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Abstract

In this paper we study the four-point correlation function of the energy—momentum supermultiplet in
theories with A/ = 4 superconformal symmetry in four dimensions. We present a compact form of all com-
ponent correlators as an invariant of a particular abelian subalgebra of the N = 4 superconformal algebra.
This invariant is unique up to a single function of the conformal cross-ratios which is fixed by comparison
with the correlation function of the lowest half-BPS scalar operators. Our analysis is independent of the
dynamics of a specific theory, in particular it is valid in N' = 4 super Yang-Mills theory for any value of
the coupling constant. We discuss in great detail a subclass of component correlators, which is a crucial
ingredient for the recent study of charge-flow correlations in conformal field theories. We compute the lat-
ter explicitly and elucidate the origin of the interesting relations among different types of flow correlations
previously observed in arXiv:1309.1424.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

In this paper we study four-point correlation functions involving conserved currents in four-
dimensional theories with A/ = 4 superconformal symmetry. They include the R-symmetry
current J,,, the supersymmetry currents (W7, ‘i’l‘i‘) and the energy—momentum tensor 7},,,. These
operators belong to the so-called N = 4 energy—-momentum supermultiplet [1] and appear as
various components in the expansion of the superfield 7 in powers of the 8 chiral (9(;‘) and
8 antichiral (9_2‘) Grassmann variables, schematically,

T =0(x)+ (05"0)J,(x)
+ (00"0) [0V, (x) + OV, ()] + (00"0) (06 0) Ty (x) + ... . (1.1)

Here the lowest component is a half-BPS scalar operator O of dimension two, belonging to the
representation 20" of the R-symmetry group SU(4). The superfield (1.1) satisfies a half-BPS
‘shortening’ condition, i.e., it is annihilated by half of the super-Poincaré generators. As a con-
sequence, the expansion (1.1) is shorter than one would expect since T effectively depends on
4 chiral and 4 antichiral Grassmann variables only [2].

The central object of our study is the four-point correlation function of the energy—momentum
supermultiplet (1.1) in A = 4 superconformal theories. The most widely studied example is
N = 4 super-Yang-Mills theory (SYM) but in what follows we do not need to know any de-
tails about the dynamics of the theory. Our analysis is based solely on N = 4 superconformal
invariance and can be easily adapted to maximally supersymmetric theories in other space—time
dimensions.

N = 4 superconformal symmetry is powerful enough to fix the form of the two- and three-
point correlation functions of 7’s [3-5]. In a perturbative theory, like A’ =4 SYM, the latter
are protected from quantum corrections and only receive contributions at Born level [6]. The
four-point correlation function (we use the notation (i) = (x;, 6;, 6;))

Ga=(T()...T4) (1.2)

is the first and simplest example of an unprotected quantity. It is this object that we study in the
present paper.

The super-correlation function (1.2) combines together the correlation functions of various
components of the multiplet (1.1). The latter appear as coefficients in the expansion of G4 in the
Grassmann variables. The lowest component of G4 (with §; = 6; = 0) is the four-point correlation
function of the half-BPS operators

Galy_5_o=10(x1) ... O(x)). (13)

N = 4 superconformal symmetry fixes this correlation function up to a single function @ (u, v)
of the two conformal cross-ratios u and v [7-9]. In the special case of N'=4 SYM, this function
comprises the dependence on the coupling constant. At weak coupling, its expansion in terms of
scalar conformal integrals has been worked out up to six loops [10,11] and explicit expressions
are available up to three-loop order [12—15]. At strong coupling, it has been computed within the
AdS/CFT correspondence in the supergravity approximation [16—18].

A unique feature of the super-correlation function (1.2) is that the total number of Grassmann
variables it depends upon (16 chiral and 16 antichiral variables) matches the total number of
N = 4 supercharges (Qo/}, _d‘A, 84 and Sf{). As we show below, this property alone ensures that
N = 4 superconformal symmetry completely fixes all of its components, given the lowest one
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(1.3). The resulting expression for G4 has a remarkably simple form (see Eq. (2.45) below) and
is uniquely determined by the function ® (u, v) that appears in the correlation function (1.3).

The motivation for studying the correlation function (1.2) is threefold. Firstly, by performing
the operator product expansion of G4 we can extract the spectrum of anomalous dimensions of
various Wilson operators and evaluate the corresponding three-point correlation functions. Both
quantities are believed to be integrable in planar A" =4 SYM [19].

Secondly, a lot of attention has recently been devoted to the consistency conditions on the
spectrum of conformal field theories [20,21] that follow from the crossing symmetry of the four-
point correlation functions (see [22] and references therein). This conformal bootstrap program
was also extended to N = 4 superconformal theories (see, e.g., [23]), analyzing properties of
the lowest component (1.3). The explicit expression for the supercorrelator (1.2) that we present
in this paper might help in implementing supersymmetry more efficiently in the analysis of the
corresponding bootstrap equations.

Finally, various components of the supercorrelator (1.2) can be used to compute interest-
ing observables, the so-called charge-flow correlations, measuring the flow of various quantum
numbers (e.g., R-charge, energy) in the final states created from a particular source. They were
first introduced in [24-28] in the context of QCD, later considered in [29] in the context of
N =4 SYM and recently studied in a systematical fashion in [30-32]. The charge-flow correla-
tors can be obtained from the four-point correlation function (1.2) (after analytic continuation to
Minkowski space) through a limiting procedure described in [25-28]. It involves sending two of
the operators in (1.2) to null infinity with a subsequent integration over their light-cone coordi-
nates. As was noticed in [30-32], for different choices of the quantum numbers, the charge-flow
correlations in A' = 4 SYM satisfy interesting relations (see Eq. (4.60) below), which hold for
arbitrary coupling constant. In this paper, we elucidate the origin of these relations and show that
they follow from the N = 4 superconformal symmetry of the correlation function (1.2).

The paper is organized as follows. In section 2, we formulate the conditions on the four-point
correlation function (1.2) imposed by N = 4 superconformal symmetry and present a general
solution to the corresponding Ward identities. In section 3, we examine the properties of the vari-
ous components of the supercorrelator (1.2) and work out a general expression for the correlation
function involving two scalar half-BPS operators and two conserved currents. We make use of
this result in section 4 to establish relations between the charge-flow correlations previously ob-
served in Ref. [31]. Section 5 contains concluding remarks. Some technical details are given in
four appendices.

2. Superconformal Ward identities

In this section, we use A/ = 4 superconformal symmetry to work out the general expression
for the four-point correlation function (1.2) whose lowest component in the 6 and 6 expansion is
given by the correlation function of the half-BPS scalar operators (1.3).

2.1. Lowest component

The lowest component of the energy—momentum supermultiplet (1.1) is a scalar operator of
conformal weight two. It belongs to the representation 20" of the R-symmetry group and carries
two pairs of SU(4) indices, Oy = 048.CD For example, in ' =4 SYM it is built from the six
elementary scalar fields pA% (x) = —¢B4(x) (with A, B=1, ..., 4) and takes the form
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1
0P () = tr[p*E (19 P ()| - e 057 )ger )] @1
with ¢pr = Seprrr kL.

In order to keep track of the SU(4) indices, it is convenient to project them with auxiliary
SU(4) harmonic variables uf“ introduced in Appendix B and parametrized by analytic variables
Yap (see (B.6) in Appendix B)

O(x.y) = 0P P YapYep,  Yap=ujecaup’ = [ b } L@
Yba' €'y
Here y? = det y,0 = %yua&“/“ with i“/“ = E“bybb/eb/”/ and we use composite indices A =
(a,a’) (witha,a’ = 1, 2) and similarly for B = (b, b’). Notice that the operator (2.2) is quadratic
in the (isotopic) Y -variables.

The meaning of the variables y,; is very similar to that of the space-time coordinates x,, Iz
They parametrize holomorphic compact four-dimensional cosets of the R-symmetry (for y) and
of the conformal (for x) groups, or more precisely, of their complexification GL(4, C) (see (B.5)
in Appendix B). In this way, the R-symmetry and conformal groups are realized as SL(4, C)
transformations of the coordinates y and x, respectively. A particularly useful subgroup is gen-
erated by translations and inversion of the coordinates x and y. Combining translations with
inversions, one can obtain any element of the group. The half-BPS operator (2.2) transforms co-
variantly under inversions of x and y with weight (—2) and (+2), respectively (see Eqgs. (2.31)
and (2.32) below).

The correlation functions of the half-BPS operators (2.2) have been systematically studied in
the literature [12,33,34,7,13,14]. Below we briefly review the properties of the Euclidean four-
point correlation function

Ga=0aly s _o=(0(x1.y1)O(x2, y2) O (x3. y3) O (x4, ya)) . (2.3)
As a function of the space—time intervals xl.zj =X —x ]-)2, it can be decomposed into two parts,

Gs=GY + Giom, (2.4)

The difference between them can be seen when performing an OPE decomposition of the four-
point function and examining the resulting short distance asymptotics of G4 for xizj — 0. The first

0 . . . . . .
part, GE‘ )| receives contributions from operators with canonical conformal weights. As a conse-
quence, GZO) is a rational function of x?j The second part, G§"°™, receives contributions from

2

unprotected operators and its asymptotic behavior for x; 7

conformal weights of the latter.
For example, in perturbative N' =4 SYM the first part describes the Born approximation to
G4 and is given by a product of free scalar propagators dressed with y-dependent factors,

— 0 is controlled by the anomalous

2 .2 .2 .2 2 .2 .2 .2 2.2 2 .2
©) _ Yi2 Y23 Y34 Yia | Y13 Y23 Yoa Y14 | Yi2 Y24 Y34 V13
Co= a2 e Va2, T 2
12 %23 X34 X14 13 %23 X24 X14 12 X24 X34 13
2 2 2
2 2 2 2 2
1 by Yy yhy
2 12 Y34 13 Y24 14 Y23
tyWe-bilS ) Fl\l22 ) t\z22) |- (2.5)
X2 X34 X3 X4 X4 %23

where yizj =y — yj)z, and N, refers to the gauge group SU(N.). The second part encodes the
perturbative corrections to Gy,
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y y y y y y y y
Ganom [ 122 33 34 41 (1 U)+ ;2 13 24 34( 1)
x12x2%x34x41 x12x13x24x34
y y y y
4 12% 124 %3 34( =1
X13X14%23%24
2 2 2
2 .2 2 .2
() e (202« (222 o, 2o
X1 X34 X3 X4 X4 X3

where the scalar function ® (1, v) depends on the parameters of the theory (the coupling constant,
the gauge group Casimirs, etc.) and on the two conformal cross-ratios

2.2 2.2
.X X X527 X
12 34 23541

— T v= 2341 2.7
x13x24 x13x24

The Bose symmetry of the correlation function (2.6) leads to the crossing symmetry relations

d(u,v) = %CD(u/v, 1/v) = %Q(l/u,v/u}. (2.8)

The specific polynomial in the square brackets in (2.6) is universal and does not depend on
dynamics of the theory. Its presence is a corollary of A" = 4 conformal supersymmetry and
the requirement of polynomial dependence on the auxiliary coordinates y (see, e.g., [9,35] and
Section 2.4). It can be rewritten in a more compact form,

2 2\?2
G?‘nom — (y% y_%‘*) (C—w)(¢ — 1]))(5 — u))(E —w) 2.9)

b (u,v)
X{3 X3y wv
where the new variables ¢ and ¢ are defined by means of the relations £Z = u and (1 — ¢)(1 —
¢) = v, and the variables w and w are defined through the analogous SU(4) cross-ratios,

2 .2 2,2
v=225 v =22 _ (1 _ w1 —w). (2.10)
Y1324 Y134

As already mentioned before, the function ®(u,v) is known at weak coupling up to six
loops [10,11] in terms of conformally covariant scalar Feynman integrals [36] and has also been
computed at strong coupling using the AdS/CFT correspondence [16—18]. The short distance
asymptotics of this function for x]z2 — 0 goes in powers of Inu and (1 — v), thus giving rise to
anomalous contributions to the conformal weights of operators (see, e.g., [8] for details).

2.2. Higher components

We recall that the BPS operator (2.2) is annihilated by half of the Poincaré supercharges. Using
harmonic variables (see Appendix B), this half corresponds to the projections Q% , = u o4

_a/
and Q%4 =ul* 04,
0%, 0(x,y)=0""0(x,y)=0. (2.11)

We can use the remaining supercharges, 0%, = =l 4,09 and Q =u," Q;‘ to construct the
energy—momentum supermultiplet
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T(x,0,0,y) =exp (egQ‘iaJrégQ;“’)O(x,y). (2.12)

It depends on half of the A" =4 Grassmann variables, four chiral 62 and four antichiral O -
Expanding (2.12) in powers of the latter and applying A" = 4 supersymmetry transformations to
the scalar fields in O (x, y), we can work out explicit expressions for the various components of
the energy—momentum supermultiplet.’ In this way, we find

T(x,0,0,y)=0(x,y) +9a”9_d”/‘7;d’aa/(x,y) +..., (2.13)

where the component Jy4 44’ (X, y) can be written as a sum of two terms,

Tivaa’ @ ¥) = Jugaa (X, y) — = O(x,y). (2.14)

2 a O((Y a a a
Here the first term on the right-hand side is the conserved R-symmetry current (J(m) s projected
with two harmonic matrices, Jy4%y (x, y) = (JW)A tagB o (with (Jw) ‘4 = 0), transforming in
the 15 of SU(4). The derivative term in (2.14) is a descendant of the half-BPS scalar operator
O (x, y) with respect to both the conformal and R-symmetry groups.

We deduce from (2.13) and (2.14) that the R-symmetry current can be extracted from the
superfield 7 (x, 6,6, y) by applying the following differential operator

, (2.15)

6=6=0
where (0g)aa = 3/060%" and (3g)qq = 3/060*“. Here the relative coefficient 1/2 is needed for
the current conservation condition, ()% Jos.aa’(x) =0

The same pattern also holds for the higher components of the expansion shown in (2.13).
Namely, they are given by a linear combination of conserved currents and total derivatives acting
on lower components of the superfield. Like in (2.15), the energy—momentum tensor can be
extracted from 7~ with the help of a differential operator, namely,

Tog 50 = [ —(00)500) 0 )i ()5 — 90) (02 33w ()%

1 _
Jotd,aa/ (x,y)= I:(aé)o'za/(a(-))aa + E(ax)ad (ay)aa/] T(x,0,0, y)

1 , _
+ 2 0@ (33) By Do (3 } T(x,0.6.9)|ps_y (2.16)

where («f) denotes weighted symmetrization, i.e., (¢f) = %(cxﬂ + Ba). As before, the rel-
ative coefficients in this expression ensure the conservation of the energy—momentum tensor
(0 )"“"T BE= =0, and, in addition, the independence of T, & Bp of the harmonic variables y. The
latter follows from the fact that the energy—momentum tensor is an SU(4) s1nglet In the same
fashion, the conserved supersymmetry current Wogs o (¥, y) = Waps e o+ Which trans-
forms in the fundamental representation of SU(4), is extracted with the help of the operator

2 _
"I]aﬂd,u/ (x,y)= [(aé)aa(BG)%(aé)da’ + g(ax)(ad(ay)a’a(ae)%)] T(x,0,0,y) |9=§=0
2.17)

Relations (2.15), (2.16) and (2.17) imply that the correlation functions involving conserved
currents can be obtained from G4 defined in (1.2) by acting with appropriate differential opera-
tors, for instance,

3 The chiral part of the supermultiplet corresponding to 7 (x, 6, 0 =0, y) can be found in Ref. [37].
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1
<Jad,ua’(1) 0(2) 0(3) 0(4)> = [(aél )ém/(891)aa + E(axl)ad(ayl)a’a] g4 (218)

6=0=0

We would like to emphasize that these differential operators have a purely kinematical origin.
They do not depend on the details of the dynamics, e.g., on the coupling constant. The latter is
encoded in the correlation function G4, more precisely, in the function @ (u, v) in (2.6).

2.3. N =4 superconformal transformations

By construction, the correlation functions of the superfields 7 (x, 0, 0, y) should be covariant
under A/ = 4 superconformal transformations.

As we explain below, to construct the four-point correlation function G4 we only need to exam-
ine the action of half of the supersymmetry generators, namely the chiral Poincaré supercharges
QO and the antichiral special superconformal transformations S *

T'(x,0,0,y) =e©DTENT(x 0.4, y)
=(1+8w)T (x +8x,0+380,0 + 80, y +8y), (2.19)

where we used a shorthand notation for (€ - Q) = €2 0% and (£ - §) = £%4§; 4. The infinitesimal
transformations of the supercoordinates are

Sxgq = (63, + xa/ééﬂa,)éa’d s Sya’a = éa’f} (éﬂa + éﬂb’yh’a) s

862 = €2 + €&y +x, 5GP HEP Yty $00a =8P 0yeb, ;. (2.20)
where 6&4 = (€§, egl) and E9A = (%7 ¢ @a’y are the parameters of the Q- and S-transformations
respectively. The weight w in (2.19) reflects the conformal weight of the half-BPS operator (2.2)

w=—2875,;. 2.21)
The generators of the transformations (2.20) are given by linear differential operators
0

o _
Q, = 208

a, — 9’ , ,a ,
Qa uaax“d + Ya 89&1
- _ 0 il
Sap=—0 —

_ - 0
— Oa/ﬂyb/a + 91,/0-1961/3 W . (222)

_ - 0
Jup— . . . ,a —_—
Spp = Xapbha X T Xap Vo 262 o

aya’a

It is easy to check that they form an abelian subalgebra, i.e. {Q, O} ={0, S}={§,S}=0.

The correlation functions of the supermultiplets 7 should be covariant under the transfor-
mations (2.19). This leads to the following superconformal Ward identity for the four-point
correlation function G4

o (x,', 0;, 9_5, yi) = (1 + Z8wk)g4 (xi + 6x;,6; + 86;, 9_,' + 59_,‘, yi + Sy,-) . (2.23)
k

4 The latter can be realized as a composition of inversion / and supersymmetry transformations, S=1-Q - 1.



A.V. Belitsky et al. / Nuclear Physics B 904 (2016) 176-215 183

Substituting (2.20) and (2.21) into this relation and comparing the terms with € and § , We obtain
a system of linear differential equations for G4. Combining it with the expressions for the lowest
component of the supercorrelator, Egs. (2.3) and (2.4), we can determine G4. Similarly to (2.4),
the general solution to (2.23) can be decomposed into rational and anomalous parts,

Gy = ‘(¥O) + gznom , (2.24)

where the lowest components of tho) and G§"°™ are given by (2.5) and (2.6), respectively.

2.4. Uniqueness of the superconformal extension

The four-point correlation functions of half-BPS short supermultiplets like the energy—
momentum multiplet (1.1) have a very important property. Their half-BPS nature guarantees
the uniqueness of the superconformal extension (1.2) of the lowest component (1.3) [38]. The
underlying reason for this is based on a simple counting of the Grassmann degrees of freedom.
Each operator 7 in (1.2) depends on 4 chiral odd variables 6 and on 4 antichiral ones 6,/ .
Altogether the four-point function depends on 16 chiral and 16 antichiral variables. Further, the
16 generators Q and S in (2.22) act, essentially, as shifts of the chiral odd variables 65, and sim-
ilarly for the conjugates Q and S with respect to the antichiral ,,. This implies that by making
a finite N = 4 superconformal transformation® we can fix a frame in which all §; = §; = 0 for
i=1,2,3,4. In such a frame the supercorrelator (1.2) is reduced to its lowest component (1.3).
Inversely, starting from the latter and making the same finite A" = 4 superconformal transforma-
tions we can restore the dependence on 6; and 6; in a unique way.%’

This very special property of the four-point correlation function of the energy—momentum
supermultiplet (1.1) allows us to reconstruct it from its lowest component (1.3). Our strategy
for doing this is different for the rational and anomalous parts in (2.4) and is explained in detail
below.

2.5. Rational part

The reconstruction of the rational part gff” of the supercorrelator relies on a simple observation
that its lowest component (2.5) is given by a product of free scalar propagators yizj /xl.2j. This
suggests that G ‘(10) can be obtained from Gflo) in (2.5) by replacing the free scalar propagators by
their Q-supersymmetric version [35]°

y2 y2

ij ij oo ao aa 1 ha'd

- = X =X _eij (yij )aa’gij , (2.25)
X5 X5

5 However, its practical realization is non-trivial, due to the non-Abelian nature of the superconformal algebra.

6 The same counting argument applies to two- and three-point functions of half-BPS short supermultiplets.

7 The uniqueness of this supercorrelator can also be understood in the following way. Suppose that there exist two
different supercorrelators G4 and gg which share the same lowest component (1.3). Then their difference G4 — gi would
be a nilpotent superconformal covariant proportional to the odd variables. Consequently, in the fixed frame 6; = 6; =0
this difference vanishes and so it must vanish in any frame by virtue of superconformal covariance.

8 The two-point function of a half-BPS short supermultiplet is overdetermined, just like the two-point function of a con-
formal scalar field is determined by translations and dilatation alone. So, the form of * is fixed by the requirement that the
two-point function (propagator) is invariant under the Q-supersymmetry generators from (2.22) and their conjugates Q.
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with 6;; = 6; — 0; and y;; = y; — y;. The supersymmetrized scalar propagator defined in this
way is automatically covariant under the rest of the N = 4 superconformal algebra, in particular,
under S,4,

2 2

v ., _ v
35 —AU = —£%(6; + 0i)a'a —AU . (2.26)
2 2
Xij Xij

Then, supersymmetrizing the propagators in (2.5) according to (2.25) we find

A A

2 .2 2 .2 2 .2 2 .2 2 .2 2 .2
GO — (m Y23 Y34 Y1a | Y13 Y23 Y24 Via | Y12 Y24 V34 &)
4 = 2 22 =2 22 22 22 22 22 22 22 22

X2 X3 X34 X1y Xp3 X3 X4 X1y X Xpq X34 X3

2 2 2
1 v, ¥3 Yi3 ¥3 Y ¥3
+1M—D<3$ +| 523 + (35 | (2.27)
X1 X34 X3 X4 X14 %23

where the dependence on the Grassmann variables resides only in )Elzj We can use the transfor-
mation rule (2.26) to verify that (2.27) indeed satisfies the superconformal Ward identity (2.23).
As explained in Section 2.4, the superconformal extension (2.27) is unique.

The expansion of (2.27) in powers of the Grassmann variables produces the Born level ap-
proximation to the correlation functions of the various components of the energy—momentum
supermultiplet in A" =4 SYM. For instance, substituting (2.27) into (2.18), we find after some
algebra’

(Jag.aa (1) 0(2) O(3) O (4))©

1
=555 % [M9u 12 X120)ad + Y3334 (Y134)aa (X 134)ai
2xpX93X34 X1y

+ 3192 (Y123)aa V(X 123)acc ] (2.28)

where the conformal cross-ratios # and v were defined in (2.7). The three-point x- and y-depen-
dent structures
1

Xijk = xijlxjkxlg ; Yijk = Yij¥jk ki (2.29)

are covariant under conformal and SU(4) transformations, respectively.'’ The simplest way to
check this is to perform an inversion in the x-space, xqq — x%%/x2, and an analogous inversion
. /

in the y-space, yup — y2%¢/y2,

Ix Iy
Xijk = xiXijrxi, Yijk — YiYijkYi/(Y;‘yjz'YIg)~ (2.30)

This shows that X;;; possesses the conformal weight (—1) at point x; and weight zero at points
xj and xi, while Y; i has SU(4) weights at the three points. The conserved current Jy4 4 and the
half-BPS scalar operator O are conformal primaries transforming under inversion in the x-space
according to their weights:

9 Notice that the second term in (2.27) does not contribute because it factorizes into (J,
where the first factor vanishes in virtue of conformal and R-symmetry.

10" We recall that the y’s are coordinates on a coset of SU(4) (or rather its complexification GL(4, C)), just like the x’s
are coordinates on a coset of SU(2, 2).

(HO@)H0B)O0H)

&,aa
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Judaa =5 GBIy xP 05 0. 2.31)

Similarly, Jy4, 44’ and O belong to the representations 15 =[1, 0, 1] and 20’ = [0, 2, 0] of SU(4),
respectively, and transform under inversion in the y-space as''

1, _ ’ ’ Iy _
Jagaa —> O 2V P dos by, o3 H?o. (2.32)

It is easy to check that the expression (2.28) has the correct conformal and SU(4) transforma-
tion properties. In addition, it is straightforward to verify that the correlation function (2.28)
vanishes upon the action of the derivative (9, )4 in accord with the current conservation
(0% Jurg aa (x1) = 0.1

2.6. Anomalous part

The supersymmetrization of the anomalous part of the correlator (2.4) is more elaborate since
(2.6) involves a nontrivial function @ (u, v) and, therefore, is not reduced to a product of free
scalar propagators.

Let us rewrite the anomalous contribution G§"°™ by pulling out a propagator factor,

AN -

gz\nom _ < A23 A§4> T4 (xi» 6;,0;, )’i) ) (2.33)
X13 X24

This factor carries the necessary conformal and SU(4) weights of the correlation function. Sub-

stituting (2.33) into the Ward identity (2.23) and taking into account (2.26), we find that the

function Z4 should be invariant under the superconformal transformations (2.20),

Ty (xi, 65,0, yi) = Ta (x; + 8x;, 6; + 86;,6; + 86;, yi + 8yi). (2.34)
or equivalently,
0% T4 (xi.6i.0;, vi) = Saa La (xi, 0, 6;, i) =0. (2.35)

Here the generators Q‘;; and Sy (wWith A = (a,a’)) are given by the differential operators (2.22)
acting on the coordinates of the four points. Likewise, the invariance of Z4 under the second half
of the odd generators leads to

08 Ty (xi, 61,01, yi) = S*N Ty (x1, 6. 61, i) = 0. (2.36)

We now apply the argument of Section 2.4 to the invariant Z4 (x;, 6;, 6;, y;) in order to re-
construct it starting from the lowest component (2.6). We will do this in three steps: (i) solve
only the first half (2.35) of the Ward identities; (ii) match the solution with the lowest component
(2.6); (iii) demonstrate that, under certain conditions, the solution of (2.35) also automatically
solves the other half (2.36). In this way we can be sure to have constructed the full and unique
supersymmetric extension of (2.6).

We recall that the generators Q and S are nilpotent, (Q‘;‘l)2 = (S44)% = 0 and that they anti-
commute, {Q, S} = 0. This suggests to write the general solution of (2.35) in the form

11 The reader will remark the similarity between (2.31) and (2.32). The only difference between theses conformal and
R-symmetry representations is in the sign of the weight, which leads to infinite and finite dimensional unitary irreps,
respectively.

12’ Here we neglect contact terms.
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Za (xi,6:,6;, yi) = Q* Q" S* S Au(x:, 6, 6, yi) (2.37)

with an arbitrary function .44. Here we employed the conventions from Appendix A such that

l l !’ /
0*= 05050005, Q"= 50" 0ya 0"’ Qus, (2:38)

with a natural contraction of (un)dotted and (un)primed indices and similarly for the rest, i.e. sS4
and S’4. The normalization in the above equations was chosen so that 0= Q Q2 Q2 Q2, etc.

To determine the function A4 we examine (2.37) in the chiral sector §; = 0. We observe
from (2.22) that for 8; = 0 the generators Q and S are reduced to partial derivatives 9/06;. The
corresponding part of the differential operator in (2.37) removes all 67% (withi =1, ..., 4) from
Ay. Therefore, for (2.37) to be different from zero if all §; = 0, A4 should be proportional to the
product of all 6’s

Aa(xi, 0;,6:,yi) = 07 05 05 0§ Ag(xi, yi) (2.39)

where 6% = 11292‘959’9 04 like in (2.38). This is of course not the only solution of the Ward
identities (2.35). The rlght -hand side of (2.39) could also contain terms involving the anti-chiral
variables 8;. However, we will soon show that the particular solution (2.39) of (2.35) also satisfies
the other half of the Ward identities (2.36) and thus provides the complete and unique Z4. The
explicit form of the function A4(x;, y;) can be found by matching (2.33), (2.37) and (2.39) with
the lowest component (2.6) (see Sect. 2.4 for more details).

Let us demonstrate that 74 defined in (2.37) with A4 given by (2.39) is also annihilated by
the other half of the odd generators, Eq. (2.36), provided that the function .44 is invariant under
the bosonic part of the superalgebra, the conformal and R-symmetry. To show this, we hit (2.37)
with Q or S, whose explicit expressions can be obtained by conjugating Q and S in (2.22). Once
these generators have gone through the differential operator in (2.37) and have reached Ay, they
annihilate it. Indeed, Q and S are given by a linear combination of terms proportional to 8/96;,
0; or 0;6;0/06;, each of which gives zero on the right-hand side of (2.39). Further, as we show
in Appendix C, the commutator of Q or S with the differential operator in (2.37) annihilates A4
provided that it is invariant under conformal and R-symmetry transformations. We can use the
explicit form of A4 (see Eq. (2.44) below) to verify that this is indeed the case. Finally, invoking
once more the uniqueness of the supersymmetric extension of the bosonic four-point correlation
function, we can claim that it is given by (2.37).

Clearly, we could have constructed the supersymmetric extension using the generators Q and
S instead of Q and S since the defining relations (2.35) and (2.36) are obviously symmetric under
the exchange of these generators. Thus, the invariant (2.37) should admit another representation

Iy (xi,6;, 01, y;) = 0* Q4S540 63 65 61 Aa(xi, yi) ], (2.40)

where A4(x;, y;) is the same function as in (2.39). At first sight, it is not obvious why the two
expressions (2.37) and (2.40) are equivalent. The reason is that both of them are extensions of
the same four-point bosonic correlator, but we know that this extension is unique. In this way we
have proven the rather non-trivial identity

04 Q155" 0} 03 05 0 Au(xi, )] = O Q'S S0} 63 65 61 Au(xi, vi)]. (2.41)
Expanding these two forms in the odd variables results in two, superficially different but equiva-
lent forms of the components of the supercorrelator (see an example in (3.15) and (2.14) below).



A.V. Belitsky et al. / Nuclear Physics B 904 (2016) 176-215 187

We remark that the energy—momentum supermultiplet 7 (x, 8, 6, y) is real in the sense of the
combined complex and harmonic conjugation in harmonic superspace (see [39,40]), and so is the
invariant 74. Assuming the reality of the function A4(x;, y;), we see an additional reason why
the two forms of Z4 must be equivalent.

2.7. Matching condition

Combining together (2.33), (2.37) and (2.39), we conclude that the four-point correlation
function G§"°™ is determined by the scalar function A4(x;, y;) depending only on the bosonic
variables. To identify A4(x;, y;), we compare the lowest component of G§"°™, corresponding to
6; = 6; =0, with the four-point correlation function G3"™ of half-BPS operators, Eq. (2.9):

= b _ -
0* 04545 [0103036{ Asxi. y0)] |y g o = (” “)(; w)(¢ — )& —w)(E — D).

(2.42)

To obtain a non-vanishing result on the left-hand side, the 16 generators Q and S must remove
all 16 6’s in the square brackets. Therefore, only the terms with dg in the generators (2.22)
contribute. In this way we find for the left-hand side of (2.9)"3

4 4
(D 06) (D xite) " (D dbyi) (D xite, i) [01030363 Aaxi, 3]y, g
= A4(x,-,y,-)(x]3x24y13y24) ¢ —w)¢ — u_))(éj - w)(E —w). (2.43)
Together with (2.9), this implies
D (u,v) 1
As(xi i) = - (2.44)
UV (X13%94Y13Y24)

The substitution of (2.44) into (2.33), (2.37) and (2.39) yields the following result for the anoma-
lous part of the four-point correlation function'*

2
2 2 4pdpdpd
ganom _ <¥123 )34> 004545 076,056,  ®(u,v) ’ (2.45)

2.2 2 22
X3 X4 (X3X54V13Y54)" UV

where Q and S are the differential operators defined in (2.22) and the function ® (u, v) was
introduced in (2.6). It is straightforward to verify that the relations (2.8) ensure the crossing
symmetry of G§"°™.

We remark that the expression in the square brackets in (2.45), i.e. the function A4 from
(2.37), is invariant under both the conformal and R symmetry groups. Indeed, ® (u, v)/(uv) is
conformally invariant, while the denominator in the first factor compensates the conformal and

13 This result can easily be obtained by fixing a conformal and SU(4) gauge in which the coordinates of 3 points are

chosen as x; = y; =1, xp = yp =00, x3 = y3 =0, and the coordinates of the fourth point, x ® and y ¢ are diagonal
matrices with ¢, ¢ and w, w on their diagonals, respectively. The details of the calculation can be found in Appendix B
of Ref. [10].

14 Notice that the rational part (2.27) admits an analogous representation. After pulling out a propagator factor from
o
relation (2.37) fixes the corresponding function A4 to be this polynomial divided by (¢ — w)(¢ — w)( — w)({ — W).
The uniqueness of the supersymmetric extension guarantees that the result will be the same as in (2.27).

as in (2.33), we obtain the invariant 74 as a polynomial in two variables, U/u and V /v (see (2.10)). Then, the
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SU(4) weights of the nilpotent numerator. As explained in Section 2.6, this property is essential
for proving that (2.37) provides the complete solution of the Ward identities (2.35) and (2.36).

We would like to make an important comment about the form of the right-hand side of (2.42).
It originates from the lowest component (2.9) of the anomalous part of the correlator. We can
now invert the logic and claim that the specific form of (2.9) is a corollary of the procedure of
supersymmetrization of the bosonic correlator. Indeed, let us assume that the right-hand side of
(2.9) has the following generic form P (U, V) = ZO§m+n§2 D, (u, V)U™ V™ in terms of the har-
monic cross-ratios defined in (2.10). The degree of this polynomial in U, V cannot exceed 2 be-
cause otherwise the propagator prefactor in (2.9) will not be able to cancel the y-singularities.'”
Then, matching P (U, V) with (2.43) will result in a singular function A4(x, y). This will lead
to unacceptable y-singularities in the higher components in the expansion of the supercorrelator.
In order to avoid this, we conclude that P (U, V) must have the factorized form of the right-hand
side of (2.42). This is another way of proving the so-called ‘partial non-renormalization theorem’
of Ref. [7] (see also [9] for a similar argument).

As explained in Section 2.4, what we have obtained here is the unique supersymmetric com-
pletion of the bosonic correlation function (2.3). Its explicit expression (2.45) is one of the main
results of this paper. In the next section, we examine the detailed properties of some of its com-
ponents.

3. Extracting four-point correlation functions
Despite the compact form of the correlation function (2.45), extracting its various compo-

nents is a nontrivial technical task. However, it becomes considerably simpler for the correlation
function

Ga=0uly, 5,0 =(T(HT(2) 0B3) 0O&)). 3.1)
It depends on the bosonic coordinates x; and y; (withi =1, ...,4) and the Grassmann variables

012 and 9_172. Moreover, this particular class of correlation functions has been used in [30-32]
for computing event shape functions (see also Sect. 4 below for an alternative treatment).

The correlation function (3.1) has specific transformation properties under the conformal and
R-symmetry groups. We can exploit them by first computing G4 for some special configuration
of x; and y; and then restoring its general covariant form.

3.1. Gauge fixing

As follows from (2.20), the coordinates of the scalar operators O(3) and O(4) in _(3.1) do
not vary under the superconformal transformations (2.20), 8x3,4 =8y34 =0 for 634 =603 4 =0.
This allows us to fix the conformal and SU(4) gauge

X306 = Y3,aa’ = 0, X4,a65 Yd,aa’ —> O (3.2)
Then, the general expression for the anomalous correlation function (2.45) simplifies to

2
2,2 4940494
Ganom _ Y1 Vg 040545 070,650, P(u,v)
4 )212 xi (xlzxfy%yf)z uv

) (3-3)

03.4=03 4=0

15 We recall that the y’s are auxiliary variables on a coset of the R-symmetry group SU(4). They carry the various
irreducible representations appearing in the tensor product 20" x 20’. Hence, the dependence on y must be polynomial.
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where )2‘1)“5‘ = x‘f‘d‘ - 07 (yl_l)aa/éla,"“ and the conformal cross-ratios take the form, u = xlzz/x%
and v = x% /xlz. Here we took into account that, since for 63 4 = 9_3,4 = 0 the generators of su-
perconformal transformations (2.22) do not contain derivatives with respect to x3 and y3, the
gauge (3.2) can be imposed inside the square brackets in (3.3). In addition, we can simplify the
expression for the generator S’ in (2.22) as

Sb/ﬂ = x4’aﬂy4,b/a +..., §4 = (xfy§)2(894)4 +..., (3.4)

03,
where the dots denote terms subleading for x4, y4 — oo. Note that this limit eliminates the non-
linear terms 06 d; in S’, which would otherwise complicate the Grassmann expansion in (3.3).
We also observe that for x3 = y3 = 0, all generators in (3.3) except Q do not involve derivatives
with respect to 63. Therefore, evaluating (3.3) we are allowed to replace Q4 — (893)4.

In this way, we obtain from (3.3)

(ch/23. 23/

nN2.2 2
(x1)2x]2x2

~ 2\* @
Ganom _ <%> 05t otes foa ] S = . G5

4

where we used the relations Q’4S’4(y12/£12) =0and 9{‘/)?12 = Gf/xlz. Here the generators Q" and
S only act at points 1 and 2 and are given by the following simplified expressions

/ ;0 0 —. _. . 9 . ,0
a _ aa qa & _ Qo _ péa
Qo = Z (yi 39;111 + ax;ia 0; )’ Sa = § i <xi 39{1‘1 0; 3yl{l/a>. (3.6)

i=1,2 i=12

Notice that the function f(x1,x2) defined in (3.5) does not depend on the y-coordinates and
satisfies f(x1, xp) = f(x2, x1) in virtue of (2.8).

3.2. Single current insertion

In this subsection, we apply the general formula (3.5) to compute the correlation functions
involving three half-BPS operators at points 2, 3, 4 and an R-symmetry current or an energy—
momentum tensor at point 1.

3.2.1. Single R-current insertion
As the first non-trivial example, let us apply (3.5) to obtain the anomalous part of the correla-
tion function (2.18) involving a single insertion of the R-current

Gad,aa’ = (Jug,aa' (1) 0(2) O(3) O(4))""

52 2 1
= (x_g) |:(801)da’(80| Jaa + E(axl)ad (8)'| )a’aj|

4
< 045 [9;‘95‘ f(xl,xz)] . (3.7)

We recall that the second term inside the square brackets guarantees the current conservation,
(0x,)%**Gya.aa’ = 0. To evaluate (3.7) we begin with the identity

d _
015" 063 f(x1.x0)]

— , (3.8
i (3.8)

012=0

012=0

ad , S
_ _F(Q 3 54 [0;‘65‘ [, X2)]
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where (Q’3)f, = %Qﬁ, Qb'V Q. with Q" and S defined in (3.6). Here we took into account that
. _ﬁ = — ﬁ /
{895“’ ) Sa } - Sa ayil a

not depend on y;p. In the same way, we find

does not contribute since the expression inside the brackets in (3.8) does

_ 9 _
L0 ol fo ]| =S et ]| L G9)
ay] 01.2=0 30, 01.2=0
Combining the last two relations we obtain
3 9 1 8 @ 2\’
Godaat = I _ (Q/3)ﬁ,§4|:9494f(x1,x2) =2 } .
aw,aa (39?“ ax'fa ) 80{3,4 8)6?“) a 1Y2 )Cé% 9_12:0
(3.10)

As a quick check, we apply (dy, )#4 to both sides of this equation and verify that (0x, ) Guog.aa =
0, as expected due to the R-current conservation.

Remarkably, relation (3.10) admits an equivalent representation in which this property be-
comes manifest. We observe that for 9_1,2 = 0 the generators (3.6) are reduced to differential
operators acting on the Grassmann variables. This allows us to write the correlation function
(3.10) as a total derivative with respect to x

2 2
Gad,aa/ = (8)61)5 [Maﬂ,aa’f(xlvx2)<y_g> :|, (3.11)

Xq
where we introduced the tensor

9 1 d 3.7 o4 (pdpd
Map.aa = (Gyﬂw - EE“ﬂW> (@S (91 92)
1

01,,=0

= ) @a (@) 5* (6167 (3.12)

01,,=0

Since the expression in the second line involves 8 Grassmann derivatives acting on a polynomial
of Grassmann degree 8, Mg 4o does not depend on 6 anymore. Most importantly, the tensor
(3.12) is traceless with respect to its Lorentz indices

€ Mypaa =0. (3.13)

We can use (3.11) together with the identity (0, )& (0y, )g = —0y, €% to verify that this property
makes the current conservation manifest, (9y, yae Gus.aar = 0. The evaluation of (3.12) yields

Mapaa = @130 @) | 0Dar 0153 = 63D + G12)aw 123 = ¥ixd) | (3.14)

where (¢f) denotes weighted symmetrization. Substituting this relation into (3.11) we obtain the
anomalous part of the correlation function (2.18) in the gauge (3.2).

The final step is to restore the dependence on the points 3 and 4. This can be done by perform-
ing a conformal transformation in (3.11) combined with a SU(4) rotation.'® We finally arrive at
the following expression

16 Equivalently, we might write the general expression for the correlation function in term of the basis tensors X and
Y from (2.29), consistent with the conformal properties of the operators and fix the free parameters by matching it with
(3.11) in the gauge (3.2).
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1
(Jad,aar (1) O(2) O(3) O(4))™™" = Z<axl)§

D (u, v)
X <Y§3}’§4Y124 —u y§3y§4Y134 —v Y§4)’§4Y123) (X124, X134l p) 75— ( >
aa’ X93X4%34
(3.15)

where the structures X;jx and Y;j; were defined in (2.29).

In Section 2.6, we pointed out the existence of the equivalent form (2.40) of the supercorrela-
tor. If we use it instead of (2.45), the expression for the single current insertion will differ from
(3.15) by the exchange of chiral and antichiral indices,

1 .
(Jad,aar (1) O(2) O(3) O(4))™" = Z(ax.)ﬁ

2 .2 2 .2 2 2 O (u, v)
X <y23y34Y124 —uyy3y54Y134 — v y24)’34Y123)aa/ [ X124, X134] ) 22l
23%24%34

(3.16)

It is not immediately obvious but nevertheless true that the two expressions coincide. This is a
manifestation of the general identity (2.41).

3.2.2. Single energy—momentum tensor insertion
Let us now examine the correlation function involving a single energy—momentum tensor
insertion

Gopap = Typap(D) 0(2) O(3) O4))™ ™. (3.17)

We recall that the energy—momentum tensor appears as a particular component in the expansion
of the superfield 7 and its correlation function can be extracted with the help of the differential
operator (2.16). This leads to

G i pp = [—(391)2(391),3a(39‘1)aa/(39‘1 4 = B0 (0 )5 Oy aa 05

1 PN
+ 0000 g O By | i (3.18)

Here the last two terms inside the square brackets subtract the contribution of the descendants
given by total derivatives of lower components of the energy—momentum supermultiplet 7. They
are required to ensure the current conservation (9y, )"“5‘ G, aBp = 0.

As in the case of a single R-current insertion, in order to evaluate (3.18) we fix the gauge (3.2)
and replace G§"°™ in (3.18) by its expression (3.5). Making use of the identities (3.8) and (3.9),
after some algebra we find

) 2
Gogopp = )30} [Maﬂayf(xl, m)(i—%) } : (3.19)

with the tensor Mi];; = Mpor€7€T given by
8 ’
./\/la)f/} = [ — (g, )Z (9, )ﬁu(le)ay + 88{ (9, )?5) (9, )V/G(Q/z)y)y

— 180,87 (395 (9,0 (@' 7'] 5 (9;‘9;‘) , (3.20)

01,,=0
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with (Q'?)*f = o Q“,ﬂ . Going through a lengthy calculation we arrive at the surprisingly sim-
ple result

Mapgsy = _%(XI)Q)((QS (X1X2) gy)) V3 » (3.21)
where the double-parentheses notation indicates symmetrization of all four indices, so that

€ Mypsy =0. (3.22)
This property implies that the correlation function (3.19) satisfies the relations

Guspp — Gppas = e“ﬁe""ﬁGad,ﬁB = (Bxl)d“G ;=0, (3.23)

ad, B
which warrant that the energy—momentum tensor is symmetric, traceless and conserved.

Relation (3.19) has been obtained in the conformal gauge (3.2). The corresponding covariant
expression is

(Topap (1) 0(2) O3) O4)™ ™

| 252 y23y24yf2
= 205 @) [ (X134, X1241epl X134, X124y P(at, v) =51 ZE5E52 ) (3.24)
24 *23%3Xp
Indeed, it is straightforward to verify that it has the correct properties under conformal and SU(4)
transformations and coincides with (3.19) in the gauge (3.2).

3.2.3. Analogy with conformal field equations
The particular form of the correlation functions (3.11) and (3.19) suggests the following anal-
ogy with the conformally covariant Maxwell and Weyl equations

()5 Fap = Juc @05 @)% Capys = T - (3.25)

Here Fyg and Cggys are the self-dual (or chiral) Maxwell and Weyl tensors, respectively, fully
symmetrized in their spinor indices. This property immediately implies the conservation of the
corresponding sources Jy and Tad{, BB Further, the fact that the tensors Fyg and Cyg,, 5 belong to
the representations (1, 0) and (2, 0) of the Lorentz group, respectively, together with the appro-
priate conformal transformation laws, guarantees the covariance of the field equations (3.25).”
Another remark concerns the purely chiral form of the matrices M entering (3.11) and
(3.19). In the case of the field equations (3.25) there exists an equivalent anti-chiral form, e.g.,

(ax):;} F ap = Jog obtained by complex conjugation (assuming that the current J,4 is hermitian).

Similarly, had we preferred to build the superconformal invariants (2.37) with the generators Q
and S instead of Q and S, we would have obtained Egs. (3.11) and (3.19) with anti-chiral matri-
ces M (see (3.16) for an example). The equivalence of the two forms relies on some non-trivial
identities.

Comparing (3.15) and (3.24) we observe that the two correlation functions have a similar
form. This suggests that the correlation function with a single insertion of a conserved current of
spin s possesses a universal form

Uiy, (1) 02) 03) 0@)) = @) ... )2 [Maayp.p 1, 0], (3.26)

17" A similar observation for three-point functions with a current or an energy—momentum tensor is made in [41].
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where the tensor My, g,...«, 8, 1S completely symmetric with respect to all of its indices and, most
importantly, it is independent of the dynamics of the theory. We will show in the next subsec-
tion that a similar relation also holds for correlation functions with two insertions of conserved
currents.

3.3. Double current insertion

To simplify the analysis, in what follows we impose the gauge condition (3.2). In close anal-
ogy with (3.7), the correlation function involving two insertions of the R-current can be obtained
from (3.5) by applying the same differential operator at points 1 and 2

G.].]OO = <Ja1d|,ala/l(1) Jazdz,azaé(z) 0(3) 0(4))21110111

= TT [@6)esas @3 ra; + 3Ot O ez |G, 151 o (3.27)
i=1,2
Replacing @Z‘“m with its expression (3.5), we evaluate the derivatives with respect to 6; and y;

making use of the identities (3.8) and (3.9) to obtain

GJJOO = l_[ [(39,')0(,'(1,’ (axi)ﬂ,-o'zi - %(39,-);3,~a,~ (axi)ol,-o'ti]
i=1,2

2
2

x Q1”54 Gfeff(xl,n)(yi)
a; Ta; xi

01,,=01 ,=0

This relation can be rewritten in a very suggestive form involving derivatives with respect to xj 2

2
2
Y
G100 = @:)5 (05 [Mmﬁlaﬁz,ala;azagf(xl,xz)<x—‘;> } (3.28)
4
with the M-tensor defined as

(3.29)

01,,=0

a4 (s
Malﬁlazﬂz,ala{azaé = —(9,) (@ a Qﬂl)aé (30,) (@2a Qﬂz)“', S (9] 92)

The very fact that this tensor is symmetric with respect to two pairs of indices, o1, §1 and a2, B,
ensures that the correlation function (3.27) vanishes under the action of operators (dy,)*'*' and
(3x,)*2%2, as implied by the current conservation. Explicitly, we find

M

a1 praapa.ard|ara, = 1 ’y2)€aiaéea1a2[(x2xl)a1,31 (X1X2)arpy — €ar1ar€p1 X153 )
+ O ayay M aya €aron (X132) 1 5,33
+ (2)ayay (V2D aya) (X2XDarjery €pipr T
- 2()’1)a1a§ ()’Z)azajealazeﬁlﬂz (x1 - x2)%, (3.30)

where the symmetrization with respect to the Lorentz indices «1, 81 and o3, B3 is tacitly assumed.
To save space, we do not present the covariant form of (3.30) here.

This analysis can be extended to correlation functions involving the energy—momentum ten-
sor, (J(1)T(2) O(3)O4)) and (T(1)T(2) O(3) O(4)). For our purposes, it is important that
these correlation functions (as well as (3.28)) admit the following representation
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aravis (1) i (2) 0(3) 0 (4))™om

—H(axl)” H(am B (51 P, V)] (3.31)

In other words, they are given by total derivatives with respect to the current insertion points.
Here, all information about the choice of the currents is encoded in the tensor M that only
carries chiral indices {«}, {8}, {y}, {§}. Current conservation translates into the invariance of
M under the exchange of any pair of indices belonging to {«} U {y} and {8} U {§}. As already
mentioned, there exists an equivalent representation of (3.31) involving the conjugated tensor
ﬂ{d} BB carry%ng anti-chiral indice.:s. o .

We note in passing that the correlation function involving the supersymmetry current (2.17)
and its conjugate can be derived by the same method and the expression has a form similar to
(3.31)

(Wi (D WG (2) O3) O)™™™ = (3, )g! (32) 7 (0, [ 1505, P (L v)] (3.32)

with €M, 5.5, = €75 MGl s 5,5 = ,

This concludes our general discussion of the method for reconstructing the complete cor-
relation function of four energy—-momentum supermultiplets, starting from its lowest bosonic
component. We have given a general and very compact formula for the super-correlation func-
tion, Eq. (2.45). We have shown several examples of how to extract various component cor-
relators. The examples are limited to the case where 6; = 6; = 0 at two of the four points.
Including the dependence on all four sets of odd variables, in order to obtain components like
(T(H)T (2)T(3)T (4)) with four energy—momentum tensors, considerably complicates the alge-
bra. We should mention that in the special case of A" =4 SYM the component at (9)* in the
expansion (1.1) is the (chiral on-shell) Lagrangian £ of the theory, and similarly for the anti-
chiral £ at (6)*. In this case one can obtain the component (£(1)£(2)Z(3)z(4)) which is known
to be the AdS/CFT dual of the amplitude of dilatons and axions in AdSs x S supergravity [42].
In the past this component has been computed in [43] using a different method based on N' =2
supersymmetry. The result of Ref. [43] is surprisingly simple, so it would be interesting to obtain
it by our new method.

4. Charge flow correlations

In this section, we explain how the particular class of correlation functions (3.1), discussed in
the previous section, is connected to recent work [30—32] on the so-called charge-flow correla-
tions.

The charge-flow correlations measure the flow of various quantum numbers (e.g., R-charge,
energy) in the final states created from the vacuum by a particular source. Schematically, these
correlations are written in the form

_ @ gy

(Ds (n)Ds’(n/))q (' )sH

Fis(2) s 4.1)
and depend only on the total four-momentum g* transferred by the source and the dimensionless
scaling variable z = qz(nn’ )/(2(gn)(gn’)) which is constructed from the kinematical data of the
process. More precisely, the flow operators D (n) can be interpreted as ‘detectors’ located at spa-
tial infinity that measure the flow of a particular quantum number (labeled by the integer Lorentz
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spin s) per unit angle in the direction of the light-like four-vector n,,. The variable z corresponds
to the angle between the two detectors D, (n) and Dy (n’). The event shape function Fyy(z) can
be understood as a differential distribution of the charges measured by the two detectors.

4.1. Basics of charge flow correlations

The double flow correlations can be defined in terms of correlation functions
(Dy(m)Dy () = i* o / d*x34e" Gy

Gss' = (Ds(n) Dy (n') O(x3, y3) O (x4, y))w (4.2)

where the additional factor i** is inserted to ensure reality for (D (n)Dy (n’ ))q (see Eq. (4.58)
below) and the Fourier transform is performed with respect to x34 = x3 — x4.

The charge flow operators D(n) and Dy (n’) depend on light-like vectors, n and n’ (with
n* =n'? = 0), and are defined in terms of local operators (including conserved currents) of spin

s and ', respectively. Particularly important examples of Dy (n) corresponding to s =0, 1, 2 are

o0
O(n, y) = (nit) / dt lim r>O(rn+1a,y),
r—>00
—o0

o
Q" (n,y) = f dr lim r? (J_)* (rn + Ti1, y) |
r—00
—00
1 o0
En) = — / dt lim r>T__(rn + th), 4.3)
(nn) r—00
—00

where 7 is an auxiliary light-like vector, 712 =0 and (nn) # 0,'3 while

T_(x) =" T, (x), T__ =" Ty (x) (4.4)

are the light-cone components of the R-current and the energy—momentum tensor, respectively.
The total cross section oy in (4.2) is defined as

o0t (q) =/d4X3 "3 (0(x3, y3) 0(0, ya))w - (4.5)

The subscript W in the second line of (4.2) and in (4.5) indicates the Wightman four- and two-
point functions computed in four-dimensional Minkowski space of signature (4, —, —, —). They
can be obtained from their Euclidean counterparts through an analytic continuation.

Our discussion will concern only the anomalous part of the correlation function (4.2) because
the rational part gives rise to contact terms. To simplify the notation, from now on we drop the
superscript ‘anom’.

18 The expressions on the right-hand sides of (4.3) involve the two light-like vectors n and 7, but the dependence on the
latter is redundant. We can exploit this fact to put ¥ = (1,0, 0, —1).
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4.2. Change of coordinates

The expression for the flow operators (4.3) can be simplified by a change of coordinates
x* +— z"*, as proposed in [44,29]. Indeed, it is well known that four-dimensional Minkowski
space can be embedded as a light-like surface in a six-dimensional projective space n™ (with
M=0,1,2,3,5,0)

=02 =02 == ) - )+ (%) =0. (4.6)

The two sets of Minkowski coordinates, x* and z* (with © =0, 1, 2, 3), are defined as

w ( ° 7 U
X =5 677567506
n”w+nt p+n n+n

4.7

u n° Ui 7
CENT O3 03 03]
nw+nt nt+n n°+n

where 7 = (171, n2). They are related by a rotation in the six-dimensional embedding space or
equivalently by a conformal transformation in Minkowski space.

The relation between the coordinates (4.7) is particularly simple in the light-cone coordinates
defined as

xt X

xadzx“(au)adz[x x_:| , xF=x0+x3, x=x'+ix?, 4.8)

so that (x*)2 = det ||x*¥|| = xTx~ — ¥2 with X = (x!, x2). The new coordinates are given by

1 _ x? . X
7 =—— Z =X —— = 0.
xt

= 4.9)

It is easy to verify that this change of variables amounts to a conformal transformation of the
coordinates x* with a simple weight factor, dz#dz, = dx"dx, /(x)>.

In the special case of the flow operators (4.3), with x* = rn* 4+ tn*, the new coordinates for
r — 0o are given by

t=0 o 7= 4.10
z =V, =X —i’n—+, Z—n—+, (4.10)

where we took into account that n#* = (1, 0, 0, —1) has only one non-zero light-cone component,
7t =0 and 7~ = 2. Since the operators O, J,, and Ty, in (4.3) transform covariantly under
conformal transformations, the flow operators in the new coordinates have the following form

o0
. 1 _ _ .
O(z,y)=2n—+/dz 00%,z7,2:y),
—00

Qu'(z, y)=W / dz=J 0%, 27,25 y),
1 .
5(Z)=W/dz T__(0",z7,2), 4.11)

—00
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where 07 stands for z+ =0 and J_ and T__ were defined in (4.4). Compared with (4.3), the de-
pendence of the flow operators on n* in the new coordinates enters through the two-dimensional
vector Z = #/n™. Also, most importantly, the limit » — oo in (4.3) is now replaced by setting
7T =0, which is technically easier to implement.

Denoting the flow operators (4.11) as D;(z) (for s = 0, 1,2), we find that the correlation
function (4.2) admits the following representation in the new coordinates

Gy = (32 (Ds@DDy ) 023, y3) O (24, y4)) » (4.12)
where (z?zj)2 arises as the conformal weight of the operators O (z3, y3)O (z4, y4) under the
change of variables. For general values of the spins s and s’, (4.12) is given by the four-point
correlation function (3.31) integrated over the light-cone coordinates of the two currents

o0
(z329)? o
6w = ssioryrr | 45

—0o0

x(J_. (07,27, ZDJ-. —(07,25,22) O (23, y3) O (24, y4)) , (4.13)
—_— ——

s s /

where 7; =17/n and Z, = 1//n’T. Notice that Gy only involves the minus components of the
currents defined by

- - —q o G,
Jo —=nt ot Ty = = L Ty (4.14)

As we will see in a moment, this property makes the new coordinates particularly useful for
analyzing the properties of G.

4.3. Light-cone superfield

We recall that the conserved currents J,,(z) and T, (z) appear as components in the expan-
sion of the energy—momentum supermultiplet (2.13). As we explained in Sect. 2.2, to extract
their correlation functions from the correlation function of the superfields 7 (z, 6, 9, y), we
have to subtract the contribution of the conformal descendants involving total derivatives, like
0,0y 0(z, y) for the R-symmetry current J,, Eq. (2.14).

To compute the correlation function in (4.13) we do not need the whole expression for the
superfield (2.13). It is sufficient to retain only the terms containing the minus components of the
currents. Since in (1.1) the Lorentz indices of the currents are contracted with 9(7#9_ , this can be
done by imposing an additional condition on the Grassmann variables,

0% (0)aab% =0, for u # —. (4.15)

Moreover, in this case the contribution of the conformal descendants is proportional to total
derivatives with respect to the light-cone coordinate z~, like 9,-9,O(z, y), and it vanishes after
the integration on the right-hand side of (4.13). This allows us to safely neglect the descendants
in (4.13).

To solve (4.15), we use the projectors }—10
components

*57F to decompose 0% and 9_2‘, into sums of two
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0“=Ltoto  +o o = (O, —64T),

. N Iy
0% =10To " +o0 oMoy = (56;) . (4.16)
a/
Substitution of (4.16) into (4.15) yields the relation 9“’+9_a+ = 0 which has obviously two so-
lutions. The expressions for the superfield 7 evaluated on the shell of these solutions differ by
the contribution of half-integer operators. Since here we are only considering flow operators of
integer spin, we can replace the above constraint by a stronger one, i.e.

oet =61 =0. (4.17)
The resulting light-cone superfield 7- (i) = T (z;, 0, , él.—, yi) takes the following form

T () =0G) + ...+ O G (J-@) + ...+ O 2E)T_(z), (4.18)
where (9,7)? = [],(6,)® and similarly for (9;)2. Substituting 6 = (6;")%(6,")? in (2.45) and

replacing x;‘ by the new coordinates zfl , wWe obtain

ERCAY
(T-(HT-(2)0(3)04) = <73 j“)

213 224

,  (4.19)

\20\2(nt\2(0—\2p4p4
x S4S~/4Q4Q/4 |:(91 ) (91 ) (92) (92) 9394 d)(u,v):|
0, ,=01",=63 4=03 4=0

2 2.2 212
(213224 Y13Y24) uv

with Z;; defined as in (2.25). By construction, the expansion of (4.19) in powers of 9]_’ » and 9_; 5
generates the correlation functions involving the minus components of the currents at points 1
and 2 and the half-BPS operators O at points 3 and 4. As follows from (3.31), such correlation
functions have a very special form.

Let us consider the simplest example of the correlation function (3.26), involving a single
insertion of the current. According to (4.14), we have to contract (3.26) with pden | posds /25,
Taking into account the identities (see Appendix A)

1-(5{01_ 1 0 1 B oo _ —0z 0
57 —[o o}’ 5(az)dn = o ol (4.20)
with 7 = z! —iz2, we find from (3.26)

(J-.—(1HOR)OB)OA) = (33)° [Mscb(u, vl+..., (4.21)
e
where My = Mg, 8,...a,8, With @; = B; =1 and the dots denote terms involving total derivatives
with respect to z; . As was explained in the beginning of this subsection, such terms produce
vanishing contributions in the integrated correlation function (4.13) and can be safely neglected.
Repeating the same analysis for the correlation function (3.31), we obtain

(J_.c(DJ_._(DOB)OM) = (3z,)* (0" [Myy @, v)] + ... (4.22)

where the dots denote terms with total derivatives with respect to z;” and z, . Here My is a
(complicated) rational function depending on the coordinates of all 4 points. Its explicit form is
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fixed unambiguously by (4.19) but, as we have shown in the previous section, the calculation can
be very involved.

The power of the equation (4.22) lies in the fact that only one term in the expan-
sion, namely the one which contains the maximal number of anti-holomorphic derivatives
(851)“(852)“@(14, v), is sufficient to determine M;y. In the expansion of the super correla-
tion function (4.19), this term is accompanied by a product of Grassmann variables and reads,
schematically,

(T-T-@0®0@) =Y (67 07)° 05 07)" My (D) (9z,)" P, v) + ...,
s,8'>0

(4.23)

where the SU(2) indices of 91.”’_ and Q_i_a, are contracted with those of M . Here the dots denote
terms with derivatives distributed between ® (u, v) and M.

4.4. Gauge fixing

As was shown in Sect. 3.1, the calculation of (4.19) can be significantly simplified by an
appropriate choice of additional conditions on the bosonic coordinates.

The gauge (3.2) cannot be employed in (4.19) due to singularities in the change of variables
(4.9). However, we can impose the following weaker condition on the coordinates of the half-BPS
operators at points 3 and 4

Y3,aa’ = 0, Y4,aa’ —> OO, 23 S 24 S ZZ =0, ZI — 00, (4.24)

where 7; = (zi1 , zl.2). Moreover, since (4.13) involves the currents at zero values of the ‘+’-light-
cone components, we impose analogous condition on the coordinates of the superfields at points
1 and 2,

=z =0. (4.25)

The main advantage of this gauge is that it allows us to simplify (4.19) by eliminating the depen-
dence of 63 4 and 9_3,4 in (4.19).

We find the following result for the correlation function (4.19) in the gauge (4.24) and (4.25)
(for details see Appendix D)

OhH?

T_(HT-2)03)04)) =
V-T-@oB0@) (21221223 )* (23 23 )?

s%s%ke;ﬂ«gszohvﬂ-+.“,
(4.26)

where the dots have the same meaning as in (4.23) and

M3
Fu,v) = —o(u,v). 4.27)
v

Here Sl.2 = Ha/:l,z S; « stands for the product of the linear differential operators acting on the
coordinates at points 1 and 2,

St =202 0)ad + ) (a0
i=1,2

S2ar =21225 (03 )ardz, + ) (i) By (4.28)
i=1,2
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with matrices €21; and €2; given by

Qu=y1(z122—-2323), Q2= yi1(z222 —2323) + Y1225 25
Q1 =y2(2121 — 23 23) — y122] 25 Q2 =y (2221 — 23 23) - (4.29)

Notice that if we set (ylz)fl, = 0, the generators (4.28) cease to depend on z; and z, . As we show
in the next subsection, this restriction of the y-dependence corresponds to choosing a particular
irreducible representation of SU(4). It plays a crucial role in establishing relations between vari-
ous charge-flow correlations.

We would like to stress that Eq. (4.26) refers only to the contributions to the correlation
function of the form (4.23), for which all the space—time derivatives act on the function ® (u, v),
or equivalently F(u, v). The remaining terms (including those involving total derivatives with
respect to z; and z, ) are represented by the dots in (4.26). Arriving at (4.26), we replaced
2%3 — 1%3 and 234 — 234 since the remaining terms produce contributions which involve the
product of Grassmann variables (Gi_éi_) but which is not accompanied by derivatives 9z,. Also,
we took into account that zi24 = —zzzi_ and 1%2 = —z12Z12 in the gauge (4.24) and (4.25).

Replacing the generators Sy and S, in (4.26) by their explicit expressions (4.28), we can
expand the correlation function (4.26) in powers of the Grassmann variables and match the result
with (4.23) to identify M. We can then use these functions to compute (4.22) in the gauge
(4.24) and (4.25). In the next subsection, we perform this calculation for a particular SU(4)
component of the correlation function (4.26).

4.5. Top Casimir components

The two currents in (4.22) belong to some irreducible representations of the R-symmetry
group SU(4), e.g., 15 for the R-current and 1 for the energy—momentum tensor. These represen-
tations, denoted by A| and A, are encoded in the dependence of the matrix My in (4.22) on
(yi)z,. More precisely, we can decompose M into its irreducible components

My (3.2 =Y ViR Miy:r (2) . (4.30)
R

where the (finite) sum runs over the overlap of SU(4) representations R in the tensor products
A1 x Ay and 20" x 20’ =1+ 15+ 20" + 84 + 105 + 175. Here Y,y g(y) are polynomials in y;
defined as eigenfunctions of the quadratic Casimir of SU(4) for the representations R and the
coefficients M. g are independent of y;. Explicit expressions for Vy.r(y) can be found in
[31].

In what follows we shall concentrate on a particular component in (4.30) with the maximal
value of the SU(4) quadratic Casimir. We shall refer to it as the top Casimir component. The
reason for this is that, as we show below, for different choices of the currents in (4.22) the
corresponding coefficients M. g have a remarkably simple universal form. The simplest way
to select this special component is to set y; = y». In this case, as explained in Appendix B.2, all
but one V. g (y) vanish and the correlation function (4.22) receives contributions from the top
Casimir component only."”

19 The only exception is the case with two R-currents, i.e. s =s’ =1 and A} = A, = 15, where an additional sym-
metrization of the SU(2) indices is required, see Eq. (4.39) below.
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Let us now examine (4.26) for y; = y,. We observe that the expression for the generators
(4.28) simplifies due to

- + — - + —
1732 — 22 T 272 — 22 %
Qi =)o wij,  w=| 20 173 T 3T 4.31)
2121 _Z3 Z3 2221 _Z3 Z3

with detw = zlzzlzz3 z3 - Then, using the integral representation 82 f d?eec’ St we find after
some algebra

$2s2 [(91_)2(92_)2F(u, v)] = () (detw)?

-+
2122 _ N 1= _ -
xexp{ detZ) I:(a)zzgl —a)2192 )yl 191 07, — (w1192 —a)1291 )yl 92 zz]} F(u,v).

4.32)

It is easy to see that the expansion of this expression in powers of the Grassmann variables has
the expected form (4.23),

STSE[ 002070, v) | = 0D @ )PP, v + ..
+ Gz 07)20;)20,)2(05)2(92,02,) F (u, v) .
(4.33)

Substituting this relation into (4.26) and matching the various terms of the expansion with (4.23),
we can identify the coefficient M. g corresponding to the top Casimir component in (4.30).
Let us start with the lowest component of (4.33). Its contribution to (4.26) looks as
()’ 14 2)2
(T-(T-)O0BR)OH))g_j_p = 7F(u, v). (4.34)
(21221225 2})?

This expression should be matched with the correlation function (O (1) 0(2) O (3) O (4)) involv-
ing the lowest component of the superfields 7_(1) and 7_(2), Eq. (4.18). Indeed, replacing x;
with z; in (2.6) and imposing the gauge condition (4.24), we find for y; = y», i.e. for the top
Casimir SU(4) channel R = 105,

(y1y4)2

(0(1HOR)OB)OH)10s = F(u,v). (4.35)

)2
12 34
Taking into account that 1%2154 =Z1221223 z4 in the gauge (4.24) and (4.25), we find agreement
with (4.34).
Similarly, we identify the contribution to (4.26) coming from the highest component in (4.33),

(Y)Z(Z)z 2 A2 A2 A2 2
(T-(HT=(2)03)04)) = W(el ) (92 ) (91 ) (92 ) (851352) Fu,v)+....

(4.36)

This should be confronted with the correlation function involving the 7__ components of the
energy—momentum tensors (see Eq. (4.18)). Comparing (4.36) with (4.23), we identify the cor-
responding function M, ¢—» and apply (4.22) to obtain

()’4) (Z;)z

m(azlazz)zF(l/t,U)‘i‘... . (437)

(T-—(HT--2)0B3) 0D =
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Here the ellipsis denotes terms involving total derivatives with respect to the minus space—time
components. We recall that we have systematically neglected such terms from the start. The
subscript 1 indicates the unique SU(4) channel in this case, the singlet representation of SU(4).

It is straightforward to extend the analysis to the remaining components of the expansion
(4.33). Below we present the results for various correlation functions involving the R-current
and energy—momentum tensor. We start with a single current insertion

_GDTeD? [<zzzl — i)

= - - F(u, v)],
(122332 2,

20,272 71— zt-7)2

(5 S (2221 5 %) Fu,v) |. (4.38)
)2 1 Z2
4 12

(JU(1)0(2)0(3)0@)rs

T__(1)OR)OB)O @A)y =
(T__(1)0(2)03)0 )20 )

We verified that these relations are in agreement with (3.16) and (3.24), respectively, for y; = y»
after we impose the gauge conditions (4.24) and (4.25). The second relation in (4.38) does not
depend on y; and holds for arbitrary y;. For the double R-current insertion we find

(I 1) I 2)0(3)0(4)) 20 184

(y2)2 ’ , , N\ F(u,v)
- ﬁaﬁ 0% (‘”“wmyl)a )PP — wipwn () P (y)? a)T ,
(z1223)%(z4) z

(4.39)

with @ defined in (4.31). Here the condition y; = y, leaves two (and not one as in the other
cases) irreducible representations in (4.30), the 20’ and the 84. The latter corresponds to the top
Casimir contribution. It can be singled out by decomposing (yl)“,"(yl)b,b and (yl)",b (yl)b/“ into
irreducible components with respect to the little group SU(2) x SU(2)" of the harmonic coset
(see Appendix B.2), e.g.,

DTN = @i )?P — Jer P ertyt

Then, we find from (4.39)

, , D@ P (D22
JYY I (2)0(3)0(4))8s = 4 3azaz[
(1) (2)0(3)0(4))84 e

Finally, for the insertion of an R-current and an energy—momentum tensor we have

M} (4.40)

(T__ ()T 20305

DT, [@zzl —zfz3)

- 29, - Fu,v)|. @41
(z1223)4(z)? 21 v v)} @4

We would like to emphasize that the expressions for the correlation functions derived in this
subsection are valid up to terms involving total derivatives with respect to z; and z, . Such terms
do not contribute to the charge-flow correlations (4.13).

4.6. Integrated correlation functions
Let us now apply the results obtained in the previous subsection to compute (4.13). Comparing

relations (4.36)—(4.41) with the general expression (4.22) we observe the following remarkable
feature of the top Casimir component of each correlation function: the corresponding functions
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M do not depend on the light-cone coordinates z;” and z, 20 As a consequence, substituting
(4.22) into (4.13) we find for the top Casimir component
(z3z])?

iy )’ (82" [ My F1. (4.42)

Gss’,top =

where we introduced the shorthand notation

o0

o 21221223
F= f dzydz; Fu,v) = =—5--G(y), (4.43)
A 3
and the function G(y) depends on the single variable
(@i - 2323) (2222 — 23 23)

3 . (4.44)
21221223 23

To get the second relation in (4.43), we used the expressions for the conformal cross-ratios in the
gauge (4.24) and (4.25),

2 .2 = - 2 .2 -+ = \—
N Z12234 . Z12Z12ZS . Z23Z41 _ (Z23Z3 +ZZZ2)Z1 (4 45)
- - — + - P - - — + _ —— .
23, (@i i)z 73 @y +22D7
and rescaled the integration variables in (4.43) as
- —(0 3 N — — (s N
7] >z (121 — 23 23)/23 » 7y > 2, (2222 —2323)/23 - (4.46)

For our purposes we do not need the explicit expression for G(y) and refer the interested
reader to [30].2! It is more important for us that the same function G(y) appears in (4.42) inde-
pendently of the choice of currents in (4.13)

s ot (H2
21221223 23 (24)

oy gry @) 02" [Mo G- (4.47)

Gss’,top =

In the simplest case of scalar operators, s = s’ = 0, we obtain from (4.34) and (4.35)

(y2y2)2 Z+
Goo,105 =~ ————G(y). (4.48)
ntn't 71271023

For the double insertion of energy—momentum tensors, for s = s = 2, we get from (4.37)
)? ()}
()33 (z1223)°

Using (4.44), we can cast this relation into the following form

G1= (92,05, [2126(1)]- (4.49)

20 As was already mentioned, this property follows from the fact that the 2-matrix (4.29) ceases to depend on z;” and
z, fory; =y.

21 We would like to point out that F'(u, v) describes the anomalous part of the Euclidean correlation function (2.6),
while the light-cone integrated correlation function (4.42) is an intrinsically Minkowskian quantity. This means that we
have to perform an analytic continuation of F(u, v). Knowing that F'(u, v) has complicated analytical properties, this can
be a nontrivial task. Still, as was shown in Refs. [30-32], following [45], it can be easily done using the Mellin transform
of the correlation function.
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()’ )’
(B3 ') (z1221225)3

where the primes denote derivatives with respect to y. Repeating the same analysis for the re-
maining correlation functions (4.38), (4.40) and (4.41) we obtain

[2(1-»2a" ], (4.50)

Gni1=

aa 2 2 +,_,— =
yD? 3 (@i 25 — 22%2) /
G . 1— ,
10,175 = ( +)2 /+ & 21220 [A=»G)]
VIOD? 252525 — 1272)° SN
G / 1 - )
2020 = 08T @ 2127’ [( V) Q(V)]

D)Y@ ()2

Giisa= 1-»G ] .
11,84 @REE (@ i) [y(1 =G ()]
()7 (P? @) (F 25 — 227) e I
G = - 1-— . 4.51
S = G s [a=»*gw)] (4.51)

We recall that these relations were obtained in the gauge (4.24) and (4.25). Examining the de-
pendence of (4.51) on s and s” we observe the simple pattern

d“

d’ s
Gss’,top ~ d—)/s I—=p)y

Q(J/)} (4.52)

4.7. Relations between charge flow correlations

To compute the charge flow correlations (4.2), we have to restore the covariant form of (4.51),
revert from z- to x-coordinates using (4.9) and, finally, perform a Fourier transform of Gy with
respect to the separation between the two scalar sources x34.

The easiest way to do this is to apply the identities

+ —

n z
- . 2 3

(X34n)=2—+(Z;Z3 —2121), X3y =——T,
%3 %3
o Ut

/ — = / / =

(x34n’) = = (z3 23 —2222), (nn’) = STz, (4.53)

23

Here we changed the variables x3 4 — z3 4 according to (4.9) and replaced 7; =7/n™" and 7, =
1’ /n'T. Using these relations we obtain the covariant form of (4.44)

2(x34n) (x34n")
= SRR 4.54
x324(nn/) >4

and express the factors entering Gy in terms of x324, (x34n), (x34n”) and (nn’). In a similar
manner, we can undo the gauge (4.24) and restore the dependence on y3 in (4.51)
WP - y23y24(Y234) “=Yiors,
h%) ()’4) g }’23)’34)’42 = Y2020
0P ) = (Y30 V30" = Vi1 s,
ODUOD7 = ¥ Y107 = Vo is. (4.55)

where the Y-tensor was defined in (2.29).
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Combining these relations, we obtain the covariant form of (4.48), (4.50) and (4.51)

2s’+1 (x34n/)s—s’ d*
(nn/)er] (x§4)s+] dys

Gos'op = Vs op [ =y, (4.56)
where Yy (op are the y-dependent structures defined in (4.55). It turns out that this relation
admits another representation

1 ’ o g ()/)
Gss’,top = yss’,topﬁ (Dx3 )s (n/a)g)s § <—2 s (457)
25=1(nn")s+ X3
which greatly facilitates the task of computing the Fourier transform of Gy in (4.2). We re-
call that the relation (4.57) is only valid for the special contribution to the correlation function
corresponding to the top Casimir channel in the SU(4) decomposition (4.30).
Substituting (4.57) into the first relation in (4.2) we finally obtain

(qZ)s’—l (qn/)s—s’
25— 1(nn’)s+1
where F(z) is the event shape function introduced in [31]
) __¢*mn)

f’(z) — qZ/d4x34ein34 - , 7=—"".
x§4 — 10x34 2(gn)(gn’)

(Ds(n)Dy (1)) g,t0p = Vss' t0p F2), (4.58)

(4.59)

Here the ‘—i Oxg4’ prescription defines a particular analytic continuation of the Euclidean prop-
agator 1 /)5324 to Minkowski space—time. Its choice is dictated by the condition on the function
F(z) to take real values in the physical region ¢° > 0 and qﬁ > 0, or equivalently for 0 < z < 1.

Comparing (4.58) and (4.1), we obtain expression for the top Casimir component of the event
shape function Fyy =) 5 Vs g Fss, g in terms of the function F(z) defined in (4.59). The very
fact that F(z) in (4.59) does not depend on s and s’ implies that the event shape functions for all
charge flow correlations, restricted to the top Casimir channel, coincide:

F00,105(2) = F22,1(2) = F10,175(2) = F20,20 (2) = F11,84(2) = F21,15(2) . (4.60)

This remarkable relation was discovered in [31] in the context of A" =4 SYM, where it holds to
all orders of perturbation theory as well as at strong coupling. As we explained in this section, this
relation is not sensitive to the choice of the theory and follows from the A/ = 4 superconformal
symmetry of the four-point correlation function of the energy—momentum supermultiplet.

5. Conclusions

In this paper we have developed a method for computing four-point correlation functions
of the components of the A" = 4 energy-momentum supermultiplet. Using the superconformal
symmetry, we have written the four-point super-correlation function in the form of (2.45), with
the generators of a maximal abelian fermionic subalgebra acting on Grassmann delta functions
multiplying a scalar function of the conformal cross-ratios (dressed by a simple rational factor).
While extracting a particular component of (2.45) is tedious (but straightforward) in general, we
have discussed in great detail the subclass (3.1) of correlators, for which the computational effort
can be significantly reduced. The correlators (3.1) are relevant for the computation of event shape
functions in N = 4 superconformal theories, which were discussed in [29] and recently worked
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out more systematically in [30-32]. Using the methods outlined in this paper, we have elucidated
a number of interesting relations between different types of charge-flow correlations, which have
first been noted in [31].

A number of comments are in order concerning our work. First of all, our analysis solely relies
on the N = 4 superconformal algebra and our results are, therefore, not specific to the dynamics
of a particular theory (such as super-Yang Mills theory). The information about the latter enters
only through the explicit form of the four-point function of the lowest half-BPS scalar operators
of the energy—momentum supermultiplet, specifically through the function ® (u, v), which was
kept arbitrary throughout this work. This is true in particular also for the coupling constant of
the theory and thus our results hold regardless of the order of perturbation theory. We, therefore,
expect our work to be relevant for general treatments of A = 4 theories.

The class of correlation functions (3.1), which we discussed in the second part of the paper is
a crucial ingredient in the computation of so-called charge-flow correlations in N = 4 theories.
The intricate relations between different types of the latter point to some interesting structure,
which appears to be a remnant of the original superconformal symmetry of the theory. Physically,
some of the flow operators capture conserved observables and it would be interesting to study
their relations with similar quantities in QCD. For a discussion at the two-loop level see [32].
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Appendix A. Matrices and spinors

In this appendix we specify the spinor notations that we use throughout the paper.
A four-dimensional vector z* = (20, 7) is represented by 2 x 2 matrices

vz
Z = |’
[ A } , (A1)

2

Zae = 20 (6")as = %00 +Z -G

’-z.5

799 — ZM(O'M)OW — ZOO‘

where o = (1,5), 6% = (1, —¢) and & = (¢!, 62, 63) are the Pauli matrices. Here we have
introduced notation for the light-cone coordinates and the complex transverse components

t=0+7, 1=z +i7?, z=z'—iZ?. (A.2)
It is easy to verify that
z0az®® = Z,Lz"Sg , zuzt = det||zag |l = 2t — 7%, (A.3)

We adopt the following conventions for lowering and raising spinor indices

g =ePry, BV =Bl PP = Py (A4)
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with Levi-Civita tensors normalized as
P=epn=—€3=—€?=1, (A.5)

so that €% ey, = 85 and edﬂ'e""? = 8; In particular,

e =€Prps = [ _; _Z; } , 2% = zaﬂ'eﬁd = [ZZ __Z; ] - (A.6)
For SU(2) indices we adopt similar conventions for the components of the metric

P =ep=—e?=—epy=1. (A7)
Their raising/lowering is done according to the rules

e = by, i@ = iy yb/b _ Ebayaa/ea/b/ _ (A8)

The SL(4) invariant intervals squared are introduced via the formula

x% = —LxgaxgzePet?, vi= =3y e e (A.9)

We use short-hand notation for the derivatives

a 1, 0 d

(Ox)aa = W = E%dax—u s (8y)aa/ = m (A.10)
with simple action rule

(0)aax"? = 8855 (@y)aay?? =885 (A.11)
Next, we define the projectors

1 __ 1_ 00 | S 1_ 10

lo—et ot late — Lot —

40 o 40 o <0]>, 40 o 40 o (OO)’ (A.12)
where 0T =6~ =0+ 03 and 0~ =61 =0 — o3, Representing the two-component spinors

>

0, and 6% as columns, we decompose them with the help of projectors into a sum of ‘+’ and ‘—
components

1 1 __ 0 ot
9a=z(o a+)aﬂ95+z(o+a )aﬁ9ﬂ=<9>+<0 )
_. 1 _ .o 1 _ .o 06— 0
@ __ —=— _+\a . pp S (rt e pB v
9_4(00),39 +4(00)ﬁ0 _<0 >+(9+>, (A.13)

so that 07 = 6y—1, 6 = 0y—>, and similarly for #*. We also need spinors with lower/upper
indices, which take the form of rows

6% =ePog = (67, —0"), Os = €530" = (—07,67). (A.14)
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Appendix B. Harmonic superspace
B.1. General description

In this appendix we introduce our conventions for the harmonic variables which we use
throughout the whole paper. They allow us to covariantly decompose any object in the funda-
mental representation of SU(4), with quantum numbers of a particular subgroup. This can be
done in two equivalent ways.

In the first case, the so-called harmonic superspace approach to extended supersymmetry (see
[39] for the N = 2, [46] for the N = 3 and [47] for the ' = 4 versions), we introduce a harmonic
matrix belonging to SU(4),

uh =i, uz®) € SU@). (B.1)

The lower index B = 1,2,3,4 of this matrix transforms under the anti-fundamental repre-
sentation of SU(4). The upper index splits as A = (4+a, —a’), according to the subgroup
SUQ2) x SUR2) x U(1) c SU(4), with indices a, a’ = 1, 2 in the fundamental representations of
SU(2) and SU(2)’, and a U (1) charge (&1), respectively.

The N = 4 harmonic variables defined in this way parametrize the four-dimensional complex
compact coset

SU4)
SUR) x SUQR) xU(1)’
which coincides with the Grassmannian manifold Gr(4, 2), i.e. the space of all two-dimensional
linear subspaces of C* [48].

Using the harmonic variables (B.1), we can project the chiral odd coordinate of N = 4 super-
space 6 onto two halves, 04 = (6%, 6,9 with

Gr(4,2) = (B.2)

05 =02 ul, ;¢ =60 u3? . (B.3)

The component 9; “ transforms as a doublet of SU(2) and a singlet of SU(2)" with U (1) charge

(+1), and vice versa for the component 6, @, By maintaining the harmonic variables in the
matrix form (B.1), we are able to do the decomposition (B.3) without breaking SU(4).

In the second approach, the so-called analytic superspace (for a review see [40,49]), one

complexifies the R-symmetry group, SU(4) — GL(4, C). Here the separation of 64 into two
halves looks asymmetric, 02 = (p%, 9%') with

PL =02 +6% v, 9 =07 (B4)

where y,/? is a complex valued 2 x 2 matrix. The decomposition (B.4) corresponds to the alter-
native description of the Grassmannian Gr(4, 2) [48]:
GL4,C)

Gr4,2) = —p (B.5)

where P is the parabolic subgroup of upper triangular matrices with 2 x 2 blocks. In Eq. (B.4),
p% and o (with a,a’ = 1, 2) transform under the subgroup GL(2) x GL(2)' C P of the coset
denominator. As usual with coset parameterizations, 4 of the (complex, i.e. not Hermitian) gener-
ators of GL(4) act transitively on the coordinates (as shifts of ya/b ), another 8 act homogeneously
(as GL(2) x GL(2) rotations of y,?), and the rest are realized non-linearly. The latter can be
obtained by combining a shift of y with the discrete operation of inversion, y,? — y.?/y?
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(with y% = —% Yol €“V'e,p), in close analogy with the action of the conformal group on the

Minkowski space coordinates xq4. Given two or more points, we can form covariant tensors, like
Yijk in (2.30).

The two equivalent descriptions of the manifold Gr(4, 2) show two of its features [48]. The
harmonic description (B.2) makes its compactness manifest, the analytic description (B.5) shows
that it is holomorphic. In practice, to establish the relation between the two pictures, we replace
the unitary matrix u, Eq. (B.1), and its hermitian conjugate u# by a lower triangular GL(4) matrix
and its inverse, respectively,

. 84 0 _ _ 8,0 0
(u3+“,u3“>=<” ) (it4a°, u_a/3>=( ¢ ) (B.6)

yh’a Sb/a _ya’b Sa’h

’

where B = (+b, —b’). In this notation (B.4) is the equivalent of (B.3), ;7 = p? and Ga_a/ =9
B.2. The special choice y1 = y>

In Section 4 we study detectors at points 1 and 2 and concentrate on the special choice y; = y».
It selects a particular SU(4) channel in the tensor product, the one with the highest value of the
quadratic Casimir (with the exception of the double-current insertion, see below). Here we give
a simple explanation of this fact.

For each choice of detectors (scalars, R-symmetry currents, energy—momentum tensors) the
harmonic points y; and y, carry the corresponding representation of the R-symmetry group
SU(4) (20 for scalars, 15 for currents and singlet for energy—momentum tensors). Each of them
is manifested as a particular representation of the little group SU(2) x SU(2)" x U (1) of the har-
monic coset, acting on the coordinates y; and y,. When we identify the points y; = y,, we also
identify these irreps. At the same time, the four-point function becomes a three-point function,
built from the vectors y; = y2, y3 and y4. This three-point function now carries the combined
quantum numbers of SU(2) x SU(2)’ x U(1) at point 1 = 2. Below we show that this corre-
sponds (with the exception of two currents) to the irrep with top Casimir in the list of irreps for
the particular tensor product.

As the first example, consider two scalar detectors in the 20" = [0, 2, 0]. The first and third
Dynkin labels measure the isospins of SU(2) and SU(2)’, respectively, and the second label
measures the U (1) weight of the irrep. In the case at hand, there are no isospins, and the weights
add up to form the irrep 105 = [0, 4, O]. This is the irrep of highest Casimir in the tensor product
20" x 20/,

The next example is a single current insertion at point 1. Now point 1 carries the irrep 15 =
[1, 0, 1] while point 2 still carries 20’ = [0, 2, 0]. In the limit y; = y, the Dynkin labels add up to
175 =[1, 2, 1]. This means that the resulting three-point function, made of the vectors y; = y»,
y3 and y4, carries isospins 1/2 of each SU(2) group and weight 2. Again, this is the irrep of
highest Casimir in the overlap of the tensor products 15 x 20’ and 20" x 20’.

Finally, the case with two currents is somewhat different. Now we have irreps 15 =[1,0, 1]
at both points 1 and 2. After the identification, adding up the Dynkin labels we get 84 = [2, 0, 2]
(the top Casimir in the overlap of the tensor products 15 x 15 and 20’ x 20'). However, this is
not the only possibility because the product of the two irreps of SU(2) x SU(2)" x U(1) is re-
ducible. Indeed, the two currents J ““/(yl) and Jb¥' (y2) transform under SU(2) x SU(2) as well
as under local SU(4) inversions. This does not allow mixing the pair of indices a, b (or a’, b’).
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After the identification y; = y, the SU(2) x SU(2)’ representation becomes reducible. To make
it irreducible, we are now allowed to (anti)symmetrize the indices a, b (and thus automatically
a', b'): J@@ g0 or ¢ ey J9 TP The symmetrization corresponds to adding up the first
and third Dynkin labels (isospin 1/2 x 1/2 — 1) and we get the irrep 84 = [2, 0, 2]. The anti-
symmetrization makes these two labels vanish (isospin 1/2 x 1/2 — 0); instead, the resulting
singlet y-structure has U (1) weight 2 (second Dynkin label), hence the irrep 20" = [0, 2, 0].

Appendix C. Invariance under Q and S supersymmetry

In this appendix we give the detailed proof that Z4 from (2.37) is also invariant under Q and
S supersymmetry. To simplify the analysis it is convenient to introduce SL(4) notation for the
superalgebra generators. We combine Q and S into an SL(4) x SL(4) matrix, Qﬁ” = (0%, S‘i),
and similarly for Q and S, Q% = (52, 04). They satisfy the N = 4 CSUSY algebra SL(4|4)

(QN. OF) =84LY +REsY (Qi. QF} =194, Q¥ =0,
1 _ - 1., -
(LY, of1=—-s5 oM + 26%95, (LY, O81=5M 0% — ZB%QA,
1 _ _ 1 _
[RE, oM 1=s80N — Zsf@%, [RE, 05 1=—8508 + Zsﬁg,ﬁ. (C.1)

Here Rf and Lﬁ’,[ (with Rﬁ = L% = 0) are the generators of two copies of SL(4), the (com-
plexified) R-symmetry and conformal groups, respectively. For the latter, restricting to various
projections of the indices, we identify the familiar conformal group generators, for example
Ly =Py, Ly =K, Lg = Mg —i—SgD, etc.

In these terms the invariant (2.37) can be rewritten more compactly,

4
I,=(Q)'°A, with (Q'"= [] o¥. (C2)

A M=1

By construction, it is annihilated by Q but it is not obvious why O should also annihilate it. This
relies on the special properties of the function .44 defined in (2.39). From the conjugated form of
(2.22) we see that all o~ adg + b0 ay + cH9, therefore QA4 = 0. What remains to show is that
the commutator of Q with (Q)1© in (C.2) is of the form

- B
12 (21~ (@) ALY+ RAsY). (€3)
Then, if Ay is an R-symmetry and conformal invariant, RA4 = L. A4 = 0, we can conclude that
QTI4=0.
We can further simplify the analysis by replacing (Q)'® with the following expression
(Q-)'°~ (') (C.4)

where Q - € = Qi‘{e,{‘,[ and 61131 is a 4 x 4 matrix of anticommuting variables. The algebra (C.1)
yields

[OX. Q-el=cp L +eyRY, (C.5)

hence
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15
[OF. (Q-'1=) (Q-)[QF,Q-€l(Q- ) *

k=0

15

=Y (Q-f [ef Ly +enRE](Q-)'7F
k=0
14

=Y U+ 1(Q- ) [eBLY + e RE. Q- €](Q- )1
k=0

+16(Q - €)1 (B LM + A RE). (C.6)

The second term in the second line in this relation is of the expected form (C.3). It remains to
show that the first term vanishes. The commutation relations (C.1) yield22

[em LN +enRE. Q-] =20 efen . (C.7)

Using the fact that Q - € commutes with Q and with €, we find

14
D e+ 1)(Q- ) [ep LN +eNRE. Q- €](Q- )" F =2400N efefi(Q- ). (C8)
k=0

Now we introduce vector notation, Q% = 0O (am)% and e/‘{‘,, =€, (6m)ﬁ (wherem =1, ..., 16),

with the help of SO(16) chiral and antichiral sigma matrices obeying the Clifford algebra 0,6, +
0nOm = 28, 1. In these terms the right-hand side of (C.8) becomes

(om) 3 O eBed(Q-e)1*

~ (le)mz (616) Emimoms..mgEn nams3...m¢ tr(Um] &nzamZ&nl )
~ (") (€'Y Smyny Smymy — SminyOmany) (O Gy Oy Gy ) = 0. (C.9)
Appendix D. Derivation of Eq. (4.26)

In this appendix, we simplify the expression for the correlation function (4.19) in the gauge
(4.24) and (4.25).

To begin with, we observe that the product of generators §*S'#Q*Q’* in (4.19) is invariant
under the transformations § — S+a Q and S’ — §' 4+ a’Q’ with matrices a and a’ independent
of the coordinates at points 1 and 2. We can use this freedom to define new generators

Sup="Sup — (23)45 0% Syp="Spp— (@)ap OF . (D.1)

where S and Q are given by the differential operators (2.22), with x* replaced by z/. It is
easy to check that, in the gauge (4.24), the generators S and § defined in this way, do not
involve derivatives with respect to 63 and 64. Therefore, evaluating (4.19) we can retain in Q4 Q
only terms containing the maximal number of derivatives with respect to 63 and 64, leading to
Q4 Q/4 (9;‘9 ) = (y4)2 Then, the expression in the second line of (4.19) can be simplified as

22 This step uses the fact that the superalgebra is of the type SL(m|n) with m = n. Otherwise on the right-hand side of
(C.7) there would be an extra term ~ (1/m — l/n)eg(Q - €).
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5454 [(9*) (9+)2(9 )2(0,)° @(u, v)}

(213230D)?  wv

: (D.2)
9;:2:@?:2:0

where $ and §” are linear differential operators acting on the coordinates at points 1 and 2

< a - a
K> (Z”""ﬂ' aos iy )
i i,a

i=1,2

v d ad - a a
Sb’ﬁ = Z 2i4, aﬁel bla 311 + Zi4 aﬂyt b gpa 89(1 Gi,a’ﬂ.yi,h’w
i=1,2 o i,a

9
+Oril rp—=— v ) (D.3)
ld(l

with z;3 = z; — z3 and similarly for z;4.
Next, we define linear combinations of the generators (D.3), which annihilate 91+ and 92+

Sws = Sara + C Sup - Saab), =0. (D.4)

& o> We examine the action of (§ - S = &g S4'¢ on the Grassmann
variables. Taking into account (D.1) and (2.20) we obtain

00, = (5 - 307, = [(23)0gCo% + Gindas 1) JE% . (D.5)

Recalling that 9,.+ =0; 4=1, We impose the conditions 89i+ =0fori=1,2tofind

To determine the coefficients C- Ba

fa _ 2131y @216 (V2)g — (223)1y Q1) 1a (V) 54

oa = €, (D.6)
(z13223)11

where we introduced the shorthand notation (z14)14 = (214)a=1,¢ and similarly for the other

matrix elements (see (A.1) in Appendix A). We can make use of the generators (D.4) to write

$4 314 (92 (g2 S48 40202
A G O P A T R P P

= (3401200 L) 3 = hin - 528, ©)

v

In the second relation we replaced S by its explicit expression (D.3), 5‘6{/3' =

Zi=1,2(1i3)a=1,389i“v+ + ... with (Zi3)a=1,,3' = (Z,+3 5 2i3).
Combining together (D.2) and (D.7) we finally obtain from (4.19)

(T-()T-(2)0(3)0(4))
A L [O026)% e, v)
S-S50 (@2 — 233713)°S

2
213 24 (2h3230D)?  uv

) (D.8)
6;,=0

where § is given by the differential operators (D.4) and (D.3) acting on the coordinates at points
1 and 2. In particular, they involve derivatives with respect to the space—time coordinates (z;)yq
coming from the first term in the expression for S’b/ g It is easy to see that for éf » = 0 this term
involves derivatives with respect to z; and z; only. The former derivatives produce vanishing
contributions after the integration in (4.13), whereas the latter derivatives appear in the expression
for the correlation function in the special form given in (4.23).
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This allows us to greatly simplify the expansion of (D.8) by dropping terms in the generators
(D.4) and (D.3) containing derivatives d/dy; and d/06; that do not yield such total derivatives.
The result is

Saaz _(214)105 1.a' 0z, (224)105 2. 107,

(z23231214) 16 VD% + 225 (224) 16 (72)
(z13z32)11

(z13232224) 16 (72)% + 253 @116 (V1
(z23z30)11

This relation is valid for arbitrary space—time coordinates z;. As in the previous section, we can
significantly simplify the calculation by imposing the gauge (4.24) and (4.25). To evaluate (D.8)
we introduce linear combinations of the generators Sa ¢ With & = {,2)

0pa.—
01

”E)af—i—.... (D.9)

22 = e 7 3
Sia =23 Z—+Sa/i+Sa,2 , Sow =24 " =Si+ 5] (D.10)
4 4

The explicit expression for these generators in the gauge (4.24) and (4.25) are given by (4.28).
The two generators in (D.10) are related to each other through the exchange of points 1 and 2.
They anticommute with each other and satisfy

@H*En)? -

S?s2 = ,
02 (zh?

(D.11)

where S% = ]_[a, Si.«’- Combining this relation with (D.8) we arrive at (4.26).
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