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ABSTRACT 

Phononic crystals are artificially engineered materials that can forbid phonon 

propagation in a specific frequency range that is referred to as a “phononic band gap.” 

Phononic crystals that have band gaps in the GHz to THz range can potentially enable 

sophisticated control over thermal transport with “phononic devices”. Calculations of the 

phononic band diagram are the standard method of determining if a given phononic crystal 

structure has a band gap. However, calculating the phononic band diagram is a 

computationally expensive and time-consuming process that can require sophisticated 

modeling and coding. In addition to this computational burden, the inverse process of 

designing a phononic crystal with a specific band gap center frequency and width is a 

challenging problem that requires extensive trial-and-error work.  

In this dissertation, I first present colloidal nanocrystal superlattices as a new class 

of three-dimensional phononic crystals with periodicity in the sub-20 nm size regime using 

the plane wave expansion method. These calculations show that colloidal nanocrystal 

superlattices possess phononic band gaps with center frequencies in the 102 GHz range and 

widths in the 101 GHz range. Varying the colloidal nanocrystal size and composition 

provides additional opportunities to fine-tune the phononic band gap. This suggests that 

colloidal nanocrystal superlattices are a promising platform for the creation of high 

frequency phononic crystals.  

For the next topic, I explore opportunities to use  supervised machine learning for 

expedited discovery of phononic band gap presence, center frequency and width for over 

14,000 two-dimensional phononic crystal structures. The best trained model predicts band 



ii 

 

gap formation, center frequencies and band gap widths, with 94% accuracy and coefficients 

of determination (R2) values of 0.66 and 0.83, respectively.  

Lastly, I expand the above machine learning approach to use machine learning to 

design a phononic crystal for a given set of phononic band gap properties. The best model 

could predict elastic modulus of host and inclusion, density of host and inclusion, and 

diameter-to-lattice constant ratio for target center and width frequencies with coefficients 

of determinations of 0.94, 0.98, 0.94, 0.71, and 0.94 respectively. The high values 

coefficients of determination represents great opportunity for phononic crystal design. 
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CHAPTER1 

1. INTRODUCTION AND BACKGROUND 

1.1. Introduction 

This chapter presents an overview of the background and main hypotheses for this 

dissertation. The first section covers two main topics that are critical to understanding the 

work presented in subsequent chapters: phononic crystals and machine-learning concepts. 

In this section, a brief review of phonons, phononic crystals, band diagrams, and their 

calculation methods is given, followed by a discussion of the machine-learning modeling 

process, model evaluation and metrics, and a description of the methods used in later 

chapters. The second part of this chapter introduces the hypotheses that are tested in this 

work and summarizes the organization of the dissertation. 

 

1.1.1. Phonons 

Phonons are quanta of vibrational waves that transport sound and heat through the 

atomic lattice of materials.1 Phonons can be expressed by the plane wave equation 

presented in the following: 

𝑢 = 𝐴𝑒𝑗(𝒌∙𝒓−𝜔𝑡) Equation-1-1 

In Equation-1-1, A is wave amplitude, ω is angular frequency, K is wavevector, u 

is displacement, and j is an imaginary unit. The relationship between ω and K is called the 

dispersion relation and a map of this relationship for different K values can be presented as 

a dispersion curve or a phonon band diagram. The phonon band diagram is an important 

graph that reveals fundamental information about phonon transport in a study system 

because it indicates allowed and forbidden frequencies of a system from different 
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crystallographic directions, and also shows the relationship between energy (E~ ω) and 

momentum (P~ K), hence the K- ω relationship. 

One can take two different approaches to the theoretical study of phonon band 

diagrams. First, if a finite number of atoms is considered, Schrodinger quantum equations 

can be used to obtain phononic properties of a set of atoms. The density functional theory, 

in addition to lattice dynamic calculations, is one of the most powerful methods for 

calculating phononic properties of materials that utilize Schrodinger quantum equations. 

The second approach uses a continuum model and numerically solves an elastic wave 

equation that can capture the phononic behavior of material. The continuum model 

approach is used in this work because of the dimensions of the study systems. 

In the following section, a basic calculation of phonon dispersion based on phonon 

lattice dynamics for 1-dimensional (1-D) material is presented. Numerical methods for 

calculating elastic wave equations will be introduced subsequently. 

 

1.1.2. 1-Dimensional Phonon Lattice Dynamics 

A 1-D system of atoms is the simplest system in which to study phonons and 

contains infinite atoms of mass M1 that are connected together by springs with a spring 

constant of K1 and a rest distance of a. A schematic of this system is shown in Figure 1-1-

a. In solving Hooke’s equation for this system by considering a plane wave solution, one 

also finds the solution for the elastic wave equation for this system: 

𝜔 = 2√
𝐾1

𝑀1
|𝑠𝑖𝑛

𝐾1𝑎

2
| Equation-1-2-a 
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In Equation-1-2-a, 𝜔 is the angular frequency and a is the lattice constant. 

Considering the same system with different recurring masses, m1 and m2, as shown Figure 

1-1-b, the solution can be expressed as: 

ω±
2 = K(

1

m1
+

1

m2
) ± K√(

1

m1
+

1

m2
)2 −

4 sin(ka 2)⁄ 2

m1m2
 Equation-1-2-b 

 

Figure 1-1 a) 1-dimensional lattice with all atoms having the same mass and b) 1-

dimensional lattice with alternating atom mass. 

 

Phonon band diagrams can be generated from plotting the solutions for different 

values of wavevectors K. A schematic of a phonon band diagram for a 1-D system is shown 

in Figure 1-2. In this diagram, the branches emanating from the origin are called acoustic 

branches. The speed of sound through the system material can be estimated from the slope 

of the linear portion of the acoustic branches near the origin. The higher branches are called 

optical branches. Because two different masses are considered in this example, there will 

be a gap between the acoustic and optical branches (highlighted in yellow in Figure 1-2) 

that indicates an absence of frequency response in the gap range of the system for all 

excitations of different wavevectors (Ks). 
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Figure 1-2 Phonon band diagram 

 

1.1.3.  Phononic Crystals 

Phononic crystals are artificially engineered materials with periodic variations in 

their acoustic impedance (e.g. alternating hard and soft materials). This periodicity results 

in a phononic band gap that forbids phonon propagation within a specific frequency 

range.2–5 The phononic crystal is the vibrational wave analogue to the well-known photonic 

crystal, which uses periodic variations in the refractive index to create a photonic band 

gap.3,6 

 

1.1.4. Colloidal Nanocrystals as Phononic Crystals 

Colloidal nanocrystals consist of an inorganic crystalline core with organic ligands 

(e.g. oleic acid, alkanethiols) bound to the surface (Figure 1-3). Elegant precision and 

control over colloidal nanocrystal size, shape, and composition have become 

commonplace, as summarized in several reviews7–10 Colloidal nanocrystal-based materials 

have received attention for a wide range of applications spanning photovoltaics,11,12 light-
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emitting diodes,11,13 thermoelectrics, thermal storage,14–16 and electronics.14,15 In contrast, 

the use of colloidal nanocrystals for phononic crystals has received very limited 

attention.16,17 In this work, we suggest that colloidal nanocrystals can form a natural basis 

for the bottom-up assembly of 3-dimensional phononic crystals with record high frequency 

band gaps. 

The colloidal nanocrystal core diameter is usually controlled to measure between 

2–15 nm, which intentionally overlaps with the necessary length scales needed to achieve 

phononic band gaps in the 101–102 GHz frequency range. Additionally, van der Waals 

interactions between the nanocrystal ligand molecules facilitate self-assembly of colloidal 

nanocrystals into periodic 3-dimensional arrays..18,19 Analogous to a crystal’s atomic 

lattice, colloidal nanocrystal assemblages are referred to as “nanocrystal superlattices.” 

These superlattices are an ideal substitute for phononic crystals because their periodic 

nanocrystal cores and ligand matrix can function as the two components of a phononic 

crystal. In addition to having high band-gap center frequencies due to small-scale 

periodicity, colloidal nanocrystal superlattices should also have wide band gaps due to the 

acoustic contrast between the hard, inorganic nanocrystal cores and the soft ligand matrix. 
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Figure 1-3 Schematics for (a) an individual colloidal nanocrystal and (b) a face-

centered cubic colloidal nanocrystal superlattice as viewed along the [100] direction. An 

individual colloidal nanocrystal consists of a crystalline inorganic core with organic 

ligands on its surface (e.g. oleic acid, alkanethiols). When colloidal nanocrystals are 

assembled into a superlattice, they form a phononic crystal that consists of a periodic 

array of hard nanocrystal cores embedded in a soft ligand matrix. 

 

1.1.5. Computational Methods  

Calculating the phonon band structure requires solving for the phononic crystal’s 

normal modes of vibration and determining their corresponding characteristic frequencies. 

This is often accomplished using finite-difference time-domain methods,20–22 finite 

element methods,17,23,24 plane wave expansion (PWE) methods,25–27 and combined 

molecular dynamics - lattice dynamics approaches.16,28,29 In this work, PWE was employed 

to calculate a phonon band diagram for 3-D phononic crystals. A chief strength of PWE is 

that it can be performed using easy-to-write in-house code that is computationally 

inexpensive and adaptable to parallel computation. Furthermore, this enables users to assert 

maximum control over their computational goals. While many commercial finite-element 
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method packages are available, computational flexibility is lost when using these packages. 

And, although molecular dynamics and finite-difference time-domain methods are 

powerful, they can be computationally expensive. The finite-element method was also used 

in this work for phonon band-gap calculation, but only for 2-D phononic crystals. 

 

1.1.6. Plane Wave Expansion Method 

To determine the phonon band structure using the plane wave expansion method, 

consider the 3-dimensional elastic wave equation in terms of Lamé coefficients for a locally 

isotropic medium:25,30,31 

𝜕2𝑢𝑖

𝜕𝑡2 =
1

𝜌
[

𝜕

𝜕𝑥𝑖
(𝜆

𝜕𝑢𝑙

𝜕𝑥𝑙
) +

𝜕

𝜕𝑥𝑙
(𝜇 [

𝜕𝑢𝑖

𝜕𝑥𝑙
+

𝜕𝑢𝑙

𝜕𝑥𝑖
])] , 𝑖, 𝑙 = 1,2,3  Equation-1-3 

Where t is time, i and l are indices (1, 2, or 3), and 𝑢𝑖 , 𝑢𝑙, 𝑥𝑖 and 𝑥𝑙 are the Cartesian 

components of the displacement vector, 𝒖(𝒓), and position vector, 𝒓, respectively. The 

spatially varying density, the first Lamé coefficient, and the second Lamé coefficient are 

represented by 𝜌(𝒓), 𝜆(𝒓) and 𝜇(𝒓), respectively. Because a phononic crystal is periodic, 

any given local material property, f(r), is also periodic with respect to all lattice vectors, R.  

𝑓(𝒓 + 𝑹) = 𝑓(𝒓)  Equation-1-4-a 

𝑹 = 𝑛1𝒂𝟏 + 𝑛2𝒂𝟐 + 𝑛3𝒂𝟑  Equation-1-4-b 

Where f(r) is representative of 𝜌(𝒓), 𝜆(𝒓) or 𝜇(𝒓) and ni is an integer. Because PWE 

is only used in this work for 3-D face-centered cubic systems, the following lattice vectors 

are used:  

𝒂𝟏 =
𝑎

2
(�̂� + �̂�) Equation-1-5-a 

𝒂𝟐 =
𝑎

2
(�̂� + �̂�) Equation-1-5-b 
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𝒂𝟑 =
𝑎

2
(�̂� + �̂�) Equation-1-5-c 

Where a represents the lattice constant of the conventional face-centered cubic 

lattice. A triclinic primitive unit cell is constructed with eight spheres at the corners using 

these three lattice vectors (Figure 1-4). Because 𝑓(𝒓) is a periodic function in space, it can 

be expanded in a 3-D Fourier series exploiting unit cell vectors and reciprocal lattice 

vectors (RLVs): 

𝑓(𝒓) = ∑ 𝑓𝐺𝑒𝑗𝐺.𝒓
𝐺   Equation-1-6 

Where: 

𝑮 = 𝑚1𝒃𝟏 + 𝑚2𝒃𝟐 + 𝑚3𝒃𝟑 Equation-1-7 

𝒃𝟏 = 2𝜋
𝒂𝟐×𝒂𝟑

𝒂𝟏.(𝒂𝟐×𝒂𝟑)
  , 𝒃𝟏 =

2𝜋

𝑎
(�̂�𝑥 − �̂�𝑦 + �̂�𝑧) Equation-1-8-a 

𝒃𝟐 = 2𝜋
𝒂𝟑×𝒂𝟏

𝒂𝟐.(𝒂𝟑×𝒂𝟏)
 , 𝒃𝟐 =

2𝜋

𝑎
(�̂�𝑥 + �̂�𝑦 − �̂�𝑧) Equation-1-8-b 

𝒃𝟑 = 2𝜋
𝒂𝟏×𝒂𝟐

𝒂𝟑.(𝒂𝟏×𝒂𝟐)
 , 𝒃𝟑 =

2𝜋

𝑎
(�̂�𝑦 − �̂�𝑥 + �̂�𝑧) Equation-1-8-c 

G is a reciprocal lattice vector, mi is an integer, and bi are reciprocal lattice unit 

vectors. Because the local material properties are periodic functions of the position vector, 

the Floquet-Bloch theorem32 indicates that the eigen-solutions of the wave equation are 

modulated sinusoids of the form: 

𝑢(𝑟) = 𝑢𝒌(𝑟)𝑒
𝑗(𝒌∙𝒓) Equation-1-9 

Where: 

𝑢𝒌(𝒓) = 𝑢𝒌(𝒓 + ∑ 𝑛𝑖𝒂𝒊𝑖=1,2,3 ) Equation-1-10 
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The displacements, 𝑢𝒌, are also periodic and can be expanded in a 3-D Fourier 

series:   

𝑢(𝑟) = (∑ 𝑢𝒌+𝑮𝑮 )𝑒𝑗𝒌∙𝒓 = ∑ 𝑢𝒌+𝑮𝑮 𝑒𝑗(𝒌+𝑮)∙𝒓 Equation-1-11 

Now consider plane wave solutions of the form shown as follows:  

𝑢 = 𝑒𝑗(𝒌∙𝒓−𝜔𝑡) Equation-1-12 

Where j is the imaginary unit and ω is angular frequency. By substituting Equations 

1-6, 1-11, and 1-12 into Equation 1-3, the result would be the following equation: 

𝜔2𝑢𝒌𝟎+𝑮
𝑖 =

∑ [
∑ 𝜌𝑮−𝑮′′

−1
𝑙,𝐺 [𝜆𝐺′′−𝐺′(𝒌𝟎 + 𝑮′)𝑙(𝒌𝟎 + 𝑮′′)𝑖 + 𝜇𝑮′′−𝑮′(𝒌𝟎 + 𝑮′)𝑖(𝒌𝟎 + 𝑮′′)𝑙]𝑢𝒌𝟎+𝑮′

𝑙 +

∑ (𝜌𝑮−𝑮′′
−1  𝜇𝑮′′−𝑮′ ∑ (𝒌𝟎 + 𝑮′)𝑛(𝒌𝟎 + 𝑮′′)𝑛𝑛 )𝑢𝒌𝟎+𝑮′

𝑖
𝑮′′

]𝐺′  

 Equation-1-13 
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Figure 1-4 Schematic of the conventional unit cell for a face-centered cubic lattice 

with the relevant geometrical parameters labeled: interparticle distance, L; lattice 

constant, a; and nanocrystal core diameter, d. (b) Schematic of a primitive unit cell (black 

lines) for a face-centered cubic lattice and corresponding primitive cell lattice vectors, a1, 

a2, and a3. (c) Schematic of the first Brillouin zone (black lines) and the irreducible 

region of the first Brillouin zone (red lines). 

 

Where ko is a wave vector, 𝑮,𝑮′ and 𝑮′′ are reciprocal lattice vectors, and i, l, and 

n are indices that vary between 1, 2, and 3. Equation 2-14 can be rewritten in an 
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eigenvector-eigenvalue matrix form, 𝐴𝑈 = 𝑈Λ, where U is the eigenvector matrix, 𝛬 is 

eigenvalue matrix, and A is a matrix of coefficients.  

𝐴𝐺𝑖 ,𝐺𝑙
′

= ∑𝜌𝑮𝒊−𝑮′′
−1

[
 
 
 
 
 
 
 
 
 

𝜆𝑮′′−𝑮𝒏
′ [

(𝒌𝟎 + 𝑮′′)𝑥(𝒌𝟎 + 𝑮𝒍
′)𝑥 (𝒌𝟎 + 𝑮′′)𝑥(𝒌𝟎 + 𝑮𝒍

′)𝑦 (𝒌𝟎 + 𝑮′′)𝑥(𝒌𝟎 + 𝑮𝒍
′)𝑧

(𝒌𝟎 + 𝑮′′)𝑦(𝒌𝟎 + 𝑮𝒍
′)𝑥 (𝒌𝟎 + 𝑮′′)𝑦(𝒌𝟎 + 𝑮𝒍

′)𝑦 (𝒌𝟎 + 𝑮′′)𝑦(𝒌𝟎 + 𝑮𝒍
′)𝑧

(𝒌𝟎 + 𝑮′′)𝑧(𝒌𝟎 + 𝑮𝒍
′)𝑥 (𝒌𝟎 + 𝑮′′)𝑧(𝒌𝟎 + 𝑮𝒍

′)𝑦 (𝒌𝟎 + 𝑮′′)𝑧(𝒌𝟎 + 𝑮𝒍
′)𝑧

]

+𝜇𝑮′′−𝑮𝒏
′ [

(𝒌𝟎 + 𝑮𝒍
′)𝑥(𝒌𝟎 + 𝑮′′)𝑥 (𝒌𝟎 + 𝑮𝒍

′)𝑥(𝒌𝟎 + 𝑮′′)𝑦 (𝒌𝟎 + 𝑮𝒍
′)𝑥(𝒌𝟎 + 𝑮′′)𝑧

(𝒌𝟎 + 𝑮𝒍
′)𝑦(𝒌𝟎 + 𝑮′′)𝑥 (𝒌𝟎 + 𝑮𝒍

′)𝑦(𝒌𝟎 + 𝑮′′)𝑦 (𝒌𝟎 + 𝑮𝒍
′)𝑦(𝒌𝟎 + 𝑮′′)𝑧

(𝒌𝟎 + 𝑮𝒍
′)𝑧(𝒌𝟎 + 𝑮′′)𝑥 (𝒌𝟎 + 𝑮𝒍

′)𝑧(𝒌𝟎 + 𝑮′′)𝑦 (𝒌𝟎 + 𝑮𝒍
′)𝑧(𝒌𝟎 + 𝑮′′)𝑧

]

+𝜇𝑮′′−𝑮𝒍
′ (∑(𝒌𝟎 + 𝑮𝒍

′)𝑛(𝒌𝟎 + 𝑮′′)𝑛

𝑛

)𝐼3
]
 
 
 
 
 
 
 
 
 

𝐺′′

 

Equation-1-14 

𝐴 = [𝐴𝑮𝑖,𝑮𝑙
′]

𝑖,𝑙∈1…𝑀
 Equation-1-15 

𝑈 =

[
 
 
 
 
 
 
 
 
 
 𝑢𝒌𝟎−𝑮𝟏

1,𝑥

𝑢𝒌𝟎−𝑮𝟏

1,𝑦

𝑢𝒌𝟎−𝑮𝟏

1,𝑧

…

𝑢𝒌𝟎−𝑮𝟏

3𝑀,𝑥

𝑢𝒌𝟎−𝑮𝟏

3𝑀,𝑦

𝑢𝒌𝟎−𝑮𝟏

3𝑀,𝑧

.

.

.
…

.

.

.
𝑢𝒌𝟎−𝑮𝑴

1,𝑥

𝑢𝒌𝟎−𝑮𝑴

1,𝑦

𝑢𝒌𝟎−𝑮𝑴

1,𝑧

…

𝑢𝒌𝟎−𝑮𝑴

3𝑀,𝑥

𝑢𝒌𝟎−𝑮𝑴

3𝑀,𝑦

𝑢𝒌𝟎−𝑮𝑴

3𝑀,𝑧
]
 
 
 
 
 
 
 
 
 
 

 Equation-1-16 

𝛬 =

[
 
 
 
 
𝜔1

2 0 0

0
. 0 0
0 . 0
0 0 .

0

0 0 𝜔3𝑀
2 ]

 
 
 
 

 Equation-1-17 

In the above matrices, (𝒌𝟎 + 𝑮)𝑖 refers to the component of (𝒌𝟎 + 𝑮) in direction 

i and M represents the total number of Fourier coefficients used in each of the three 

dimensions. Solving the above matrix equation yields the eigenvalues, ω, of the 
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eigenvector, ko. Thus varying ko throughout the Brillouin zone then allows the phonon band 

diagram to be mapped out. 

In practice, a finite number of RLVs must be chosen when performing the Fourier 

expansion shown in equation1-6. To do this, a centered numerical Fourier transform with 

301 terms (i.e., -150,… , 0, …. 150) was applied for each of the three dimensions using the 

FFTW package33  is utilized. However, using all 301 terms from Equation 1-14 would yield 

intractably large matrices. For computational purposes, a centered 2m + 1 subset of these 

terms (i.e., -m, -(m-1), …, 0, …, m-1, m) was used. The total number of Fourier coefficients 

used in each dimension was then M = 2m + 1. For these calculations m = 8 (i.e. M = 17)  

was used in each of the three dimensions, which leads to a total number of 729 RLVs for 

our phononic band diagram calculations. A numerical convergence test was conducted by 

systematically increasing the value of m in a model phononic crystal system. This test 

revealed that increasing m beyond 8 led to very small (~1%) changes in the frequencies of 

the phonon bands (Figure 1-5). The numerical accuracy of the in-house code was 

confirmed by benchmarking it against PWE results in the literature (Figure 1-5).25 
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Table 1-1 The Cartesian coordinates of the key symmetry points in the Brillouin zone 

of a face-centered cubic lattice 

Point Cartesian Coordinates, [�̂�𝑥 , �̂�𝑦 , �̂�𝑧] 

Γ [0,0,0] 

X [0,
2𝜋

𝑎
, 0] 

L [
𝜋

𝑎
,
𝜋

𝑎
,
𝜋

𝑎
] 

W [
𝜋

𝑎
,
2𝜋

𝑎
, 0] 

U [
𝜋

2𝑎
,
2𝜋

𝑎
,
𝜋

2𝑎
] 

K [
3𝜋

2𝑎
,
3𝜋

2𝑎
, 0] 

 

For the purpose of mapping the phonon band diagram, k0 values were chosen along 

the edges of the irreducible first Brillouin zone. Figure 1-4-c shows the Cartesian 

coordinates of the symmetry points of the Brillouin zone. k0 was moved along the path of 

X-L-U-Γ-X-W-K and chose 20 points along each segment. The parallel computing library, 

Message Passing Interface (MPI),34 was used to expedite computational time. The in-house 

code was also structured to separate chosen k0 points among multiple cores. This allowed 

the eigenfrequencies of multiple k0 points to be computed in parallel and led to a decrease 

in computational time by a factor of 1/n, where n is the number of cores. 
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Figure 1-5 (a) The phonon band diagram of Au spheres in a Si matrix for a face-

centered cubic lattice: Note that we used normalized the frequency ω*a/c (c is the 

transverse speed of sound in the matrix material) in this band diagram. This band diagram 

agrees with the PWE results and confirms the numerical accuracy of our code. (b) The 

normalized frequency of the 3rd band at symmetry point L as a function of the parameter, 

m: Increasing m beyond the value used in this paper (m = 8) leads to negligible changes 

in phonon frequency. For clarity we used a blue circle in part (a) to mark the frequency 

location of the 3rd band at symmetry point L. 

 

Elastic modulus and Poisson’s ratio are used in all calculations for this work, in 

contrast to the above equations, which were written in terms of λ and μ. Experimental 

measurements of the mechanical properties of nanocrystal superlattices have generally 

been reported in terms of the bulk modulus, B, and the elastic modulus, E.35–37 If Poisson’s 

ratio, ν, is known, bulk moduli can be converted into elastic moduli. Furthermore, the 

mechanical property set of E and υ can be transformed into λ and μ via the following 

relationships:38  

𝜇 =
𝐸

2(1+𝜈)
  Equation-1-18 

𝜆 =
𝜈×𝐸

((1+𝜈)×(1−2𝜈))
  Equation-1-19 

To apply the PWE method to colloidal nanocrystal superlattices, nanocrystal cores and 

nanocrystal ligands should be considered for the two components of a phononic crystal 

(i.e., a periodic arrangement of inorganic spheres embedded in a ligand matrix). This work 
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focuses on modeling face-centered-cubic lattices because this is the arrangement that 

colloidal nanocrystal superlattices most commonly adopt.36 Figure 1-4 illustrates the 

conventional unit cell, primitive unit cell, and first Brillouin zone of a face-centered cubic 

lattice with nanocrystal diameter, d, interparticle distance, L, and lattice constant, a.  

Of the many varieties of colloidal nanocrystal superlattices, the most complete set 

of experimentally measured mechanical properties corresponds to superlattices consisting 

of Lead sulfide (PbS) nanocrystals with oleic acid ligands.37,39,40 Consequently, the phonon 

band diagram discussion is relevant to this particular case. The input values for interparticle 

distance (L = 1.5 nm), nanocrystal core elastic modulus (ENC core = 54 GPa), ligand matrix 

elastic modulus (Eligand = 2.6 GPa), nanocrystal core density (ρNC core = 7600 kg/m3), ligand 

matrix density (ρligand = 895 kg/m3), nanocrystal core Poisson’s ratio (νNC core = 1/3), and 

ligand matrix Poisson’s ratio (νligand = 1/3) were used. 

Because the PWE method assumes that the phonon medium can be treated as a 

continuum, there is a minimum length scale (maximum frequency) for which it is valid. 

Past studies have shown that continuum methods can reasonably predict phonon band 

structures up to a frequency of ~ 1 THz.41,42 To stay well below this threshold, we limited 

our model to frequencies ≤ 500 GHz. Furthermore, the shortest phonon wavelength 

explored in these calculations was 37.9 Å; this corresponds to the W point in the Brillouin 

zone for a nanocrystal core diameter of 2 nm and an interparticle distance of 1 nm. This 

phonon wavelength is an order of magnitude larger than typical interatomic distances and 

represents a reasonable threshold for applying continuum approximations. The use of the 

elastic wave equation assumes that the mechanical response of material is in the linear 

regime, which means this model only considers small vibrational wave amplitudes. The 
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PWE method also uses periodic boundary conditions, which is equivalent to having perfect 

superlattice order. The primary effect of superlattice disorder would be to introduce phonon 

scattering sites and/or localized phonons (i.e., phonons that are not plane waves) that are 

not captured in the band diagram. In addition to superiority of physical approximations 

from this methodology, the numerical accuracy of the code is another important benefit.  

 

1.1.7. Finite Element Method (FEM) 

The finite element method (FEM) is a numerical method for solving partial 

differential equations (PDE) over a large domain.43 In FEM, the large domain is broken 

into finite smaller segments within a range where PDE estimation is still valid, through a 

process called meshing. Next, all PDEs are numerically approximated for all segments and 

boundaries. This process results in a set of algebraic equations that can be solved 

numerically. There are several software packages that implement FEM methods for solving 

PDEs, such as SIMULIATM 44 and COMSOL® Multiphyisics.45 

COMSOL®, with the Structural Mechanics module, which solves the elastic wave 

equation using FEM, was used in this work to calculate the band-gap diagram for 2-D 

phononic crystals. The main source for our calculations was an example provided in the 

COMSOL® website.46  Because the frequency response of the system is our measure of 

interest, the eigenvalue solver was selected for frequency domain. In this method, the 

Fourier transform was applied to the elastic wave equation and the eigenvalues of the 

transformed equation were obtained for specific wavevectors by solving the FEM problem. 

Then the value of wave-vector is changed to cover the edge of the first Brillouin 

zone to obtain the band diagram. Next, to generate the band diagram, the value of the wave-
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vector was changed to cover the edge of the first Brillouin zone. This process started with 

defining the geometry of the model. A 2-D model contained a unit cell made of a square 

lattice as the host with a circular inclusion. The periodic boundary condition was then 

applied to the parallel boundaries. Next, material properties were assigned to the host and 

inclusion. The next step was to mesh the domain. The automatic meshing with triangular 

shape and fine was chosen. A schematic view of the unit cell and the meshed unit cell is 

shown in Figure 1-6-a and Figure 1-6-b. 

 

 

Figure 1-6 a) 2-dimensional unit cell of phononic crystal b) Schematic of the mesh 

applied to the unit cell. 

 

1.2. Machine Learning 

Machine learning has shown great potential for modeling and predicting complex-

system behaviors. In recent years, machine learning has been employed in several areas, 

including advanced object detection and classification,47–49 natural language processing,50–

53 optimization in strategy games,54–57 cancer detection,58,59 optical device design,60,61 and 

metamaterial structure optimization.62 Machine learning models can also increase our 
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understanding of systems by providing information about import parameters and their role 

in system responses. 

A general definition of machine learning (ML) is the use of algorithms on sample 

data known as the training dataset to create a mathematical model in a computer system 

based on specifically defined tasks for prediction, classification, or decision making 

without explicit instructions.63–65 A simple example of a machine-learning algorithm is the 

ability to detect dogs versus cats in pictures. In this example, the pictures are inputs to the 

machine-learning model. The inputs of a machine-learning algorithm are called features. 

There are two types of machine-learning algorithms that can perform this kind of task: 

unsupervised and supervised learning algorithms.63 In unsupervised learning, only pictures 

(features) are used as input to the model and the algorithm must differentiate dogs and cats 

without any exterior knowledge of cats and dogs. In contrast, with supervised learning, 

pictures (features) are used as inputs to the model and correct output for each picture is 

also presented to the model. Thus, the supervised algorithm learns the patterns in pictures 

that result in assigning a correct output. Outputs of the supervised learning algorithm are 

called labels. 

From this definition, one can see that a supervised machine learning algorithm finds 

a pattern or relationship between inputs (features) and outputs (labels). Thus, a model that 

maps features to labels can be considered a type of supervised machine-learning algorithm. 

The model developed in this work is a representation of the relationship between features 

and labels and the process of identifying the relationship is called the machine-learning 

model training process. Only supervised machine learning is used throughout this work. 
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1.2.1. Classification Versus Prediction 

Depending on the type of labels employed, the challenge of finding the relationship 

between features and labels can be categorized into classification and prediction problems. 

In a classification problem, the number of labels is discrete and finite, e.g., ten numbers 

ranging from 0 to 9. Another classification example is a machine learning algorithm that is 

tasked to receive an image as an input and to output 0 if it identifies a cat in the image or 1 

if it identifies a dog. In this example an image is the feature, and the label values can be 

either 0 or 1, but also, the number of labels is finite; hence, it is a classification problem. 

Now consider a self-driving car problem. The machine learning algorithm is tasked 

to get an image as input and, based on the curvature of the road, predict the appropriate 

angle of the steering wheel within a range of  -30º to 30º to stay as close to the center of 

the road as possible. In this example, the label can be any value between -30 and 30; hence 

it is a prediction problem. 

A machine learning algorithm needs training data to find a pattern or relationship 

between features and labels, and the process of finding the pattern is called the training 

process. At the end of the training process, the trained model needs to be tested to check 

its accuracy in finding relationships between features and labels and whether it can 

generalize adequately from the unseen samples. This is called the testing process. Before 

starting the modeling process, the data are usually divided into training and testing datasets, 

and the training and testing are carried out consecutively. Depending on the type of 

problem (classification or prediction), different metrics are used for analyzing model 

performance during the training and testing processes. 
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1.2.2. Evaluating  Classification Models 

In a classification problem, one is interested in the number of correctly classified 

samples in the test dataset. A classification that solves a two-class problem is a binary 

classification, and the metrics used for analyzing the performance of a binary classifier are 

explained in the following section. Consider an example where a machine learning model 

receives an image of human tissue (feature) and must detect if there is a cancerous region 

in the tissue (label). After training, the labels produced by the binary classifier model on 

the test data can be categorized into four outcomes. 

1- The model detects cancer in the image and the sample did contain cancerous 

tissue: true positive (TP). 

2- The model did not detect cancer in the image and the sample did not contain 

cancerous tissue: true negative (TN). 

3- The model detects cancer in the image, but the sample does not contain 

cancerous tissue: false positive (FP). 

4- The model does not detect cancer in the image, but the sample does contain 

cancerous tissue: false negative (FN). 

 

The first metric to calculate when analyzing a binary classifier model is accuracy, 

which is defined as the number of correctly classified samples over the total number of 

samples. Based on the four outcomes mentioned above, accuracy is calculated as: 

 

𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =
𝑇𝑃+𝑇𝑁

𝑇𝑃+𝑇𝑁+𝐹𝑃+𝐹𝑁
 Equation-1-20 
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Accuracy alone is not a good measure of trained model performance. To illustrate 

this, consider an example dataset with 4000 samples and only 1000 of the samples truly 

have cancer; thus, 25% of the sample population has cancer. The training and test sets are 

uniformly selected from the 4000 samples, divided so that 75% of the 4000 samples 

become the training set (N=3000) and 20% become the test set (N=1000). Uniform 

selection will maintain the percentage of cancerous samples across both datasets, so that 

the test set will have 250 cancerous samples and 750 non-cancerous samples. After training 

the model the following performance is observed (Table 1-2):  

 

Table 1-2 Hypothetical outcome of a classification model 

Classification Outcome Number of Samples 

TP 0 

TN 750 

FP 0 

FN 250 

 

In this case, model accuracy for the test set is 75%. This seems like a promising 

success rate for a trained model, but, in fact, it cannot detect a single cancer sample. This 

problem arises from the fact that the training data contain many more samples of one class 

(no cancer) than the other class (cancer), meaning that the training dataset is imbalanced 

and the model has learned to classify non-cancerous samples with high accuracy, but has 

not had enough exposure to cancerous samples to learn how to detect them accurately. 
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To avoid this problem, training data should be balanced when necessary. One way 

to balance a training dataset involves removing some portion of the samples from the larger 

class (e.g., the non-cancerous class). Removing data, of course, results in a smaller training 

dataset, and this can hinder the model from learning to generalize. Another way to avoid 

imbalance effects is to use other metrics to illuminate the true nature of the trained model. 

Two important metrics for gauging classifier accuracy are precision and recall.66 

Precision measures how many of the samples that the model classifies into the 

interest class are actually in the interest class. In our example, the goal is to identify tissue 

samples with cancer; hence, the cancer class is the interest class. Thus, precision is the ratio 

of correctly identified cancer samples (TP) to all samples identified by the model as having 

cancer (TP+FP). Essentially, precision estimates the confidence level of the classification 

model. In the previous example, precision was 0. This illustrates how even a model with 

80% accuracy could have 0 precision in its ability to identify samples in the interest class, 

which is a troubling result. 

Recall estimates the power of the model to identify cases of interest and is defined 

as the ratio of correctly classified cancer samples (TP) to all samples that actually have 

cancer (TP+FN). Recall estimates how many of the interest cases were correctly identified. 

In our example, recall was also 0% (0/250). 

 

1.2.3. Evaluating Predictive Models 

1.2.3.1. Coefficient of Determination (R2) 

Because the output of a predictive model is a real value and does not contain classes, 

it is not possible to simply count the number of correct and incorrect samples. Instead, a 
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metric that measures how close the predicted value is to the true value (label) is required. 

There are many metrics and methods for defining the distance and closeness of values, but 

the most common metric is the coefficient of determination (R2), which estimates the 

proportion of the variance in the dependent variable that is predictable from the 

independent variables. The higher the R2, the greater the model’s prediction ability. R2=1 

means that the distance between predicted labels and true labels is zero, thus, perfect 

prediction by the model. 

 

1.2.3.2. Mean Square Error (MSE) 

The mean square error (MSE) is the arithmetic mean of the squared error. Let’s 

consider a case of a model that predicts a set of labels. The difference between the predicted 

values and the true values is the error, and the mean of the squared error is the MSE. The 

root square of the MSE is the root mean square error (RMSE). Both MSE and RMSE are 

metrics for evaluating predictions as well as being powerful loss functions that are widely 

used in predictive modeling. Lower MSE and RMSE values indicate smaller error values 

in prediction and, hence, a better predictive model. 

 

1.2.4. K-Fold Cross-Validation 

K-fold cross-validation is a method for evaluating model uncertainty during the 

training process.  As mentioned above, the full dataset is divided into training and test 

subsets for the model. If the process of dividing the full dataset into training and test subsets 

were repeated several times so that different training and test subsets emerged from the 

same full dataset, model outputs would vary. 
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K-fold cross-validation is a method to have an estimation for the variation in 

performance of a model caused by sampling. In K-fold cross validation K is an integer, for 

example 5 (5-fold cross-validation). In K-fold cross-validation, samples are divided into K 

bags. K-1 bags are used to train a  model and one remained bag is used to test this model. 

This process would be repeated K times for all possible permutations of K-1 bags for 

training and one bag for test. At the end there will be K models and K different values of 

the metric (for example accuracy) on test sets for the performance of models. The average 

and standard deviation of the metric for these K iterations will be reported. 

Now that the basic concepts underlying the machine learning process and model 

evaluation have been reviewed, the machine learning algorithms used in this work will be 

presented. These algorithms will appear in later chapters in discussions of prediction and 

classification tasks. The algorithms used in this work which are discussed below, are linear 

regression, logistic regression, artificial neural network, random forests and autoencoder. 

Because random forests algorithm uses decision trees, a brief review on decision trees is 

also presented. 

 

1.2.5. Linear Regression and Logistic Regression 

Linear regression is a statistical method that yields a closed-form linear equation.  

Linear regression assumes a linear relationship between features and labels and finds 

coefficients of the linear relation by solving a least-squares problem.63 as shown in Figure 

1-7. In another words, linear regression assumes that labels (red dots) have a linear 

relationship (green line) with features that includes some variation or noise (blue lines). 
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The coefficients in a linear regression model indicate how and to what degree features 

influence labels. 

 

Figure 1-7 Schematic of a linear regression model (green line) based on samples (red 

dots) and sample variations from the model (blue lines)) 

 

Assume that the data have n samples and each sample has m features  of xi1, xi2, … 

, xim, i=1,2…n, and labels  yi. The linear regression finds the following linear relationship: 

𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + ⋯+ 𝛽𝑚𝑥𝑖𝑚 + 𝜀𝑖 , 𝑖 = 1, … , 𝑛 Equation-1-21 

In the above equation, βi is the i-th coefficient of the linear relationship and 𝜀𝑖 is 

the i-th error. The matrix representation of same equation is:  

 

𝑌 = 𝑋𝛽 +  𝜀  Equation-1-22 

Where: 

𝑌 = [

𝑦1

⋮
𝑦𝑛

] Equation-1-23 

𝑋 = [
𝑥1

𝑇

⋮
𝑥𝑛

𝑇
] = [

1      
1      
1      

𝑥11 … 𝑥1𝑚

⋮ ⋱ ⋮
𝑥𝑛1 … 𝑥𝑛𝑚

] Equation-1-24 
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𝛽 = [
𝛽0

⋮
𝛽𝑛

] Equation-1-25 

𝜀 = [

𝜀1

⋮
𝜀𝑛

] Equation-1-26 

In the matrix equation, Y is the labels matrix, X is the features matrix, 𝜀 is the error 

matrix or noise matrix, and 𝛽 is the regression coefficient matrix with 𝛽0 being the intercept 

of the regression. The linear regression solves an ordinary least squares problem to 

minimize the sum of the squared distance of predicted labels to true labels, which will 

result in a solution of the form: 

𝛽 = (𝑋𝑇𝑋)−1𝑋𝑇𝑌 Equation-1-27 

Logistic regression is a statistical method for binary classification to solve a 

problem where labels have two values. Logistic regression assumes a linear relationship 

between features X and labels Y. In logistic regression, labels Y are fed into a logistic 

function as follows: 

𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + ⋯+ 𝛽𝑚𝑥𝑖𝑚 + 𝜀𝑖 , 𝑖 = 1, … , 𝑛 Equation-1-28-a 

𝑍 =
1

1+𝑒𝑥𝑝−𝑌 Equation-1-28-b 

In the regression equation, Z values represent the probability of a label being in the 

interest class within a range of 0–1. A Z value greater than 0.5  is more likely than not to 

be in the class of interest. For example, a sample where  Z=0.6 has a 60% probability of 

being in the interest class and a 40% probability ((1–0.6)*100) of being in the other class; 

thus, it will be classified into the interest class. On the other hand, if the Z value is smaller 

than 0.5 for a sample, for example Z=0.2, this sample has probability of 0.2 of being in 
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class of interest and probability of 0.8 (1- 0.2) of being in the other class and hence this 

sample does not belong to the class of interest. 

The main difference between linear regression and logistic regression is the 

problem that is solved to find the linear coefficients. In linear regression, a least squares 

problem is solved to find the coefficients. In logistic regression, because the output values 

(Z) are probabilities, a maximum likelihood problem is solved to find the coefficients. 

 

1.2.6. Artificial Neural Networks 

An artificial neuron is a mathematical model of a neuron. Each model neuron can 

have various numbers of inputs and each input has a weight.54,67 If the sum of all weighted 

inputs into the neuron plus the bias of the neuron itself exceeds the neuron threshold, the 

neuron will be activated and an output will be generated, otherwise the neuron output will 

be zero. The schematic of a neuron model is shown in Figure 1-8 and the mathematical 

equation representing a neuron is represented as: 

 

𝑁𝑒𝑢𝑟𝑜𝑛 𝑚𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙 𝑚𝑜𝑑𝑒𝑙 = [∑ 𝑤𝑖 × 𝑥𝑖
𝑛
𝑖 ] + 𝑏  Equation-1-29 

 

 

Figure 1-8 Schematic of the mathematical model of a neuron (i.e., artificial neuron) 
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In the neuron equation, i is the input, xi is the i-th input to the neuron, wi is the 

weight for the i-th input, b is the bias of the neuron itself and the summation is over all the 

n inputs. If the value of this equation exceeds a threshold, this neuron will be activated. 

Neurons can be grouped together to form a layer. A schematic of a layer with its inputs is 

shown in Figure 1-9. 

 

 

Figure 1-9 Schematic of a neural layer and its inputs and weights 

 

An Artificial Neural Network (ANN) is made of stacked layers of neurons. It is 

important to remember that each layer can have a different number of neurons. To train an 

ANN, weights of layers are assigned randomly from a uniform distribution (or desired 

distribution) and then, inputs are fed into the network and outputs of each layer will be 

calculated and fed into the next layer until the label outputs are generated in a process 

called “forward propagation.” Because the weights of the network are assigned randomly, 

the predicted labels will differ from the true labels. The difference between predicted labels 

and true labels is known as “loss.” It is possible to take the derivative of loss with respect 
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to all weights in the different layers of the ANN, which is a process called 

“backpropagation.” Calculating derivatives and updating the weights of the network can 

optimize the process of generating predicted labels that converge with true labels; this is 

the neural network training process. 

Essentially, an ANN operates like a black box and does not provide any information 

about how and why decisions are made or what role features play in determining labels. 

Artificial neural networks have shown great power in complex-systems modeling and have 

received a great deal of interest recently. However, they also have some important 

limitations, for example, it is hard to design a network and, without access to a very large 

dataset, it is difficult to generate reliable results. Also, ANNs are prone to overfitting. 54,68,41 

 

1.2.7. Autoencoder 

Autoencoder is a special type of artificial neural network, in which the goal is to 

reconstruct inputs of the autoencoder in the output layer.68,69 An autoencoder has two main 

parts: the first part is the encoding network that starts with the input layer and ends with 

the encode layer. The second part of the autoencoder is the decoder network that starts from 

the encode layer and ends at the output layer. The loss function that should be minimized 

is the distance between inputs and outputs in the output layer. 
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Figure 1-10 Schematic of an autoencoder: an autoencoder with a) a compression 

encode layer and b) a sparse compression layer. 

 

The middle layer of the autoencoder is called the encode layer because the encoding 

network will construct encoded information from the original inputs and the decoding 

network has the ability to reconstruct the original inputs from the encoded information. If 

the dimensions of the encode layer are larger than the input dimensions, the encode layer 

will represent a sparse encoding of the inputs (Figure 1-10-b), but if the encoder layer 

dimensions are smaller than the dimensions of the input layer, the encode layer will 

represent the compressed encoding of the inputs (Figure 1-10-a). Autoencoders are used in 

face recognition and for acquiring the semantic meaning of words.70–72 

 

1.2.8. Decision Trees 

Decision trees are a machine-learning method that can perform both classification 

and regression.63,73 Decision trees yield a flowchart with a tree-like structure, as 

demonstrated with the following example. Consider a binary classification problem with 

samples as shown in Figure 1-11. 
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Figure 1-11 Hypothetical sample data for classification with two classes: red circles 

represent class Red and blue circles represent class Blue. 

 

In Figure 1-11, blue circles belong to class Blue and red circles belong to class Red. 

Here, a decision-tree model is tasked to classify the samples from the Blue and Red classes. 

Figure 1-12 represents one possible decision tree, wherein a set of conditions are presented 

at the nodes of the tree and following the conditions along the correct path will yield a 

classification decision for each sample. 

 

Figure 1-12 A possible decision tree to classify samples in Figure 1-11. 
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1.2.9. Random Forests 

Random-forests modeling is an ensemble learning method that uses decision trees 

to generate a voting system.74,75 where an ensemble of machine-learning models are trained 

and then each model provides a vote. At the end of the process, the final outcome will be 

the result from the model voting system. For example, imagine that in the previous 

classification problem nine models were trained to predict if a sample belonged to the Blue 

class or the Red class. If five or more of the models predicted that a sample belonged to 

the Red class, this sample would be voted as Red. In a random-forests model, all models 

are generated from decision trees; hence, the ensemble of decision trees is called a forest. 

In each decision tree, a subset of features is used for training. In the Blue/Red 

classification example, one decision-tree model might be made with x1, another tree with 

x2, and another model with both x1 and x2 (x1 and x2 are parameters that explain Red and 

Blue classes). Additionally, to randomize the training process, each model resamples the 

training samples with replacement and then uses the resampled data for training the 

decision-tree model. The random-forests model is comprised of an ensemble of decision 

trees where each tree focuses on a different subsample of both features and samples. 

Random forests can also indicate the relative significance of features by generating 

values for each feature according to their location and permutation errors by computing the 

out-of-bag error for all trees. Random Forests is a commonly used method for both 

classification and regression due to its simplicity and ability to estimate feature 

importance.74  
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1.2.10. Machine Learning Algorithm Selection 

The machine learning algorithms that are used in this thesis are Linear/Logistic 

Regression, Artificial Neural Networks and Random Forests. One question might be how 

these algorithms are selected. The algorithm selection process is dependent on many factors 

like size of the data and its features and labels, type of the data, computation expenses, 

optimization algorithm used to solve the problem, feature engineering, and knowledge 

about the system that has provided the data. Linear Regression is suitable for finding a 

linear relationship between features and labels and can generate a simple and interpretable 

equation.63 Artificial Neural Networks are more suitable when a large amount of data is 

available. Artificial Neural Networks has shown a great improvement in fields that need to 

process images like cancer detection from X-rays, object detection in images,58,59 or self-

driving cars.63 Special type of neural networks called Recurrent neural networks are very 

suitable for natural language processing and time-series prediction.50,51,53 Autoencoders, 

has been used in denoising, dimensionality reduction, feature engineering and 

compression.69 Support vector machine are suitable for the cases where maximizing the 

margin between data and decision boundary is of the interest.76 Random Forests has shown 

great potential in both prediction and classification and has become reliable candidate for 

obtaining easy and fast results.74,75 

 

1.2.11. Computation Times 

It is very hard to compare the computation time of different algorithms since we do 

not have control and knowledge of how these algorithms are implemented and if they use 

any parallel computation and to what extent they use it. Here we just report the computation 
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times as a way of comparison. The band gap calculation for the first 8 bands and 36 points 

on the edge of the first Brillouin zone took in average about 120 seconds per simulation. 

We are not sure if COMSOL has used any parallelism in the implementation. For the 

machine learning algorithms we need to emphasize the training and testing times. All the 

testing times (inference) is in the order of microseconds on a regular laptop. For 

Linear/Logistic regression and random Forests models, each took less than 15 seconds to 

train. The neural network in the chapter 3 for classification had 250 epochs of training and 

took about 6 minutes to train. The neural network for prediction had 750 epochs and took 

about 16 minutes to train. The autoencoder in chapter 4 had 20,000 epochs and took about 

90 minutes to train.  

 

1.3. Hypotheses 

In this work, three novel and practical hypotheses about phononic crystals are posed 

and tested. 

The first hypothesis proposes that, because recently synthesized colloidal 

nanocrystals can have 3-dimensional periodic structures like a face-centered-cubic lattice 

with a periodicity range of x to y, these crystals should have complete band gaps in the 

Gigahertz range. A phononic crystal with a complete band gap in the GHz range enables 

the filtering of phonons within GHz range, which can facilitate heat filtering and sound 

transfer. The PWE method explained in 1.1.6 is used to obtain a band diagram and confirm 

the existence of complete band gaps and estimate variation caused by material-geometric 

properties. 
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The second hypothesis takes a novel and interdisciplinary approach by testing the 

feasibility of machine learning and statistical methods to explore phononic crystals. The 

second hypothesis has two parts. First, the feasibility of using a machine-learning model to 

classify and predict complete band-gap formation is evaluated. If this model is successful, 

it can not only predict complete band-gap formation but can also accurately estimate the 

center and width frequency. In the machine-learning framework, the material-geometric 

properties are the inputs and the existence of a band gap or its center and width frequencies 

are the outputs.  

The second part of the hypothesis explores the feasibility of using machine learning 

as a design tool. In this part, what is tested is whether a machine-learning model can suggest 

material properties for a band gap in a desired range, using band-gap information as the 

input and the proposed material properties as the outputs.  

 

1.4. Summary of Outlines 

Chapter 2 presents the published work underlying hypothesis one, as explained in 

Sec X. Colloidal nanocrystal superlattices are considered to be phononic crystals with a 

complete band gap due to their structural periodicity. Colloidal nanocrystal superlattices 

not only have complete band gaps, they also have band gaps in the GHz range that enable 

heat and sound filtering at a GHz frequency.  

Chapter 3 presents the published work underlying the first part of hypothesis two, 

which explores machine learning as a modeling tool to predict band-gap formation and 

location. A statistical view of complete band-gap formation that is consistent with overall 
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trends that have been widely observed within the phononic research community is also 

presented in this chapter. 

Chapter 4 presents original research on the feasibility of using a machine-learning 

model to propose a complete or partial set of material-geometric properties for a desired 

complete band-gap center and width frequencies.  

Chapter 5 concludes the testing of the suggested hypotheses and provides direction 

for future work.
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CHAPTER 2 

2. COLLOIDAL NANOCRYSTALS AS PHONONIC CRYSTALS: PLANE WAVE 

EXPANSION MODELING OF PHONON BAND STRUCTURE 

2.1. Introduction to Chapter 

In this chapter a research on the first hypothesis introduced in the introduction 

chapter is presented. In this work 3-dimensional colloidal nanocrystals are studied and 

existence of band gaps in them is computationally proven. Further research on the effects 

of material-geometric properties on the band gap location and formation supports the 

validity of the first hypothesis. This work is published as “Colloidal Nanocrystal 

Superlattices as Phononic Crystals: Plane Wave Expansion Modeling of Phonon Band 

Structure”77 and published work is presented in the Appendix A. 

 

2.2. Abstract 

Colloidal nanocrystals consist of an inorganic crystalline core with organic ligands 

bound to the surface and naturally self-assemble into periodic arrays known as 

superlattices. This periodic structure makes superlattices promising for phononic crystal 

applications. To explore this potential, we use plane wave expansion methods to model the 

phonon band structure. We find that the nanoscale periodicity of these superlattices yield 

phononic band gaps with very high center frequencies on the order of 102 GHz. We also 

find that the large acoustic contrast between the hard nanocrystal cores and the soft ligand 

matrix lead to very large phononic band gap widths on the order of 101 GHz. We also 

systematically vary nanocrystal core diameter, d, nanocrystal core elastic modulus, ENC 
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Core, interparticle distance (i.e. ligand length), L, and ligand elastic modulus, Eligand, and 

report on the corresponding effects to the phonon band structure. Our modeling shows that 

the band gap center frequency increases as d and L are decreased, or as ENC Core and Eligand 

are increased. The band gap width behaves non-monotonically with d, L, ENC Core, and 

Eligand, and intercoupling of these variables can eliminate the band gap. Lastly, we observe 

multiple phononic band gaps in many superlattices and find a correlation between an 

increase in the number of band gaps and increases in d and ENC Core. We find that increases 

in the property mismatch between phononic crystal components (i.e. d/L and ENC 

Core/Eligand) flattens the phonon branches and are a key driver in increasing the number of 

phononic band gaps. Our predicted phononic band gap center frequencies and widths far 

exceed those in current experimental demonstrations of 3-dimensional phononic crystals. 

This suggests that colloidal nanocrystal superlattices are promising candidates for use in 

high frequency phononic crystal applications.  

 

2.3. Introduction 

Phonons are vibrational waves that transport sound and heat.1 The phononic band 

diagram (also known as the dispersion relationship) relates the frequency of a given phonon 

to its corresponding wave vector and is analogous to electronic and photonic band 

diagrams. By exercising control over the phonon band structure, it is possible to manipulate 

the transport of sound and heat. One common way of engineering band structure is to create 

phononic crystals, which are artificially made materials with periodic variations in acoustic 

impedance (e.g. alternating hard and soft materials). This periodicity results in a phononic 

band gap that forbids the propagation of phonons in a particular frequency range.2–5 The 



39 

 

phononic crystal is the vibrational wave analogue to the well-known photonic crystal, 

which uses periodic variations in refractive index to create a photonic band gap.6,78 The 

two key characteristics of a phononic band gap are its center frequency and its width. The 

band gap fundamentally arises from wave interference, which requires that the periodicity 

be comparable to the phonon wavelength; hence shorter periodicities lead to phononic band 

gaps with higher center frequencies. The width of the phononic band gap depends on the 

acoustic impedance ratio of the phononic crystal’s components; the further this ratio 

deviates from unity, the wider the band gap.3 Hence a phononic crystal made of alternating 

hard and soft materials will have a wider band gap than one made of two alternating hard 

materials. Depending on the number of dimensions in which periodicity occurs, phononic 

crystals are described as 1-, 2-, or 3-dimensional (i.e. periodic planes, cylinders, and 

spheres, respectively). Phononic crystals are a promising class of materials for sound and 

heat manipulation and have been used to create phonon waveguides, cavities, filters, 

sensors, switches and rectifiers.79–85  

Phononic crystals are commonly made by the assembly of macroscopic building 

blocks or top-down fabrication methods such as lithography.86–88 These fabrication 

approaches have yielded phononic band gaps with center frequencies in the ~ 1 kHz – 10 

GHz frequency range. Extending this center frequency range above 10 GHz is desirable 

because such structures can be potentially utilized to manipulate heat conduction85,89,90 

and/or enable novel optomechanical devices.91–94 Creating phononic band gaps in this 

frequency range generally requires nanostructured materials with periodicities of ≲ 10 nm. 

While 1-dimensional phononic crystals made via sequential thin film deposition have 

achieved band gaps in this frequency range,95,96 creating 3-dimensional periodicities on this 
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length scale is much more difficult. Phononic band gaps with center frequencies above 10 

GHz have yet to be experimentally observed in 3-dimensional phononic crystals.97,98  

We suggest that colloidal nanocrystals form a natural basis for the bottom-up 

assembly of 3-dimensional phononic crystals with record high frequency band gaps. 

Colloidal nanocrystals consist of an inorganic crystalline core with organic ligands (e.g. 

oleic acid, alkanethiols, etc.) bound to the surface (Figure 2-1a). Elegant precision and 

control over colloidal nanocrystal size, shape, and composition is now commonplace and 

is summarized in a number of reviews.7–10 Colloidal nanocrystal-based materials have 

received attention for a wide range of applications spanning photovoltaics,11,12 light-

emitting diodes,13,99 thermoelectrics,100–102 thermal storage,103–105 and electronics.14,15 In 

contrast, the use of colloidal nanocrystals for phononic crystals has received very limited 

attention.16,17 The diameter of a colloidal nanocrystal core is typically controlled to be 

between ~ 2 – 15 nm, which overlaps nicely with the necessary length-scales needed to 

achieve phononic band gaps in the 101 – 102 GHz frequency range. In addition, van der 

Waals interactions between the nanocrystal ligand molecules facilitates the self-assembly 

of colloidal nanocrystals into periodic three-dimensional arrays.18,19 In analogy to the 

atomic lattice of a crystal, the colloidal nanocrystal community refer to these assemblies as 

“nanocrystal superlattices.” These superlattices serve as a natural choice for phononic 

crystals because their periodic nanocrystal cores and ligand matrix can function as the two 

components of a phononic crystal (Figure 2-1b). In addition to having high band gap center 

frequencies due to small-scale periodicity, colloidal nanocrystal superlattices should also 

have wide band gaps due to the acoustic contrast between the hard inorganic nanocrystal 

cores and the soft ligand matrix.  
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To explore the potential for colloidal nanocrystal superlattices as phononic crystals 

we use plane wave expansion (PWE) techniques to model their phonon band structure. Our 

modeling demonstrates that superlattices can have phononic band gaps with center 

frequencies on the order of ~ 102 GHz and band gap widths on the order of ~ 101 GHz. We 

also systematically vary nanocrystal core diameter, d, nanocrystal core elastic modulus, 

ENC, interparticle distance (i.e. ligand length), L, and ligand elastic modulus, Eligand, and 

report on the corresponding effects to the phonon band structure. Our modeling shows that 

the band gap center frequency increases as the d and L are decreased, or as ENC Core and 

Eligand are increased. The band gap width behaves non-monotonically with d, L, ENC Core, 

and Eligand, and intercoupling of these variables can eliminate the band gap. Lastly, we 

observe multiple phononic band gaps in many superlattices and find a correlation between 

an increase in the number of band gaps and increases in d and ENC Core. We find that 

increases in the property mismatch between phononic crystal components (i.e. d/L and ENC 

Core/Eligand) flattens the phonon branches and are a key driver in increasing the number of 

phononic band gaps.  
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Figure 2-1 Schematics of (a) an individual colloidal nanocrystal and (b) a face-

centered cubic colloidal nanocrystal superlattice as viewed along the [100] direction. An 

individual colloidal nanocrystal consists a crystalline inorganic core with organic ligands 

on its surface (e.g. oleic acid, alkanethiols, etc.). When colloidal nanocrystals are 

assembled into a superlattice, they form a phononic crystal that consists of a periodic 

array of hard nanocrystal cores embedded in a soft ligand matrix. 

 

2.4. Methodology 

Calculating the phonon band structure requires solving for the phononic crystal’s 

normal modes of vibration and determining their corresponding characteristic frequencies. 

This is often accomplished using finite difference time domain methods,20–22 finite element 

methods,17,23,24 plane wave expansion (PWE) methods,25–27 and combined molecular 

dynamics - lattice dynamics approaches.16,28,29 In this paper we utilize the PWE method to 
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determine this important trait. The PWE method’s chief strength is that in-house codes that 

are computationally inexpensive and adaptable to parallel computation can be written with 

relative ease. This enables users to achieve maximum control over their computational 

goals. While many commercial finite element method packages are available, 

computational flexibility is lost when using these packages. Although molecular dynamics 

and finite difference time domain methods are powerful approaches as well, they suffer 

from being computationally expensive. 

The PWE method converts the elastic wave equation into an 

eigenvalue/eigenvector problem by utilizing the periodicity of the lattice and Bloch’s 

theorem.32 Since the eigenvectors and eigenvalues correspond to the phonon wave vectors, 

k, and angular frequencies, ω, the PWE method directly yields the phonon band diagram. 

Our implementation of the PWE method follows the procedure described by Economou 

and Sigalas.25,30 We begin with the elastic wave equation in three dimensions for a locally 

isotropic medium: 

𝜕2𝑢𝑖

𝜕𝑡2 =
1

𝜌
[

𝜕

𝜕𝑥𝑖
(𝜆

𝜕𝑢𝑙

𝜕𝑥𝑙
) +

𝜕

𝜕𝑥𝑙
(𝜇 [

𝜕𝑢𝑖

𝜕𝑥𝑙
+

𝜕𝑢𝑙

𝜕𝑥𝑖
])]  (1) 

where t is time, i and l are indices (1, 2, or 3), and 𝑢𝑖, 𝑢𝑙, 𝑥𝑖 and 𝑥𝑙 are the Cartesian 

components of the displacement vector, 𝒖(𝒓), and position vector, 𝒓, respectively. The 

spatially varying density, first Lamé coefficient, and second Lamé coefficient are 

represented by 𝜌(𝒓), 𝜆(𝒓) and 𝜇(𝒓), respectively. Since phononic crystals are periodic, the 

local material properties are also periodic and can be expressed using a spatial Fourier 

series for the primitive unit cell. 

 𝜌(𝒓) = ∑ 𝜌𝑮𝑒𝑗𝑮∙𝒓
𝑮  (2a) 
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𝜆(𝒓) = ∑ 𝜆𝑮𝑒𝑗𝑮∙𝒓
𝑮  (2b) 

𝜇(𝒓) = ∑ 𝜇𝑮𝑒𝑗𝑮∙𝒓
𝑮  (2c) 

where G is a reciprocal lattice vector, j is the imaginary unit, and subscript G refers 

to the Gth Fourier component of the indicated property. Since all of the coefficients in the 

elastic wave equation are periodic, we can employ Bloch’s theorem to write: 

𝒖(𝒓) = 𝑢𝒌(𝒓)𝑒𝑗𝒌⋅𝒓 = ∑ 𝑢𝒌+𝑮𝑮 𝑒𝑗(𝒌+𝑮)⋅𝒓 (3) 

which has plane wave solutions of the form: 

𝑢 = 𝑒𝑗(𝒌⋅𝒓−𝜔𝑡) (4) 

Equations 1 – 4 can be combined to yield the following eigenvalue problem:25  

𝜔2𝑢𝑘0+𝐺
𝑖 = ∑ [∑ 𝜌𝐺−𝐺′′

−1
𝑙,𝐺 [𝜆𝐺′′−𝐺′(𝑘0 + 𝐺′)𝑙(𝑘0 + 𝐺′′)𝑖 + 𝜇𝐺′′−𝐺′(𝑘0 +𝐺′

𝐺′)𝑖(𝑘0 + 𝐺′′)𝑙]𝑢𝑘0+𝐺′
𝑙 + ∑ (𝜌𝐺−𝐺′′

−1  𝜇𝐺′′−𝐺′ ∑ (𝑘0 + 𝐺′)𝑛(𝑘0 + 𝐺′′)𝑛𝑛 )𝑢𝑘0+𝐺′
𝑖

𝐺′′ ] (5)  

 

where ko is a wave vector, 𝐺, 𝐺′ and 𝐺′′ are reciprocal lattice vectors, and i, l, and 

n are indices that vary between 1, 2, and 3. If the dimensions and mechanical properties of 

a phononic crystal’s constituent phases are specified, Equation 5 can be rewritten in matrix 

form and solved to obtain the eigenfrequencies, ω, of the eigenvector, ko. Varying ko 

throughout the Brillouin zone then allows the phonon band diagram to be mapped out. 

Whereas the above equations are written in terms of λ and μ, experimental measurements 

on the mechanical properties of nanocrystal superlattices have generally been reported in 

terms of the bulk modulus, B, and elastic modulus, E.37,39,40 If Poisson’s ratio, ν, is known, 

then bulk moduli can be converted into elastic moduli. In addition, the mechanical property 

set of E and υ can be transformed into λ and μ via the following relations:38  
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𝜇 =
𝐸

2(1+𝜈)
 (6a) 

𝜆 =
𝜈×𝐸

((1+𝜈)×(1−2𝜈))
 (6b) 

To apply the PWE method to colloidal nanocrystal superlattices we consider the 

nanocrystal cores and nanocrystal ligands as the two components of a phononic crystal (i.e. 

a periodic arrangement of inorganic spheres embedded in ligand matrix). We focus our 

modeling on face-centered-cubic lattices because this is the arrangement that colloidal 

nanocrystal superlattices most commonly adopt.40 Figure 2-2 illustrates the conventional 

unit cell, primitive unit cell, and first Brillouin zone of a face-centered cubic lattice with 

nanocrystal diameter, d, interparticle distance, L, and lattice constant, a. Since the PWE 

method assumes that the phonon medium can be treated as a continuum, there is a minimum 

length scale (maximum frequency) for which it is valid. Past studies have shown that 

continuum methods can reasonably predict phonon band structures up to a frequency of ~ 

1 THz.41,42 To stay well below this threshold, we limit our model to frequencies ≤ 500 GHz. 

Of the many varieties of colloidal nanocrystal superlattices, the most complete set 

of experimentally measured mechanical properties correspond to superlattices consisting 

of PbS nanocrystals with oleic acid ligands.37,39,40 Consequently we initiate our phonon 

band diagram discussion on this particular case (see Figure 2-3), and use input values of 

interparticle distance, L = 1.5 nm, nanocrystal core elastic modulus, ENC core = 54 GPa, 

ligand matrix elastic modulus, Eligand = 2.6 GPa, nanocrystal core density, ρNC core = 7600 

kg/m3, ligand matrix density, ρligand = 895 kg/m3, nanocrystal core Poisson’s ratio, νNC core 

= 1/3, and ligand matrix Poisson’s ratio, νligand = 1/3. Unless otherwise stated, these 

parameters are used in all of this paper’s calculations. 



46 

 

 

Figure 2-2 (a) Schematic of the conventional unit cell for a face-centered cubic lattice 

with relevant geometrical parameters labeled: interparticle distance, L, lattice constant, a, 

and nanocrystal core diameter, d. (b) Schematic of a primitive unit cell for a face-

centered cubic lattice and corresponding primitive lattice vectors, a1, a2, and a3. (c) 

Schematic of the first Brillouin zone (black lines) and the irreducible region of the first 

Brillouin zone (red lines). 
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2.5. Results and Discussion 

Figure 2-3 shows the phonon band diagram for a superlattice consisting of PbS 

nanocrystals with oleic acid ligands and illustrates that these materials can have wide 

phononic band gaps with center frequencies in the 100 GHz-range. Phononic crystals with 

3-dimensional periodicity commonly have band gaps that exist only along particular 

crystallographic directions. A band gap that exists in every direction is less common and 

is referred to as an “absolute” or “complete” band gap.2 Figure 2-3 shows that the PbS 

nanocrystal – oleic acid ligand superlattices exhibit this less common feature. The phonon 

branches that intersect the Γ point at the origin are known as “acoustic” branches whereas 

those that intersect the Γ point at non-zero frequency are known as “optical” branches. 

These branches appear in groups of three due to the three mechanical degrees of freedom. 

In typical atomic crystals (e.g. bulk GaP, AlAs, GaSb, etc.), the band gap commonly resides 

in between the acoustic phonon branches and the first set of optical branches. In contrast, 

the phononic band gap in the nanocrystal superlattice falls in between the first and second 

set of optical branches. Accompanying this band gap characteristic is a strong frequency 

overlap between the first set of optical phonon branches and the acoustic branches. This 

frequency overlap creates a large phase space for phonon-phonon scattering processes that 

satisfy scattering selection rules (i.e. conservations of energy and crystal momentum). This 

large phase space in turn creates opportunities for fast energy transfer between acoustic 

and optical phonons. Furthermore, since optical phonons interact with light and acoustic 

phonons do not, this frequency resonance between the optical and acoustic phonons 
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suggests that fast energy transfer between photons and acoustic phonons can occur in 

nanocrystal superlattices. 

 

Figure 2-3 Phononic band diagram of a face-centered cubic colloidal nanocrystal 

superlattice comprised of PbS nanocrystals (E = 54 GPa, ν = 1/3, and ρ = 7600 kg/m3) 

with oleic acid ligands (E = 2.6 GPa, ν = 1/3, and ρ = 895 kg/m3). The nanocrystal core 

diameter and interparticle distance in this band diagram are d = 5 nm and L = 1.5 nm. To 

improve clarity, the first 5 sets of branches (i.e. 15 branches) are color-coded. The three 

acoustic branches are black, the first set of optical branches are red, the second set of 

optical branches are green, and subsequent sets of optical branches are purple and cyan, 

respectively.  

 

We next focus our discussion on the effect of changing the nanocrystal core 

diameter, interparticle distance, and colloidal nanocrystal mechanical properties. In 

principle, there are eight parameters that can be varied in the phononic crystal, d, L, ENC 

core, Eligand, ρNC core, ρligand, νNC core, and νligand. We vary the nanocrystal core through a typical 
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colloidal nanocrystal diameter range of 2 – 15 nm. The colloidal nanocrystal ligands 

control the interparticle distance in a nanocrystal superlattice and these are typically small 

organic molecules such as oleic acid and alkanethiols. Consequently we vary the 

interparticle distance and ligand matrix elastic modulus through representative ranges of 

0.5 – 2.5 nm and 1 – 8 GPa, respectively. Since a very wide variety of nanocrystal core 

compositions are possible7–10 we vary the elastic modulus of the nanocrystal core over a 

large range of 10 – 1250 GPa. We found that varying Poisson’s ratio had only a minor 

effect on the band gap characteristics. This result is presented in Figure 2-4. 

 

Figure 2-4 The effect of ligand Poisson ratio, νligand, on the (a) phononic band gap 

center frequency and (b) phononic band gap width; and the effect of nanocrystal core 

Poisson ratio, νNC Core, on the (a) phononic band gap center frequency and (b) phononic 

band gap width. In parts (a – d), the following parameters are used: L = 1.5 nm, Eligand = 

2.6 GPa, and ENC Core = 54 GPa. 
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Inspection of Equations 5 and 6 reveal that density only shows up as a denominator 

for the elastic modulus and Poisson’s ratio (i.e. E/ρ and ν/ρ). Since Poisson’s ratio only has 

a minor effect on the phononic band gap characteristics, the effect of varying density can 

be inferred by rescaling our results for varying elastic modulus. Note that in some cases we 

observe multiple phononic band gaps (see below), however the most prominent band gap 

is the gap occurring between the first and second set of optical branches. Unless otherwise 

stated, the discussion below focuses on this band gap. 

Figure 2-5a shows that decreasing the nanoparticle diameter and/or interparticle 

distance increases the center frequency of the band gap. This behavior arises because the 

center frequencies of phononic band gaps correspond to wavelengths that satisfy the Bragg 

condition (i.e. constructive interference of scattered waves from a periodic medium). 

Decreasing the nanoparticle diameter and/or interparticle distance decreases the unit cell 

length, which decreases the Bragg wavelength and increases the center frequency. The 

impact of changing interparticle distance on the center frequency is most pronounced at 

smaller nanoparticle diameters. This is because interparticle distance changes lead to large 

relative changes in unit cell sizes in this diameter regime. For large nanoparticle diameters, 

the effect of interparticle distance on center frequency is small because the unit cell size is 

dominated by the nanoparticle diameter. The band gap width can go to zero when 

combining small nanocrystal diameters with large interparticle distances and so we do not 

plot center frequencies in these instances (i.e. see red and blue curves in Figure 2-5a).  
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Figure 2-5 The effect of nanocrystal core diameter on the center frequency of the 

phononic band gap for: (a) varying interparticle distance, L; (b) varying elastic modulus 

of the ligand matrix, Eligand; and (c) varying elastic modulus of the nanocrystal core, ENC 

Core. Unless otherwise specified, L, Eligand, and ENC Core are fixed at 1.5 nm, 2.6 GPa, and 

54 GPa, respectively. 

 

a)

b)

c)
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As the elastic modulus of the ligand matrix or nanocrystal core is increased, the 

center frequency of the phononic band gap increases monotonically (Figure 2-5b and 

Figure 2-5c). Although the band gap center frequency increases in all cases, the magnitude 

of this increase is size dependent and depends on whether the modulus of the nanocrystal 

core or ligand matrix is changing. The ligand modulus has the greatest impact on the band 

gap center frequency at small nanoparticle diameters (Figure 2-5b). This is intuitive 

because the ligands make up the greatest fraction of the unit cell when the nanoparticle 

diameters are small. Analogously, the nanocrystal core modulus has the greatest impact at 

large nanoparticle diameters because this is when the nanocrystal cores make up the largest 

fraction of the unit cell (Figure 2-5c). Notably the band gap disappears at large diameters 

when the nanocrystal core modulus is very soft or very hard. For example, we do not 

observe band gaps above 9 and 13 nm diameters for nanocrystal core moduli of 1250 and 

10 GPa, respectively.  

The acoustic contrast between the soft ligand matrix and hard nanocrystal cores 

leads to very large band gap widths of up to ~ 250 GHz for 2 nm diameters and 0.5 

interparticle distances (Figure 2-6a). Interestingly, we observe a non-monotonic 

relationship between band gap width and nanoparticle diameter. The band gap width first 

rises with increasing diameter, reaches a maximum value at a critical diameter, dmax, and 

then decreases. One implication of this non-monotonic behavior is that not all colloidal 

nanocrystal superlattices will have phononic band gaps. For example, our model predicts 

the absence of a phononic band gap for nanocrystal diameters below 3 nm with an 

interparticle distance of 2.5 nm.  
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The combined effects of d, L, Eligand, and ENC core on phononic band gap width can 

be visualized in Figure 2-6a, Figure 2-6b, and Figure 2-6c. These figures collectively reveal 

an intricate and rich behavior between these parameters and phononic band gap width. This 

behavior is best visualized in Figure 2-6c, which shows the relationship between phononic 

band gap width and nanocrystal core diameter for a large range of ENC core, 10 – 1250 GPa. 

In addition to an increasing band gap width below dmax and a decreasing band gap width 

above dmax, a second non-monotonic behavior is observed in Figure 2-6c. For nanocrystal 

core diameters 4 nm and larger, we see that the band gap width first increases with 

increasing ENC Core, reaches a maximum, and then decreases with increasing ENC Core. For 

example, nanocrystal core diameters of 8 nm have an increasing band gap width for 10 

GPa < ENC Core < 170 GPa and decreasing band gap width for 170 GPa < ENC Core < 1250 

GPa. This behavior causes the right sides of the curves in Figure 2-6c to first sweep 

diagonally up and then sweep diagonally down as ENC Core is changed from 10 to 1250 GPa. 

A similar, but subtler behavior can be seen in Figure 2-6a and Figure 2-6b. The subtlety of 

this behavior for changes in L and Eligand in Figure 2-6 arises because these parameters span 

a more narrow range than ENC Core. 
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Figure 2-6 The effect of nanocrystal core diameter on the phononic band gap width 

for: (a) varying interparticle distance, L; (b) varying elastic modulus of the ligand matrix, 

Eligand; and (c) varying elastic modulus of the nanocrystal core, ENC Core. Unless otherwise 

specified, L, Eligand, and ENC Core are fixed at 1.5 nm, 2.6 GPa, and 54 GPa, respectively. 

 

The fact that band gap width increases, reaches a maximum, and then decreases as 

d, L, Eligand, and ENC core are varied suggests that these four parameters impact band gap 

a)

b)

c)
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width in similar manners. This type of behavior has also been observed by Zanjani and 

Lukes,17 who found that as interparticle distance increased, the phononic band gap width 

increased, reached a maximum, and then decreased. They explained the origin of this 

behavior by considering the Bragg frequencies of each phononic crystal component and 

utilizing a transfer matrix model. Their modeling found that as the Bragg frequency 

mismatch between the two components increased, the band gap first widened, then reached 

a maximum at moderate Bragg frequency separation, and then narrowed. Since Bragg 

frequency is proportional to the square root elastic modulus and inversely proportional to 

length, this Bragg frequency explanation can also explain our observed effects of elastic 

modulus on phononic band gap width. The four parameters varied in Figure 2-6, d, L, 

Eligand, and ENC core, all have similar effects on the band gap width because each parameter 

has a role in determining the overall Bragg frequency mismatch between the nanocrystal 

cores and ligand matrix. In effect, the band gap width data in Figure 2-6 represents slices 

of a surface in a 4-dimensional space (i.e. d, L, Eligand, and ENC core).  

In many instances, we observe multiple band gaps in the phonon band diagram 

(Figure 2-7 and Figure 2-8). The band gap between the first and second set of optical 

branches tends to be the widest and higher frequency band gaps tend to be much more 

narrow. Our data also shows a correlation between increases in nanocrystal core diameter 

and the number of band gaps (Figure 2-7a and Figure 2-7c) and increases in the nanocrystal 

core elastic modulus and the number of band gaps (Figure 2-7b and Figure 2-7d). The 

origins of these correlations can be explained by observing the band diagram characteristics 

for changes in nanocrystal core diameter (Figure 2-8a – Figure 2-8c) and nanocrystal core 

elastic modulus (Figure 2-8d – Figure 2-8f). It is well known that increasing property 
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mismatches causes flattening of the phonon dispersion branches.106 The effects of 

increasing nanocrystal core diameter and increasing nanocrystal core elastic modulus are 

to increase mismatch with the ligand matrix (i.e. d / L and ENC core / Eligand increase). As the 

phonon branches flatten, this leads to more opportunities to form phononic band gaps and 

hence we observe a correlation between an increase in the number of band gaps and an 

increase in nanocrystal core diameter and elastic modulus.  

 

 

Figure 2-7 Frequency maps of the phononic band gaps in colloidal nanocrystal 

superlattices as a function of (a) nanocrystal core diameter and (b) nanocrystal core 

elastic modulus. The number of band gaps corresponding to each diameter and elastic 

modulus are shown in parts (c) and (d), respectively. Band gaps narrower than 5 GHz are 

not shown in these graphs. For diagram (a), the interparticle distance, ligand modulus, 

and nanocrystal core modulus are 1.5 nm, 1 GPa, and 54 GPa, respectively. For diagram 

(b), the interparticle distance, nanocrystal core diameter, and ligand modulus are 1.5 nm, 

9 nm, and 2.6 GPa, respectively. 

  

a) b)
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Another notable effect of changing nanocrystal core diameter and elastic modulus 

on the phonon band diagram is a re-scaling of the frequencies. While this frequency re-

scaling leads to meaningful changes in the phonon band structure, its effects on the number 

of observed band gaps are artificial in nature. When downshifting the frequencies, one 

effect is the appearance of seemingly more phonon branches. However this apparent effect 

originates from our maximum frequency limitation of 500 GHz due to the continuum 

nature of our PWE model. These “new branches” are simply shifting from frequencies 

above 500 GHz to frequencies below 500 GHz. Another effect of this frequency re-scaling 

is the potential to flatten bands as the frequencies are downscaled. While one might assume 

that this frequency re-scaling could be the origin of band flattening described in the above 

paragraph, it should be noted that band flattening due to frequency re-scaling and band 

flattening due to property mismatches are independent effects. This is evident when 

inspecting Figure 2-8f, which simultaneously has the flattest optical bands and the least 

frequency downscaling.  

 

2.6. Conclusions 

Our results illustrate that colloidal nanocrystals are excellent candidates for the 

bottom-up assembly of 3-dimensional phononic crystals. The nanoscale periodicity and 

acoustic contrast between the hard nanocrystal cores and soft ligand matrix lead to 

phononic band gaps with center frequencies on the order of ~ 102 GHz and band gap widths 

on the order of ~ 101 GHz. In addition, these characteristics can be tuned by changing the 

nanocrystal core diameter, nanocrystal core elastic modulus, interparticle distance, and 
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ligand modulus. Experimentally, choosing a nanocrystal synthesis that yields appropriate 

size and composition can enable control over the nanocrystal core properties.7–10 In 

practice, the interparticle distance can be controlled by varying ligand length (e.g. various 

length alkanethiols) and the ligand modulus can be controlled by changing ligand 

composition (i.e. stiffer aromatic ligands versus softer aliphatic ligands). Overall, the 

phononic band gap center frequencies and widths in colloidal nanocrystal superlattices far 

exceed those in current experimental demonstrations on 3-dimensional phononic 

crystals.97,98 This suggests that colloidal nanocrystal superlattices are promising candidates 

for use in high frequency phononic crystal applications that exert control over sound and 

heat. 
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Figure 2-8 Phononic band diagrams for varying nanocrystal core diameters: (a) 2 nm, 

(b) 6 nm, and (c) 15 nm, and varying nanocrystal core elastic moduli: (d) 10 GPa, (e) 150 

GPa, and (f) 1250 GPa. For diagrams (a) – (c), the interparticle distance, ligand modulus, 

and nanocrystal core modulus are 1.5 nm, 1 GPa, and 54 GPa, respectively. For diagrams 

(d) – (f), the interparticle distance, nanocrystal core diameter, and ligand modulus are 1.5 

nm, 9 nm, and 2.6 GPa, respectively. To improve clarity, the first 5 sets of branches (i.e. 

15 branches) are color-coded in each diagram. The three acoustic branches are black, the 

first set of optical branches are red, the second set of optical branches are green, and 

subsequent sets of optical branches are purple and cyan, respectively. 

 

 

a) b) c)
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CHAPTER 3 

3. A MACHINE-LEARNING BASED APPROACH FOR PHONONIC CRYSTAL 

PROPERTY DISCOVERY 

3.1. Introduction 

Phononic crystals are artificially structured materials that can possess special 

vibrational properties that enable advanced manipulations of sound and heat transport. 

These special properties originate from the formation of a band gap that prevents the 

excitation of entire frequency ranges in the phononic band diagram. Unfortunately, 

identifying phononic crystals with useful band gaps is a problematic process because not 

all phononic crystals have band gaps. Predicting if a phononic crystal structure has a band 

gap, and if so, the gap’s center frequency and width is a computationally-expensive 

process. Herein, we explore machine learning as a rapid screening tool for expedited 

discovery of phononic band gap presence, center frequency, and width. We test three 

different machine learning algorithms (logistic/linear regression, artificial neural network, 

and random forests) and show that random forests performs the best. For example, we show 

that a random phononic crystal selection has only a 17% chance of having a band gap, 

whereas after incorporating rapid screening with the random forests model, this probability 

increases to 89%. When predicting band gap center frequency and width, this model 

achieves coefficients of determinations of 0.66 and 0.85, respectively. If the model has a 

priori knowledge that a band gap exists, the coefficients of determination for center and 

width improve to 0.97 and 0.85, respectively. We show that most of the model’s 

performance gains are achieved for training data sets as small as ~5,000 samples. Training 
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the model with just 500 samples led to reduced performance, but still yielded algorithms 

with predictive value.  

Phononic crystals are artificially synthesized materials with periodic variations in 

acoustic properties.2,3,88 This periodicity can lead to advantageous vibrational properties 

that can be used to manipulate the transport of sound and heat. The vibrational properties 

of a phononic crystal are best described by its phononic band diagram (also known as the 

phonon dispersion relationship). The phononic band diagram relates the frequency of a 

given phonon wave vector to its corresponding frequencies and is analogous to electronic 

and photonic band diagrams. Within a given phononic band diagram, there can be entire 

phonon frequency ranges that are forbidden from excitation. These frequency ranges are 

known as “phononic band gaps” and are described by their band gap center frequency and 

band gap width. These phononic band gaps can be used to create novel phononic devices 

such as phonon waveguides, cavities, filters, sensors, switches, and rectifiers.81,83–86,107 

Figure 3-1a illustrates a 2-dimensional phononic crystal that consists of periodic 

cylinders in a square lattice that are embedded within a host material. Figure 1b shows the 

phononic crystal’s unit cell and Figure 3-1c illustrates the key symmetry points in 

reciprocal space. The full band diagram of a 2-dimensional phononic crystal is a 3-

dimensional surface. For ease of visualization, the band diagram is often illustrated as 2-

dimensional plots along the key directions in reciprocal space (i.e., line connecting  – M 

– X –  in Figure 3-1c). Figure 3-1d shows the band diagram for a phononic crystal that 

has a band gap. The presence of such a band gap, along with the corresponding center 

frequency and width, are among the primary characteristics of what makes a phononic 
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crystal useful for the creation of phononic devices. Not all phononic crystals have a band 

gap and Figure 3-1e illustrates an example case of this.    

 

Figure 3-1(a) Schematic of a 2-dimensional phononic crystal with a square lattice. 

The phononic crystal consists of a host material with cylindrical inclusions. The 

cylindrical inclusions are infinitely long in to and out of the plane of the paper. (b) 

Schematic of the phononic crystal’s unit cell in real space with relevant parameters 

labeled: lattice constant, a, inclusion diameter, d, inclusion material (blue) and host 

material (white). (c) Schematic illustrating the key symmetry points within the reciprocal 

space unit cell (e.g., first Brillouin zone). (d) Phononic band diagram of a 2-D square 

lattice with its phononic band gap highlighted. (e) Phononic band diagram of a 2-D 

square lattice that does not have a phononic band gap. Despite their periodicity, many 

phononic crystals do not produce a band gap. 
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For a given phononic crystal structure, it is not possible to know a priori what the 

band gap center frequency or band gap width will be. In fact, many phononic crystal 

structures don’t yield any phononic band gaps at all. For example, only 16.8% of the 14,112 

phononic crystals investigated in this paper yielded band gaps. Calculating the phononic 

band diagram is the typical way to determine if there is a band gap, and if so, what the 

corresponding band gap center frequency and width are. Unfortunately, calculating the 

phononic band diagram is a computationally expensive process that depends on many 

parameters. These parameters include the phononic crystal’s dimensionality, unit cell 

symmetry, number of materials, and material characteristics (i.e., shape, size, density, 

elastic modulus, and Poisson ratio). Calculating the phononic band diagram is essentially 

solving an eigenvector/value problem. Each phonon wavevector is an eigenvector and the 

corresponding frequencies are the eigenvalues. In 1992, Sigalas and Economou108 used the 

plane wave expansion method to calculate the phononic band diagram for periodic 

spherical inclusions inside a homogenous material.108 In 2000, Tanaka used the finite-

difference time-domain method to calculate the phononic band diagram for 2-dimensional 

phononic crystals.109 Recently, commercial finite element method software packages, such 

as COMSOL, have been used for phonon bandgap modeling of complicated structures with 

inclusion materials of various size and shape.110 Although rigorous calculations like these 

are the best way to accurately determine the band diagram for a given phononic crystal 

structure, these approaches are computationally-expensive and time-consuming. There are 

an infinite number of structural possibilities for phononic crystals and exploring a broad 

range of parameters can be impractical. The inverse process of designing a phononic crystal 

to yield a desired band gap center frequency and width is an even more challenging task.  
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In order to facilitate phononic crystal design, researchers have relied on simplified 

cases such as 1-dimensional crystals111–113 or by only considering longitudinal waves for 

2-dimensional phononic crystals.114,115 Both of these simplified approaches result in an 

easily solved equation with a derivative that can be used to optimize the band gap 

characteristics. Researchers have also used 2-dimensional phononic crystal design 

approaches that incorporate both longitudinal and transverse modes and are thus more 

accurate.116–119 These studies combine band diagram calculations with an iterative process 

that steers the algorithm to a phononic crystal with desired properties. However, these 

works still rely upon rigorous calculations of the phononic band diagram and are hence 

computationally-expensive and time-consuming.120,121 Consequently, computationally-

inexpensive methods, even if less accurate, would benefit the field by speeding up the 

phononic crystal search progress. Rigorous band diagram calculations could then be 

reserved for only the most promising structures.  

In this work, we propose to use machine learning as a fundamentally different and 

potentially efficient approach to determining the band gap characteristics of a given 

phononic crystal structure. During machine learning, computer systems build their own 

mathematical models to perform a specific task such as classification, prediction, and/or 

decision-making. No explicit instructions are given to the computer system as it creates the 

mathematical model. The computer system instead creates the model using algorithms, 

statistical analysis, and training data. In recent years, machine learning has been employed 

in several areas, including advanced object detection and classification,47–49 natural 

language processing,50,51,53 optimization in strategy games,54–57 cancer detection,58,59 

optical device design,60,61 and metamaterial structure optimization.62  
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To explore the potential for machine learning in phononic crystal property 

discovery, we test the use of three different machine learning algorithms (linear/logistic 

regression, artificial neural network, and random forests) and report their corresponding 

performances. We test these algorithms in three different ways. We first test these 

algorithms with respect to “classification,” which corresponds to a simple a binary yes/no 

output as to whether or not a band gap exists for a given phononic crystal structure.  We 

next test these algorithms with respect to “prediction,” which yields a quantitative output 

for the band gap center frequency and band gap width. Lastly, we test the prediction 

capabilities of these algorithms for a hypothetical special case. This special case 

corresponds to the situation where it is known a priori that a band gap exists, but that the 

band gap center frequency and width are unknown. We find that out of the investigated 

machine learning algorithms, the random forests model performs the best. For 

classification, this model achieves an accuracy, precision, and recall of 0.94, 0.89, and 0.77. 

When predicting band gap center frequency and width, the random forests model achieves 

coefficients of determinations of 0.66 and 0.85, respectively. If the machine learning model 

has a priori knowledge that a band gap exists, these center and width coefficients of 

determination improve to 0.97 and 0.85, respectively. These results demonstrate the 

potential for machine learning algorithms as rapid screening tools for expedited discovery 

of phononic crystal properties.  

 

3.2. Methodology: 

We studied the machine learning potential for phononic crystal discovery by 

applying three different algorithms: linear/logistic regression, artificial neural network, and 
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random forests. Linear/logistic regressions are suitable for linear systems, whereas 

artificial neural networks and random forests are more suitable for nonlinear systems. We 

used the scikit-learn package to perform the linear/logistic regression and random forests 

modeling. TensorFlow was used to perform the artificial neural network modeling. Within 

the machine learning community, inputs are often referred to as “features” and outputs are 

often referred to as “labels.” These terms of input or feature and output or label will be 

used interchangeable throughout this paper.  

Detailed descriptions of linear/logistic regression, artificial neural network, and 

random forests machine learning approaches can be found in a number of 

references.53,54,74,122 In brief, linear/logistic regression approaches perform a least-squares 

fit on the data to yield a simple, linear, and easily-interpretable equation that describes the 

machine learning predictions.122 The output for logistic regression is a discrete value (e.g., 

0 or 1) and hence we use this analysis for our classification tests. The output for linear 

regression is a continuously variable value and hence we use this analysis for our prediction 

tests. Artificial neural networks attempt to mimick the neural network in biological brains. 

In this approach, layers of connected nodes (or “artificial neurons”) process incoming data 

and then feed their output to subsequent layers of artificial neurons. As the artificial neural 

network is trained the network weighting at each node evolve and change to minimize 

error.53,54 The random forests method uses a collection of decision trees to determine the 

final output. In this method, each decision tree operates on a subset of data inputs and 

generates a corresponding output vote. The final output corresponds to the output that 

received the most votes among the ensemble of decision trees.74  
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For the purposes of providing training data for the machine learning algorithms, we 

used COMSOL to calculate the band diagram of 14,112 phononic crystal structures. The 

most basic description of a phononic crystal is its number of components, overall 

dimensionality, and unit cell symmetry. For the purposes of simplicity and efficiency in 

creating the training data, we focus on 2-dimensional phononic crystals with square 

symmetry that consist of 2 components (i.e., cylindrical inclusions embedded in a host 

matrix). This type of phononic crystal is schematically illustrated in Figure 1a. To further 

reduce the design space of possible phononic crystal structures, we fix the unit cell length 

to 10 nm, the host Poisson ratio to be 0.33, and inclusion Poisson ratio to be 0.33 (our prior 

work shows that Poisson ratio has a minimal effect on band gap formation).77 We then 

calculated the phononic band diagrams for varying structures within this parameter space. 

We varied host and inclusion elastic moduli values throughout a range representative of 

polymers to diamond (1, 3, 10, 30, 100, 300, and 1000 GPa). We also varied host and 

inclusion density values through a range representative of wood to heavy metals such as 

tantalum (500, 1000, 2000, 4000, 8000, 16000 kg/m3). Lastly we varied the diameter of the 

cylindrical inclusions from 2, 3, 4, 5, 6, 7, 8, and 9 nm (i.e, diameter-to-lattice constant 

values of 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9). Collectively, these calculations yield a 

total of 14,112 pieces of sample data (phononic band diagrams) that we refer to as our raw 

data.  

Each of these 14,112 pieces of sample data include 5 feature values (host elastic 

modulus, inclusion elastic modulus, host density, inclusion density, and cylinder diameter-

to-lattice constant ratio). We then created 3 label values for each band diagram. The first 

label is either 0 (bandgap does not exist) or 1 (bandgap exists) and this is the output for the 
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classification analysis. The other two labels represent the band gap center frequency and 

band gap width. These labels were created for each the 14,112 phononic band diagram by 

using a scripted search algorithm that identified whether or not a band gap exists and what 

are the corresponding band gap center frequency and band gap width. When no band gap 

exists, the search algorithm returned values of 0 for both band gap center frequency and 

band gap width. We limited the search algorithm to band gaps that existed within the first 

8 phonon branches and to those that are 5 GHz or wider.  

In order to evaluate the performance of each machine learning algorithm, we split 

the 14,212 pieces of sample data into “training” and “test” sets. The training dataset is used 

to train the machine learning algorithm so that it can create a mathematical model that 

relates the data features to the data labels. The test dataset is unseen by the algorithm during 

the training process and is then used after training to evaluate the model’s performance. 

During our training and test process, we normalized all features and labels to yield values 

less than 1. This normalizing process helps the machine-learning algorithms converge more 

easily. In the case of ANNs, normalizing also helps prevent the formation of large gradients 

that can inhibit convergence. To more clearly illustrate the machine learning results, these 

normalized values are converted back into absolute values when presenting results 

throughout this paper.  

To account for bias in the random sampling of the training and test datasets, we 

used a k-fold cross-validation scheme. In this scheme, the data are partitioned into k bags, 

where k-1 bags are used for training and 1 bag is used for testing the model performance. 

This process is repeated k times for different combinations of training and test data. The 

mean, standard deviation, and the coefficient of determination (R2) are then calculated to 



70 

 

describe model accuracy.63 For our k-fold cross-validation scheme, we used a value of k = 

10. This means that we trained our models using 90% of our sample data and tested them 

using 10% of the sample data. We then repeated this process a total of 10 times wherein 

each repetition a different random subset of our sample data was used for the training and 

test data sets. 

We also use precision and recall to gauge the performance of the machine learning 

classification tests. These metrics are important for situations in which the raw data is 

highly imbalanced, and this is the case in this paper. Of the 14,112 calculated band 

diagrams in this work, 16.8% had band gaps (i.e., 2,373 band diagrams) and 83.2% did not 

have band gaps. In this situation, a machine learning model that always predicts no band 

gap would technically by 83.2% accurate, but does not have any real predictive power. 

Precision and recall are performance metrics that are less affected by this imbalance. 

Precision gauges what fraction of the selected items are relevant. High precision means 

that the algorithm selects many more relevant results than irrelevant results. With respect 

to this paper, precision tells us out of all the phononic crystals predicted to have a band 

gap, what fraction actually do have a band gap (i.e., precision = [true positive / (true 

positive + false positive]). Recall gauges what fraction of the actual relevant items were 

selected. High recall means that most of the relevant results are successfully selected. With 

respect to this paper, recall tells us out of all the phononic crystals that actually have a band 

gap, what fraction was correctly identified (i.e., recall = [true positive / (true positive + 

false negative]).  
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3.2.1. Material Properties 

A binary 2-D phononic crystal is made of two alternating materials. These materials 

are called host and inclusion as shown in Figure 3-1. Each of these materials have their 

mechanical properties. In order to prepare the required data for training the machine 

learning model, we varied these material properties and captured their band diagram 

information. The main mechanical properties needed are elastic modulus, density and 

Poisson’s ratio. In our previous work77 , we showed that the Poisson’s ratio has the minimal 

effect on band gap formation, hence we kept it a constant value of 0.33 for both host and 

inclusion materials.  

Elastic modulus values are changed in 1, 3, 10, 30, 100, 300, and 1000 GPa and are 

normalized by scaler   
1𝑒−3

𝐺𝑃𝑎
 to range between 0.001 and 1. Densities values are 500, 1000, 

2000, 4000, 8000 and 16000  kg/m^3 and are normalized with scaler  
2𝑒−5

𝐾𝑔

𝑚3

  to range 

between 0.025 and 0.8. The radius is changed in the range of 1, 1.5, 2, 2.5, 3, 3.5, 4 and 

4.5 nm with lattice constant of 10nm to range between 0.2 and 0.9.  

Center and width frequency of the predicted band gap needs to be scaled by scaling 

factor: 1𝑒4Hz ×
1

𝑎
. For example, if the lattice constant is 10 nm (1𝑒−8𝑚) and model 

indicates a center frequency of the band gap is 0.5, the real value of the center frequency 

will be 1𝑒4𝐻𝑧 ×
1

1𝑒−8
× 0.5 = 500𝑒9 or 500 GHz. 
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3.2.2. Programming Specifics 

We have used Python programming language123 for programming. The k-fold 

cross-validation also was implemented in python. We used Scikit-learn package124,125 for 

linear regression, logistic regression, random forests, R2,precision and recall calculation. 

For both linear and logistic regression the default values are used except the fit_intercept 

is set to True. For both random forests models, n_estimators is set to 10 and max_depth is 

set to 10 and the rest of the parameters are set to default. 

The neural networks for prediction and classification are created in TensorFlow.126 

For classification, the network has 3 layers with sizes( number of neurons in each layer) of 

32,8 and 1 in sequence with kernel_normalization is set to normal and first two layers have 

Relu activation. The classification network uses the Adam optimizer with learning rate of 

1e-3 and binary_crossentropy as loss function and accuracy as the metric. The batch size 

of 128 with total 250 epochs is used for the training process. 

The prediction network also has 3 layers with sized of 32,8 and 2  in sequence with 

kernel_normalization is set to normal and first two layers have Relu activation. The 

prediction network uses the Adam optimizer with learning rate of 1e-3 with mean squared 

error (MSE) as loss function. The batch size of 128 with total 750 epochs is used for the 

training process. 

 

3.3. Results 

Figure 3-2 illustrates the distribution characteristics of the raw data (i.e. 14,112 

phononic band diagrams calculated by COMSOL). This distribution provides useful 

context for assessing the machine learning algorithm performance. More specifically, it 
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shows how each of the five features effect the probability of forming a band gap in a given 

phononic crystal structure. For example, Figure 3-2d illustrates the effect of inclusion 

density on the likelihood of phononic band gap appearance. This figure separates the 

14,112 pieces of raw data into their corresponding bins for each inclusion density value. 

Inspecting this figure, it is clear that a large majority of the phononic crystal structures do 

not possess a band gap (yellow portion of columns). It is also apparent that increasing the 

inclusion material density increases the likelihood of band gap formation.  

A common rule of thumb for predicting whether a bandgap exists in phononic 

crystals is that the inclusion material should be dense and stiff.127–129 This rule is captured 

within Figure 3-2 as it can be seen that larger inclusion elastic moduli and larger inclusion 

density (Figure 3-2b and Figure 3-2d, respectively) yield a higher probability for band gap 

formation. Figure 3-2e illustrates the effect of the inclusion diameter-to-lattice constant 

ratio, which is effectively inclusion volume fraction. This  data distributions show that 

large inclusion volume fractions are favorable for band gap formation, although this effect 

is not as pronounced as the effect of inclusion density.127–129  
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Figure 3-2 Bar graphs illustrating the likelihood of phonon band gap formation within 

the 14,112 pieces of raw data. The number of phononic crystals with band gaps is shown 

in blue and the number of phononic crystals without band gaps is shown in yellow. Each 

figure above shows the likelihood of phonon band gap formation for (a) varying host 

elastic modulus, (b) varying inclusion elastic modulus, (c) varying host density, (d) 

varying inclusion density, and (3) varying ratio of inclusion diameter to lattice constant. 
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3.3.1. Classification Results 

We first examine the ability of the machine learning algorithms to make a binary 

yes/no prediction of whether a phononic crystal structure possesses a band gap. Table 1 

summarizes the results for these classification tests. The random forests algorithm yielded 

the best results.  

 

Table 3-1 Accuracy, precision, and recall for identifying phononic crystals with band 

gaps using logistic regression, artificial neural network, and random forests machine 

learning models. The specified uncertainties represent ± 1 standard for the 10-fold cross-

validation. 

Performance 

Metric 

Logistic 

Regression 

Artificial Neural 

Network 

Random 

Forests 

Accuracy 0.84 ± 0.01 0.87 ± 0.06 0.94 ± 0.01 

Precision 0.57 ± 0.04 0.65 ± 0.06 0.89 ± 0.02 

Recall 0.16 ± 0.02 0.33 ± 0.04 0.77 ± 0.02 

 

The logistic regression model had an accuracy, precision, and recall of 0.84, 0.57, 

and 0.16, respectively. Although this accuracy appears high, this result is misleading due 

to the characteristics of the raw data (i.e., 83.18% of the raw data did not have band gaps 

and so accuracies near this value are not necessarily highly predictive). While performance 

metrics are not great, they do successfully demonstrate some predictive value. For example, 

the precision is 57%, which means that more than half of the identified phononic crystals 

do in fact have a band gap. In contrast, a random selection out of the 14k samples would 

only had a 16.82% chance of having a band gap. Consequently the logistic regression 
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model significantly improves the changes of finding a phononic crystal with a band gap by 

approximately 356%.  

It is not surprising that the logistic regression model yielded an overall poor 

performance because this model works best for linear systems. The output of the logistic 

regression model is a simple linear equation and a corresponding decision function. In 

reality, predicting whether a phononic band gap exists is a complex nonlinear problem that 

cannot be captured with linear equations. If a simple linear equation could make these 

predictions accurately, identifying phononic band gaps would likely be a research problem 

that was solved long ago. 

The artificial neural network model had an accuracy, precision, and recall of 0.87, 

0.65, and 0.33, respectively. These three results all represent improvements over the 

logistic regression model. This improvement is not surprising since artificial neural 

networks are better at approaching nonlinear problems. The precision value of 65% 

represents an approximately 386% improvement in identifying band gap presence over a 

random selection. The artificial neural network’s recall value of 0.33 is approximately 

double that of the logistic regression model. The artificial neural network correctly 

identifies approximately one third of the phononic crystal structures that actually have band 

gaps.  

The random forests model yielded the best performance of all the algorithms. It had 

an accuracy, precision, and recall of 0.94, 0.89, and 0.77. These metrics indicate a high 

degree of confidence for the random forests model’s ability to identify phononic crystals 

with band gaps. As mentioned earlier, 83.2% of the phononic crystal samples do not have 

band gaps and so accuracies near this value are not necessarily highly predictive (which is 
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the case for the logistic regression and artificial neural network models). In contrast, the 

random forests model is significantly higher at a value of 94.70%. Furthermore, the 

precision value of 89% means that nearly 9 out of 10 selected phononic crystals actually 

have a band gap. This represents a huge 529% improvement over a random phononic 

crystal selection. The recall of 77% means that the random forests correctly identified 

approximately three quarters of the phononic crystals that actually have band gaps.  

Although the results of the random forests model are encouraging, it is important 

to acknowledge the limitations of the machine learning approach. One limitation is that 

machine learning requires a large amount of training data. Generating this training data 

requires calculations of the actual phononic band diagrams, and this is in some sense what 

this approach is trying to avoid. In this study, we used finite element software to calculate 

band diagrams for 14,112 two-dimensional phononic crystals. A reasonable question to ask 

is how performance would be affected by reduced quantities of training data.   

Figure 3-3 illustrates the tradeoff between training data set size and performance of 

the random forests model. This figures displays accuracy, precision, and recall as the 

training data set is varied from 500 to 11,000 samples. As the training data set size is 

increased, the model performance increases in an asymptotic-like matter. Most of the 

performance gains are achieved by the time the training data set reaches 5,000 samples. 

However, even for a small training data set of 500 samples, the precision is already ~68%. 

Remarkably, this is better than the results of the linear regression are artificial neural 

network models that were trained with the entire data set (Table 3-1). This once again 

reinforces the superiority of the random forest model for addressing this problem. This 

~68% is also a significant improvement over a random phononic crystal selection (16.8%) 
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by 404%. The uncertainty bars in Figure 3-3 represent ± 1 standard deviation on the 

performance metrics for our 10-fold cross-validation scheme (i.e., the standard deviation 

of 10 different training and test sets). It can be seen that these uncertainty bars decrease as 

the training data set is increased, which means that the performance consistence of the 

random forests model is also increasing. 

 

Figure 3-3 Accuracy, precision, and recall values for the random forests model as a 

function of the training data set size. Each data point represents the average of 10 

different model implementations with random variations of the training and test data set. 

The uncertainty bars reflect ± 1 standard deviation of these 10 implementations. 

 

Based on these classification results, we conclude that machine learning algorithms 

are a powerful tool that can augment phononic crystal property discovery. However, we 

acknowledge that machine learning is by no means a complete replacement for rigourous 
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band diagram calculations. The first and most obvious reason is that machine learning 

relies on these calculations to provide training data. Furthermore, even if a training set 

already exists, rigorous band diagram calculations will still be needed to confirm the 

predictions of machining learning algorithms. For example, while the precision of the 

random forests model is a high 89%, this is still less than 100%. Consequently we cannot 

be fully confident that an identified phononic crystal will in fact have a phononic band gap. 

The precision of a band diagram calculation is effectively 100% and this should be done to 

confirm machine learning predictions. The value of the machine learning prediction is that 

it greatly reduces the size of the search space for phononic crystal property discovery. Even 

though our sample set size of 14,112 calculated phononic band diagrams is seemingly 

large, it is small in comparison to the infinite number of possible phononic crystal 

structures. Once a training data set is established, a machine learning model such as random 

forests can greatly increase the probability of finding a phononic crystal with a band gap 

relative to a random selection (89% versus 16.8%).  

 

3.3.2. Prediction Results 

We next examine the ability of the machine learning algorithms to quantitatively 

predict the band gap center frequency and band gap width of a given phononic crystal 

structure. During this test, phononic crystals that do not have a band gap were labeled as 

having center frequencies of 0 and widths of 0. We conducted a 10-fold cross-validation 

scheme that resulted in each machine learning model being implemented 10 times with 

different training and test sets during each implementation.  
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Figure 3-4 Prediction results for band gap centers (a, c, e) and widths (b, d, f) via the 

linear regression (a, b), artificial neural network (c, d) and random forests (e, f) machine 

learning models. The diagonal red line indicates perfect prediction and distance from this 

line indicates prediction error. The coefficients of determination for each case are shown 

directly on the plots. The uncertainties on the coefficient of determination reflect ± 1 

standard deviation during 10 different implementations of the model with randomized 

training and test sets. Note that there are many points directly on the y-axis that are not 

visible (i.e. phononic crystals that were predicted to have a band gap, but in reality did 

not). In a similar fashion, there are data point directly on the x-axis that are not visible as 

well. 

 

Figure 3-4 illustrates the prediction results by graphing the predicted band gap 

center frequencies and widths versus the actual band gap center frequencies and widths. 

Perfect predictions would fall directly along the diagonal red line in each figure. The 

performance of these tests are captured via the coefficient of determination (R2) values.  Of 

the three different algorithms, the random forests model yielded the best results. The 

coefficient of determination values exhibited some variations across each of the 10 

implementations and this variation is reflected via the uncertainties listed in each figure.   

The band gap center frequency and width predictions become progressively better 

for the linear regression, artificial neural network, and random forests models, respectively. 
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The regression model did the most poor with R2 values of 0.11 and 0.12 for the center 

frequency and width, respectively. As in the case of classification, this poor performance 

likely results from the fact that determining band diagram characteristics is a complex 

nonlinear problem. Artificial neural networks are better at addressing these types of 

problems and this is reflected in the increased R2 values of 0.61 and 0.62 for the center and 

width, respectively. The random forests model performed the best and had with R2 values 

to 0.66 and 0.85 for the band gap center frequency and width, respectively. 

For all three models, the predicted center frequency and width exhibit a bias toward 

values that are smaller than the actual center frequency and width. This bias can be seen in 

Figure 3-4 via the fact that most of the data points fall below the red line representing 

perfect prediction. This bias towards underprediction results because the vast majority of 

the phononic crystal structures (i.e., 83.2%) do not have band gaps. As mentioned earlier, 

phononic crystal structures without band gaps during training were labeled with band gap 

center and width values of 0 GHz. Having 83.2% of their training data labeled with values 

of 0 GHz caused the algorithms to become biased toward smaller values. This bias toward 

underprediction of the band gap center and width could likely be solved by separating the 

prediction problem into two separate steps and we explore this possibility later in this paper 

(see section titled “Prediction Results with A Priori Knowledge of Band Gap Presence”).  

Figure 3-5 illustrates the tradeoff between training data set size and performance of 

the random forests model during prediction of the band gap center frequency and width. 

As mentioned earlier, this prerequisite for large amounts of training data is a limitation for 

machine learning models. Figure 3-5 shows that most of the performance gains are 

achieved by the time the training data set reaches approximately 4,000 samples. For a small 
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training data set of 500 samples, the coefficient of determinations are approximately half 

of the value for the fully trained samples. Hence even these small training set sizes can 

provide some predictive value.   

 

 

Figure 3-5 Results for the coefficient of determination during the random forests 

prediction of the band gap center and width as a function of training data set size. Each 

data point represents the average of 10 different model implementations with random 

variations of the training and test data set. The uncertainty bars reflect ± 1 standard 

deviation of these 10 implementations. 

 

3.3.3. Prediction Results with A Priori Knowledge of Band Gap Presence 

Determining the band gap center frequency and width of a phononic crystal is a 

two-step process. The first step is to ask, “Does a band gap exist?” The answer to this first 

step is a binary yes or no value and was addressed in our classification tests. If the answer 

to this first step is “no,” then proceeding to the second step is pointless. The second step is 

to ask, “If there is a band gap, then what is the center frequency and width? The answer to 

this second step is a positive and continuously variable number and was addressed in our 



83 

 

prediction tests. The prediction tests in the prior section was forced to address both of these 

questions simultaneously and this resulted in biased results that underpredicted the true 

band gap center frequency and width. This underprediction bias arose because 

approximately 83% of the training data set was populated with phononic crystals that had 

a center frequency and width of “0” (i.e. no band gap). In a sense, the training and test data 

were polluted with a large quantity of irrelevant data.  

In this section, we examine if and how prediction results would improve if the 

machine learning algorithms were trained and tested with only phononic crystals that in 

fact have band gaps (i.e., a priori knowledge that the phononic crystal has a band gap). In 

practice, this type situation is unlikely to occur during phononic crystal property discovery. 

This is because users would not know if the phononic structures they are feeding the 

machine learning algorithm actually have band gaps. Nonetheless, this line of inquiry is 

worth exploring as an academic exercise. To examine this scenario, we trained and tested 

the machine learning algorithms using only the 2,373 phononic crystal structures that had 

band gaps (as opposed to all 14,112 phononic crystal structures). As in our earlier tests, we 

used a 10-fold cross-validation scheme during model implementation, which means we 

tested each model 10 times with random variations on the test and training data set.  

Figure 3-6 shows the prediction results for the machine learning algorithms that 

were trained and tested using only phononic crystals with band gaps. Most notable in this 

figure is that underprediction bias seen in Figure 3-4 is no longer there. The data in Figure 

3-6 is much more symmetric around the perfect prediction line (i.e., diagonal red line). 

This supports our earlier explanation that the underprediction bias in Figure 3-4 originates 

from the abundance of phononic crystals with no band gap in the training and test data sets.  
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Another notable result in Figure 3-6 is that the R2 values for the center frequency 

are significantly improved relative to the Figure 3-4. The R2 values for the artificial neural 

network and random forests are 0.90 and 0.97 which indicated a high degree of confidence 

in these predictions. It is worth acknowledging that the R2 values for the band gap width 

appear do not appear to have improved between Figure 3-4 and Figure 3-6. The fact that 

we achieved substantial improvements in center frequency prediction and inconclusive 

changes in width are not entirely surprising. The effect of phononic crystal structure on 

center frequency is more well understand than that of band gap width. It is well known that 

stiffer and lighter materials lead to increased center frequency25,108,127–129 and it should be 

easy for machine learning algorithms to learn this trend. In contrast, the band gap width 

depends on the relative curvature of all the phonon branches within the band structure and 

is hence much more unpredictable.  

Lastly, it is notable that the generally improved results of Figure 3-6 were actually 

achieved with less training data than Figure 3-4! The studies in Figure 3-4 used all 14,112 

calculated phononic band diagrams whereas the studies in Figure 6 used only 2,373 band 

diagrams. Achieving better predictions with less data is clearly worth noting. In some 

sense, this points to the importance of training data quality. The training data for the studies 

in Figure 3-6 were not contaminated with phononic crystals that lacked a band gap. Hence 

these model implementations were able to learn both better and faster. We still expect there 

to be a tradeoff between training data set size and performance of the model and this is 

shown in Figure 3-7. Figure 3-7 shows that most of the performance gains are achieved by 

the time the training data set reaches approximately 1,200 samples. For a small training 

data set of 100 samples, the coefficient of determination for band gap width is  
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approximately one-fourth of the value for the fully trained samples. Hence even these small 

training set sizes can provide some predictive value.   

 

 

Figure 3-6 Prediction results for band gap centers (a, c, e) and widths (b, d, f) via the 

linear regression (a, b), artificial neural network (c, d) and random forests (e, f) machine 

learning models. Only phononic crystals with band gaps were used during training and 

testing of the machine learning model.  

 

Figure 3-7 Results for the coefficient of determination during the random forests 

prediction of the band gap center and width as a function of training data set size. Only 

phononic crystals with band gaps were used during training and testing of the machine 

learning model. 
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3.3.4. Output Equations for Logistic and Linear Regression  

This model generated the following equation and condition for predicting whether 

or not a band gap exists: 

𝑦 = 1.19 �̅�𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 + 2.06�̅�𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 + 0.13�̅�ℎ𝑜𝑠𝑡 − 4.75�̅�ℎ𝑜𝑠𝑡 + 1.40
𝑑

𝑎
− 2.51  [1] 

if  
1

1+𝑒−𝑦 ≥ 0.5; then a phononic band gap exists [2] 

where �̅� and �̅� represent the normalized (i.e., non-dimensionalized) elastic modulus 

and mass density. Equations [1] and [2] are constructed so that positive y yields an output 

> 0.5 and consequently causes the machine learning algorithm to predict that a phononic 

band gap exists. Similarly, negative y yields an output < 0.5 and consequently causes the 

machine learning algorithm to predict that no phononic band gap exists. 

Linear regression fails in capturing the relation between features and center and width 

frequency with 𝑅2 0.21±0.01 and 0.14±0.01 respectively. Equations [1] and [2]  ins 

supplementary information show the relation for predicting band gap center and width 

respectively. Figure 3-3- (a) and (b) presents predicted values plotted against true values 

for center and width frequency respectively. Such a plot shows the relation between 

predicted and true values. If all the predicted values match the true values, all the points 

should locate on the line y=x that is shown with a red line in these plots. As it can be seen 

from the plot, there is a very small correlation between predicted and true values. This poor 

result shows phononic crystal properties does not have a linear relation with its center and 

width frequency. This indicates that phononic crystals band gap location is a nonlinear 

system with respect to its properties. (This indicates that phononic crystals are nonlinear 

systems.)For band gap center frequency: 
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𝑦 = 0.075�̅�𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 + 0.032�̅�𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 + 0.069�̅�ℎ𝑜𝑠𝑡 − 0.102�̅�ℎ𝑜𝑠𝑡 + 0.002
𝑑

𝑎
+ 0.029  

 [3] 

For band gap width: 

𝑦 = 0.012�̅�𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 + 0.024�̅�𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛 − 0.003�̅�ℎ𝑜𝑠𝑡 − 0.018�̅�ℎ𝑜𝑠𝑡 + 0.021
𝑑

𝑎
− 0.006  

 [4] 

3.3.5. Algorithms Training Process and Overfitting 

In all the linear and logistic regression models, the number of samples is much 

greater than the number of features (five features) and degree of the fitted equation (linear 

equation has a degree of one). This indicates that the model cannot overfit. 

The train and test metrics for random forests models are presented in the Table 3-2 

below. All the metrics values for the training is slightly higher than of testing. This 

indicates that the random forests models are not overfitted. 

Table 3-2 Train and test accuracy and R2 for random forests models 

 Classification 

Accuracy 

Prediction R2 

Prediction R2 for a Priori 

Knowledge 

Center 

Frequency 
Width 

Center 

Frequency 
Width 

Train 0.97 0.63 0.83 0.98 0.87 

Test 0.94 0.66 0.85 0.97 0.85 

 

In the case of ANN models, the training and validation losses are plotted for all of 

the models. These plots are presented in Figure 3-8, Figure 3-9 and Figure 3-10 for 

classification, center and width frequencies prediction and prediction + prefect classifier 

respectively.  In these figures, it can be seen that both training and validation losses are 
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decreasing. The validation loss follows the training loss with slightly higher values and no 

rising in the validation loss is observed. This indicates that the ANN model can learn from 

the data and decrease the training loss and at the same time generalize well on the validation 

set without overfitting. 

 

 

Figure 3-8 Cross entropy loss values for training and validation sets of  the ANN 

classifier 
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Figure 3-9 Mean squared error loss values for training and validation sets of  the 

ANN regressor 

 

 

Figure 3-10 Mean squared error loss values for training and validation sets of  the 

ANN regressor + perfect classifier 
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3.4. Conclusions 

This work demonstrates the potential for machine learning models as rapid 

screening tools for the expedited discovery of phononic crystal properties. We investigated 

three different machine learning algorithms (logistic/linear regression, artificial neural 

network, and random forests) and found that random forests yielded the best performance 

metrics. For classification, this model achieves an accuracy, precision, and recall of 0.94, 

0.89, and 0.77. When predicting band gap center frequency and width, this model achieves 

R2 values of 0.66 and 0.85, respectively. If the model has a priori knowledge that a band 

gap exists, these R2 values improve to 0.97 and 0.85, respectively. These accuracy metrics 

demonstrate a high degree of confidence and demonstrate the utility of machine learning 

for phononic crystal property discovery.  
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CHAPTER 4 

4. A MACHINE-LEARNING BASED APPROACH FOR PHONONIC CRYSTAL 

DESIGN 

4.1. Introduction 

This chapter demonstrates the feasibility of using a machine-learning model to 

predict a complete or partial material-geometric property set for complete band-gap center 

and width frequencies with specified values. In the following sections, the challenges 

associated with designing phononic crystals using a machine learning approach are 

described, and, building from the work presented in Chapter 3, the suitability and 

shortcomings of the random-forests method are presented with supporting statistical 

analyses. Finally, to address the shortcomings of the rando-forests model, an autoencoder 

with a novel loss function was designed. 

 

4.2. Phononic Crystal Discovery 

In Chapter 3, machine learning was used as a modeling and material-discovery tool 

to predict band gap formation and location using material properties as inputs (features) 

and complete band gap center and width frequencies as outputs (labels). In this chapter, the 

reverse problem is considered. Here, machine learning is used to address a phononic crystal 

discovery problem; thus, the inputs are the target center and width frequency values of a 

complete band gap and the machine learning algorithm is tasked to predict the phononic 

crystal material-geometric properties required to achieve the specified bang-gap properties. 

Prior to initiating modeling procedures, it is necessary to conduct a statistical analysis of 
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the dataset that will be used for model training, validation, and testing. These analyses are 

presented below. 

 

4.3. Descriptive Statistics of the Training Data 

The data presented in Chapter 3 are also used for analyses in this chapter. However, 

only samples with a complete band gap are used here because the dataset is highly 

unbalanced and phononic crystals without a band gap are not relevant to the research 

questions herein. Thus, only 2373 samples were available for model training, which could 

negatively affect performance. 

It is important to conduct descriptive statistical analyses of the dataset prior to 

training to reveal underlying patterns in the data and possible obstacles to training the 

machine learning algorithm. Figure 4-1 shows histograms for two dataset features (Fig. 4-

1a: center frequency; Fig. 4-1b: width frequency) where the data are binned according to 

count values from zero to one. Both histograms show that the highest concentrations for 

center and width frequencies are at lower values.  

 

Figure 4-1 Histogram with 10 bins across a 0–1 range for  

a) center frequency values b) width frequency values. 

a) b) 
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The value distributions seen in the histograms indicate concern for “one-to-many 

relationships” in the model-training process, which is a common problem during the design 

process. Consider the problem solved in Chapter 3, where each feature set (material-

geometric properties) has exactly one label set. This is an example of a sample set that can 

be modeled by a function such as that shown in Figure 4-2a, which represents a “one-to-

one relationship.” In this case, calculating  coefficient of determination, R2, is easy and 

straightforward. It is also possible for some design problems to have more than one true 

label set for the same feature set, which is the one-to-many relationship referenced above, 

and shown in Figure 4-2b.  

 

Figure 4-2 a) One-to-one relationship between two sets for functions. 

b) One-to-many relationship between two sets. 

 

The property of not having exactly one label set for each feature set will have 

several negative effects on training a machine learning model. First, the training algorithm 

needs to be able to learn that, for a specific feature set, there might be multiple label sets, 

and it can be confusing for the algorithm to decide which label set to output or to identify 

the proper pattern between features and labels. Second, a one-to-many relationship makes 
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model evaluation difficult. Consider a case with five label sets for a specific feature set. If 

the trained model learns to select only one of these five label sets for the specific feature, 

it will be wrong in four out of five predictions even though it is still predicting a correct 

label. An evaluating metric like R2 or MSE will look at the distance between predicted 

labels and true labels and cannot identify cases where a one-to-many relationship exists. 

Center frequency data include 2373 unique values (from 2373 total samples), which 

constitutes a one-to-one relationship. In contrast, width frequency data include only 249 

unique values, indicating a one-to-many relationship. Because in our future modeling, we 

will use a pair of center and width frequencies together as a sample (i.e., feature set), all of 

the samples are unique, yielding a one-to-one relationship between feature sets and labels. 

 

4.4. Random Forests Models of Phononic Crystals 

Here, the random-forests method is used to predict phononic crystals for specified 

band gap centers and width frequencies (feature set). In these models, elastic modulus of 

host and inclusion, densities of host and inclusion, and the ratio of the lattice constant to 

the diameter (relative size) are the model labels (five labels). 

As described above, this model for predicting a complete set of material-geometric 

properties of a phononic crystal has two features to predict five labels. In the following 

sections, this method is tested and the effect on post-training model performance of 

increasing or decreasing the number of features and labels is analyzed. 
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4.4.1. Predicting a Complete Set of Material-Geometric Properties of a Phononic Crystal 

In this section, a random-forests model was trained to predict a complete set of 

material-geometric properties of a phononic crystal with a two-feature set comprising 

center and width frequencies in a target range. The R2 values for predicting elastic 

modulus of host (E1), elastic modulus of inclusion (E2), density of host (1) , density of 

inclusion (2), and relative size (
𝑑

𝑎
) were 0.530.05, 0.050.08, -0.190.15, 0.190.07, 

and 0.230.09. These R2 values are low, indicating that the random-forests models were 

not able to predict a phononic crystal to match the feature set values (Figure 4-3a–d). 

Figure 4-4 Predicted versus true values for ratio of diameter to lattice constant. 

 

Figure 4-3 Predicted versus true values for elastic modulus of a) host and b) inclusion 

and for density of c) host and d) inclusion with R2 values of 0.54, 0.06, -0.19 and 0.19, 

respectively. 

a) b) 

c) d
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Figure 4-4 Predicted versus true values for ratio of diameter to lattice constant 

(relative size) (
𝑑

𝑎
); R2 = 0.23. 

 

4.4.2. Predicting a Partial Set of Material-Geometric Properties of a Phononic Crystal 

To alleviate this problem, two other scenarios are considered and tested in future 

sections. Consider a case that  there is a need for a phononic crystal with specific center 

and width frequencies, and at the same time one of the constituent material of the phononic 

crystal plus their relative size is known and a machine learning algorithm is tasked to 

predict the other material properties.  

 

4.4.2.1. Predicting Host Material Properties 

This section explores a case where a machine learning algorithm is tasked to predict 

host material properties (E1, 1; number of labels = 2) given known values for band gap 

center, width frequency, inclusion properties (E2 , 2), and relative size (
𝑑

𝑎
) (number of 

features = 5). R2 estimates from this model for predicting host material properties were 
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0.800.06 and 0.610.07 for E1 and 1, respectively. Figure 4-5a & b show the predicted 

versus true values for host material properties.  

  

 

Figure 4-5 Predicted versus true values for a) elastic modulus of inclusion and b) 

density of inclusion with R2 values 0.80 and 0.61, respectively. 

 

This result is a great improvement over the model results in section 4.4.1 because 

this set-up includes five features, and more features will provide more information for the 

algorithm to construct a model with greater predictive ability. 

 

4.4.2.2. Predicting Inclusion Material Properties 

In this section, a case is presented where the band-gap center, width frequency, host 

properties (E1, 1 ), and relative size (
𝑑

𝑎
) are known, and the machine-learning algorithm is 

tasked with predicting the material properties of inclusion (E2 , 2). 

The R2 values for predicting inclusion material properties from this model are 

0.200.04 and 0.770.03 for E2, and 2, respectively. These results offer an improvement 

in inclusion density estimation but not for inclusion elastic modulus. Figure 4-6a & b show 

a) b) 
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the predicted versus true values for inclusion material properties. This model shows a 

greater ability to predict host material properties compared with inclusion material 

properties. 

 

 

Figure 4-6 Predicted versus true values for a) elastic modulus of host and b) density 

of host with R2 values of 0.21 and 0.77, respectively. 

 

4.5. Autoencoder to Predict Phononic Crystals 

In the above sections, it was shown that random forests models cannot accurately 

predict a full set of material-geometric properties for a phononic crystal with specified band 

gap center and width frequencies. Random forests perform better when only one material 

of a phononic crystal is required, but this solution is rarely practical. To address this 

shortcoming, an autoencoder with a novel combinatorial loss function can be devised. 

 

4.5.1. Autoencoder Structure And Loss Function 

The autoencoder used here has eleven layers, as shown below in Figure 4-7; layer 

sizes are 5, 5, 4, 4, 3, 3, 2, 3, 4, 5, and 5, respectively. All layers have a hyperbolic tangent 

(tanh) activation function and normal distribution initiation. The main purpose of an 

a) b) 



99 

 

autoencoder is to regenerate features as labels; thus, this network  accepts E1, E2 ,1 , 2, 

and (
𝑑

𝑎
) as inputs and then regenerates them as outputs.  

 

Figure 4-7 Schematic structure of a designed autoencoder 

 

The autoencoder is trained to output the band-gap center and width frequencies into 

the encode layer through a loss function, which consists of two parts, Loss_1 and Loss_2  

(Figure 4-7). The encode layer of the autoencoder is designed to have two dimensions, 

which, in this example, are the band-gap center and width frequencies. Loss_1 is the first 

part of the loss function, and its role is to coerce the autoencoder to output center and width 

frequency values from the mean squared error (MSE) of the predicted labels (encode layer) 

and the true labels (true center and width frequencies). The second part of the loss function 

is Loss_2 (Figure 4-7), which estimates the difference between the five inputs and five 

outputs from the autoencoder. The total loss in this example network is the sum of Loss_1 
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and Loss_2. The Adam optimizer with a learning rate of 1e-3 was used with 20,000 epochs, 

and optimization was performed in Keras with the TensorFlow backend function. 

By minimizing the sum of Loss_1 and Loss_2, the autoencoder should be able to: 

a) Encode the material-geometric properties for band-gap center and width 

frequencies in the encode layer with Loss_1. 

b) Decode the center and width frequencies to the material-geometric properties 

with Loss_2. 

 

If the autoencoder is successful in performing these two objectives, the decoding 

step can be used as a model that accepts center and width frequencies and predicts the full 

set of material-geometric properties for a desired phononic crystal.  

Training an autoencoder with combinatorial loss for such a small data set is a very 

hard task and special care needs to be taken into account to avoid overfitting. In this work, 

data is divided into train, validation and test sets (80% train, 10% validation and 10% test). 

During the training process all three losses (loss_1, loss_2, combinatorial loss (loss_1 + 

loss_2)) for training set and also validation combinatorial loss (loss_1 + loss_2) for 

validation set are observed to avoid overfitting. At the end of the training process, 

performance on the test set is captured. This process is repeated with 3-Fold cross-

validation method and mean and standard deviation of the R2 values on the test sets is 

reported. Figure 4-8 shows all loss values for 20,000 epochs. It can be seen from this graph 

that neural network is not overfitted. Figure 4-9 shows the same graph only for the last 

2000 epochs. In these graphs, loss and val_loss are combinatorial losses for training and 

validation. Loss_1 and loss_2 show RMS values for the same losses presented in Figure 
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4-7.  During the training process all validation losses have higher values than training 

losses. Both train and validation losses are decreasing and there is no sign of overfitting 

where validation losses start to increase while training losses decrease. Because the rate of 

change in losses has decreased ( loss values changes are very small), network is not learning 

and training process can be stopped. 

 

Figure 4-8 Training and validation losses for Loss_1, Loss_2, and combinatorial loss 

for 20,000 epochs 

 

 

Figure 4-9 Training and validation losses for Loss_1, Loss_2, and combinatorial loss 

for the last 2,000 epochs 

 

4.5.2. Predicting Complete Set of Material-Geometric Properties of a Phononic Crystal 

Here, the results from training an autoencoder with a novel combinatorial loss 

function are presented. As mentioned above, the autoencoder has two sets of predictions 
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and each has its own loss function. The first set of predictions are a complete band-gap 

center and width frequencies in the encode layer. The second set are predictions of 

material-geometric properties for a specified phononic crystal in the output layer. 

The first set of predictions has R2 values of 0.920.03 and 0.850.08 for the center 

and width frequencies, respectively. The high R2 values indicate the ability of the encoding 

network to map material-geometric properties to center and width frequencies. These 

values are also comparable to the results presented in Chapter 3 for the perfect classifier 

and center and width frequency predictor. The plot of predicted values versus true values 

(Figure 4-10) shows a high concentration around the y = x line. From Figure 4-10 it also 

can be observed that center frequency predictions concentrate more around the y = x line 

compared with width frequency values. This can be attributed to the one-to-many 

relationship underlying width frequency. It is worth noting that R2 values are worst when 

dealing with a one-to-many problem, and solving this problem only improves R2. 

 

Figure 4-10 Predicted versus true values for a) center and b) width frequencies with 

R2 values of 0.92 and 0.84, respectively. 

 

a) b) 
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For the second set of predictions, R2 values for E1, E2, 1, 2, and 
𝑑

𝑎
 were 

0.940.03, 0.980.007, 0.940.03, 0.710.02, and 0.940.02, respectively. The high 

values for R2 indicates that the autoencoder was successfully trained and could reconstruct 

its inputs in the output layer. These values also indicate a great improvement over the 

random-forests model presented earlier in this chapter for predicting the full set of material-

geometric properties for a phononic crystal. Figure 4-11 shows the predicted values versus 

true values for E1, E2, 1, and 2, and these plots show a large concentration around the y 

= x line, which is an indication of good prediction. 

 

Figure 4-11 Predicted versus true values for elastic modulus of a) host and b) 

inclusion and for density of c) host and d) inclusion with R2 values of 0.93, 0.98, 0.94, 

and 0.70, respectively. 

a) b) 

c) d) 
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Figure 4-12 shows the predicted versus true values for the diameter to lattice 

constant ratio. Predicted values follow the y = x line. 

 

Figure 4-12 Predicted versus true values for the diameter to lattice constant ratio ( 
𝑑

𝑎
) 

with R2 values of 0.94. 

 

4.5.3. Autoencoder Extra Tests 

In this section two extra tests has been performed. The first test feeds the true center 

and width into the encode layer of the autoencoder to generate five material properties of 

a phononic crystal. Then these five generated values are fed into the input of the 

autoencoder to generate center and width in the encode layer. The predicted center and 

width values versus true center and width values are shown in Figure 4-13. The R2 values 

for center and width are -0.27 and 0.21 respectively. The width predicted values show a 

strong correlation at lower values (below 0.1) and caps at higher values. This can be related 

to lower number of samples for training in this range. 
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Figure 4-13 True values of a)center and b)width (shown on x-axis) fed into the 

encoder layer of autoencoder and generated properties at decode network are fed into the 

encoding network to generate predicted center and width (shown on y-axis) 

 

The second test, takes a different approach. In this test, the true center and width 

are fed into the encode layer of the autoencoder to generate five material properties of a 

phononic crystal. Then these five phononic crystal properties are imported into COMSOL 

and a real simulation is done and band gap center and width is recorded. This test is only 

carried out for 21 samples. To select the samples, we only focused on elastic modulus of 

host. There are seven true values of host elastic in the data. For each true value of host 

elastic modulus we selected three predicted values. The first is the closest to the mean of 

predicted values, the second and third are one standard deviation (of a predictions) above 

and below the mean. Figure 4-14 shows the true center and width versus simulated center 

and width. The R2 for center and width are -3.5 and -0.46 respectively. We can observe 

that the model over-predicts the center and under-predicts the width compared to the 

COMSOL simulation. 
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Figure 4-14 True values of a)center and b)width (shown on x-axis) fed into the 

encoder layer of autoencoder and generated properties at decode network are fed into 

COMSOL to generate predicted center and width (shown on y-axis) 

4.6. Conclusion 

Based on results from Chapter 3, in this chapter, the random-forests model was 

chosen as the best candidate to predict material-geometric properties for a phononic crystal 

with specified complete band-gap center and width frequencies. However, the analyses in 

this chapter show that random-forests models fail to sufficiently perform this task, unless 

one material (either host or inclusion) and the diameter to lattice constant ratio is known, 

in which case, these models can be useful for predicting the second material. 

To address the deficiency of the random-forests model, an autoencoder, which is a 

special type of artificial neural network, with a novel loss function was designed, trained, 

and tested. The autoencoder solution not only demonstrates great improvement on the 

random forests predictions presented in this chapter, it also offers a comparable modeling 

technique for predicting the band-gap center and width frequencies by Artificial Neural 

Network and random forests presented in Chapter 3.

a) b) 
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CHAPTER 5 

CONCLUSIONS AND FUTURE WORK 

In this dissertation, a study of phononic crystals that explored several different 

methodological approaches was presented. First, a traditional numerical eigenvalue 

method (plane-wave expansion) was used to study complete band gaps in recently 

synthesized materials (3-dimensional colloidal nanocrystal superlattices). Findings from 

this method suggest that colloidal nanocrystal superlattices are a promising class of 

phononic crystals with wide complete band gaps in the GHz range. GHz band gaps allow 

manipulation and filtering of phonons that contribute to heat transfer.1  

The second approach used a data-driven model based on machine-learning 

algorithms. Trained machine-learning algorithms can 1) predict whether a complete band 

gap exists in a given set of material-geometric properties for a 2-dimensional phononic 

crystal and, 2) if it exists, it can predict its center and width frequencies. Machine-learning 

algorithms were also used for phononic crystal design and to solve a suggestion problem, 

in which the algorithm suggested a material-geometric property set for a complete band 

gap with target center- and width-frequency values. 

Also considered in this work were the circular and spherical inclusions for 2-

dimensional and 3-dimensional phononic crystals. Recent advances in material synthesis 

has made it possible to fabricate inclusions with different shapes, such as cross-like 

inclusions and rectangular inclusions, among others.130–132 Other inclusion shapes should 

be the subject of future studies. 
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Basic and common algorithms were used in Chapter 3 to model relationships 

between material-geometric properties and complete band-gap characteristics. Several 

improvements and alternatives should be explored in future machine-learning studies: 

 1) More samples should be gathered for the training process including adding more 

materials and inclusion shapes to the sample pool. 

2) Other machine-learning algorithms, like Support-Vector Machine (SVM),63,76 

polynomial regression,63,133 and advanced ANN networks should be evaluated. 

Common machine-learning algorithms were used in the design process to study the 

feasibility of phononic crystal material-geometric property predictions for specified band-

gap center and width frequencies. More advanced and specific algorithms, like 

recommender algorithms, can improve results for phononic crystal design. 
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APPENDIX B 

 

COLLOIDAL NANOCRYSTAL SUPERLATTICES AS PHONONIC CRYSTALS: 

PLANE WAVE EXPANSION MODELING OF PHONON BAND STRUCTURE 

 



Colloidal nanocrystal superlattices as phononic
crystals: plane wave expansion modeling of
phonon band structure†

Seid M. Sadat and Robert Y. Wang*

Colloidal nanocrystals consist of an inorganic crystalline core with organic ligands bound to the surface and

naturally self-assemble into periodic arrays known as superlattices. This periodic structure makes

superlattices promising for phononic crystal applications. To explore this potential, we use plane wave

expansion methods to model the phonon band structure. We !nd that the nanoscale periodicity of these

superlattices yield phononic band gaps with very high center frequencies on the order of 102 GHz. We

also !nd that the large acoustic contrast between the hard nanocrystal cores and the soft ligand matrix

lead to very large phononic band gap widths on the order of 101 GHz. We systematically vary nanocrystal

core diameter, d, nanocrystal core elastic modulus, ENC core, interparticle distance (i.e. ligand length), L,

and ligand elastic modulus, Eligand, and report on the corresponding e"ects on the phonon band

structure. Our modeling shows that the band gap center frequency increases as d and L are decreased,

or as ENC core and Eligand are increased. The band gap width behaves non-monotonically with d, L,

ENC core, and Eligand, and intercoupling of these variables can eliminate the band gap. Lastly, we observe

multiple phononic band gaps in many superlattices and !nd a correlation between an increase in the

number of band gaps and increases in d and ENC core. We !nd that increases in the property mismatch

between phononic crystal components (i.e. d/L and ENC core/Eligand) #attens the phonon branches and

are a key driver in increasing the number of phononic band gaps. Our predicted phononic band gap

center frequencies and widths far exceed those in current experimental demonstrations of 3-

dimensional phononic crystals. This suggests that colloidal nanocrystal superlattices are promising

candidates for use in high frequency phononic crystal applications.

1. Introduction
Phonons are vibrational waves that transport sound and heat.1

The phononic band diagram (also known as the dispersion
relationship) relates the frequency of a given phonon to its
corresponding wave vector and is analogous to electronic and
photonic band diagrams. By exercising control over the phonon
band structure, it is possible to manipulate the transport of
sound and heat. One common method of engineering band
structure is to create phononic crystals, which are arti!cially
made materials with periodic variations in acoustic impedance
(e.g. alternating hard and so! materials). This periodicity
results in a phononic band gap that forbids the propagation of
phonons in a particular frequency range.2–5 The phononic
crystal is the vibrational wave analogue to the well-known

photonic crystal, which uses periodic variations in refractive
index to create a photonic band gap.6,7 Two key characteristics
of a phononic band gap are its center frequency and its width.
The band gap fundamentally arises from wave interference,
which requires that the periodicity be comparable to the
phonon wavelength; hence shorter periodicities lead to pho-
nonic band gaps with higher center frequencies. The width of
the phononic band gap depends on the acoustic impedance
ratio of the phononic crystal's components; the further this
ratio deviates from unity, the wider the band gap.2 Hence
a phononic crystal made of alternating hard and so! materials
will have a wider band gap than one made of two alternating
hard materials. Depending on the number of dimensions in
which periodicity occurs, phononic crystals are described as 1-,
2-, or 3-dimensional (i.e. periodic planes, cylinders, and
spheres, respectively). Phononic crystals are a promising class
of materials for sound and heat manipulation and have been
used to create phonon waveguides, cavities, !lters, sensors,
switches and recti!ers.8–14

Phononic crystals are commonly constructed through the
assembly of macroscopic building blocks or top-down fabrica-
tion methods such as lithography.15–17 These fabrication
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approaches have yielded phononic band gaps with center
frequencies in the !1 kHz to 10 GHz frequency range. Extend-
ing this center frequency range above 10 GHz is desirable
because such structures can potentially manipulate heat
conduction14,18,19 and/or enable novel optomechanical
devices.20–23 Creating phononic band gaps in this frequency
range generally requires nanostructured materials with peri-
odicities of #10 nm. While 1-dimensional phononic crystals
made via sequential thin !lm deposition have achieved band
gaps in this frequency range,24,25 creating 3-dimensional peri-
odicities on this length scale is much more di!cult. Phononic
band gaps with center frequencies above 10 GHz have yet to be
experimentally observed in 3-dimensional phononic
crystals.26,27

In this work, we suggest that colloidal nanocrystals form
a natural basis for the bottom-up assembly of 3-dimensional
phononic crystals with record high frequency band gaps.
Colloidal nanocrystals consist of an inorganic crystalline core
with organic ligands (e.g. oleic acid, alkanethiols, etc.) bound to
the surface (Fig. 1a). Elegant precision and control over
colloidal nanocrystal size, shape, and composition is now
commonplace and is summarized in a number of reviews.28–31

Colloidal nanocrystal-based materials have received attention
for a wide range of applications spanning photovoltaics,32,33

light-emitting diodes,34,35 thermoelectrics,36–38 thermal
storage,39–41 and electronics.42,43 In contrast, the use of colloidal
nanocrystals for phononic crystals has received very limited
attention.44,45 The diameter of a colloidal nanocrystal core is
typically controlled to be between!2 and 15 nm, which overlaps
nicely with the necessary length-scales needed to achieve pho-
nonic band gaps in the 101 to 102 GHz frequency range. In
addition, van der Waals interactions between the nanocrystal
ligand molecules facilitate the self-assembly of colloidal nano-
crystals into periodic three-dimensional arrays.46,47 Analogous
to the atomic lattice of a crystal, the colloidal nanocrystal
community refers to these assemblies as “nanocrystal super-
lattices.” These superlattices are a natural choice for phononic
crystals because their periodic nanocrystal cores and ligand
matrix can function as the two components of a phononic
crystal (Fig. 1b). In addition to having high band gap center
frequencies due to small-scale periodicity, colloidal nanocrystal
superlattices should also have wide band gaps due to the
acoustic contrast between the hard inorganic nanocrystal cores
and the so! ligand matrix.

In this work, we use plane wave expansion (PWE) techniques
to model the phonon band structure of colloidal nanocrystal
superlattices and explore their potential as phononic crystals.
Our modeling demonstrates that superlattices can have pho-
nonic band gaps with center frequencies on the order of !102

GHz and band gap widths on the order of !101 GHz. We also
systematically vary nanocrystal core diameter, d, nanocrystal
core elastic modulus, ENC core, interparticle distance (i.e., ligand
length), L, and ligand elastic modulus, Eligand, and report on the
corresponding e"ects on the phonon band structure. Our
modeling shows that the band gap center frequency increases as
d and L are decreased, or as ENC core and Eligand are increased. The
band gap width behaves non-monotonically with d, L, ENC core,

and Eligand, and intercoupling of these variables can eliminate
the band gap. Lastly, we observe multiple phononic band gaps in
many superlattices and !nd a correlation between an increase in
the number of band gaps and increases in d and ENC core. We !nd
that increases in the property mismatch between phononic
crystal components (i.e., d/L and ENC core/Eligand) "attens the
phonon branches and is a key driver in increasing the number of
phononic band gaps.

2. Methodology
Calculating the phonon band structure requires solving for the
phononic crystal's normal modes of vibration and determining
their corresponding characteristic frequencies. This is o!en
accomplished using !nite di"erence time domain methods,48–50

!nite element methods,45,51,52 plane wave expansion (PWE)
methods,53–55 and combined molecular dynamics–lattice
dynamics approaches.44,56,57 We utilize the PWE method to
determine the phonon band structure in this paper. The PWE
method's chief strength is that in-house codes that are
computationally inexpensive and adaptable to parallel

Fig. 1 Schematics of (a) an individual colloidal nanocrystal and (b)
a face-centered cubic colloidal nanocrystal superlattice as viewed
along the [100] direction. an individual colloidal nanocrystal consists of
a crystalline inorganic core with organic ligands on its surface (e.g.
oleic acid, alkanethiols, etc.). When colloidal nanocrystals are assem-
bled into a superlattice, they form a phononic crystal that consists of
a periodic array of hard nanocrystal cores embedded in a soft ligand
matrix. The two key length scales in the phononic crystal are the
diameter of the inorganic nanocrystal core, d, and the interparticle
distance, L. The interparticle distance is primarily determined by the
ligand length.

This journal is © The Royal Society of Chemistry 2016 RSC Adv., 2016, 6, 44578–44587 | 44579

Paper RSC Advances

Pu
bl

is
he

d 
on

 2
9 

A
pr

il 
20

16
. D

ow
nl

oa
de

d 
on

 1
1/

11
/2

01
9 

12
:2

9:
09

 A
M

. 
View Article Online



computation can be written with relative ease. This enables
users to achieve maximum control over their computational
goals. While many commercial !nite element method packages
are available, computational "exibility is lost when using these
packages. Although molecular dynamics and !nite di"erence
time domain methods are also powerful approaches, they su"er
from being computationally expensive.

In the PWE method, the elastic wave equation is converted
into an eigenvalue/eigenvector problem by utilizing the peri-
odicity of the lattice and Bloch's theorem.58 Since the eigen-
vectors and eigenvalues correspond to the phonon wave vectors,
k, and angular frequencies, u, the PWE method directly yields
the phonon band diagram. Our implementation of the PWE
method follows the procedure described by Economou and
Sigalas.53,59 We begin with the elastic wave equation in three
dimensions for a locally isotropic medium:

v2ui

vt2
" 1

r

!
v

vxi

"
l
vul

vxl

#
# v

vxl

"
m

!
vui

vxl

# vul

vxi

$#$
(1)

where t is time, i and l are indices (1, 2, or 3), and ui, ul, xi and xl
are the Cartesian components of the displacement vector, u(r),
and position vector, r, respectively. The spatially varying
density, !rst Lamé coe!cient, and second Lamé coe!cient are
represented by r(r), l(r) and m(r), respectively. Since phononic
crystals are periodic, the local material properties are also
periodic and can be expressed using a spatial Fourier series for
the primitive unit cell.
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l$r% "
X

G

lGe
jG$r (2b)

m$r% "
X
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where G is a reciprocal lattice vector, j is the imaginary unit, and
subscript G refers to the Gth Fourier component of the indi-
cated property. Since all of the coe!cients in the elastic wave
equation are periodic, we can employ Bloch's theorem to write:

u$r% " uk$r%e jk$r "
X

G

uk#Ge
j$k#G%$r (3)

which has plane wave solutions in the form of:

u " ej(k$r & ut) (4)

Eqn (1)–(4) can be combined to yield the following eigen-
value problem:53
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where k0 is a wave vector, G, G0 and G00 are reciprocal lattice
vectors, and i, l, and n are indices that vary between 1, 2, and 3.
If the dimensions and mechanical properties of a phononic
crystal's constituent phases are speci!ed, eqn (5) can be
rewritten in matrix form and solved to obtain the eigen-
frequencies, u, of the eigenvector, k0. Varying k0 throughout the
Brillouin zone then allows the phonon band diagram to be
mapped out. Whereas the above equations are written in terms
of l and m, experimental measurements on the mechanical
properties of nanocrystal superlattices have generally been re-
ported in terms of the bulk modulus, B, and elastic modulus,
E.60–62 If Poisson's ratio, n, is known, then bulk moduli can be
converted into elastic moduli. In addition, the mechanical
property set of E and n can be transformed into l and m via the
following relations:63

m " E

2$1# n% (6a)

l " n' E

$$1# n% ' $1& 2n%% (6b)

Fig. 2 (a) Schematic of the conventional unit cell for a face-centered
cubic lattice with relevant geometrical parameters labeled: interpar-
ticle distance, L, lattice constant, a, and nanocrystal core diameter, d.
(b) Schematic of a primitive unit cell for a face-centered cubic lattice
and corresponding primitive lattice vectors, a1, a2 and a3. (c) Schematic
of the !rst brillouin zone (black lines) and the irreducible region of the
!rst brillouin zone (red lines).
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To apply the PWE method to colloidal nanocrystal super-
lattices we consider the nanocrystal cores and nanocrystal
ligands as the two components of a phononic crystal (i.e.
a periodic arrangement of inorganic spheres embedded in
ligand matrix). We focus our modeling e"ort on face-centered-
cubic lattices because this is the arrangement that colloidal
nanocrystal superlattices most commonly adopt.61 Fig. 2 illus-
trates the conventional unit cell, primitive unit cell, and !rst
Brillouin zone of a face-centered cubic lattice with nanocrystal
diameter, d, interparticle distance, L, and lattice constant, a.

Of the many varieties of colloidal nanocrystal superlattices,
the most complete set of experimentally measured mechanical
properties correspond to superlattices consisting of PbS nano-
crystals with oleic acid ligands.60–62 Consequently we initiate our
phonon band diagram discussion on this particular superlattice
(Fig. 3), and use input values of interparticle distance, L " 1.5
nm, nanocrystal core elastic modulus, ENC core " 54 GPa, ligand
matrix elastic modulus, Eligand " 2.6 GPa, nanocrystal core
density, rNC core " 7600 kg m&3, ligand matrix density, rligand "
895 kg m&3, nanocrystal core Poisson's ratio, nNC core " 1/3, and
ligand matrix Poisson's ratio, nligand " 1/3. Unless otherwise
stated, these parameters are used in all of this paper's
calculations.

Since the PWE method assumes that the phonon medium
can be treated as a continuum, there is a maximum frequency
and minimum length scale for which it is valid. Past studies
have shown that continuum methods can reasonably predict
phonon band structures up to a frequency of!1 THz.64,65 To stay
well below this threshold, we limit our model to frequencies
#500 GHz. Furthermore, the shortest phonon wavelength
considered in our calculations is 37.9 Å (this corresponds to the
W point in the Brillouin zone for a nanocrystal core diameter of
2 nm and interparticle distance of 1 nm). This phonon wave-
length is an order of magnitude larger than typical interatomic
distances and represents a reasonable threshold for applying
continuum approximations. Our use of the elastic wave equa-
tion implicitly assumes that the mechanical response of the
material is within the linear regime, which means that our
model only considers small vibrational wave amplitudes. The
PWE method also uses periodic boundary conditions, which is
equivalent to having perfect superlattice order. The primary
e"ect of superlattice disorder would be to introduce phonon
scattering sites and/or localized phonons (i.e. phonons that are
not plane waves) that are not captured in the band diagram. In
addition to the physical approximations of our methodology,
numerical accuracy of our code is also important. To con!rm
our accuracy, we have checked it for computational convergence
and benchmarked it against other PWE results in the literature
(see Fig. S2†). Additional details on the computational meth-
odology used in this work are available in the ESI.†

3. Results and discussion
Fig. 3 shows the phonon band diagram for a superlattice con-
sisting of PbS nanocrystals with oleic acid ligands and illus-
trates that these materials can have wide phononic band gaps
with center frequencies in the 100 GHz-range. Phononic crystals
with 3-dimensional periodicity commonly have band gaps that
exist only along particular crystallographic directions. A band
gap that exists in every direction is less common and is referred
to as an “absolute” or “complete” band gap.66 Fig. 3 shows that
the PbS nanocrystal – oleic acid ligand superlattice exhibits this
less common feature. The phonon branches that intersect the G
point at the origin are known as “acoustic” branches whereas
those that intersect the G point at non-zero frequency are known
as “optical” branches. These branches appear in groups of three
due to the three mechanical degrees of freedom. In typical
atomic crystals (e.g. bulk GaP, AlAs, GaSb, etc.), the band gap
commonly resides in between the acoustic phonon branches
and the !rst set of optical branches. In contrast, the phononic
band gap in the nanocrystal superlattice falls in between the
!rst and second set of optical branches. Accompanying this
band gap characteristic is a strong frequency overlap between
the !rst set of optical phonon branches and the acoustic
branches. This frequency overlap creates a large phase space for
phonon–phonon scattering processes that satisfy scattering
selection rules (i.e., conservations of energy and crystal
momentum). This large phase space in turn creates opportu-
nities for fast energy transfer between acoustic and optical
phonons. Furthermore, since optical phonons interact with

Fig. 3 Phononic band diagram of a face-centered cubic colloidal
nanocrystal superlattice comprised of PbS nanocrystals (e " 54 GPa, n
" 1/3, and r " 7600 kg m&3) with oleic acid ligands (e" 2.6 GPa, n" 1/
3, and r " 895 kg m&3). The nanocrystal core diameter and interpar-
ticle distance in this band diagram are d " 5 nm and L " 1.5 nm. To
improve clarity, the !rst 5 sets of branches (i.e., 15 branches) are color-
coded. The three acoustic branches are black, the !rst set of optical
branches are red, the second set of optical branches are green, and
subsequent sets of optical branches are purple and cyan, respectively.

This journal is © The Royal Society of Chemistry 2016 RSC Adv., 2016, 6, 44578–44587 | 44581

Paper RSC Advances

Pu
bl

is
he

d 
on

 2
9 

A
pr

il 
20

16
. D

ow
nl

oa
de

d 
on

 1
1/

11
/2

01
9 

12
:2

9:
09

 A
M

. 
View Article Online



light and acoustic phonons do not, this frequency resonance
between the optical and acoustic phonons suggests that fast
energy transfer between photons and acoustic phonons can
occur in nanocrystal superlattices.

We next discuss the e"ect of changing the nanocrystal core
diameter, interparticle distance, and colloidal nanocrystal
mechanical properties on the phonon band structure. In prin-
ciple, there are eight phononic crystal variables, d, L, ENC core,
Eligand, rNC core, rligand, nNC core, and nligand. We vary the nano-
crystal core through a typical colloidal nanocrystal diameter
range of 2–15 nm. The interparticle distance in a nanocrystal
superlattice is controlled by the organic ligands on the nano-
crystal core surface. These ligands are typically small organic

molecules such as oleic acid and alkanethiols. Consequently we
vary the interparticle distance and matrix elastic modulus from
1–3 nm and 1–8 GPa, respectively, which are ranges that are
representative of typical organic ligands. Since a very wide
variety of nanocrystal core compositions are possible,28–31 we
vary the elastic modulus of the nanocrystal core over a large
range of 10–1250 GPa. We found that varying Poisson's ratio
had only a minor e"ect on the phononic band gap character-
istics, and we therefore leave out discussion of this parameter
(Fig. S6 in ESI†). Inspection of eqn (5) and (6) reveal that density
only shows up as a denominator for the elastic modulus and
Poisson's ratio (i.e. E/r and n/r). Since Poisson's ratio has only
a minor e"ect on the band gap characteristics, the e"ect of
varying density can be inferred by rescaling our results for

Fig. 4 The e"ect of nanocrystal core diameter on the center
frequency of the phononic band gap for: (a) varying interparticle
distance, L; (b) varying elastic modulus of the ligand matrix, Eligand; and
(c) varying elastic modulus of the nanocrystal core, ENC core. Unless
otherwise speci!ed, L, Eligand, and ENC core are !xed at 1.5 nm, 2.6 GPa,
and 54 GPa, respectively. An equivalent version of this !gure shown as
a function of nanocrystal core volume fraction can be found in Fig. S4
of the ESI.†

Fig. 5 The e"ect of nanocrystal core diameter on the phononic band
gap width for: (a) varying interparticle distance, L; (b) varying elastic
modulus of the ligand matrix, Eligand; and (c) varying elastic modulus of
the nanocrystal core, ENC core. Unless otherwise speci!ed, L, Eligand, and
ENC core are !xed at 1.5 nm, 2.6 GPa, and 54 GPa, respectively. An
equivalent version of this !gure shown as a function of nanocrystal
core volume fraction can be found in Fig. S5 of the ESI.†
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varying elastic modulus. Phononic crystals are o!en described
in terms of their volume fraction of matrix inclusions, which in
our case corresponds to the nanocrystal core volume fraction.
Since our calculations vary both nanocrystal core diameter and
interparticle distance (which is directly related to ligand length,
see Fig. 1), our calculations implicitly span a nanocrystal core
volume fraction range of 4.7% to 61.0%. Lastly, we note that in
some cases we observe multiple phononic band gaps (see
below); however, the most prominent band gap is the gap
occurring between the !rst and second set of optical branches.
Unless otherwise stated, the following discussion focuses on
this band gap.

Fig. 4a shows that decreasing the nanoparticle diameter and/
or interparticle distance increases the center frequency of the
band gap. This behavior arises because the center frequencies
of phononic band gaps correspond to wavelengths that satisfy
the Bragg condition (i.e., constructive interference of scattered
waves from a periodic medium). Decreasing the nanoparticle
diameter and/or interparticle distance decreases the unit cell
length, which decreases the Bragg wavelength and increases the
center frequency. The impact of changing interparticle distance
on the center frequency is most pronounced at smaller nano-
particle diameters. This is because interparticle distance
changes lead to large relative changes in unit cell sizes in this
diameter regime. For large nanoparticle diameters, the e"ect of
interparticle distance on center frequency is small because the
unit cell size is dominated by the nanoparticle diameter. The

band gap width can go to zero when combining small nano-
crystal diameters with large interparticle distances and so we do
not plot center frequencies in these instances (Fig. 4a).

As the elastic modulus of the ligand matrix or nanocrystal
core is increased, the center frequency of the phononic band
gap increases monotonically (Fig. 4b and c). Although the band
gap center frequency increases in all cases, the magnitude of
this increase is size dependent and depends on whether the
modulus of the nanocrystal core or ligand matrix is changing.
The ligand modulus has the greatest impact on the band gap
center frequency at small nanoparticle diameters (Fig. 4b). This
is intuitive because the ligands make up the greatest fraction of
the unit cell when the nanoparticle diameters are small. Anal-
ogously, the nanocrystal core modulus has the greatest impact
at large nanoparticle diameters because this is when the
nanocrystal cores make up the largest fraction of the unit cell
(Fig. 4c). Notably the band gap disappears at large diameters
when the nanocrystal core modulus is very so! or very hard. For
example, we do not observe band gaps above 9 and 13 nm
diameters for nanocrystal core moduli of 1250 and 10 GPa,
respectively.

The acoustic contrast between the so! ligand matrix and
hard nanocrystal cores leads to large band gap widths of up to
!130 GHz for 2 nm diameters and 1 nm interparticle distances
(Fig. 5a). Interestingly, we observe a non-monotonic relation-
ship between band gap width and nanoparticle diameter. The
band gap width !rst rises with increasing diameter, reaches

Fig. 6 Frequency maps of the phononic band gaps in colloidal nanocrystal superlattices as a function of (a) nanocrystal core diameter and (b)
nanocrystal core elastic modulus. The number of band gaps corresponding to each diameter and elastic modulus are shown in parts (c) and (d),
respectively. Band gaps narrower than 5 GHz are not shown in these graphs. For diagram (a), the interparticle distance, ligand modulus, and
nanocrystal core modulus are 1.5 nm, 1 GPa, and 54 GPa, respectively. For diagram (b), the interparticle distance, nanocrystal core diameter, and
ligand modulus are 1.5 nm, 9 nm, and 2.6 GPa, respectively.
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a maximum value at a critical diameter, dcrit, and then
decreases. One implication of this non-monotonic behavior is
that not all colloidal nanocrystal superlattices will have pho-
nonic band gaps. For example, our model predicts the absence
of a phononic band gap for nanocrystal diameters below 4 nm
with an interparticle distance of 3.0 nm.

The combined e"ects of d, L, Eligand, and ENC core on pho-
nonic band gap width can be visualized in Fig. 5a–c. These
!gures collectively reveal an intricate and rich behavior between
these parameters and phononic band gap width. This behavior
is best visualized in Fig. 5c, which shows the relationship
between phononic band gap width and nanocrystal core

diameter for a large range of ENC core, 10–1250 GPa. In addition
to an increasing band gap width below dcrit and a decreasing
band gap width above dcrit, a second non-monotonic behavior is
observed in Fig. 5c. For nanocrystal core diameters 4 nm and
larger, we see that the band gap width !rst increases with
increasing ENC core, reaches a maximum, and then decreases
with increasing ENC core. For example, nanocrystal core diame-
ters of 8 nm have an increasing band gap width for 10 GPa <
ENC core < 170 GPa and decreasing band gap width for 170 GPa <
ENC core < 1250 GPa. This behavior causes the right sides of the
curves in Fig. 5c to !rst sweep diagonally up and then sweep
diagonally down as ENC core is changed from 10 to 1250 GPa. A

Fig. 7 Phononic band diagrams for varying nanocrystal core diameters: (a) 2 nm, (b) 6 nm, and (c) 15 nm, and varying nanocrystal core elastic
moduli: (d) 10 GPa, (e) 150 GPa, and (f) 1250 GPa. For diagrams (a)–(c), the interparticle distance, ligand modulus, and nanocrystal core modulus
are 1.5 nm, 1 GPa, and 54 GPa, respectively. For diagrams (d)–(f), the interparticle distance, nanocrystal core diameter, and ligandmodulus are 1.5
nm, 9 nm, and 2.6 GPa, respectively. To improve clarity, the !rst 5 sets of branches (i.e. 15 branches) are color-coded in each diagram. The three
acoustic branches are black, the !rst set of optical branches are red, the second set of optical branches are green, and subsequent sets of optical
branches are purple and cyan, respectively.
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similar, but subtler behavior can be seen in Fig. 5a and b. The
subtlety of this behavior for changes in L and Eligand in Fig. 5
arises because these parameters span amore narrow range than
ENC core.

The fact that band gap width increases, reaches a maximum,
and then decreases as d, L, Eligand, and ENC core are varied
suggests that these four parameters impact band gap width in
similar manners. This type of behavior has also been observed
by Zanjani and Lukes,45 who found that as interparticle distance
increased, the phononic band gap width increased, reached
a maximum, and then decreased. They explained the origin of
this behavior by studying the Bragg frequencies of each pho-
nonic crystal component and utilizing a transfer matrix model.
Their modeling found that as the Bragg frequency mismatch
between the two components increased, the band gap !rst
widened, then reached a maximum at moderate Bragg
frequency separation, and then narrowed. Since Bragg
frequency is proportional to the square root of elastic modulus
and inversely proportional to length, this Bragg frequency
explanation can also explain our observed e"ects of elastic
modulus on phononic band gap width. The four parameters
varied in Fig. 5, d, L, Eligand, and ENC core, all have similar e"ects
on the band gap width because each parameter has a role in
determining the overall Bragg frequency mismatch between the
nanocrystal cores and ligand matrix. In e"ect, the band gap
width data in Fig. 5 represents slices of a surface in a 4-
dimensional space (i.e. d, L, Eligand, and ENC core).

In many instances, we observe multiple band gaps in the
phonon band diagram (Fig. 6 and 7). The band gap between the
!rst and second set of optical branches tends to be the widest
and higher frequency band gaps tend to be much more narrow.
Our data also shows a correlation between increases in nano-
crystal core diameter and the number of band gaps (Fig. 6a and
c) and increases in the nanocrystal core elastic modulus and the
number of band gaps (Fig. 6b and d). The origins of these
correlations can be explained by observing the band diagram
characteristics for changes in nanocrystal core diameter
(Fig. 7a–c) and nanocrystal core elastic modulus (Fig. 7d–f). It is
well known that increasing property mismatches causes "at-
tening of the phonon dispersion branches.67 The e"ects of
increasing nanocrystal core diameter and increasing nano-
crystal core elastic modulus are to increase mismatch with the
ligand matrix (i.e. d/L and ENC core/Eligand increase). As the
phonon branches "atten, this leads to more opportunities to
form phononic band gaps and hence we observe a correlation
between an increase in the number of band gaps and an
increase in nanocrystal core diameter and elastic modulus.

Another notable e"ect of changing nanocrystal core diam-
eter and elastic modulus on the phonon band diagram is a re-
scaling of the frequencies. While this frequency re-scaling
leads to meaningful changes in the phonon band structure,
its e"ects on the number of observed band gaps are arti!cial in
nature. When downshi!ing the frequencies, one e"ect is the
appearance of seemingly more phonon branches. However this
apparent e"ect originates from our maximum frequency limi-
tation of 500 GHz due to the continuum nature of our PWE
model. These “new branches” are simply shi!ing from

frequencies above 500 GHz to frequencies below 500 GHz.
Another e"ect of this frequency re-scaling is the potential to
"atten bands as the frequencies are downscaled. While one
might assume that this frequency re-scaling could be the origin
of band "attening described in the above paragraph, it should
be noted that band "attening due to frequency re-scaling and
band "attening due to property mismatches are independent
e"ects. This is evident when inspecting Fig. 7f, which simulta-
neously has the "attest optical bands and the least frequency
downscaling.

4. Conclusions
The results in this work illustrate that colloidal nanocrystals are
excellent candidates for the bottom-up assembly of 3-dimen-
sional phononic crystals. The nanoscale periodicity and
acoustic contrast between the hard nanocrystal cores and so!
ligand matrix lead to phononic band gaps with center
frequencies on the order of !102 GHz and band gap widths on
the order of !101 GHz. In addition, these characteristics can be
tuned by changing the nanocrystal core diameter, nanocrystal
core elastic modulus, interparticle distance, and ligand
modulus. These results suggest that colloidal nanocrystal
superlattices are promising candidates for use in high
frequency phononic crystal applications that exert control over
sound and heat.
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Plane Wave Expansion Methodology 

To determine the phonon band structure using the plane wave expansion method, we begin with the 
3-dimensional elastic wave equation in terms of Lamé coefficients for a locally isotropic medium:1-3 

!!!!
!"! = 1

!
!
!!!

! !"
!

!"!
+ !
!"!

! !"!
!"!

+ !"
!

!"!
, !, ! = 1,2,3 (1) 

where t is time, i and l are indices (1, 2, or 3), and !! !, !!, !! !and !! !are the Cartesian components of the 
displacement vector, !(!), and position vector,!!, respectively. The spatially varying density, first Lamé 
coefficient, and second Lamé coefficient are represented by!!(!), ! ! , and ! ! , respectively. Since a 
phononic crystal is periodic, any given local material property, f(r), is also periodic with respect to all 
lattice vectors, R.  

 ! ! + ! = ! !  (2a) 

 ! = !!!! + !!!! + !!!! (2b) 

where f(r) is representative of !(!), ! ! , or ! !  and ni is an integer. Since this paper focuses on face-
centered cubic systems, we use the following lattice vectors:  

 !! = !
! (! + !) (3a) 

 !! = !
! (! + !) (3b) 

 !! = !
! (! + !) (3c) 

where a represents the lattice constant of the conventional face-centered cubic lattice. We construct a 
triclinic primitive unit cell with 8 spheres at the corners using these three vectors (Figure S1b). Since 
! !  is a periodic function in space, it can be expanded in a 3-D Fourier series exploiting unit cell vectors 
and reciprocal lattice vectors (RLVs): 

 ! ! = !!!!".!!  (4) 

where 

 ! = !!!! +!!!! +!!!! (5) 

 !! = 2! !!×!!
!!.(!!×!!)

!! , !! = !!
! (!! − !! + !!) (6a) 

 !! = 2! !!×!!
!!.(!!×!!)
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! (!! + !! − !!) (6b) 
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 !! = 2! !!×!!
!!.(!!×!!)

! , !! = !!
! (!! − !! + !!) (6c) 

where G is a reciprocal lattice vector, mi is an integer, and bi are reciprocal lattice unit vectors. Since the 
local material properties are periodic functions of the position vector, the Floquet-Bloch theorem4 tells us 
that the eigensolutions of the wave equation are modulated sinusoids of the form: 

 ! ! = !! ! !!(!∙!) (7) 

where 

 !! ! = !! ! + !!!!!!!,!,!  (8) 

The displacements, !!, are also periodic and can be expanded in a 3-D Fourier series:    

 ! ! = !!!!! !!!∙! = !!!!! !!(!!!)∙! (9) 

We consider plane wave solutions of the form shown in Equation 10, where j is the imaginary unit and ω 
is angular frequency:  

 ! = !!(!∙!!!") (10) 

By substituting Equations 4, 9, and 10 into Equation 1, we can arrive at the following equation: 

!!!!!!!! = !!!!!!!!

!,!
!!!!!!!(!! + !!)!(!! + !!!)!
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+ !!!!!!!(!! + !!)!(!! + !!!)! !!!!!!

!

+ !!!!!!!! !!!!!!!! (!! + !!)!(!! + !!!)!
!

!!!!!!
!

!!!
 

(11) 

where ko is a wave vector, !,!! and !!! are reciprocal lattice vectors, and i, l, and n are indices that vary 
between 1, 2, and 3. Equation 11 can be rewritten in an eigenvector-eigenvalue matrix form, !" = !Λ, 
where U is the eigenvector matrix, ! is eigenvalue matrix, and A is a matrix of coefficients.  
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where (!! + !)! refers to the component of (!! + !) in direction i and M represents the total number of 
Fourier coefficients utilized in each of the three dimensions. Solving the above matrix equation yields the 
eigenvalues, ω, of the eigenvector, ko. Varying ko throughout the Brillouin zone then allows the phonon 
band diagram to be mapped out. 

In practice, a finite number of RLVs must be chosen when doing the Fourier expansion shown in 
Equation 4. To do this we use a centered numerical Fourier transform with 301 terms (i.e., -150,… , 0, …. 
150) for each of the three dimensions. For our numerical Fourier transform we utilized the FFTW 
package.5 However, using all 301 term in Equation 12 would yield intractably large matrices. For 
computational purposes, we utilize a centered 2m + 1 subset of these terms (i.e. -m, -(m-1), …, 0, …, m-1, 
m). The total number of Fourier coefficients utilized in each dimension is then M = 2m + 1. For the 
calculations in our paper, we use m = 8 (i.e. M = 17) in each of the three dimensions, which leads to a 
total number of 729 RLVs for our phononic band diagram calculations. We conducted a numerical 
convergence test by systematically increasing the value of m in a model phononic crystal system. We 
found that increasing m beyond 8 led to very small ~1% changes in the frequencies of the phonon bands 
(Figure S2). We also confirmed the numerical accuracy of our code by benchmarking it against PWE 
results in the literature (Figure S2).1 

For the purposes of mapping out the phonon band diagram, we choose k0 values along the edges of 
the irreducible first Brillouin zone (Figure S1C). Table 1 shows the Cartesian coordinates of the 
symmetry points of the Brillouin zone. We moved k0 along the path of X-L-U-Γ-X-W-K and chose 20 
points along each segment. We utilized the parallel computing library, Message Passing Interface (MPI),6 
to expedite computational time. We also structured our code to separate our chosen k0 points among 
multiple cores. This allows the eigenfrequencies of multiple k0 points to be computed in parallel, and 
leads to a decrease in computational time by a factor of 1/n, where n is the number of cores. 

 

 

Phononic Band Gap Characteristics as a Function of Nanocrystal Core Volume Fraction 

The main text of this paper presents the phononic band gap characteristics as a function of nanocrystal 
core diameter, d, and interparticle distance, L. Since the interparticle distance is determined by the organic 
ligand length, varying d and L is equivalent to varying the nanocrystal core volume fraction. The 



relationship between nanocrystal core volume fraction is given by the equation below and is also 
illustrated in Figure S3.  
 

 !"#$%&'()"*!!"#$!!"#$%&!!"#$%&'( = !
! !

!
!!!

!
 (13) 

 
In some instances, it may be more convenient to see the phononic band gap characteristics as a function 
of nanocrystal core volume fraction instead of nanocrystal diameter. This data is shown in Figures S4 and 
S5 below (which are equivalent to Figures 4 and 5 in the main text). 
 
 
 
The Effect of Poisson’s Ratio on the Phononic Band Gap 

We calculated the impact of the nanocrystal core Poisson’s ratio, νNC Core, and the ligand matrix Poisson’s 
ratio, νligand, on the phononic band gap center frequency and width. We found that varying Poisson’s ratio 
from 0.1 – 0.4 has only a minor effect on the band gap characteristics (Figure S6). 

  



 

Figure S1. (a) Schematic of the conventional unit cell for a face-centered cubic lattice with relevant 
geometrical parameters labeled: interparticle distance, L, lattice constant, a, and nanocrystal core 
diameter, d. (b) Schematic of a primitive unit cell (black lines) for a face-centered cubic lattice and 
corresponding primitive cell lattice vectors, a1, a2, and a3. (c) Schematic of the first Brillouin zone (black 
lines) and the irreducible region of the first Brillouin zone (red lines). 
 

Point Cartesian Coordinates, !! , !! , !!  

Γ [0,0,0] 
X [0, 2!! , 0] 

L [!! ,
!
! ,
!
!] 

W [!! ,
2!
! , 0] 

U [ !2! ,
2!
! , !2!] 

K [3!2! ,
3!
2! , 0] 

Table 1. The Cartesian coordinates of the key symmetry points in the Brillouin zone of a face-centered 
cubic lattice. 



 

 

 
 
Figure S2. (a) The phonon band diagram of Au spheres in a Si matrix for a face-centered cubic lattice. 
Note that we have used normalized frequency ω*a/c (c is the transverse speed of sound in the matrix 
material) in this band diagram. This band diagram agrees with the PWE results in Reference 1 and 
confirms the numerical accuracy of our code. (b) The normalized frequency of the 3rd band at symmetry 
point L as a function of the parameter, m. Increasing m beyond the value used in this paper (m = 8) leads 
to negligible changes in phonon frequency. For clarity we have used a blue circle in part (a) to mark the 
frequency location of the 3rd band at symmetry point L.   
 
 
 
 
  

 
Figure S3. The nanocrystal core volume fraction in a nanocrystal superlattice as a function of nanocrystal 
core diameter, d, and interparticle distance, L. 
            
 



 
 
Figure S4. The effect of nanocrystal core volume fraction on the center frequency of the phononic band 
gap for: (a) varying interparticle distance, L; (b) varying elastic modulus of the ligand matrix, Eligand; and 
(c) varying elastic modulus of the nanocrystal core, ENC Core. Unless otherwise specified, L, Eligand, and ENC 

Core are fixed at 1.5 nm, 2.6 GPa, and 54 GPa, respectively. 



 
Figure S5. The effect of nanocrystal core volume fraction on the phononic band gap width for: (a) 
varying interparticle distance, L; (b) varying elastic modulus of the ligand matrix, Eligand; and (c) varying 
elastic modulus of the nanocrystal core, ENC Core. Unless otherwise specified, L, Eligand, and ENC Core are 
fixed at 1.5 nm, 2.6 GPa, and 54 GPa, respectively. 
 

 
 



 

 
Figure S6. The effect of ligand Poisson ratio, νligand, on the (a) phononic band gap center frequency and 
(b) phononic band gap width; and the effect of nanocrystal core Poisson ratio, νNC Core, on the (a) phononic 
band gap center frequency and (b) phononic band gap width. In parts (a – d), the following parameters are 
used: L = 1.5 nm, Eligand = 2.6 GPa, and ENC Core = 54 GPa. 
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