θα = εαβθβ = (θ−,−θ+) , θ̄α̇ = εα̇β̇ θ̄ β̇ = (−θ̄+, θ̄−) . (A.14)
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Appendix B. Harmonic superspace

B.1. General description

In this appendix we introduce our conventions for the harmonic variables which we use 
throughout the whole paper. They allow us to covariantly decompose any object in the funda-
mental representation of SU(4), with quantum numbers of a particular subgroup. This can be 
done in two equivalent ways.

In the first case, the so-called harmonic superspace approach to extended supersymmetry (see 
[39] for the N = 2, [46] for the N = 3 and [47] for the N = 4 versions), we introduce a harmonic 
matrix belonging to SU(4),

uA
B = (u+a

B , u−a′
B ) ∈ SU(4) . (B.1)

The lower index B = 1, 2, 3, 4 of this matrix transforms under the anti-fundamental repre-
sentation of SU(4). The upper index splits as A = (+a, −a′), according to the subgroup 
SU(2) × SU(2)′ ×U(1) ⊂ SU(4), with indices a, a′ = 1, 2 in the fundamental representations of 
SU(2) and SU(2)′, and a U(1) charge (±1), respectively.

The N = 4 harmonic variables defined in this way parametrize the four-dimensional complex 
compact coset

Gr(4,2) = SU(4)

SU(2) × SU(2)′ × U(1)
, (B.2)

which coincides with the Grassmannian manifold Gr(4, 2), i.e. the space of all two-dimensional 
linear subspaces of C4 [48].

Using the harmonic variables (B.1), we can project the chiral odd coordinate of N = 4 super-
space θA

α onto two halves, θA
α = (θ+a

α , θ−a′
α ) with

θ+a
α = θA

α u+a
A , θ−a′

α = θA
α u−a′

A . (B.3)

The component θ+a
α transforms as a doublet of SU(2) and a singlet of SU(2)′ with U(1) charge 

(+1), and vice versa for the component θ−a′
α . By maintaining the harmonic variables in the 

matrix form (B.1), we are able to do the decomposition (B.3) without breaking SU(4).
In the second approach, the so-called analytic superspace (for a review see [40,49]), one 

complexifies the R-symmetry group, SU(4) → GL(4, C). Here the separation of θA into two 
halves looks asymmetric, θA

α = (ρa
α , ϑa′

α ) with

ρa
α = θa

α + θa′
α ya′a , ϑa′

α ≡ θa′
α , (B.4)

where ya′b is a complex valued 2 × 2 matrix. The decomposition (B.4) corresponds to the alter-
native description of the Grassmannian Gr(4, 2) [48]:

Gr(4,2) = GL(4,C)

P , (B.5)

where P is the parabolic subgroup of upper triangular matrices with 2 × 2 blocks. In Eq. (B.4), 
ρa and ϑa′

(with a, a′ = 1, 2) transform under the subgroup GL(2) × GL(2)′ ⊂ P of the coset 
denominator. As usual with coset parameterizations, 4 of the (complex, i.e. not Hermitian) gener-
ators of GL(4) act transitively on the coordinates (as shifts of ya′b), another 8 act homogeneously 
(as GL(2) × GL(2) rotations of ya′b), and the rest are realized non-linearly. The latter can be 
obtained by combining a shift of y with the discrete operation of inversion, ya′b → ya′b/y2



A.V. Belitsky et al. / Nuclear Physics B 904 (2016) 176–215 209
(with y2 = − 1
2ya′ayb′bεa′b′

εab), in close analogy with the action of the conformal group on the 
Minkowski space coordinates xαα̇ . Given two or more points, we can form covariant tensors, like 
Yijk in (2.30).

The two equivalent descriptions of the manifold Gr(4, 2) show two of its features [48]. The 
harmonic description (B.2) makes its compactness manifest, the analytic description (B.5) shows 
that it is holomorphic. In practice, to establish the relation between the two pictures, we replace 
the unitary matrix u, Eq. (B.1), and its hermitian conjugate ū by a lower triangular GL(4) matrix 
and its inverse, respectively,

(uB
+a, uB

−a′
) =

(
δb

a 0
yb′a δb′a

′

)
, (ū+a

B, ū−a′B) =
(

δa
b 0

−ya′b δa′b
′

)
, (B.6)

where B = (+b, −b′). In this notation (B.4) is the equivalent of (B.3), θ+a
α = ρa

α and θ−a′
α = ϑa′

α .

B.2. The special choice y1 = y2

In Section 4 we study detectors at points 1 and 2 and concentrate on the special choice y1 = y2. 
It selects a particular SU(4) channel in the tensor product, the one with the highest value of the 
quadratic Casimir (with the exception of the double-current insertion, see below). Here we give 
a simple explanation of this fact.

For each choice of detectors (scalars, R-symmetry currents, energy–momentum tensors) the 
harmonic points y1 and y2 carry the corresponding representation of the R-symmetry group 
SU(4) (20′ for scalars, 15 for currents and singlet for energy–momentum tensors). Each of them 
is manifested as a particular representation of the little group SU(2) × SU(2)′ × U(1) of the har-
monic coset, acting on the coordinates y1 and y2. When we identify the points y1 = y2, we also 
identify these irreps. At the same time, the four-point function becomes a three-point function, 
built from the vectors y1 = y2, y3 and y4. This three-point function now carries the combined 
quantum numbers of SU(2) × SU(2)′ × U(1) at point 1 ≡ 2. Below we show that this corre-
sponds (with the exception of two currents) to the irrep with top Casimir in the list of irreps for 
the particular tensor product.

As the first example, consider two scalar detectors in the 20′ = [0, 2, 0]. The first and third 
Dynkin labels measure the isospins of SU(2) and SU(2)′, respectively, and the second label 
measures the U(1) weight of the irrep. In the case at hand, there are no isospins, and the weights 
add up to form the irrep 105 = [0, 4, 0]. This is the irrep of highest Casimir in the tensor product 
20′ × 20′.

The next example is a single current insertion at point 1. Now point 1 carries the irrep 15 =
[1, 0, 1] while point 2 still carries 20′ = [0, 2, 0]. In the limit y1 = y2 the Dynkin labels add up to 
175 = [1, 2, 1]. This means that the resulting three-point function, made of the vectors y1 = y2, 
y3 and y4, carries isospins 1/2 of each SU(2) group and weight 2. Again, this is the irrep of 
highest Casimir in the overlap of the tensor products 15 × 20′ and 20′ × 20′.

Finally, the case with two currents is somewhat different. Now we have irreps 15 = [1, 0, 1]
at both points 1 and 2. After the identification, adding up the Dynkin labels we get 84 = [2, 0, 2]
(the top Casimir in the overlap of the tensor products 15 × 15 and 20′ × 20′). However, this is 
not the only possibility because the product of the two irreps of SU(2) × SU(2)′ × U(1) is re-
ducible. Indeed, the two currents J aa′

(y1) and J bb′
(y2) transform under SU(2) × SU(2)′ as well 

as under local SU(4) inversions. This does not allow mixing the pair of indices a, b (or a′, b′).
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After the identification y1 = y2 the SU(2) × SU(2)′ representation becomes reducible. To make 
it irreducible, we are now allowed to (anti)symmetrize the indices a, b (and thus automatically 
a′, b′): J (a(a′

J b)b′) or εabεa′b′J aa′
J bb′

. The symmetrization corresponds to adding up the first 
and third Dynkin labels (isospin 1/2 × 1/2 → 1) and we get the irrep 84 = [2, 0, 2]. The anti-
symmetrization makes these two labels vanish (isospin 1/2 × 1/2 → 0); instead, the resulting 
singlet y-structure has U(1) weight 2 (second Dynkin label), hence the irrep 20′ = [0, 2, 0].

Appendix C. Invariance under Q̄ and S supersymmetry

In this appendix we give the detailed proof that I4 from (2.37) is also invariant under Q̄ and 
S supersymmetry. To simplify the analysis it is convenient to introduce SL(4) notation for the 
superalgebra generators. We combine Q and S̄ into an SL(4) × SL(4) matrix, QM

A = (Qα
A, S̄α̇

A), 
and similarly for Q̄ and S, Q̄A

M = (SA
α , Q̄A

α̇ ). They satisfy the N = 4 CSUSY algebra SL(4|4)

{QM
A , Q̄B

N } = δB
ALM

N + RB
AδM

N , {QM
A ,QN

B } = {Q̄A
M, Q̄B

N } = 0 ,

[LM
N ,QP

A] = −δP
NQM

A + 1

4
δM
N QP

C , [LM
N , Q̄A

P ] = δM
P Q̄A

N − 1

4
δM
N Q̄A

P ,

[RB
A,QM

C ] = δB
CQM

A − 1

4
δB
AQM

C , [RB
A, Q̄C

M ] = −δC
AQ̄B

M + 1

4
δB
AQ̄C

M . (C.1)

Here RB
A and LN

M (with RA
A = LM

M = 0) are the generators of two copies of SL(4), the (com-
plexified) R-symmetry and conformal groups, respectively. For the latter, restricting to various 
projections of the indices, we identify the familiar conformal group generators, for example 
Lα

α̇ ≡ P α
α̇ , Lα̇

α ≡ Kα̇
α , Lα

β = Mα
β + δα

βD, etc.
In these terms the invariant (2.37) can be rewritten more compactly,

I4 = (Q)16A4 with (Q)16 =
4∏

A,M=1

QM
A . (C.2)

By construction, it is annihilated by Q but it is not obvious why Q̄ should also annihilate it. This 
relies on the special properties of the function A4 defined in (2.39). From the conjugated form of 
(2.22) we see that all Q̄∼ a∂θ̄ + bθ∂x + cθ∂y therefore Q̄A4 = 0. What remains to show is that 
the commutator of Q̄ with (Q)16 in (C.2) is of the form

[Q̄A
M, (Q)16] ∼

(
(Q)15

)B

N
(δA

BLN
M + RA

BδN
M) . (C.3)

Then, if A4 is an R-symmetry and conformal invariant, RA4 = LA4 = 0, we can conclude that 
Q̄I4 = 0.

We can further simplify the analysis by replacing (Q)16 with the following expression

(Q · ε)16 ∼ (Q)16(ε)16 (C.4)

where Q · ε = QM
A εA

M and εA
M is a 4 × 4 matrix of anticommuting variables. The algebra (C.1)

yields

[Q̄B
N,Q · ε] = εB

MLM
N + εA

NRB
A , (C.5)

hence
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[Q̄B
N, (Q · ε)16] =

15∑
k=0

(Q · ε)k [Q̄B
N,Q · ε] (Q · ε)15−k

=
15∑

k=0

(Q · ε)k [εB
MLM

N + εA
NRB

A

]
(Q · ε)15−k

=
14∑

k=0

(k + 1)(Q · ε)k[εB
MLM

N + εA
NRB

A,Q · ε](Q · ε)14−k

+ 16(Q · ε)15(εB
MLM

N + εA
NRB

A) . (C.6)

The second term in the second line in this relation is of the expected form (C.3). It remains to 
show that the first term vanishes. The commutation relations (C.1) yield22[

εB
MLM

N + εA
NRB

A,Q · ε] = 2QM
A εB

MεA
N . (C.7)

Using the fact that Q · ε commutes with Q and with ε, we find

14∑
k=0

(k + 1)(Q · ε)k[εB
MLM

N + εA
NRB

A,Q · ε](Q · ε)14−k = 240QM
A εB

MεA
N(Q · ε)14 . (C.8)

Now we introduce vector notation, QM
A =Qm(σm)MA and εA

M = εm(σ̃m)AM (where m = 1, . . . , 16), 
with the help of SO(16) chiral and antichiral sigma matrices obeying the Clifford algebra σmσ̃n +
σnσ̃m = 2δmnI. In these terms the right-hand side of (C.8) becomes

(σm1)
N
BQM

A εB
MεA

N(Q · ε)14

∼ (Q15)m2(ε
16) εm1m2m3...m16εn1n2m3...m16 tr(σm1 σ̃n2σm2 σ̃n1)

∼ (Q15)m2(ε
16)(δm1n1δm2n2 − δm1n2δm2n1) tr(σm1 σ̃n2σm2 σ̃n1) = 0 . (C.9)

Appendix D. Derivation of Eq. (4.26)

In this appendix, we simplify the expression for the correlation function (4.19) in the gauge 
(4.24) and (4.25).

To begin with, we observe that the product of generators S̄4S̄′4Q4Q′4 in (4.19) is invariant 
under the transformations S̄ → S̄ + a Q and S̄ ′ → S̄′ + a′Q′ with matrices a and a′ independent 
of the coordinates at points 1 and 2. We can use this freedom to define new generators

Šaβ̇ = S̄aβ̇ − (z3)αβ̇Qα
a , Šb′β̇ = S̄b′β̇ − (z4)αβ̇Qα

b′ , (D.1)

where S̄ and Q are given by the differential operators (2.22), with xμ replaced by zμ. It is 
easy to check that, in the gauge (4.24), the generators Š and Š′ defined in this way, do not 
involve derivatives with respect to θ3 and θ4. Therefore, evaluating (4.19) we can retain in Q4Q′4
only terms containing the maximal number of derivatives with respect to θ3 and θ4, leading to 
Q4Q′4(θ4

3 θ4
4

) = (y2
4)2. Then, the expression in the second line of (4.19) can be simplified as

22 This step uses the fact that the superalgebra is of the type SL(m|n) with m = n. Otherwise on the right-hand side of 
(C.7) there would be an extra term ∼ (1/m − 1/n)εB (Q · ε).
N
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Š4Š′4
[
(θ+

1 )2(θ+
2 )2 (θ−

1 )2(θ−
2 )2

(z2
13z

2
24y

2
1)2

�(u,v)

uv

]∣∣∣∣
θ+

1,2=θ̄+
1,2=0

, (D.2)

where Š and Š′ are linear differential operators acting on the coordinates at points 1 and 2

Šaβ̇ =
∑
i=1,2

(
zi3,αβ̇

∂

∂θa
i,α

− θ̄i,a′β̇
∂

∂ya
i,a′

)
,

Šb′β̇ =
∑
i=1,2

(
zi4,αβ̇ θ̄i,b′α̇

∂

∂zi,αα̇

+ zi4,αβ̇ya
i,b′

∂

∂θa
i,α

− θ̄i,a′β̇ya
i,b′

∂

∂ya
i,a′

+ θ̄i,b′α̇ θ̄i,a′β̇
∂

∂θ̄i,a′α̇

)
, (D.3)

with zi3 = zi − z3 and similarly for zi4.
Next, we define linear combinations of the generators (D.3), which annihilate θ+

1 and θ+
2

S̃a′α̇ = Ša′α̇ + C
β̇
α̇

a
a′ Šaβ̇ , S̃a′α̇θ+

1,2 = 0 . (D.4)

To determine the coefficients Cβ̇
α̇

a
a′ , we examine the action of (ξ · S̃′) = ξα̇a′ S̃a′α̇ on the Grassmann 

variables. Taking into account (D.1) and (2.20) we obtain

δθa
i,α = (ξ · S̃′) θa

i,α = [
(zi3)αβ̇C

β̇
α̇

a
a′ + (zi4)αα̇(yi)

a
a′
]
ξ α̇a′

. (D.5)

Recalling that θ+
i = θi,α=1, we impose the conditions δθ+

i = 0 for i = 1, 2 to find

C
β̇
α̇

a
a′ = (z13)1γ̇ (z24)1α̇(y2)

a
a′ − (z23)1γ̇ (z14)1α̇(y1)

a
a′

(z13z23)11
εγ̇ β̇ , (D.6)

where we introduced the shorthand notation (z14)1α̇ ≡ (z14)α=1,α̇ and similarly for the other 
matrix elements (see (A.1) in Appendix A). We can make use of the generators (D.4) to write

Š4Š′4(θ+
1 )2(θ+

2 )2
∣∣
θ+

1,2=0 = Š4S̃′4(θ+
1 )2(θ+

2 )2
∣∣
θ+

1,2=0

=
(
Š4(θ+

1 )2(θ+
2 )2

∣∣
θ+

1,2=0

)
S̃′4 = (z+

13z̄23 − z+
23z̄13)

2S̃′4 . (D.7)

In the second relation we replaced Š by its explicit expression (D.3), Šaβ̇ =∑
i=1,2(zi3)α=1,β̇ ∂

θ
a,+
i

+ . . . with (zi3)α=1,β̇ = (z+
i3 , ̄zi3).

Combining together (D.2) and (D.7) we finally obtain from (4.19)

〈T−(1)T−(2)O(3)O(4)〉

=
(

y2
1

ẑ2
13

y2
4

ẑ2
24

)2

(z+
13z̄23 − z+

23z̄13)
2S̃′ 4

[
(θ−

1 )2(θ−
2 )2

(z2
13z

2
24y

2
1)2

�(u,v)

uv

]∣∣∣∣
θ̄+

1,2=0
, (D.8)

where S̃′ is given by the differential operators (D.4) and (D.3) acting on the coordinates at points 
1 and 2. In particular, they involve derivatives with respect to the space–time coordinates (zi)αα̇

coming from the first term in the expression for Šb′β̇ . It is easy to see that for θ̄+
1,2 = 0 this term 

involves derivatives with respect to z−
i and z̄i only. The former derivatives produce vanishing 

contributions after the integration in (4.13), whereas the latter derivatives appear in the expression 
for the correlation function in the special form given in (4.23).
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This allows us to greatly simplify the expansion of (D.8) by dropping terms in the generators 
(D.4) and (D.3) containing derivatives ∂/∂yi and ∂/∂θ̄i that do not yield such total derivatives. 
The result is

S̃a′α̇ = −(z14)1α̇ θ̄−
1,a′∂z̄1 − (z24)1α̇ θ̄−

2,a′∂z̄2

+ (z23z31z14)1α̇(y1)
a
a′ + z2

13(z24)1α̇(y2)
a
a′

(z13z32)11
∂
θ

a,−
1

+ (z13z32z24)1α̇(y2)
a
a′ + z2

23(z14)1α̇(y1)
a
a′

(z23z31)11
∂
θ

a,−
2

+ . . . . (D.9)

This relation is valid for arbitrary space–time coordinates zi . As in the previous section, we can 
significantly simplify the calculation by imposing the gauge (4.24) and (4.25). To evaluate (D.8)
we introduce linear combinations of the generators S̃a′α̇ with α̇ = (1̇, ̇2)

S1,a′ = z+
3

(
z̄2

z+
4

S̃a′1̇ + S̃a′2̇

)
, S2,a′ = z+

3

(
z̄1

z+
4

S̃a′1̇ + S̃a′2̇

)
. (D.10)

The explicit expression for these generators in the gauge (4.24) and (4.25) are given by (4.28). 
The two generators in (D.10) are related to each other through the exchange of points 1 and 2. 
They anticommute with each other and satisfy

S2
1 S2

2 = (z+
3 )4(z̄12)

2

(z+
4 )2

S̃′4 , (D.11)

where S2
i = ∏

a′ Si,a′ . Combining this relation with (D.8) we arrive at (4.26).
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